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3-D Finite Element Analysis of Magnetic Forces on Stator
End-Windings of an Induction Machine

Ranran Lin and Antero Arkkio

Department of Electrical Engineering, Faculty of Electronics, Communications and Automation,
Helsinki University of Technology, Espoo, Finland

This paper aims to analyze the magnetic forces on the stator end-windings of an induction machine at full load by a 3-D time-harmonic
finite element analysis. Under the steady-state condition, the radial, circumferential, and axial forces all consist of a constant component
and a sinusoidal component with a double-frequency. The analysis shows that the forces on the knuckle part of the upper part of a coil
end are larger than on the other parts and that the constant components and the amplitudes of the sinusoidal components of the forces
on the same positions of different coil ends in a phase belt are nearly different. Finally, the analysis of stresses indicates that the stresses
in a coil end, corresponding to the constant components of the forces, are small.

Index Terms—End-winding, finite element analysis, force.

I. INTRODUCTION

END-WINDINGS of a rotating electric machine, not em-
bedded in the iron core, are subject to forces when the ma-

chine is running. Under the steady-state condition, these forces
are long-term and periodic. They may cause some harmful ef-
fects on the windings, e.g. the metal fatigue, so that the insula-
tion integrity of end-windings may be adversely affected, par-
ticularly in terms of the degradation of encapsulants.

In the past several decades, the computation of the forces
on end-windings was carried out on the basis of solving the
magnetic field by analytical and numerical approaches. The an-
alytical approach mostly used Biot-Savart’s law so the end-
windings were replaced by infinitely thin conductors and the
iron core was either neglected or modelled by using the method
of images [3]–[5]. Recently, the numerical approach has been
widely applied to studies that the complex end region was con-
sidered [1], [2], [6]–[9].

References [1], [2] reported the computation of the
end-winding forces of large turbine generators under the
steady-state and transient state conditions, respectively. The
magnetic field was calculated by the finite difference method.
During the steady-state computation, the variation in the forces
under different power factors was explained. Besides, the fact
that the circumferential forces tended to squeeze the phase belt
inwards during a short-circuit fault was stated as well.

A study, reported in [3], was carried out to find the influence
of the rotor current on the forces on the end-windings of an
induction machine. The method of images, proposed in [4], was
used in the computation of the magnetic field to remove the
stator and rotor iron cores. By comparison, it was found that
the rotor current could influence the distribution of the forces
on the end-windings.

Some phenomena of vibrations, based upon the forces on
end-windings, were also explored. Reference [5] did the ana-

Digital Object Identifier 10.1109/TMAG.2008.2002379

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

lytical calculation of the forces and studied the mechanical be-
havior of the end-windings, e.g. the fatigue life, by calculating
the strains in the end-windings. Another numerical study [6]
computed the natural frequencies of the end-windings and an-
alyzed the frequency response of the displacements. Reference
[7] calculated the instantaneous forces when the phase current
reached the peak value and then discussed the reliability of the
support structures of the end-windings, especially the influence
of the support ring.

The 3-D numerical analysis can give accurate results but it
needs a large amount of computation. Therefore, a quasi-3-D fi-
nite element analysis (FEA) was applied to the computation of
the forces [8], [9]. The quasi-3-D method assumes that a ma-
chine is axis-symmetric and that the field variables are sinu-
soidally distributed along the circumferential direction.

In this study, a commercial software package, COMSOL
Multiphysics, was used to carry out the FEA of the magnetic
forces as well as the corresponding stresses.

II. NUMERICAL SIMULATION

A. 3-D Geometric Model

A 3-phase, 6-pole squirrel-cage induction machine working
as a motor was studied here. Thanks to the symmetry and peri-
odicity, the simulated model was only 1/12 of the machine.

The stator windings are two-layer diamond windings. A de-
scription of diamond windings can be found in [10], [11]. For
the simplicity, the bent parts of the coil ends were replaced by
the straight parts. In addition, each coil end was divided into
29 segments to analyze the forces. Fig. 1 shows one of the coil
ends. According to the local definition here, in Fig. 1, segments
1–12 and 18–29 are termed as the lower part and upper part of a
coil end, respectively. Table I lists the related specifications of
the machine.

This model used a linear magnetization characteristic. The
laminated iron core was anisotropic in its conductivity and per-
meability. The tensor of its conductivity was

and the tensor of its relative permeability
was , where , , and

are the unit dyads in the Cartesian coordinate
system. The other structures were isotropic.
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Fig. 1. The 3-D geometric model of a coil end with the indexes of the segments
marked.

TABLE I
MAIN SPECIFICATIONS OF SIMULATED MACHINE

B. Electromagnetic Simulation by Time-Harmonic FEA

The stator windings were supplied by a current source. The
general governing equation for a current source supply is

(1)

where and are complex vectors of magnetic vector poten-
tial and source current density, respectively; and are tensors
of reluctivity and conductivity, respectively; is the vector dif-
ferential operator; is the angular frequency of stator field;
is the imaginary unit.

Only was considered in the stator windings. In the other
conductive regions, was used. In the nonconductive
regions, no current density. Moreover, in the rotary parts, the
tensor of conductivity was , where means slip, so only one
frequency, , was assigned for the whole simulation.

A weak form was used in the FEA. Using the shape function
of edge-based elements as a weight function, i.e., Galerkin’s

method, deduced the weak form of (1) as

(2)

where is the corresponding domain; is the boundary of ;
is the outward-directed normal unit vector on a boundary.
In the cylindrical coordinate system shown in Fig. 2,

a periodic condition was imposed in such a way that the compo-
nents of the magnetic vector potential on two sides I and II, as
pointed out in Fig. 2, that is, , , and on side I, and ,

Fig. 2. Coil ends in a phase belt and the cylindrical coordinate system with the
positive directions indicated.

, and on side II, fulfilled the condition: ,
, and , where is the number

of poles to be simulated. Another condition was im-
posed on all the other sides.

The first-order edge-based elements, tetrahedra and prisms,
were used in the end region and active region, respectively. The
number of degrees of freedom was 301654.

C. Magnetic Forces and Force Densities

The magnetic forces, exerted on end-windings, are a typical
case of Lorentz forces. The Lorentz force density at a point in
a current-carrying conductor is , where and are
the current density and magnetic induction.

In the Cartesian coordinate system, the phasors of the compo-
nents of the current density are , , and , and the ones of
the magnetic induction, , , and . From the above equa-
tion, the components of the force density at a point were

(3)

where , , and denote instantaneous values of the com-
ponents of the force density; means taking the real part of a
complex number; means taking a conjugate complex number;
and is time. Obviously, in (3), each component is the sum of
two components: a constant component and a sinusoidal com-
ponent with a double-frequency, .

Because the force density varied in the end-windings, the
force on segment of a coil end was computed by integrating
(3) on its volume as , where denotes the
force on segment . Moreover, the force was assumed to be
exerted on the centre of segment .

The force was then expressed in the cylindrical coordinate
system marked in Fig. 2. The -component of the force was the
same as in the Cartesian coordinate system, whereas the - and

-components, and , were obtained by

(4)
where is the four-quadrant inverse tangent function; and

and are the - and -components of , respectively.
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Fig. 3. Average radial force density in the segments of the coil ends in a phase
belt: (a) the constant component, � �� ; (b) the amplitude of the sinusoidal
component, �� �� .

Then the force was transformed into

(5)

where , , and , and , , and
are the constant components and the amplitudes of the sinu-
soidal components of the -, -, and -components of the force,
respectively; and , , and are the phase angles of
the corresponding sinusoidal components.

As the volume of each segment was not equal, for the sake
of comparison, the average force density in segment , , was
introduced and defined as . The components of the
average force density, , , and , were written in

(6)

III. RESULTS AND ANALYSIS

The phase belt in Fig. 2 was analyzed since the other phase
belts would have similar situations. Here, the average force den-
sities were studied but the results were fit for the forces.

Three groups of coefficients in (6), i.e., and
, and , and and

Fig. 4. Average circumferential force density in the segments of the coil ends
in a phase belt: (a) the constant component, � �� ; (b) the amplitude of the
sinusoidal component, �� �� .

, were computed at full load and are plotted in
Figs. 3–5, respectively.

In Fig. 3, from the values of , it is clear that
in the four coil ends, except in segments 15–21 of

the four coil ends, lies in positive -direction. Besides, in most
knuckle parts of the four coil ends, i.e., segments 2, 28, and 29,
both and are stronger than the other parts.

In Fig. 4, except the lower part of coil end 1, in the
lower parts of the other coil ends almost lies in positive -direc-
tion. In the upper parts of all the coil ends, is in neg-
ative -direction. Furthermore, both and
are larger in most knuckle parts and their neighboring involute
parts of all the coil ends, i.e., segments 2–7 and 23–29. Also,
as to , its distribution in the four coil ends is different.
However, with respect to , its distribution, in inner coil
ends 2 and 3, and in outer coil ends 1 and 4, is nearly similar,
respectively.

In Fig. 5, it can be seen that lies in positive -direc-
tion except in the lower part of coil end 1 and segments 10 and
11 of coil ends 2–4. and in most knuckle
parts and a part of the involute parts, i.e., segments 2–6, 23–28
as well as 15, are larger than in the other parts.

In Figs. 3–5, the three groups of coefficients mentioned above
have almost equal magnitudes in each segment.

The radial and circumferential sinusoidal components of the
forces are usually of interest. Fig. 6 plots these force densities
in each segment of coil end 1, from which the phase differ-
ence can be seen. The absolute value of the phase difference,

, was considered. For instance, in segments 2
and 6, , whereas in segments 24 and 28,
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Fig. 5. Average axial force density in the segments of the coil ends in a phase
belt: (a) the constant component, � �� ; (b) the amplitude of the sinusoidal
component, �� �� .

Fig. 6. The relations between the radial and circumferential sinusoidal compo-
nents of the average force density in coil end 1, � �� �� � ������ ��� �
and � �� �� � ������ � � � �.

. In fact, in most of the lower part of
a coil end, , whereas in most of the upper
part, . A straight line for segment 15
means .

The von Mises stresses in the copper coil ends, related to the
constant components of the forces, were analyzed and listed in
Table II. The yield strength and tensile strength for copper are

MPa and MPa, respectively. The computed stresses in
Table II are much smaller. The stresses, related to the sinusoidal
components of the forces, rely on the damping of the end-wind-
ings that usually comes from the measurement.

TABLE II
ANALYSIS OF VON MISES STRESSES IN COIL ENDS

IV. CONCLUSION

This paper studies the steady-state magnetic forces on the
end-windings. Generally, in -, -, and -directions, the con-
stant components of the forces on the upper part are stronger
than those on the lower part of a coil end. The amplitudes of
the sinusoidal components, in -, -, and -directions, are also
larger in the upper part. Inside a phase belt, the constant com-
ponents and the amplitudes of the sinusoidal components of the
forces on the same positions of different coil ends are almost
different. Besides, the phase difference between the radial and
circumferential sinusoidal components on the upper part is dif-
ferent from that on the lower part of a coil end.

In addition, the forces on different positions of a single coil
end are different. With respect to a coil end, the knuckle part and
its neighboring parts are subject to larger instantaneous forces
than the other parts. However, the stresses in a coil end, corre-
sponding to the constant components of the forces, are small in
comparison with the yield strength of copper.
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