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Validation of a Time-Harmonic Numerical Model for Solving Magnetic
Field in End Region of a Radial-Flux Machine
Ranran Lin, Ari Haavisto, and Antero Arkkio
Department of Electrical Engineering, Faculty of Electronics, Communications and Automation,
Helsinki University of Technology, Espoo, Finland
We present an analysis of the magnetic field in the end region of a radial-flux rotating machine. In numerical simulations, we used
three familiar boundary conditions to replace the modeling of the end shields and frame. We made measurements for comparison, and
the simulation results were quite consistent with the measurements. Our analysis shows that the eddy current in the end shields and
frame influences the magnetic field in the end region slightly and that the use of a homogeneous Neumann boundary condition or a
standard impedance boundary condition (SIBC) to replace the end shields and frame can solve the magnetic field in the end region more
accurately than a homogeneous Dirichlet boundary condition. Validation by the measurements demonstrates that 3-D current-driven
time-harmonic model with suitable boundary conditions can be used to solve the magnetic field in the end region quite accurately.
Index Terms—Boundary condition, end-winding, finite element analysis, magnetic flux, measurement.

I. INTRODUCTION

I

N A radial-flux rotating electric machine, the current
flowing through the end-winding produces magnetic flux,
which is referred to as end-winding leakage. In general, the
end-winding leakage originates from both a stator end-winding
and the end structures of a rotor, e.g., the end-ring of a
squirrel-cage rotor. However, what is usually searched for is
the stator end-winding leakage because many electromagnetic
phenomena in the end region relate to it, e.g., eddy current
[1]–[4], magnetic forces and stresses [5]–[9], mechanical vibrations [10], [11], and temperature-rise and cooling [12]–[14].
Moreover, some parameters relating to the stator end-winding
leakage are required, e.g., end-winding leakage reactance for
calculating the starting current and starting torque [15]–[18].
Whichever aspect mentioned above needs studying, the analysis
of the magnetic field is a starting point.
In the active region of an electric machine, magnetic induction vectors rotate in a plane of the electrical steel laminations,
namely, 2-D rotating magnetic flux [19]. However, in the end
region, the rotating magnetic flux is always three-dimensional.
In the past decades, some studies relating to the magnetic field
in the end region were done by both analytical and numerical
methods. Recently, the finite-element method (FEM) has been
increasingly used because it can tackle complicated structures
with reasonable assumptions and reliable results.
In most analytical studies, the coil ends were modeled as
infinitely thin conductors and no eddy current was taken into
account in the end region. Many analytical studies, by using
Biot-Savart’s law, dealt with the end-winding reactance [16],
[17], [20], and the magnetic forces on the end-winding [21], etc.
Several numerical studies, based on finite-element analyses
(FEAs) [22], [23], were concentrated on solving the magnetostatic field in the end region. Because the eddy current was not

considered in these studies, the mesh in the FEAs did not need
to be very dense, and the computation was relatively fast. However, the eddy current in the end region may, to some extent,
affect the distribution of the magnetic field.
Moreover, some numerical studies used axisymmetric models
and took a part of the eddy current into account, for example,
the eddy current in the finger plates, clamping plates, or end
shields, etc., [14], [24]–[26]. They provide more accurate results
than the magnetostatic models. Nevertheless, the axisymmetric
end region is still a rough simplification because the stator endwinding is absolutely three-dimensional.
Recently, 3-D numerical simulations have been increasingly
applied to the analysis of the end region [3], [6], [15], [27]–[29].
Under the circumstances, the stator end-winding could be modeled accurately. However, a problem of modeling the frame and
end shields arose. Owing to the high isotropic conductivity and
permeability, the skin depth was normally less than 1 mm, so
the finite elements there should be quite small to model the eddy
current accurately. Nonetheless, in 3-D simulations of large machines, such a dense mesh would cause such a large number of
degrees of freedom (DOFs) that a computer was not capable
of solving them. Consequently, few studies include these parts
during the course of the modeling. Actually, one possible way
to model the eddy current there is to use a standard impedance
boundary condition (SIBC) under time-harmonic simulations.
However, none of studies has applied the SIBC to the analysis
of the end region yet.
In this paper, the model of the stator end-winding was created according to its measured geometric coordinates. Numerical simulations were carried out based on 3-D time-harmonic
FEAs by a commercial software package, and the end shields
and frame were modeled by three different boundary conditions.
Finally, practical measurement was done on the same machine
to validate the simulation results.
II. DESCRIPTION OF TEST MACHINE
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To study the end-winding leakage quantitatively, a reliable
way is to calculate the magnetic flux passing through a closed
loop along a coil end, instead of just measuring the magnetic
induction in the end region.
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Fig. 2. Model of a coil end as well as the models of two loops.
Fig. 1. Stator of the induction machine and some measurement devices.

TABLE I
MAIN SPECIFICATIONS OF TEST MACHINE

Fig. 3. The 3-D numerical model (without the air region) and the surfaces to
which different boundary conditions were applied.

For the purpose of testing, a machine with a well-defined
form-wound winding, e.g., a diamond winding, is better than
that with a random-wound winding, for the current in the
form-wound winding can be accurately determined. Usually,
a diamond winding is installed in machines with a power
range of more than 1 MW [30]. Therefore, a 3-phase, 4-pole,
2.24-MW squirrel-cage induction machine with a two-layer
diamond winding was used as a test machine. Because it was
impossible to test the machine at full load in the laboratory, the
rotor was taken away and the stator thus was able to be tested
at rated current. The machine is shown in Fig. 1 and its main
specifications are listed in Table I.

III. NUMERICAL SIMULATIONS
A. 3-D Numerical Model
In the numerical model, the coil ends in the diamond winding
were created by measuring the 3-D coordinates of the nose, involute, and knuckle parts, as shown in Fig. 2. The rest were created according to the specifications of the machine.

Thanks to the symmetry and periodicity, the axial length of
the model was half of the full length, and the cross-section perpendicular to the axial direction was a pole pitch sector.
The skin depth of the end shields and frame was only 1 mm
at rated frequency. To reflect the change of the eddy current
in this 1-mm-thick region, the maximum size of the elements
should be limited to less than 0.5 mm, otherwise the modeling
of the eddy current would not be accurate. Because only tetrahedral elements were allowed to be used in this region, around
DOFs would be generated, and it was impossible to
solve them by the computer because of the limit of the computer memory. Therefore, three familiar boundary conditions
were used to model these parts, and a part of the frame attaching
the stator core was also included in the model. Fig. 3 shows the
geometry of the model.
The stator core was anisotropic in both reluctivity and conductivity, and the rest of the materials were isotropic. The relative permeability tensor of the core was
, where
,
, and
are the unit dyads in the
Cartesian coordinate system. The relative permeability
of the slot wedges was 4.7.
Two infinitely thin loops were created so as to calculate the
magnetic flux passing through them, as shown in Fig. 2. Loop
1 in the end region was along a coil end, and loop 2 in the active region was attached to the surface of the stator core. The
circumferential length of loop 2 was one coil pitch, so these two
loops, actually, matched half of one stator coil.
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B. Simulations by Time-Harmonic FEA
In the time-harmonic FEA, the stator winding was current, where
is the rms
driven, and the current value was
value of stator phase current; is the number of turns in series
in a stator coil; and is the number of parallel branches. In this
,
, and
was set at 500 A, 832 A, and
machine,
1000 A, respectively, corresponding to underload, full load, and
overload, respectively.
The governing equation was

(1)
are comwhere is the vector differential operator; and
plex vectors of magnetic vector potential and source current
density, respectively; and are reluctivity and conductivity
tensors, respectively; is an angular frequency; and is the
is considered
imaginary unit. The eddy-current density
was
in the conducting parts except the stator winding. Only
considered in the stator winding.
Galerkin’s method was used in the weak form of method
of weighted residual for the finite element discretization. Two
types of first-order edge-based elements, i.e. tetrahedra and
prisms, were used in the end region and active region, respectively. The number of DOFs was 672 370.

C. Assignment of Boundary Conditions
In the
cylindrical coordinate system, such a periodic
condition was imposed that the components of the magnetic
, and
on one
vector potential on the two sides, that is, ,
,
, and
on the other side, satisfied the conside, and
,
, and
,
dition
where is the number of poles to be modeled.
The 3-D simulations were done under three cases, corresponding to three boundary conditions used to model the end
shield and frame as pointed out in Fig. 3.
1) Case 1: A homogeneous Dirichlet boundary condition
was imposed as

Fig. 4. Two search coils fixed in the test machine and two measured points for
magnetic induction.

where
and
are electric field strength and magnetic field
is the standard surface impedance,
strength, respectively;
which was derived from

(5)
where denotes a frequency; and denote permeability and
conductivity, respectively. By using the SIBC, the eddy current
in the end shield and frame was considered as surface current
flowing along the boundary. The consideration was reasonable
since the thickness of these parts was at least 10 mm and the
skin depth was just 1 mm.
Besides, among the boundaries of the frame in the active region, the one which was perpendicular to the axial direction and
connected the boundary with different conditions mentioned
in all the cases. On the other
above, applied
was used in all the cases.
boundaries,

IV. PRACTICAL MEASUREMENT

A. Construction of Search Coils
(2)
where is an outward-directed normal unit vector.
2) Case 2: A homogeneous Neumann boundary condition
was imposed as

(3)
3) Case 3: An SIBC was imposed as

(4)

To calculate the magnetic flux, two one-turn search coils,
which were made of enamelled copper wires whose diameter
was 0.5 mm, were fixed in the test machine. They were similar
to the loops in the numerical model, as shown in Fig. 4.
As for search coil 1 in the end region, the enamelled wire was
fixed on the surface of a coil end. Insulating tapes were used to
fix the wire on the upper part of the coil end, and plastic cords
were used to fix the wire on the lower part. The connection wires
were intertwined so that no magnetic flux could pass through
them.
Search coil 2 was made similarly. The enamelled wire was
fixed on the surface of the core by insulating tapes. The axial
length of search coil 2 equalled the axial length of the core, and
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accordingly the area encircled by it was twice as large as that
encircled by loop 2 in the numerical model.
B. Primary Measurement
Each search coil was connected to a multimeter to measure
the rms value of the induced electromotive force (EMF) in itself.
Two current transformers (CTs) were used and the CTs were
connected to a power analyzer to measure the rms value of the
stator phase current.
Besides, the waveforms of the stator phase current, stator
phase voltage, and induced EMF of the search coils were
recorded by a 4-channel oscilloscope. Owing to the relatively
high voltage of the stator winding, a 4-channel isolator was
connected to the oscilloscope to avoid damaging it.
Magnetic induction at two points in the machine were measured by a Gauss/Tesla meter. The stator phase voltage was measured by a multimeter as well.

Fig. 5. Variations in the EMFs induced in the search coils as a function of the
stator phase current.

C. Secondary Measurement
The ventilator was not installed in the machine, so measuring
the temperature in the winding was necessary. The temperature
was obtained by a data acquisition unit, which was connected
to six Pt100 temperature sensors. The measured temperature
should not exceed 120 .

and it probably results from the saturation of the magnetic slot
wedges. Anyway, time-harmonic analyses can be used to analyze the whole model, for the nonlinearity in the active region
is not so evident.

D. Process of Practical Measurement
The rated current of the test machine was 832 A, so the range
of the stator phase current in the measurement was chosen between 0 A and 1000 A. Since the temperature in the winding
and stator core rose rapidly as the current increased, the current
at first rose to 1000 A, and then reduced to 0 A by a step of
50 A, so that the temperature nearly remained constant. There
were 21 measured points in total, and the rms values of the induced EMFs were recorded at each point. Furthermore, when
the current reached 500 A, 832 A, and 1000 A, respectively,
corresponding waveforms were recorded, and magnetic induction at two points was also checked.
V. RESULTS AND ANALYSIS
A. Degree of Nonlinearity of Magnetic Circuit
The degree of nonlinearity of the magnetic circuit in an electric machine determines analysis types. The magnetic circuit in
a real electric machine is definitely nonlinear, by reason of the
saturation of the core. However, if the nonlinearity is not serious
in the region to be studied, linear time-harmonic analyses can
be used, and they can save the computation time enormously
with reliable results, in particular in complicated 3-D numerical
simulations.
Fig. 5 plots the rms values of the EMFs induced in the search
coils during the measurement. The curve relating to search coil
1 is a straight line, whereas the one relating to search coil 2 is
not an exactly straight line. This phenomenon means that slight
nonlinearity occurs in the magnetic circuit of the active region,

B. Waveforms of Voltage, Current, and EMF
During the measurement, when the stator phase current
reached 500 A, 832 A, and 1000 A, respectively, waveforms
were recorded and illustrated in Fig. 6. Fig. 6(a) shows the
waveforms of the stator voltage when the current reached
832 A. The waveforms of the voltage at the other current
values are the same. It is clear that the waveforms of the stator
phase current, illustrated in Fig. 6(b), are closer to a sinusoidal
function than the waveforms of the stator voltage in Fig. 6(a).
In Fig. 6(c) and 6(d), the variations in the EMFs induced in
the two search coils are not exactly sinusoidal functions of time,
especially in Fig. 6(d). In other words, the sinusoidal stator current produced slightly nonsinusoidal magnetic flux. It is understandable that the nonsinusoidal waveforms in Fig. 6(d), corresponding to search coil 2, result from the nonlinearity of the
saturated stator core, especially the magnetic slot wedges. It
is also clear in Fig. 6(d) that the distortions become more distinct as the current increases. The nonsinusoidal waveforms in
Fig. 6(c), relating to search coil 1, probably result from the eddy
current flowing in the end shields and frame made of ferromagnetic materials. Because the eddy current pushes the magnetic
flux towards the inner surface of the end shields and frame, it
only flows in a thin layer close to the inner surface, and saturation appears in the thin layer. Even if the stator current is quite
small, the eddy current is always induced in this part, and it,
more or less, leads to saturation in the end region. In comparison with Fig. 6(d), the distortions of the waveforms in Fig. 6(c)
are slight, and therefore the nonlinearity in the end region is not
so distinct as in the active region.
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Fig. 7. Common logarithm of the magnitude of the DFT of the EMF induced
in search coil 1 in the end region.

TABLE II
INDUCED EMFS IN TWO SEARCH COILS AND TWO LOOPS

are mainly 5th and 7th harmonics, but they are weak. The dc
component in Fig. 7 probably comes from the offset of voltage
in the oscilloscope.
C. Magnetic Flux
In the time-harmonic simulations, the phasor of the magnetic
flux passing through the two loops was derived from
(7)

Fig. 6. Some recorded waveforms in the measurement: (a) the waveforms of
the three-phase voltage at the current value 832 A; (b) the waveforms of the
stator phase current; (c) the waveforms of the induced EMF in search coil 1 in
the end region; and (d) the waveforms of the induced EMF in search coil 2 in
the active region.

A discrete Fourier transform (DFT) with a frequency resolution of 6.25 Hz was performed on the EMF induced in search
coil 1 at rated current as

(6)
denotes a finite-length sequence;
is the length of
where
represents the DFT of the sequence
.
the sequence; and
To show the relative magnitude of each component, the common
, is
logarithm of the magnitude (unit in mV),
plotted in Fig. 7. Apart from the fundamental frequency, there

where represents the integral path along the loops; and is
the vector differential of length. According to Faraday’s law, the
,
phasor of the induced EMF could be calculated by
.
and then the rms value was
The rms values of the induced EMFs in the measurement were
given by the multimeters directly.
Table II lists the simulation results and measurements under
, 832 A, and 1000 A. Morethree situations:
over, cases 1, 2, and 3 in Table II mean three different boundary
conditions to model the end shield and frame, as explained in
and
in Table II correspond to the rms
Section III-C.
values of the EMFs induced in the two search coils or two loops.
in the simulation results has been multiplied by 2 because
the axial length of loop 2 was just half of that of search coil 2.
, the
As for the induced EMF in search coil 1 or loop 1,
results in cases 2 and 3 in Table II are close to the measured
values at all the three current values, in comparison with case
1. As a result, using a homogeneous Neumann boundary condition or an SIBC to model the end shield and frame gives more

LIN et al.: VALIDATION OF A TIME-HARMONIC NUMERICAL MODEL

TABLE III
INTEGRALS OF DIFFERENT COMPONENTS OF MAGNETIC INDUCTION ON
SURFACES OF END SHIELD AND FRAME

accurate magnetic field in the end region than using a homogeneous Dirichlet boundary condition. It is reasonable because
magnetic induction vectors should be approximately perpendicular or slightly oblique to the interface between the air and ferromagnetic materials, instead of being parallel to the interface.
A quantitative calculation was carried out to find the direction of the magnetic induction vectors on the surfaces of the
end shield and frame. In the calculation, the absolute values of
,
the real parts of the phasors of all the components,
, and
, where
means taking the real part
of a complex number, were integrated on the end shield and
frame, respectively. Further, the average values of the above integrals over one period were calculated as , , and , respectively. In both cases 2 and 3, on the surface of the end
plane, was chosen as a
shield which was parallel to the
, and then the corresponding ratios
,
reference value
, and
were calculated, respectively. Similarly, on
plane,
the surface of the frame which was parallel to the
was chosen as a reference value
, and then the same ratios
were calculated. The results are listed in Table III. Obviously,
in Table III, for both cases 2 and 3, axial magnetic induction is
the main component on the surface of the end shield, and radial
magnetic induction is the main component on the surface of the
frame.
Besides, the difference between cases 2 and 3 is that no eddy
current flows in the end shield and frame in case 2. However,
these two cases give quite close results, so it is believed that the
eddy current in the end shields and frame does not have distinct
effects on the magnetic field in the end region.
On the other hand, in Table II, as for the induced EMF in
, the three cases at all the current
search coil 2 or loop 2,
values give quite close results. As a result, different boundary
conditions used to model the end shields and frame of the machine do not have distinct effects on the magnetic field in the
active region.
D. Magnetic Induction
In the measurement, magnetic induction was measured at two
points, P1 and P2. P1 was in the end region, and P2 in the active
region, as marked in Fig. 4. A Gauss/Tesla meter was used in
the measurement, and the circular active area of the sensor of
the probe was 2.48 mm . The rms values were given by the
meter directly. In the time-harmonic simulations, the rms values
of each component of magnetic induction were calculated at the
same points. Table IV lists the results under the same cases as
, and
denote the rms values of the radial,
in Table II. ,
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circumferential, and axial components of magnetic induction in
the cylindrical coordinate system.
Some differences appear between the simulation results and
at point P2 for all the cases. The reason
measured values in
comes from the fact that it was difficult to make the probe of
the meter exactly perpendicular to the direction of the measured
was quite small in the active region
components. Because
whereas
and
were quite large, a slight deflection of the
probe from the perpendicular position may introduce some comand
into
.
ponents from
Anyway, the simulation results and measurements are quite
as explained above. As for point P1 at all
consistent except
the current values, cases 2 and 3 in the simulations give closer
results to the measurements, and accordingly it is the same conclusion as drawn from Table II. It is also obvious that the axial
is not small in the end region by comparison with
component
and
, so the magnetic induction in the end region is definitely 3-D.
E. Induced EMF and Phase Voltage of Stator Winding
Current-driven as the numerical model was, the induced EMF
of the phase winding should be approximately equal to the measured phase voltage in magnitude. There are six stator coils in a
phase belt and therefore the phasor of the induced EMF of the
phase winding
was calculated by

(8)
where
is the phasor of the magnetic flux passing through a
stator coil and was computed by (7). Because the slot leakage
distributed unevenly along the radial height of a coil side, the
middle line inside each coil was chosen as the integral path for
.
calculating
The calculated rms value of the induced EMF by (8) was
162.5 V. The calculated resistive voltage drop in the stator
winding was just 2.2 V, and it lead the induced EMF by 90 .
Consequently, the calculated voltage was still 162.5 V. The
measured rms value of the phase voltage was 168.4 V. That
they are close validates the current-driven numerical model.
Moreover, the magnetic slot wedges slightly affect the induced
EMF of the phase winding. Without including the slot wedges,
the induced EMF was 151.3 V.
VI. CONCLUSIONS
In this paper, the magnetic field in the end region of a
2.24-MW induction machine was studied by 3-D numerical
simulations with different modeling conditions and then was
compared with the measurements. In the simulations, to cope
with the modeling of the end shields and frame, three familiar
boundary conditions were used to replace these parts.
By comparison with the measurements, the use of a homogeneous Neumann boundary condition and a standard impedance
boundary condition proves to be reasonable and gives more accurate results of the magnetic field in the end region than a homogeneous Dirichlet boundary condition. The eddy current in
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TABLE IV
MAGNETIC INDUCTION AT TWO POINTS IN TEST MACHINE

the end shields and frame does not affect the magnetic field evidently. In addition, by comparing the measured voltage and calculated voltage of the stator winding, the current-driven numerical model proves further to be effective and accurate. In conclusion, the consistency of the simulation results and measurements demonstrates that a current-driven time-harmonic numerical model with suitable boundary conditions can acquire a reliable analysis of the magnetic field in the end region.
The 3-D numerical model with a two-layer diamond winding
is quite general and therefore the analysis method as well as
the assignment of modeling conditions proposed in this paper
can be used to analyze the magnetic field in the end region of
other similar radial-flux electric machines. The model presented
in this paper can also be applied to the calculation of the stator
end-winding leakage reactance of a rotating electric machine.
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