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When a gas of electrons is confined to two dimensions, application of a strong magnetic field may lead to
startling phenomena such as emergence of electron pairing. According to a theory this manifests itself as
appearance of the fractional quantum Hall effect with a quantized conductivity at an unusual half-integer �

= 5
2 Landau level filling. Here we show that similar electron pairing may occur in quantum dots where the gas

of electrons is trapped by external electric potentials into small quantum Hall droplets. However, we also find
theoretical and experimental evidence that, depending on the shape of the external potential, the paired electron
state can break down, which leads to a fragmentation of charge and spin densities into incompressible domains.
The fragmentation of the quantum Hall states could be an issue in the proposed experiments that aim to probe
for non-Abelian quasiparticle characteristics of the �= 5

2 quantum Hall state.
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I. INTRODUCTION

The discovery of the quantum Hall �QH� effect at Landau
level filling factor �= 5

2 in the two-dimensional �2D� electron
gas �2DEG� �Ref. 1� marked evidence that incompressible
states may form at unusual even-denominator filling frac-
tions. After years of subsequent theoretical and experimental
work2–5 it is well established that one of the most plausible
theoretical candidates for a QH state at �= 5

2 is an exotic state
of matter, a paired quantum Hall state. Since electron-
electron �e-e� interactions are repulsive this pair formation is
a collective phenomenon involving residual interactions of
composite particles that, in this state, are composites of an
electron and two vortices. The electron pairing would be
analogous to the formation of Cooper pairs in superconduct-
ors, although it would be purely a result of e-e interactions
without contribution from phonons or other fields. In some
theoretical models, the excitations of the paired electron state
are predicted to have non-Abelian statistics that could be
employed in the field of topological quantum computing.2

Currently, the most pressing challenge is to experimentally
find evidence of the paired electron state and the particle
statistics of its excitations.6–8 The proposed tests9 for the
non-Abelian properties of these excitations make use of con-
fined geometries and multiple constrictions in the 2DEG to
generate interference among tunneling paths. This leads to a
natural question whether the paired electron state is stable
when the 2DEG is confined into narrow trappings.

This work addresses the structure of the �= 5
2 state when

electrons in the 2DEG have been confined by external poten-
tials into small QH droplets. They can be experimentally
realized by placing semiconductor quantum-dot �QD� de-
vices into strong magnetic fields.10 We show here theoretical
evidence that in QH droplets the Pfaffian wave function,3

which is commonly used to describe electron pairing, may
have high overlaps with the exact many-body states at �= 5

2 .

In these calculations, we assume that the half-filled Landau
level is spin polarized and use realistic e-e potentials that
include screening effects from the background charge of
electrons in the lowest Landau level �LLL� and a softening
due to the finite thickness of the sample. However, the half-
filled second Landau level of the Pfaffian state has a rela-
tively high angular momentum, which may lead to its insta-
bility in the QD confinement. We show that in harmonic
confining potentials a compact filling of the half-filled Lan-
dau level is favored leading to the lowering of its angular
momentum. The paired electron state would then break down
via fragmentation of spin and charge densities into two in-
compressible domains, spin-compensated �=2 at the edges
and spin-polarized �=3 at the center �see Refs. 11 and 12�.
This phenomenon is analogous to the proposed formation of
similar structures in the 2DEG where translational symmetry
has been broken by long-range disorder.13 We present the
fragmented states in QDs as alternatives to the Pfaffian state
and show signatures of them in electron transport experi-
ments. Based on these results, we conjecture that the stability
of the paired electron state depends crucially on the shape of
the potential landscape where the electrons move in the
2DEG. This may explain, e.g., the observed fragility of the
�= 5

2 QH state in narrow quantum point contacts.14

The paper is organized as follows. We introduce our the-
oretical model of QDs in Sec. II and the computational meth-
ods used to solve the many-body problem in Sec. III. The
exact diagonalization method is used in Sec. IV to calculate
the overlaps of the Pfaffian wave function with the exact
many-body state. In Sec. V, we analyze the electronic struc-
ture of fragmented QH states and show that the second-
lowest Landau level �SLL� is spin polarized due to the lifting
of degeneracy of single-particle states near the Fermi level.
In Sec. VI, we present experimental evidence for fragmenta-
tion of QH states in the 2���

5
2 filling-factor regime. Sec-

tion VII concludes our work with discussion of the relevance
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of our findings with the observed fragility of the �= 5
2 QH

state in disordered or confined 2DEG.

II. MODEL

QDs formed in the GaAs /AlxGa1−xAs heterostructure are
modeled for both lateral and vertical QD devices as droplets
of electrons in a strictly 2D plane confined by a parabolic
external potential.10 We use an effective-mass Hamiltonian

H = �
i=1

N � �pi + eA�2

2m�
+ Vc�ri�� +

e2

4��
�
i�j

1

rij
, �1�

where N is the number of electrons, Vc�r�=m��0
2r2 /2 is the

external parabolic confinement, m�=0.067me is the effective
mass, �=12.7�0 is the dielectric constant of the GaAs semi-
conductor medium, and A is the vector potential of the ho-
mogeneous magnetic field B perpendicular to the QD plane.
The confinement strength �0 in the calculations is 2 meV,
unless otherwise stated.

If the e-e interactions are excluded, the single-particle so-
lutions of Hamiltonian �1� are Fock-Darwin states.15 In the
limit of a very high magnetic field, the Landau level structure
approaches that of the 2DEG. However, in finite magnetic
fields the external potential alters the electronic structure and
different Landau levels overlap. Therefore, the concept of
Landau level filling needs to be generalized to finite-size
systems. Kinaret et al.16 defined the average filling factor as
�ave=N2�N+L� /2, where L is the total angular momentum.
Another possibility is to focus on the LLL and define filling
factor of a state as �LLL=2N /NLLL. These definitions differ in
the high filling-factor regime, but this is not critical to the
interpretation of results that are based on the structural prop-
erties of the many-body states.

III. COMPUTATIONAL MANY-BODY METHODS

The ground state corresponding to interacting electrons in
QH droplets is solved numerically using the exact diagonal-
ization �ED�, density-functional theory �DFT�, and the varia-
tional quantum Monte Carlo �QMC� method. Since the
paired electron state in the 2DEG is a strongly correlated
many-body state, the ED method is used to analyze its sta-
bility in the QD confining potential. The DFT and QMC
methods are used to analyze the fragmented QH states. The
regime where this fragmentation gives characteristic signals
in the experiments is beyond the reach of the ED method.
However, we find that both the DFT and QMC methods pro-
vide accurate results in this regime �see the Appendix�.

A. Exact diagonalization

In the ED method, we assume that the electrons occupy
states on one Landau level only. If we now take a fixed
number of states from this Landau level, our computational
task is first to construct the many-body basis. Then the
Hamiltonian matrix corresponding to Hamiltonian of Eq. �1�
is constructed in this basis. Finally, the lowest eigenstate and
eigenvalue are found by matrix diagonalization. More details
can be found, e.g., in Ref. 17. In addition to the standard

Coulomb interaction, we use in the ED two modifications of
it. To model the finite thickness of the sample, we use a
softened potential18 defined as

VT�r� =
e2

4���r2 + dT
2

, �2�

where dT is the sample thickness. Electrons in second or
higher Landau levels move on top of background charge of
lower Landau levels, which effectively screens the Coulomb
interaction. This is modeled with a screened potential that is
of the Gaussian form

VS�r� =
e2 exp�− r2/dS

2�
4��r

, �3�

where dS is the screening length. The unit of length in our
ED results is given by l=�� /m��, where �=��0

2+ ��c /2�2

and �c=eB /m� is the cyclotron frequency of electron in
magnetic field B.

B. Density-functional theory

Our DFT approach is based on spin-DFT, a variant of the
conventional DFT generalized to deal with nonzero spin po-
larization. On top of standard spin-DFT, we include the bare
external vector potential A �see Eq. �1�� in the Kohn-Sham
equation. In contrast with current-spin-DFT, however, we ne-
glect the exchange-correlation vector potential Axc. In the
magnetic-field range considered here, this has been shown to
be a very reasonable approximation.19 As another valid ap-
proximation, we neglect the dependence of the exchange and
correlation on the vorticity.20 The exchange and correlation
energies and potentials are calculated using the 2D local
spin-density approximation, for which we use the QMC pa-
rametrization of the correlation energy by Attaccalite et al.21

The DFT approach is implemented on a 2D real-space
grid and employs a multigrid method for solving of the
Kohn-Sham equations.22 Our symmetry-unrestricted DFT
approach has been shown to lead to solutions with broken
rotational symmetry that has been linked to mixing of the
different eigenstates of angular momentum.23,24 In a fixed
symmetric external potential, this type of spontaneous sym-
metry breaking is expected to be unphysical. In Sec. VI, we
compare the validity of this assumption directly to experi-
mental data.

C. Quantum Monte Carlo

Since the fragmentation of many-body state in the vicinity
of �= 5

2 is a delicate many-body problem, we employ the
QMC method to analyze the reliability of our DFT approach.
The wave function in the QMC is chosen to be

	 = D↑D↓	
i�j

N

J�rij� , �4�

where the two first factors are Slater determinants for the two
spin types and J is a Jastrow two-body correlation factor. The
Slater determinants are constructed from the Fock-Darwin
states. For the two-body Jastrow factor, we use a form

SAARIKOSKI et al. PHYSICAL REVIEW B 78, 195321 �2008�

195321-2



J�r� = exp
 Cr

a + br
� , �5�

where a is fixed by the cusp condition to be three for a pair
of equal spins and one for opposite ones, and b is an addi-
tional parameter different for both spin-pair possibilities. The
ground state of the QD in the spin-droplet regime is calcu-
lated assuming that the LLL and the SLL are compact. This
means that the Slater determinants are built from single-
particle states having angular momenta l=0, . . . ,NLLL,s−1
for spin s= ↑ ,↓ in the LLL and l=−1, . . . ,NSLL,s−2 for the
spin s in the SLL. Energy for each combination of non-
negative total spin S and total angular momentum L is then
calculated. The QMC method deals with the correlation ef-
fects in the many-particle system more accurately than the
DFT approach. However, the computational cost of the QMC
is significantly larger than that of the DFT. A detailed de-
scription of the QMC method is given in Ref. 25.

IV. PFAFFIAN STATE IN QUANTUM DOTS

The structure of the QH states in the 2DEG at half-integer
filling factor has been a topic of intense research efforts.2

Currently, it is regarded plausible that the experimentally ob-
served �= 5

2 state consists essentially of a full spin-
compensated LLL and a half-filled spin-polarized SLL,5 in
which weak p-wave electron pairing takes place. Formally,
the SLL is described by a Moore-Read, or Pfaffian, wave
function lifted to the SLL.3,4 There exists some theoretical
evidence that the excitations of this QH state obey non-
Abelian statistics.2,3,26 ED calculations have become stan-
dard tests of trial wave functions of QH states, and they have
shown high overlaps with the Pfaffian wave function in the
2DEG.27 However, there are other candidates for the �= 5

2
state, some of which possess only Abelian quasiparticle
excitations.26,28

The structure of the �= 1
2 state in QDs was analyzed with

the ED method in Ref. 11. Here we provide results for half-
filled higher Landau levels with more realistic interelectron
potentials defined in Sec. III. Following the theory of the �
= 5

2 QH state in the 2DEG, we assume that the half-filled
Landau level is spin polarized. The Pfaffian wave function,3

which describes paired fermion states of the half-filled Lan-
dau level, is defined for LLL as

	PF = Pf
 1

zi − zj
�	

i�j

�zi − zj�2 exp
−
1

2�
i

ri
2� . �6�

In higher Landau levels the Pfaffian state is obtained by ap-
plying the Landau level raising operator to each electron.
The angular momentum of the Pfaffian state is L�=N��N�
−1�− �nLL+ 1

2 �N�, where N� is the number of electrons in the
half-filled Landau level and nLL= �0,1 , . . . is the Landau
level index.

We present the overlaps of the Pfaffian wave function
with the ED eigenstate for electrons frozen to lowest �LLL�,
second �SLL�, or third �TLL� Landau level, which corre-
spond to filling fractions of �= 1

2 , 5
2 , and 9

2 , respectively.
Electrons in the half-filled second and third Landau levels
move on top of the uniform background electron density of

the spin-compensated lower Landau levels. This background
charge effectively screens the Coulomb interaction. In QDs,
the e-e interactions are further screened due to metallic leads.

Figure 1 shows the overlaps of the Pfaffian wave function
and the ED eigenstate of Coulomb interaction for particle
numbers 4�N��12. For large particle numbers, the over-
laps in the second Landau level are highest. This shows that
�= 5

2 has the highest probability to be described by the Pfaff-
ian.

Next, we study how the screening of the e-e interaction
and finite thickness of the sample change the overlaps of the
ED eigenstate with the Pfaffian. For six electrons on LLL,
the overlaps are slightly improved when the screening and
finite sample thickness are taken into account in the interac-
tion �see Fig. 2�. On SLL, screening slightly improves the
overlap, but a finite thickness lowers it. The same trends can
be seen in Fig. 2 for eight electrons, but now the effects are
clearly stronger, and there is a large increase in the overlaps.
On the LLL, a finite sample thickness is needed to achieve
the best overlap. On the SLL, the screening increases the
overlap, which can be contrasted with the spherical geometry
where the SLL overlap is maximized at a finite thickness of
the sample.29

The highest overlaps are on the order of 0.8–0.9 at �= 5
2 ,

which means that the structure of the many-body state is
close to the Pfaffian. The exact state at the given angular
momentum would therefore show electron pairing to a sig-
nificant degree. We note that the Pfaffian wave function in
Eq. �6� has no adjustable parameters. It is possible to modify
the Pfaffian wave function by introducing a pairing function
that differs from g=1 / �zi−zj� of the Moore-Read form.30

This would not change the angular momentum of the state
but has been found to increase overlaps significantly in the
2DEG.

In addition to the overlaps, it is crucial to verify that the
state at the angular momentum of the Pfaffian state is ener-
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FIG. 1. �Color online� The overlaps of the Pfaffian wave func-
tion with the corresponding exact state at the lowest �LLL�, second
�SLL�, and third �TLL� Landau level in the case of a Coulombic
electron-electron interaction. N� denotes the number of electrons in
the half-filled Landau level.
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getically favorable. In fact, the LLL �= 1
2 state with N�=8

corresponding to Fig. 2�d� is a possible ground state at small
and large values of the thickness dT, but not at values of dT
where the overlap is peaked.31 A further obstacle for the
Pfaffian state in finite-size QH droplets is that the SLL may
not attain the high angular momentum and complete spin
polarization of the Pfaffian. In QH droplets, the degeneracy

of Landau levels is lifted when electrons move in external
confining potentials �Fig. 3�b��, and a compact distribution of
electrons on the Landau levels could be energetically more
favorable. In Sec. V, we show that this would lead to nonex-
istence of the paired electron state and introduce fragmented
QH states in quantum Hall droplets as alternatives.

V. FRAGMENTED QUANTUM HALL STATES

In quantum Hall droplets, single-particle states within
each Landau level are not degenerate due to the confining
potential. The average distance of an electron from the center
of the droplet and therefore also the potential energy increase
with angular momentum. This suggests that a compact occu-
pation structure may be energetically favorable. The compact
occupation of Landau levels leads to fragmentation of charge
and spin densities into incompressible integer filling factor
domains. We call these states fragmented quantum Hall
states that are alternatives to the paired electron state at half-
integer Landau level fillings.

We analyze the structure of fragmented QH states near
�= 5

2 in a harmonic confining potential of a semiconductor
quantum dot with the QMC and the DFT methods. The
Kohn-Sham single-particle energy spectrum of the Landau
levels calculated with the spin-compensated DFT and the
spin-DFT are shown in Figs. 3�a� and 3�b�, respectively. The
spin-DFT and the QMC show that the degeneracy of the
single-particle states close to the Fermi energy is lifted via a
complete polarization of the second-lowest Landau level.
Therefore, a compact occupation of the single-particle states
of the spin-compensated LLL and spin-polarized SLL leads
to a fragmented state with a �=2 region �double-occupied
LLL� at the edges of the droplet and �=3 �spin-polarized
SLL� at the center �Fig. 4�.

The spin splitting of the SLL in the spin-DFT calculations
is analogous to the Stoner criterion, which states that in the
presence of correlations between electrons of the same spin
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FIG. 2. �Color online� Overlap of the Pfaffian wave function
with the corresponding exact state for N�=6 and N�=8 electrons in
the half-filled Landau level, respectively, using �a�–�b� screened
electron-electron potential with screening length dS and �c�–�d� soft-
ened potential due to finite sample thickness dT for electrons at the
LLL corresponding to �= 1

2 , and the SLL corresponding to �= 5
2 .
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FIG. 3. �Color online� �a� Kohn-Sham energy spectrum of a
60-electron quantum dot as a function of single-particle angular
momentum L calculated from the density-functional theory with
spin-compensated orbitals. The density of states of the SLL is high
near the Fermi energy EF. The magnetic field is 2.125 T which
corresponds to a filling factor of �= 5

2 . �b� The corresponding energy
spectrum from spin-density-functional theory shows lifting of the
degeneracy near the Fermi level via complete spin polarization of
the SLL. The LLL remains spin compensated. Spin ↑ �↓� corre-
sponds to spin orientation parallel �antiparallel� to the magnetic
field. The spin splitting due to many-body effects is about 1.5 meV
at L=0. In comparison, the Zeeman splitting is about 0.05 meV.
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and high density of states near the Fermi level, the system
prefers ferromagnetic alignment that reduces the
degeneracy.32 We call the incompressible spin-polarized
droplet of SLL electrons a spin droplet.12 The size of the spin
droplet becomes significant when the number of electrons in
the dot N
35. The nonuniform filling-factor structure of the
spin-droplet states is reminiscent of the incompressible QH
domains that form in the 2DEG with long-range disorder.13

The compact occupation of the SLL leads to a lower angular
momentum than what is needed for a paired electron state as
described by the Pfaffian wave function �6�. For example, the
size of the spin droplet in the QMC method is N�=8 elec-
trons at N=48, and the angular momentum of the SLL is
L�=20, which can be contrasted to L�=44 for the Pfaffian
wave function with the same number of electrons.

The SLL remains polarized and compact between 5
2 ��

�2. Hence, we call this filling-factor range the spin-droplet
regime. The size of the spin droplet gradually shrinks with
the increasing magnetic field as the electrons are passed from
the SLL to the LLL. The contributions of the LLL and SLL
occupancies to the electron and spin densities are shown in
Fig. 4 for the case of 60-electron QD. Qualitatively similar
results were obtained for confinement strengths 1–4 meV
and electron numbers N between 35 and 120, which confirms
the generality of the results. The calculations show that the
energy benefit from the polarization of the SLL is large �see
Fig. 3 and the Appendix�, which would make spin droplets
robust in the presence of impurities in samples.

We note that the stability of the fragmented QH states in
large QDs �N�30� can be contrasted to the instability of the
maximum-density-droplet �MDD� state in the same regime.
The MDD state is the totally polarized state corresponding to
the �=1 QH state in 2DEG, and it has been found to be
unstable in large QDs with N�30 �Refs. 33 and 34�.

VI. SIGNATURES OF FRAGMENTATION
IN ELECTRON AND SPIN TRANSPORT

The emergence of finite-size counterparts of integer and
fractional QH states in QDs gives characteristic signatures in

the chemical potentials. Several experimental methods have
been developed to measure the chemical potential in a QD
via addition of electrons one-by-one into the system. These
experimental methods include Coulomb blockade,35

capacitance,36 and charge detection techniques.37 In this
work, we use data from electron transport measurements of
QDs in the Coulomb and spin-blockade regime.34,38 The
spacings of the spin and Coulomb blockade peaks corre-
spond to the energy needed to add the Nth electron in the
system of N−1 electrons, i.e., the chemical potential defined
as �N ,B�=Etot�N ,B�−Etot�N−1,B�.

We calculate the signatures in the chemical potentials as-
sociated with the formation of fragmented QH states and
compare these to those obtained from the electron transport
data in three different QD devices. Two of the experimental
samples �samples A and B� are lateral quantum dots on a
high-mobility 2DEG �Ref. 38� while the third one �sample
C� is a vertical QD.34 The samples A and B were manufac-
tured on high-mobility 2DEG samples with spin-polarized
leads for electron transport measurements in the spin-
blockade regime. The data of the sample C were obtained in
the Coulomb blockade. The high mobility of samples chosen
for comparison is essential to reduce unpredictable effects of
impurities and disorder that make identification of signals of
physical phenomena difficult.

We first address the problem of whether the electronic
states in the QD samples show any signs of broken rotational
symmetry. Inhomogeneities and impurities in QD devices
may break the rotation symmetry, and a Jahn-Teller type of
mechanism could be active if disorder alters significantly the
shape of the confining potential. As a result, the ground-state
transitions with increasing magnetic field become continuous
rather than discrete. A signature of this type of symmetry
breaking would be a smoothing of the chemical potential.
Experimental data from a high-mobility lateral QD device
are of sufficiently good quality to test for the presence of
symmetry breaking mechanisms. Figure 5 shows a compari-
son of the electron transport data to DFT calculations with
and without symmetry breaking. The data show sharp in-
creases in the chemical potentials, which are consistent with
discrete transitions in the ground state. Therefore, to a good
approximation, the rotational symmetry is preserved in high-
mobility samples and the angular momentum L is a good
quantum number.

The complete polarization of the SLL at �= 5
2 is reflected

in the energetics of the system. The DFT calculations show
that at �= 5

2 there is a step feature followed by a plateau
region in the chemical potential. Figure 6 shows the DFT
results for chemical potentials of N=24, . . . ,48 in compari-
son with the experiments. The step in the chemical potential
is associated with the total polarization of the SLL in the
DFT calculations. This feature can be found in all three
samples we studied above N�30, as predicted by the theory.
Some models of QDs assume that the SLL is spin polarized
due to the Zeeman effect.39 This model does not, however,
apply for the lateral and vertical QD devices examined in
this work where the effect of the Zeeman splitting is esti-
mated to be only a few percent of the spin splitting caused by
the many-body interactions �see Fig. 3�.

In the 5
2 ���2 regime, the ground-state energy is ap-

proximately constant �see the Appendix�, and the calcula-

300 nm
(a)

(c)

ρ

ν = 5/2

ν = 2

(b)

2 < ν < 5/2

FIG. 4. �Color online� Total electron density �↑+�↓ �full region�
and the net spin density �↑−�↓ �transparent blue region� of quantum
Hall states in a quantum dot at �a� �=2, at �b� an intermediate state
between �=2 and �= 5

2 , and at �c� �= 5
2 . The latter two show frag-

mented charge and spin densities with spin-compensated �=2 re-
gion at the edges and spin-polarized �=3 at the center. The densities
were calculated with the spin-density-functional theory for a 60-
electron quantum dot. The net spin-up density is due to spin polar-
ization of the second-lowest Landau level.
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tions show a phase transition in the system where two phases
��=2 and 3� coexist, and the size of the �=2 domain in-
creases with the magnetic field. The chemical potential does
not continue to rise, but instead, it is oscillating around a
constant value until �=2. This signature can be found in all
the experimental samples �see Fig. 6�. All electron transport
data presented are thus consistent with the theoretical picture
that the ground states in the vicinity of �= 5

2 involve frag-
mented QH states. We point out, however, that the results are
sensitive to the shape of the external potential, and the pair-
ing of the electrons may still occur if the potential is suffi-
ciently homogeneous, e.g., in large QDs, where the second
Landau level would acquire higher angular momentum.

Spin polarization of the leads is commonly used to create
a current that depends on the orientation of the electron spin,
which passes through the device. In the case of the two lat-
eral QDs in our analysis, the electrons enter the QD from
spin-polarized magnetic edge states of the 2DEG through
tunneling barriers. Coulomb blockade lifts when the energies
of the many-body states corresponding to N and N+1 elec-
trons are equal. The tunneling current depends then on the
coupling between the wave function in the QD and the elec-
tronic states in the external leads. The lowest Landau level
orbitals are at the edges of the QD, and the coupling is stron-
ger to the leads compared to the second-lowest Landau level

orbitals that are close to the center of the QD. Due to polar-
ization of the leads, their coupling to electron states with spin
parallel to the external polarization is higher than the cou-
pling of spins antiparallel to the external polarization. This
spin dependence in the transport has been shown to lead to a
characteristic checkerboard pattern of current densities
through QDs.38,40–43 Our DFT results are consistent with
such transport currents in the spin-blockade regime �Fig. 7�.
The polarization of the SLL in the 5

2 ���2 regime would be
in contrast to the model presented in Ref. 40. A consequence
of this is that the transport current via SLL orbitals should
show no checkerboard pattern in this regime since the spins
are always parallel to the polarization of the leads. This
could be tested with high-accuracy spin-blockade spectros-
copy, which would be able to detect small changes in the
weak tunneling currents through the SLL orbitals.
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VII. FRAGILITY OF THE �= 5
2 QUANTUM HALL STATE

The �= 5
2 state is one of the most fragile QH states. It is

observed only in high-mobility 2DEG samples as the paired
electron state may break down in the presence of impurities.
These induce a nonuniform potential that, in light of results
in this work, may lead to its instability. Our findings are thus
in line with those obtained by Chklovskii and Lee13 who
predicted that in the presence of long-range disorder in the
2DEG, incompressible integer filling factor regions form that
are separated by domain walls. These structures are analo-
gous to the fragmented QH states that we find in QDs. Struc-
tures reminiscent of domain walls have been observed with
scanning-probe imaging techniques in a perturbed QH
liquid.44

Analogous instability of QH states may also occur in
other geometries where the electrons are not strictly confined
in all directions, such as in high-mobility 2DEG samples in
the vicinity of constrictions. One indication of this may be
the observed fragility of the �= 5

2 state in narrow quantum
point contacts.14 Proposed tests9 for the non-Abelian proper-
ties of quasiparticle excitations of �= 5

2 QH state make use of
finite geometries and multiple constrictions to generate inter-
ference among tunneling paths. A possible fragmentation of
the �= 5

2 QH state close to the boundaries, which would lead
to the instability in such geometries, is still an open question
that requires further analysis of the effects of the confine-
ment. While recent experiments on the quasiparticle
tunneling,6 shot noise generated by partitioning edge
currents,7 and interferometric measurements of QH edge
excitations8 of the �= 5

2 QH state show results, which are all
consistent with the unusual quasiparticle charge e�= 1

4 of the
paired electron state, the particle statistics of the excitations
remains to be confirmed. Possible fragmentation of QH
states in narrow constrictions needed for quasiparticle inter-
ferometry adds another challenge in this long quest to con-
firm the possible non-Abelian characteristics of the �= 5

2
state.

To conclude, we have shown theoretical evidence that
electron pairing is possible in small QH droplets in quantum
dots at �= 5

2 , provided that the half-filled Landau level can
acquire sufficiently high angular momentum. However, our
calculations indicate that in parabolic external confining po-
tentials the paired electron state breaks down leading to frag-
mentation of charge and spin densities. We find indirect evi-
dence of such fragmentation in several experiments but point
out that our results can be tested by direct measurements of
the spatial dependence of spin and charge densities in differ-
ent geometries and experimental setups.
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APPENDIX: ACCURACY OF NUMERICAL METHODS

The electron correlations play an important role in the
structure of fractional QH states. To test for the accuracy of
the DFT method in the spin-droplet regime, we compare the
energies of different spin-polarization states between the
DFT and the QMC in the 5

2 ���2 regime. The results for a
48-electron QD are shown in Fig. 8.

Both methods show the spin-droplet structure with a com-
parable energy benefit in the polarization ��0.5 meV for
Smax=4. The QMC method estimates that the maximum size
of the spin droplet is NSD=7 compared to 8 in the DFT.
Given the typical statistical error of �0.05 meV in the QMC
results, the overall agreement between the methods is excel-
lent. This test indicates that the DFT method captures the
essential many-body physics of the spin-droplet formation
and gives accurate results for the ground states. The DFT
method was subsequently used in the calculation of the
chemical potentials of large QDs, which can be compared to
the transport experiments in the spin-blockade regime.

The DFT method predicts some noncompact states out-
side the spin-droplet regime, e.g., L=375 and S=7 /2 state as
shown in Fig. 5. This state has one spin-down electron in the
SLL with l=0. Emergence of noncompact states is a mani-
festation of the degeneracy of the single-particle states near
Fermi level. However, they are rare in the DFT and occur
only at magnetic fields below the polarization of the SLL.
Detailed analysis of these states with the QMC goes beyond
the scope of the present work and is left for future research.
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PFAFFIAN AND FRAGMENTED STATES AT �= 5
2… PHYSICAL REVIEW B 78, 195321 �2008�

195321-7



*h.m.saarikoski@tudelft.nl
1 R. Willett, J. P. Eisenstein, H. L. Störmer, D. C. Tsui, A. C.

Gossard, and J. H. English, Phys. Rev. Lett. 59, 1776 �1987�.
2 C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das

Sarma, Rev. Mod. Phys. 80, 1083 �2008�.
3 G. Moore and N. Read, Nucl. Phys. B 360, 362 �1991�.
4 Martin Greiter, Xiao-Gang Wen, and Frank Wilczek, Phys. Rev.

Lett. 66, 3205 �1991�.
5 R. H. Morf, Phys. Rev. Lett. 80, 1505 �1998�.
6 I. P. Radu, J. B. Miller, C. M. Marcus, M. A. Kastner, L. N.

Pfeiffer, and K. W. West, Science 320, 899 �2008�.
7 M. Dolev, M. Heiblum, V. Umansky, A. Stern, and D. Mahalu,

Nature �London� 452, 829 �2008�.
8 R. L. Willett, M. J. Manfra, L. N. Pfeiffer, and K. W. West,

arXiv:0807.0221 �unpublished�.
9 A. Stern and B. I. Halperin, Phys. Rev. Lett. 96, 016802 �2006�;

P. Bonderson, A. Kitaev, and K. Shtengel, ibid. 96, 016803
�2006�; D. E. Feldman and A. Kitaev, ibid. 97, 186803 �2006�.

10 S. M. Reimann and M. Manninen, Rev. Mod. Phys. 74, 1283
�2002�.

11 A. Harju, H. Saarikoski, and E. Räsänen, Phys. Rev. Lett. 96,
126805 �2006�.

12 E. Räsänen, H. Saarikoski, A. Harju, M. Ciorga, and A. S.
Sachrajda, Phys. Rev. B 77, 041302�R� �2008�.

13 D. B. Chklovskii and P. A. Lee, Phys. Rev. B 48, 18060 �1993�.
14 J. B. Miller, I. P. Radu, D. M. Zumbuhl, E. M. Levenson-Falk,

M. A. Kastner, C. M. Marcus, L. N. Pfeiffer, and K. W. West,
Nat. Phys. 3, 561 �2007�.

15 V. I. Fock, Z. Phys. 47, 446 �1928�; C. G. Darwin, Proc. Cam-
bridge Philos. Soc. 27, 86 �1930�.

16 J. M. Kinaret, Y. Meir, N. S. Wingreen, P. A. Lee, and X. G.
Wen, Phys. Rev. B 46, 4681 �1992�.

17 S. S. Gylfadottir, A. Harju, T. Jouttenus, and C. Webb, New J.
Phys. 8, 211 �2006�.

18 F. C. Zhang and S. Das Sarma, Phys. Rev. B 33, 2903 �1986�.
19 N. Helbig, S. Kurth, S. Pittalis, E. Räsänen, and E. K. U. Gross,

Phys. Rev. B 77, 245106 �2008�.
20 H. Saarikoski, E. Räsänen, S. Siljamäki, A. Harju, M. J. Puska,

and R. M. Nieminen, Phys. Rev. B 67, 205327 �2003�.
21 C. Attaccalite, S. Moroni, P. Gori-Giorgi, and G. B. Bachelet,

Phys. Rev. Lett. 88, 256601 �2002�.
22 T. Torsti, T. Eirola, J. Enkovaara, T. Hakala, P. Havu, V. Havu, T.

Höynälänmaa, J. Ignatius, M. Lyly, I. Makkonen, T. Rantala, K.
Ruotsalainen, E. Räsänen, H. Saarikoski, and M. J. Puska, Phys.
Status Solidi B 243, 1016 �2006�.

23 K. Hirose and N. S. Wingreen, Phys. Rev. B 59, 4604 �1999�.
24 A. Harju, E. Räsänen, H. Saarikoski, M. J. Puska, R. M. Niem-

inen, and K. Niemelä, Phys. Rev. B 69, 153101 �2004�.
25 A. Harju, J. Low Temp. Phys. 140, 181 �2005�.
26 C. Nayak and F. Wilczek, Nucl. Phys. B 479, 529 �1996�.
27 E. H. Rezayi and F. D. M. Haldane, Phys. Rev. Lett. 84, 4685

�2000�.
28 B. J. Overbosch and X. G. Wen, arXiv:0804.2087 �unpublished�.
29 M. R. Peterson, Th. Jolicoeur, and S. Das Sarma, Phys. Rev.

Lett. 101, 016807 �2008�.
30 G. Möller and S. H. Simon, Phys. Rev. B 77, 075319 �2008�.
31 E. Tölö and A. Harju, arXiv:0809.5156 �unpublished�.
32 E. C. Stoner, Proc. R. Soc. London, Ser. A 165, 372 �1938�.
33 M. Ferconi and G. Vignale, Phys. Rev. B 56, 12108 �1997�; O.

Klein, C. de C. Chamon, D. Tang, D. M. Abusch-Magder, U.
Meirav, X. G. Wen, M. A. Kastner, and S. J. Wind, Phys. Rev.
Lett. 74, 785 �1995�.

34 T. H. Oosterkamp, J. W. Janssen, L. P. Kouwenhoven, D. G.
Austing, T. Honda, and S. Tarucha, Phys. Rev. Lett. 82, 2931
�1999�.

35 P. L. McEuen, E. B. Foxman, U. Meirav, M. A. Kastner, Y. Meir,
N. S. Wingreen, and S. J. Wind, Phys. Rev. Lett. 66, 1926
�1991�.

36 R. C. Ashoori, H. L. Stormer, J. S. Weiner, L. N. Pfeiffer, S. J.
Pearton, K. W. Baldwin, and K. W. West, Phys. Rev. Lett. 68,
3088 �1992�.

37 M. Field, C. G. Smith, M. Pepper, D. A. Ritchie, J. E. F. Frost,
G. A. C. Jones, and D. G. Hasko, Phys. Rev. Lett. 70, 1311
�1993�.

38 M. Ciorga, A. S. Sachrajda, P. Hawrylak, C. Gould, P. Zawadzki,
S. Jullian, Y. Feng, and Z. Wasilewski, Phys. Rev. B 61, R16315
�2000�.

39 O. Astafiev, V. Antonov, T. Kutsuwa, and S. Komiyama, Phys.
Rev. B 62, 16731 �2000�.

40 M. Keller, U. Wilhelm, J. Schmid, J. Weis, K. v. Klitzing, and K.
Eberl, Phys. Rev. B 64, 033302 �2001�.

41 K. Hitachi, M. Yamamoto, and S. Tarucha, Phys. Rev. B 74,
161301�R� �2006�.

42 D. Kupidura, M. C. Rogge, M. Reinwald, W. Wegscheider, and
R. J. Haug, Phys. Rev. Lett. 96, 046802 �2006�.

43 M. C. Rogge, C. Fühner, and R. J. Haug, Phys. Rev. Lett. 97,
176801 �2006�.

44 S. H. Tessmer, P. I. Glicofridis, R. C. Ashoori, L. S. Levitov, and
M. R. Melloch, Nature �London� 392, 51 �1998�.

SAARIKOSKI et al. PHYSICAL REVIEW B 78, 195321 �2008�

195321-8


