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Abstract
Properties of a two-electron, square quantum dot are studied using the exact diagonalization method. The emphasis is on the analysis
of the conditional wave function, showing a vortex structure formation at strong magnetic ﬁelds. We ﬁnd that additional vortices in the
system are generated by splitting of the antisymmetry generating vortices (Pauli-vortices).
r 2007 Elsevier B.V. All rights reserved.
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1. Introduction and model
A commonly used, non-parabolic, model for a semiconductor quantum dot [1] (QD) is a square, hard-wall
QD, see e.g. Refs. [2–14]. The enhanced magnetic ﬁeld and
correlation effects in quasi-two-dimensional semiconductor
quantum systems give rise to interesting properties even in
small systems like two-electron QD [15–17]. In this paper
we study two interacting electrons in a square QD. One of
the aims of this paper is to study the magnetic ﬁeld induced
vortex formation in this system [18].
The model Hamiltonian of a two-electron QD system
can be written as
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where the electrons are restricted to the xy plane. The
ambient bulk medium gives rise to an effective mass m and
dielectric constant , for GaAs m ¼ 0:067me and  ¼ 12:7.
We include an extra dimensionless parameter C which
parametrizes the strength of interactions between the
electrons, with the natural strength obtained at C ¼ 1.
While the effective strength of the interaction could also be
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tuned by changing the size of the system, scaling C is more
transparent as it keeps the magnetic ﬂux the same. The
magnetic ﬁeld B ¼ Buz perpendicular to the xy plane is
included using the symmetric gauge A ¼ B=2ðyux  xuy Þ.
We use a hard-wall external potential V ext with equal side
lengths, taken to be 2p in effective atomic units, which
corresponds to a length of order 60 nm.
We expand the ﬁnite magnetic ﬁeld, interacting wave
function in a basis of non-interacting states of the zero
magnetic ﬁeld value, taking both the interaction and the
magnetic ﬁeld as perturbations on the system. The
Hamiltonian matrix elements of the A dependent terms
are calculated analytically, whereas the interaction matrix
elements are computed numerically from a two-dimensional integral, obtained by expressing 1=jr1  r2 j in terms
of its Fourier transform. We use from 64 to 112 singleparticle spatial orbitals, and obtain the lowest many-body
eigenstates by Lanczos diagonalization.
Due to lack of Oð2Þ symmetry, the z-component of
angular momentum is not conserved in our model.
However, the system has a 4-fold rotational symmetry
C 4 , and an angular Bloch momentum can be introduced
[19]. If one expands the interacting many-body wave
function using the eigenfunctions of the angular momentum, one can see that the Hamiltonian couples states that
have angular momentum values differing by a multiple of
four. In general, an n-fold rotational symmetry couples
states that differ by a multiple of n. Taking n ! 1, the
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Oð2Þ symmetry is recovered as the coupling between
different angular momentum eigenstates vanishes. The
results below for the C 4 case are interesting as being close
to the opposite limit.
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The two lowest energy levels of the two-electron QD as a
function of C and B are shown in Fig. 1. For Ca0 the
states show regular crossing behavior. One can see that in
the limit of strong interactions, the two lowest states
approach each other and also more crossings can be seen.
The difference of the two lowest energies form a clear
diamond-shaped structure. The total spin of the system
changes at each change of the ground state. The general
reasoning for this type of behavior is that the magnetic ﬁeld
squeezes the system up to a point where it is energetically
favorable for the system to expand. The price to pay for the
lowered interaction energy is the increased kinetic energy.
As the particles at strong magnetic ﬁeld do cyclotron
motion, the increased kinetic energy corresponds to an
increased radius and also to an increased magnetic ﬁeld
ﬂux inside the cyclotron orbit.
In Fig. 2 we show the ground state expectation value of
the angular momentum as a function of the interaction
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Fig. 2. The expectation value of angular momentum L as a function of
magnetic ﬁeld B for interaction strengths C ¼ 1; 2; . . . ; 10. The L-values
are shifted by C for clarity. Clear plateaus are seen even for the strongly
interacting cases.
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strength. Even though the angular momentum is not a
good quantum number, a clear staircase structure is seen.
For weak interaction values the deviation from integer
values is marginal and each plateau is very ﬂat. This is not
the case for the strongly interacting system. The reason for
the difference in these cases is that in the weakly interacting
dot the electrons are rather close to the center of the dot,
feeling the corners only marginally, and due to this the
system is nearly circularly symmetric. In the strongly
interacting limit the electrons tend to localize on opposite
corners of the dot, removing the circular symmetry.
Further information on the system can be obtained from
the conditional wave function, constructed in the following
way: we ﬁrst ﬁnd the most probable electron positions
fri g2i¼1 by maximizing the density jCj2 . Then one of the
electrons is moved to a new position r, and a conditional
single-particle wave function is evaluated as
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2. Results
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Fig. 1. Two lowest eigenenergies for interaction strengths C ¼ 0; 1; . . . ; 10.
The gray shading joins energies with the same C. The spin of the system
changes at each crossing of the eigenenergies, being zero at zero magnetic
ﬁeld.

Cðr; r2 Þ
.
Cðr1 ; r2 Þ

The change in the phase can be obtained from the angle y
of the wave function cc ðrÞ ¼ jcc ðrÞj expðiyðrÞÞ. One should
note that the mere phase is not a real physical observable;
however, real physical information can be obtained by
examining the phase along loops. The ﬁrst set of cc ’s is
shown in Fig. 3. In Fig. 3(a) one can see that the most
probable positions of the electrons are on opposite corners
of the dot. The conditional density is somewhat localized
on the upper-left corner, and the phase of the conditional
wave function is constant. In Fig. 3(b) the system is spinpolarized and one can see a Pauli-vortex on top of the ﬁxed
electron on the lower-right corner. We call this vortex a
Pauli-vortex as it leads to antisymmetry of the space part of
the wave function, and ensures the Pauli exclusion principle
at ﬁnite magnetic ﬁeld. Increasing the magnetic ﬁeld
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E. Tölö et al. / Physica E 40 (2008) 1038–1041

Fig. 3. Most probable electron positions fri gN
i¼1 (plusses) and conditional
electron densities (contours) and phases (gray-scale). We probe with the
leftmost electron and densities are on logarithmic scale. The phase changes
from p to p on the lines where shadowing changes from darkest gray to
the white. The interaction strength C is one, and panels from (a) to (f) are
for magnetic ﬁeld values of B ¼ 1; 4; 7; 10; 11 and 13 T, correspondingly.
The left panels correspond to S ¼ 0 and right ones have S ¼ 1.

further to 7 T, the ground state switches back to S ¼ 0, and
instead of a Pauli vortex, two vortices can now be seen
close to the ﬁxed electron in Fig. 3(c). At 10 T shown in
Fig. 3(d), one can still see two vortices, but now one of
them is a Pauli-vortex. The system has again S ¼ 1.
Finally, at Figs. 3(e) and (f) one can see three vortices,
the difference being that in (f) one of the vortices is a
Pauli-vortex.
From Fig. 3 it can be seen that the additional vortices are
generated by splitting of the Pauli-vortex into two vortices.
In the next step, one of these vortices changes to a Paulivortex, which again splits in the next step. One should note
that in the two-electron parabolic dot the center-of-mass
and relative motion decouple and one can easily ﬁnd that in
that case the vortices are always found on top of the second

Fig. 4. Same as Fig. 3 but for interaction strength C ¼ 5. Magnetic ﬁeld
values are B ¼ 1; 3; 5; 7; 7:5 and 8.5 T.

electron and no vortex splitting is seen. The way the
vortices are generated also explains the plateaus of the
angular momentum, as the vortices do not continuously
penetrate to the system from the sides, as is the case in the
QD molecule [17], but are generated by a Pauli-vortex
splitting.
The conditional wave functions of a more strongly
interacting system, with C ¼ 5, are shown in Fig. 4. While
the localizing effect of the interaction is more pronounced
than in the C ¼ 1 case, the generation of vortices follows
the same rule as was found for the C ¼ 1 case above.
3. Conclusions
We have studied two interacting electrons in a square
QD, and found periodic crossings of the two lowest
eigenenergies as a function of the applied magnetic ﬁeld.
We found an approximate angular momentum quantization which is non-trivial for a system lacking circular
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symmetry. Our analysis of the ground state wave function
shows that the magnetic ﬁeld induces regular vortices on
the system, generated by splitting of the Pauli-vortices
attached to electrons. As the vortices carry quantized
angular momentum, the abrupt birth of vortices naturally
explains the plateaus and jumps of the angular momentum.
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