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Abstract. We study the equilibrium shape, shape transitions and optimal size of strained heteroepitaxial
nanoislands with a two-dimensional atomistic model using simply adjustable interatomic pair potentials.
We map out the global phase diagram as a function of substrate-adsorbate misfit and interaction. This
phase diagram reveals all the phases corresponding to different well-known growth modes. In particular,
for large enough misfits and attractive substrate there is a Stranski-Krastanow regime, where nano-sized
islands grow on top of wetting films. We analyze the various terms contributing to the total island energy
in detail, and show how the competition between them leads to the optimal shape and size of the islands.
Finally, we also develop an analytic interpolation formula for the various contributions to the total energy
of strained nanoislands.

PACS. 81.10.Aj Theory and models of crystal growth; physics of crystal growth, crystal morphology, and
orientation – 68.35.Gy Mechanical properties; surface strains

1 Introduction

The shape and size of adatom islands resulting from
growth processes has been a subject of numerous recent
experimental and theoretical studies [1,2,4,7,9–16,22,29].
In the case of Stranski-Krastanow (SK) growth mode with
islands growing on top of a wetting film, the relative abun-
dances of different crystal shapes in a distribution show
clear peaks at certain volumes, known as optimal sizes or
magic numbers. In particular, when the growing islands
are of nanoscopic size the central issue is the possible
spontaneous self-organization of islands into arrays with a
narrow size distribution. Such cases offer immediate tech-
nological applications in modern nanotechnology.

In spite of numerous publications in this field published
in recent years some aspects of such self-assembly process
are still not quite clear. In particular, there are still un-
certainties as to whether the observed shapes and sizes of
growing islands in heteroepitaxy correspond to thermody-
namic equilibrium state of minimum free energy or limited
by kinetic effects.

In this paper, we examine the minimum energy config-
uration of an array of islands with the given constraint of
a fixed number of adsorbate atoms and with a fixed island
density determined by initial growth conditions [7]. There
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are various physical mechanisms leading to the optimal
size and shape of the islands. Among them are the rele-
vant surface tensions, adsorbate substrate bonding, elastic
relaxation in the island, wetting film thinning and nonlin-
ear elastic contributions, such as bending, buckling and
dislocations etc. [11,33,36] The wetting film and substrate
can also mediate elastic dipole interactions between the
islands, which can play an important role [24].

Most of the previous theoretical investigations of this
problem employ a continuum approach to treat the elastic
properties of the adsorbate and substrate. In addition, a
predefined set of facets is usually assumed for the islands
together with a somewhat arbitrary separation of surface
and bulk terms in total energy expression.

The accuracy of these approaches for nanosized islands
is yet to be determined [37,39]. To avoid any such ap-
proximations, in this work we use a fully atomistic model
allowing for both elastic and plastic strain relaxation with-
out assumptions on predefined shapes. To find the ground
state of the atomistic systems we apply here the molecular
static approach, which corresponds to the zero tempera-
ture limit. We adopt a two-dimensional (2D) model, but
extension of many of the results presented here to the more
realistic 3D systems is also possible. The reduced dimen-
sion allows to study all the possible configurations within
feasible computer time.

http://dx.doi.org/10.1140/epjb/e2008-00410-8
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This paper is organized as follows. First, we focus on
a few specific island shapes found for various material pa-
rameters by searching for the minimum energy configu-
ration in the small size limit. Then by focusing on these
island shapes and by varying the misfit and the substrate-
adsorbate interactions, we find configurations correspond-
ing to the commonly known different modes of adsorbate
growth, Frank-Van der Merwe (FM), Stranski-Krastanow
(SK) and Volmer-Weber (VW). For the SK mode, we
demonstrate the existence of optimal size and shape for
the islands and study how they vary with the coverage of
the adsorbate. We discuss the physical mechanisms that
give rise to the narrow distribution of the optimal shape
and size. Finally, we present an interpolation formula for
the total energy which yields an accurate description of
the phase diagram and optimal size and shape of the is-
land in comparison with the numerical data. Moreover,
this formula allows a clear interpretation of the various
competing strain energy relaxation mechanisms.

2 Model and methods

In this work, we adopt a 2D classical atomistic
model [18–20], which has been previously used to study
microscopic mechanisms for strain relaxation in thin films.
This model also allows for an straightforward extension to
the more realistic 3D case [21].

Within the model atomistic system is relaxed through
standard MD cooling procedure and different island
shapes are systematically compared for finding minimal
energy shapes. In 2D all relevant island configurations can
be studied within a reasonable computer time. The model
allows for both elastic and plastic strain relaxation in het-
eroepitaxial system without any assumptions on prede-
fined shapes of the islands. Some of our results here are
obtained for relatively small, nanoscopic islands up to a
few hundred atoms in size, in order to examine deviations
from the continuum theory of elasticity [2,4,5].

To allow easy adjustability and anharmonic effects, the
interactions between all atoms in the system are described
by a modified Lennard-Jones (LJ) pair potential [17] V (r)
with two parameters, namely the dissociation energy εab

and the atomic equilibrium distance rab,

Vab(r) = εab
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The modification ensures that the potential and its first
derivative vanish at the cutoff distance rc. The index (ab)
stands for substrate-substrate (ss), substrate-film (sf) or
film-film (ff) respectively.

The parameter rfs for the adsorbate-substrate interac-
tion is simply set as the average of the film and substrate
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Fig. 1. The generic island shapes A, B, C and D as discovered
for nanoscopic islands [20]. All the shapes have at most a single
high energy facet.

lattice constants, i.e. rfs = (rff +rss)/2. The lattice misfit f
between the adsorbate and the substrate can be defined as

f = (rff − rss)/rss. (3)

A positive mismatch f > 0 corresponds to compressive
strain and negative f < 0 to tensile strain when the ad-
sorbate island is coherent with the substrate.

As for the interaction parameters, the film-film and
substrate-substrate interactions are set to be equal, with
εff = εss. The film substrate interaction εsf can be param-
eterized by κ defined as

κ = (εss − εsf)/εss. (4)

A negative value of κ < 0 corresponds to an effectively
attractive and positive κ > 0 to a repulsive substrate.

Calculations were performed with periodic boundary
conditions for the substrate in the direction parallel to
the adsorbate-substrate interface. The size of the unit cell
lw (measured in units of substrate lattice constant rss)
determines the density of the islands in the SK and VW
regime. Two bottom layers of the substrate were held fixed
to energy minimize a semi-infinite substrate while all other
layers were free to relax. In most calculations the thickness
of the substrate was 15 layers, and additional tests were
carried out to ensure that the thickness did not influence
the results.

3 Results

3.1 Phase diagrams in the submonolayer regime

The first issue of interest concerns the equilibrium shapes
of small islands in the submonolayer regime. In refer-
ence [20] we presented a complete phase diagram as a
function of the misfit f and the total number of adsorbate
atoms N in this regime with κ = 0. It was found that there
are four characteristic shapes A, B, C, and D as shown in
Figure 1. Of these the shape D, which was not predicted
by continuum theory calculations [3–5], was encountered
only occasionally for larger volumes and misfits. Here, we
present the corresponding results for the cases κ = +4%
and κ = −4%, for N ≤ 85 and the size of the periodic
cell lw = 200. According to our tests, the interaction pa-
rameter is the most important factor in determining the
various growth modes in equilibrium.

Following the procedure explained in reference [20], we
find the ground state shape of an island for a fixed total
number NA of adsorbate atoms without assuming any pre-
determined shapes by a systematic search approach. Each
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Fig. 2. Phase diagrams for submonolayer regime (NA ≤ 85)
with lw = 200. Panel (a) is for κ = +4% and (b) for the case
κ = −4%. The line in panel (a) is a small domain of configu-
rations that belong to the Frank–van der Merve regime (FM).
As expected, in the attractive substrate case island formation
and re-entrant transitions are suppressed for fixed f when NA

increases. See text for details.

coherent configuration is described by a set of integer num-
bers, ni specifying the number of atoms in successive is-
land layers. In terms of these numbers, the two types of
facets, considered in the previous works [2,4] correspond
to ni − ni+1 = 1 for steep facets and ni − ni+1 = 3 for
shallow facets. The only physical restrictions we impose
are that the island has a reflection symmetry about a line
through the center and overhangs are not allowed. Then,
for each initial configuration, molecular dynamics (MD)
cooling is run to allow the system to relax and reach a
minimum energy configuration. The equilibrium shape for
a given NA is identified as the relaxed island configuration
with lowest energy among all the configurations.

The phase diagram for the case where the substrate
is repulsive with κ = +4% is shown in Figure 2a. As ex-
pected, island formation is enhanced as compared to the
case where κ = 0. Even with zero misfit, island formation
starts around NA ≈ 50 and the wetting film disappears
completely beyond NA ≈ 75. We detect no new island
shapes or any occurrences of the shape D.

The results above should be contrasted to the case
of an attractive substrate with κ = −4% in Figure 2b.
Complete wetting regime dominates the phase diagram
almost up to the largest values of mismatch considered
here. As for the shape of the islands, all but one case
belong to the categories A and C. The single exception at
f = −10% and NA = 80 falls in the category D. We also
note that as in reference [20], the phase diagrams here are
asymmetric with respect to tensile and compressive strain
highlighting the importance of the anharmonicity of the
atomic interaction potentials.

3.2 Global phase diagram at higher coverage

At higher coverages with N � lw, it is possible to have in
addition to the partial wetting film (FM) and small island
(VW) phases also the phase where islands grow on top of
wetting films (SK).

We have calculated the global phase diagram (GPD) as
shown in Figure 3 for NA = 820 and lw = 200 (coverage ≈
4 layers) in the κ−f plane, where |f | ≤ 7% and |κ| ≤ 6%.
Numerical data for this diagram have been taken with
steps of 0.5% along both axes.
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Fig. 3. Global phase diagram of island shapes as a func-
tion of the misfit parameter f and the interaction parameter κ
for N = 820. For each point in the diagram the minimization
was done with fixed κ and f. The three different phases corre-
sponding to the well known growth modes are indicated in the
diagram. See text for details.

Following the approach of Scheffler et al. [6–8,28], the
growth process can be divided into different stages. The
early nucleation stage mainly determines the island den-
sity. In our model, this is fixed by the size of the unit cell
lw which is inversely proportional to the island density.
The second stage is where the islands can grow at the ex-
pense of the wetting layers. The main driving force here
is a pathway to lower the strain energy while not sacri-
ficing too much the adsorbate-substrate interface bonding
energy.

The data in Figure 3 are calculated by the following
steps. For a fixed NA at 820, we investigated all configura-
tions corresponding to an island with shape corresponding
to A, B or C as shown in Figure 1, together with any num-
ber of complete wetting film layers and at most one partial
wetting film layer (layers which are more than seven atoms
wider than the island base are counted as partially filled
wetting layers). The initial configuration has the equilib-
rium lattice constant of the substrate. When the energy
of the system is minimized with molecular dynamics cool-
ing, the adsorbate releases strain energy by relaxation.
This local minimization technique does not lead to plas-
tic deformations in this parameter range. Each point of
Figure 3 corresponds to a relaxed configuration with the
lowest energy.

As can be seen in Figure 3, two well-known phases al-
ready identified in the submonolayer regime are present
in different regions of the phase diagram for the higher
coverage situation: the Frank-van der Merwe (FM) phase
dominates for relatively small misfits and attractive sub-
strate interactions while the Volmer-Weber (VW) phase
is favored for larger misfits and posive values of κ. As the



178 The European Physical Journal B

l i

l w

hi

hwhw

Fig. 4. A schematic figure of a typical island geometry con-
sidered here. The height of the island and the wetting film are
denoted by hi and hw, respectively. The island-island separa-
tion, which equals the width of the periodic simulation cell is
denoted by lw, and the island base width is li.

lattice misfit f increases, there is a transition from wide,
relatively thin islands to sharper forms.

However, perhaps the most interesting feature of the
phase diagram for coverages beyond two layers is the ap-
pearance of the Stranski-Krastanov (SK) regime for large
misfits and negative values of κ. In the SK regime, islands
exist on top of wetting films. With the present interac-
tion parameters, the SK phase lies between |κ| ≥ 1% and
f ≥ 4%. The triple points separating the phases are lo-
cated approximately at (κ, f) = (0.5, 4)% and (κ, f) =
(−0.5,−3.5)%. Again, the phase diagram is asymmetric
between tensile and compressive strain values, even for
relatively small values of f.

We have numerically calculated the global phase di-
agrams for other values of NA = 300 and 1000 and the
results are very similar. For coverage NA = 300, the phase
boundary between the FM and SK regimes becomes less
well defined. However, for NA = 1000, the changes to Fig-
ure 3 are minor; the positions of the triple points seem to
move to smaller values of |f |.

3.3 Optimal shape and size for islands in the SK mode

For technological applications, it would be desirable to
have a self-organized array of islands which has a very nar-
row size and shape distribution function. Experimentally,
such “optimal” island sizes have been observed in some
heteroepitaxial systems [31,32,34,35]. The basic question
is whether the optimal size islands correspond to equi-
librium minimum energy configurations, or are they just
a consequence of kinetic limitations that prevent further
growth on accessible time scales. The existence of opti-
mal shapes from purely energetic considerations has been
proven for some specific systems such as those in refer-
ence [8,24–26]. In Figure 4, we define a number of param-
eters which characterize the shape and size of the island
and the wetting film. The height of the island and the
wetting film are denoted by hi and hw, respectively. The
island-island separation, which equals the width of the
periodic simulation cell is denoted by lw, and the island
base width is li. A schematic diagram is shown in Figure 4.

Fig. 5. (Color online) Figure demonstrating the appearance
of optimal island shapes and sizes in the SK regime. The di-
rect energy minimization data points, which are marked with
dots, are obtained by minimizing the energies of all acceptable
shapes of a given coverage and selecting the lowest energy con-
figuration among them. The solid line is an estimate given by
numerical minimization of the interpolation formula.

We have investigated the optimal shapes and sizes
of the islands in the SK mode for the misfit parameter
f = 5% and interaction parameter κ = −4% as a function
of different amounts of adsorbate NA, for an island density
corresponding to lw = 200. The results are shown in Fig-
ure 5. At low coverages θ = NA/lw the atoms completely
wet the substrate and form wide, non-wetting islands after
which the actual SK regime emerges. For coverage θ ≥ 4,
both the base width li and the aspect ratio hi/li of the
island increase slowly with coverage. Typically, the adsor-
bate forms a combination of one full and one incomplete
wetting layer together with an island of shape A.

To understand the strain relaxation in the SK phase,
we select the θ = 2.5 point from Figure 5 correspond-
ing to total number of adatoms NA = 500. The optimal
shape and size of the island in this case has li = 41 and
hi = 8 on top of one complete layer of wetting film, see
panel (b) of Figure 6. In addition to this configuration, we
show the spatial energy distribution of the totally relaxed
configurations for two other geometries selected from the
high and low aspect ratio ends of the shape spectrum,
namely configurations with li = 24, 62 and hi = 24, 5,
respectively. The strain patterns of these different con-
figurations are shown in panels (a) and (c) of Figure 6.
We note from these three geometries that the strain pat-
tern falls into two different categories. For the large aspect
ratio (li = 24, hi = 24), except for the immediate adsor-
bate substrate interface region, the bulk of the island is
largely relaxed. In the other limit of a small aspect ra-
tio (li = 62, hi = 5), except for the surface and corner
region, most of the atoms inside the island are strained.
For small islands, the relaxation favors sharp islands but
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Fig. 6. The qualitative change in the relaxation pattern in
wide and narrow islands. These shapes are taken from a larger
configuration set which was used to fit equation (5). The darker
colors indicate increasing levels of strain. To enhance contrast,
the outmost adsorbate-vacuum surface layer is not shown. The
configurations shown here correspond to NA = 500. The is-
lands have shape A on top of one complete layer of wetting
film. The widths li are 24, 41 and 62 from top to bottom and
the heights hi are 24, 8 and 5, respectively. The configuration
in the middle with aspect ratio hi/li = 0.2 and base width
li = 41 has the lowest energy.

the adsorbate-substrate interface bonding energy and the
surface energy favor wide islands. It turns out that the
most efficient way of lowering the strain energy while still
maintaining a strong interface bonding energy is to pick
a geometry in between these two extremes. This balance
determines the aspect ratio and the optimal shape of the
island. When the coverage increases, the total strain en-
ergy can be lowered by allowing the size of the island to
increase at the expense of reducing the thickness of the
wetting film. The optimal size of the island results from
the balance between the strain relaxation of larger island
and the “thinning” energies of the wetting film. Another
factor that contributes to determining the optimal size of
the island is the indirect interaction between the islands
mediated by the substrate relaxation. These points are
discussed in more detail in next section.

4 Analytic interpolation formula for total
energy

In this section, we will look in more detail into the various
competing mechanisms leading to the existence of an op-
timal size and shape for the islands in the SK regime.
We also develop an approximate analytic interpolation
formula that incorporates all these mechanisms and al-
lows a simple interpretation of our numerical data. Our

Table 1. Reference energy expressions. The quantity l0 =
lw − li when hw ≥ 1 and l0 = lf when hw < 1 and lf is
the width of the partial wetting fraction, which is not under
the island. The symbols εub, εxa and εya refer to unstrained
substrate bond and strained horizontal and vertical adsorbate
bond energies, respectively. The symbol εyi is the energy of a
strained substrate-adsorbate bond.

Contribution Expression

Substrate bulk EB −6εubNS

Adsorbate bulk EW −(2εxa + 4εya)NA

Surfaces ES :

Substrate-vacuum 2εub(lw − li − l0)

Wetting film-vacuum 2εyal0

Oblique facet-vacuum 2(εya + εxa)hi

Island top-vacuum 2εya(li − hi)

Substrate-adsorbate (2εub + 2εya − 4εyi)(l0 + li)

approach is in many respects similar to those in refer-
ence [15,16,22,27].

4.1 Reference energy

To develop an analytic interpolation formula, we first
choose a reference system corresponding to a completely
unstrained substrate and completely strained adsorbate
such that the in-plane spacing between atoms in each layer
of the island is the same as that in the substrate. This
reference system has three kinds of bonds: unstrained,
strained and substrate-adsorbate interface bonds. The cor-
responding energies are εub for unstrained bonds and εxa

and εya for horizontal and vertical adsorbate bonds, re-
spectively. The substrate-adsorbate interface bonds, which
are vertical, are denoted by εyi. These are obtained from
equation(1), and the details are given in the Appendix.

The bulk contributions EB and EW for the substrate
and adsorbate are proportional to the number of atoms
in the adsorbate and substrate, respectively. In addition,
each surface and interface leads to a correction term due
to missing or changed bond energies, resulting in a total
surface energy ES . For the wetting film, partial layers are
allowed to account for the situation where the number of
atoms in the wetting film deviates from multiples of lw.
All corner energies are neglected. The different contribu-
tions to EB , EW , and ES in terms of the bond energies
εub, εxa, εya, and εyi are listed in Table 1 above.

4.1.1 Relaxation energy of island

The total energy of a fully strain relaxed island can now
be written as Etotal = Eref + Ω, where Ω is the relaxation
energy. As the panel (c) of Figure (6) shows, the relaxation
is seen only in the vicinity of the vicinal facets when the
island aspect ratio is low. In this situation the top facet
and the interior are both completely stressed. When the
qualitative pattern of relaxation is of this kind, the energy
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Table 2. Parameters of equation (5) as function of height.

Parameter Expression

b 0.0134(2)(hi + 1.602(2))

lc 2.45(7)hi + 8.47(3)

d 1.21(0)hi + 8.82(0)

difference Ω has to become practically independent of the
island width for a set of islands with the same height. If
we consider the islands with constant height in the high
aspect ratio case, the panel (a) of Figure (6) shows that
the relaxation energy should depend almost linearly on
the width.

To quantitatively verify this, we study a set of islands
with different values of island base widths li and island
heights hi. The wetting layer thickness hw and the ratio
lw/li are kept constant with hw = 2 and lw/li = 10. This
value of lw/li is large enough so that the interaction en-
ergy between islands is negligible at this separation. The
chosen island heights hi are 5, 15, 31, 45 and 59. The base
widths li for each height hi are chosen with a denser mesh
near the large aspect ratio limit and with a sparser mesh
in the small aspect ratio, shallow island limit. The energy
of the island in each case is minimized and then the addi-
tional relaxation energy is obtained after the subtraction
of the reference energy. The numerical data of the extra
relaxation energy for the entire set of islands with differ-
ent aspect ratios can be fitted to a simple analytic form
which has the properties described above, namely

Ω = Eshallow − b
(
li − lc −

√
((li − lc)2 + d2

)
. (5)

The first term Eshallow in equation (5) represents the re-
laxation energy in the shallow island (small aspect ra-
tio) limit, which can be fitted to a form independent of
li given by

Eshallow = −0.194(7)hi(hi + 8.16(7)) εss. (6)

Here the term in h2
i is related to the volume relaxation

and the term linear in hi comes from the surface relax-
ation of the shallow island. It should be noted that when
the island base li is in the regime where Ω depends only
weakly on li and the height hi becomes large, equation (6)
breaks down. In this large volume limit the term is linearly
dependent on hi, i.e. it has turned into a correction to the
surface energy of the vertical island facets.

The other variables lc, b, and d of equation (5) are
functions of the height of the island and the numerical fit
of these variables are given in Table 2. The value of lc
defines a crossover between the shallow island limit and
the sharp island limit where the qualitative nature of the
relaxation pattern in the island changes. For a fixed hi,
the energy of the island starts to increase sharply when li
is reduced below the threshold value lc which is a function
of hi.

To keep the analysis simple, we have not included
small contributions to the total energy, such as corner
energies and stretching energy of the adsorbate-substrate

interface in the interpolation formula. There exist rare
circumstances when these effects can become important
and in these cases the formula does not hold.

It should be noted that at some coverage the island vol-
ume becomes necessarily so large that the relaxed neigh-
borhoods of the left and right facets do not overlap even in
the equilateral case. In this limit the relaxation energy is
proportional to the length of the non-horizontal facets and
can be adsorbed to the corresponding surface tensions. In
this case the above formula is not expected to hold.

A similar study concerning the stability of strained
heteroepitaxial systems has been conducted in refer-
ence [27]. They find that an island array is unstable in
all the cases considered. The main difference to our study
is that we do not assume the island-island distance to be
fixed by the interaction between the islands but by the
nucleation stage, as in reference [6–8].

4.1.2 Comparison of numerical data with interpolation
formula

In this section, we will use the interpolation formula ob-
tained in the previous section to examine the global phase
diagram and determine the optimal sizes and shapes of
the islands in the SK regime. First, we examine the global
phase diagram. For this purpose, we fix the total number
of adsorbate atoms NA = 820 and determine the minimum
energy configuration as a function of the misfit parameter
f and interaction parameter κ by comparing the total en-
ergies of different configurations. Note that the reference
energy Eref already has a dependence on κ and f. For the
additional relaxation energy Ω we take the formula, which
was fitted for f = 5%, κ = −4%. We verified numerically
that in the first approximation it scales with the misfit as
f2 and neglect its dependence on κ [40]. The resulting
GPD as shown in Figure 7 is very close to the one ob-
tained from the direct energy minimization as shown in
Figure 3. The disagreements have generally three sources.

First, the interpolation formula is constrained to is-
lands of shape A in some points of the phase diagram. This
can lead to two kinds of differences. As we showed earlier,
when all configurations are compared with the direct min-
imization, the lowest energy shape is almost always among
A, B, or C shapes so that the extra facets in the B and
C shapes are of the shortest possible length. However, at
some coverages the combinatorics limits the number of
these three shapes to be fairly small. It can happen that
these shapes are also of extremal widths or thicknesses
whose leading energy contributions are out of the aver-
age range. Under these circumstances the configuration
space would be sampled better by allowing the shapes to
have some asymmetry or additional facets at the corners.
This finite size effect is relevant for small island volumes
only, and as we showed it is not very significant even in
this regime. Anyhow, if the interpolation formula is min-
imized analytically, the configuration space is continuous
and does not suffer from this finite size effect. Another
kind of difference originating from the same source is the
fact that sometimes the small terms (such as the corner
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Fig. 7. The analytic interpolation formula for the total energy
yields a global phase diagram in good agreement with one ob-
tained from direct numerical minimization. The fitting of the
formula was done in the point where f = 5% and κ = −4%.
The small asymmetry of the direct minimization is related to
the asymmetry of the interaction potential which is especially
pronounced near the locations of the largest displacements such
as the corners, as Figure 6 demonstrates. In the large scale
the direct minimization result is fairly symmetric, which sug-
gests that the rest of the relaxation energy scales roughly as
f2 as the continuum theory predicts. Since the interpolation
formula already neglects the corner energies, we also take the
elastic energy scaling to be of the f2 form. This explains the
mirror symmetry of the positive and negative misfit sides of
the interpolated phase diagram in the lower panel.

energy) not present in the formula can force the direct en-
ergy minimization to switch to a wider island width at a
lower coverage than what the interpolation formula gives.
This can reduce the island height by one and increase the
width by two layers but the effect is not cumulative and
cannot separate the direct minimization and interpolation
results far apart.

Second, close to the critical coverage separating two
growth modes the energies of very different configurations,
such as a flat layer and an island, are comparable. In this
kind of situation the small energy terms not present in the
interpolation formula can actually determine the energy
balance and the real lowest energy shape is therefore not
detected by the formula. However, when the coverage is
outside the transition lines these cases become irrelevant.

Third, the analytic formula is less reliable in the large
aspect ratio limit (sharp islands) with high coverages. The
height dependence of the parameters is fitted for the small
island limit where the surface and bulk energetics are
not clearly separable. With sufficiently large island vol-
ume the relaxation becomes clearly associated with the
island facets and in this case the relaxation energy must
be directly proportional to the length of the associated
facets. Since in this case the stress energy cost increases
proportionally to the island volume, dislocations nucle-
ation becomes relevant; an effect which is not included in

the present model. In this limit also the validity of the f2

scaling of the relaxation energy breaks down.
Finally, we should also mention that the island-island

interaction energy is neglected in the present interpola-
tion formula. However, we have checked that this effect is
negligible at a unit cell length of lw = 200 and does not
affect the results.

Next, we investigate the optimal size and shape of the
islands in the SK regime for the parameters f = 4% and
κ = −3%. For this purpose, we take the interpolation for-
mula for Ω derived for a fixed thickness for the wetting
film (hw = 2) and apply it to configurations for other val-
ues of wetting film thickness. This amounts to neglecting
the wetting film thinning energy and is only expected to
be valid in the low coverage limit. We vary the size and
aspect ratio of the island for a given coverage through
choosing different values for li and hi. The correspond-
ing value for the thickness of the wetting film hw is then
determined by the constraint of the total amount of the
adsorbate material being constant. The total energy ex-
pression is minimized to yield the optimal value of li and
hi, which determine the optimal size and shape for a given
coverage.

In Figure 5 we show the island base width li and aspect
ratio hi/li as a function of the coverage. The predicted op-
timal island base widths from the direct numerical calcu-
lation and those obtained from the total energy minimiza-
tion with the interpolation formula are close. The optimal
aspect ratios determined from the direct minimization and
from the interpolation formula have the same qualitative
coverage dependence.

5 Summary and conclusions

In this work, we have investigated the various phases re-
sulting from the relaxation of strain energy starting from
initial epitaxial strained adsorbate wetting films. We em-
ploy the molecular static method which is a powerful tool
to overcome the restrictions related to conventional min-
imization methods that rely on the continuity and differ-
entiability of the underlying manifold. In this work the
phase diagram of 2D heteroepitaxial thin film systems
was obtained by direct minimization for various combi-
nations of the lattice misfit f and parameter κ describ-
ing the interface tension. In the submonolayer regime, the
Stranski-Krastanow (SK) phase is not present, but a tran-
sition between layer-by-layer (FM) equilibrium shapes and
Volmer-Weber (VW) shapes is sensitive to the value of κ.
As the adsorbate coverage increases, the SK phase appears
between the FM and VW regions when κ had a value that
was favorable for the contact between substrate and adsor-
bate. The islands always have truncated pyramid shapes
with minor edge defects.

In the SK regime, we have investigated the important
issue concerning the optimal shape and size of islands by
searching through the minimum energy configurations of
systems for fixed material parameters f and κ. The shapes
were restricted to truncated pyramids. The actual optimal
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size and aspect ratio depend on the coverage of the adsor-
bate atoms. Both the aspect ratio and the base width of
the island increases slowly with coverage. To understand
better the numerical results, an analytic interpolation for-
mula was developed. This approximate formula takes into
account the strain relaxation from a reference state of to-
tally strained wetting films, adsorbate island and an un-
strained substrate. It produces results that agree very well
with the numerical energy minimization data.

The optimal shape and the aspect ratio result from a
compromise of increasing the relaxation energy for a sharp
(higher aspect ratio) island vs. increasing the adsorbate-
substrate interaction for a shallow (low aspect ratio) is-
land. The optimal size of the island grows as the coverage
increases because a larger island is more effective in strain
relaxation and lowering of the elastic energy. Eventually,
when the base width of the island li grows to be compara-
ble with the unit cell size lw, the optimal island size will
be determined by the substrate mediated indirect inter-
action between the islands, as suggested in reference [24].
It is important to note that the details of the coverage
dependence of the optimal size in our model differ some-
what from the results of reference [7], where the wetting
film thinning energy was evaluated using a continuum ap-
proach and is finite at thickness even above two layers.
In our model, the wetting film thinning energy implicitly
present in both the interpolation formula and the numeri-
cal energy minimization is negligible until the last layer of
wetting film starts to get depleted. Thus the optimal size
at low coverages shown in Figure 5 corresponds to the to-
tal adsorbate atoms minus one complete plus possible one
partial wetting film layer.

Finally, we would like to discuss the applicability of
our results for realistic 3D cases. While the fact that our
global phase diagram correctly reproduces all the well-
known growth modes in the relevant regimes indicates the
overall validity of the model, there are several additional
features in 3D, which need to be considered. Assuming no
intermixing of the substrate and film atoms, the most im-
portant ingredient missing in 2D is the spatial anisotropy
of various crystal surfaces. Recent experiments in 3D indi-
cate [34] that changing the mismatch of the substrate can
induce significant morphological changes in 3D islands.
For the close-packed (111) surface geometry, which most
closely corresponds to the 2D case studied here, we have
done minimization of selected island shapes and find that
there are stable island configurations, which are straight-
forward 3D generalizations of the 2D shapes found here.
However, a systematic search for optimal 3D nanoisland
shapes is computationally very expensive and beyond the
scope of the present work.
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Appendix: Bond energies in epitaxial strained
film

An adsorbate bulk atom has two horizontal and four diag-
onal bonds, the energies of which are denoted by εxa and
εya, respectively. The horizontal distance of the atoms in
a coherent adsorbate layer is rss and the equilibrium dis-
tance is x′

0 = rss(1 + f). The energy of a horizontal bond
−εxa in the reference state is thus Vff(rss)/2. In a hexago-
nal lattice with pair potential the Poisson ratio is always
ν = 1/3. Thus, the ratio of vertical and horizontal strains
uyy and uxx is

uyy

uxx
= −1

3
(7)

or

uyy =
y′

y′
0

− 1 =
x′

0 − rss

3x′
0

(8)

where y′ is the actual distance between adjacent horizontal
layers in a strained adsorbate and y′

0 is the corresponding
equilibrium distance, y′

0 =
√

3x′
0/2. This gives

y′ = y′
0

(
4x′

0 − rss

3x′
0

)
. (9)

The length of the diagonal bond rd in the initial strained
film is given by the relation r2

d = r2
ss/4 + 3(y′)2/4 and

energy of the bond −εya is given by Vff/2 of equation (1)
with the argument rd.

The bond strength between the substrate and adsor-
bate εyi can be easily obtained from the adsorbate bond
εya with two modifications. First, the misfit parameter f is
replaced by f/2 and then the overall strength is multiplied
by a factor 1 + κ. The first modification arises from the
fact that the equilibrium distance between the substrate
and adsorbate atom is the arithmetic mean of the equi-
librium distances between pure materials and the second
follows from the definition of κ relating the strength of the
film–substrate interaction to the film-film interaction.
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