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Abstract
Active nanoparticle arrays are an attractive platform for manipulating light-matter interactions
on the nanoscale. The multiscale character of the optical response of those systems gives rise to
exciting physical phenomena, but also makes precise numerical modelling challenging, as it
encompasses the interplay of mid-to-long-range periodicity, response of the individual
nanoparticles with spatial features much smaller than the wavelength, and possibly nonlinear
dynamics of the active medium.
This thesis focuses on the development of the multiple-scattering T-matrix method (MSTMM;
also known as the superposition T-matrix method) and its applications in modelling the optical
properties of plasmonic nanoparticle arrays. MSTMM is a linear model that combines a
computationally efﬁ cient (due to a dramatic reduction of the degrees of freedom) yet precise
description of the optical interactions between the nanoparticles with a faithful model of linear
optical response of the individual nanoparticles.
Chapter 1 reviews some of the commonly used approaches to the numerical simulations,
compares their theoretical modelling capabilities and practical scalability with regards to
nanoparticle arrays, and provides a motivation for employing the multiple-scattering T-matrix
approach.
Chapter 2 is dedicated to the theory of MSTMM and its developments aimed to broaden its
applicability to a larger class of physical systems. Its ﬁ rst sections provide a brief guide through
the basic concepts of vector spherical wavefunctions, T-matrix and translation operators that make
the theoretical backbone of MSTMM in ﬁ nite systems. The method is then expanded in two main
dire ctions: (1) Using e xpone ntially conve rgent lattice summation, MSTMM is e xtended to inﬁ nite
periodic arrays. This enables fast computation of transmission and (employing nonlinear
eigensolvers) photonic band structure. (2) The computational efﬁciency of the method is enhanced
by taking into consideration the symmetries of the arrays, which considerably improves the array
sizes the method can handle in practice. The group theoretical considerations also ﬁ nd their use
in lattice mode analysis.
Chap t e r 3 s ho w c as e s M STM M on s e ve ral e xamp l e s, inc l u d ing anal y sis of s ome re al -w o rl d l as ing
experiments with plasmonic nanoarrays, where the method was used for explaining the observed
lasing modes.
Chapter 4 discusses possible utilisation of MSTMM in nonclassical context, mainly in the
framework of macroscopic quantum electrodynamics.
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Symbols, abbreviations, and
conventions

Symbols
symbol
1A
←
→
1
I
a/ã

Bρ (R)
Bρ< ,ρ> (R)
c
δαβ
E
Einc /Esc
→
ε/←
ε
εbg
f
←
→
G
(1)
hl
H
Hinc /Hsc

jl

common meaning

reference

indicator function of set A; 1A (x) = 1 if x ∈ A,
else 1A (x) = 0
identity tensor in three dimensions
identity matrix
incident (regular) VSWF field expansion
sec. 2.3,2.4
coefficient vector, including / excluding the
contributions from other scatterers
open ball with radius ρ and center R
open spherical shell with inner and outer radii
ρ< , ρ> and center R
speed of light in vacuum
Kronecker delta; δαβ = 1 if α = β, else δαβ = 0
electric field
sec. 1.1
incident / scattered electric fields
sec. 2.1
(absolute) electric permittivity / permittivity
tensor
(absolute) electric permittivity of the
background medium
scattered (outgoing) VSWF field expansion
sec. 2.3
coefficient vector
electromagnetic Green’s function (dyadic)
sec. 1.1
spherical Hankel function of the first kind
[1, §10.47]
magnetic field
sec. 1.1
indicent / scattered magnetic fields
sec. 2.1
imaginary part
spherical Bessel function (first kind) of order l [1, §10.47]
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κ
l
m
→
µ/←
µ
µbg
ω
p
P
r
r̂
rp
R

R
S
τ
T /Tτ lm;τ  l m
uτ lm
vτ lm
Yl,m
Z
†

14

wave number
multipole degree index
multipole order index
(absolute) magnetic permeability /
permeability tensor
(absolute) magnetic permeability of the
background medium
angular frequency
scatterer index
index set of scatterers inside a LOSIB (or
inside a unit cell of an infinite LOSIB)
real space variable
unit vector corresponding to the angular part
of the real space variable; r̂ = r/r = r/ |r|
position of scatterer p
regular VSWF translation operator
real part
real numbers
outgoing VSWF translation operator
VSWF type index (1 for magnetic, 2 for
electric)
transition matrix (T-matrix) / T-matrix
element
outgoing VSWF
regular VSWF
spherical harmonic
integers
Hermitian adjoint

sec. 1.1

sec. 1.1

sec.2.4.1

sec.2.4.1
sec. 2.2
sec. 2.3
eq. (2.2.3)
eq. (2.2.2)
[1, §14.30]

Symbols, abbreviations, and conventions

Abbreviations
abbreviation

meaning

BEM
BIC
CD
DGTD
DO
DoF
FDTD
FETD
FMM
h.c.
irrep
LOSIB

boundary element method
bound state in the continuum
coupled dipole method
discrete Galerkin time-domain method
diffractive order
degree(s) of freedom
finite-diference time-domain method
finite-element time-domain method
fast multipole method
Hermitian adjoint term
irreducible representation
linear optical system with isotropic
background
multiple scattering T-matrix method
quantum electrodynamics
The QPMS Photonic Multiple Scattering
suite
The SCUFF-EM suite, an implementation of
BEM (Surface-CUrrent-Field Formulation of
ElectroMagnetism)
spherically separate scatterer
separating spherical shell
vector spherical wavefunction

MSTMM
QED
QPMS
SCUFF-EM

SSS
SSSh
VSWF

reference
[2]

def. 3 (p. 25)

sec. 2.8
[3, 4]

def. 4 (p. 25)
def. 4 (p. 25)
sec. 2.2

Time-frequency transformation
f (ω) = (2π)−1/2
f (t) = (2π)−1/2





∞

f (t) eiωt dt

(0.0.1a)

f (ω) e−iωt dt

(0.0.1b)

−∞
∞

−∞
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1. Introduction

The problem of electromagnetic response of a system consisting of many relatively small, compact scatterers in various geometries, and its numerical solution,
is relevant to several branches of nanophotonics. In practice, the scatterers
often form some ordered structure, such as metallic or dielectric nanoparticle
arrays [5–10] that offer many degrees of tunability, with applications including structural color, ultra-thin lenses [11], strong coupling between light and
quantum emitters [12–14], weak and strong coupling lasing and Bose-Einstein
condensation [15–22], magneto-optical effects [23], or sensing [24].
This work focuses on effective modelling techniques of the optical response
in aforementioned systems, which are essential for analysing the experimental
observations and for engineering new structures with desired properties, and
in particular, on the multiple-scattering T-matrix method (MSTMM), which
will be the main topic of Chapters 2 and 3. The following sections of this
introductory chapter overview the field equations, which are the theoretical
starting point to any modelling of photonic structures (Section 1.1), and briefly
discuss some frequently used computational electromagnetic methods and their
applicability to nanoparticle array (Section 1.2), providing a motivation to
MSTMM, theory of which is presented in Chapter 2. Chapter 3 demonstrates
applications of MSTMM on some real world experiments. Finally, Chapter 4
considers some possibilities of combining MSTMM with quantum mechanics.

1.1

Field equations and Green’s functions

On the classical level (some quantum aspects will be discussed in Chapter 4),
electromagnetic field in matter obeys macroscopic Maxwell’s equations, which
in the time domain in their differential form read

17
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∇ · D(r, t) = ρf (r, t),

(1.1.1a)

∇ · B(r, t) = 0,

(1.1.1b)

∇ × E(r, t) = −

(1.1.1c)

∂B(r, t)
,
∂t
∂D(r, t)
.
∇ × H(r, t) = Jf (r, t) +
∂t

(1.1.1d)

In the optical context, the system is typically assumed to be electrically neutral,
without free charges, i.e. ρf = 0. In order to describe the fields fully, Maxwell’s
equations have to be supplemented with the connection between magnetic
field strength H and magnetic flux density B, and between electric field E
and electric displacement field D, i.e. the constitutive relations characterising
the response of the medium (the inclusion of the free current Jf depends on
the particular description of the system). The constitutive relations can take
various forms; in practice, certain assumptions have to be imposed in order to
make the problem possible to solve with a given method. For instance, one
might assume the following form:
D(r, t) = (2π)−1/2
B(r, t) = (2π)−1/2




→
dτ ←
ε (r, τ ) · E(r, t − τ ),

(1.1.2a)

→
dτ ←
µ (r, τ ) · H(r, t − τ ).

(1.1.2b)

This particular form includes three important assumptions about the system:
space locality, linearity, and time translation symmetry. Thanks to the space
locality, which tends to be a reasonable assumption unless one gets too close to
the atomic length scale, the whole set of equations remains differential (instead
of e.g. integro-differential) w.r.t. the variable r. Linearity is quite a strong
assumption, but it enables utilising linear transformations—Fourier transform
in particular. Time translation symmetry is a natural assumption in a vast
majority of cases, and it gives a simple multiplicative form to the constitutive
relations in frequency domain. Indeed, applying Fourier transform (0.0.1a)
w.r.t. time variable t, Maxwell’s equations (1.1.1) transform to their frequency
domain versions
∇ · D(r, ω) = ρf (r, ω),
∇ · B(r, ω) = 0,

∇ × E(r, ω) = iωB(r, ω),

∇ × H(r, ω) = Jf (r, ω) − iωD(r, ω),

(1.1.3a)
(1.1.3b)
(1.1.3c)
(1.1.3d)

and the constitutive relations (1.1.2) take the form
→
D(r, ω) = ←
ε (r, ω) · E(r, ω),
←
→
B(r, ω) = µ (r, ω) · H(r, ω),
18
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so thanks to the assumptions on the constitutive relations, the whole system
reduces to a set of differential equations with the space variable r, which can
be solved for each angular frequency ω separately.
←
→
→
If the medium is homogeneous and isotropic, so that ←
ε (r, ω) = εbg (ω) 1 ,
←
→
←
→
µ (r, ω) = µbg (ω) 1 , and does not contain free charges (ρf = 0), the whole
system (1.1.3)–(1.1.4) reduces to (inhomogeneous) vector Helmholtz equation
∇2 E(r, ω) + (κ(ω))2 E(r, ω) = +iωµ(ω)Jf (r, ω)

(1.1.5)

with transversality condition ∇ × E(r, ω) = 0; here (κ(ω))2 = ω 2 µ(ω)ε(ω) is
the (squared) wave number. Note that the sign on the right hand side of (1.1.5)
is given by the convention used for Fourier transform (0.0.1). The electric
field caused by the currents can be expressed using the corresponding retarded
Green’s functions


←
→
E(r, ω) = dr  G κ(ω); r, r  · iωµ(ω)Jf (r, ω).
(1.1.6)
The retarded Green’s function for electric field in isotropic medium has the
well-known explicit form
  

 ←
 ←
←
→
→
→
G κ; r, r  = G κ; r − r  = 1 + κ−2 ∇r ∇r g κ; r − r   ,
g(κ, r) =

eiκr
.
4πr

In principle it is possible to write the fields as in (1.1.6) also for inhomogeneous
or anisotropic medium, but in such cases the corresponding Green’s functions
usually lack a closed form [25, chapter 2].

1.2

Approaches to modelling

At a high level, the computational methods of solving Maxwell’s equations can
be divided into two main classes [26]:
1. The differential methods, where Maxwell’s equations (1.1.1) are solved
directly in their differential form for the fields that permeate all of the
solution region.
2. The integral methods solve for the sources (polarisations / current densities) after determining the interactions between them.
1.2.1

Differential methods

Differential methods are attractive thanks to their simplicity and generality:
The fields are evaluated in a discretised volume, where the interactions between
discretisation units are short-ranged, involving only several adjacent cells, avoiding the need to work with large dense matrices. Spatially varying constitutive
19
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relations are typically as easy to deal with as homogeneous media; furthermore, time-domain differential methods, such as FDTD [27–29], FETD [30] or
DGTD [31, 32] do not even require linearity of the constitutive relations, which
allows for modelling nonlinear phenomena such as lasing [33–35].
However, the scaling properties present an important drawback of the differential methods. The discretisation mesh (or grid) introduces artificial dispersion
in the system due to the cumulative phase errors that build up in the field
propagation through the mesh. These errors can be mitigated by making the
mesh (grid) finer to keep the results accurate. In effect, the number of unknowns
(degrees of freedom) N grows faster than linearly with increasing volume of
the physical system. The actual growth rate depends on the choice of the
differential equation solving scheme; for a second-order accurate scheme, the
number of unknowns scales as (κd)3/2 per physical dimension, where d is the
length scale of the simulation region [36]. There are other problems that might
arise, depending on the particular differential method chosen. For example, the
rectangular grid used in FDTD would internally break the hexagonal symmetry
of a periodic system with p6m symmetry group, potentially leading to a numerical artifact in the form of splitting the doubly degenerate modes at Γ and K
points. Using FETD or DGTD with symmetry-conforming mesh instead would
avoid this issue.
1.2.2

Integral methods

Integral methods typically require linear constitutive relations (1.1.4) and make
use of homogeneous regions, inside which the fields can propagate “freely”,
the propagation being described by closed-form Green’s functions. Possible
inhomogenities (scatterers) in the path produce induced currents, which in turn
propagate (via the same Green’s functions) to all the other scatterers in the
system, inducing new currents in those in a linear manner, etc. Putting all these
together, one gets a linear integral equation that describes the electromagnetic
response of the whole system. Let us write down a simple volume integral
formulation of the problem. The electric field at point r is given by the fields
created by all the induced current densities throughout the simulation region,
propagated by the Green’s function, and a given driving field Einc originating
from external sources,


 
←
→
E(r) = Einc (r) +
(1.2.1)
dr  G r, r  · Jind r 
inhom.
regions

(we don’t explicitly write the frequency dependence here anymore, but it is
present implicitly). The induced current, on the other hand, is the “free” current
→
density that is left in by imposing D(r) = ←
ε bg · E(r) in the Maxwell–Ampère
equation (1.1.3d),
→
→
ε bg − ←
ε (r)) · E(r).
Jind (r) = iω (←
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Combining (1.2.1) and (1.2.2) eliminates the scattered field,
→
→
Jind (r) − iω (←
ε bg − ←
ε (r))



inhom.
regions


 
←
→
dr  G r, r  · Jind r  =

→
→
ε (r)) · Einc (r). (1.2.3)
= iω (←
ε bg − ←

If the obstacles consist of locally homogeneous regions, the problem can be
instead reformulated in terms of surface current densities on the region boundaries, leading to reduction of the dimensionality of the unknowns—as in the
boundary element method (BEM). In either case, once the induced currents are
solved, the total fields can be easily obtained by applying the Green’s functions
as in (1.2.1).
After discretisation, the problem gains a matrix form
M J = J0

(1.2.4)

where J is the vector of N unknowns (the currents induced in the discretised
volume/surface elements), M is the interaction matrix between the currents,
and J0 is the vector of currents induced directly by the external driving, before
scattering further. Unlike in differential methods where the interactions between
unknowns are sparse with O(N ) non-zero elements, M is a N × N shaped dense
matrix which typically has to be kept in memory. On the other hand, if most
of the simulation region is filled with homogeneous medium where the field
propagates freely and no induced currents are present, the number of unknowns
is considerably lower.
The reduction of degrees of freedom (DoF) in integral methods is significant
in the case of two-dimensional nanoparticle arrays: the system can be thought
as infinite space filled with homogeneous background medium, filled only with
a layer of nanoparticles, and possibly a layer of homogeneous substrate. If an
index-matching medium is used on both sides of the nanoparticle array, as is
often done in the experiments, the substrate interface can be neglected as well.
1.2.3

Computational complexity and scaling

Let us think about how well would these methods scale if—instead of one
spherical particle—we had a finite square array of n × n equal spheres with
diameter D, equally spaced with period p. Let dBEM , dFDTD denote the approximate BEM mesh and FDTD grid spacings. With BEM, the number of


degrees of freedom would scale as NBEM ∝ O n2 D2 /d2BEM ; if the system is
to be solved using LU decomposition, the full interaction matrix would take


2
memory MBEM/LU ∝ NBEM
∝ O n4 D4 /d4BEM , and the time complexity of


3
LU decomposition in practice goes like tBEM/LU ∝ NBEM
∝ O n6 D6 /d6BEM .
For FDTD, one has to consider also the volume between the particles, so


the degrees of freedom behave as NFDTD ∝ O n2 Dp2 /d3FDTD ; the memory
requirements are directly proportional to the number of degrees of freedom,
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and the number TFDTD of time steps must be adjusted to unitless length scale
of the system TFDTD ∝ np/dFDTD , so that the driving impulse manages to
propagate through the whole system during that time, so the computational
time scales as tFDTD ∝ O(NFDTD Tpass ) = O(n3 Dp3 /d4FDTD ). At a first glance,
this looks (asymptotically) like a clear win for FDTD. However, as mentioned
above, the grid spacing has to be adjusted in order to compensate for the
cumulative error, dFDTD ∝ (np)−α , so for the typical value α = 0.5 we already


have tFDTD ∝ O n5 Dp5 . In BEM and other integral methods, the fields are
propagated from scatterer to scatterer via exact closed-form Green’s functions,
so although the mesh density affects model accuracy at a single-particle level,
it typically need not be adjusted when adding other scatterers, so dBEM can
be considered constant. Also, the estimated number of FDTD simulation time
steps Tpass was based on the assumption that resonances are absent and the
initial pulse can travel through the whole system “freely” without spending too
much time scattering back and forth inside. However, the lattice resonances
are where most of the interesting physics happens, so if using FDTD, one
has to take into account as well and adjust the number of time steps also
by the resonance quality factor Q, so TFDTD ∝ Qnp/dFDTD . Empirical data
indicate that the quality factor can be expected to grow linearly with n or even
faster (cf. Section 3.2); so taking an optimistic estimate Q ∝ n we arrive at


tFDTD ∝ O n6 Dp5 , and FDTD loses the apparent edge in time complexity
from several lines earlier. Considering also the constant factors involved, this
makes a clear ground for choosing an integral, frequency domain method for
modelling nanoparticle arrays.
Remark 1. There are also other approaches to solving (1.2.4) than LU factorisation of M . For example, one could solve for J iteratively, without the need
to store the interaction matrix M and possibly reducing the computation time.
However, iterative methods may have serious convergence problems, especially
around resonances [37]. Iterative methods are not considered further in this
work.
LU factorisation has also the obvious advantage that once M is factorised,
one can easily get solutions for many different right-hand sides (driving fields) of
(1.2.4), each one costing only O(N 2 ) time where N is the number of unknowns.
Remark 2. So the differential methods might not be ideal for large finite systems
of scatterers, but what about infinite periodic lattices? In periodic systems,
the fields can be solved in terms of quasi-periodic Bloch waves, for which the
degrees of freedom can be limited to a single unit cell. In differential methods,
this is easily implemented by setting quasi-periodic boundary conditions at the
edges of a unit cell—nothing fundamentally changes in the sparse structure of
the interactions between unknowns. For integral methods, where the sources
(induced currents) are interconnected densely with each other, meaning that in
infinite periodic system, each source interacts with an infinite number of sources
from all the other unit cells. Due to the imposed Bloch condition, these sources
are just quasiperiodic images of the sources in the representative unit cell,
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but one has to deal with badly convergent infinite lattice sums of the Green’s
functions. This makes the integral methods more difficult in infite periodic
systems, but there is a way around in the form of exponentially convergent
lattice summation techniques, which are presented in Section 2.5.
On a machine with 8 GB of RAM available for storing the interaction matrix,
one could simulate a system of around 80 particles using BEM with LU solver,
considering a mesh of ~100 surface elements for each particle. This is still far
below the number of tens of thousands of particles appearing in the experiments.
A possible way around from this lies in reducing the number of unknowns N .
An extreme example of this is the coupled dipole (CD) method, in which each
scatterer, centered at ri , is reduced to a single dipolar element characterised by
→
a mere 3 × 3 polarisability tensor ←
α i coupled with other particles by electric
Green’s dyadics, so the system (1.2.4) takes the form
←
→
→
→
G (ri , rj ) · pj = ←
αi·
α i · Einc (ri ).
(1.2.5)
pi − ←
j=i

For ν particles in the system, there would be in total 3ν complex unknowns
(dipole polarisation elements) and if each of the interaction matrix element is
represented by the IEEE 754 double-precision floating-point format (16 B per
one complex number), its size would be ν 2 · 144 B, so with 8 GB RAM available,
one could fit in an interaction matrix for 7723 particles, which is an order of
magnitude close to what is typically used in the real world experiments.
The CD method is very easy to implement and has indeed been used for
modelling optical response of nanoparticle arrays [38]. However, the dipole
approximation is obviously too rough for particles with a diameter larger than
a small fraction of wavelength, leading to quantitative errors if the particle size
is increased. One could argue that if the particles are really tiny, CD would
still give fairly accurate results for a routine radar cross section calculation.
Nevertheless, CD fails on qualitative level—even for tiny particles—if one wants
to study lattice modes of the nanoparticle arrays: there are modes in which
the particles’ electric dipole moments completely vanish due to symmetry, and
regardless of how small the particles are, the excitations have quadrupolar
or higher-degree multipolar character. These modes, belonging to what is
sometimes called optical bound states in the continuum (BIC) [2], tend to have
extraordinarily high quality factors and are of particular interest due to the
physical phenomena such as lasing that have been observed therein, but the
CD method completely fails to capture them. Therefore, higher multipoles
need to be taken into consideration. One possible way is to make a step back
and represent each scatterer by more surface or volume elements, but this
would again cause a steep increase in the number of unknowns and size of the
interaction matrix.
A much more effective approach is to represent each scatterer with its transition matrix, a.k.a. T-matrix, which describes the response to electromagnetic
radiation in terms of a multipolar basis especially suitable for scattering calcula23
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tions. Instead of Green’s functions, the scatterers are coupled to each other by
derived objects, the translation operators, whose elements also have closed-form
expressions (albeit much more complicated than the original Green’s functions).
This is the main idea behind the multiple-scattering T -matrix method, also
called superposition T -matrix method in some literature, which is—together
with its application in nanophotonics—the main topic of this work, presented
in the following chapters. It will become apparent that the T -matrix approach
not only has superior computational performance, but also provides a relatively
intuitive framework much better suitable for abstract analysis of lattice modes
than the other aforementioned methods.
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2. Multiple-scattering T-matrix
method

The T-matrix method builds on the idea of expanding the electromagnetic
field around a scatterer into a basis of vector spherical wavefunctions (VSWFs)
in which a single scattering problem is solved. The VSWF basis has the
advantage of being suitably localised in space (as much as the Helmholtz
equation allows), which allows for the multipolar truncation that makes the
T-matrix method so efficient. The multiple-scattering T-matrix method relies
on VSWF re-expansion between different origins (according to the locations
of scatterers): the driving electromagnetic field incident onto a scatterer is
expanded into a vector spherical wavefunction (VSWF) basis in which the
single scattering problem is solved, and the scattered field is then re-expanded
into VSWFs centered at the other scatterers. Repeating the same procedure
with all (pairs of) scatterers yields a set of linear equations, solution of which
gives the coefficients of the scattered field in the VSWF bases. Once these
coefficients have been found, one can evaluate various quantities related to the
scattering (such as cross sections or the scattered fields) quite easily.
In order to facilitate the formal description of the method, let us first introduce
some terminology.
Definition 3. Let there be a system satisfying the macroscopic Maxwell’s
equations (1.1.3) together with the local linear constitutive relations (1.1.4),
such that the most of its spatial domain is filled with homogeneous and isotropic
medium. We denote such a system as a linear optical system with isotropic
background (LOSIB). Unless specified otherwise, we will assume that the free
source densities ρf (r, ω), Jf (r, ω) are zero.
Definition 4 (spatial division of LOSIB). The foreground F of a LOSIB with
background medium specified by εbg (ω) , µbg (ω) consists of the closure of all
parts of space where the constitutive relations deviate from the background
ones, i.e.

←
→ →
←
→
→
ε (r, ω) = εbg (ω) 1 ∨ ←
µ (r, ω) = µbg (ω) 1 .
F = r ∈ R3 : ←
The background B is the complement of the foreground, i.e. the largest open
set where the background constitutive relations do hold,
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B = R3 \ F.

A scatterer S is a part of the foreground that does not touch the rest of the
foreground, that is
S ⊂ F, S ∩ F \ S = ∅.

A scatterer is compact if it has a finite diameter.
An open spherical shell Br< ,r> (R) centered at R, with inner radius r< and
outer radius r> is a separating spherical shell (SSSh) of a compact scatterer
S if S is completely contained in the inner ball Br< (R) and the outer ball
does not intersect with other parts of the foreground, i.e. if S ⊂ Br< (R) and
Br> (R) ∩ (F \ S) = ∅.
A spherically separate scatterer (SSS) is a compact scatterer that has a
nonempty separating spherical shell.
Remark 5. By this definition, a scatterer does not have to be a connected set,
and the union of two scatterers is again a scatterer. As a consequence, there can
be many ways to divide the foreground into mutually disjoint scatterers. This
can be conveniently used if such a division is expected to yield SSSs: it might
happen that two disjoint scatterers S1 , S2 have overlapping circumscribed balls
(thus at least either of them is not a SSS) but S1 ∪ S2 is a SSS. If necessary,
the whole foreground can be treated as a single scatterer.

2.1

The finite scattering problem

The basic linear scattering problem with a compact scatterer can be formulated
as follows. Let there be a given LOSIB and given driving fields Einc , Hinc that
satisfy Maxwell’s equations in an auxilliary system that is completely filled
with the isotropic background medium with material constants εbg (ω), µbg (ω);
in the auxilliary system, we allow for nonzero free source currents. We search
for solutions in the form
E = Einc + Esc ,

(2.1.1)

H = Hinc + Hsc ,

(2.1.2)

fulfilling Maxwell’s equations everywhere in the given LOSIB. From the assumed
linearity it is obvious that Esc , Hsc themselves must then also satisfy Maxwell’s
equations in the background. Moreover, in order to give them the interpretation
of scattered fields, Esc and Hsc are expected to satisfy the Silver-Müller
radiation conditions (2.1.3) below.
2.1.1

The Silver-Müller radiation conditions and the uniqueness
theorem



Let D be an open bounded domain in R3 and let Esc , Hsc ∈ C 1 R3 \ D
be a solution of Maxwell’s equations in a lossless, isotropic medium. The
26

Multiple-scattering T-matrix method

Silver-Müller radiation conditions are [39, Sect. 1.4.1] [40, Sect. 4.2]
lim

√

lim

√

|r|→∞
|r|→∞

µr̂ × Hsc +
εr̂ × Esc −

√

√

εEsc = 0,

(2.1.3a)

µHsc = 0

(2.1.3b)

where the convergence is uniform in all directions r̂. It can be shown that
Eqs. (2.1.3a) and (2.1.3b) are equivalent to each other [40, Corollary 4.14],
and also to the Sommerfeld radiation conditions (for the scalar Helmholtz
equation ∇2 ψ + κ2 ψ = 0) imposed on all the fields’ Cartesian components, that
is [40, Corollary 4.14],


r̂ · ∇ψ(r) − iκψ(r) = o |r|−1 , |r| → ∞

uniformly for all directions r̂.
The Silver-Müller radiation conditions provide a suitable definition of scattered fields and ensure their uniqueness [40, Theorem 4.18]. The retarded
Green’s function for homogeneous isotropic medium from Eq. (1.1.7) satisfies
the radiation conditions.

2.2

Spherical vector waves

The homogeneous vector Helmholtz equation
 2

∇ + κ2 Ψ = 0

(2.2.1)

with the transversality condition ∇ · Ψ = 0 can be solved by separation of
variables in spherical coordinates to give the solutions – the regular and outgoing
vector spherical wavefunctions (VSWFs) vτ lm (κr) and uτ lm (κr), respectively,
defined as follows:
v1lm (κr) = jl (κr)A1,l,m (r̂),
v2lm (κr) =


1 d (κrjl (κr))
jl (κr)
A2,l,m (r̂) + l (l + 1)
A3,l,m (r̂),
κr
d (κr)
κr

(2.2.2)

(1)

u1lm (κr) = hl (κr) A1,l,m (r̂) ,


(1)
(1)
d
κrh
(κr)

l
h (κr)
1
u2lm (κr) =
A3,l,m (r̂),
A2,l,m (r̂) + l (l + 1) l
κr
kr
d (κr)
(2.2.3)
τ = 1, 2;

l = 1, 2, 3, . . . ;

m = −l, −l + 1, . . . , +l,
(1)

where r = rr̂ = r (sin θ (x̂ cos φ + ŷ sin φ) + ẑ cos θ); jl (x), hl (x) = jl (x) +
iyl (x) are the regular spherical Bessel function and spherical Hankel function

27

Multiple-scattering T-matrix method

of the first kind, respectively, and Aτ,l,m are the vector spherical harmonics,
defined by
1
1
∇ × (rYl,m (r̂)) = 
∇Yl,m (r̂) × r,
A1,l,m (r̂) = 
l (l + 1)
l (l + 1)
1
A2,l,m (r̂) = 
r∇Yl,m (r̂),
l (l + 1)

A3,l,m (r̂) = r̂Yl,m (r̂).

(2.2.4)

Vector spherical harmonics are a straightforward extension of the (scalar)
spherical harmonics Yl,m . Importantly, they constitute a complete orthogonal
basis for square integrable vector fields on a sphere [40, p. 170].
Note that the regular waves vτ lm (with fields expressed in Cartesian coordinates) have all well-defined limits in the origin, and except for the “electric
dipolar” waves v21m , they vanish. While the regular VSWFs therefore solve the
homogeneous Helmholtz equation everywhere, the outgoing VSWFs uτ lm satisfy
them everywhere except the origin where they have a singularity; importantly,
the outgoing VSWFs satisfy the Silver-Müller radiation conditions (hence the
name). Figure 2.2.1 illustrates the VSWFs of the lowest multipole degrees.
VSWFs are the vector analogues of scalar spherical wavefunctions
vl,m (κr) = jl (κr) Yl,m (r̂),
(1)

ul,m (κr) = hl (κr) Yl,m r̂,
which solve the scalar Helmholtz fuction. The scalar spherical wavefunctions
will be useful for expressing the translation operators. The aforementioned
transversal VSWFs can be complemented by a set of longitudinal solutions
of the vector Helmholtz equation v3lm , u3lm , but these are not relevant for
scattering of electromagnetic waves.

2.3

T-matrix

With the VSWFs properly introduced, we can return to the single particle
scattering problem, to introduce the T-matrix. Let there be a LOSIB with a
single compact scatterer. We choose the coordinate origin to lie in the center of
the scatterer’s circumscribed ball BR< (0) we take (κ (ω))2 = ω 2 µbg (ω)εbg (ω),
and assume a time-harmonic driving field Einc (r), Hinc (r) such that there are
no source current densities Jf inside a larger ball BR> (0). This makes possible
to expand the driving field inside BR> (0) in terms of regular VSWFs (with
expansion coefficients aτ lm )
Einc (r) =

∞ 
+l
 

aτ lm vτ lm (κr).

(2.3.1)

τ =1,2 l=1 m=−l

The driving field induces response in the scatterer, and as described in Section
2.1, this response produces a unique solution to the scattered fields (with
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Figure 2.2.1. Field patterns of a set of regular VSWFs of the two lowest multipole degrees,
l = 1, 2, rearranged according to the irreducible representations of the point
group D2h . The images represent the electric field plotted in the planes along
the x, y, z axes. For each VSWF, the electric field is either fully parallel,
or fully perpendicular to the given plane (or zero). The parallel fields are
represented by their magnitudes and field lines, the perpendicular by the
perpendicular component.
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the Silver-Müller constraints) Esc (r). Outside the ball BR< (0), the outgoing
VSWFs provide a basis for the scattered field, so it can be expanded as (with
expansion coefficients fτ lm )
Esc (r) =

+l
∞ 
 

(fτ lm uτ lm (κr)) .

(2.3.2)

τ =1,2 l=1 m=−l

hence we see that in the spherical shell BR< ,R> (0) the total electric field can
be expanded as
E(r) = Einc (r) + Esc (r)
=

∞ 
+l
 

(aτ lm vτ lm (κr) + fτ lm uτ lm (κr)) .

(2.3.3)
(2.3.4)

τ =1,2 l=1 m=−l

The VSWF expansion of the corresponding magnetic field follows from the
VSWF definitions and the Faraday’s law, yielding
H(r) = Hinc (r) + Hsc (r)
=

∞
+l

1    
aτ lm v(3−τ )lm (κr) + fτ lm u(3−τ )lm (κr) ,
iZbg
τ =1,2 l=1 m=−l


where Zbg = µbg /εbg is the wave impedance of the background.
From the assumed linearity of the system, there exists a linear relation between
the expansion coefficients

Tτ lm;τ  l m aτ  l m
(2.3.5)
fτ lm =
τ  l  m

where Tτ lm;τ  l m = Tτ lm;τ  l m (ω) are the elements of the transition matrix, a.k.a.
T -matrix. It completely describes the scattering properties of a linear scatterer
outside its circumscribed sphere, so with the knowledge of the T -matrix we can
solve the single-particle scattering problem simply by substituting appropriate
expansion coefficients aτ  l m of the driving field into (2.3.5). The outgoing
VSWF expansion coefficients fτ lm are the effective induced electric (τ = 2) and
magnetic (τ = 1) multipole polarisation amplitudes of the scatterer, and this
is why we sometimes refer to the corresponding VSWFs as to the electric and
magnetic VSWFs, respectively.
For later convenience, we introduce a short-hand matrix notation for the
expansion coefficients and related quantities, so that we do not need to write
the indices explicitly; so for example, Eq. (2.3.5) would be written as f = T a,
where a, f are column vectors with the expansion coefficients. Transposed and
complex-conjugated matrices are labeled with the † superscript.
2.3.1

Power transport

Assuming the field expansion (2.3.3) in BR< ,R> (0), the net power transported
from BR< (0) to BR< ,R> (0) by electromagnetic radiation can be shown to
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be [25, sect. 7.3]
P =



  

T† + T
1
1
2
†
†
†
a.
T
f
+
f
a
T
+

a
=
2κ2 Zbg
2κ2 Zbg
2

(2.3.6)

Here P is well-defined only when κ2 η is real. We use this result later in Section
2.3.4 to formulate a practical sanity check for numerical computations.
2.3.2

Plane wave scattering; cross sections

In many scattering problems considered in practice, the driving field is at least
approximately a plane wave. A transversal (k̂ · E0 = 0) plane wave propagating
in direction k̂ with (complex) amplitude E0 can be expanded into regular
VSWFs [25, 7.7.1] as



a,τ lm k̂, E0 vτ lm (κr),
EPW (r, ω) = E0 eiκk̂·r =
τ,l,m

where the expansion coefficients are obtained from the scalar products of the
amplitude and corresponding dual vector spherical harmonics


 
= 4πil A1,l,m k̂ · E0 ,
a1lm k̂, E0


 
a2lm k̂, E0
= −4πil+1 A2,l,m k̂ · E0 .
(2.3.7)

With the T -matrix and expansion coefficients of plane waves in hand, we
can state the expressions for cross-sections of a single scatterer. Assuming
a non-lossy background medium, extinction, scattering and absorption cross
sections of a single scatterer irradiated by a plane wave propagating in direction
k̂ and (complex) amplitude E0 are respectively [25, sect. 7.8.2]
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where a = a(k, E0 ) is the vector of plane wave expansion coefficients as in
(2.3.7).
2.3.3

Computing the T-matrix

In principle, the T-matrix elements for a compact scatterer can be computed
by any method that is capable to solve the scattering problem from Section 2.1
with Silver-Müller conditions for the scattered fields Esc , Hsc by the following
procedure:
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1. Set Einc (r) = vτ  l m (κr).
2. Choose a radius R such that the whole scatterer fits inside the open ball
BR (0) and evaluate the scattered electric field on the bounding sphere
Esc (Rr̂).
3. Evaluate the inner products

−iκ (vτ lm × (∇ × Esc ) − Esc × (∇ × vτ lm )) · r̂R2 dΩ = Tτ lm;τ  l m
to get a column of the T-matrix.

The validity of this procedure follows from the uniqueness theorem for the
external boundary problem (the scattered fields in R3 \ BR (0) are completely
determined by the data Esc (Rr̂)) and the orthogonality and reciprocity relations
for VSWFs (for details, see [25, Section 7.3]).
T -matrices of particles with certain simple geometries (most famously spherical) can be obtained analytically [25, 41]; for particles with smooth surfaces one
can find them numerically using the null-field method [25, 42, 43]. The null-field
method works well in the many typical cases, but for less common parameter
ranges (such as concave shapes, extreme values of aspect ratios or relative
refractive index) they might suffer from serious numerical instabilities [44, Sect.
5.8.4].
Remark 6. In the numerical results presented later in Section 3, the T -matrices
are typically evaluated using the null-field method, which is relatively fast for
axially symmetric particles and is implemented in the QPMS suite (introduced
later in Section 2.8). For more complicated scatterers, we could use the
scuff-tmatrix tool from the free software SCUFF-EM suite [3, 45], which
evaluates the T -matrices using the boundary element method.
Note that the upstream versions of SCUFF-EM contain a bug that renders
almost all T -matrix results wrong; I found and fixed the bug in my fork available
at https://github.com/texnokrates/scuff-em in revision g78689f5. However, as
of August 2020, the bugfix has still not been merged into upstream. My fork
of SCUFF-EM corrects also several other bugs, but these are less critical for
T-matrix calculations.
2.3.4

T-matrix sanity checks

In practice, it is nontrivial to determine whether a numerically obtained Tmatrix is correct or not (e.g. due to multipole truncation, numerical inaccuracies,
or possible bugs). However, there are some early warning techniques to catch
some of the potential problems.
One of them is to check whether the T-matrix has the symmetries corresponding to the actual physical symmetries of the scatterer, meaning that the
T-matrix can be block-diagonalised according to the irreducible representation subspaces of the physical system’s symmetry group. For details, see [46].
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This approach can be also be reversed – the projector operators from the
block-diagonalisation procedure can be used to a posteriori “sweep out” the
asymmetries introduced by the method that generated the T-matrix (e.g. due
to a nonconforming mesh).
Another practical sanity check for a T-matrix of an arbitrarily shaped scatterer
(in nondispersive background) is based on the power transport formula (2.3.6).
For a particle without internal gain, the net radiated power can never be
positive, regardless of the driving field; as a consequence, hence the “power
matrix”


Π = T † T + T † + T /2
(2.3.11)

(which is obviously hermitian), must be negative (semi-)definite.

Example 7. Consider a golden cylindrical nanoparticle with 50 nm radius and
50 nm height inside a medium with constant real refractive index of 1.52. We
employ two different approaches to compute its T-matrix; in both cases, we
use lmax = 3 as the multipole cutoff for the final T-matrix:
1. The scuff-tmatrix tool from the patched SCUFF-EM suite, which uses
BEM. Gold permittivity is interpolated from tabulated values [47].
2. The T-matrix generator for axially symmetric particles from QPMS,
which is based on the null-field equations. The intermediate matrices
Q, R are calculated up to multipole degree lmax = 6. Gold permittivity is
obtained from Drude-Lorentz model with parameters from [48].
Fig. 2.3.1 shows the eigenvalues of the power matrix (2.3.11) for the two cases
in frequency range 0.6–2.15 eV/. Both models predict resonances at similar
frequencies, as can be seen from the two prominent minima, although their
strengths slightly differ (which is not surprising also due to the different material
model). At higher frequencies, the negative (semi-)definitivity of the power
matrix resulting from BEM T-matrix is violated (it has non-negligible positive
eigenvalues). This means that for certain driving fields, the particle would
generate energy, which is unphysical. The T-matrix obtained with the null-field
method would therefore be more suitable to be used in further computations.

2.4

Multiple scattering

Let us consider a LOSIB with a foreground that can be partitioned into multiple
spherically separated scatterers (SSSs). Let P be an index set labeling the
scatterers. We enclose each of the SSSs into closed balls BRp (rp ) so that they
do not intersect, BRp (rp ) ∩ BRq (rq ) = ∅; p, q ∈ P, so there is a non-empty
separating spherical shell (SSSh) BRp ,Rp> (rp ) around each one that contains
only the background medium. Then the EM field inside each SSSh can be
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Figure 2.3.1. Power matrix based sanity check of a T-matrix computed using BEM (left)
with the displayed mesh, and using null-field equations (right). In both
cases, multipole cutoff was set to lmax = 3. Note the non-negligible positive
eigenvalues in the matrix obtained with BEM.

expanded in a way similar to (2.3.3), using VSWFs with origins shifted to the
centre of the volume:
E (ω, r) =

+l
∞ 
 

τ =1,2 l=1 m=−l

(ap,τ lm vτ lm (κ (r − rp )) + fp,τ lm uτ lm (κ (r − rp ))) ,
(2.4.1)

r ∈ ΘRp ,Rp> (rp ).
Unlike the single scatterer case, the incident field coefficients ap,τ lm here are not
only due to some external driving field that the particle does not influence but
they also contain the contributions of fields scattered from all other scatterers:

ap = ãp +
Sp←q fq
(2.4.2)
q∈P\{p}

where ãp represents the part due to the external driving that the scatterers can
not influence, and Sp←q is a translation operator defined below in Sec. 2.4.1,
that contains the re-expansion coefficients of the outgoing waves in origin rq
into regular waves in origin rp . For each scatterer, we also have its T -matrix
relation as in (2.3.5),
fq = Tq aq .
Together with (2.4.2), this gives rise to a set of linear equations

Sp←q fq = Tp ãp , p ∈ P
fp − T p
q∈P\{p}
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which defines the multiple-scattering problem. If all the p, q-indexed vectors
and matrices (note that without truncation, they are infinite-dimensional) are
arranged into blocks of even larger vectors and matrices, this can be written in
a short-hand form
(I − T S) f = T ã
(2.4.4)
where I is the identity matrix, T is a block-diagonal matrix containing all
the individual T -matrices, and S contains the individual Sp←q matrices as the
off-diagonal blocks, whereas the diagonal blocks are set to zeros.
In practice, the multiple-scattering problem is solved in its truncated form,
in which all the l-indices related to a given scatterer p are truncated as l ≤ Lp ,
leaving only Np = 2Lp (Lp + 2) different τ lm-multi-indices left. The truncation
degree can vary for different scatterers (e.g. due to different physical sizes),
so the truncated block [Sp←q ]lq ≤Lq ;lp ≤Lq has shape Np × Nq , not necessarily
square.
If no other type of truncation is done, there remain 2Lp (Lp + 2) different
τ lm-multi-indices for the p-th scatterer, so that the truncated version of the

matrix (I − T S) is a square matrix with ( p∈P Np )2 elements in total. The
truncated problem (2.4.4) can then be solved using standard numerical linear
algebra methods (typically, by LU factorisation of the (I − T S) matrix at a
given frequency, and then solving with Gauss elimination for as many different
incident ã vectors as needed).
2.4.1

Translation operator

Let r1 , r2 be two different origins; a regular VSWF with origin r1 can be
expanded in terms of regular VSWFs with origin r2 as follows:

vτ lm (κ (r − r1 )) =



τ  l  m

Rτ lm;τ  l m (κ (r2 − r1 ))vτ  l m (r − r2 ),

(2.4.5)

where the regular translation operator R can be written in terms of scalar
spherical wavefunction as in Eq. (2.4.11) below. For singular (outgoing) waves,
the form of the expansion differs inside and outside the ball Br2 −r1  (r1 ):
uτ lm (κ (r − r1 )) =

r ∈ Br1 −r2  (r2 )
   Sτ lm;τ  l m (κ (r2 − r1 ))vτ  l m (κ (r − r2 )),
,
= τ l m
/ Br1 −r2  (r2 )
τ  l m Rτ lm;τ  l m (κ (r2 − r1 ))uτ  l m (κ (r − r2 )), r ∈

(2.4.6)

where the singular translation operator S has the same form as R in (2.4.11)
except the regular spherical Bessel functions jl are replaced with spherical
(1)
Hankel functions hl .
As MSTMM deals most of the time with the expansion coefficients of fields
ap,τ lm , fp,τ lm in different origins rp rather than with the VSWFs directly, let us
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write down how they transform under translation. We assume the field can be
expressed in terms of regular waves everywhere, and expand it in two different
origins rp , rq ,


E(r, ω) =
ap,τ lm vτ lm (κ (r − rp )) =
aq,τ  l m vτ  l m (κ (r − rq )).
τ  ,l ,m

τ,l,m

Re-expanding the waves around rp in terms of waves around rq using (2.4.5),


ap,τ lm
Rτ lm;τ  l m (κ (rq − rp ))vτ  l m (κ (r − rq ))
E(r, ω) =
τ  l  m

τ,l,m

and comparing to the original expansion around rq , we obtain

Rτ lm;τ  l m (κ (rq − rp ))ap,τ lm .
aq,τ  l m =

(2.4.7)

τ,l,m

For the sake of readability, we introduce a shorthand matrix form for (2.4.7)
aq = Rq←p ap

(2.4.8)

(note the reversed indices) Similarly, if we had only outgoing waves in the
original expansion around rp , we would get
aq = Sq←p fp

(2.4.9)

for the expansion inside the ball Brq −rp  (rp ) and
fq = Rq←p fp

(2.4.10)

outside.
The regular translation operator elements can be expressed explicitly as


Rτ lm;τ  l m (d) =

l+l


λ=|l−l |+|τ −τ  |

 
Cτλlm;τ  l m Yλ,m−m d̂ jλ (d),

(2.4.11)

and analogously the elements of the singular operator S, having spherical
(1)
Hankel functions (hl = jl + iyl ) in the radial part instead of the regular Bessel
functions,


Sτ lm;τ  l m (d) =

l+l


λ=|l−l |+|τ −τ  |

 
(1)
Cτλlm;τ  l m Yλ,m−m d̂ hλ (d).

(2.4.12)

Explicit expressions for the rather complicated constant factors Cτλlm;τ  l m can
be found in Publication I.
With a proper normalisation convention for VSWFs, the regular translation

−1
operator is unitary, Rτ lm;τ  l m (d)
= Rτ lm;τ  l m (−d) = R∗τ  l m ;τ lm (d), or
in the per-particle matrix notation,
†
R−1
q←p = Rp←q = Rq←p .
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Note that truncation at finite multipole degree breaks the unitarity, [Rq←p ]−1
l≤L =


†
[Rp←q ]l≤L = Rq←p
, which has to be taken into consideration when evalul≤L

ating quantities such as absorption or scattering cross sections. Similarly, the
full regular operators can be composed

(2.4.14)

Ra←c = Ra←b Rb←c
but truncation breaks this, [Ra←c ]l≤L = [Ra←b ]l≤L [Rb←c ]l≤L .
2.4.2

Green’s function for the multiple-scattering system

One can use the MSTMM formalism above to calculate the electric Green’s
function in the full LOSIB with scatterers; as opposed to the Green’s functions
of the background only. Among other applications, this gives the couplings
between point quantum emitters in the macroscopic QED approach, as discussed
later in Chapter 4.
←
→
To make the distinction for the purposes of this section, let us denote G 0
the electric Green’s function in the homogeneous system with the background
←
→
medium only, as in (1.1.7); and let G stand for the Green’s function of the
←
→
system with scatterers. The background Green’s function G 0 is directly
proportional to the electric dipole block of the outgoing VSWF translation
operator: on a vector w, the Green’s function tensor (dyadic) acts like
1

←
→
G 0 (κ; r2 , r1 ) · w =

1


m =−1 m=−1



Fm (w)S2,1,m;2,1,m (κ (r2 − r1 )) v21m (0)


(0)

2 ;21m

ar



(2.4.15)

where the set of linear forms Fm depends on the normalisation and phase
conventions for VSWFs; up to a scalar
constant γ, it is dual to the values of
2

regular dipole VSWFs in the origin, Fm
v21m (0) = γδmm . The
p∈P Np
values Fm (w) here can be interpreted as the VSWF excitation coefficients of
an imaginary point scatterer (w-oriented dipolar source) located at r1 , and the
(0)
expression ar2 ;21m on the right hand side of (2.4.15) represents the coefficients
of its VSWF re-expansion at r2 to the lowest (i.e. electric dipole) order.
If we add a set of actual spherically separated scatterers into the system (such
that r1 , r2 are outside their circumscribed spheres), the field caused by the
source at r1 can be expanded around the p-th scatterer in terms of VSWFs
with coefficients
ãp,τ  l m (r1 ; w) =

1


m=−1

Fm (w)S2,1,m;τ  ,l ,m (κ (rp − r1 )),

the collection of which which will serve as the right hand side for the multiple
scattering problem (2.4.4), which can be solved to yield the scatterers’ outgoing
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VSWF coefficient vector f (r1 ; w). Propagating the outgoing waves to r2
and adding their contributions to (2.4.15) gives the values of the full Green’s
function,
←
→
←
→
G (κ; r2 , r1 ) · w = G 0 (κ; r2 , r1 ) · w+
+

1



m =−1 p∈P τ lm

2.5

fp,τ lm (r1 ; w) Sτ lm;2,1,m (κ (r2 − rp )) v21m (0) . (2.4.16)

Infinite periodic systems

MSTMM can be extended to handle systems with infinite periodic foreground,
as long as it can be partitioned into spherically separated scatterers. Although
large finite systems are where MSTMM excels the most, there are several
reasons that makes its extension to infinite lattices (where periodic boundary
conditions might be applied) desirable as well. Other methods might be already
fast enough, but MSTMM will be faster in most cases in which there is enough
spacing between the neighboring scatterers. MSTMM works well with any space
group symmetry the system might have (as opposed to, for example, FDTD
with a cubic mesh applied to a honeycomb lattice), which makes e.g. application
of group theory in mode analysis quite easy. Finally, having a method that
handles well both infinite and large finite systems gives a possibility to study
finite-size effects in periodic scatterer arrays.
MSTMM for periodic systems starts from the usual Bloch wave approach; for a
given Bloch quasi-momentum k, both the driving field and scattered field VSWF
coefficients are assumed to have a quasiperiodic form ãn,α = ã0,α (k) eik·Rn ,
fn,α = f0,α (k) eik·Rn , where n is a unit cell index, Rn is a lattice vector, and
the index α ∈ P distinguishes between different scatterers in a single unit cell.
The multiple scattering problem 2.4.4 can then be rewritten in terms of the
VSWF expansion coefficients of fields around scatterers in a representative unit
cell,

Wαβ (k) f0,β (k) = Tα ã0,α (k)
(2.5.1)
f0,α (k) − Tα
β∈P

where Wαβ (k) is a lattice sum of the VSWF translation operator modulated
according to the Bloch vector k

(1 − δαβ δm0 ) S0,α←m,β eik·Rm .
(2.5.2)
Wαβ (k) ≡
m∈Zd

Computation of Wαβ (k) represents the main challenge of MSTMM for infinite
periodic systems due to bad convergence properties of the lattice sum. However,
there fortunately exist advanced analytical techniques which enable transforming
the lattice sums into an exponentially convergent form, as explained in Section
3.3 of Publication I.
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2.6

Resonances and lattice modes

If we set the right hand side of the equation 2.5.1 to zero,
(I − T W ) f0 (k) = 0,

(2.6.1)

we can solve it to get the solutions that propagate in the system without
requiring external driving, that is, the lattice modes. Non-trivial solutions exist
if the matrix on the left-hand side M (ω, k) = I − T (ω) W (ω, k) is singular
– this condition gives the dispersion relation for the periodic structure. In
plasmonic lattices, the scatterers are absorbing, so the frequencies ω will be
in general complex, which makes finding the dispersion relations nontrivial.
However, if the matrix M (ω, k) is an analytic function of ω, it is possible to
use the Beyn’s algorithm or another nonlinear eigensolver based on contour
integration [49, 50] that makes the solution quite efficient, see Publication I,
Section 3.2.
Analogous approach can be used for finding the resonances of finite arrays
when the right hand side is set to zero in Eq. (2.4.4). We apply this to study
the quality factor of array resonances later in Section (3.2).

2.7

Symmetries

In Publication I, we show that if the LOSIB in question has nontrivial symmetries, they can be exploited to significantly reduce the computational costs of
solving the multiple-scattering T-matrix problem. The idea is to find a unitary
transformation and symmetry-adapted basis for the excitation coefficient vectors f that takes the interaction matrix (I − T S) from the multiple-scattering
problem (2.4.4) into a block-diagonal form. Each of the blocks corresponds
to an irreducible representation of the LOSIB symmetry group. The linear
algebraic operations then proceed on each block separately.
If the original truncated system has N degrees of freedom and is factorised into
s almost equally large blocks, a single LU factorisation with time complexity
 
 
O N 3 and memory complexity O N 2 can be replaced with s LU factorisations,
 3 3


each requiring O N /s time and O N 2 /s2 , reducing the total time and
memory demands both by the factor of s−2 (if the s LU factorisations are
done in sequence). This significantly increases the number of scatterers that
MSTMM can handle in practice.
Symmetries also play an important role in lattice mode analysis of infinite
periodic systems. Among other things, they give a priori knowledge about
the modes and their degeneracies in high-symmetry parts of the Brillouin
zone, as used in Publications III and IV. The technical details of exploiting
the symmetries in MSTMM for both finite and periodic infinite systems are
explained in Publication I.
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2.8

The QPMS suite

The QPMS Photonic Multiple Scattering suite is a software package that
implements MSTMM including the enhancements introduced in sections 2.5
and 2.7. It contains a core C library, Python bindings and several utilities
for routine computations, such as scattering cross sections under plane wave
irradiation or lattice modes of two-dimensional periodic arrays. QPMS includes
Doxygen documentation together with description of the API. It has been
written with customisability and extendibility in mind, so that including e.g.
alternative methods of T -matrix calculations of a single particle’s matrix are as
easy as possible.
QPMS is a free software published under the GNU General Public License
version 3. The source code can be downloaded from the public git repository
https://repo.or.cz/qpms.git. An online version of the Doxygen documentation
is available at https://qpms.necada.org.

2.9

Further extensions

The “pure” MSTMM as described in the previous sections of this chapter
(and currently implemented in QPMS) has certain limitations: It requires an
unbounded LOSIB with a foreground that can be divided into mutually disjoint
SSSs. Moreover, by itself it can only evaluate fields outside the scatterers’
circumscribed spheres. While some of these limitations are too fundamental
to overcome (mainly that the system has to be a LOSIB), others can be lifted
using a realistic amount of effort. Moreover, some problems can be solved more
efficiently using another approach than LU factorisation in the linear system
(2.4.4). Some of the possible extensions are discussed in this section.
2.9.1

Combining with other integral methods

If the foreground contains SSSs but cannot be completely divided into SSSs in a
meaningful way, MSTMM can be combined with another integral method, such
as BEM or some approach based on the volume integral equations, resulting
into linear system of the form (1.2.4) in which the unknowns are both multipolar
excitations for the SSSs and whichever degrees of freedom the other method
works with (such as surface or volume current elements) for the rest of the
system. The couplings inside the two subsystems are obtained in their respective
usual manners. As long as the other method is based on the usual Green’s
dyadics, the couplings between the two subsystems are also straightforward,
and exponentially convergent lattice sums can then still be used for periodic
systems. In the worst case scenario, this basic hybrid approach brings at least
the typical DoF reduction for the SSS subsystem.
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2.9.1.1 Planarly layered media
Systems consisting of compact scatterers and parallel planar layers make a
special but significant class: for example, they include a typical experimental
situation where a nanoparticle array lies on a planar substrate with different
refractive index than the environment above the array. The interactions between
the nanoparticles are then no longer given simply just by the translation
operators (2.4.9), and the interactions with the interfaces have to be included.
Fortunately, it is feasible to do this without increasing the number of unknowns
(i.e. the interfaces themselves do not need their own degrees of freedom):
the transmissions and reflections from the interfaces just lead to additional
interaction terms between the compact scatterers [51]. The new interaction
terms contain Sommerfeld integrals, which makes their evaluation more difficult
than the translation operators in homogeneous medium (whose elements do
have closed-form expressions, although complicated). Efficient methods of
evaluating Sommerfeld integrals can be found in the literature [52].
2.9.1.2 Retrieving internal fields
In fact, MSTMM uses a hybrid approach from the very begining: the T-matrix
of a single SSS has to be retrieved by another method (as described in Section
2.3.3), and MSTMM itself handles only the mutual interactions between the
SSSs and the fields outside their circumscribed spheres (in practice—due to
truncation—only the fields far enough from the circumscribed spheres).
However, after solving the multiple-scattering problem with MSTMM, the
method used to compute the T-matrix can be plugged in again in order to
retrieve the internal fields, and the near fields possibly lost in MSTMM due to
the multipole truncation.
Let Esc(p,τ lm) be the electric fields that solve the single-scatterer problem
involving only the p-th scatterer placed in the origin with the incident fields in
the form of regular VSWFs, Einc(p,τ lm) = vτ lm , and let ap,τ lm be the incoming
VSWF coefficients for the p-th scatterer obtained by MSTMM for the whole
multiple-scattering problem with incident field Einc . The total electric field is
then
E(r) = Einc (r) + Esc (r)

= Einc (r) +
ap,τ lm Esc(p,τ lm) (r − rp )
+



τ lm



p ∈P\{p} τ  l m

fp ,τ  l m uτ  l m (r − rp ).

(2.9.1)

This expansion is valid everywhere outside the circumscribed spheres of the
other scatterers p ∈ P \{p}, and in particular, it is valid inside the p-th scatterer
and in its vicinity. This enables numerical evaluation of the fields anywhere:
far from the scatterers, the field is obtained using the “pure” MSTMM formula
(2.3.2) as usual; and inside and nearby the scatterers, the field is evaluated
using the hybrid formula (2.9.1). In practice, the multipole truncation will
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cause a small jump in the field values between the regions where the different
methods are used. If the regions cannot be chosen in a way that makes these
jumps negligible, it is an indication that the multipole truncation has been
excessive from the very beginning.
2.9.1.3 Multilevel fast multipole algorithm
MSTMM, as presented here, can be interpreted as a type of two-level fast
multipole method (FMM) [26, 53–55]. FMM in general uses aggregation of
degrees of freedom into larger blocks (according to position) in such way that
the interaction between them can be, up to a desired accuracy, described by
less numbers than the number of interactions between the DoFs in the original
system. Here we have used aggregation at the level of single scatterer, and the
DoFs have been aggregated into the electric and magnetic multipole excitations
of the scatterer, the interactions between the aggregates (i.e. scatterers) are
given by the truncated translation operators, which is computationally much
more concise than e.g. interactions between all the surface elements in BEM,
as discussed in Chapter 1.
In principle, the aggregation process can be repeated on multiple levels (e.g.
the aggregated volumes from one level are joined to even larger aggregates on
the higher level). As a result, one can get an algorithm that effectively enables
to reduce the speed of matrix multiplication in systems like (1.2.4) from O(N 2 )
to O(N log N ), where N is the original number of DoFs. This gives a significant
boost to solving the scattering problem on large systems with iterative methods
(note that the matrix does not have to be saved in the memory). The algorithm
is known as the multilevel fast multipole algorithm (MLFMA) [26].
One could imagine that in MSTMM the multilevel aggregation would correspond to assembling an aggregated T -matrix of several adjacent SSSs and
treating them as one – the resulting T -matrix would have a cutoff at higher
multipole degree than those of the elementary scatterers; however, this would
work only if such aggregation yields scatterers that are again spherically separated (which is usually not the case); hence in practice, the aggregation has
to be done in a more sophisticated way [26, 56]. There exists a free software
implementation of such method [57] (but it does not have many of the other
features that QPMS does).

42

3. T-matrix method in plasmonic
nanoarrays

This chapter shows several applications of MSTMM and its implementation in
QPMS, mostly building on the results contained in Publications II, III and IV.
However, as all of them predate the implementation of some important features
in the QPMS suite, such as the lattice sums and Beyn’s algorithm, some of
the approaches used in the original articles might look deprecated in today’s
view. Therefore, rather than restating the old results, I try to provide a current
perspective, especially in the case of Publication II.

3.1

Lasing in nanoparticle arrays

Due to the assumption of linear constitutive relations that lies in the core
of the T-matrix method, it cannot by itself explain the phenomena with
nonlinear time dynamics such as lasing or Bose-Einstein condensation. However—
sometimes combined with other methods or using suitable heuristics—it can
give an unprecedented insight into experimentally observed phenomena, which,
regardless of their internal nonlinearity, develop on top of lattice resonances
that appear in the linear regime.
Lasing action requires high effective gain, which in periodic photonic structures
normally peaks at the band edges where the group velocity is zero [58]. Such
band edges are mostly guaranteed to exist in high-symmetry points of the
Brillouin zone. The most obvious candidate is the Γ point corresponding to
the zero Bloch vector, k = 0, which is a high-symmetry point for most space
groups with nontrivial point symmetries.
3.1.1

Γ point lasing in Ag nanoparticle square array

Let us consider the experiment performed in Publication II. The investigated
system consists of a regular 100 µm × 100 µm square array of cylindrical silver
nanoparticles with the nominal height h = 30 nm, radius r = 30 nm and periodicity 375 nm along x and y directions, fabricated on a borosilicate substrate.
The array is doped with a medium containing a fluorescent dye, Rhodamine
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6G, and on top there is a cover glass. For modelling purposes, we assume
that this gives a roughly homogeneous background medium with a constant
refractive index of 1.52. The frequencies corresponding to the first diffraction
order crossing at the Γ and the assumed band edge right below fall well within
the emission spectrum of the dye, so when excited (by a light pump at higher
frequency), the dye can emit photons into these lattice modes, serving as gain
for lasing action.
When pumped, the array emits light at up to two frequencies at a time,
depending on the pump fluence, see Figure 3.1.1, with two remarkably different
spatial emission patterns:
Case 1.

The emission with the higher pump threshold makes a single beam
in the direction normal to the array plane. In real space images, the
whole array appears bright, with some variation.

Case 2.

The lower threshold emission shows two peaks along the kx axis in the
spectrometer image. Experiments with different array sizes (keeping
the other parameters constant) show that the distance between the
peaks is inversely proportionate to the length of the array side. Real
space images show maximal intensities at two opposite edges of the
array, while the middle of the array remains dark.

An explanation for the observations from Case 1 is that the lasing action
happens in a bright mode, characteristic by in-phase electric dipolar excitations
of the nanoparticles in the xy plane. Quite intuitively, such polarisation pattern
creates the simple beam radiating in the normal (z) direction. In Case 2, on
the other hand, the lasing happens in a dark mode in which the nanoparticles
exhibit such multipole polarisation patterns that—in the ideal case of an infinite
periodic lattice—would not radiate outside the array because far from the array,
the field contributions from all the sources would cancel out due to symmetries.
However, in the real-world case of a finite lattice, the light would “scatter from
the edges”: both the real space and k-space measurements are consistent with
the hypothesis that dipoles are induced near the edges, with π phase difference
between the opposite sides.
The hypothesis can be tested using a multiple-scattering T-matrix simulation
by choosing the multipole polarisation pattern expected for the dark or bright
mode in question, and setting this as the right-hand side of the scattering equation (2.4.4) for all nanoparticles. Such a simulation is depicted in Figure 3.1.2.
The driving of each particle with the electric xy quadrupole wave v22−2 − v22+2
(irreducible representation A2 ; see also Figure 2.2.1) gives results that are in excellent qualitative agreement with the experimental observation, supporting the
hypothesis about the electric xy quadrupole character of the output. However,
this is not conclusive, as the constant driving of each particle with the magnetic
z dipole wave v110 (irrep B2 ) would produce the same qualitative results for the
x and y linear polarisations. To distinguish these patterns from each other, it
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would be necessary to perform the measurements also with output polarisation
filter along one of the diagonal directions.
Remark 8. In reality, we cannot expect that the lasing action would happen in
such homogeneous manner throughout the array. Hence instead of setting the
right hand side of (2.4.4) as constant for all particles, we might rather choose
to drive only some particles, for example in certain region, and observe whether
the results qualitatively change. This is also a good indicator of the level of
spatial coherence that the array can offer.
3.1.2

Γ point lasing in Ni nanoparticle rectangular arrays

Arrays with nanoparticles made of ferromagnetic materials, such as nickel, are
interesting due to their magneto-optic properties [23]. Publication III studies
lasing in rectangular (and square) arrays of nickel nanoparticles. The array
periodicity in the x direction in all samples is px = 380 nm, while in the y
direction, the periodicities are py = 370, 375, 380, 385, and 390 nm; nominal
radius of the particles is 30 nm and height 60 nm. Otherwise the samples have
similar properties as in the system considered in Section 3.1.1.
Figure 3.1.3(a–e) shows the angle and frequency resolved emission data from
the arrays when pumped with nominal fluence of 4.6 mJ cm−2 . For the py =
370, 375 nm cases, there are clear lasing emission peaks around the Γ point
diffracted order crossings corresponding to both x and y periodicities. For
the other cases, the lasing action seems to happen only around the diffractive
order crossing corresponding to px = 380 nm, which might be attributed to
insufficient overlap with the gain medium emission spectrum. Intriguing lasing
dynamics are apparent from Figure 3.1.4, which shows experimental array
emission spectra at ky = 0 for series of pump fluences: around the diffracted
order crossing corresponding to the px = 380 nm periodicity, there appear
several lasing peaks (up to three clearly distinguishable ones), the occurence of
which depends on pump fluence. The origin of these peaks can be elucidated
using MSTMM.
Figure 3.1.3(f–j) shows lattice band diagrams obtained using the Beyn’s
algorithm. The wavelengths on the horizontal axes come from the real parts
of the eigenfrequencies found, whereas the imaginary part of the frequencies
determines the color of the data points. The lasing patterns follow some of
the high quality lattice modes from the simulation; interestingly, this covers
also the cases where the lasing output reaches over a broader interval in ky .
(This phenomenon seems to be related to the nanoparticle material; with
silver or golden nanoparticles, at the Γ point one typically sees a sharp drop
in the magnitude of the simulated eigenfrequency imaginary part, and also
experimental output is clearly directed in the normal direction, except for the
size-dependent beam deviation due to the dark modes mentioned in Section
3.1.1.)
Figure 3.1.4 shows the emission spectra at the normal direction for several
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Figure 3.1.1. Observed lasing in Ag nanoparticle square array. (a–b) Measured emission
intensities with (a) P = 1.3Pth and (b) P = 2.0Pth where Pth is the threshold
pump fluence for the higher energy lasing mode. (c) Emission spectra and
(d) the mode energies of the lower (red) and higher (blue) energy modes as a
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with a linear polarisation filter in the y direction in the output. Reproduced
from Publication II (CC BY 4.0).
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values of pump fluence, with horizontal and vertical linear polarisation filter on
the output, and also without filter. The emission peaks can be attributed to the
simulated lattice modes based on their frequencies and also their polarisations.
At the Γ point, the B2 /B1 irreducible representations of D2h (which merge into
the two-dimensional irrep E  in the square-symmetric case D4h ) correspond
to predominantly electric x/y dipole excitations, respectively, and will appear
as x/y linearly polarised emission in the far field. The broad higher frequency
peaks appearing near the diffracted order crossings corresponding to py =370,
375 nm can be unabiguously attributed to the corresponding B2 mode due to
its linear polarisation in the x direction, the frequencies also fitting well to the
B2 frequencies obtained in the lattice mode simulations.
The emission around 580 nm, which is seen in all cases, is harder to analyse
without more detailed polarisation measurements, as most of the irreducible
representations are expected to emit far-field radiation with both x and y field
components. Based on the lattice mode simulations, it is likely that the z-dipole
dominated A2 mode is lasing, but due to the multiple peaks visible in some
cases it is possible that other modes are lasing as well. For py = 380 nm, the
smaller additional peak at the diffraction order crossing most probably belongs
to the E  irrep.
Remark 9. In Figure 3(f–j) of Publication III the approach was slightly different:
as the eigensolver was not implemented in QPMS back then, we used only the
“dips” in the lowest singular values of the left-hand side of the lattice mode
equation (2.6.1) as the estimates for the lattice modes, scanning over the real
frequencies only. Such an approach has some obvious weaknesses: the width
or depth of such dip does not exactly correspond to the quality of the modes,
and even more importantly, the presence of a dip in the singular values for real
ω does not guarantee the existence of a mode, that is, an actual solution to
Eq. (2.6.1), in the complex frequency plane.
Moreover, spherical particles were used in the original simulations in Publication III, as the scuff-tmatrix results were known to be unreliable due to the
bug mentioned in Subsection 2.3.3, and the T-matrix generator for cylindrical
scatterers was not implemented in QPMS yet. However, one always has to
be cautious about the particle shape and size, as the lattice modes are often
sensitive to these parameters, and the real nanoparticles in the experimental
sample do never perfectly match the nominal parametres.
And finally, in Publication III we a priori excluded the modes which have
zero in-plane components at the z = 0 plane (i.e. the modes which are odd
with respect to the z = 0 mirror symmetry). This was based on the incorrect
assumption that such modes do not significantly radiate in the normal direction
(or with small deviations from it). Far field simulations, performed later,
disproved this assumption.
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3.1.3

K point lasing in a honeycomb array

Publication IV is a study of lasing in a mode outside of the center of the
Brillouin zone, where we extensively use the symmetry machinery, which itself
is explained in detail in Section 4 of Publication I.
The investigated system is an array of golden cylindrical-shaped nanoparticles
(nominal height h = 50 nm, base radius r = 50 nm) arranged into a honeycomb
structure with two particles per unit cell and p6m space group symmetry. The
nominal distance between neighbouring particles is varied between 569–583 nm.
This time, the sample is put into a liquid with a refractive index matching that
of the surface (nominally n = 1.52), so the assumption about homogeneous
background and mirror symmetry in the lattice plane is expected to hold much
better than in the cases presented above.
We study lasing around the third diffracted order crossing at the K points,
see 3.1.5(a–b). Organic dye IR-792 is used for the gain medium to match
the frequency of the diffracted order crossing. In contrast to the previously
presented cases (first diffracted order crossing at the Γ point) where the light
left the array (up to small deviation due to the array size effects) in the normal
direction, now there are 12 natural beam directions corresponding to the 12
diffracted orders meeting at the K points that have enough energy to leave the
array plane, and the 6 of those beams closer to the normal direction are further
investigated to identify the lasing mode.
The geometrical character of the possible modes is given by the irreducible
representations of the point group D3h , which corresponds to the little cogroup of p6m at the K point. The dipole excitations in the three irreducible
representations A1 , A2 , E  that are even with respect to the z = 0 mirror plane,
are depicted in Figure 3.1.5(c). In contrast to the Γ point lasing cases studied
previously, all of these modes do have dipole contributions from at least either
particle in the unit cell and are fundamentally bright, and the innermost beams
are expected to have linear polarisation patterns.
We take two different paths to identify the lasing mode, both based on
polarisation-resolved measurements of the emitted light and comparing the
measurements to the theory. The first, “far-field” approach is based on measuring
the polarisation of the six beams (Figure 3.1.6) which is compared to the
theoretically predicted polarisations of the respective modes, see Figure 3.1.5(d).
The second, “near-field” approach makes use of real space microscopic images
of the lasing arrays—choosing a sufficient amount of different polarisation
filter directions on the output, each irreducible representation will have a
characteristic predicted set of patterns. The characteristic patterns can be
deduced by superposition of Airy disks generated by the dipole configurations of
the respective irreps; comparing the real space with the predicted patterns, one
can classify the observed mode (Figure 3.1.7; see also Supplemental Material
of Publication IV). In our case, both methods show that the observed lasing
mode belongs to the A1 irreducible representation.
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Figure 3.1.5. (a) Schematic of the lasing measurements with hexagonal arrays. (inset:
scanning electron microscope image of the gold nanoparticles, scale bar 500
nm, with the A and B unit cell sites marked) enables lasing emission in
distinct off-normal angles, six of which are collected by an objective and
further analysed. In the Fourier image, the six angles correspond to lasing
at the six K points of the first Brillouin zone, with distinct polarisation
direction of the electric field E. (b) Band structure of the empty lattice
model, as given by the by diffracted orders of a periodic structure without
an actual coupling to the nanoparticles. The lasing is observed near the
third diffracted order crossing at the K points (highlighted). (c) Real space
electric dipole polarisations of the nanoparticles (circles) corresponding to two
singlet modes and a doublet mode at a specific time. The dipole polarizations
depicted by orange and magenta arrows evolve in time rotating clockwise and
counterclockwise, respectively, for the K mode, and in the opposite directions
for the K  mode. (d) Fourier transform of the dipole polarizations in the
corresponding eigenmodes. Reproduced from Publication IV.

Remark 10. To make the analysis complete, one would need to rule out also the
other three irreducible representations A1 , A2 , E  that are odd with respect to
the horizontal mirror symmetry, which was not properly done in Publication
IV. In fact, the measured k-space polarisation pattern could be attributed also
to the A2 irrep as well. However, according to my preliminary survey, these
irreps should be brightest on the edges of their real space images, which is not
the case here (see Figure S7 from the Supplemental Material), supporting the
conclusion from Publication IV.
Interestingly, the lasing is observed in the two distinct K points (with opposite
sign of the Bloch vector k) simultaneously, with apparent correlation in phase,
although these modes in the opposite K points are independent in the infinite
lattice case. This might possibly be yet another finite size effect.
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Figure 3.1.6. Lasing mode polarization. (a) Angle resolved emission of the sample without
any polarizer in detection. All six K points are clearly visible. (b) Polar
emission intensities at each K point in the presence of a linear polarizer.
The angles refer to the polarizer angles and the radii refer to the measured
intensities. The red dashed lines are the calculated intensity distributions
for linearly polarized light (along the Γ–K directions) passing through the
polarizer at the corresponding angle. Reproduced from Publication IV.

No filter

Filter ↔

Filter 

Figure 3.1.7. Upper row: examples of real-space images for different polarization filters (no
filter, horizontal, vertical) used for the analysis of the lasing mode. In each
case, the expected positions of the nanoparticles (small yellow-cyan circles)
and the dipole polarizations (arrows) of the singlet mode A1 for the ideal
(zero) relative phase between the two K points are depicted, projected to
the corresponding filter direction. Lower row: theoretical prediction for the
intensities for the ideal relative phase between the two distinct K-points. The
scale bar length is 1 µm. Reproduced from Publication IV.

52

T-matrix method in plasmonic nanoarrays

3.2

Lattice size and quality factor

One of the finite size effects in nanoparticle arrays are the radiative losses,
which are unavoidable even if there were a corresponding dark mode in the
infinite periodic case. The relative radiative losses are expected to decrease with
increasing size of the array. One can study this phenomenon using MSTMM
and Beyn’s algorithm.
Let us consider a square array of n×n nanoparticles. We choose the same basic
lattice properties as in the system from Section 3.1.1, i.e. constant background
refractive index of 1.52 and lattice constant of 375 nm. However, now we instead
use spherical nanoparticles with radius r = 40 nm and constant real refractive
index of 3. The choice of real refractive index eliminates absorption, and the
choice of spherical scatterers is expected to eliminate possible artificial loss
or gain caused by the multipole truncation (as the T-matrix of a sphere is
diagonal [41, 46]).
Let us vary the array size parameter n and observe how it affects resonant
frequencies of the array. Using Beyn’s algorithm, we search for the resonances
(defined as the solutions of Eq. (2.4.4) with zero right-hand size) around the
frequency corresponding to the first diffraction order crossing in the Γ point.
The results are displayed on top of Fig. 3.2.1. Note that the integration
contours inside which the resonances are searched differ for various n, as they
have to be adjusted according to the regions in which the frequencies are
actually located.
As we eliminated absorption in our system, the imaginary parts of the resonant
frequencies are due to the radiative losses. As expected, the larger the array,
the closer to the real axis resonances can be found. Also the total number of
solutions grows with the number of degrees of freedom. One can see “band-like”
resonance clusters forming on top, below which lower quality resonances are
scattered in a more random fashion – presumably, a lot more of them would be
found if we extended or moved the integration contours lower.
If we define the quality factor of a resonance as the ratio of the real and
imaginary parts of its frequency, Q = |ω/ω|, we can extract its dependence
on the array size from the data. This is done in the bottom plot of 3.2.1, which
shows a log-log plot of the quantiles of Q. The lower quantiles are strongly
affected by the choice of the integration contour, but they are not important as
we are mostly interested in the high quality resonances that are expected to
approach the periodic system lattice modes as the array size increases. The
bulk of the higher-quality resonances can be seen in the upper quantiles. There
is no obvious simple function to fit to the data, but the quality factor of the
upper quantiles does exhibit slightly faster than linear growth w.r.t. n, which
justifies the estimate used in Section 1.2.3.

53

T-matrix method in plasmonic nanoarrays

0.02
0.04

/eV

0.06
0.08
0.10
0.12
0.14
0.16
2.14

160

Q=|

/

|

80

irrep
A1
A1
A2
A2
B1
B1
B2
B2
E
E

size
50 × 50
40 × 40
28 × 28
25 × 25
22 × 22
19 × 19
16 × 16
13 × 13
10 × 10
7×7





















2.16

2.18
/eV

2.20

2.22

quantile
1
0.95
0.75
0.5
0.25
0.05

C n

40

20

10

20

n (particles per array side)

40

Figure 3.2.1. Resonances of nonabsorbing finite square arrays of spherical nanoparticles,
as obtained with Beyn’s algorithm. Top: real and imaginary parts of the
frequencies found; the integration contours used for the different sizes are
indicated (ellipses in the background). Bottom: log-log plot of quality factor
quantiles of the resanonces found, as a function of array size; the dotted line
represents exact linear proportionality.

54

4. Combining T-matrix method
with quantum physics

Quantum effects can appear on different levels of a nanoplasmonic system. For
example, if a scatterer is sufficiently small (10 nm in diameter), its scattering
properties can no longer be reliably modelled by the classical approaches
based on its shape and macroscopic constitutive relations. Or a small distance
between two metallic nanoparticles might cause quantum tunneling of electrons
(this is sometimes called the conductive coupling regime) or the non-local
effect, drastically affecting the overall electromagnetic response of the adjacent
nanoparticles. Such cases require some type of treatment that takes into account
the microscopic electronic structure of the scatterer [59–62]. Here we look at
quantum physics in plasmonic systems from a different viewpoint, taking the
macroscopic description of plasmonic nanostructures as the initial point for
quantisation. While these models usually do not give insight into the effects
that come from the microscopic electronic structure, such as tunneling and the
non-local effect, they do provide a way to describe couplings between quantum
emitters e.g. placed near a plasmonic nanoarray, and they do explain other
quantum phenomena, such as Casimir-Polder or van der Waals forces [63].

4.1

MSTMM in macroscopic QED

There have been several approaches to quantise macroscopic electromagnetism
in dissipative inhomogenous media [64–74] and the question of correctness of
the different approaches is a controversial topic [75] that is beyond the scope of
the present work.
One class of the quantisation approaches is based on models of microscopic harmonic oscillator continuum for the medium, coupled to the electromagnetic field.
The Hamiltonian of the system is then expressed, via a Fano-diagonalisation
procedure [76–78], in terms of polaritonic operators fˆ(r, ω) representing the
elementary excitations of the system

 ∞
Hmacro = d3 r
dω ω fˆ† (r, ω)fˆ(r, ω).
(4.1.1)
0

Importantly, the quantum electric field operator can be expressed using the
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Green’s function of the classical system [79, eq. (3)]

 ∞



 
←
→

ω2
d3 r  ε(r  , ω) G ω; r, r  fˆ r  , ω + h.c.
dω 2
Ê(r) = i
πε0 0
c
(4.1.2)
As demonstrated in Section 2.4.2, MSTMM provides a suitable way to calculate
←
→
the classical Green’s function G (ω; r, r  ) in a system consisting of compact
scatterers. Model 4.1.1 can be taken as a basis for introduction of quantum
emitters (QEs) into the system: for example a set of n two-level QEs can be
plugged in via fermionic operators Ŝi±,z that interact via the dipolar interaction
with the electric field to yield [79, eq. (4)]
 


 ∞
n
n 


1
3
†
z
ˆ
ˆ
H= d r
−
dω ω f (r, ω) f (r, ω)+
i Ŝi +
Ŝi− + Ŝi+ µi ·Ê(ri )
2
0
i=1
i=1
(4.1.3)
with
1
(4.1.4)
Ŝi+ = |gi  ei | , Ŝi− = |ei  gi | , Ŝiz = (|ei  ei | − |gi  gi |) ,
2
where |gi  , |ei  are the ground and excited states of the i-th quantum emitter.
The validity of the (widely used) Fano diagonalisation approach leading to
the expressions above has been recently questioned, especially in the case when
the background is empty space, i.e. εbg = ε0 [75]. As a note for future research,
it might be possible to use the building blocks of MSTMM (as introduced in
Chapter 2) in the very process of canonical quantisation. The typical approach
has been to use plane waves in the initial quantisation of free electromagnetic
fields; however, another bases, such as regular VSWFs, could be used as well.
This, as a modification of the approach used in [64], could lead to a quantum
MSTMM description without the problems pointed out in [75].

4.2

Interactions between quantum emitters near a nanoparticle

In Publication V, we used two different approaches to model a system of dipolar
quantum emitters (QEs), such as fluorescent molecules, in the vicinity of a
plasmonic nanoparticle.
The first approach is a simplistic “relaxed Dicke” model with Hamiltonian of
the form
H = Hres + HQE + Hres–QE + HQE–QE
 


 

1
+
ωλ b̂†λ b̂λ +
 Ŝiz +
Viλ b̂†λ Ŝi− + Ŝi+ b̂λ
2
i
λ
i,λ

 
+ −
+ −
+
gij Ŝi Ŝj + Ŝj Ŝi ,
(4.2.1)
i<j

where the nanoparticle is represented by a collection of resonant bosonic modes
(indexed by λ) with frequency ωλ and creation and annihilation operators
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Figure 4.2.1. Example configurations (a) of quantum emitters in the equatorial plane of
a spherical nanoparticle (with dipoles oriented perpendicular to the plane),
the corresponding energy spectra obtained from the modified Dicke model
for varying nanoparticle resonance (b), and light spectra from the multiple
scattering model (blue lines, arbitrary units) together with the expectation
values of the observable P̂ for the energy eigenstates (red dots, arbitrary
units) for the nanoparticle dipole resonance set at 2.8 eV (c), 3.0 eV (d)
and 3.2 eV (e). The single QEs have transition energy  = 3.0 eV and
dipole moment (c,d,e) µ = 0.19 eV · nm = 9.1 D; the Drude damping is set to
γP = 1 meV. Rows (f,g) are analogous to rows (b,d) but for a lower dipole
moment µ = 0.04 eV · nm = 1.9 D. Reproduced from Publication V.

57

Combining T-matrix method with quantum physics

b̂†λ , b̂λ , and the QEs are represented by two-level systems with energy level
difference , with fermionic operators Ŝi±,z as in (4.1.4). The couplings gij , Viλ
depend on system geometry, QEs’ dipole moments µ and nanoparticle resonant
modes’ field strengths. The model is based on extensive use of quasistatic
approximation, which in turn relies on the neglection of coupling to external
radiative modes and other loss channels. We solve for the energies of H
via exact diagonalisation. The expression (4.2.1) assumes the rotating wave
approximation, which provides an a priori block-diagonalisation of H with
respect to the “total excitation number” N .
If we limit ourselves to the single-excitation states, N = 1, the interactions
typically (depending on the actual geometry) lead to splitting of the originally
constant QE energy level  into a broader “band” of QE collective states and—
if only one bosonic mode is considered with its energy close to the two-level
system energy step ω  —to creation of two “polariton” states; this is best
seen when the bosonic mode energy ω is varied, keeping the other parametres
constant, see Fig. 4.2.1(f). We are interested in the radiative properties of
these states – however, Hamiltonian (4.2.1) does not include coupling to the
external radiation. Therefore, we couple the system to a continuum of external
transverse EM field modes and apply the Fermi’s golden rule to calculate the
decay rate of the eigenstates of H. We show that the decay rate is proportional
to the expectation value of an operator P̂ related to the total dipole moment
of the QEs and the nanoparticle, which allows to quantify the “brightness” of
the calculated eigenstates of H.
Numerical experiments with varying different parameters show that when the
direct QE dipole-dipole couplings gij are reasonably small, the two outstanding
“polariton” states show much larger expectation value of P̂ (therefore being
“bright”) compared to the other (“dark”) states. However, the situation changes
when the dipole-dipole couplings gij are large, either due to the large dipole
moment of the QEs or small distance between them: some of the originally
“dark” states attain a considerable expectation value of P̂ .
We benchmark the “relaxed Dicke” model results to the macroscopic QED
model (4.1.3); following [79, Eq. (5)], we calculate the light spectrum S (R, ω)
measured at a detector position R if the QEs are incoherently pumped; see
also [80, Supplemental Material eq. (29)].
The relevant quantities P̂ , S (R, ω) of the respective methods are compared
on several configurations in Figure 4.2.1(c–e). The system consists of several
QEs in a vicinity of a nanosphere with radius r = 7 nm, relative permittivity


approximated by the Drude model ε(ω) = ε∞ − ωp2 / ω 2 + iωγp with parameters ε∞ = 4.6, γp = 0.001 eV (this parameter is chosen arbitrarily low in
order to create peaks comparable to the modified Dicke model spectrum), and
we vary its plasma frequency ωp . There is a clear qualitative correspondence
between the peaks of the spectra S (R, ω) in the macroscopic QED model and
the ω, P̂  pairs of the relaxed Dicke model, although the values do not fit
exactly, which is expected due to the naive character of the relaxed Dicke model
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and the amount of approximations made. Clearly, the correspondence would
worsen with increasing γp .
The main goal of Publication V was to find out whether (and under which
conditions) the dipole-dipole interactions between the QEs can have experimentally observable effects; i.e. whether the result into “bright” collective modes
(other than the two “polaritons”) that can be probed by external radiation.
Using the relaxed Dicke model, we randomly generated a large number of
configurations with different parameters and followed a set of statistics related
to the eigenstates. We concluded that in order to get any observable effects,
one would need QEs with such large concentration and/or transition dipole
moments that can be considered to be near the threshold of physical feasibility.
Recently, there have been important advances in studies of phenomena arising
from the dipole-dipole interactions between the emitters such as suppression of
scattering [81].
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Conclusion

This thesis has demonstrated that MSTMM is the method of choice for simulating optical response and mode properties of systems of compact nanoscatteres,
plasmonic nanoparticle arrays in particular.
Publication I presents three notable improvements of MSTMM that largely
broaden the set of problems it can solve: 1) the exponentially convergent lattice
summation (newly also for 1d lattices with offset), enabling simulations with
infinite periodic arrays; 2) employing group theory to transform the scattering
problem into the symmetry-adapted basis; and 3) using contour-integration
based nonlinear eigensolvers. The possibility to use the same method for finite
and infinite systems alike is important, as it enables to study the finite size
effects without contaminating the data by numerical discrepancies possibly
emerging just due to different methods used. The symmetry-adapted basis
transformation brings a significant decrease in the computational demands and
gives additional insight in the mode analysis. Finally, nonlinear eigensolvers
allow for efficient finding of the lattice modes in the complex frequency space.
These improvements have been implemented as part of the QPMS suite, a free
software implementation of MSTMM written from scratch as a part of the work
presented here.
In Chapter 3 and Publications II, III and IV, MSTMM was proven to be a
powerful method not only for simulating the scattering response of plasmonic
nanoparticle arrays, but (with the improvements described in Chapter 2 of
this thesis and Publication I) also for explaining the mode structure and
radiation patterns observed in real-world lasing experiments. It has substantially
contributed in understanding the “dark” modes, also known as the optical bound
states in the continuum, and their outcoupling in the realistic setup of finitesized arrays.
As mentioned in Chapter 4, MSTMM can be applied also in macroscopic
QED context where it is used to calculate the underlying Green’s functions. A
possible topic for future research would be to employ the MSTMM toolbox in
the very process of canonical quantisation of macroscopic electromagnetism.
There are still also some interesting open questions related to classical
MSTMM for infinite periodic systems, especially about the exact physical inter61
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pretation of the two-branchedness in the long-range part of the two-dimensional
lattice sum, and its possible impact on the lattice modes acquired with the
method.
The basic idea of MSTMM might be simple, but its implementation (even
in the basic finite version) certainly is not easy; this is partly due to the
complicated prefactors and the jungle of possible normalisation and phase
conventions used in spherical harmonics and other building blocks of VSWFs
and translation operators, and partly because even benchmarking to other
tools tends to be nontrivial (especially if they contain bugs themselves). The
development of the QPMS suite has taken years so far. Although not perfect,
now it is mature enough and available to be used or—even better—further
developed by the whole photonics community. Out of the not so many existing
MSTMM implementations, many features are (to my best knowledge) unique
to QPMS, such as the handling of symmetries or the nonlinear eigensolver for
mode calculations. However, others are still waiting for their inclusion, be it the
support of layered media [52], evaluation of fields inside the scatterers, a solver
based on the multi-level fast multipole algorithm [26, 56], or any other from
the TODO list available at the project home page https://qpms.necada.org/.
Everyone is welcome to contribute!
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