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a b s t r a c t
A computational model of a Cu electrolysis cell is presented. The model includes the microscopic mass
transfer and electric ﬁeld effects, as well as the effects of the ohmic loss of potential in the cell bulk
electrolyte. A lumped (0D) estimate for the cell ohmic loss is created by utilizing a 3D electric ﬁeld model
of the cell and the Lambert W-function is applied to include the effects of ohmic loss to the cell model. The
model structure enables computing the cell current, the electrode overpotentials and the cell ohmic loss,
with the only model input variable being the cell voltage. The cell model is implemented as a coupled
0D + 2D computational model, which is solved with the ﬁnite elements method. Cyclic voltammetry
(CV) is conducted in an electrolysis cell, whose dimensions can be accurately adjusted and measured.
The electrode equation parameters are found by ﬁtting the model against the data of one CV experiment,
after which the model is evaluated against three other measurements.
© 2009 Elsevier Ltd. All rights reserved.

1. Introduction
This paper documents a copper electrolysis cell model that
accounts for the electrode processes, as well as the cell geometry and the corresponding ohmic loss of potential in the bulk
electrolyte, in a single computational system, with a reasonable
computational effort. The presented model structure is hoped to
make scaling up of computer models easier, by incorporating the
effects that the physical dimensions of the cell apparatus have on
the estimates produced by the model.
One important industrial application of copper electrodeposition is the manufacturing process of printed circuit boards (PCBs).
In modern PCBs, the circuit is created on several board layers, and
interconnections between these layers are also made within the
board, in the copper electroplating process known as microvia ﬁlling [1]. Though the microvia ﬁll process is not modeled in this
paper, it forms the background for the presented model and is an
illustrative example of the problem domain at hand. The process
chemistry has been studied and documented widely, and the process has been shown to be governed by the electrolyte additive
chemicals, which inﬂuence the copper reduction reaction taking
place on the cathode [2–8]. Even more studies have been published
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related to similar processes that are applied in microchip production, where the time and length scales are ca. hundred-fold smaller
[9–11].
In a conventional microvia ﬁll electroplating system, where
the plated boards are positioned vertically between two soluble
anodes, the distance between the anode and the cathode can be
up to 30 cm. The Cu deposition process is typically controlled galvanostatically, so that a cell current, that corresponds to a desired
average cathode current density, is maintained in the cell by (automatically) adjusting the cell power source output. As a current ﬂows
through the cell, the distance between the electrodes and the resistance of the electrolyte cause an ohmic drop of electric potential
(iR-drop) to occur over the electrolyte [12]. Even though a supporting electrolyte is regularly used in industrial PCB production lines,
the ohmic loss over the electrolyte is still notable due to the distance
between the electrodes [13]. In order to maintain a desired average
plating current density, the cell power source must compensate
for the iR-drop by increasing the potential difference between the
electrodes. Therefore, the electrode potentials are directly affected
by the ohmic loss in the bulk electrolyte.
No reference electrode is typically available in a via ﬁll electroplating system, because such a device would easily become
unreliable due to contamination or mechanical wear. Therefore,
the cathode potential cannot be directly measured. Recent studies show, however, that the mechanism by which the electrolyte
additives affect the copper reduction reaction, is dependent on
the cathode potential [14,15]. Furthermore, the electrode potentials are also important factors for the cell current efﬁciency [16].
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Therefore, the electrode potentials should be considered when
high-performance cells are designed.
Several computational models of the mentioned feature ﬁlling processes, in both the sub-micron scale and the micrometer
scale, have also been reported [17–21]. Typically the presented
models only consider phenomena in spatial dimensions that are
nearly equal to those of the modeled surface feature. It is obviously clear, however, that also the phenomena taking place in the
bulk of the physical system do affect the ﬁll process. The phenomena that should be simultaneously included in the system model
span a wide range in magnitude, in both scales of time and length,
which presents a multiscale modeling problem. Such problems call
for rethinking of the computational implementation techniques
for including the individual sub-processes to the model. The usual
problems related to stiff systems or impractical requirements for
computer memory or computation time arise easily unless correct
means are applied when conﬁguring a multiscale model. The challenges and requirements of multiscale modeling in the sub-micron
feature ﬁlling process context are well discussed in [22,23].
The computational effort demanded by the model presented in
this paper is modest; all the simulations reported in this study are
carried out on a regular desktop PC. The presented model produces
estimates for all of the mentioned sub-processes, i.e., the current
densities and (over)potentials on the electrodes, as well as the
ohmic potential drop over the electrolyte. The model is structured
so that it enables incorporating the sub-models, which describe
the microscopic phenomena taking place within micrometers (or
nanometers) from the electrode surface, and those describing the
electric potential loss phenomenon in the bulk electrolyte, into the
same computational system.
1.1. The case apparatus
The reported model structure is independent of any speciﬁc
electrolysis cell apparatus, but the implemented computational
model was examined empirically, by utilizing an in-house made
cell, illustrated in Fig. 1. The distance (L) between the counter electrode (CE) and the working electrode (WE), and the electrolyte
depth (D) can be adjusted, but the width of the cell is constant
(5 mm). The end walls are Teﬂon boards, into which a copper wire
is imbedded. The circular wire cross-section then functions as the
basis for the electrode surface. The working electrode is connected
to the positive pole of the cell power source, which is relevant when
signs of potential variables are considered.
The cell was constructed to study the effects that the physical
dimensions of the cell have on the cell current–voltage response.
The cell design is simple, so that the dimensions of the cell and of
the electrodes can be accurately adjusted and measured. Further
in the text, it is described how the cell dimensions are included in
the cell model as input parameters, and how a three-dimensional
electric ﬁeld model of the experiment cell is utilized to determine
a function for estimating the ohmic loss over the cell bulk electrolyte.

Fig. 1. A side-view illustration of the examined cell (not drawn in scale). D is electrolyte depth, L is cell length, CE and WE point to the counter electrode and working
electrode surface, respectively.

1.2. Outline of the cell model structure
The well known Butler–Volmer (BV) equation gives the current
density related to the rate of an electrochemical reaction at a single electrode–electrolyte interface as a function of the electrode
overpotential [12]. Ohm’s law yields the potential difference over a
non-ideal conductor, carrying a known current. By considering the
electrolysis cell as a system consisting of two electrode–electrolyte
interfaces that are connected by a non-ideal conductor (the electrolyte), the cell can be divided into three sub-systems, which are
all coupled. The coupling between the subsystems is formed by the
cell current and the cell voltage, which both are easily measurable.
Also the implemented cell model contains three coupled
sub-models, which are solved simultaneously. Firstly, the electrochemical reactions, as well as the microscopic mass transfer
phenomena and the electric ﬁeld close to both of the two electrodes
are modeled based on the corresponding, well-known, electrochemical principles. This produces a partial differential equation
(PDE) system, which is solved with a ﬁnite elements (FE) model.
Secondly, the effects of the iR-drop over the bulk electrolyte are
incorporated to the FE model as a lumped (0D) model, i.e., with
a function. However, because the electrode current density is a
nonlinear function of cell voltage, a special function known as the
Lambert W-function (see below) is utilized to include the obtained
0D iR-drop estimate to the cell model.
The Lambert W-function (a.k.a. the omega function) is the
inverse of f (W ) = WeW [24]. It is not an elementary function and is
evaluated through an iterative algorithm. A thorough description
of the function and its evaluation is found in [25], and some examples of its application in physics have been documented in [26].
The Lambert W-function has earlier been utilized, e.g., to obtain
(semi-)analytical and numerical solutions for problems related to
transistors and diodes [27–29], as well as to solar cells [30,31]. The
common characteristic between all of these, as well as with the
cell model at hand, is that the descriptive equations contain the
exponential function. As mentioned, in this paper, the Lambert Wfunction is utilized to couple the electrode subsystems to the ohmic
loss over the bulk electrolyte. This enables estimating the processes
on both of the electrodes with only one input potential, the cell
potential.
1.3. Outline of this paper
First, in Section 2, a scalar function for estimating the iR-drop
over the bulk electrolyte in the experiment cell is created based
on a three-dimensional (3D) electric ﬁeld model of the cell. This
3D model is utilized only during model development to study the
nonlinearities of the desired function and is not, therefore, a part
of the electrolysis cell model itself. Only the resulting 0D estimate
of the cell ohmic loss as a function of the cell dimensions and the
cell current is. After this, the cell model structure and the related
equations are discussed in Section 3.
Section 4 gives a brief description of the relevant details related
to the computational implementation of the model.
The experimental procedures used to obtain data for model
parametrization and validation are discussed in Section 5. Cyclic
voltammetry (CV) is utilized to determine electrochemical parameters for the model. Though, as mentioned, the industrial copper
plating processes are typically galvanostatically controlled, CV
experiments were chosen here because they produce essentially
richer data for model development than galvanostatic or potentiostatic experiments would. The model parameters are determined
based on one reference case and then the model is evaluated against
three other cases, where the cell dimensions are modiﬁed. To keep
the chemical system simple, only an aqueous CuSO4 electrolyte is
used in the experiments. It should be noted, however, that in practi-
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cal copper electroplating baths, a supporting electrolyte is typically
used.
Finally, the results are shown and discussed in Section 6.
Appendix A is included to clarify the derivation of some of the model
equations.
2. The cell iR-drop estimate U
To obtain an estimate of the ohmic loss of potential over the bulk
electrolyte (U /V), the primary potential distribution [12,32] inside
the cell is examined with a 3D electric ﬁeld model of the experiment
cell. The potential distribution in the cell is solved by assuming a
homogenous electrolyte domain, with a constant electric conductivity b (S m−1 ). For this study, the assumption is justiﬁed by the
short duration of the plating experiments described in Section 5 and
the small ratio of the electrode areas versus the electrolyte volume
in the apparatus [33]. It is considered that the solution concentration in the bulk remains approximately constant and homogenous
throughout the experiments. (In a practical plating system the bulk
electrolyte would be continuously agitated and, therefore, no concentration gradients would exist.)
The 3D model geometry is conﬁgured to match that of the experiment cell (Fig. 1) with varied length (L) and varied cross-sectional
area (W × D). The potential ﬁeld inside the cell is then solved with
the Poisson equation

∇ · (− ∇ ) = 0,

Fig. 2. The electric potential  along a straight line connecting the center points of
the electrodes. Boundary conditions are given as a zero-potential on one electrode
and a current density of 200 A/m2 on the other electrode.

and close to the electrodes the potential changes nonlinearly. Fig. 2
illustrates the electric potential level  on a straight line from the
center point of the anode to the center point of the cathode, when
the modeled cell length L = 10 cm (D = 1.7 cm, W = 0.5 cm).
The simulated 3D potential ﬁeld inside the cell is illustrated in
Fig. 3, in three different cases of cell length. It can be seen that when
the electrodes are close to each other (L = 3 cm), the electric ﬁeld
is very irregular over the whole electrolyte. Conversely, when the
electrodes are further apart, an area of a very regular electric ﬁeld
exists in the cell.

(1)

where  is the electric potential (V) and  is the electric conductivity
(S/m) of the electrolyte.  is given the value that is measured for
the electrolyte conductivity as described in Section 5 and, therefore,
 = b = 3.35 S/m.
The boundary condition  = 0 set on one electrode boundary
and a constant, but varied, average current density iset (A/m2 ) is set
on the other electrode boundary,
−n · ( ∇ ) = iset .

(2)

The current density boundary condition (2) should be considered
an average condition because, though a current density is set, the
current density on the boundary is not constant over the whole
boundary. Moreover, with the given boundary condition, the integral of the current density over the electrode, divided with the
electrode area equals the set current density.
The purpose of the described static 3D electric ﬁeld model is only
to clarify the primary potential distribution inside the cell when
the cell dimensions change, so that an estimate for the cell iR-drop
can be formulated. That is, the actual electrochemical system is
not included in this model and only the primary potential distribution, obtained by solving (1) in a perfectly homogenous electrolyte
domain, is examined. Though the primary potential distribution
model is only an approximation of the electric ﬁeld in the electrochemical system, this approach was chosen to keep the analysis
simple. Numerous more sophisticated studies of the secondary and
tertiary1 potential and current distributions in the electrolyte have
also been published, e.g., [34–38]. The main aim with the 3D model
documented here, however, is to ﬁnd a lumped estimate for U ,
which is linear with respect to cell current.
2.1. Electric ﬁeld simulation results
The results of the electric ﬁeld simulation are in line with the
well known analytical results [39,40]. In the bulk of the domain
the potential changes linearly in the direction of the cell length,

1

Also called ternary in other sources.

Fig. 3. Electric potential isolevels (V) within the cell, when a zero-potential boundary condition is set on the electrode in the right-hand-side end of the cell and a
current density of 200 A/m2 on the electrode in the left-hand-side end of the cell.
Cell length varies from 3 cm to 1 cm to 16 cm, while cell depth and width are constant
at 1.7 cm and 0.5 cm, respectively.

1004

A. Pohjoranta et al. / Electrochimica Acta 55 (2010) 1001–1012

Fig. 4. A close-up of the simulated 3D electric potential isolevels within the area indicated in Fig. 3 (L = 0.10 m).

A close-up of the electric potential isolevels (equipotential levels) near the electrode surface (when l = 0.1 m) is shown in Fig. 4.
Because the electrodes are disk-shaped, the potential isolevels very
near the electrode surface form oblate hemispherical planes, as
described by Newman in [40].
As a conclusion of examining Figs. 2–4, along with the known
analytical results, the cell ohmic loss is estimated with a function
consisting of three distinct parts:
• U,b , the ohmic loss in the main bulk electrolyte, where the electric ﬁeld is uniform and
• U,e , the ohmic loss in the areas close to the two electrodes, where
the electric ﬁeld is intensiﬁed due to the electrode surface.
2.2. The estimate for the main bulk, U,b
In the main bulk electrolyte the ohmic loss is estimated by
assuming both the electrolyte composition and the current density distribution homogenous (3). This corresponds to considering
the bulk electrolyte as resistor material.
U,b = R ICELL =

l
iWE AWE .
A b

(3)

In (3), l is the mean length (m) and A the mean crosssectional area (m2 ) of the current path in the electrolyte, which are
here approximated with L and W × D, respectively. Based on the
Figs. 2–4 this approximation is reasonable as long as the electrodes
are more than ca. 0.03 m away from each other.
2.3. The estimate near the electrodes, U,e
The estimate for ohmic loss in the area close to the electrodes,
where the electric ﬁeld and the current density ﬁeld is non-uniform,
is based on the geometrical analysis given in [40]. Because the electrodes are disk-shaped, the electric potential isolevels are assumed
to adopt the shape of oblate hemispheres near the electrodes. The
(hypothetical) potential difference U from a potential isolevel
at in the electrolyte, to an electrode through which a total current Ae ie (A) passes, can be then formulated as a function of as
U = re ie /(2b ) tan−1 . Here is the ﬁrst coordinate in the rotational elliptic coordinate system in [40]. re is the radius of the
electrode disk (m) and ie the average current density (A/m2 ) on the
electrode. At the limit, when approaches inﬁnity, the potential
difference becomes re ie /(4b ).
As is shown in [40], the potential difference between the electrode and increases rapidly when the area near the electrode is
examined. This phenomenon is also seen in Fig. 2, at both ends of
the plot. Therefore, the limit value for U is adopted here as the

ohmic potential loss estimate at the electrodes and
U,e =

re
ie .
4b

(4)

2.4. Full cell ohmic loss estimate
The full 0D ohmic loss estimate is a sum of the terms in the bulk
and near both of the electrodes, and is a linear function of iWE , as
given in (5) and (6).
U = iWE K , where



K =

rWE
b

rWE l
1
1
+ −
A
4
4 kA

(5)


.

(6)

The formulation of (5) and (6) is clariﬁed in Appendix A (Section
A.3), however, for the formulation of the U term, one should see
also [40].
2.5. Comparison of the 0D estimate and the 3D model
The 0D estimate for the cell ohmic loss (5) is compared against
the 3D estimate in Fig. 5. For the 3D estimate, the plotted value is the
potential difference between the electrodes. The 0D estimate does
overestimate the cell ohmic loss slightly, presumably because the
electrodes are not inﬁnitely far apart, which was assumed when
formulating (4). In Fig. 5(a), the estimate error, calculated as the
difference between the 3D estimate and the 0D estimate, is from
−3 mV to −4 mV, when the cell length is above 3 cm. In Fig. 5(b) the
error is from 2 mV to −4 mV over the whole simulation range and
in Fig. 5(c) the maximum error is −14 mV. Therefore, the 0D and
3D estimates can be observed to match rather well when the cell
length is above 3 cm. For comparison, the estimate for ohmic loss
in the main electrolyte bulk only, U,b , as well as the sum of the
estimates near the electrodes, U,WE + U,CE , are also shown. It is
clear that neither of these alone would be a satisfactory estimate.
The 0D estimate can be observed to correspond sufﬁciently well
with the 3D model when the cell length is above 3 cm.
No separate validation of the 3D model against an experimental apparatus could be made by the authors. It is presumed, that
when the 0D estimate obtained by using the 3D model is utilized in
the electrolysis cell model (described next), the quality of the ﬁnal
modeling results also express the quality of the 0D estimate and 3D
model, correspondingly.
3. The cell model
The equations that are used to construct the electrolysis cell
model are described next. The chemical system and the electrode
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3.2. The metal–electrolyte interface
The current density, ie , that is associated to the charge transfer
reaction taking place at the electrode e, is obtained with the BV
equation
ie = i0,e (aa,e ek˛a,e e − ac,e e−k˛c,e e ).

(8)

In (8), i0,e is the exchange current density (A/m2 ) of the reaction
at electrode e. The activity of the reactant involved in the reaction towards the anodic direction is denoted by aa,e and similarly,
towards the cathodic direction by ac,e (dimensionless).
The activity of the copper metal face is taken as equal to unity,
i.e., aa,e = 1 and, therefore, omitted from the model. The activity of
the Cu2+ ion ac,e , is approximated with the following data-based
correlation equation [21].
ac,e ≈

cCu,e

cCu,e + c lim

0
cCu

0 + c lim
cCu

−0.5554
(9)

In (9), cCu,e is the Cu2+ ion concentration (mol/m3 ) at the electrode,
0 is the reference concentration of copper, 1000 mol/m3 , and c lim
cCu
a limit concentration below which the solution is considered dilute,
3.5 mol/m3 [21]. For simplicity, the symbol c for the cathodic reaction is omitted and the activity of the Cu2+ ion is denoted by only
ae .
The e in (8) are overpotential terms (V) on the corresponding
electrode interfaces, obtained as
e = e − eq,e .

Fig. 5. Effect of (a) the cell length (l ), (b) the cell cross-sectional area (A = W × D)
and (c) the set electrode current density (iset ) on the ohmic loss estimate. Also the
values obtained by using U,b (3) and U,WE + U,CE (4) are plotted to illustrate
the effect of each term. In Figs. (a) and (b), the boundary condition current density
is set to 200 A/m2 and in Fig. (c) the cell length is 0.1 m and cross-sectional area
8.5 × 10−4 m2 .

The potential differences eq,e and e in (10) are considered
in respect to the reference point given by the standard hydrogen
electrode (SHE), i.e., eq,e = eq,e − SHE and e = e − SHE .
This enables coupling the electrochemical potential steps with the
electric potentials,  (V), observed in the system. The equilibrium
potential e,eq (V) is evaluated upon the Nernst equation

+ k−1 ln(ae ).
eq,e = eq

processes are discussed ﬁrst, in Sections 3.1 and 3.2, followed by the
mass transfer system in Section 3.3. The potential components and
the cell current are discussed together in Section 3.4. The shortcomings and errors in the model are discussed separately in the
discussion part, in Section 7.

3.1. The Cu redox reaction current
The electrolysis cell consists of the plated copper metal cathode and the dissolving copper metal anode, connected to each
other by the cell power source and immersed in the electrolyte.
The copper reduction and oxidation (redox) reactions taking place
on the electrode surfaces are simpliﬁed into one reaction given
in (7).
nc

Cu2+ (aq) + 2e− Cu(s),
na


eq
= +0.34 V,

(7)

(10)

(11)


eq

is the standard potential of reaction (7) (+0.34 V). k
In (11),
is a shorthand for zCu F/RT , (V−1 ), where R is the ideal gas constant
(8.3145 J/mol K) and T the temperature (K).
Finally, in Eq. (8), ˛e,a and ˛e,c are the apparent transfer coefﬁcients of the charge transfer reactions on electrode e for the anodic
(a) and cathodic (c) reactions, correspondingly (dimensionless).
Noting that both electrodes are of the same material and
immersed in the same electrolyte, the following simpliﬁcations to
the system are made to clarify notation and to reduce the number
of model parameters. The exchange currents densities of the reactions at both electrodes are assumed equal, i.e., iWE,0 = iCE,0 = i0 .
Similarly, the apparent transfer coefﬁcients are assumed equal
regardless of electrode, i.e., ˛WE,a = ˛CE,a = ˛a and ˛WE,c = ˛CE,c =
˛c . Also the following shorthand notations are deﬁned to simplify further notations: ˇ = ˛a ˛c /(˛a + ˛c ), ˇa = ˛a /(˛a + ˛c ) and
ˇc = ˛c /(˛a + ˛c ).
3.3. The electrolyte domain

The reaction is assumed Faradaic and therefore the (anodic) current density ie (A/m2 ) on electrode e corresponding to the rate
n (mol/m2 /s) of either reaction in (7) is obtained as ie = zCu Fna,e ,
where zCu = 2, F = 96, 485 C/mol and e denotes the electrode in
question. Since voltammetric experiments are used to verify the
model, the notations e = (WE,CE) for the working electrode and the
counter electrode, respectively, are used in this paper to indicate
which electrode is in question.

3.3.1. Mass transfer
Mass balance of the Cu2+ and SO4 2− ions are considered in the
model. The copper redox reactions cause a concentration gradient
in the electrolyte close to the electrode surfaces and, consequently,
mass transfer of these ions arises. Mass transfer is considered to be
dominated by diffusion and migration (12), with the electroneutrality condition valid, i.e.,
zi ci = 0, where ci is the concentration
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(mol/m3 ) of species i.
∂ci
D
= ∇ · Di ∇ ci + zi i Fci ∇ 
RT
∂t

(12)

In (12)Di is the diffusivity (m2 /s) and zSO4 = −2. The diffusivity
values of DCu = 4 × 10−10 m2 /s [20] and DSO4 = 10.65 × 10−10 m2 /s
[41] were chosen.
Convective mass transfer is not considered because (i) no agitation of the electrolyte is applied in the experiments and (ii) natural
convection caused by density variations in the electrolyte are
assumed small due to the short duration of the plating experiments.
Several studies related to the mass transfer effects of convection
have been published, e.g. [37,42–44] and, clearly, convective mass
transfer should be considered separately per case.
The initial distribution of species is assumed uniform all over
the system and equal to the bulk solution conditions, i.e., ci (t =
0) = 500 mol/m3 everywhere. The boundary conditions for (12) on
both electrodes are an insulation condition (zero-ﬂux) for the SO4
species, and a mass ﬂux (13) for the Cu2+ species.
−n · −DCu ∇ cCu − FzCu

DCu
cCu ∇ 
RT

= na,e

(13)

In (13), n denotes the boundary outward normal vector.
3.3.2. The electric ﬁeld
The electric potential  (V) is solved based on the conservation of
charge and coupled to the Nernst–Planck mass transfer system (12).
Conservation of charge is maintained by setting ∇ · i = 0, where
i=F
zi (Di ∇ ci + Fzi Di /R/Tci ∇ ) is the current density (A/m2 )
corresponding to the mass transfer of ions in the electrolyte.
The boundary conditions are given as a ﬁxed potential condition on one electrode boundary, where  = e , and as a current
density condition (14) on the other electrode boundary.
−n · FzCu −DCu ∇ cCu − FzCu

DCu
cCu ∇ 
RT

= ie

(14)

In order to reduce the cell model size, mass transfer and the electric ﬁeld in the bulk electrolyte are not included in the cell model
explicitly. Moreover, the concentration of the species and the solution conductivity are assumed constant in the electrolyte bulk, and
their effects are included to the model indirectly, as discussed in
Sections 2 and 3.4.
3.4. Cell potential and cell current
The electromotive force driving the electrolysis is the cell power
source output voltage, denoted EOUT (V). EOUT is consumed in the
work done on the metal–electrolyte interfaces in order to transfer
charge and mass according to (7), and in the bulk electrolyte to
conduct current through it. The potential loss corresponding to the
work done in the charge transfer reactions is represented by the
electrode overpotentials, denoted WE and CE . The cell ohmic loss
being U (V), the cell voltage can be written as a sum of these three
components (15).
EOUT = WE − CE + U

(15)

The overpotential signs on the electrodes should always be opposite when a current ﬂows and in this case, the counter electrode
overpotential sign is changed to match the direction of the potential difference with the direction of current ﬂow. The contribution
of concentration overpotential is not shown explicitly in (15). However, since the potential of both electrodes is measured versus the
same reference point, the concentration overpotential contribution
is included through the electrode equilibrium potential terms in
(11).

3.4.1. Cell current
The cell current, ICELL (A), can be computed based on the electrode area (Ae , m2 ) and electrode current density (ie ) of either one
of the electrodes; ICELL = Ae ie . Furthermore, since only one current
runs through the cell, it couples the electrode current densities in
proportion to their surface areas as
AWE iWE + ACE iCE = 0.

(16)

Eq. (16) is utilized to derive the expressions for the potential components i and U on the RHS of (15). This is explained next.
3.4.2. Overpotential terms
In the following, it is described how the working electrode overpotential (WE ) is obtained as a function of the cell power source
output EOUT . The full derivation is shown in Appendix A and only
a verbal description of the principles and the resulting equations
for the WE overpotential are given here. The same applies to the
equation for the WE current density (iWE ), which is also introduced
below.
The coupling between WE and EOUT is obtained through the
BV Eq. (8) and the Kirchoff’s laws applied on the cell circuit. The
bi-directional form of (8), however, does not enable solving electrode overpotentials analytically and, therefore, a one-directional
approximation of (8) at each electrode is taken as the starting point.
Eq. (16) is applied next to couple the electrode current densities
(iWE and iCE ) together through the electrode areas, which enables
eliminating iCE from the equation system. Similarly, the voltage
law (15), enables formulating CE as function of WE , and thereby,
enables eliminating CE from the equation system. Second-but-last,
the ohmic loss of potential occurring in the cell (U ) is approximated with the estimate in (5), which gives U as a function of the
cell geometry, the bulk electrolyte conductivity and the working
electrode current density.
The last step is to solve WE from the system, and because U
is estimated with a function of iWE , where iWE is an exponential
function of WE , the Lambert W-function is necessary to solve WE .
The result is a semi-analytical expression for WE , which can be
evaluated numerically.
Due to using the one-directional approximations of the BVequation, the derivation is divided into two parts: (i) the part when
EOUT < 0, Section 3.4.3 and (ii), the part when EOUT > 0, Section
3.4.4. The equations are derived on the working electrode.
Also the working electrode current density equations are ﬁrst
solved on the working electrode separately for the two separate
cases of positive or negative power source output voltage. To
improve the model, however, the two WE electrode current density
estimates that are derived per case, are eventually superimposed
as shown in Section 3.4.5.

3.4.3. WE when EOUT < 0
When the power source output voltage is sufﬁciently negative,
the starting point in the derivation is to approximate the BV Eq. (8)
−
with its one-directional, cathodic part, iWE
−
iWE
≈ −i0 aWE e

−k˛c −

WE

(17)

on the working electrode, and with the one-directional, anodic part,
−
iCE
−
iCE
≈ i0 e

k˛a −

CE

on the counter electrode.

(18)
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The equation for the working electrode overpotential −
, is
WE
then obtained as (19), where kA is the electrode area ratio ACE /AWE .

⎧
W (C1 C2 e−C2 C3 )
−
⎪
⎪
− C3 , where
⎪ WE = −
C2
⎪
⎨
C1 = −ˇa K i0 aWE

C2 = −k˛c
⎪
⎪
⎪
1
⎪
⎩ C3 =

k(˛a + ˛c )

ln

(19)
kA
aWE

− ˇa EOUT

As shown in Section 2, K is a function of the cell geometry and the
bulk electrolyte conductivity and the idea is that K gives the ratio
of the cell ohmic loss and the working electrode current density.
Given that the parameters in (19) are known, the equation yields
the working electrode surface overpotential as a function of the cell
power source output, including the ohmic loss of electric potential
in the electrolyte when a current ﬂows through the cell.
By substituting (19) into (17), also a semi-analytical formulation
for the working electrode current density, at a given cell voltage,
can be obtained. The calculation is clariﬁed in Appendix A (Section
A.2), and the resulting equation is
−
iWE
=−

1
W
kˇK

i0 aWE kˇK

kA
aWE

ˇc

e−kˇEOUT

.

(20)

3.4.4. WE when EOUT > 0
Similar equations as above, in Section 3.4.3, are used during a
positive power source output. The formulation mechanism is identical, but the starting point is different. Now (8) is approximated
+
with its anodic part iWE
+
iWE
≈ i0 e

k˛a +

(21)

WE

+
on the working electrode, and with its cathodic part iCE
+
iCE
≈ −i0 aCE e

−k˛c +

(22)

CE

on the counter electrode.
The equation for the working electrode overpotential is now
obtained as (23).

⎧
W (C1 C2 e−C2 C3 )
⎪
+
=−
− C3 , where
⎪
WE
⎪
C2
⎪
⎪
⎪
⎨
C1 = ˇc K i0 aCE

⎪
C2 = k˛a
⎪
⎪
⎪
⎪
⎪C =
⎩
3

1
ln
k(˛a + ˛c )

− ˇc EOUT

Similarly as above, also the working electrode current density can
be given in a semi-explicit form by substituting (23) into (21). The
+
equation for iWE
becomes
+
=
iWE

1
ˇ
W (i0 aCE kˇK (kA aCE ) a ekˇEOUT ).
aWE kˇK

(24)

3.4.5. Considering the case when EOUT ≈ 0
Because the error in approximating the bi-directional
Butler–Volmer Eq. (8) with one-directional approximates is
greatest when the electrode current densities are near zero,
the current density estimates per side are summed together to
improve the estimates close to zero cell potential. The full estimate
for the working electrode current density then becomes (25).
+
−
iWE = iWE
+ iWE

source output, the working electrode current density is such that
the Cu2+ ion concentrations on the electrodes approach equilibrium.
4. Model implementation
All simulations were carried out using the Comsol Multiphysics
(v3.5a) PDE solver software [45] and a desktop PC (2.4 GHz 2 Quad,
3.24 Gb). Comsol uses the ﬁnite elements method to solve the
partial differential equation systems and standard, second order
Lagrangian shape functions were used in all cases. The models were
solved with the Comsol time-dependent solver, which is based on
the DASPK system [46] and utilizes the UMFPACK direct linear system solver [47].
The 3D cell model contained from 2100 to 8000 elements and
had 12,500 to 16,600◦ of freedom to solve for, depending on the cell
size. The element size was limited to a maximum of 300 m near
the electrode surfaces and it was tested that decreasing the element
size further would not change the results. A single 3D model was
solved in less than a second and scanning for the effect of geometric
parameters took 10–20 s per parameter.
The Nernst–Planck mass transfer system for Cu2+ and SO4 2− ions
coupled with the electric ﬁeld in the vicinity of the electrodes was
conﬁgured as an axially symmetric 2D model. Though smaller than
what would be allowed by the experiment apparatus, the model
domain at each electrode was made wide enough so that no concentration change could be observed at the model boundaries during
the simulations. Approximately 700 elements and 3800◦ of freedom were solved for per electrode. A maximum element length
of 0.1 m on the electrode boundaries was found small enough to
produce consistent results. The coupled 2D + 0D model took ca. 20 s
to solve. It is worth mentioning that comparable results were also
obtained with a coupled 1D + 0D model, which solved in less than
10 s.
The model ﬁles as well as related data are available from the
corresponding author.
5. Experimental

(23)
1
kA aCE

1007

(25)

Eq. (25) is also essentially smooth over the zero cell potential region,
which improves model computability. Furthermore, with this formulation of iWE , the cell current direction is not necessarily always
determined by the cell power source output, but also the concentration overpotential contribution is included. With, e.g., a zero power

To obtain data for model veriﬁcation, cyclic voltammetry (CV)
was carried out in a cell described in Fig. 1. Aqueous CuSO4 in a
concentration of 500 mol/m3 was used as the electrolyte solution in
all tests. The electrolyte was prepared by dissolving analytic grade
copper sulfate (Riedel-de Haen, CuSO4 · 5H2 O) in deionized water
(< 0.2 mS/m) and no electrolyte pretreatment was done. Crosssectioned copper wires with a diameter of 1.0 mm and 1.45 mm,
imbedded in Teﬂon were used as working and counter electrodes.
The electrodes were polished and rinsed with sulfuric acid and
deionized water before each experiment series.
The cell width (W) was constant at 0.5 cm in all tests, but the cell
depth (D) was varied from 1.8 cm to 2.8 cm and the cell length (L)
was varied from 3 cm to 10 cm and to 16 cm, in order to modify the
cell resistance between experiments. In addition, the effect of the
electrode area ratio (kA ) was tested by varying the counter electrode wire diameter from 1.0 mm to 1.45 mm. (This corresponds
to a variation from 1 to 2.1 in the electrode area ratio, which is in
the range of typical PCB manufacturing line operating conditions
[1].) The working electrode diameter was constant at 1.0 mm in all
experiments.
In all experiments, the cell voltage was swept from zero to
−0.5 V and to +0.2 V, with a sweep rate of 50 mV/s, as also shown
in Fig. 6 (EOUT ). The working electrode overpotential was measured
against a Ag/AgCl reference electrode (Sentek) with a KNO3 bridge
electrolyte. All CV experiments were repeated and the results were
found consistent.
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Fig. 6. The cell potential EOUT and the potentials U , WE and CE as estimated
by the model in case S1 .
Table 1
Cell dimensions in the experiments.
Case
S1
M
L
S2

L × D × W (m × m × m)
0.03 × 0.021 × 0.005
0.10 × 0.017 × 0.005
0.16 × 0.017 × 0.005
0.03 × 0.028 × 0.005

AWE (m2 )

Fig. 7. The WE current density estimated by the model (dashed lines) and as measured (solid lines) in cases S1 , M and L. (The cell length, l, changes from 3 cm to 10 cm
and to 16 cm.)

ACE (m2 )
−7

7.85 × 10
7.85 × 10−7
7.85 × 10−7
7.85 × 10−7

1.65 × 10−6
1.65 × 10−6
1.65 × 10−6
7.85 × 10−7

Table 2
The geometric model parameters corresponding to the experiment cases (l = L,
A = D × W , kA = ACE /AWE ).
Case

l (m)

A (m2 )

kA

S1
M
L
S2

0.03
0.10
0.16
0.03

1.05 × 10−4
8.5 × 10−5
8.5 × 10−5
1.4 × 10−4

2.1
2.1
2.1
1.0

The electrolyte conductivity was measured with a conductometer (Consort C533, Consort SK23T Pt electrode) to be 3.35 S/m in
24 ◦ C. A PC-connected data acquisition card (NI PCI 6030E) was
utilized to control and log the voltage signals.
In total, four experiments were conducted with the conditions
detailed in Table 1. The identiﬁer used to refer to each experiment
case is given in the table and the test case S1 was chosen as a
reference case. The model parameters (˛i , i0 ) were ﬁt against the
reference case, whereas the other experiment cases (M, L, S2 ) were
used for model veriﬁcation.
6. Results
The electrolysis cell model geometry was conﬁgured according
to the dimensions measured from the experiment cell (Table 2).
Electrode morphology was considered equal on both electrodes
and, therefore, omitted from the model. The electrodes were
assumed perfectly circular and the geometric areas of the electrodes were used as the electrode areas. The experiment cell length,
L, was used as l and the cell cross-sectional area, W × D as A .
Other model parameters were obtained and conﬁgured as listed in
Table 3.

Case S1 was chosen as the reference case and the electrode
model parameters (˛i , i0 ) were adjusted by trial-and-error to ﬁt
the iWE estimated by the model with the data measured in the
experiment S1 . The parameter values of ˛a = 0.66, ˛c = 0.34 and
i0 = 38 A/m2 were found to sufﬁciently well describe the reference
case data.
During model validation, the estimates produced by the model
were compared to the data from the other experiment cases (M,
L, S2 ), while keeping all other but the geometric parameters in the
model constant. The geometry parameters were changed according
to the experiment conditions, as listed in Table 2. The simulation
results are shown in Figs. 6–10.
Fig. 6 illustrates the electric potential components in the cell
system as estimated by the model in the reference case S1 . The
electrode potentials are calculated with (10) and the electrolyte
ohmic loss with (5). Also the cell power source output (EOUT ) is
given.
Figs. 7 and 8 show the estimate for the WE current density (iWE )
and overpotential (WE ), and the corresponding measured values,
when the cell dimensions are varied. A small difference between the
estimated and measured curve can be consistently observed during
the return part of the cathodic sweep in both ﬁgures. In the reference case, S1 , the estimation error (measured value − estimated
value) for the WE current density (Fig. 7) is between −170 A/m2
and 100 A/m2 . The proportional error is within ±5% of measured
value during 0–10 s of the sweep, but rises up to 40% close to
the 20 s time instant, when the current is small. In the compared
cases, the error is similar but slightly smaller. Analogously to the

Table 3
The electrochemical model parameters
Symbol

Unit

Value

cCu
DCu
DSO4
˛a
˛c
i0
b
T

mol/m3
m2 /s
m2 /s

500
4 × 10−10
10.65 × 10−10
0.66
0.34
38
3.35
25

A/m2
S/m
K

[20]
[41]
ﬁt
ﬁt
ﬁt
meas.

Fig. 8. The WE overpotential estimated by the model (dashed lines) and as measured
(solid lines) in cases S1 , M and L. The ohmic loss in the overpotential measurement
is accounted for in the model. The cell dimensions are varied as indicated by the
experiment case identiﬁers.
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Fig. 11. The output of the numerical function lambertw close to −1/e. The solid line
corresponds to the Lambert W-function behavior but when x < −1/e (dashed line),
the output of the numerical function becomes invalid.
Fig. 9. The WE current density estimated by the model (dashed lines) and as
measured (solid lines) in cases S1 and S2 . (Electrode area ratio, kA , changes from
2.1 to 1.)

current density estimate, also the reference case estimate for the
WE overpotential (Fig. 8) deviates from −5 mV to 20 mV from the
measured value, depending on the sweep time instant. Also the proportional estimation error may rise very high (> 40%) when the
measured overpotential value is small, but remains within ±20%
for the majority of the sweep. Generally, all the estimates are more
accurate during the cathodic sweep than during the anodic sweep.
Figs. 9 and 10 show the same comparison as above, but when
the electrode area ratio (kA ) is varied. Also the results are similar
as above, however, the effect of more than doubling kA is not very
visible.
7. Discussion
In general, the results shown in Figs. 7–10 are decent and let
assume that the presented model structure is applicable in the
examined case. However, since there are several simpliﬁcations and
approximations in the cell model, correcting these would probably
improve the model performance. Furthermore, because the model
structure couples all the cell model subsystems together, it is clear
that an error at any of the sub-models affects the cell model output.
Some of the possible sources for model error are given below.
• No natural convection, evoked by the concentration gradients
during the CV experiments, was considered in the model.
• The Nernst–Planck mass transfer system was developed by applying the Einstein approximation for ionic mobility, which is known
to hold only in dilute solutions [12].

• The diffusivity coefﬁcients for ions are known to be dependent on
the species’ concentration (e.g., [48]) and, in this study, constant
diffusivity values were used.
• Ion pairing of the Cu2+ and SO4 2− ions was not considered, nor
was the hydrolysis of the Cu2+ ions. Instead, the Cu2+ ion concentration in the bulk electrolyte was considered equal to the
calculated total concentration of CuSO4 . Ion pairing and the speciation of CuSO4 has been studied in both aqueous and acidic
media in [48–50].
• Several simpliﬁcations were also made when constructing the 0D
estimate for cell ohmic loss, e.g., a perfectly homogenous electrolyte was assumed.
• The electrode surfaces were assumed perfectly smooth and circular throughout the experiments, which certainly is incorrect on
a microscopic level.
Despite all this, the model functions logically and gives quantitatively reasonable results, when only the three electrode equation
parameters were ﬁtted against data. When comparing the model
estimates with the measured data, the iWE estimates seem to match
the measurement data fairly well on the cathodic side of the sweep.
On the return part of the cathodic sweep, however, the measured
curve is somewhat more linear than the estimated curve. On the
anodic side of the sweep, the match between the estimated and
measured curves is not as good, and the same phenomenon is seen
in the plots for WE also. It is difﬁcult to point out what characteristics in the model or in the experiments might result in the observed
estimation error and further research work is necessary to improve
the model.
7.1. Comment on the Lambert W-function
As pointed out in [25], the Lambert W-function has a singularity
at −1/e (≈−0.368) and its output is complex-valued when the argument is below −1/e. The output of the numerical function used to
evaluate the Lambert W-function in the cell model is shown in 11.
The function output is clearly erroneous when the function argument is below −1/e. Furthermore, it was observed that, presumably
due to differentiation difﬁculties, the model becomes inaccurate if
any of the arguments for the Lambert W-function go very near −1/e.
If any of the argument values go below −1/e, the model typically
works but becomes clearly erroneous. In the presented model, this
aspect is taken into account by formulating the system so that the
arguments for the Lambert W-functions are always greater than
zero.
8. Conclusions

Fig. 10. The WE overpotential estimated by the model (dashed lines) and as
measured (solid lines) in cases S1 and S2 . The ohmic loss in the overpotential measurement is accounted for in the model.

A model structure that enables incorporating the ohmic loss of
potential over the bulk electrolyte to an electrolysis cell model
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was presented. The Lambert W-function was utilized to include
the effects that the ohmic potential drop has on the electrode current densities and overpotentials. A lumped estimate for the cell
ohmic potential loss was created by utilizing a 3D model of the
primary potential distribution in the cell. It was found that the
ohmic loss obtained with the examined 3D model can be fairly
accurately estimated with a scalar function of the cell geometry,
the bulk electrolyte conductivity and the cell current.
The cell model was implemented computationally as a 2D ﬁnite
elements model including the 0D estimate for ohmic loss. The
model was found computationally light, making it feasible for
online control development purposes. Voltammetric experiments
were made in a laboratory-scale electrolysis cell, whose length and
depth can be adjusted as well as measured accurately, and whose
electrodes’ surface shape and area are known. The electrode equation parameters for the cell model were found by ﬁtting the model
output with the data of one reference case measurement. Then the
model was validated against three other measurement cases. The
model estimates were found to match decently with the validation data, especially when the cell potential is negative. However,
because the model includes several simpliﬁcations and approximations, further development work is necessary to reduce the
observed estimation errors. Furthermore, since the experiments
were made with only aqueous CuSO4 as the electrolyte, further
experiments and calibration are needed before the model may be
applied to systems found in the industry, typically containing a
supporting electrolyte.
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The derivation to obtain (19) and (23) begins with dividing the
system into two parts; (i) the part when EOUT < 0 and (ii) that when
EOUT > 0, respectively. Then, one-directional approximations of (8)
for the current density on both the WE and the CE are formed per
part. These approximations are substituted in (16) to couple the
electrode overpotential terms. The CE is expressed by rearranging
(15) and substituted to the equation system. Finally, WE is solved
by noticing that for C1 eC2 x + x + C3 = 0, where C1 , C2 and C3 are real,
scalar constants independent of real, scalar x, the solution can be
obtained as the expression x = −W (C1 C2 e−C2 C3 )/C2 − C3 , where W
is the Lambert W-function.
−
−
Therefore, start by setting iWE = iWE
and iCE = iCE
, given in (17)
and (18), respectively. Substitute these to (16)
WE

+ ACE i0 e

k˛a −

CE

=0

(26)

and solve −
, which yields
WE
−
=
WE

−1
ln
k˛c

kA
aWE

−

kA
aWE

+ ˇa EOUT + ˇa K i0 aWE e

−k˛c −

WE

(29)

,
Rearrange (29) to ﬁt the form C1 eC2 x + x + C3 = 0, with x being −
WE
which gives
−ˇa K i0 aWE e

−k˛c −

WE

+−
+
WE

1
ln
k(˛a +˛c )

kA
aWE

−ˇa EOUT = 0,
(30)

from (30) by using the Lambert W-function. The
and solve −
WE
result is given in (19).
The same operations are done for the case when EOUT > 0, but
the derivation is begun with the approximations given in (21) and
(22).
A.2. WE current density, iWE
By utilizing (19) and (23), iWE can be formulated as a function of
EOUT (and the model parameters, of course). It is obvious that this
function is nonlinear and certainly very different from the standard
exponential form of, e.g., (8).
For example, when EOUT < 0 and WE is approximated with −
,
WE
−
, substituting (19) into (17) yields
and iWE with iWE

⎧
⎪
−k˛c
⎪
⎪
⎪
−
⎪
iWE
= −i0 aWE e
⎪
⎪
⎨

−W (C1 C2 e−C2 C3 )
− C3
C2



, where

C1 = −ˇa K i0 aWE

⎪
⎪
C2 = −k˛c
⎪
⎪
⎪
⎪
⎪
1
⎩C =
3

k(˛a + ˛c )

(31)
kA
aWE

ln

− ˇa EOUT .

Since C2 = −k˛c , (31) can be reformulated as
−C2 C3 )

e−C2 C3 , with

(32)

˛a −
 .
˛c CE

−
iWE
= −i0 aWE

W (C1 C2 e−C2 C3 ) −C2 C3
e
.
C1 C2 e−C2 C3

(33)

The e−C2 C3 terms cancel, whereby,
−
= −i0 aWE
iWE

W (C1 C2 e−C2 C3 )
,and
C1 C2

(34)

substituting C1 , C2 and C3 from (31) (or from (19)) into (34) yields a
−
which, after simpliﬁcation, becomes
semi-explicit formula for iWE
−
iWE
=−

kA
1
W (i0 aWE kˇK
aWE
kˇK

ˇc

e−kˇEOUT ).

(35)

Again, the same operations can be done for the case when EOUT > 0,
by beginning with substituting (21) into (21).
A.3. Cell ohmic loss, U

(27)

and CE = −
, and rearrange (15) to obtain the
Next, set WE = −
WE
CE
expression
−
= −
− EOUT + U
WE
CE

−1
ln
k(˛a + ˛c )

C1 , C2 , C3 given above. Then by the deﬁnition of the Lambert Wfunction (as the inverse of f (x) = xex ), W (x)eW (x) = x, which enables
rewriting (32) as

A.1. WE overpotential, WE

−k˛c −

−
=
WE

−
iWE
= −i0 aWE e−W (C1 C2 e

Appendix A. Equations

−AWE i0 aWE e

. Finally substitute (5) and (28) in (27) and again use the
for −
CE
−
, which yields (29).
approximation (17) for iWE

(28)

Obtaining the ohmic ohmic loss components associated with
each separately considered part of the cell is explained in Section 2.
The full cell ohmic loss estimate is then a sum of these components.
The ohmic loss components are obtained with (4) for the loss close
to the electrodes (U,WE and U,CE ) and with (3) for the main bulk
electrolyte (U,b ). Eq. (4) is obtained based on [40] and Eq. (3) is the
equation for the potential drop in a homogenous resistive media.
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Considering the working electrode and counter electrode as
disks with the radii rWE and rCE and average current densities iWE
and iCE , respectively, (4) for the electrodes becomes
rWE
iWE
4b

U,WE =

(36)

U,CE =

rCE
iCE
4b

(37)

on the counter electrode. Rearranging (16) yields iCE = −kA iWE and
kA rWE , and substituting these into
the deﬁnition of kA gives rCE =
37 yields
U,CE = −

rWE
4b

kA

(38)

iWE .

Eq. (3) can be reformulated similarly into a function of iWE and
2 , we obtain
rWE . Simply by setting AWE = rWE
U,b =

l
2
iWE rWE
.
A b

(39)

Therefore, the sum
2 l
rWE


U = U,b + U,WE + U,CE =

A b

iWE +



−

rWE
4b

kA

iWE = iWE

rWE
iWE
4b

1
1
rWE l
+ −
A
4
4 kA

rWE
b

.

(40)

Solve

WE

− ACE i0 aCE e

CE

= 0.

(41)

+
:
WE

=
+
WE

1
˛c +
ln(kA aCE ) −
 .
˛a CE
k˛a

Set WE =

+
WE

+
CE

− EOUT + U .

=

−k˛c +

+
WE

and CE =

+
,
CE

(42)

and rearrange (15) to obtain
(43)

Substitute (5), (43) and (21) in (42) and rearrange once to get +
WE
as
=
+
WE

1
k˛ +
ln(kA aCE ) + ˇc EOUT − ˇc K i0 e a WE .
k(˛a + ˛c )

(44)

Then rearrange (44) to ﬁt the form C1 eC2 x + x + C3 = 0, with x being
+
:
WE
ˇc K i0 e

k˛a +

WE

+ +
−
WE

1
ln(kA aCE ) − ˇc EOUT = 0.
k(˛a + ˛c )

(45)

Solve +
from (45) by using the Lambert W-function, which yields
WE
(23).
To obtain the expression for iWE (as function of EOUT and the
model parameters), start by substituting (23) into (21):

⎧
⎪
k˛a
⎪
⎪
⎪
+
⎪
iWE
= i0 e
⎪
⎪
⎨

−

W (C1 C2 e−C2 C3 )
− C3
C2



, where

C1 = ˇc K i0 aCE

⎪
⎪
C2 = k˛a
⎪
⎪
⎪
⎪
⎪
⎩ C3 =

1
ln
k(˛a + ˛c )

(46)
1
kA aCE

−C2 C3 )

e−C2 C3

(47)

and further to
−W (C1 C2 e−C2 C3 ) −C2 C3
e
.
C1 C2 e−C2 C3

(48)

Canceling the e−C2 C3 terms yields
+
iWE
= i0

−W (C1 C2 e−C2 C3 )
.
C1 C2

(49)

Substituting the C1 , C2 and C3 from (46) (or from (23)) into (49)
yields
+
=
iWE

1
ˇ
W (i0 aCE kˇK (kA aCE ) a ekˇEOUT ).
aCE kˇK

(50)

A.5. iWE when EOUT ≈ 0
In (25), the working electrode current density is given as the sum
+
−
and iWE
). By substituting
of the one-directional components (iWE
(35) and (50) into (25) and taking 1/(kˇK ) out as common factor,
we obtain
1
kˇK

1
ˇ
W (i0 aCE kˇK (kA aCE ) a ekˇEOUT )
aCE

−W (i0 aWE kˇK (kA /aWE ) c e−kˇEOUT ) .
ˇ

(51)
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Start by setting iWE = iWE
and iCE = iCE
, given in (21) and (22),
respectively. Substitute these to (16) to get
k˛a +

+
= i0 e−W (C1 C2 e
iWE

iWE =



A.4. The equations when EOUT > 0

AWE i0 e

Using the same mechanism as in Section A.2, (46) is rearranged to

+
= i0
iWE

on the working electrode and
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