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1. Introduction

The inability to obtain direct measurements regarding phenomena of
interest has inconvenienced scientist throughout the ages. In an ideal
world, the neuroscientist would monitor brain activity by drilling sensors
directly onto the cerebral cortex, the electrical engineer would receive
radio signals without any interference, and the cosmologist would obtain
measurements beyond the event horizon of a black hole. Unfortunately,
such scenarios are beyond our current technological capabilities. Instead,
we more often than not are constrained to observe messy mixtures of proxy
variables containing both the phenomena of interest and undesired noise.

Blind source separation is a discipline that focuses on techniques that aim
to untangle these messy mixtures. The premise is that we are capable of
observing only mixtures of some sources of interest. The objective in blind
source separation is to reverse the effects of a mixing system, f, and recover
a latent source process of interest, z1,z2, . . . ,zT . We are blind in the sense
that we usually have little information concerning the mixing system
and the latent sources — the modeling is based solely on information
contained in the observable process x1,x2, . . . ,xT . An illustrative blind
source separation model is given in Figure 1.1. In the figure, a three-
variate process {zt}t∈T enters a mixing system f at time t and produces an
observation xt = f◦zt.

z(1)
t

z(2)
t

z(3)
t

Latent
sources

f x(2)
t

x(1)
t

x(3)
t

Observable
signals

Mixing
system

Figure 1.1. A three-variate blind source separation model at time t.
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Introduction

The term blind source separation is often associated with time series
analysis. Indeed, several applications, for example, in medicine, signal
processing, and finance, involve data sets that have underlying serial
dependencies. Blind source separation techniques are frequently applied
in all of the aforementioned fields, see the book Comon and Jutten (2010)
for a wide collection of different applications.

Recent technological advances have sparked the genesis of statistical
procedures designed for non-standard data structures. It turns out, that
the classical real-valued multivariate approach is not sufficient from the
viewpoint of several modern applications. In this dissertation, we extend
the classical framework into two general directions. Firstly, we allow our
random variables of interest to take values beyond the real line, in par-
ticular, we consider complex-valued variables. Secondly, we extend the
multivariate setting into a multidimensional setting, that is, we consider
tensors instead of matrices. Naturally, some applications call for simul-
taneous extensions into both directions, for example, in the publication
Lietzén et al. (2017), we consider complex-valued tensors.

When faced with exotic data structures, the inadvisable approach is
to simply transform the problem back to a more familiar data format
and ignore the underlying special structure. In particular, converting a
complex-valued blind source separation problem into a real-valued alterna-
tive can lead to lost information, see Adali and Schreier (2014). Moreover,
converting a tensor-valued blind source separation problem into the clas-
sical multivariate framework can greatly increase the number of model
parameters, see Virta et al. (2017). Note that, by taking the special struc-
ture into account, both conversions into the classical case can be performed
correctly. However, the conversions often introduce additional constraints
to the modeling task and classical methodology can rarely be applied with-
out drastic modifications. Consequently, it is usually beneficial to work
with the native format of a given data set.

The general themes and contributions of this dissertation can be divided
into two general categories. The first category contains improvements
with respect to the theory of blind source separation. We provide new
approaches for the multidimensional complex-valued case and consider
related asymptotic behavior. The contributions include, but are not limited
to, extending asymptotic theory to a wider class of processes, providing
new algorithms, and conducting exploratory analysis.

The second category consists of generalizing the theory of a performance
index called minimum distance index. Due to identifiability difficulties,
quantifying the performance of a blind source separation unmixing estima-
tor can be challenging, even in controlled simulation studies. We extend
the applicability of the minimum distance index to the complex-valued non-
square case. In addition, we provide important attributes and properties
for the minimum distance index and consider the limiting behavior.
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Introduction

This dissertation consists of the summary part and seven publications. In
particular, the summary part contains supplementary details that support
the presentation of the publications. The summary part contains five
chapters and is organized as follows. In Chapter 2, we recall important
concepts that enable us to conduct statistical analysis when faced with non-
standard data structures. We consider different blind source separation
models and means to solve them in Chapter 3. Furthermore, in Chapter
3, asymptotic properties are considered for a specific unmixing estimator.
In Chapter 4, we review approaches for measuring the performance of
different unmixing estimators and discuss difficulties related to the task.
The contents of Publications I-VII are summarized in Chapter 5 and the
publications themselves are presented at the end of this dissertation.
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2. Preliminaries

In this chapter, we review some basic definitions and classical functionals
in situations that go beyond the standard real-valued formulation. Further-
more, we recall central limit theorem type results that are also applicable
in the presence of temporal dependency structures.

Several concepts and theorems are presented in a general framework,
whenever the fluency is not drastically affected. The most general situation
considered, from which the specific cases can be derived from, is the case
of rth order complex-valued random tensors. However, to again increase
the fluency, we at times restrict to some specific subspaces.

The following conventions are utilized when considering random vari-
ables taking values in different spaces. We use x, y, z to denote univariate
C-valued variables, the bold x,y,z is used to denote Cd-vectors, X,Y,Z is
used to denote Cd1×d2-matrices and X ,Y ,Z is used to denote Cd1×···×dr -
tensors. Note that, the real-valued counterparts are simply special cases
of the corresponding complex-valued versions. Generic random variables
taking values in some abstract topological space are denoted as X ,Y , Z.
The letter i is exclusively reserved for the imaginary unit.

Throughout this dissertation, let (Ω,F ,F,P) be a common filtered prob-
ability space. For a topological space X, we use B(X) to denote the Borel
sigma-algebra on X, that is, the sigma-algebra generated by the collec-
tion of open sets in X. Let (S,F ) and (S′,F ′) be two measurable spaces.
We refer to F /F ′-measurable functions f : S→S′ simply as measurable
functions.

2.1 Stochastic processes

In this section, we consider properties of X-valued stochastic processes
{Xt}t∈T , where X is some topological space. That is, we have a collection
of random variables Xt :Ω→X, where Xt is used to denote the process at
time t ∈T . The law, i.e., the distribution function of the random variable

13
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Xt is the probability measure PXt on (X,B(X)) defined by

PXt =P [{ω ∈Ω | Xt(ω) ∈ B}] , for B ∈B(X). (2.1.1)

Given a stochastic process {Xt}t∈T and letting t vary, the probability
measures given by Equation (2.1.1) form the so-called one-dimensional
marginal distributions of the corresponding process. The finite dimensional
distributions of a stochastic process {Xt}t∈T is the collection of probability
measures defined as,{

P
[{

Xt1 ∈ B1, . . . , Xtm ∈ Bm
}] | B j ∈B(X) and t j ∈T , ∀ j ≤ m ∈N

}
. (2.1.2)

We say that a stochastic process is strictly stationary, if all of the corre-
sponding marginal distributions are equal and if the finite dimensional
distributions only depend on the lags between the time points t1, . . . , tm.
These conditions can be combined into the following definition of strict
stationarity.

Definition 2.1.1. Let T ∈ {N,Z}. The stochastic process {Xt}t∈T taking
values in some topological space X is strictly stationary if for any positive
integer τ and for any finite subset S ⊂T , we have that,

{Xt+τ : τ ∈ S} has the same distribution as {Xt : τ ∈ S} .

In order to define strict stationarity, not much structure is required
from the underlying space X. Notably, the notion of strict stationarity can
be applied to situations where the processes consist of random variables
without any finite moments, e.g., in the case of heavy-tailed distributions.
However, the concept of weak stationarity is usually not sensible without
some underlying metric space, where the notion of covariance is well
defined.

2.2 Location and scatter statistics

In this section, we consider functionals of location and scatter in the
discrete vectorial complex-valued case.

The concepts of affine invariance and affine equivariance are important
in multivariate statistical analysis. These properties ensure that our
functionals behave predictably when faced with changes in underlying
coordinate systems. Let x be a Cd-valued random vector, where the dimen-
sion parameter d ∈N= {1,2, . . .} is a finite constant. A Cd-valued functional
T is called a location functional if it is affine equivariant in the sense that

T
(
Ax+μ

)=AT (x)+μ,

for all full rank Cd×d-matrices A and for all Cd-vectors μ. Furthermore,
a Cd×d-valued functional S is called a scatter functional if it is affine
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equivariant in the sense that,

S
(
Ax+μ

)=AS (x)AH,

for all full rank Cd×d-matrices A and for all Cd-vectors μ, and where
AH denotes the conjugate transpose of A. Furthermore, a statistic Q
is invariant under the group of transformations G if

Q(g ◦x)=Q(x), for all g ∈G . (2.2.1)

Affine invariance and affine equivariance are usually highly desirable
properties in multivariate testing and estimation, respectively. Note that,
many familiar statistical approaches do not naturally have desired affine
invariance or equivariance properties. However, some statistical proce-
dures can be modified to achieve the desirable properties, see for example
Chakraborty and Chaudhuri (1998); Ilmonen et al. (2012b). The techniques
presented in the aforementioned work have also inspired the approaches
in Lietzén et al. (2017); Virta et al. (2020a). For different functionals of lo-
cation and scatter with different properties, see for example Davies (1987);
Kent and Tyler (1996); Lopuhaä (1989); Tyler (1987).

The so-called M-functionals of location, T, and scatter, V, form a family
of widely applied location and scatter functionals. They are defined as the
simultaneous solutions for the implicit equations,

T(x)= (E [w1 (r)])−1E [w1 (r)x]

V(x)= E

[
w2 (r) (x−T (x)) (x−T (x))H

]
,

where w1 and w2 are real-valued nonnegative continuous functions of the
Mahalanobis distance r =

∥∥[V(x)]−1/2(x−T(x))
∥∥

2, such that [V(x)]−1/2 is con-
jugate symmetric and ‖ · ‖2 is the Euclidean norm. The M-functionals were
originally introduced in Maronna (1976) and they are especially convenient
in the context of robust statistics. Several known robust functionals can be
obtained with specific weight functions.

By setting w1(r) = w2(r) = 1, we obtain the regular covariance matrix
and the mean. The popular Hettmansperger-Randels robust functionals,
Hettmansperger and Randles (2002), are obtained with weight functions
w1(r) = 1/r and w2(r) = d/r2, where d is the dimension of the vector x. In
essence, the Hettmansperger-Randels approach combines the spatial me-
dian with the Tyler’s shape matrix, Tyler (1987). This approach produces
an extremely robust, and affine equivariant, estimation procedure for the
location and scatter parameters. In addition, the Hettmansperger-Randels
approach has the advantage of being easily implementable and the statis-
tical properties are well-known under several models, see Hettmansperger
and Randles (2002); Tyler (1987) for further discussion.

When faced with stochastic processes, we require tools to measure the
strength of temporal dependency structures. Let {xt}t∈N be a collection of
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random variables xt :Ω→Cd. The (unsymmetrized) autocovariance matrix
at time t with lag τ ∈ {0}∪N for the stochastic process {xt}t∈N is defined as,

S̈τ(xt)= E

[(
xt −μt

)(
xt+τ−μt+τ

)H
]

, where μt = E[xt]. (2.2.2)

Again, the regular covariance matrix is obtained with τ = 0. The notion
of the traditional autocovariance is, usually, not sensible without the
existence of at least the first two moments. We use x(k)

t to denote the kth
component at time point t. That is, x(k)

t =prk ◦xt, where prk is a projection
to the kth complex coordinate. In the context of stochastic processes, we
refer to the univariate process {x(k)

t }t∈N as the kth component of {xt}t∈N. We
say that the stochastic process {xt}t∈N is square-integrable, if for every t ∈N

and for every k ∈ {1,2, . . . ,d}, we have that,

E

[∣∣x(k)
t
∣∣2]<+∞.

With the established notion of autocovariance, we can define the concept of
weak stationarity as follows.

Definition 2.2.1. The Cd-valued process {xt}t∈N is weakly stationary if it
is square-integrable and if for any τ ∈ {0}∪N and for any pair (u,v) ∈N×N,

E [xu]= E [xv] and S̈τ(xu)= S̈τ(xv).

In the literature, there exists alternative definitions for weak stationarity
in the complex-valued case, see Section 2.3 for further discussion.

Determining the autocovariance function of a weakly stationary process
is of paramount interest in time series analysis. The multivariate auto-
covariance function Rxt : {0}∪N→ Cd×d of the weakly stationary process
{xt}t∈N is defined as,

Rxt (τ)= S̈τ(xt),

where the time parameter t can be any natural number.
Occasionally, the so-called symmetrized autocovariance matrix is more

convenient when compared to the unsymmetrized counterpart. The sym-
metrized autocovariance matrix, with lag τ, is defined as,

Sτ(xt)= 1
2

(
S̈τ(xt)+

[
S̈τ(xt)

]H) .

Unlike the unsymmetrized autocovariance matrix, the symmetrized auto-
covariance matrix is conjugate symmetric, that is, Sτ(xt)= [Sτ(xt)]H. The
symmetrized autocovariance matrix has always real-valued diagonal en-
tries and real-valued eigenvalues. Furthermore, the estimation of the
eigenvalues of a conjugate symmetric matrix is often more stable when
compared to estimating eigenvalues from a general complex-valued scatter
matrix.
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One could also define weak stationarity using the symmetrized auto-
covariance matrices. However, the resulting alternative notion of weak
stationarity would be weaker when compared to the usual one given in
Definition 2.2.1. In general, the symmetrization operation can cancel out
time dependencies. Thus, even though the symmetrized autocovariance
matrices have no dependency on the time parameter t, the unsymmetrized
autocovariance matrices can have dependencies on t. Consequently, it is
usually preferable to define weak stationarity using the unsymmetrized
autocovariance matrices.

The assumption of weak stationarity is often more practical from the
viewpoint of applications, when compared to the strict counterpart. The
naming policy between the two modes of stationarity is slightly unfor-
tunate, as weak stationarity requires the existence of second moments,
whereas strict stationarity does not require any moment assumptions.
However, under the existence of second moments, every strictly stationary
process is also weakly stationary.

The family of stationary processes, in both the weak and the strict case,
is considerably wide. For example, a general weakly stationary process
can have very complicated dependency structures involving, e.g, long
memory or heavy-tailed distributions or both properties simultaneously.
Consequently, without additional assumptions, it is usually difficult to
consider, for example, the asymptotic properties of the symmetrized (or
unsymmetrized) autocovariance matrix estimator in the general case. For
further discussion, see Section 2.4.

Robust features can also be beneficial when modeling temporal properties
of time series. In practice, outliers are quite common in time series analysis.
Therefore, it is important to also have robust alternatives for estimating
temporal dependency structures. In particular, time series analysis often
has to deal with one or more of the following: (i) isolated outliers, (ii)
patchy outliers, (iii) level shifts in the mean value, see (Maronna et al.,
2006, Chapter 8). Note that, only a small fraction of, e.g., additive outliers
can render non-robust autocovariance estimators virtually useless. In
some cases, a single additive outlier is enough.

For robust statistics applicable in time series analysis, see Ma and Gen-
ton (2000); Rousseeuw and Croux (1993), which are further studied in the
Gaussian case in Lévy-Leduc et al. (2011). In addition, the so-called multi-
dimensional complex-valued spatial sign autocovariance matrix functional,
Lietzén et al. (2017), can be applied in the vectorial case, resulting in a
(unsymmetrized) robust autocovariance functional defined as,

Ẅτ(xt)= E

[
xt

‖xt‖2

xH
t+τ

‖xt+τ‖2

]
,

where τ ∈ {0}∪N and the stochastic process {xt}t∈N is assumed to be centered
with respect to some robust location functional. As in the case of regular
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autocovariance functionals, it is often beneficial to symmetrize Ẅ, resulting
in,

Wτ(xt)= 1
2

(
Ẅτ(xt)+

[
Ẅτ(xt)

]H) .

For the more general multidimensional formulation of Wτ, see Section 2.5.

2.3 Gaussian distributions and second order statistics

In this section, we consider multivariate Gaussian distributions from a
non-standard viewpoint. In addition, we provide connections between the
classical real-valued covariance matrix and hypercomplex alternatives.

In statistics, Gaussian distributions are often also referred to as normal
distributions. The term normal distribution arises from the belief of it
being the most universal distribution suited for many different applications.
Even though Gaussian distributions are not sufficient for many modern
statistical applications, they still are of paramount importance in both
applied and theoretical statistics.

A Rd-valued random vector x= (x1, x2, . . . , xd) is called Gaussian, if for all
vectors a= (a1,a2, . . . ,ad) ∈ Rd the characteristic function φ of the random
variable,

a�x=
d∑

k=1

akxk, (2.3.1)

has the form φ(θ)= E[exp(iθa�x)]= exp(iθμ− 1
2σ

2θ2), for some μ ∈R and some
finite σ≥ 0.

A special property of a real-valued Gaussian vector x is that it can be
fully characterized by the mean vector μ ∈ Rd and the covariance matrix
Σ ∈ Rd×d. However, this special property does not directly translate for
complex-valued Gaussian vectors. It turns out, that the mean vector and
the covariance matrix are not enough to fully characterize a complex-
valued Gaussian vector. Moreover, the problem remains when considering
Gaussianity in some hypercomplex number system. A particularly interest-
ing hypercomplex number system is the set of quaternions. Motivated by
increasing interest and recent advances in quaternion valued blind source
separation, see for example Xiang et al. (2018), we present the following
theory for quaternion-valued random vectors.

We begin by recalling some basic properties of quaternions. We denote
the set of quaternions as H. Every quaternion q ∈H can be expressed as,

q = a+bi+ c j+dk,

such that a,b, c,d ∈R and i, j,k are imaginary units. Multiplication of the
three imaginary units is presented in Table 2.1. The elements of Table 2.1
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are obtained by multiplying a row element with a corresponding column
element. Inspection of Table 2.1 reveals that the product between two
quaternions q1, q2 ∈H is not necessarily commutative, that is, q1q2 �= q2q1

in general.

Table 2.1. Quaternion multiplication table.

1 i j k

1 1 i j k

i i -1 k -j

j j -k -1 i

k k j -i -1

We next define the concepts of complete conjugation and so-called α-
conjugation. Let q = a+ bi+ c j+dk ∈H. The complete conjugate operator
(·)∗ is defined as,

q∗ = a−bi− c j−dk.

The α-conjugation, α ∈ {i, j,k}, operator (·)∗α is defined as,

q∗i = a−bi+ c j+dk,

q∗ j = a+bi− c j+dk,

q∗k = a+bi+ c j−dk.

Thus, the α-conjugation can be achieved by simply swapping the sign
of the corresponding imaginary part. Essentially, the α-conjugation is a
combination of complete conjugation and an algebraic operation called
quaternion-involution, see Ell and Sangwine (2007) for additional details.
Given a quaternion q = a+bi+ c j+dk, the operator Re gives the real part
of the corresponding quaternion, i.e., Re(q)= a. Similarly, the operator Imα

gives the α-imaginary part, where α ∈ {i, j,k}.
For Hd-valued vectors q=a+ ib+ jc+ kd, where a,b,c,d ∈Rd, the (com-

plete) conjugate transpose is defined as qH = (q∗)�, that is, the conjugation
is taken elementwise and the regular transpose operator is applied. Like-
wise, the α-conjugate transpose is defined as qHα = (q∗α)�. Note that the
order of the conjugation and transpose operations can be exchanged. One
has to be extra careful when dealing with quaternion algebra, for example,
for matrices A,B ∈Hd×d we have that (AB)� �=B�A� in general. However,
the useful relation (AB)H =BHAH holds true for both the conjugate trans-
pose and the α-conjugate transposes. For a set of basic quaternion matrix
algebra rules, see (Took et al., 2011, Appendix A.2).
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We denote the expected value of q as μq, which is given by,

μq = E
[
q
]= E [a]+ iE

[
b
]+ jE [c]+kE

[
d
]
.

Thus, due to the linearity of the expectation, the quaternion expectation
reduces to standard real-valued integration theory. Let q1,q2 ∈Hd. The
quaternion covariance matrix Σq1q2

and the quaternion α-covariance ma-
trices Σ(α)

q1q2
, α ∈ {i, j,k}, are defined as follows,

Σq1q2
= E

[(
q1 −μq1

)(
q2 −μq2

)H
]
, Σ(α)

q1q2
= E

[(
q1 −μq1

)(
q2 −μq2

)Hα

]
,

such that Σq1
is used to denote Σq1q1

. For real-valued random vectors
x1,x2, the matrices Σx1x2 and Σ(α)

x1x2 are both always equal to the classical
covariance matrix.

We say that a Hd-valued vector q = a+ ib+ jc+ kd is Gaussian if the
concatenated R4d-valued vector v= (a,b,c,d) is Gaussian in the classical
real-valued sense, recall Equation (2.3.1). Hereby, in order to fully char-
acterize the Gaussian vector q, we require enough statistics from q in
order to uniquely determine the mean vector μv and covariance matrix Σv.
Firstly, note that if either one of the mean vectors μq or μv is known, it is
straightforward to construct the other by simply stacking/unstacking the
real- and the three imaginary parts. Secondly, note that the covariance
matrix Σv has the following block structure,

Σv =

⎛
⎜⎜⎜⎜⎜⎝

Σa Σab Σac Σad

Σ�
ab Σb Σbc Σbd

Σ�
ac Σ�

bc Σc Σcd

Σ�
ad Σ�

bd Σ�
cd Σd

⎞
⎟⎟⎟⎟⎟⎠ ∈R4d×4d.

Provided that Σv is known, some algebra gives us that,

Σq = (Σa+Σb+Σc+Σd)+ i
(
Σ�

ab−Σab+Σ�
cd−Σcd

)+
j
(
Σ�

ac−Σac−Σ�
bd+Σbd

)+k
(
Σ�

ad−Σad+Σ�
bc−Σbc

)
,

Σ(i)
q = (Σa+Σb−Σc−Σd)+ i

(
Σ�

ab−Σab−Σ�
cd+Σcd

)+
j
(
Σ�

ac+Σac−Σ�
bd−Σbd

)+k
(
Σ�

ad+Σad+Σ�
bc+Σbc

)
,

Σ
( j)
q = (Σa−Σb+Σc−Σd)+ i

(
Σ�

ab+Σab+Σ�
cd+Σcd

)+
j
(
Σ�

ac−Σac+Σ�
bd−Σbd

)+k
(
Σ�

ad+Σad−Σ�
bc−Σbc

)
,

Σ(k)
q = (Σa−Σb−Σc+Σd)+ i

(
Σ�

ab+Σab−Σ�
cd−Σcd

)+
j
(
Σ�

ac+Σac+Σ�
bd+Σbd

)+k
(
Σ�

ad−Σad−Σ�
bc+Σbc

)
.

(2.3.2)

Thus, the covariance matrix and the three α-covariance matrices of q can
be uniquely determined, if the matrix Σv is known. On the other hand,
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Equation (2.3.2) illustrates that the covariance matrix Σq is not enough to
uniquely determine the real-valued covariance matrix Σv. The knowledge
of Σq provides four matrix equations, one from the real part and three
from the imaginary parts, while the matrix Σv contains ten free parameter
matrices.

Provided that Σq,Σ(i)
q ,Σ( j)

q and Σ(k)
q are known, some algebra gives us that,

Σa = 1
4
Re
(
Σq+Σ(i)

q +Σ
( j)
q +Σ(k)

q

)
, Σb = 1

4
Re
(
Σq+Σ(i)

q −Σ
( j)
q −Σ(k)

q

)
,

Σc = 1
4
Re
(
Σq−Σ(i)

q +Σ
( j)
q −Σ(k)

q

)
, Σd = 1

4
Re
(
Σq−Σ(i)

q −Σ
( j)
q +Σ(k)

q

)
,

Σab = 1
4
Imi

(
−Σq−Σ(i)

q +Σ
( j)
q +Σ(k)

q

)
, Σcd = 1

4
Imi

(
−Σq+Σ(i)

q +Σ
( j)
q −Σ(k)

q

)
,

Σac = 1
4
Im j

(
−Σq+Σ(i)

q −Σ
( j)
q +Σ(k)

q

)
, Σbd = 1

4
Im j

(
Σq−Σ(i)

q −Σ
( j)
q +Σ(k)

q

)
,

Σbc = 1
4
Imk

(
−Σq+Σ(i)

q −Σ
( j)
q +Σ(k)

q

)
, Σad = 1

4
Imk

(
−Σq+Σ(i)

q +Σ
( j)
q −Σ(k)

q

)
.

Using our approach, all of the four matrices Σq,Σ(i)
q ,Σ( j)

q and Σ(k)
q are re-

quired to determine the block-diagonal elements of Σv — the real-parts
give four equations to determine Σa,Σb,Σc and Σd. Hereby, in order to
uniquely characterize a quaternion-valued Gaussian vector, five param-
eters are required, μq,Σq,Σ(i)

q ,Σ( j)
q and Σ(k)

q . Note that, there exists other
choices besides the covariance and three α-covariance matrices for deter-
mining Σv. For additional discussion regarding the choice of sufficient
second order statistics, see for example Took and Mandic (2011).

The presented approach is not limited to Gaussian random vectors. The
same approach can be applied to determine the relationship between the
second order statistics of a quaternion-valued vector and a corresponding
concatenated real-valued vector. Hereby, using similar techniques, many
familiar statistical methodologies involving second order statistics, e.g,
central limit theorem type results, can be straightforwardly applied for
suitable hypercomplex number systems. For more details on hypercomplex
number systems, see for example the book Kantor and Solodovnikov (1989).

In the literature, complex-valued Gaussian vectors are common and they
are sometimes erroneously characterized by only the mean vector and the
conjugate symmetric covariance matrix. The following example explicitly
demonstrates why this is not sufficient, without additional assumptions,
for a unique characterization.

Example 2.3.1. Let a,b, c,d be real-valued mutually independent Gaus-
sian variables with mean zero and variance σ2. Consider the following two
C2 Gaussian vectors,

x=
(

a+ ib

c+ id

)
and y=

(
a+ ic

c+ ia

)
.
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Both x and y have the following diagonal covariance matrix,

E

[
xxH

]
= E

[
yyH

]
=
(

2σ2 0

0 2σ2

)
.

Clearly, the vector y does not have independent components. This is
revealed either by examining the covariance structure of the concatenated
vector containing the real and imaginary parts of y or by examining the
following relation matrices,

E
[
xx�]=

(
0 0

0 0

)
, E

[
yy�]=

(
0 2iσ2

2iσ2 0

)
.

Hereby, the mean and the covariance matrix are not sufficient to uniquely
characterize a complex-valued Gaussian vector.

Example 2.3.1 also demonstrates that one should be careful when consid-
ering independence in hypercomplex number systems. Indeed, a complex-
valued Gaussian vector with a diagonal covariance matrix does not neces-
sarily have independent components.

In the case of Cd-valued stochastic processes {xt}t∈N = {at + ibt}t∈N, Ex-
ample 2.3.1 demonstrates that the notion of weak stationarity given in
Definition 2.2.1 does not guarantee that the concatenated R2d vector is
weakly stationary. Similar issues arise in classical multivariate time series
analysis, where interdepencies between different components need to be
considered, see (Brockwell and Davis, 2012, Chapter 7). However, the
notion of weak stationarity given in Definition 2.2.1 can be useful in, for
example, complex-valued blind source separation when as little as possible
is assumed regarding the relationship between the real- and imaginary
part of a specific component. Consequently, concatenating the vector in
Definition 2.2.1 into a real-valued long vector leads to an alternative notion
of weak stationarity for pairs of observations.

2.4 Limiting theorems and serial dependency

In this section, we recall essential limiting theorems and the concepts
of short- and long memory processes. The results in this section are
considered for real-valued processes. The techniques introduced in Section
2.3 allow us to straightforwardly apply these real-valued results also in
the complex-valued case.

Stochastic processes can be divided into classes according to the strength
of the underlying serial dependence. In many cases, division into only
two classes, short memory and long memory processes, is too rough. In
the literature, the division is often tailored to fit a specific application of
interest. Consequently, there exists several varying definitions for short-
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and long memory and also numerous other concepts for other types of
memory, see for example Beran et al. (2013); Heyde (2002); Samorodnitsky
(2007). The missing unified terminology is also explained by the rela-
tive youth of the study on long memory processes. Related topics were
brought to the attention of a wider audience only in the early 1990s, for
advances up until that, see Beran et al. (2013) and the references therein.
Nowadays, long memory processes are considered to be very important
and they are encountered in several areas such as finance, Niu and Wang
(2013), econometrics, Robinson (2003), and DNA sequencing, Karmeshu
and Krishnamachari (2004).

In the context of weakly stationary processes, it is customary to define
short- and long memory processes via asymptotic properties of the au-
tocovariance function. Note that, short- and long memory can also be
considered in more general situations, in particular, when second-moments
do not exists and when the process of interest is not stationary, see (Be-
ran et al., 2013, Chapter 1). Our definitions for short- and long memory
processes follow the approach given in (Samorodnitsky, 2007, Chapter 5).

Definition 2.4.1. Let {xt}t∈N be a weakly stationary R-valued process with
an autocovariance function rxt .

1. The process {xt}t∈N has short memory, if
∞∑
τ=1

∣∣rxt (τ)
∣∣<+∞.

2. The process {xt}t∈N has long memory, if

lim
τ→∞

τ2−2H rxt (τ)
L(τ)

= 1,

where H ∈ [1/2,1) and L is a slowly varying at infinity function.

We say that a measurable function L : (0,+∞) → R is slowly varying at
infinity (in Karamata’s sense) if for any a > 0 we have that L(ax)/L(x)→ 1
as x →∞.

Note that, Definition 2.4.1 is incomplete in the sense that there exists
processes that fit into neither of the two categories. In particular, the class
of long memory processes would be too wide for our purposes, if the set of
long memory processes was defined to simply be the complement of the
set of short memory processes. Furthermore, as in Definition 2.4.1, it is
usually beneficial to consider memory in the univariate case. In general, a
multivariate process can be a combination of components that have short
memory, long memory and, under our definition, undetermined memory.

For simplicity, the slowly varying function is occasionally omitted from
Definition 2.4.1. In our work, we have also streamlined the presentation
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by omitting the slowly varying function. This reduces the second category
of Definition 2.4.1 into:

lim
τ→∞τ2−2H rxt (τ)= C,

for some H ∈ [1/2,1) and C ∈ (0,∞). However, one can verify that all of
our presented results for long memory processes remain also true in the
general case, where the slowly varying functions are included.

We next recall the classical central limit theorem for independent and
identically distributed (i.i.d.) random vectors. Let x1,x2, . . . , be a sequence
of i.i.d. square integrable Rd-vectors with mean μx and covariance Σx.
Then,

1�
n

n∑
j=1

(
x j −μx

) D−−−−→
n→∞ x∼Nd(0,Σx), (2.4.1)

where D−→ denotes convergence in distribution. The classical central limit
theorem is still a popular tool in modern time series analysis. It can be
applied in some very specific situations, for example, in situations where
the stochastic processes of interest are linear processes.

Once we move into the world of serial dependencies, it is usually not
feasible to consider limiting behavior under general settings. When faced
with complicated dependency structures, it can be difficult to obtain central
limit theorem type results. Moreover,

�
n-consistency and asymptotic nor-

mality are concepts that one should not take for granted when considering
limiting behavior of processes with complicated dependency structures.

Different central limit theorem type results are usually derived for spe-
cific situations using the special structure available. For example, limiting
behavior under strong mixing conditions have been widely studied in the
literature, see for example Merleváde and Peligrad (2000); Rosenblatt
(1956). Furthermore, in some cases the dependency is weak enough in the
sense that techniques closely related to the classical central limit theorem
can be utilized, e.g., in the case of m-dependent random variables, see
Berk (1973). However, in practice, it is usually difficult to verify whether,
for example, the strong mixing conditions hold for a specific data set of
interest.

We approach the problem of finding more general central limit theorem
type results through so-called Gaussian subordinated processes. A R-
valued Gaussian subordinated process {xt}t∈N is a weakly stationary process
that can expressed in the form,

{xt}t∈N ={ f ◦yt
}

t∈N ,

where {yt}t∈N is a R�-variate Gaussian process and f : R� → R is a mea-
surable function. Gaussian subordinated processes and corresponding
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limiting behavior have been extensively studied in the literature, see Ar-
cones (1994); Bardet and Surgailis (2013); Nourdin et al. (2011). Thanks
to recent advances in Viitasaari and Ilmonen (2020), we are able to uti-
lize the corresponding rich theory on Gaussian subordinated processes to
model a very wide class of weakly stationary processes. We can, under
minor assumptions, obtain the asymptotic distribution of the mean and
autocovariance estimator by utilizing Gaussian subordinated processes.
Namely, we require that the one-dimensional marginal distributions of the
process of interest are equal. Note that, if we allowed the one-dimensional
marginal distributions to vary arbitrarily, considering asymptotic prop-
erties of the mean and autocovariance estimators would usually not be
sensible.

The so-called Hermite ranks are crucial in determining asymptotic prop-
erties of a Gaussian subordinated process. A concept closely related to
Hermite ranks is the notion of Hermite polynomials. The kth Hermite
polynomial Hk is defined as follows,

Hk(x)= (−1)k exp(x2/2)
dk

dxk exp(−x2/2), (2.4.2)

where k ∈ {0}∪N. Equation (2.4.2) is sometimes referred to as the Rodrigues’
formula. Hereby, the first three Hermite polynomials are H0(x)= 1, H1(x)=
x and H2(x) = x2 −1. Furthermore, the set {Hk/

�
k! : k ∈ {0}∪N} forms an

orthonormal basis on the Hilbert-space L 2(R,Py), where Py is the law of
a univariate standard Gaussian variable. Consequently, every function
f ∈L 2(R,Py) can be decomposed as,

f (x)=
∞∑

k=0

akHk(x), (2.4.3)

where ak ∈R for every k.
Let y be a R�-valued Gaussian vector and let f :R� →R be a measurable

function, such that f ◦y is square-integrable. The function f has Hermite
rank q, with respect to y, if

E
[(

f (y)−E
[
f (y)

])
pm

(
y
)]= 0,

for all polynomials pm :R� →R that are of degree m ≤ q−1 and there exists
a polynomial pq of degree q such that

E
[(

f (y)−E
[
f (y)

])
pq
(
y
)] �= 0.

In one-dimensional settings, the Hermite rank q of a function f can also be
understood as the smallest non-negative integer in Equation (2.4.3) such
that aq �= 0.

We next present the multivariate version of the well-known Breuer-Major
Theorem from Breuer and Major (1983).
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Theorem 2.4.2. Let {yt}t∈N be a R�-variate centered stationary Gaussian
process. Let f1, f2, . . . , fd : R� → R be measurable functions that have at
least Hermite rank q ∈N, with respect to {yt}t∈N. Let { f j ◦yt}t∈N be square-
integrable for every j ∈ {1, . . . ,d} and let the series of autocovariances satisfy,

∞∑
τ=0

∣∣∣E[y( j)
1 y(k)

1+τ
]∣∣∣q <+∞, ∀ j,k ∈ {1, . . . ,�}. (2.4.4)

Then, the Rd-sequence,

1�
T

(∑T
t=1
(

f1(yt)−E
[
f1(yt)

]) · · · ∑T
t=1
(

fd(yt)−E
[
fd(yt)

]))�
converges in distribution, as T → ∞, to a centered Gaussian vector ρ =(
ρ1 · · · ρd

)�
with finite convariances E[ρ jρk] equal to,

E[ρ jρk]= S0
[
f j(y1), fk(y1)

]+ ∞∑
τ=1

(
S̈τ

[
f j(y1), fk(y1)

]+ S̈τ

[
fk(y1), f j(y1)

])
.

Here, we use the following notation,

S̈τ[xt, ys]= E [(xt −E[xt]) (ys+τ−E[ys+τ])] .

The given Theorem 2.4.2 can be derived from the classical univariate
Breuer-Major Theorem introduced in Breuer and Major (1983) by using
the usual Cramér-Wold device, see e.g. (Billingsley, 2012, Theorem 29.4).
A similar version of Theorem 2.4.2 can also be found in (Arcones, 1994,
Section 5). In addition, it can be shown that the convergence towards
a Gaussian variable in Theorem 2.4.2 holds also in stronger topologies,
for example, in Wasserstein and Kolmogorov distances, see Nourdin et al.
(2011) for additional details.

Whenever the underlying Gaussian process has a summable autocovari-
ance structure, Theorem 2.4.2 directly gives us asymptotic normality with
the usual

�
T rate of convergence. Already in Theorem 2.4.2, the Hermite

rank of f has an important role. Note that, under suitable Hermite ranks,
Theorem 2.4.2 can also be applied in situations where the underlying
Gaussian process goes beyond the first category of Definition 2.4.1.

Hermite ranks become even more important when considering long mem-
ory processes. Furthermore, in the context of long memory processes, the
rate of convergence for the normalized mean has to be carefully studied.
Given a Gaussian subordinated process with a corresponding Hermite
rank q, the limiting distribution is a so-called q-Hermite distribution. A
q-Hermite distribution can be fully characterized with the corresponding
Hermite rank q and a self-similarity parameter H, i.e., the Hurst index.
The self-similarity parameter H is also important when studying limiting
behavior. In the case of q = 1, we obtain a Gaussian limit, and in the
case q = 2 we obtain the so-called Rosenblatt distribution, which is not
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Gaussian. The seminal work in Rosenblatt (1961) contains some of the
earliest derivations of noncentral limiting theorems where the limiting
distribution is non-Gaussian due to nonsummable autocovariances. In
the case of q ≥ 3, the limiting distribution is again not Gaussian. For
more details on Hermite distributions and processes, see Embrechts and
Maejima (2002); Tudor (2013); Bai and Taqqu (2014).

We next consider a slightly altered version of the widely applied result
given in (Dobrushin and Major, 1979, Theorem 1).

Theorem 2.4.3. Let {yt}t∈N be a R-valued stationary Gaussian process with
an autocovariance function r y, such that r y(0)= 1 and

lim
k→∞

k2−2H r y(k)= C,

for some H ∈ [1/2,1) and some finite constant C > 0. Let f : R → R be a
function, such that { f ◦ yt}t∈N is square integrable and the Hermite rank of f
equals q. If q(2H−2)>−1, then, for some constant Cf ,y > 0, we have that,

Tq(1−H)−1
T∑

t=1

( f (yt)−E [ f (yt)])
D−−−−→

T→∞
Cf ,yZq,

where Zq follows a q-Hermite distribution.

When applying Theorems 2.4.2 and 2.4.3 for autocovariance estimators,
determining the relevant Hermite ranks of interest can be difficult. In gen-
eral, given the knowledge of the Hermite ranks of two functions, one cannot
determine, for example, the Hermite rank of the product between the two
functions. Furthermore, given the knowledge the Hermite rank of f (yt), it
is impossible to determine Hermite ranks of different transformations, for
example, the Hermite rank of g(yt)= [ f (yt)]2 can be smaller, equal or larger
than the Hermite rank of f (yt). For a simple demonstration of Hermite
ranks under different transformations, see (Viitasaari and Ilmonen, 2020,
Section 4).

If we can model the process of interest using a Gaussian process that has
a summable autocovariance structure, that is, Equation 2.4.4 holds with
q = 1, we need not to worry about Hermite ranks. In that case, Theorem
2.4.2 gives us directly the asymptotic normality and the rate of convergence�

T. It turns out, that assuming Hermite rank equal to 1 is a very natural
assumption in many occasions. Furthermore, even small perturbations in
a function with higher Hermite ranks leads back to Hermite rank equal to
1. For further discussion on the assumption and stability of Hermite rank
1, see Viitasaari and Ilmonen (2020); Bai and Taqqu (2014).

Formulating multivariate versions of Theorem 2.4.3 for general setups
is a difficult task. When faced with a multivariate process that does not
have independent components, we cannot determine the limiting distribu-
tion and the rate of convergence without additional information regarding
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(a) Mode-3 (frontal) faces X··k. (b) Mode-3 (tube) vectors xh j·.

Figure 2.1. The mode-3 faces and mode-3 vectors of a three-dimensional tensor.

Hermite ranks. Similar problems also arise when dealing with a process
that has both short- and long memory components that are not mutually
independent. In general, one would have to study the convergence of com-
plicated dependent random vectors towards some combination of Hermite
distributions. To our knowledge, there are no studies in this topic under
a general setting. On some results in special cases, see Bai and Taqqu
(2013).

2.5 Multidimensional statistics

In this section, we shortly recap some basic concepts of multilinear algebra.
We mainly follow the notation and terminology of De Lathauwer et al.
(2000); Kolda and Bader (2009). The corresponding works and references
therein provide an excellent starting point to tensor-valued statistics.

Tensors, also known as multidimensional arrays or hypermatrices, can
be understood as extensions to matrices. Instead of only two indices, the
elements of a general rth order tensor are indexed into r distinct directions.
Note that, matrices are obtained when r = 2 and vectors are obtained when
r = 1.

We denote the elements of a tensor X ∈Cd1×···×dr by,

Xk1,...,kr ∈C such that k j ∈ d j, ∀ j ∈ {1, . . . r},

where r is called the order of the tensor and d j ∈ N = {1,2, . . .} is the jth
dimension. The corresponding tensor X contains a total of ρ =∏r

j=1 d j

elements. Alternatively, we also use X··k and xh j·, whenever we want to
highlight the matrix or vector structure of the lower dimensional object.
In our approach, the dimensions are not required to be of the same size.
Furthermore, a sample of n equally sized tensors of order r can be stored
as a (r + 1)th order tensor. In statistics, the dimension containing the
observations usually has a special role.

28



Preliminaries

A tensor of rth order has a total of r modes, that is, directions from which
we can view it. The different modes are obtained by fixing a single index
and letting the other indices vary. Figure 2.1a demonstrates mode-3 faces
of a three-dimensional tensor. The mode-1 and mode-2 faces would be
obtained by cutting into one of the remaining possible directions. For a
tensor of order r, with dimensions d1, . . . ,dr, we obtain a total of dm mode-m
faces, which are tensors of order r−1 and of size d1×·· ·×dm−1×dm+1×·· ·×dr.

Another prominent way of dividing tensors into lower dimensional ob-
jects is through mode-m vectors. Here, we fix all but one index and let the
corresponding unfixed index vary. Figure 2.1b demonstrates mode-3 vec-
tors of a three-dimensional tensor. For a tensor of order r, with dimensions
d1, . . . ,dr, we obtain a total of ρ/dm mode-m vectors of length dm.

Using the notion of mode-m vectors, we define an algebraic operation
called mode-m multiplication. Let X ∈ Cd1×···×dr and let Am ∈ Cqm×dm for
some fixed m ∈ {1, . . . , r}. The mode-m multiplication ×m between X and
Am is defined elementwise as,

[
X ×m Am

]
j1,..., jr

=
dm∑

km=1

xj1··· jm−1km jm+1··· jr

[
Am

]
jmkm

.

Thus, the mode-m multiplication is obtained by multiplying each mode-m
vector of X from the left by Am and collecting the resulting vector back
into a tensor of rth order. The mode-m multiplications are commutative
and we use the shorthand notation X ×r

m=1 Am =X ×1 A1 ×2 A2 · · ·×r Ar. In
the two-dimensional special case, we obtain X×2

m=1 Am =A1XA�
2 .

We next consider the tensorial version of the multidimensional complex-
valued spatial sign autocovariance matrix functional, Lietzén et al. (2017).
Let {Xt}t∈N be a Cd1×···×dr -process. In this approach, we first vectorize the
tensor of interest into a single long vector, such that xt = vec(Xt). We con-
duct the vectorization in a way that all information regarding the original
tensor structure is retained after the vectorization. Consequently, we can
choose any mode-m vectors and collect the corresponding vectors using,
e.g., the cyclical ordering as in De Lathauwer et al. (2000). Note that, for
traditional autocovariance matrix functionals, the choice of vectorization
would play large role here. For example, in the matrix case (r = 2), the
choice of whether to vectorize according to rows or columns can have a
large impact on any following developments.

The multidimensional complex-valued spatial sign autocovariance matrix
functional is a robust functional that is designed for cases where we do
not have dependence with respect to a single parameter t. Instead, the
dependencies are multidimensional, such that t= (t1, . . . , tr) in the case of
rth order tensors. Consequently, we are in a situation where the time
evolution can differ between the different dimensions. Note that, we
refer to time dependencies for the sake of convenience. The functional
can be applied beyond temporal dependencies, for example, to measure
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multidimensional spatial dependencies.
We then use xt1+τ1,...,tr+τr to denote that the elements corresponding to

the jth dimension in the original tensor Xt are evaluated at time t j +τ j.
Assume further that {Xt}t∈N is centered with respect to some (robust) loca-
tion functional. The (unsymmetrized) multidimensional complex-valued
spatial sign autocovariance matrix functional is then defined as follows,

Ẅτ(xt)= E

[
xt1,...,tr∥∥xt1,...,tr

∥∥
F

xH
t1+τ1,...,tr+τr∥∥xt1+τ1,...,tr+τr

∥∥
F

]
,

where τ = (τ1, . . . ,τr) and τ j ∈ {0}∪N for every j ∈ {1,2, . . . , r}. Similarly as
before, we can then symmetrize Ẅ, resulting in,

Wτ(xt)= 1
2

(
Ẅτ(xt)+

[
Ẅτ(xt)

]H) .

There exists several ways of quantifying the variation of a general rth or-
der tensor. In this dissertation, we utilize the so-called mode-m covariances.
Let X ∈Cd1×···×dr be a centered rth order tensor and denote ρm =∏r

j �=m d j.
The mode-m covariance is defined as,

S(m)
0 (X )= 1

ρm
E

[
X(m)XH

(m)

]
∈Cdm×dm ,

where X(m) is the mode-m face of X . These mode-m covariances are not
directly analogous to the vector-valued counterparts. The direct counter-
part would be a higher order multidimensional object, think of vectors and
covariance matrices. However, these mode-m covariance objects capture
variation in way that is useful from the viewpoint of some applications,
such as, multidimensional blind source separation.

We have not encountered this complex-valued formulation of the mode-m
covariance matrices in the literature. Note that, the real-valued alternative
is achieved by simply replacing the conjugate transpose with a regular
transpose. Considering these complex-valued mode-m covariances might
provide fruitful future prospects.

In the special case of r = 2 we denote X :=X , and the mode-m covariance
matrices have the following form,

S(1)
0
[
X
]= 1

d2
E

[
XXH

]
and S(2)

0
[
X
]= 1

d1
E

[
XHX

]
.

In this special case, we refer to the above as the left covariance matrix
and the right covariance matrix. Note that these mode-m covariances
are not affine equivariant. Instead, they are unitarily equivariant. That
is, Equation (2.2.2) holds only with unitary matrices A. The real valued
counterpart is orthogonally equivariant, which is encountered more often
in the literature. The difficulties obtaining affine equivariant scatter
functionals for multidimensional data is extensively discussed in Virta
et al. (2017).
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In this chapter, we consider blind source separation models, ways to solve
them and identifiability of the solutions. Furthermore, we study the
limiting behavior of so-called unmixing estimators, without making strong
distributional assumptions.

Blind source separation has its roots in the early 1980s. Rapid techno-
logical advancements and the spread of personal computing capabilities
sparked the genesis of blind source separation techniques. Some of the
corresponding mathematical theory is considerably older, dating back to
the advances in linear algebra formulated by Augustin-Louis Cauchy and
Leonhard Euler. The first contributions towards blind source separation in-
clude Bar-Ness et al. (1982); Hérault and Ans (1984); Hérault et al. (1985)
Furthermore, some of the earliest advances were developed within the
neural networks community, see for example Hérault and Jutten (1986).
Ever since then, different blind source separation techniques have been
a cornerstone in machine learning. Blind source separation techniques
are often associated with so-called unsupervised learning. Indeed, in the
early days of blind source separation, the term unsupervised learning was
sometimes used instead of blind source separation. Blind source separa-
tion methods are particularly useful as preprosessing tools. They can be
implemented to reduce some unfeasible multivariate problems to several
more approachable univariate problems, see for example extreme value
index estimation in Virta et al. (2020b).

From the viewpoint of this dissertation, the groundbreaking work was for-
mulated at the turn of 1990s. The fourth-order blind identification (FOBI),
Cardoso (1989), and the algorithm for multiple unknow signals extraction
(AMUSE), Tong et al. (1990), were among the first blind source separation
approaches that take advantage of a technique called joint diagonalization.
This pioneering work was mainly application driven, and only recently,
there has been an increasing interest in more theoretical examination
of the methodologies. In the more theoretical work, the terminology has
shifted towards statistics. In these approaches, the machine learning ter-
minology rarely appears. For example, it is not customary to use the term
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unsupervised learning in the work influenced by mathematical statistics.
Recent theoretical advances include the derivation of the asymptotic

properties for the so-called unmixing estimator in Ilmonen et al. (2010a).
This theory was later extended for time series in Miettinen et al. (2012,
2014). However, much work still remains in the field of blind source
separation. In particular, the asymptotic properties have not received
much attention in situations that go beyond the standard central limit
theorem. In general, it can be difficult to apply central limit theorem type
results, whenever complicated temporal dependencies are present. This
vacuum is something this dissertation seeks to at least partly fill.

3.1 Blind source separation models

A very general version of a classical blind source separation model can be
formulated as follows. Let T be a nonempty indexing set and let {Xt}t∈T

be a stochastic process, such that for every t ∈T we have random variables
Xt : Ω→ V , where V is some topological space. Similarly, let {Zt}t∈T be a
stochastic process, such that for every t ∈ T we have random variables
Zt :Ω→W , where W is some topological space. We say that the stochastic
process {Xt}t∈T follows a blind source separation model, if it satisfies,

Xt = f ◦Zt for every t ∈T , (3.1.1)

where f : W → V is measurable. The goal in blind source separation is,
usually, to reverse the effects of the so-called mixing functional f and to
recover some structure of interest from the process {Zt}t∈T . We refer to
this as the unmixing procedure.

It would be possible to present the Model 3.1.1 in an even more general
manner. Firstly, the indexing sets T and T ′ need not be the same for the
stochastic process {Xt}t∈T and {Zt}t∈T ′ . In such cases, the mixing function
f could contain, for example, dynamic elements involving lag operators. In
this dissertation, the mixing is instantaneous in the sense that the mixing
is applied immediately with the same time index t, which is not necessarily
the case in some applications. Furthermore, we could impose dynamics on
the mixing functional f and allow it vary over time.

Given the nature of the blind source separation problem and Model 3.1.1,
it is natural to assume that the random variables Xt and Zt are defined in
some common probability space. However, it is usually beneficial to allow
the spaces V and W to differ. This allows us to incorporate, for example,
noise terms and location parameters to the model straightforwardly.

In this dissertation, the blind source separation model is considered in
the linear discrete case. That is, the functional f is linear and the indexing
set T is either countable or countably infinite. Consequently, it suffices
to present the models considered in this dissertation by setting T = N.
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Furthermore, the random variables considered in this dissertation satisfy
V ⊂ Cp1×···×pr and W ⊂ Cd1×···×dr . That is, for all t ∈ T , the random Xt and
Zt take values in some complex-valued multidimensional spaces, or in
particular, some corresponding subspaces.

Let {X }t∈N be a stochastic process that consists of Cp1×···×pr -valued ran-
dom tensors and let {Z }t∈N be a stochastic process that consists of Cd1×···×dr -
valued random tensors. Under these new constraints, Model 3.1.1 can be
presented as,

Xt =Zt ×r
m=1 Am, for every t ∈N, (3.1.2)

where Am ∈Cpm×dm and ×m is the mode-m multiplication.
A technique called matricization is a valuable asset in multidimensional

blind source separation. Matricization allows us, under suitable model as-
sumptions, to reduce the tensor-valued model into a matrix-valued model.
Let ρ =∏r

m=1 pm and let X (m) denote the so-called mode-m matricization
of X , such that X (m) is a Cpm×ρ/pm-valued matrix. The mode-m matri-
cization is obtained by stacking the mode-m vectors of X horizontally
into a wide matrix. Note that, the order of the stacked mode-m vectors is
inconsequential on the further developments of this dissertation. We have
chosen to follow the cyclical ordering given in De Lathauwer et al. (2000).
Consequently, we have that

(Xt ×m Am)(m) =AmZ (m)
t (Am+1 ⊗Am+2 ⊗·· ·⊗Ar ⊗A1 ⊗A2 · · ·⊗Am−1)� ,

where ⊗ is the usual Kronecker product. The goal here is to reverse the
effects of every Am by finding an equal amount of so-called unmixing
matrices Γm. In this dissertation, we consider procedures that seek to
obtain the unmixing matrices Γm separately. Thus, we can apply mode-
m matricization for all m ∈ {1, . . . ,d} and solve the corresponding matrix-
valued problems individually. Thus, it suffices to consider the following
matrix-valued blind source separation model,

Xt =A1ZtA2, for every t ∈N,

where Xt and Zt are Cp×q-valued, and A1 ∈Cp×p, A2 ∈Cq×q.

3.2 Model assumptions

In this section, we consider three specific blind source separation models.
A special case of blind source separation is the famous independent com-
ponent analysis. Independent component analysis is a subclass of blind
source separation, where, as the name implies, we assume that the un-
derlying latent components are stochastically independent. Consequently,
the umbrella of blind source separation problems cover also the so-called
independent component problems.
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In order to solve a blind source separation problem and recover the latent
process of interest, we require more assumptions besides the assumptions
of linear mixing and discrete time. The additional assumptions can be
imposed on either the mixing matrices A1,A2 or the latent process {Zt}t∈N.
In our approach, the assumptions are made on the latent process. Recall
the matrix-valued blind source separation model,

Xt =A1ZtA2, for every t ∈N, (3.2.1)

where A1 ∈ Cp×p, A2 ∈ Cq×q, and Xt, Zt are Cp×q-valued. All of the consid-
ered models are special cases of Equation (3.2.1) with specific assumptions.
Furthermore, we use xt, to denote Xt, whenever q = 1.

The following complex-valued blind source separation model is considered
in Lietzén et al. (2020).

Definition 3.2.1 (Temporally uncorrelated components). Let {xt}t∈N be a
Cp-process that satisfies,

xt =A1zt, for every t ∈N,

where A1 ∈ Cp×p is nonsingular. In addition, the latent process {zt}t∈N is
square-integrable and satisfies the following four conditions.

(TUC1) E[zt]=0, for all t ∈N,

(TUC2) S0[zt]= Ip, for all t ∈N,

(TUC3) S̈τ[zt]= Λ̈, for all t,τ ∈N,

(TUC4) ∃τ ∈ N : Sτ[zt] = Λτ = diag
(
λ(1)
τ , . . . ,λ(p)

τ

)
, such that Λτ has finite

decreasing diagonal entries, i.e., +∞>λ(1)
τ > . . .>λ

(p)
τ >−∞.

The underlying model considered in Lietzén et al. (2017) can be seen as
a special case of the model given in Definition 3.2.1. This corresponding
hybrid between tensor- and matrix-valued blind source separation models
was inspired by the work in Theis et al. (2004). The special property
of this hybrid model is that we allow the indexing parameter t to be
multidimensional. That is, the time evolution can differ between the
dimensions. Note that, this hybrid model allows only a single mixing
matrix, even in the multidimensional case.

The conditions of Definition 3.2.1 imply that the latent process {zt}t∈N is
weakly stationary in the sense of Definition 2.2.1. The condition (TUC4)
only requires a single symmetrized autocovariance matrix to be diagonal
with some known lag τ. In practice, it can be challenging to find such a τ

without additional information. Thus, it is usually more safe to implement
this model in situations, where the symmetrized autocovariance matrices
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can be expected to be diagonal with more than a single τ. Furthermore,
the condition (TUC4) excludes any processes that have trivial dependency
structures. Indeed, no sequence of independent vectors z1,z2, . . . can ever
satisfy the (TUC4) condition.

On the contrary, the following model based on independent components
is designed particularly for independent and identically distributed vari-
ables. The following multidimensional independent component model is
considered in Virta et al. (2020a).

Definition 3.2.2 (Independent components). Let X be a Rp×q-matrix that
satisfies,

X=A1ZA2,

where A1, A2 are nonsingular. Let κ1 ∈Rp be the vector of the row means
of the element-wise kurtoses, E[z4

kl]−3, of the elements of Z. Similarly, let
κ2 ∈ Rq be the vector of the column means of the element-wise kurtoses.
Let the latent Z satisfy the following five conditions

(IC1) The elements of Z are stochastically independent,

(IC2) E[vec(Z)]=0,

(IC3) S0[vec(Z)]= Ipq,

(IC4) At most one row and at most one column of Z consists entirely of
Gaussian variables.

(IC5) The multiplicities of the elements of κ1,κ2 are at most ν1,ν2, respec-
tively.

The multidimensional counterpart of the model given in Definition 3.2.2
is obtained straightforwardly. This is done by simply reformulating condi-
tions (IC4) and (IC5) to cover all tensor modes. Note that, this model does
not involve any serial dependencies. However, whenever the model assump-
tions are satisfied, there is nothing that prohibits the usage of this model
whenever serial dependencies are present. Yet, one should be careful, as
many theoretical properties in independent component analysis, such as,
the asymptotic behavior, are customarily derived under assumption of
independent and indentically distributed variables.

The final blind source separation model considered in this dissertation
involves conditional dependency structures. The corresponding model is
considered in Lietzén (2019).

Definition 3.2.3 (Conditionally uncorrelated components). Let {xt}t∈N be
a Rp-process that satisfies,

xt =A1zt, for every t ∈N,

35



Blind source separation

where A1 ∈Rp×p is nonsingular. In addition, let the latent process {zt}t∈N be
F-adapted and square integrable, and satisfy the following three conditions.
We use the notation F= {Ft}t∈N, such that F0 = {�,Ω} and F∞ =F .

(CUC1) P
[{

ω ∈Ω : z1(ω)=0
}]= 1,

(CUC2) E[zt |Ft−1]= zt−1, P-almost surely,

(CUC3) ∃s, t ∈N : E[zsz�
s ]=Λs, E[ztz�

t ]=Λt and Λ̃st =ΛsΛ
−1
t ,

where Λs, Λt ∈Rp×p are diagonal matrices with positive diagonal entries
and Λ̃st is a diagonal matrix with distinct diagonal entries.

The conditions of Definition 3.2.3 imply that the latent process {zt}t∈N is
a martingale. In some cases, we can drop the assumption of stationarity,
whenever there is some other kind of a special structure available. For
example, here, the rich theory on martingales can be utilized. Further-
more, for practical purposes, the condition (CUC3) can be strengthened
by making it also conditional. Slight further modifications would also be
required, as the conditional covariances E[ztzt |Ft−1] are random matrices.

In many cases, the assumption of independent components is unneces-
sarily strict. On the opposite, the assumption of uncorrelated components
tends to be overly weak. The assumption of conditionally uncorrelated com-
ponents has the potential to provide a fruitful middle ground between these
two extremes. Blind source separation, with conditional dependencies, has
not yet received much attention from the scientific community. However,
recently blind source separation type approaches involving conditional
dependency structures have been successfully applied in, for example,
financial econometrics, see Fan et al. (2008).

In this presentation, we have omitted the location parameters from
Equation (3.2.1). After minor modifications, the location parameters could
be included. Under these models, finding and identifying the location
parameters is very straightforward. The main interest usually lies in the
mixing matrices.

3.3 Solutions and identifiability

In this section, we consider solutions for blind source separation problems
and discuss the related identifiability difficulties.

The approaches for solving blind source separation problems can be di-
vided roughly into three categories. The corresponding three categories
can be branded as parametric approaches, semiparametric approaches
and completely blind approaches. In this dissertation, the focus is on the
two latter categories. In the parametric approach, the theory is derived
for some fixed parametric distributions. Whenever we have information
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regarding the distributional structure of the latent components, the para-
metric approach is advisable, as it usually is more powerful when compared
to the non-parametric alternatives. Additionally, we gain access to the
toolkit of maximum likelihood estimation. Furthermore, whenever the
distributional structure of the latent components is fixed, it is usually
straightforward to derive asymptotic properties for some estimator of inter-
est. However, it is often inconvenient to generalize theory based on strong
distributional assumptions to generic settings. Besides the maximum like-
lihood type approaches, the parametric blind source separation contains,
for example, approaches based on Bayesian statistics. The parametric
approaches have received notable attention from the signal processing
community, see Comon and Jutten (2010) and references therein.

We next consider the identifiability of the solutions for the four blind
source separation models given in Definitions 3.2.1 - 3.2.3. The solu-
tions are not fully identifiable in the sense that, depending on the model
assumptions, the solutions are unique only up to some class of linear trans-
formations. Let {Xt}t∈N be a Cp×q-process that satisfies Equation (3.2.1). In
the vector-valued models, containing a single mixing matrix, the goal is
to find a single unmixing functional Γ1 such that the process {Γ1 ◦xt}t∈N
satisfies the properties imposed on the latent process {zt}t∈N. Note that,
the following scenarios also hold for solutions obtained via parametric ap-
proaches, unless, fixing the distributions introduces additional information,
which might result in more accurate identification.

In blind source separation, we often work with model assumptions that
do not allow unique identification of the unmixing functional Γ1. In the
temporally uncorrelated components model of Definition 3.2.1, we have
the following relation between Γ1 and the mixing matrix A1,

Γ1A1 =J=diag
(
exp(iθ1), . . .exp(iθp)

)
, (3.3.1)

where J is a so-called phase-shift matrix. We could eliminate this identifia-
bility issue from the model by introducing additional constraints. We could,
for example, add the following condition to the model: E[zz�] = J̃, where
J̃ is some phase-shift matrix. In this case, Equation (3.3.1) would hold
with some sign-change matrix J. We could also fix the signs uniquely, for
example, by introducing conditions involving third moments, see Ilmonen
et al. (2010a) for further details. However, imposing additional constraints
would limit the applicability of the model. Furthermore, in blind source
separation applications, we often are interested in shapes and structures
that are not dependent on the order, the scale and the complex-phase, see
Tong et al. (1991) for further discussion.

The real-valued conditionally uncorrelated components model of Defini-
tion 3.2.3 contains even more freedom in the relationship between Γ1 and
A1. In this model, we have the following relationship,

Γ1A1 =PJD, (3.3.2)
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where P is a permutation matrix, J is a sign-change matrix and D is a
diagonal matrix with non-negative diagonal entries. Here, the identifi-
ability is unique up to the same class of transformations as in several
independent component analysis approaches. Indeed, when considering
linear transformations, a vector with independent components retains the
independence of its components after we change the order, the scale and/or
the signs of the components.

In the rth order multidimensional version of the model given in Defini-
tion 3.2.2, the goal is to find r unmixing functionals Γ1, . . . ,Γr, such that
Xt ×r

m=1 Γm has independent components, i.e., the elements of the tensor
are stochastically independent. Under the assumption of independent com-
ponents, such that every mode-m has at most a single face full of Gaussian
elements, the following holds true for the mode-m unmixing functional,

ΓmAm =PJD,

where P is a permutation matrix, J is a sign-change matrix and D is a di-
agonal matrix with non-negative diagonal entries. The identifiability of the
multidimensional independent component model is extensively discussed
in Virta et al. (2017, 2018)

Notable alternative ways to formulate and solve the blind source separa-
tion problem include the semiparametric approach in Chen et al. (2006),
the signed-rank approach in Ilmonen and Paindaveine (2011), and the
R-estimation in Hallin and Mehta (2015).

3.4 Simultaneous diagonalization of two scatter matrices

In this section, we consider simultaneous diagonalization of two scatter
matrices from the viewpoint of blind source separation. The algorithm for
multiple unknown signals extraction (AMUSE), Tong et al. (1990), and
the fourth-order blind identification (FOBI), Cardoso (1989) are the most
famous blind source separation algorithms that utilize this technique.

We first consider the vector-valued case. Let {xt}t∈N be a square-integrable
Cp-valued process and denote Sτ :=Sτ[xt]. The goal in simultaneous diago-
nalization with respect to S j and Sk is to find Γ, such that the following
two conditions hold,

ΓS jΓ
H =Λ j and ΓSkΓ

H =Λk,

where j �= k and Λ j,Λk are diagonal matrices. It turns out, that the simul-
taneous diagonalization can be performed with minor assumptions. For
example, it is enough that the product S jSk is conjugate symmetric, see
(Horn and Johnson, 2012, Theorem 4.5.15.). Furthermore, by the same the-
orem, the diagonal matrices Λ j,Λk both have real-valued diagonal entries.
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This property again demonstrates why the symmetrized autocovariance
matrix is preferable when compared to the unsymmetrized version.

Let S0 and Sτ both be nonsingular and τ �= 0. Furthermore, let Σ be
a conjugate symmetric matrix that satisfies ΣS0Σ = Ip, where Ip is the
identity matrix. Furthermore, let ΣSτΣ=VΛτVH, where V is unitary. Then
Γ, defined as,

Γ=VHΣ,

jointly diagonalizes the matrices S0 and Sτ, such that

ΓS0Γ
H = Id and ΓSτΓ

H =Λτ.

Consequently, by finding such Γ, we directly obtain a solution to the tempo-
rally uncorellated components model given in Definition 3.2.1. Note that,
the transformed process {Γ◦xt}t∈N satisfies the same properties as the un-
derlying latent process, given that xt follows the temporally uncorrelated
components model.

Hereby, Γ provides a solution for the uncorrelated components model.
Whenever, S0 is nonsingular, we can uniquely choose Σ to be the so-called
conjugate symmetric inverse square root of S0. For additional details,
see the real-valued formulation in Ilmonen et al. (2012b) and note that
similar arguments also hold in the complex-valued case. Hereby, by setting
Σ=S−1/2

0 , it follows that S−1/2
0 SτS−1/2

0 is eigendecomposable. Consequently,
the eigendecomposition provides the missing part V for the unmixing func-
tional Γ=VHS−1/2

0 . In practice, the finite sample version of this procedure is
referred to as algorithm for multiple unknown signals extraction (AMUSE).
In this approach, S−1/2

0 can be interpreted as the scaling part and VH can
be interpreted as the rotation part.

Let C ∈Cp×p be nonsingular and let Γ be a solution for the process {xt}t∈N.
The solutions for the process {Cxt}t∈N are then of the form,

Γ̃=JΓC−1, (3.4.1)

where J is some phase-shift matrix. Equation (3.4.1) is referred to as the
the affine equivariance property of the unmixing functional Γ. The affine
equivariance is a convenient property that allows direct generalization of
results obtained under the trivial mixing matrix A1 = Ip to the case of any
nonsingular mixing matrix.

The simulatenous diagonalization of two scatter matrices extends natu-
rally to the matrix-valued case. Recall that, we can utilize the technique of
matricization to solve the problem for each mode-m individually.

To simplify the notation, we present the following for random Rp×q-
matrices X. In tensor FOBI (TFOBI), Virta et al. (2017), the autocovariance
matrices are replaced with the following

B1
[
X
]= 1

q
E
[
XX�XX�] .
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The functional B1 estimates the left-hand side of the model. The right-
hand side of the matrix-valued model can be solved exactly as the left-hand
side, by simply transposing X and proceeding as with the left-hand side.

The left TFOBI functional ΓF
1 is then defined as,

ΓF
1 =V�Σ1,

where the columns of V are the eigenvectors of the matrix B1 and Σ1 =
(S(1)

0 [X])−1/2 is the symmetric inverse square root of the left covariance
matrix. Note that, the TFOBI functional is only orthogonally invariant. It
is conjectured in Virta et al. (2017) that full affine equivariance might be
unachievable for tensorial independent component methods, at least when
following the modeling scheme of this dissertation.

We next consider asymptotic behavior of the unmixing estimators. The
estimators are denoted with the hat symbol and they are obtained by sim-
ply replacing the expectations with sums and by normalizing accordingly.
The corresponding estimators retain the key properties of the functional
counterparts.

We start by recalling some notation. In the framework of this disserta-
tion, the usage of our Bachmann-Landau notation is equivalent with the
one presented in Van der Vaart (2000). When dealing with any general se-
quence of multidimensional and possibly hypercomplex objects X1,X2, . . .,
we use the short expression XT = op(1) to denote that the correspond-
ing sequence converges in probability to an object full of zeros as T →∞.
Given some nonempty indexing set I and a collection {XI : I ∈I }, we use
XI =Op(1) to denote that the collection is uniformly tight, that is, bounded
in probability. In this framework, the uniform tightness means that every
real- and imaginary part of every individual coordinate of XI is uniformly
tight in the classical univariate real-valued sense.

The following theorem connects the asymptotic properties of an unmixing
estimator with the associated covariance estimators.

Theorem 3.4.1. Let XT = (x1,x2, . . . ,xT ) be a sampled process that follows
the temporally uncorrelated components model of Definition 3.2.1 with a
trivial mixing matrix A1 = Ip. Let Ŝ0 and Ŝτ be the covariance and sym-
metrized autocovariance matrix estimators obtained from XT. Furthermore,
let αT (Ŝ0 − Ip) = Op(1) and βT (Ŝτ−Λτ) = Op(1), where αT and βT are some
increasing real-valued sequences that tend to infinity as T →∞. In addition,
we denote γt =min(αt,βt). Then, there exists a sequence of T-indexed phase
shift matrices Ĵ , such that,

γT
(
Ĵ j jΓ̂ j j −1

)= γT

2

([
Ŝ0
]

j j −1
)
+Op(1/γT ), ∀ j ∈ {1, . . . , p} and

γT
(
λ(k)
τ −λ( j)

τ

)
Ĵ j jΓ̂ jk = γT

(
λ( j)
τ

[
Ŝ0
]

jk −
[
Ŝτ

]
jk

)
+Op(1/γT ), j �= k.
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The affine equivariance properties are inherited by the unmixing ma-
trix estimator Γ̂, which allows us to apply Theorem 3.4.1 to obtain the
asymptotic behavior under any nonsingular mixing.

By Theorem 3.4.1, we can directly find the asymptotic distribution of the
unmixing matrix estimator Γ̂, if we have the asymptotic distributions, and
the convergence rates, of the estimators Ŝ0 and Ŝτ. Note that, if the rates
αT and βT differ, the estimator with the faster convergence will tend to
zero in probability. Furthermore, note that the asymptotic distributions
of the diagonal elements of γT (ĴΓ̂− Id) only depend on the asymptotic
distribution of the covariance matrix estimator Ŝ0. However, the rate of
convergence of the off-diagonal elements depends on both Ŝ0 and Ŝτ, and
consequently, if the covariance estimator Ŝ0 converges faster than the
autocovariance estimator Ŝτ, the diagonal elements of γT (ĴΓ̂−Id) converge
to zero in distribution and in probability. Conversely, it may happen that
the autocovariance estimator Ŝτ converges faster. In that case, the off-
diagonal elements of γT (ĴΓ̂− Id) converge to zero in distribution and in
probability.

A natural extension to Theorem 3.4.1 would be to replace the univariate
sequence γ1,γ2, . . . with a sequence containing rate of convergence matrices.
These rate of convergence matrices would provide the specific rate of
converge for each component. Consequently, we would obtain the exact
limiting distribution, such that none of the elements would tend to zero in
probability.

3.5 Approximate diagonalization of multiple scatter matrices

In this section, we describe the theory behind joint diagonalization of
multiple scatter matrices in multilinear settings. In particular, we consider
the tensor joint diagonalization of eigenmatrices (TJADE), Virta et al.
(2018), and a corresponding variant called k-TJADE, Virta et al. (2020a).

In general, one cannot exactly diagonalize a matrix with respect to mul-
tiple scatter matrices. However, under some conditions, for example, when
all of the scatter matrices commute, the diagonalization can be performed
exactly. The joint diagonalizer is usually obtained as the minimizer for
some criterion function. In practice, it can be beneficial to approximately
diagonalize with respect to multiple matrices. For example, the importance
of choosing the correct lag parameter τ in the temporally uncorrelated com-
ponents model can be reduced by instead jointly diagonalizing with respect
to multiple autocovariance matrices.

Let X be a random Rp×q-matrix that satisfies the independent component
model of Definition 3.2.2. Like in the previous section, the initial step in
TJADE is to standardize. We again only consider the left functional Γ1.
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The standardized variable is denoted as Xst and has the following form,

Xst = (S(1)
0 [X]

)−1/2 X
(
S(2)

0 [X]
)−1/2

,

such that the matrix inverse square roots are symmetric.
The rotation part is obtained from a set of cumulant matrices,

C ={Ch j [Xst] : h, j ∈ {1, . . . , p}
}

,

such that the matrices Ch j are defined as,

Ch j [X]= 1
q
E
[
e�

h XX�e jXX�]−S(1)
0
[
X
](

δh j qIp +Eh j +E jh)(S(1)
0
[
X
])�

,

where δh j is the Kronecker delta, ek ∈ Rp, k ∈ {1, . . . , p}, are the standard
basis vectors of Rp and Ekl =eke�

l .
The so-called joint diagonalizer of the set C is an orthogonal matrix

V ∈Rp×p that minimizes

g̃
(
V,Xst)= p∑

i, j=1

∥∥off
(
V�Ci j [Xst]V)∥∥2

F , (3.5.1)

where off(C) ∈Rp×p is equal to C ∈Rp×p with the diagonal elements set to
zero. There are several approaches for minimizing the objective function
of Equation (3.5.1), the most popular being the Jacobi-rotation technique,
for details see Belouchrani et al. (1997); Illner et al. (2015).

Let VJ be a matrix that minimizes (3.5.1). The left TJADE-functional ΓJ
1

has then the following form,

ΓJ
1
[
X
]=(VJ

)�(
S(1)

0
[
X
])−1/2

.

When the dimension q = 1 is equal to one, the TJADE procedure is equiva-
lent to the standard JADE, Cardoso and Souloumiac (1993). In the case
of serial dependencies, one can implement the multidimensional version
of the second-order blind identification (SOBI), Belouchrani et al. (1997),
procedure by replacing the set of cumulant matrices with a set of autoco-
variance matrices with different lags.

When faced with truly large tensors, the TJADE procedure becomes
computationally demanding. In order to provide relief to the computational
burden, we approach the problem in the spirit of Miettinen et al. (2013),
where a faster version of JADE, k-JADE, is introduced. In k-JADE, instead
of diagonalizing the entire set of cumulant matrices Ch j, we diagonalize
only a specific subset of them. The cumulant matrices Ch j, which are
diagonalized are the ones that satisfy |h− j| < k, where k is a predetermined
model parameter. In the multidimensional case, the subset of cumulant
matrices can be chosen separately for every tensor-mode. Consequently,
the k-TJADE approach provides even more significant improvements in
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multidimensional settings when compared to its original use in improving
JADE.

The proposed k-TJADE procedure has, in the case of matrix data, two
tuning parameters, k1 for the rows and k2 for the columns. Thus, techni-
cally the procedure should be called (k1,k2)-TJADE. However, to keep the
presentation more readable, we prefer to call the method simply k-TJADE.
Fix k ≤ p. The k-TJADE functional is defined as follows,

Γk
1
[
X
]=V�ΓF

1
[
X
]
,

such that

XF =ΓF
1
[
X
]
X
(
ΓF

2
[
X�])�

is the TFOBI-solution for X and the orthogonal matrix V = (v1, . . . ,vp) is
the joint diagonalizer of the set of matrices Ck = {Ch j[XF] : |h− j| < k}.

As with the other multidimensional procedures of this dissertation, the
k-TJADE functional is orthogonally equivariant. Hereby, theory obtained
for the trivial mixing scenario A1 = Ip, A2 = Iq, can be generalized straight-
forwardly to any orthogonal mixing.

The parameter k can be interpreted as follows. The parameter is the
maximal number of allowed kurtosis mean multiplicities in the correspond-
ing tensor mode. The values k = 1 and k = p correspond to the extreme
cases. In the case of k = 1, all the kurtosis means have to be distinct, as
is required by TFOBI. In the other extreme k = p, no assumptions are
made on the multiplicities of the non-zero kurtosis means, as is required by
TJADE. Hereby, k-TJADE can be seen as a middle ground between TFOBI
and TJADE. The following theorem states that k-TJADE has the same
limiting behavior as TJADE, the one with the lowest limiting variance of
the known multidimensional ICA methods.

Theorem 3.5.1. Let X1, . . . ,Xn be an i.i.d. sequence from the model of
Equation (3.2.2) with identity mixing matrices, A1 = Ip, A2 = Iq. Assume
that the population quantity X has finite eight moments. Then, for all k1 ≥
v1, there exists a consistent sequence of left k-TJADE-estimators (indexed
by n). That is,

Γ̂k
1

P−−−−→
n→∞ Ip.

Whenever k1 ≥ v1, we have that,
�

n(Γ̂k
1 −Ip)=�

n(Γ̂J
1 −Ip)+ op(1),

where Γ̂J
1 is the left TJADE-estimator.

With the price of added assumptions, we obtain a procedure with the
same limiting behavior as TJADE, but with significantly lighter compu-
tational burden. Note that the maximal kurtosis multiplicity ν is usually
unknown, which can make choosing the correct k such that k ≥ ν challeng-
ing in practice.
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3.6 Completely blind source separation

In this section, we shortly discuss completely blind source separation.
In completely blind source separation, we apply the blind source sepa-

ration methodologies without necessarily assuming an underlying model.
Under suitable approaches, we obtain a so-called invariant coordinate
system, see Tyler et al. (2009). By transforming the original data into an
invariant coordinate system, new interesting structures can be revealed.
Additionally, the corresponding invariant coordinate system functionals
are particularly useful in dimension reduction. The affine invariance and
equivariance properties of invariant coordinate selection provide a substan-
tial advantage, when compared to the widely used principal component
analysis. Indeed, the theoretical foundations are usually more justifiable
when interpreting estimated invariant coordinate system components,
when compared to corresponding principal components.

In Lietzén et al. (2018), we apply a time series variant of the classical
invariant coordinate selection procedure. We call this method time series
invariant coordinate selection (tICS). In this case study, we consider age-
stratified cervical cancer incidence in Finland between the years 1953 and
2014. We are able to reduce the dimension from ten to three components of
interest. Moreover, already the first two components explain a substantial
amount of the variation in the original cervical cancer data. The estimated
second tICS component is particularly interesting, as it can be used to
separate the data into three different clusters. The separating factor of
the clusters is the median age of menopause occurrence. Our results are
in line with recent findings obtained by alternative approaches, see for
example Seppä et al. (2016).
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In this chapter, we consider different approaches for quantifying the per-
formance of different blind source separation unmixing estimators in con-
trolled simulation settings. In particular, we focus on a performance index
called the complex-valued non-square minimum distance index.

In general, we have no guarantees that two blind source separation
unmixing estimators estimate the same population quantity. Moreover,
we often have several equivalent alternatives for an obtained unmixing
estimate. Hereby, even in controlled simulation settings, assessing the
performance is not trivial. This has lead to the development of several
widely applied tools for quantifying the goodness of separation. We refer to
tools of this kind as performance indices.

4.1 Classical real-valued case

We begin by considering the classical real-valued case with square mixing
matrices, which is the case that most of the related literature covers. Let
X be a RT×p-valued, 1≤ p < T <+∞, sampled process that obeys some blind
source separation model with a corresponding mixing matrix A ∈Rp×p. Let
Γ̂ be some real-valued blind source separation unmixing matrix estimator.
We denote the so-called gain matrix as Ĝ = Γ̂A. Note that, in order to
calculate the gain matrix, the exact form for the true mixing matrix A has
to be known. One approach for quantifying performance, is to measure the
distance between the identity matrix I p and some equivalence class of the
gain matrix Ĝ. Performance indices of this kind are referred to as gain
matrix based approaches.

Performance indices that utilize the gain matrix include the interference
to signal ratio (ISR), Ollila (2009),

ISR
(
Γ̂
)=

√√√√√ 1
p(p−1)

p∑
k=1

p∑
j=1

∣∣Ĝk j
∣∣2

maxh

{∣∣Ĝkh
∣∣2} , (4.1.1)
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the Amari index (AI), Amari et al. (1996),

AI
(
Γ̂
)= 1

p

[ p∑
k=1

( p∑
j=1

∣∣Ĝk j
∣∣

maxh
{∣∣Ĝkh

∣∣}
)
+

p∑
j=1

( p∑
k=1

∣∣Ĝk j
∣∣

maxh
{∣∣Ĝh j

∣∣}
)]

−2,

(4.1.2)

and the minimum distance (MD) index, Ilmonen et al. (2010b, 2012a),

MD
(
Γ̂
)= 1�

p−1
inf

C∈C ′

∥∥CĜ−Ip
∥∥

F , (4.1.3)

where ‖ ·‖F is the Frobenius norm and C ′ is the set of Rp×p-matrices that
have exactly one nonzero element in every row and exactly one nonzero
element in every column.

The normalizing constants of the above three performance indices vary
between different authors. Note that, the normalization is inconsequential
when conducting comparative studies. The goal of the normalization is
usually to scale the values of the corresponding index between, for example,
zero and one, such that zero indicates that the unmixing has been perfect.

The interference to signal ratio and the Amari index have the advantage
of being easily implementable. On the contrary, Equation (4.1.3) does
not exhibit a clear path for implementing the minimum distance index.
However, using Theorem 4.2.1, one can also implement the minimum
distance index straightforwardly. The main advantage the minimum
distance index has over the Amari index and the interference to signal
ratio is the well studied asymptotic properties. We have a direct connection
between the asymptotic properties of the minimum distance index and
the asymptotic properties of the corresponding unmixing estimator Γ̂, see
Theorem 4.2.3. In addition, the minimum distance index has the advantage
of being invariant in the sense of Equation (4.2.3).

There also exists approaches that do not utilize the gain matrix. For
example, the following version of the signal to noise ratio (SNR), given in
Gonzales and Woods (2002), can be used to measure performance,

SNR j =
Var

(
Ẑ( j))

Var
(
Ẑ( j) −Z( j)) , (4.1.4)

where Z( j) is the jth column of Z and Ẑ( j) is the jth column of Ẑ=Z(Γ̂A)� =
ZĜ�. Contrarily to the gain matrix based approach, here large values
indicate successful unmixing, such that SNR value infinity indicates a
perfect separation. Note that, in some specific scenarios, it is possible to
derive an exact relationship between the above signal to noise ratio and
the minimum distance index, see (Lietzén et al., 2020, Section 4).
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4.2 Complex-valued non-square case

In this section, we consider the complex-valued non-square minimum
distance index introduced in Lietzén et al. (2019, 2020). As the minimum
distance index itself does not utilize any serial dependency structures, we
present the following for Cd-valued random vectors. However, the theory
remains equally viable for unmixing procedures that take advantage of
possible serial dependencies.

When extending the minimum distance index beyond the classical square
matrix case, one first needs to determine the structure of the underlying
blind source separation problem. In the articles Lietzén et al. (2019, 2020),
we consider the following blind source separation model. Let x be a Cp-
valued random vector that satisfies,

x=Az̃=A
(

z� ε�
)�

, (4.2.1)

where A is a constant Cp×p-matrix and the latent Cp-vector z̃ consists of
two parts. Here, the Cd-vector z contains the signals of interest and the
Cd0-vector ε, d+d0 = p, contains uninteresting noise. In this approach, our
goal is to recover only the interesting part z and discard the unrelevant
noise ε.

In order to make the blind source separation problem solvable, we impose
suitable assumptions on z̃, recall Section 3.3. Several complex-valued blind
source separation procedures operate on assumptions that allow us to iden-
tify the sources of interest only up to some combination of heterogeneous
scaling, permutations and phase-shifts of the rows, see Tong et al. (1991)
for discussion in the real-valued case. Hereby, in order to ensure a fair
comparison, a good performance index should be able to handle these kinds
of indeterminacy issues.

Minimum distance index solves these indeterminacy issues by consid-
ering distances between the ideal case and an equivalence class of the
gain matrix. In order to consider equivalence classes, we first need an
equivalence relation. Let ∼ be a relation on Cd×p, defined by,

B∼C ⇐⇒ B= (PJD)C,

for some P ∈P d, J ∈J d , D ∈Dd, such that P d is the set of Rd×d permuta-
tion matrices, Dd is the set of Rd×d diagonal matrices with strictly positive
real-valued diagonal entries, and J d×d is the set of Cd×d diagonal matrices
with diagonal entries of the form exp(iθ1), . . . ,exp(iθd). In addition, we use
C d to denote the set,

C d ={C ∈Cd×d |C=PJD : P ∈P d, J ∈J d, D ∈Dd} .

One can straightforwardly verify that ∼ is an equivalence relation on Cd×p.
Consequently, we can use ∼ to partition Cd×p into equivalence classes. We
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use CB to denote matrices that are equivalent to B, that is,

CB ={C ∈Cd×p | B∼C
}

.

Under the model of Equation (4.2.1), given an unmixing matrix estimate
Γ̂, the gain matrix is Ĝ= Γ̂A ∈Cd×p. Whenever the gain matrix belongs to
the equivalence class of Id,p = (Id 0), we have perfect separation. Thus,
under this model, the complex-valued non-square minimum distance index
has the form

MD
(
Γ̂
)= 1�

d
inf

B∈CĜ

∥∥B−Id,p
∥∥

F = 1�
d

inf
C∈C d

∥∥CĜ−Id,p
∥∥

F . (4.2.2)

The greatest lower bound (infimum) in Equation (4.2.2) ensures that the
minimum distance index can handle pathological counterexamples, e.g.,
the case of Ĝ containing only zeros. The ability to cope in general situations
elevates the usefulness of the minimum distance index also as a theoretical
tool. Note that, some widely applied gain matrix based approaches, such
as the Amari index and the interference to signal ratio, recall Equations
4.1.1 and 4.1.2, are not applicable whenever the gain matrix has even a
single row containing only zeros.

The following theorem allows us to straightforwardly apply the complex-
valued non-square minimum distance index for practical purposes.

Theorem 4.2.1. Let Γ̂ be Cd×p-valued, d ≤ p, and let Ĝ= Γ̂A be the corre-
sponding Cd×p-valued gain matrix. Let G̃ jk = |Ĝ jk|2/

∑p
h=1 |Ĝ jh|2, if Ĝ has

at least one nonzero element in row j and G̃ jk = 0, if Ĝ has only zeros in row
j. Then, the minimum distance index MD(Γ̂) coincides with,√

1− 1
d

max
P∈P d

{
Trace

(
PG̃

)}
,

where the trace of a non-square matrix is the sum of its main-diagonal
elements.

The optimization problem of Theorem 4.2.1 can be seen as a linear
sum assignment problem, which can be solved using, for example, the
Hungarian method, see (Papadimitriou and Steiglitz, 1998, Chapter 11).

An important attribute of the minimum distance index is the following
invariance property, the following holds for all C ∈C d,

MD
(
Γ̂
)=MD

(
CΓ̂

)
. (4.2.3)

Moreover, some additional properties are collected to the following theorem.

Theorem 4.2.2. Let Γ̂ be Cd×p-valued, d ≤ p, and let Ĝ= Γ̂A be the corre-
sponding Cd×p-valued gain matrix. Then, MD(Γ̂) ∈ [0,1] and the following
properties are satisfied,
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(i) MD
(
Γ̂
)= 0 ⇐⇒ Ĝ∼

(
Id 0

)
= Id,p,

(ii) MD
(
Γ̂
)= 1 ⇐⇒ ∃B ∈Cd×(p−d) : Ĝ=

(
0 B

)
,

(iii) the function f : [0,1]→R,

f (c)= inf
C∈C d

∥∥C
[
Id,p + c ·off(B)

]−Id,p
∥∥

F ,

is increasing in c ∈ [0,1] for all matrices B that satisfy |B jk| < 1 when j �= k.
(The function off(·) here sets the main-diagonal elements of its argument
equal to zero.)

In particular, property (ii) of Theorem 4.2.2 reveals the worst case sce-
nario, that is, the scenario when the minimum distance index is as large
as possible. The worst case scenario provides us with the normalization
constant 1/

�
d, which ensures that the values obtained are between zero

and one, such that value zero corresponds to perfect unmixing.
In previous work related to minimum distance index, the normalization

1/
�

d−1 is often used, see for example Ilmonen et al. (2012a); Lietzén et al.
(2016). The difference compared to the previous work is that here we allow
the gain matrix to have rows that are full of zeros. This is beneficial, as it
allows us to apply the theory, e.g., in the case of a mixing matrix A ∈Cp×q,
q ≤ p, by converting A into a square matrix by adding zero columns to A
and zero rows to z.

The asymptotic properties of the complex-valued non-square minimum
index have a direct connection to the asymptotic properties of the unmixing
estimator Γ̂, see the following theorem.

Theorem 4.2.3. Let A ∈Cp×p be the mixing matrix in Equation (4.2.1) and
let Γ̂(n) be an n-indexed sequence of Cd×p-matrices that satisfies γn(Ĝ(n) −
Id,p) = Op(1), where Ĝ(n) = Γ̂(n)A and (γn)n∈N is a real-valued increasing
sequence that tends to infinity as n →∞. Then, as n →∞,

γ2
n

[
inf

C∈C d

∥∥CĜ(n) −Id,p
∥∥

F

]2

= γ2
n
∥∥off

(
Ĝ(n)

)∥∥2
F + op(1),

where the function off(·) sets the main-diagonal elements of its argument
equal to zero.

Remarkably, Theorem 4.2.3 gives that the asymptotic distribution of
the complex-valued non-square minimum distance depends only on the
off-diagonal elements of the sequence of gain matrices Ĝ(n). Hereby, in the
most widely considered case where Γ̂ is

�
n-consistent and asymptotically

normal, the minimum distance index converges in distribution to a sum of
χ2 distributed random variables, see (Lietzén et al., 2020, Corollary 10).
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Most of the theory of this section can be applied beyond the blind source
separation framework. Note that, the results remain true if we replace the
unmixing estimators Γ̂, or the gain matrices Ĝ, with any other suitable
matrices. Furthermore, following the techniques given in Lietzén et al.
(2020), one can implement this framework to other nonstandard blind
source separation models, and beyond.
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5. Summaries of the articles

The main scientific contribution of this thesis lies withing the seven publi-
cations that follow. Summaries of the key contributions are given below.

Publication I. Quantifying the performance of different blind source sep-
aration unmixing procedures can be a complicated task, even in controlled
simulation settings. We propose a novel complex-valued formulation for
a performance index called minimum distance index. We provide key
properties for the complex-valued minimum distance index and a support-
ing simulation study. In addition, we provide an alternative formulation
for the complex-valued minimum distance index. This alternative for-
mulation reveals that the optimization problem required to compute the
complex-valued minimum distance index corresponds to a famous linear
programming problem called linear sum assignment problem.

Publication II. We propose a novel algorithm, called robust multidimen-
sional second-order blind identification (RmdSOBI). The algorithm can be
applied to solve complex-valued blind source separation problems that in-
volve both outliers and multidimensional spatial or temporal dependencies.
The multidimensionality appears in both, the underlying data structure
and the indexing set. That is, the algorithm can be applied for tensors-
valued processes that have a vector-valued indexing set. For example, the
time evolution is allowed to vary between the different dimensions. The
algorithm gains robustness by employing complex-valued versions of the
Hettmansperger-Randels estimators of location and scatter, and complex-
valued versions of multidimensional spatial sign autocovariance matrices.
A comparative simulation study between different blind source separation
estimators is conducted, where the RmdSOBI has the best performance
under simulated data that contains both multidimensional dependencies
and outliers. The performance is assessed using the performance index
formulated in Publication I.
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Publication III. We consider a case study of age-stratified cervical cancer
incidence in Finland between the years 1953 and 2014. Uncovering new
etiological components is of paramount importance in disease epidemiology.
We apply a time series version of invariant coordinate selection (tICS) as
an exploratory tool. We uncover latent components, which indicate that the
etiology of cervical cancer is age dependent. Remarkably, a large portion of
the cervical cancer incidence data can be explained using only two latent
tICS components. The second tICS component is particularly interesting,
as it can be used to separate the data into three different clusters. The
separating factor of the clusters is the median age of menopause occurrence.
Our results are in line with recent findings related to the epidemiology of
cervical cancer.

Publication IV. The blind source separation problem has received notable
attention in both the case of independent components and in the case of
uncorrelated components. The assumption of conditionally uncorrelated
components fits between these two categories. We consider a blind source
separation problem under conditional dependency structures. We present
this conditional blind source separation model with minimal assumptions
and discuss the identifiability of the corresponding solutions.

Publication V. We propose a novel multidimensional extension for an
independent component analysis procedure called k-joint approximate
diagonalization of eigenmatrices (k-JADE). Furthermore, this extension
provides an alternative to the well established tensor JADE (TJADE).
The TJADE procedure can be computationally demanding for truly large
tensors. We provide a computationally faster alternative that retains key
properties of TJADE. In particular, under minor assumptions, we establish
that our novel approach retains the limiting behavior of TJADE, while
simultaneously providing considerable relief to the computational burden.
We study the finite sample performance and the computational speed in
a large simulation study. In addition, we apply this novel method to a
large-scale video data, for which TJADE is not feasible.
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Publication VI. We further extend the complex-valued minimum distance
index defined in Publication I. We enable the usage of the complex-valued
minimum distance index in situations, where the dimension of the latent
process is allowed to be smaller than the dimension of the observable
process. Furthermore, we derive interpretations for the index through
connections to signal-to-noise ratios and correlations. In addition, we
demonstrate the index through a visual example involving colored pho-
tographs. The theoretical advancements are novel also in the real-valued
case. We complement the theory of Publication I by deriving asymptotic
properties for the extended index. We show that, the rate of convergence
and the limiting distributions of the extended index are directly inherited
from the corresponding unmixing estimator of interest.

Publication VII. We consider complex-valued blind source separation
based on uncorrelated components. We formulate the blind source separa-
tion problem and consider solutions based on simultaneous diagonalization
of the covariance matrix and an autocovariance matrix. We study the
identifiability of the solutions in both population and empirical levels.
Furthermore, we study the asymptotic properties of the corresponding
unmixing estimator. We greatly extend the class of stochastic processes,
for which the theory can be applied to. We consider both short- and long-
memory processes and analyze limiting behavior. We consider situations
where rate of convergence differs from

�
T and situations where the limit-

ing distribution is not Gaussian. Furthermore, we present an applied data
example of image source separation involving colored photographs.
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Errata

Publication I

Theorem 2.2 is missing a square root from the normalization constant

1/(p−1). The correct form for the normalization constant is 1/
�

p−1.
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