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Preface

“Is there no run so tough as to discourage these maniacs? If we had a 250 miler
through Hell with no fluids allowed, I think we’d get 10-15 people.”
– Gary Cantrell

Looking back, I created the file for this dissertation on June 9th 2016 and
it has gained length only intermittently, which is well suited for the topic.
Towards the end the writing process was accelerated by the COVID-19
pandemic as the temporary shutdown of society, in addition to its many
adverse effects, did provide a certain peace and focus. In this situation I
find it quite fitting that the writing of the bulk of the compiling part of
this dissertation took roughly the same time as the storytelling in The De-
cameron – which is a story about the seclusion during the bubonic plague.

Although 2016 was the start of my doctoral studies, I started working in
this Complex Systems and Materials (CSM) research group already in the
summer of 2012 after my first year at the university. I seem to have liked it
quite a lot as I have stayed in the same group for all this time (excluding a
year of exchange studies in Vienna, Austria). This probably has something
to do with the nice card games such as Koira, which is a game that has
grown on me extremely slowly. I hope that the development of the artificial
intelligence program AlphaDog is still moving forward from its current –
primitive – state.

The nature of experimental work in our group has resulted in the "one
million simultaneous projects" approach. This has sometimes been slightly
confusing and time-consuming (one clue could be that all the papers in-
cluded in this dissertation are from 2020) but also interesting, as it has let
me study very different types of materials and use a wide array of tools in
this pursuit. The work is ongoing and some of the work done is still to be
published.

I’d like to thank my instructors Lasse Laurson and Juha Koivisto who
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have been very helpful with the theoretical and experimental sides of
this dissertation, respectively. Special thanks go also to my supervisor
Mikko Alava who has had a major role in all of the work included in this
dissertation. Sitting with only two open doors between our workspaces
makes supervision quite easy. Thanks to my collaborators Pasi Karppinen
from ProtoRhino, Jukka Ketoja and Elina Pääkkönen from VTT, as well as
Markus Ovaska and Amandine Miksic as previous members of our CSM
group.

In general I have found the atmosphere in our group nice and recently
enjoyed our lunch group with Henri Salmenjoki, Leevi Viitanen, Ivan Lo-
makin, Juha Savolainen, and Jonatan MacIntyre, among others. I have
also had a chance to supervise some students in our group – Alisa Halonen,
Eero Saariniemi and Mikael Reichler – during their Bachelor’s theses or
other work projects. Lastly I want to thank The Finnish Foundation for
Technology Promotion for their funding of my research.

Thanks go also to all my friends, some of whom have at times even been
interested in my research. Of course, special thanks to my partner Sonja,
my parents Kaisa and Olli, and especially our cats Elvis and Tiikeri who
have been actively present in the writing process.

And the same also in Finnish.

Esipuhe

“Mutta kerrottuani vielä kaiken tämän olen jo väsynyt kirjoittamaan ja silmänikin
ovat väsyneet. Mutin kissat hyppivät myös syliini ja sohivat päällään kättäni,
joka pitelee piirrintä, niin etten voi enää kirjoittaa.”
– Sinuhe egyptiläinen, Mika Waltari

Olen luonut tämän väitöskirjan sisältävän tiedoston jo 9.6.2016 ja kir-
joitusprosessi on edennyt purskeittaisesti, mikä onkin sen aiheelle erit-
täin sopivaa. Loppua kohden kirjoitusprosessia on kiihdyttänyt COVID-
19 pandemian pakottama kirjoitusrauha, joten kyseisellä taudillakin
nähtävästi on lukemattomien negatiivisten vaikutusten lisäksi joitain
positiivisiakin puolia. Pidänkin sopivana, että suurin osa väitöskirjan
yhteenveto-osasta valmistui noin samassa ajassa kuin tarinankerronta
kestää Decameronessa – kirjassa, joka kertoo eristyksestä paiseruton
aikana.

Väitöskirjaprojektini alkoi vuonna 2016, mutta aloitin työt Complex
Systems and Materials (CSM) -tutkimusryhmässä jo kesällä 2012, heti
ensimmäisen yliopistovuoteni jälkeen. Olen nähtävästi pitänyt ryhmässä
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työskentelystä, sillä olen pysynyt samassa ryhmässä kaiken tämän ajan
(lukuunottamatta vaihto-opiskeluvuotta Itävallan Wienissä). Tällä on
luultavasti jotain tekemistä mukavien korttipelien kanssa, vaikka olenkin
oppinut nauttimaan ryhmämme suosituimmasta pelistä, Koirasta, hyvin
hitaasti. Toivonkin, että kyseistä peliä varten suunnitellun tekoälyn
AlphaDogin kehitys jatkuu sen nykyisestä – primitiivisestä – tilasta.

Ryhmässämme tehdyn kokeellisen tutkimuksen luonne on johtanut
"miljoonan samanaikaisen projektin" lähestymistapaan, joka on ajoittain
ollut hieman hämmentävää ja aikaavievää (tämän huomannee jo siitä,
että kaikki tähän väitöskirjaan kuuluvat artikkelit on julkaistu vuoden
2020 aikana). Toisaalta tämä lähestymistapa on ollut mielenkiintoinen
ja antanut minun tutkia hyvin erityyppisiä materiaaleja monenlaisin
eri työkaluin. Väitöskirjaprojektini aikana tehty tutkimus jatkuu ja osa
tehdystä työstä on vielä julkaisematta.

Haluan kiittää ohjaajiani Lasse Laursonia ja Juha Koivistoa, jotka
ovat kumpikin omalta osaltaan auttaneet työn teoreettisen ja kokeellisen
puolen kanssa. Erityiskiitos kuuluu myös valvojalleni Mikko Alavalle, jolla
on ollut tärkeä rooli kaikessa tähän väitöskirjaan liittyvässä tutkimuk-
sessa. Valvontaprosessia helpottaa työpisteidemme sijainti – kahden avo-
naisen oven välin kulkeminen ei ole kovin hankalaa. Kiitos kanssakir-
joittajilleni ja yhteistyökumppaneilleni: Pasi Karppiselle ProthoRhinolta,
Jukka Ketojalle ja Elina Pääkköselle VTT:ltä, sekä ryhmämme entisille
jäsenille Markus Ovaskalle ja Amandine Miksicille.

Yleisesti olen nauttinut tutkimusryhmämme ilmapiiristä ja erityisesti
viime aikojen lounasseurueestamme Henri Salmenjoen, Leevi Viitasen,
Ivan Lomakinin, Juha Savolaisen, Jonatan MacIntyren, ynnä muiden
kanssa. Olen itse päässyt myös ohjaamaan ryhmämme opiskelijoita Alisa
Halosta, Eero Saariniemeä ja Mikael Reichleria heidän kandidaatintöi-
densä tai muiden työprojektiensa yhteydessä. Lopuksi haluan myös kiittää
Tekniikan edistämissäätiötä tutkimukseni rahoittamisesta.

Kiitos myös kaikille ystävilleni, joista osa on ollut ajoittain jopa kiinnos-
tunut tutkimuksestani. Erityiskiitokset puolisolleni Sonjalle, vanhemmil-
leni Kaisalle ja Ollille, sekä erityisesti kissoillemme Elvikselle ja Tiikerille,
jotka ovat aktiivisimmin olleet läsnä tässä kirjoitusprosessissa.

Helsinki, 28.9.2020,

Tero Mäkinen
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1. Introduction

This dissertation considers the deformation of materials. Especially the
focus is on the collective phenomena related to the deformation, which (as
the name suggests) refer to phenomena where parts of the material system
somehow behave collectively. These parts can be for example topological
defects called dislocations or cellulose fibers in paper. The collective be-
havior can then mean for example a collection of a large number of mobile
dislocations moving as a localized deformation band or a large number of
cellulose fibers contributing to complex avalanches of deformation due to
them breaking and interacting.

Generally studying the single constituent parts and applying some aver-
aging or simple homogenization procedures to try to explain the behavior
of a larger collection of them has yielded poor results for these types of
phenomena. They are thus an interesting area of study with many practi-
cal applications, as understanding material failure obviously is not just a
theoretical exercise.

1.1 Theory of elasticity

To formulate the theory for the collective phenomena seen in experiments
one needs to first define the necessary observables. In the scope of this
dissertation the type of experiment varies between tensile, compression,
and creep test depending on the specific topic but the key observables are
similar. The experimental methods for material testing are discussed in
more detail in chapter 6.2.

Materials are loaded by applying a force F on them, but as the effects of
this force depend also on the sample geometry a more general measure
stress σ is used. In most basic cases the simple engineering stress

σ= F
A0

(1.1)

where A0 is the initial area of the sample perpendicular to the loading,
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is sufficient. Under this loading the sample undergoes deformation and
similarly the most simple way of quantifying this is the engineering strain

ϵ= ∆L
L0

= L−L0

L0
(1.2)

where L is the length of the sample, L0 the initial length and ∆L the change
in the length.

Often these simple one-dimensional measures of deformation are not
enough to describe the material behavior. Optical imaging of the samples
enables the consideration of local strains, for example through Digital
Image Correlation or band tracking from speckle pattern images (for more
details on imaging techniques see chapter 6.4).

With small enough strains the connection between stress and strain can
most simply be understood through a linear relationship

σ= Eϵ (1.3)

where E is a material-specific constant called the Young’s modulus. This
relationship is analogous to Hooke’s law for springs where the force needed
to extend or compress a spring by a certain distance scales linearly with
that distance, the proportionality constant being the stiffness of the spring.
This linear, Hookean, relationship applies when the deformation is small
enough to be reversible, called elastic deformation.

For a more detailed analysis one should consider a more complex, con-
tinuum mechanical, approach to the deformation of a body [1, 2]. It starts
with the undeformed position of a body, characterized by points X ∈ B, and
the deformed position, characterized by points x ∈ B′. The relationship
between these two is the deformation map ϕ : B → B′, a function which
maps the points X to points x =ϕ(X ). The displacement field (the quantity
tracked in Digital Image Correlation, for more details see chapter 6.4.2)
detailing how much each material point moves is then given simply by

u(X )=ϕ(X )− X . (1.4)

To quantify strains in this continuum mechanical description one first
defines the deformation gradient as

F = ∂x
∂X

. (1.5)

so the right Cauchy–Green deformation tensor can be defined as C = FTF
(where FT is the transpose of the deformation gradient). With these two
the desired measure of strain, the Green–Lagrange strain tensor, can then
be defined as

E = 1
2

(C− I) (1.6)
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where I is the unit tensor.

As this tensorial representation can be hard to work with directly, one
can derive the components of this tensor in terms of the displacement by
expanding Eq. 1.6 (using Einstein notation and the Kronecker delta δi j)

E i j = 1
2

(︁
Ci j −δi j

)︁= 1
2

(︁
FkiFk j −δi j

)︁
(1.7)

and substituting F = I + ∂u
∂X to yield

E i j = 1
2

(︃
δki

[︃
∂u
∂X

]︃
k j

+δk j

[︃
∂u
∂X

]︃
ki
+
[︃
∂u
∂X

]︃
ki

[︃
∂u
∂X

]︃
k j

)︃
. (1.8)

In the work presented here only 2D strains are of interest so the displace-
ment is given by two components

u =
(︄

u

v

)︄
(1.9)

and the components of the Green–Lagrange strain tensor are

Exx = ∂u
∂x

+ 1
2

(︃
∂u
∂x

)︃2

+ 1
2

(︃
∂v
∂x

)︃2

(1.10)

E yy = ∂v
∂y

+ 1
2

(︃
∂u
∂y

)︃2

+ 1
2

(︃
∂v
∂y

)︃2

(1.11)

Exy = 1
2

(︃
∂u
∂y

+ ∂v
∂x

+ ∂u
∂x

∂u
∂y

+ ∂v
∂x

∂v
∂y

)︃
. (1.12)

The above strain components describe a general case where deformations
can be large. In the special case of small deformations one can ignore
the second order terms to yield the components of the infinitesimal strain
tensor ϵ

ϵxx = ∂u
∂x

(1.13)

ϵyy = ∂v
∂y

(1.14)

ϵxy = 1
2

(︃
∂u
∂y

+ ∂v
∂x

)︃
. (1.15)

1.2 Plastic deformation

After the Hookean regime of linear elasticity materials accumulate irre-
versible deformation, which is also called plastic deformation. In metals
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a b

Figure 1.1. a) A schematic representation of an edge dislocation where an additional
atomic layer is inserted in the lattice. b) A schematic representation of a screw
dislocation where a similar additional layer is created by the neighboring
layers rotating around it.

there is a clear yield point after which the irreversible deformation starts
but with other types of materials the transition can be smoother.

1.2.1 Dislocations

Plastic deformation in metals is explained using the movement of certain
crystallographic defects called dislocations [3]. These objects were initially
(theoretically) studied by Volterra [4] but their importance was realized
later (in the 1930s) when huge discrepancies between the experimentally
observed yield strengths and theoretical predictions were discovered.

Two fundamental types of dislocations, namely the edge and screw dislo-
cations, are illustrated in Fig. 1.1. A dislocation can be characterized [5] by
two vectors: the dislocation line vector ξ, which is an unit vector tangent
to the dislocation line, and the Burgers vector b. The Burgers vector can
be defined through the integral

b =
∮︂

C

∂u
∂l

dl (1.16)

where C is the so called Burgers circuit, u the displacement field produced
by the dislocation and l the line along the circuit. The Burgers circuit is
constructed by going around the dislocation line in the lattice deformed
by the dislocation. When the same circuit is drawn on a reference lattice
undeformed by the dislocation, the Burgers vector is the vector needed to
close the circuit.

This characterization distinguishes between the two fundamental types
of dislocations as for an edge dislocation b ⊥ ξ and for a screw dislocation
b ∥ ξ. More complicated forms of dislocations (called mixed type disloca-
tions) can be separated into edge and screw components by writing their
Burgers vector as a linear combination of the Burgers vectors of the funda-
mental types.

The explanation for dislocation mediated plasticity was independently
suggested by Taylor [6], Orowan [7, 8, 9] and Polanyi [10] and relies on
the fact that real crystals always contain dislocations. The mechanism
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t = t0 t = t0 +∆t t = t0 +4∆t

Figure 1.2. Three images showing the mechanism by which movement of dislocations
induces plastic deformation. In the first image there is an edge dislocation
which moves a single step in the second image. In the third image it has moved
several times and a clear shear deformation can be seen. These dislocation
movements are energetically much more favorable than moving the whole
atomic layer in a perfect crystal.

can easily be demonstrated by considering a single edge dislocation in a
finite crystal. By applying a (shear) stress, one can see that it is energeti-
cally much more advantageous to move the dislocation through the lattice
instead of moving a whole atomic layer (with respect to the layer below)
to achieve the same effect. This mechanism has been illustrated in Fig. 1.2.

This understanding of dislocations as carriers of plastic deformation is
crucial in chapter 2, where the collective dynamics of dislocations are used
to explain the Portevin–Le Chatelier effect.

1.3 Crackling noise

When the (irreversible) deformation happens in a certain way, namely
through discrete, intermittent events that span a large range of sizes, one
talks about crackling noise [11]. The behavior of systems exhibiting these
events, also called avalanches, can often be characterized by the use of
very simple models, as the behavior of the events is independent of the
(micro- and macroscopic) details of the system.

The avalanches are characterized by a lack of a characteristic length
scale, so they obey distributions of the power-law form

P(x)∝ x−α f
(︃

x
x0

)︃
(1.17)

where P denotes the probability density, α is a constant exponent and x
the observable quantity, which can be for example the size of an avalanche
S or its duration T. The function f describes the cutoff due to for example
the finite system size. It has the behavior f → 1 when x → 0 and it goes to
zero rapidly when x > x0, where x0 is the cutoff value.

Different systems that follow these power-law distributions with the
same exponents are said to belong in the same universality class. This

19



Introduction

means that even if the details of the system and the finite size behavior
differ, on large scales they start to look similar.

Here two of these power-law distributions are discussed in detail. They
are studied in chapter 4 and Publication III using acoustic emission (see
chapter 6.3 for details) to characterize the avalanches.

Gutenberg–Richter law
Perhaps the best known of these power-laws is the Gutenberg–Richter
law [12] for earthquakes. In the study of laboratory size avalanches in
materials, labquakes, it is commonly used in the form that states the
energies E of avalanches to be power-law distributed

P(E)∝ E−β (1.18)

where β is a constant exponent.

The different exponent values have been related to microstructure [13],
pointing out the possible existence of two different universality classes.
The first one would include more homogeneous materials such as Vycor
[14] and wood [15] (but also earthquakes [14]) where β∼ 1.4 and the second
one more disordered materials (charcoal [13]) where β∼ 1.7.

Omori law
Another seismological law used in the context of labquakes is the Omori
law [16] which states that the rate (so the number of events in unit time
interval) ṅ of aftershocks decays as

ṅ(t)∝ (t+ c)−1 (1.19)

where t is the time after the mainshock and c is a time constant. The form
usually used is the modified Omori law or the Omori–Utsu law [17, 18]

ṅ(t)∝ (t− tMS + c)−(1−ν) (1.20)

where the time of the mainshock tMS has been written explicitly and the
exponent is written in the form 1−ν with some constant ν to highlight it
being close to (but slightly less than) unity. Often the time constant c is
omitted and the resulting divergence of the rate at t = tMS is dealt with by
only considering rates some small time after the mainshock.

The Omori–Utsu law gives rise to another power-law distribution for the
waiting times τ between avalanches. Consider a single Omori sequence
P(τ) ∝ τ−(1−ν) and the influence of a background avalanche activity rate
µ. Then (following a construction by Barò et al [14]) one can calculate the
waiting time distribution from a conditional probability P(τ|µ) which is the
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Omori sequence waiting time probability for a given background rate and
the probability of the background rate P(µ) as

P(τ)∝
∫︂ µmax

µmin

P(µ)µP(τ|µ)dµ (1.21)

where µ varies between µmin and µmax. Then the conditional probability is
given by

P(τ|µ)= µ

(µτ)1−ν
f (µτ) (1.22)

where f is an exponential function (which fulfills the aforementioned
requirements for a cutoff function) or something similar. Choosing f (x)=
exp(−x/a) with some constant a gives

P(τ|µ)∝µντ−(1−ν) exp
(︂
−µτ

a

)︂
. (1.23)

Now, if µ is constant, this gives a distribution

P(τ)∝ τ−(1−ν) exp
(︃
− τ

τ0

)︃
(1.24)

(where τ0 = a
µ

) which is a power-law with an exponential cutoff. This type of
power-law waiting times have been observed for example for earthquakes
and rock fracture [19, 20].

However if the background rate evolves, this becomes more complicated.
If the evolution behaves as a power-law µ(t)∝ t1/ξ (which is typical for the
experimental systems considered) one gets the background rate probability

P(µ)∝
⃓⃓⃓⃓

dt
dµ

⃓⃓⃓⃓
∝µ−(1−ξ) (1.25)

and then the actual waiting time distribution becomes

P(τ)∝ τ−(1−ν)
∫︂ µmax

µmin

µν+ξ exp
(︂
−µτ

a

)︂
dµ (1.26)

which can be integrated to yield

P(τ)∝ τ−(2+ξ)
[︂
Γ
(︂

1+ν+ξ,
µminτ

a

)︂
−Γ
(︂

1+ν+ξ,
µmaxτ

a

)︂]︂
(1.27)

where Γ is the incomplete gamma function.
In simple terms the distribution of waiting times for a given constant

background activity is a power law P(τ|µ) ∝ τ−(1−ν) with an exponential
cutoff at a/µ. As the cutoff changes during the experiment as µ ∝ t1/ξ

the integrated distribution behaves as P(τ) ∝ τ−(2+ξ). This gives rise to a
waiting time distribution with two power-law regions, P(τ) ∝ τ−(1−ν) for
small waiting times and P(τ)∝ τ−(2+ξ) for large waiting times.

This type of waiting time distribution has been observed for coal[13],
Vycor [14], earthquakes [14], wood [15] and berlinite [21] to name a few.
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Also if the background rate varies in some more complicated way (as
actually observed in Publication III) this two-part power law behavior can
in essence get averaged out (and starts to look something like the single
power-law behavior of Eq. 1.24) if the analysis is not done properly.
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2. The Portevin–Le Chatelier effect

The Portevin–Le Chatelier (PLC) effect [22, 23] is an instability phe-
nomenon in plasticity which has been studied for over a century, usually
in the context of material science. The effect manifests in certain metal
alloys and only under a certain range of temperatures and strain rates.
It produces serrations to the stress-strain curves (see Fig. 2.1a) and also
leads to decreased material strength. These serrations also correspond to
the formation and propagation of deformation bands (see Fig. 2.1b) which
are areas of localized plastic deformation visible on the sample surface.

The PLC effect has traditionally been divided into three different types
based on the mode of deformation band propagation. These different types
manifest themselves under different strain rate and temperature regions.
Type A bands (which are the ones studied in Publication I) denote the
propagating bands, while the type B and C bands are non-propagating.
Type A bands are observed with high strain rates and low temperatures,
type C bands with low strain rates and high temperatures and type B
bands in intermediate conditions.

The microscopic mechanism for the PLC effect is dynamic strain ageing
(DSA) [24, 25, 26, 27] where arrested dislocations acquire a cloud of solute
atoms diffusing to them. This diffusion, the formation of so called Cottrell
atmospheres (see Fig. 2.2 for a simulation [28] showing this behavior),
relaxes the residual stresses created by the addition of the solute atoms.
The formation of these atmospheres further strengthens the arrest of the
dislocations. The competition of these two different timescales, one for
dislocation movement and one for solute diffusion, gives rise to the PLC
effect through the negative strain rate sensitivity (SRS) [29, 30] it produces.
This negative SRS refers to the inversion of the dependence of the stress
on the strain rate and is the source of the instability.
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Figure 2.1. a) The stress-strain curves for different experiments exhibiting the serrations
related to the Portevin–Le Chatelier effect. b) A (subtracted) speckle image
(see chapter 6.4.1 for details) showing two examples of the deformation bands
related to the Portevin–Le Chatelier effect.

Figure 2.2. A snapshot of a 3D simulation showing a dislocation line (white) and the
solute atoms (blue) diffusing to it, forming a Cottrell atmosphere. This causes
the dislocation to get increasingly pinned. From Ref. [28], reprinted with
permission.
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2.1 Average band velocities

The easiest thing to look at with propagating bands is their average velocity

vb =
S
T

(2.1)

where S is the propagation distance and T the duration. This quantity fluc-
tuates a lot between experiments and also during a single experiment, as
can be seen in the top panel of Fig. 2.3. Some trends have been established,
the average velocity increasing with increasing strain rate (as a power-law
with exponent varying roughly between 0.8 and 1 [31, 32, 33, 34, 35, 36, 37])
and decreasing with increasing strain [33, 34, 35, 36, 38]. One should note
that usually the type A bands are assumed to propagate with a constant
velocity, so the average velocity determination in some earlier work might
not be very accurate.

The experimental details for the study of these PLC band velocities are
explained in chapter 6.4.1. To study this behavior with changing strain
rate we average the average band velocity over all the bands observed with
a particular strain rate to yield 〈vb〉, which is plotted in the Inset of the top
panel of Fig. 2.3. In our experiments it was found to increase as a function
of the strain rate as a power-law 〈vb〉∝ ϵ̇p with p = 0.6. One should note
that some disparity with previous results might be due to different ways of
velocity determination.

Knowing this average strain rate behavior enables the removal of this
contribution (by normalizing the velocities with ϵ̇−p) so that the strain
behavior of the band velocities can be studied. We observe a decrease
with strain (see bottom panel of Fig. 2.3) and fit an exponential function
〈vb〉∝ exp(−ϵ/ϵ0) with ϵ= 0.16.

Finally one can summarize both of these observed scalings

vb ∝ ϵ̇p exp
(︃
− ϵ

ϵ0

)︃
(2.2)

with p = 0.6 and ϵ0 = 0.16.

2.2 Modelling

In the long history of the study of the PLC effect a large number of dif-
ferent models have been suggested for interpreting different parts of the
phenomenology. Here two modelling approaches are discussed, a more
traditional DSA model – the Hähner–Rizzi model – and a novel approach
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Figure 2.3. Top panel: the average velocities of the experimentally observed PLC bands
show large fluctuations. The Inset show the behavior of the average band
velocity averaged over all the bands observed with a given strain rate. The
red symbols refer to experiments and the blue symbols to simulations using
the ABBM model. The black line is a power-law fit ϵ̇p with p = 0.6. Bottom
panel: The average band velocity normalized by the strain rate behavior (so
divided by ϵ̇p with p = 0.6) as a function of strain. The red symbols refer to
experiments and the blue symbols to simulations using the ABBM model. The
black line is an exponential fit exp(−ϵ/ϵ0) with ϵ0 = 0.16.

of adapting a mean-field depinning model to the study of the PLC band
dynamics.

Hähner–Rizzi model
In the model by Hähner and Rizzi [39, 40, 41] the phenomenology of the
PLC effect is captured through the time-evolution of four key quantities.
First the plastic strain rate follows an Arrhenius activation

ϵ̇p = ϵ̇0 exp
(︃
−G−Vσe f f

kBT

)︃
(2.3)

where ϵ̇0 is an elementary strain rate, kB the Boltzmann constant, T the
absolute temperature and the size of the energy barrier G−Vσe f f depends
on the Gibbs free activation enthalpy G, the activation volume V and the
effective stress σe f f =σext −σint which is the difference of the external and
internal stress.
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The Gibbs free activation enthalpy can then be divided into two contribu-
tions G =G0 +∆G where G0 is the constant part in absence of DSA and ∆G
the additional component due to DSA. The time evolution of the latter has
three contributions

∆Ġ = CD
∂2∆G
∂2x

+Cη (∆G∞−∆G)−CΩ∆Gϵ̇p (2.4)

where the first term describes the long-range interactions through a
diffusion-like spatial coupling (with a diffusion coefficient CD), the sec-
ond term describes the ageing due to dislocation pinning by the solute
atoms (Cη being an inverse of the ageing timescale and ∆G∞ the saturation
value of the additional activation enthalpy) and finally the third term
describes the dislocation unpinning by thermal activation (CΩ being the
inverse of an elementary strain).

This just leaves the stress contributions. The third key quantity is the
internal stress and its time-evolution consists of the effect of hardening

σ̇int = hϵ̇p (2.5)

where h is the (strain dependent) hardening parameter. Finally the ex-
ternal stress is given simply by the machine equation (for constant strain
rate loading)

σ̇ext = E⋆
(︁
ϵ̇ext −

⟨︁
ϵ̇p
⟩︁)︁

(2.6)

where E⋆ is the combined modulus of the specimen-machine system, ϵ̇ext is
the imposed strain rate and the average in the final term is taken over the
spatial extent of the sample.

This approach has been able to roughly reproduce the PLC phenomenol-
ogy and the different band types. Fitting the model to our experimental
average band velocities works decently (see Fig. 2.4) if one replicates the
experimentally observed hardening behavior in the hardening parame-
ter h (which is then an exponential function of the plastic strain ϵp) and
additionally makes the diffusion coefficient strain rate dependent (as a
power-law with an exponent 0.6). The effect of this strain rate dependence
is illustrated in the inset of Fig. 2.4.

However the complexity of the model, its phenomenological nature and
its inability to reproduce finer details of the band velocity signals lead
us to consider a different approach in the modelling. One should note
that the Hähner–Rizzi approach has the advantage of also modelling the
stress-strain behavior of the sample.
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Figure 2.4. Same as Fig. 2.3 but the blue dots represent results from the Hähner–Rizzi
model instead of the ABBM model. The green symbols in the inset represent
the model in the case where the diffusion coefficient does not depend on the
strain rate.

2.2.1 Alessandro–Beatrice–Bertotti–Montorsi model

Looking more closely at the velocity signals (not just their averages, see
Fig. 2.5) shows that they somewhat resemble typical avalanche signals.
Therefore the modelling approach used here reflects this. If the avalanche
signal is given by vb then the avalanche size

S =
∫︂ T

0
vb(t)dt (2.7)

is just given by the propagation distance S.

The Alessandro–Beatrice–Bertotti–Montorsi (ABBM) model [42] was
originally used as the mean field description of domain wall depinning in
disordered ferromagnets where the time evolution of the position of the
domain wall (or here band) xb follows

Γ
dxb

dt
= ct−kxb +W(xb) (2.8)

where Γ is the damping parameter, c the driving parameter, k the stiffness
parameter which counters the driving, W(xb) a position-dependent random
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Figure 2.5. Velocities of individual bands in one experiment.

force containing the material disorder component. This random force has a
zero mean 〈W(xb)〉 = 0 and Brownian correlations

⟨︁
W(xb)W(x′b)

⟩︁= D|xb − x′b|
where D is the strength of the disorder. In common practice we consider
here the case where Γ= 1 altough this can just be thought as a scaling of
the other parameters.

One can switch to directly considering the band velocities by first taking
the time-derivative

dvb

dt
= c−kvb +

dW(xb)
dt

(2.9)

but then one has the difficult time derivative of a position-dependent
random force. By using a transformation to time-dependent noise [43, 44],
(where one basically considers that a band propagating a distance dx
probes vb times the disorder when propagating for a time dt) one gets

dvb

dt
= c−kvb +

√︁
2Dvbξ(t) (2.10)

where ξ again has zero mean and white noise correlations
⟨︁
ξ(t)ξ(t′)

⟩︁ =
δ(t− t′).

The velocity profile
In the c = 0 limit the exact form of these avalanches can be solved [44]. For
D = 1 the average profile for the front velocity (here the band velocity vb)
for a given duration T is given by

〈vb(t)|T〉 = 1
2k

(︁
e2k(T−t) −1

)︁(︁
e2kt −1

)︁
e2kT −1

(2.11)

which means that the short avalanches have a parabolic 〈vb〉 ∝ t
(︁
1− t

T

)︁
shape but the longer avalanches have an increasingly flattened profile.

This overall shape matches the ones observed in the experiments (see
Fig. 2.6 for velocity profiles averaged in different duration bins). The
amplitude of the average velocity profile does differ, which is natural, due
to the strain and strain rate behavior of the average band velocity (given
by Eq. 2.2).

29



The Portevin–Le Chatelier effect

0 0.5 1

0

20

40

60

0 0.5 1

0

20

40

60

0 0.5 1

0

20

40

60

0 0.5 1

0

20

40

60

Figure 2.6. The average band velocity profile for four duration bins. The red symbols
represent the experiments and the blue ones the simulations from the ABBM
model.

The size distribution
The ABBM model is known to result in avalanches with power-law dis-
tributed sizes. This power-law has the form P(S)∝ S−(3−c̃)/2 where c̃ = c/D
is the normalized driving term. However on finite size samples there surely
exists an upper cutoff to this distribution and as in our simulations the
bands are constrained to a finite size sample we should see this cutoff.

One easy way to derive a form to this cutoff is to consider a band nu-
cleating on a line of length L (this line representing the sample). This
initial nucleation (lets call this event Y ) at position xi

b ∈ (0,L) has uniform
probability (as observed in the experiments) PY (xi

b)= 1
L . The event X corre-

sponds to the band stopping at a position x f
b ∈ (0,L) on the line. The joint

probability is then

PXY (xi
b, x f

b)= PX |Y (xi
b, x f

b)PY (xi
b)= 1

L
PX |Y (xi

b, x f
b) (2.12)

and from that one can derive the cumulative probability distribution of
travel distances

Ps≤S(s)= P|X−Y |≤s(s)= 1
L

∫︂ x f
b=L

x f
b=0

∫︂ xi
b=min(L,x f

b+s)

xi
b=max(0,x f

b−s)
PX |Y (xi

b, x f
b)dxi

b dx f
b (2.13)

and naturally (using the Leibniz integral rule) then the probability distri-
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bution of travel distances

PS(s)= d
ds

Ps≤S(s)= 1
L

∫︂ x f
b=L

x f
b=0

[︃
PX |Y

[︂
x f

b ,min(L, x f
b + s)

]︂ dmin(L, x f
b + s)

ds

−PX |Y
[︂
x f

b ,max(0, x f
b − s)

]︂ dmax(0, x f
b − s)

ds
(2.14)

+
∫︂ xi

b=min(L,x f
b+s)

xi
b=max(0,x f

b−s)

∂

∂s

[︂
PX |Y (xi

b, x f
b)
]︂

dxi
b

]︃
dx

where the last term vanishes and the integral can also be further simplified
by splitting it into three parts (of which one vanishes) so that one ends up
with two convolutions

PS(s)= 1
L

[︄∫︂ x f
b=L−s

x f
b=0

PX |Y (x f
b , x f

b + s)dx f
b +
∫︂ x f

b=L

x f
b=s

PX |Y (x f
b , x f

b − s)dx f
b

]︄
.

One can then define the ABBM stopping probability as a power-law with
respect to the distance travelled

PX |Y (xi
b, x f

b)∝
{︄

(xi
b − x f

b)−α, x f
b < xi

b

(x f
b − xi

b)−α, x f
b > xi

b

(2.15)

with some exponent α. This then gives the final distribution as

P(S)∝
[︄∫︂ x f

b=L−S

x f
b=0

S−α dx f
b +
∫︂ x f

b=L

x f
b=S

S−α dx f
b

]︄
= S−α

(︃
1− S

L

)︃
(2.16)

where one can see the hard cutoff of the form 1−S/L introduced by the
finite size sample.

2.2.2 Comparing the model with the experiments

To reproduce the experimental results using the model we first make the
simplest choice of linearly relating the driving in the ABBM model to the
strain rate by setting c ∝ ϵ̇. Similarly we relate the stiffness term to the
strain (which includes the strain hardening behavior) by setting k ∝ ϵ. The
disorder component in the model is then left as a constant, to represent
the material disorder.

A crucial point in the modelling is that we restrict the bands to the
finite size of the sample, so only accept simulated bands that fit inside the
sample. This is done by nucleating bands at a random position along the
simulated sample and letting them propagate in a random direction. Then
the band is only accepted when it stops inside the sample. This effect could
also in principle by due to the stiffness term k or some more complicated
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boundary effect.

The proportionality constants are chosen by the following procedure:
first the strain rate behavior was fitted to the experiments by setting a
value for c which reproduced the correct slope (meaning the correct power-
law behavior excluding the prefactor) for the average band velocity, then
finding a value for k that reproduced the correct slope (again, the correct
exponential form excluding the prefactor) for the average band velocity as
a function of strain. Finally the value for D was chosen so that the actual
values obtained from the simulations matched with the experimentally
observed ones.

With the parameter values obtained in this way (and when the band
statistics in terms of the number of bands in a given strain and strain rate
window are generated in proportion to the experiments) the behavior of
the average band velocities from the simulations matches the experiments
very well as can be seen in the blue symbols in Fig. 2.3. The behavior is
essentially the same as given by Eq. 2.2.

Same is true for the velocity profiles (see blue symbols in Fig. 2.6), the
flattening of the curves is very similar to the experiments. The velocities
of the bands with the shortest duration are slightly smaller in the simu-
lations and the velocities of the bands with the longest durations slightly
larger. There is also some asymmetry [45, 46] in the experimental velocity
profiles, which naturally cannot be reproduced by the model.

The size distribution (Fig. 2.7) from the experiments matches the analytic
form (Eq. 2.16) well with α close to one. For the simulations this exponent
is slightly smaller, a maximum likelihood fit (see chapter 6.3.2 for details)
giving α= 0.99 for the experiments and α= 0.73 for the simulations. This
disparity is probably due to the simplistic nature (linearity) of the model
parameter behavior with strain and strain rate.
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Figure 2.7. The size or propagation distance distribution of the bands. The red symbols
correspond to the experiments, blue symbols to the simulations of the ABBM
model and the black line shows the theoretical prediction from Eq. 2.16 with
α= 1.
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3. Tertiary creep in paper

Predicting material failure is extremely important for practical applica-
tions. In the most interesting case, time-dependent deformation, the main
goal is to predict the sample lifetime tc [47, 48, 49, 50, 51, 52]. In het-
erogeneous materials time-dependent deformation is also accompanied
by a heterogeneous deformation field and deformation localization before
failure.

Experiments have shown a power-law divergence of acoustic emission
[21, 53, 54, 55, 56] or strain rate [50, 57, 58, 59] before failure in many
different systems. This type of divergence, so for example for strain rate
ϵ̇∝ (tc − t)−b, means that the system somehow "knows" the failure time in
advance. A possible prediction scheme would then be to observe this diver-
gence during an experiment and treat the failure time as a free parameter
in a fit.

Another way of prediction relies on the Monkman–Grant relation [60]
which states that the time of the strain rate minimum is observed on
average at t = atc where a is a material (and possibly geometry) dependent
constant. For the paper (and geometry) we use in our experiments [57] this
has been seen to be true for a = 0.83. One should then be able to predict
the sample failure time when 17 % of the lifetime is still left. However
in practice determining the minimum of the derivative of a very slowly
varying quantity can be a challenging task.

In general the signatures of this power-law behavior and their interpreta-
tion has not been extensively studied experimentally. There however exist
models [52, 61] which lead to intermittent avalanche activity in creep. In
Publication II the creep behavior of paper is studied using Digital Image
Correlation (DIC) with a focus on the final part of the sample lifetime.
More details on DIC can be found in chapter 6.4.2.

Paper is a simple example of a (quasi-2D) heterogeneous material. Its
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Figure 3.1. a) The strain map 8 % before the failure of a sample. One can clearly see
the paper structure, areas of roughly 2-3 mm in diameter of uniform strain,
which correspond to the floc size in paper. b) An experiment where the global
strain rate normalized with its minimum ϵ̇/min ϵ̇ is shown as a function of
the normalized time before failure tc−t

tc
(bottom). The vertical strain rate

component ϵ̇yy (top) calculated using DIC is shown at a few select points in
time corresponding to the locations on the strain rate curve shown by the
arrows. One can clearly observe strain rate localization into a single region
(at around y= 50 mm and x = 50 mm) well before the sample failure.

general creep behavior [62] is known to consist of an initial primary, or
Andrade [63], creep phase where the strain rate decreases as ϵ̇ ∝ t−2/3

[57, 64, 65] and a secondary, logarithmic, creep phase where the strain
rate decrease is quicker, ϵ̇∝ t−1 [57]. After these two, starting from the
strain rate minimum at the aforementioned Monkman–Grant point, the
strain rate increases. This third phase is called tertiary creep.

By computing maps of local strain in the tensile direction ϵyy (so a com-
ponent of the infinitesimal strain tensor derived in chapter 1.1) using
DIC (see Fig. 3.1a and chapter 6.4.2 for more details) one can see areas of
roughly uniform strain around 2-3 mm in diameter. This can be explained
by the aggregation of fibers, in a suspension, to clusters which is called
flocculation [66]. This happens also in paper manufacturing and the floc
size in paper corresponds to the one we see in the strain maps.

Further than just the structure of paper, one can also compare strain
maps obtained at different times to compute the strain rate maps. Directly
by looking at those in the tertiary creep regime (see Fig. 3.1b) one can
see the localization of the strain rate into a single damage site. This site
matches with the eventual failure site and the localization is visible well
before the sample failure.
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Figure 3.2. a) The average of the global strain rate normalized by the global strain rate
minimum as a function of the normalized time before failure tc−t

tc
. The black

line is a power-law fit (tc − t)−0.91. b) The local strain rate fluctuations, so
the standard deviation of the vertical component of the strain rate (again
normalized by its minimum) as a function of the normalized time before failure.
The black line is a power-law fit (tc − t)−0.93. c) The strain rate normalized by
its minimum as a function of normalized time before failure from the SFBM.
The different lines are different realizations of the simulation. The black line
represents a power-law of the form (tc − t)−1/2. d) The standard deviation of
the strain rates of the different bundles (normalized by its minimum) from
the SFBM. The different lines are different realizations of the simulation. The
black line represents a power-law of the form (tc − t)−1/2.

3.1 Power-law divergence

Looking at the average behavior of the global strain rate (Fig. 3.2a)
one can see that as seen in many experiments, it diverges when fail-
ure is approached. The divergence is of the form 〈ϵ̇/min ϵ̇〉∝ (tc − t)−b with
b = 0.91±0.04 and is observed for around three decades in time, right up to
the time-resolution of our test setup.

The same is true for the fluctuations of the local strain rate ∆ϵ̇yy (Fig. 3.2b),
which are calculated as the standard deviation of the full strain rate field.
The divergence observed is of the form

⟨︁
∆ϵ̇yy/min∆ϵ̇yy

⟩︁∝ (tc − t)−c with
c = 0.93± 0.06 and is again observed for around three decades in time,
starting from around the start of the tertiary creep regime.
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3.2 Localization of deformation

To better visualize the deformation localization one can reduce the dimen-
sionality of the sample to one, by averaging the strain or strain rate maps
along the horizontal x-direction, yielding 〈ϵyy〉x and 〈ϵ̇yy〉x. As the final
failure happens due to a roughly horizontal crack running through the
sample, this procedure should not lose any vital information.

Plotting this one dimensional strain rate map as a function of the nor-
malized time before failure (Fig. 3.3a) very clearly shows the localization
into a single damage site well before the final failure. The same is true for
the strain (Fig. 3.3b) where the localization is slightly less clear but still
visible.

3.3 Serial Fiber Bundle Model

To model this behavior we use a serial viscoelastic fiber bundle model
(SFBM) [67, 57, 68, 69]. The choice is motivated by its ability to reproduce
the Monkman–Grant relation [57] in earlier work. It consists of Ns layers
in series with Np fibers in each of them. The fibers are viscoelastic and
modeled as Kelvin–Voigt elements for which holds

σ=βϵ̇+Eϵ (3.1)

where the load σ is kept constant (denoted as σ0), β is the damping constant
and E the Young’s modulus. For simplicity, here we have set the material
constants to unity, so β= E = 1.

The failure strain ϵc of the fibers is drawn from a distribution p(ϵc) which
here is just uniform (between 0 and 1). When a fiber fails, its load is
distributed globally within the intact fibers in the same bundle. This gives
the time evolution of each bundle as

σ0

1−P(ϵ)
=βϵ̇+Eϵ (3.2)

where P is the cumulative failure threshold distribution.
In the simulations the load σ0 is set slightly above the critical value that

leads to the eventual failure of one of the bundles. This (and the small
fluctuations between the failure strain distributions in each bundle) leads
to a failure time distribution for each of the Ns bundles. The simulated
sample fails when the first one of the layers fails (meaning that all the
fibers in this layer have failed).

The number of serial layers is chosen to be Ns = 40 as this roughly cor-
responds to the amount of flocs in the horizontal direction of the paper
sample. With this choice the SFBM also reproduces the experimentally
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Figure 3.3. a) An experiment showing the strain rate ϵ̇yy averaged over the width of the
sample 〈ϵ̇yy〉x as a function of the normalized time before failure. b) The same
plot as a but for the strain ϵyy. c) The strain rates ϵ̇ at different bundles yb as
a function of the normalized time before failure in a realization of the SFBM
simulation. d) The same plot as c but for the strain ϵ.
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observed Monkman–Grant [60] relation where (for this type of paper and
geometry [57]) the strain rate minimum is found at t = 0.83 · tc.

Looking at the strain rate behavior (Fig. 3.2c) close to the failure one can
see a qualitatively similar power-law divergence of the strain rate as in
the simulations. Again the normalization with the minimum strain rate is
used. The exponent is however different and the divergence is of the form
ϵ̇∝ (tc − t)−1/2 [68].

On the other hand the standard deviation of the strain rate (here mean-
ing the standard deviation between the serial bundles) also diverges as
failure is approached (Fig. 3.2d, again with the normalization by the min-
imum standard deviation). The exponent seems to be the same as for
the strain rate so that ∆ϵ̇ ∝ (tc − t)−1/2. An explanation for these similar
divergences of the strain rate and the standard deviation of the strain rate
is the the dominance of the strain rate of a single bundle when approaching
failure.

This can be seen in Fig. 3.3c and Fig. 3.3d where the strain rate and
strain each of the bundles is plotted as a function of the normalized time
before failure. The localization of strain and strain rate into a single bundle
right from the strain rate minima is obvious.

The serial bundles in the model are not correlated so as the experiments
can be qualitatively reproduced by the model this would imply the absence
of spatial correlations also in the experiments. Indeed after looking at
various correlation measures both in time and in space for the strain and
strain rate fields we observe no signs of correlated avalanche activity.
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4. Compression of a foam-formed fiber
material

Foam-formed materials, or materials produced by drying aqueous foams
which have high-aspect ratio fibers mixed in, are a novel class of lightweight
materials. They have a multitude of potential applications [70] including
air filtration, thermal insulation, acoustic control and cushioning. While
the strength properties of fiber networks in medium [66] and very low [71]
density ranges have been studied, the low density range (which might be
most relevant for applications) is not well understood.

In Publication III two types of these low-density foam-formed materials
were studied using compression testing and acoustic emission. The pre-
vious acoustic emission studies of compression of porous materials [14]
or wood [15, 72] have yielded very similar energy and waiting time dis-
tributions, while more heterogeneous materials [13] might have slightly
differing exponent values (as explained in chapter 1.3).

4.1 Buckling model

To model the behavior of this novel material we use a model introduced
previously by Ketoja et al [73] which starts by considering a buckling fail-
ure of a single fiber segment. This is then utilized in a mean-field sense to
obtain predictions for the macroscopic behavior of the sample. The model
also can be used to obtain predictions for the evolution of the number
of buckled segments which is later used in the analysis of the acoustic
emission. Although the model uses this type of toy-like buckling of single
fiber segments its predictions should be thought to be applicable for a more
general type of buckling failure.

For random fiber networks the distribution of the free-span fiber lengths
a is known to be exponential [74]

P(a)= 1
a0

exp
(︃
− a

a0

)︃
(4.1)
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where a0 is the mean free-span fiber length. As longer fibers undergo
buckling failure first one can obtain the mean free-span of the unbuckled
fibers 〈a〉 as a function of the critical free-span length ab for buckling

〈a〉 =
∫︂ ab

0
aP(a)da = a0

[︃
1−
(︃

1+ ab

a0

)︃
exp

(︃
−ab

a0

)︃]︃
. (4.2)

By assuming that the macroscopic strain ϵ relates directly to the mean
free-span of the unbuckled fibers one can relate it to the critical free-span
length

ϵ= 1− 〈a〉
a0

=
(︃

1+ ab

a0

)︃
exp

(︃
−ab

a0

)︃
(4.3)

and even find an analytic solution for the critical free-span length as a
function of strain

ab = a0

[︂
−1−W−1

(︂
− ϵ

e

)︂]︂
(4.4)

where W−1 is the second principal branch of the Lambert W-function and e
is the base of the natural logarithm.

What then is the critical free-span length? The critical force Fb needed
for buckling of a single fiber is derived from a known formula by Euler

Fb =µ
π2EI

a2
b

(4.5)

where µ is a factor describing the effects of boundary conditions at the ends,
E the modulus of elasticity and I the minimum area moment of inertia
of the cross-section. This relates the critical free-span length to the force
and using the notation s = ab/a0 one can then summarize the expected
stress-strain behavior as

σ= F
A

= µπ2EI
Aa2

0s2 = σ0

[s(ϵ)]2 (4.6)

where
s(ϵ)=−1−W−1

(︂
− ϵ

e

)︂
(4.7)

which comes from the (1+ s)exp(−s) = ϵ relation (Eq. 4.3) and σ0 is the
single tunable parameter in this theory.

Naturally one can also calculate other things from the theory. The
relative number of buckled segments is given by

Nb

Ntot
=
∫︂ ∞

ab

P(a)da = exp
(︃
−ab

a0

)︃
= exp[−s(ϵ)] (4.8)

where Nb is the number of buckled segments and Ntot the total number of
segments. The relative buckling rate is then (assuming constant strain
rate)

Ṅb

Ntot
= ϵ̇

Ntot

dNb

dϵ
= ϵ̇

d
dϵ

exp[−s(ϵ)]=−ϵ̇exp[−s(ϵ)]
ds
dϵ

(4.9)
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and the derivative of s can be implicitly calculated from Eq. 4.3

d
dϵ

[(1+ s)exp(−s)]=−sexp(−s)
ds
dϵ

= 1 ⇒ ds
dϵ

=−exp(s)
s

(4.10)

so that
Ṅb

Ntot
= ϵ̇

s
. (4.11)

The behavior of the function s and all the related forms (1/s2, e−s and 1/s)
can be seen in Fig. 4.1a.

4.2 Mechanical response

The experiments are done in three compression cycles (material testing is
covered in more detail in chapter 6.2 and the protocol shown in Fig. 6.2),
first from uncompressed sample to 10 % strain, then from the initial piston
position to 50 % strain and finally from the initial piston position to the
maximum capacity of the load cell. This is seen to have no effect on the
overall shape of the stress-strain curve if only parts of the curve that
exceed the maximum strains of previous cycles are considered.

The experimentally observed stress-strain curves seen in Fig. 4.1b show
fairly small sample-to-sample variation. The model described by Eq. 4.6
and Eq. 4.7 has been fitted to the average response of the samples by
tuning the material dependent parameter σ0. For the beginning part the
model seems to reproduce the experimentally seen behavior very well.
However after the strain of roughly ϵ = 0.5 the stress predicted by the
model increases more slowly than the experimentally observed one.

4.3 Acoustic emission

When looking at the behavior of the acoustic emission during the different
compression cycles (see chapter 6.2 and Fig. 6.2c) one can observe that
practically no acoustic emission is observed outside the portions where the
strain exceeds the maximum strain of the previous cycles. This means that
the source of the acoustic emission is the irreversible processes in the fiber
network and not for example fiber bending, which would contribute also
during the unloading phases.

The acoustic emission can be used to observe the transition from the
mean-field behavior to collective phenomena. By observing the ratio of
the energy rate of acoustic events ĖAE to the rate of the acoustic events
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Figure 4.1. a) The behavior of the function s with strain (blue) and also 1/s2 (red), e−s

(magenta) and 1/s (green) which have been derived for different quantities in
the buckling model. b) The experimentally obtained stress-strain curves from
different samples (grey), their average (blue) and the theoretical prediction
from Eq. 4.6 with σ0 = 270 kPa (red).

ṅ one is effectively observing the average energy per event. As can be
seen in Fig. 4.2a this ĖAE/ṅ ratio is roughly constant until about ϵ= 0.5
where it starts to rapidly increase (the same change in behavior can also
be seen in the rate of acoustic emission energy release in Fig. 6.2c). This
coincides with the point where the buckling theory prediction starts to
break down for the stress-strain curves. Therefore it seems that from this
point onwards the behavior of the material crosses over from the mean-
field-like behavior to the one where collective phenomena start to dominate.

Another interesting link between the acoustic emission and the stress-
strain behavior comes from observing the difference between the experi-
mentally observed stress σ and the theoretical prediction σ=σ0/s2. Writing
this difference as

∆σ=
⃓⃓⃓⃓
σ− σ0

[s(ϵ)]2

⃓⃓⃓⃓
(4.12)

and plotting it (above the crossover point ϵ= 0.5) against the cumulative
acoustic event energy EAE shows very interesting behavior (Fig. 4.2b).
The acoustic emission energy seems to have a power-law relation to the
difference of the theoretical prediction and the experimental stress which
looks roughly like EAE ∝∆σ1/2 (the true exponent might be a bit higher).

4.3.1 Comparison with the buckling theory

The obtained experimental results motivated an assumption that the
probability of an acoustic event behaves as the power α of the buckling
segment length probability P(a). Then the relative number of acoustic
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Figure 4.2. a) The ratio of the energy rate of acoustic events EAĖ to the rate of acoustic
events ṅ which effectively is the average energy per event. The two curves
of different color correspond to the two different materials studied. b) The
cumulative acoustic event energy as a function of the difference ∆σ between
the experimentally observed stress and the theoretical prediction (as defined
in Eq. 4.12). The two curves of different color correspond to the two different
materials studied. The black line represents the power-law EAE ∝∆σ1/2 and
serves as a guide to the eye.

events is given by

n
ntot

=α

∫︂ ∞

ab

[P(a)]α da = e−αs(ϵ) (4.13)

where n is the number of acoustic events (at certain strain) and ntot the
total number of acoustic events (from a full compression of the sample).
Similarly the relative acoustic event rate becomes

ṅ
ntot

= ϵ̇

s(ϵ)
αe(1−α)s(ϵ). (4.14)

As the maximal compressive strain in experiments is limited one does
not experimentally obtain the total number of acoustic events ntot. This
can be mitigated by normalizing the number of events at the maximum
strain to unity which would mean that the normalized acoustic event count
n∗ is given by

n∗ = n
ntot

eαs(ϵmax) = eα[s(ϵmax)−s(ϵ)] (4.15)

and the normalized acoustic event rate by

ṅ∗ = ṅ
ntot

eαs(ϵmax) = ϵ̇

s(ϵ)
αe(1−α)s(ϵ)+αs(ϵmax). (4.16)

This theoretical prediction can be compared to the experimentally ob-
served ones by dividing the observed event count with the maximum event
count from the experiment and normalizing it with the coefficient that was
just derived. This yields excellent results as can be seen in Fig. 4.3. The
theoretical predictions are fitted to the data with α= 3.0.
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Figure 4.3. a) The experimentally obtained normalized acoustic event counts from differ-
ent samples (grey), their average (blue) and the theoretical prediction from Eq.
4.15 with α= 3.0 (red). The inset shows the exact same plot with logarithmic
axes. b) The experimentally obtained normalized acoustic event rates from
different samples (grey), their average (blue) and the theoretical prediction
from Eq. 4.16 with α= 3.0 (red).

4.3.2 Energy and waiting time distributions

To assess the possible differences in the acoustic emission statistics during
different parts of the loading the distributions of acoustic event energies
and waiting times are considered in four different strain bins. First bin
has the events occurring with ϵ ∈ [0.0,0.2], the second bin with ϵ ∈ [0.2,0.5],
the third with ϵ ∈ [0.5,0.7] and the rest go into the fourth bin.

The distribution of acoustic event energies P(E) seems to follow the
Gutenberg–Richter law with the same exponent β= 2.1 (fitted using the
maximum likelihood method, see chapter 6.3.2) regardless of the strain bin
considered (Fig. 4.4a). The power-law is observed for roughly three decades
of energy values. The exponent value usually found in compression is
around β∼ 1.4 and β∼ 1.7 for more heterogeneous materials (as explained
in chapter 1.3). The value obtained here quite clearly surpasses both of
these.

Looking at the waiting time distributions P(τ) (Fig. 4.4b) one can clearly
see the power-law tail arising from the acoustic event rate variations de-
scribed in chapter 1.3. However as we have considered different parts
of the stress-strain curve the exponent 2+ξ of the distribution increases
linearly with strain (Inset of Fig. 4.4b). The value for the first two bins is
fairly close to the typical one around ξ∼ 0.5 [13, 14, 15] but after that gets
significantly higher.
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Normalizing both axis with the mean event rate 〈ṅ〉 in Fig. 4.4b yields
a nice collapse seen in Fig. 4.4c. The change in the exponent in the tail
of the distribution is much harder to see but there is a small one decade
portion of the distribution that appears to follow a fairly flat P(τ)∝ τ−(1−ν)

distribution with roughly ν= 0.6. This would correspond to the power-law
portion of lower waiting times (related to the Omori sequences) also de-
scribed in chapter 1.3. The exponent value is lower than what is usually
found (1−ν≈ 0.93 for Vycor [14] and coal [13]), the closest one being the
1−ν≈ 0.53 found for the Omori–Utsu law in wood compression [72]. One
must though keep in mind the shortness of this scaling region.

Finally the evolution of the event rate distribution can clearly be seen in
Fig. 4.4d. The rates dramatically increase with strain but also the shape
of the distribution starts to differ from the initial power-law one, tending
to a more peaked one for high strains.
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10
-9

10
-7

10
-5

10
2

10
4

10
6

10
8

10
-5

10
-3

10
-1

10
1

10
-3

10
-1

10
1

10
3

0 0.5 1

2

3

4

5

10
-4

10
-2

10
0

10
2

10
-5

10
-3

10
-1

10
1

10
0

10
1

10
2

10
3

10
4

10
-4

10
-2

10
0

a b

c d

Figure 4.4. a) Distribution of the acoustic event energies divided into four strain bins. The
black line is a power-law fit P(E)∝ E−2.1. b) Distribution of the waiting times
of the acoustic events divided into the same four strain bins. The black lines
are maximum likelihood fits for the power-laws in the tail of the distributions.
The Inset shows the exponent of the fitted power-law P(τ) ∝ τ−(2+ξ) as a
function of the mean strain in the respective strain bin. c) The waiting time
distribution shown in panel b but with both axis normalized with the mean
acoustic event rate 〈ṅ〉. The black line represents a power-law P(τ)∝ τ−(1−ν)

with ν= 0.6. d) The distribution of the acoustic event rate in the same four
strain bins.
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5. Conclusions

The conclusions drawn from the work presented here can first be separated
into two portions, the experimental results and the modelling part. On
the experimental side in Publication I we used a fast imaging technique
to characterize the statistics of the Portevin–Le Chatelier deformation
band dynamics with higher accuracy than in previous works. This enabled
not only the characterization of the average band velocities, but also the
average velocity profile.

In Publication II we again used a fast high-resolution imaging technique
to study the localization of creep deformation close to failure. The localiza-
tion becomes visible in the tertiary creep regime and is accompanied by
scalefree behavior of the associated quantities (the strain rate, the local
fluctuations in the strain rate), namely a divergence (tc−t)−a with exponent
a close to unity. However we found no evidence of correlated avalanche
activity.

Finally in Publication III a new type of material was studied which
showed interesting Acoustic Emission statistics, with an energy exponent
larger than the usual ones found and strongly evolving event rate, giving
rise to an interesting, evolving tail of the waiting time distribution. The
material thus differs from what has been observed previously in other
materials.

On the modelling side very simple models were used to explain each of
these systems. In Publication I the deformation bands were reduced to
quasiparticles pulled by a spring through a disordered landscape, described
by a well known model of mean-field depinning, the ABBM model. The key
elements in the modelling were the restriction of the band dynamics to the
finite size of the sample and the linear mapping of the strain rate to the
driving term, the strain to the stiffness term and the material structure to
the disorder term.

In Publication II the fibrous material, namely paper, was modelled using
a viscoelastic serial fiber bundle model, which produced qualitatively simi-
lar behavior of strain localization and scalefree divergence of the associated
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quantities. Here the most important parameter is the number of serial
bundles, which we saw to be representative of the individual flocs in paper.

The similar type of fibrous material in Publication III was found to be-
have according to predictions of a mean-field model of fiber buckling. From
the model one can predict the shape of the stress-strain curve and also the
number of buckled fibers, which was observed to be linked to the number
of acoustic events. There exists however a point where this model ceases
to make correct predictions, which is around 50 % strain.

Combining the experimental and modelling side allow one to conclude
various things. The results from Publication I show that the collective
dynamics of dislocations (under certain conditions for temperature and
strain rate) create avalanches in the plastic deformation of metal alloys.
The dynamics of the bands arise from the external drive, local randomness
and the coarse-grained collective response of the dislocations, described by
a mean-field model.

Quite conversely the results of Publication II suggest that the strain
localization and scalefree behavior of the associated quantities is not due
to collective avalanches. As the behavior can be reproduced with a model
where the local damage accumulation is not correlated, this would imply
that the final failure is just due to the appearance of a local fast-deforming
spot close to tc and the divergence of the strain rate of the sample is just
due to the dominance of this local spot.

In Publication III the onset of major avalanche phenomena (increase in
acoustic activity) coincides with the point after which the predictions of
the mean-field fail. This alludes then to a crossover from the mean-field
behavior to collective avalanches of deformation.

As the ABBM model and the SFBM give predictions that depend on the
sample geometry (namely the length in the load direction), an obvious
direction for future work would be to test their validity for different size
samples. Also the effect of alloy composition (and therefore also harden-
ing behavior) on the parameters of the ABBM model would also be an
interesting direction of study.

The PLC effect also manifests in types other than A, namely the "non-
propagating" types B and C. Naturally the band dynamics for non-propa-
gating bands seem like an oxymoron, but if the band velocity is thought of
as the velocity of the leading edge of the band, one can study this velocity
also during the nucleation of these non-propagating bands and see what
the implications are for the ABBM model. Generally one should note that
an extremely important part of the study of these PLC dynamics is to have
sufficient statistics.

As the SFBM and the mean-field buckling model are very general, one
would expect to find other materials for which they are applicable, ergo
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other materials that belong to the same "universality class". In Publica-
tion II we found no avalanche phenomena in the creep behaviour of our
(viscoelastic) test material but for other materials they have been observed
in the form of acoustic emission. In both cases there is a power-law di-
vergence of the strain rate so it does not appear to be a signature of a
phase transition. Further experimental studies should be carried out on
other materials to see which ones show avalanche activity and which ones
do not. In the case of the buckling model it would also be interesting to
see what are the conditions – perhaps in terms of material type and its
internal structure – that lead to this type of crossover phenomena and
more crucially, what are the mechanisms of this crossover.
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6. Devices and methods

All the work here includes an experimental component which relies on pre-
cise imaging of the sample (using laser speckle technique or Digital Image
Correlation) and also other means of precise detection of the avalanche
phenomena (such as acoustic emission). In this chapter the relevant ex-
perimental details and also computational methods used are explained in
detail.

6.1 Samples

The common feature for the samples used here is the presence of some
form of disorder. The aluminum alloy used in Publication I is AW-5754,
which contains 3 % of magnesium solute atoms (exact chemical composition
shown in Table 6.1). These solute atoms are crucial in the Portevin–Le
Chatelier effect studied (as explained in chapter 2).

Both in Publication II and Publication III the material can be thought
of as a some sort of fiber network. In Publication II the samples were cut
from ordinary paper sheets, which is a good presentation of a quasi-2D
random fiber network, and in Publication III the samples were formed by
drying a pulp foam, producing a similar 3D random fiber network. The
structure of these foam-formed materials can be seen in Fig. 6.1.

Al Mg Mn Fe Si Cr Zn Ti Cu Other

max (%) 97.4 3.6 0.5 0.4 0.4 0.3 0.2 0.15 0.1 0.15

min (%) 94.2 2.6

Table 6.1. The chemical composition of the AW-5754 alloy used in Publication I.
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a) BSKP b) CTMP

Figure 6.1. The structure of the two types of foam formed materials used in Publication III.
a) Samples from unrefined bleached softwood Kraft pulp (BSKP). b) Samples
from bleached spruce chemi-thermomechanical pulp (CTMP).

6.2 Material testing

The material testing was done on Instron ElectroPuls E1000 testing ma-
chine. It is an all-electric instrument for static and dynamic testing of
fairly soft materials. Here fairly soft means that the maximum load for
the Dynacell load cell is 1 kN and for the one used in Publication III 275 N.
The position of the piston and the force value recorded by the load cell are
stored to a computer with an acquisition frequency of 500 Hz. From these
one can determine the stress (by Eq. 1.1) and the change in the length of
the sample (the global displacement) which then gives the (global) strain
(by Eq. 1.2).

There are many different types of testing one can do with this type of
machine. One can do tensile tests (as in Publication I) where the sample is
elongated with a constant stress or strain rate (here constant strain rate
was used) or compression tests (as in Publication III) where the sample
is compressed similarly with a constant stress or strain rate (here again
constant strain rate was used). The produced stress-strain curves can be
seen in Fig. 2.1a and Fig. 4.1b.

Additionally the relaxation of the specimen was studied in Publication
III which was done through cyclic loading. The strain was first increased
to 10 %, then decreased back to zero. This was then redone to 50 % strain
and finally the sample was compressed to the maximum load allowed by
the load cell. The compression protocol is illustrated in Fig. 6.2.

The third method used here (in Publication II) was the creep test where
one loads the sample to a predetermined load (basically by doing a tensile
test with a constant stress rate but stopping before the sample failure) and
keeps this load constant. One can then observe the slow time-dependent
deformation of the sample, which is called creep. An illustration of this
creep behavior can be seen in Fig. 6.3b.
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Figure 6.2. The three cycles of the compression protocol. a) The displacement z as a
function of time t. The beginning and end of each loading cycle is illustrated
with dashed lines. b) The measured force F as a function of time t from the
same experiment. c) The cumulative acoustic emission energy

∫︁
E dt as a

function of time t from the same experiment. The individual dots correspond
to single events and one can see that significant acoustic activity is observed
only when the compression exceeds the maximum strain of the previous
compression cycle (illustrated by green arrows).
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Figure 6.3. a) An image of the experimental setup in Publication II where the tensile
loaded sample is imaged with a videocamera. Lighting is provided by a LED
light with a paper light diffusor. b) Raw data of a creep test, which shows the
increasing stress ramp, followed by constant loading and the typical creep
curve of decreasing displacement rate.
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Figure 6.4. a) An image of the experimental setup in Publication III where the compressed
sample is in contact with the acoustic emission sensor. b) An example of the
raw acoustic emission signal, showing the amplitude A as a function of time.

6.3 Acoustic emission

In Publication III the crackling of the sample was studied using acous-
tic emission. This was done by placing a piezoelectric sensor (Physical
Acoustics Corporation WSα) in contact with the sample and recording the
voltage produced by the piezo (amplified 60 dB) with a high frequency
(here 100 kHz). The experimental setup and the raw acoustic emission
signal can be seen in Fig. 6.4.

6.3.1 Event detection

As the crackling noise manifests itself as intermittent bursts, one can
reduce the continuous acoustic emission signal to discrete events. Here
this is done by a simple thresholding method where one picks a threshold
amplitude which is right above the noise level of the signal. Continuous
portions of signal above this threshold are then considered to belong to a
single event.

The events are characterized by their occurrence time ti which is defined
as the time of the maximum amplitude A(t) of the event (here the index
i is just a label for the event). Instead of the event size (which is studied
for the PLC band velocity signals in chapter 2) with acoustic emission
one usually considers the event energy. It is defined as an integral of the
square of the amplitude

E =
∫︂

A2(t)dt (6.1)

where the integration is done over the duration of the event.
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This produces a set of pairs (ti,E i) (which in seismology would be called
a catalog) describing the events in a single experiment. Additionally one
can define (for all the events except the first one) the waiting time τ which
is the time between successive events

τi = ti − ti−1. (6.2)

One can see the integrated energy release of these events
∫︁

E dt as a
function of time (so essentially the sum of the energies observed before
each point in time) in Fig. 6.2c.

6.3.2 Maximum likelihood method

As typical for crackling or avalanching systems, the probability distribu-
tions studied here tend to be of the power-law type where P(x)∝ x−α with
some constant exponent α. These sometimes require one to careful in
the computations, as both x and P(x) span a broad range of values and
inaccuracies are easy to produce.

To accurately fit distributions to data one needs to be careful about the
methodology. Methods based on binning the data to histograms create
binning effects and are thus not suitable for accurate analysis. Here a good
method for fitting, the maximum likelihood method, is presented.

Lets say that one wants to fit a distribution P(x, {αi}) of the form

P(x)= g(x, {αi})
ζ({αi})

(6.3)

where g(x, {αi}) is actual shape of the distribution with parameters {αi} and
ζ({αi}) is the normalization factor

ζ({αi})=
∫︂ xmax

xmin

g(x, {αi})dx (6.4)

where xmin and xmax are the bounds of the variable x. It is best done by
maximizing the likelihood function

L ({Xk}, {αi})=
N∏︂

k=1

P(Xk)= ζ−N ({αi})
N∏︂

k=1

g(Xk, {αi}) (6.5)

where {Xk} is the actual data (with k ∈ [1, N]). If the fit is done only on a
portion of the data one should exclude Xk < xmin and Xk > xmax beforehand.

As the large product is a hard thing to deal with one can instead maximize
the logarithm of the likelihood function

lnL ({Xk}, {αi})=−N lnζ({αi})+
N∑︂

k=1

ln g(Xk, {αi}) (6.6)
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where one only has the deal with a large sum. The maximization is done
by finding the zero of the differential of the logarithm of the likelihood
function with respect to all the parameters αi

∂ lnL ({Xk}, {αi})
∂αi

=−N
∂ lnζ({αi})

∂αi
+

N∑︂
k=1

∂ ln g(Xk, {αi})
∂αi

=−N
∂

∂αi
ζ({αi})

ζ({αi})
+

N∑︂
k=1

∂
∂αi

g(Xk, {αi})

g(Xk, {αi})
= 0. (6.7)

As an illustrative example, lets consider a pure power law g(x,α) = x−α

(like in Publication III and chapter 4) where one has only one parameter
and the normalization factor is

ζ(α)=
∫︂ xmax

xmin

x−α dx = x1−α
max − x1−α

min
1−α

. (6.8)

The terms in the maximization are

∂
∂α

g(Xk,α)
g(Xk,α)

=
∂
∂α

X−α
k

X−α
k

=− ln Xk (6.9)

and
∂
∂α

ζ(α)
ζ(α)

= 1
1−α

+ x1−α
min ln xmin − x1−α

max ln xmax

x1−α
max − x1−α

min
(6.10)

so that one has the find the zero

−N
(︃

1
1−α

+ x1−α
min ln xmin − x1−α

max ln xmax

x1−α
max − x1−α

min

)︃
−

N∑︂
k=1

ln Xk = 0. (6.11)

The effect of a cutoff
The case for a power law with a cutoff g(x) = x−α f (x,β) it gets a bit more
complicated. If the cutoff is the hard cutoff used in the PLC study of
Publication I and chapter 2, f (x,β) = 1− x/β (and β = xmax) one has the
normalization

ζ(α)=
∫︂ xmax

xmin

x−α

(︃
1− x

xmax

)︃
dx = x1−α

max − x1−α
min

1−α
+ x−α

max − x−α
min

αxmax
(6.12)

and again only one tunable parameter. The terms in the maximization are

∂
∂α

g(Xk,α)
g(Xk,α)

=
∂
∂α

X−α
k

(︂
1− Xk

xmax

)︂
X−α

k

(︂
1− Xk

xmax

)︂ =− ln Xk (6.13)
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and

∂
∂α

ζ(α)
ζ(α)

= 1
1−α

+ x1−α
min ln xmin − x1−α

max ln xmax

x1−α
max − x1−α

min

+ x−α
min ln xmin − x−α

max ln xmax + x−α
min−1
α

xmaxα
(︂

x1−α
max−x1−α

min
1−α

+ x−α
max−x−α

min
αxmax

)︂ (6.14)

which is quite a bit more complex. Therefore the maximum likelihood fit is
easier done by numerically calculating the normalization factor (Eq. 6.12)
and then finding the maximum of the log-likelihood function (Eq. 6.6).

6.4 Imaging

In each of the studies included here some sort of imaging of the sample
was used. They were either the laser speckle technique (in Publication I)
or Digital Image Correlation (in Publication II and Publication III). These
methods were only imaging one face of the sample (so 2D in nature).

6.4.1 Laser speckle technique

For directly observing local strains, the laser speckle technique [38, 75, 76]
(the technique used in Publication I) can be used. It relies on observing
local changes in the sample surface by observing changes in the speckle
pattern produced by the surface. One should remember that this technique
does not actually measure the strains but rather gives locations of the local
strain changes.

When the rough sample surface is illuminated with a diffuse laser, it pro-
duces a speckle pattern, which can then be captured with a camera. Any
local change in the sample (local strain) would alter this speckle pattern
in the corresponding location. Therefore one can compare speckle patterns
by subtracting them (pixel by pixel).

The speckle patterns in Publication I were recorded using the ProtoRhino
FlexRHINO DynaMat system which includes a high-speed camera, a laser
and an acquisition unit with an field programmable gate array (FPGA) chip.
The experimental setup can be seen in Fig. 6.5a. The spatial resolution
used was 54 µm and acquisition frequencies varied between 0.5-2 kHz. The
subtraction of the speckle images was done for consecutive images, except
for the highest acquisition rate (2 kHz), where the interval was increased
by skipping one image. An example of these subtracted speckle images can
be seen in Fig. 2.1b.
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Figure 6.5. a) An image of the experimental setup in Publication I where the sample
is illuminated with a laser and a high speed camera is used to capture the
resulting speckle pattern. b) A schematic representation of the projection
method in speckle image processing. The band angle θ is used to construct a
line perpendicular to the band (defined by the vector p̂b). Each pixel in the
subtracted speckle image (with positions ri j = rxr̂x + r yr̂y) is then projected
onto this perpendicular line.

Deformation band tracking
The deformation bands of the PLC effect can clearly be seen in the sub-
tracted speckle images. The tracking procedure we used is motivated by
the observation of the rigidity of the bands. They essentially move as
rigid bodies (or zero-dimensional quasiparticles), not significantly chang-
ing their width or their angle (they have two possible angles, one for each
inclination).

To track the bands from the speckle images the sample is first reduced
to a one-dimensional line by taking a projection to a line perpendicular
to the band. This is done for both band inclinations and this averaged
image intensity (projected points are averaged in equal width bins on the
perpendicular line) is called the effective strain rate ϵ̇spec as it represents
the local strain rate. This projection scheme is illustrated in Fig. 6.5b.

The 2D space-time representation of the effective strain rate (see Fig. 6.6)
can then easily be used to track the band positions. The band position is
defined by the position of maximum ϵ̇spec of the leading edge of the band.
One needs to be careful with simultaneous bands close to each other.

6.4.2 Digital Image Correlation

For Publication II (see Fig. 6.3a for the experimental setup) and Publication
III the Digital Image Correlation was used to observe the local strains.
This technique relies on inferring the local strain field from two images of
a sample by computing the displacement of each material point.

The calculation of this displacement field can be done in different ways
but naturally the basic procedure is the same. The idea is to take a region
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Figure 6.6. An example the effective strain rate map for one band inclination.

of interest, a small area of the reference image, which is correlated with the
deformed image. The position of maximum correlation should correspond
to the position where this region of interest has moved. This can then
be repeated for each region of interest to yield the full displacement map.
The simplest algorithm for this would just be the brute force calculation of
the full cross-correlation between the region of interest and the deformed
image for each region of interest.

This would be sufficient if one only considers translations of the regions
of interest. For more advanced functional techniques, such as the one
used here, one considers shape functions that take other types of defor-
mation into account. For example a first order shape function taking into
account translations, rotations, shears and normal strains [77] is (using
the notation from chapter 1.1)

(︄
x

y

)︄
=
(︄

1+ ∂u
∂X

∂u
∂Y u

∂v
∂X 1+ ∂v

∂Y v

)︄⎛⎜⎜⎝
X

Y

1

⎞⎟⎟⎠ (6.15)

and one can optimize the displacement maps for u and v so that the appli-
cation of this deformation on the reference image gives an image as close
as possible to the deformed image (using some correlation criterion).

The exact method used here is the one implemented in the ncorr [78, 79]
software. It uses a shape function equivalent to Eq. 6.15 and the inverse
compositional Gauss–Newton (IC-GN) method. It starts with an initial
guess which is computed using the brute force method for each region
of interest. This guess is then refined to subpixel resolution using the
IC-GN method where the correlation criterion is the zero-normalized sum
of squared differences and the subpixel data is obtained with biquintic B-
spline interpolation. From the displacements one can then either calculate
the Green–Lagrange strain tensor from Eqs. 1.10-1.12 (for large strains)
or the inifinitesimal strain tensor from Eqs. 1.13-1.15 (for small strains).

One often has to apply some form of patterning on the sample surface to
have enough contrast to make computation of the displacements reliable.
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Indeed if the focus of Publication III had been more on the imaging side this
would have improved the quality of the DIC computations. In Publication
II a simple patterning of different colored blobs (1 mm in diameter) was
printed on the paper samples (as can be seen in Fig. 6.3a). In general the
size of the region of interest should be chosen so that it contains roughly
three of these pattern objects [80]. As the results of Publication II show
that the natural scale of the deformation in paper is the floc size, which is
more than 1 mm, this precise choice of the size of the region of interest is
probably not so crucial.

In general, one should be wary of the smoothing effects produced by DIC
software. Usually the desire is to have smoothly varying strain fields, so
the strain in DIC software is calculated by locally fitting a plane to the
displacement field and using this plane to determine the local strain. For
large local strain variations this is however not appropriate and one should
be careful when doing the numerical differentiation.
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