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Robust Nonparametric Cyclic Correlation Based
Spectrum Sensing for Cognitive Radio

Jarmo Lund́en, Saleem A. Kassam, and Visa Koivunen

Abstract—Cognitive radios sense the radio spectrum in order
to find underutilized spectrum and then exploit it in an agile man-
ner. Spectrum sensing has to be performed reliably in challeng-
ing propagation environments characterized by shadowing and
fading effects as well as heavy-tailed noise distributions. In this
paper a robust computationally efficient nonparametric cyclic
correlation estimator based on the multivariate (spatial) sign
function is proposed. Nonparametric statistics provide additional
robustness against heavy-tailed noise and when the noise statistics
are not fully known. Asymptotic distribution of the spatial
sign cyclic correlation estimator under the null hypothesis is
established. Tests using constraint on false alarm rate are derived
based on the estimated spatial sign cyclic correlation for single-
user and collaborative spectrum sensing by multiple secondary
users. Theoretical justification for detecting cyclostationary sig-
nals using the spatial sign cyclic correlation is provided. A
sequential detection scheme for reducing the average detection
time is proposed. Simulation experiments and theoretical results
comparing the proposed method with cyclostationary spectrum
sensing methods employing the conventional cyclic correlation
estimator are presented. Simulations demonstrate the reliable
and highly robust performance of the proposed nonparametric
spectrum sensing method in both Gaussian and non-Gaussian
noise environments.

I. I NTRODUCTION

Cognitive radio research has received considerable interest
during the past few years. The interest in cognitive radios
in wireless communications stems mainly from the scarcity
of spectral resources [1]–[3]. Current spectrum regulation is
based on a fixed frequency allocation policy. Each frequency
band is allocated to a different wireless system in a rigid
manner. This has resulted in an extremely uneven utilization
of spectral resources both in time and space, thus, creatingan
increasing demand for more flexible and efficient utilization
of spectral resources, demand for dynamic spectrum access.
Dynamic spectrum access may be realized using cognitive
radios. Cognitive radios sense the radio frequency spectrum

Copyright (c) 2008 IEEE. Personal use of this material is permitted.
However, permission to use this material for any other purposes must be
obtained from the IEEE by sending a request to pubs-permissions@ieee.org.

The work has been done in collaboration with Nokia Research Center as
part of the cognitive radio research.

Jarmo Lund́en’s work was further supported by GETA graduate school and
Nokia Foundation.

J. Lund́en and V. Koivunen are with the Department of Signal Processing
and Acoustics, SMARAD CoE, Helsinki University of Technology, P. O. Box
3000, FI-02015 TKK, Finland, phone: +358 9 451 2398, fax: +358 9 452
3614, e-mail:{jrlunden,visa}@wooster.hut.fi.

S. A. Kassam is with the Department of Electrical and Systems Engineering,
University of Pennsylvania, Philadelphia, PA 19104, USA, phone: +1 215 898
5990, fax: +1 215 573 2068, e-mail: kassam@ee.upenn.edu.

Some preliminary results of this work were presented in part atthe 3nd Int.
Conf. on Cognitive Radio Oriented Wireless Networks and Communications,
Singapore, May 15–17, 2008.

for available spectral opportunities and utilize them in an
intelligent manner. Spectrum sensing has to be performed
reliably in the face of shadowing and fading effects as well as
in difficult noise and interference environments. Collaborative
sensing by multiple secondary users allows mitigation of
shadowing and fading effects. Frequently changing noise and
interference environments and associated statistical models
call for robust approaches for spectrum sensing.

Robustness of spectrum sensing algorithms is motivated by
several measurement studies that show the impulsive nature
of man-made noise in many outdoor and indoor frequency
bands [4]–[7]. Typical noise distribution according to these
studies has heavier tails than normal distribution. Impulsive
interference may be due to the presence of multiple interferers
contaminating the primary signal we wish to detect. For
example, indoor measurements in the industrial, scientific,
and medical (ISM) bands reported in [5] show the impulsive
nature of the noise and interference due to, e.g., microwave
ovens and devices with electromechanical switches (electric
motors in elevators, printers, copy machines, etc.) Moreover,
on a computer platform various components, such as the
LCD pixel clock and the PCI express bus, cause impulsive
interference that degrades the performance of the embedded
wireless devices [7], [8]. The impulsive interference on a com-
puter platform is well modeled by a symmetric alpha-stable
distribution [8]. As an example of outdoor measurements in
urban environments, impulsive noise measurements in a digital
television band (10 MHz bandwidth with a central frequency
of 762 MHz) have been reported in [6]. Typical man-made
impulsive noise sources in urban outdoor environments are
igniting car engines, power lines, and heavy current switches.
For more experimental measurement results demonstrating the
impulsive nature of man-made noise, see [4]–[6], and the
references therein.

Some of the most promising spectrum sensing algorithms
exploit the cyclostationarity of wireless communication sig-
nals. Cyclostationary processes are stochastic processeswhose
statistical properties are periodic in time. Cyclostationarity in
wireless communication signals may be caused by modulation
or coding and may occur, for example, at the symbol rate
or at the doubled carrier frequency. Cyclostationarity-based
detection allows classifying signals exhibiting cyclostationar-
ity at different cyclic frequencies. Hence, it has the potential
to distinguish among primary users, secondary users, and
interference, thus preparing the way for reliable and efficient
co-existence of the primary and secondary users. Moreover,
random noise commonly does not exhibit cyclostationarity.

Spectrum sensing algorithms exploiting cyclostationarity
have been proposed, e.g., in [9]–[12]. The asymptotic distri-
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butions of these detectors are based solely on the asymptotic
distributions of the cyclic correlation estimators. That is, they
do not require any explicit assumptions on the data or noise
distributions. Nevertheless, these algorithms are not necessar-
ily highly robust. For example, in case the noise distribution
has heavier tails than normal distribution, the convergence of
the sample estimator of the cyclic correlation slows down and
the detection performance deteriorates.

Robust cyclic correlation estimators have been considered
in [13] where estimators stemming from M-estimation are pro-
posed. Both the proposed M-estimators as well as the trimmed
mean estimator are found to reduce the influence of out-
liers (highly deviating observations). Simulation experiments
demonstrate the significant improvement of performance of the
robust estimators compared to the classical sample estimators
in the face of non-Gaussian, heavy-tailed noise. However, M-
estimators typically require estimation of nuisance parameters,
such as the scale parameter. In addition, [13] focuses only on
robust estimation of cyclic correlation without considering the
detection of cyclostationary signals.

Cyclostationary detection in non-Gaussian noise has been
considered in [14]. Single cycle and locally-optimum multi-
cycle detectors are proposed. However, these detectors require
the knowledge of the noise probability density function (pdf).
Moreover, the multicycle detector requires the knowledge of
the signal phase as well. The robust cyclostationary detectors
proposed in this paper require only minimal assumptions on
the noise pdf and do not require any assumptions on the signal
phase.

The contributions of this paper are as follows. A cyclic
correlation estimator based on the multivariate generalization
of the sign function [16] applied to complex-valued data is
proposed. It is shown that the cyclostationarity property used
in the detector is preserved under the spatial sign function
for an important special case, circularly symmetric complex
normal distribution. Asymptotic distribution of the estimator
under the null hypothesis is established. Test statistics for
single-user and collaborative spectrum sensing schemes are
proposed. A sequential detection scheme for reducing the
average detection time is proposed as well. The asymptotic
relative efficiency of the spatial sign cyclic correlation detector
relative to the cyclic correlation detector of [10] is derived for
complex normal input. Simulation experiments illustrating the
robust performance of the proposed detectors in non-Gaussian
noise environments as well as good performance in Gaussian
noise environments are presented.

The proposed methods are based on nonparametric statistics
making them highly attractive in real applications where noise
and interference statistics may not be fully known or may
change frequently. No additional nuisance parameters suchas
the scale need to be estimated unlike in the robust estimation
methods in [13]. Furthermore, nonparametric detectors achieve
a fixed false alarm rate under all conditions satisfying the non-
parametric null hypothesis. In addition, the proposed detectors
are computationally very efficient. The proposed detectorsas-
sume that at least one of the cyclic frequencies of the primary
system is known. Such information is typically available since
the primary user signals are specified in wireless standardsand

disclosure of such information is required by the regulatory
bodies that allocate frequencies. Moreover, in order to be able
to distinguish between primary users, secondary users, and
interference, there has to be some prior knowledge about the
primary users.

Introduction to main techniques of nonparametric signal de-
tection has been given in [15]. Different multivariate signand
rank concepts, corresponding covariance matrices, and their
statistical properties have been presented in [16]. Complex
sign function employed in this paper can be considered to be
the bivariate spatial sign function. Cyclic spectrum estimation
algorithms based on correlating signal with its sign have been
considered in [17] with the interest of reducing computational
complexity. The signs of the real and imaginary parts are
considered separately there.

This paper is organized as follows. Section II introduces
the spatial sign cyclic correlation estimator. The asymptotic
distribution of the estimator under the null hypothesis is
established in Section III. In Section IV the testing problem is
formulated as a hypothesis test, and the test statistics andtheir
distributions under the null hypothesis are defined. In addition,
a sequential detection scheme is proposed. In Section V
the asymptotic relative efficiency of the spatial sign cyclic
correlation detector relative to the cyclic correlation detector
of [10] is established for complex normal input. Simulation
experiments are presented in Section VI. Conclusion is given
in Section VII. Theoretical results showing that the spatial
sign function preserves the cyclostationarity of a circularly
symmetric complex normal distributed stochastic process and
the derivation of the asymptotic relative efficiency are provided
in the Appendix.

II. SPATIAL SIGN CYCLIC CORRELATION

The spatial sign function for complex-valued datax(t) is
defined as [15], [16]

S(x(t)) =

{
x(t)
|x(t)| , x(t) 6= 0

0, x(t) = 0,
(1)

where | · | denotes the modulus of the complex-valued argu-
ment.

We define the spatial sign cyclic correlation estimator as

R̂S(α, τ) =
1

M

M−1∑

t=0

S(x(t))S(x∗(t+ τ))e−j2παt, ∀τ 6= 0

(2)
wherex(t) is a discrete time signal,τ is a discrete time delay,
M is the number of observations andα is the cyclic frequency.

In (2) it has been assumed that the signal is centered, i.e.
the mean of the data is zero. Otherwise an estimate for the
mean using a robust estimator, such as the spatial median, has
to be obtained and subtracted from the received signal before
employing the estimator.

The use of the spatial sign function leads to an estimator
that is both qualitatively and quantitatively robust, i.e.the
effect of highly deviating samples is bounded and the method
tolerates a high proportion of contaminated data. Qualitative
robustness is verified by the influence function that has been

Authorized licensed use limited to: Teknillinen Korkeakoulu. Downloaded on October 9, 2009 at 08:41 from IEEE Xplore.  Restrictions apply. 



Copyright (c) 2009 IEEE. Personal use is permitted. For any other purposes, Permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.

3

shown to be uniformly bounded for the spatial sign covariance
estimator [18]. This result can be easily extended to spatial
sign cyclic covariances at non-zero cyclic frequencies since a
non-zero cyclic frequency adds only an exponential multiplier
e−j2παt to the covariance estimator that does not affect the
magnitude of the observation pairs. Hence, the influence
function remains uniformly bounded.

An important consideration, especially from a practical
point of view, is what is the effect of the spatial sign non-
linearity to the cyclic frequencies of the primary signal. In
practice, this may have to be determined on a case by case
basis either analytically or experimentally for each different
primary user system. In the Appendix A it is shown that the
periodicity of the autocorrelation function is preserved for a
circularly symmetric complex Gaussian process in spite of the
spatial sign function. For example, an orthogonal frequency
division multiplexing (OFDM) signal is approximately normal
distributed particularly when the number of subcarriers is
sufficiently large. We will demonstrate that the spatial sign
function preserves the cyclic frequencies of a cyclic prefix
OFDM system with an example in the simulation experi-
ments, as well. OFDM is employed in many existing and
future wireless communications systems, such as the IEEE
802.11a/g wireless LANs, terrestrial digital television DVB-
T, and 3GPP long term evolution, among others. Moreover,
most of these systems employ sophisticated pilot structures
that typically vary from system to system as well as between
different modes (OFDM vs. OFDMA, TDD vs. FDD, SISO
vs. MISO vs. MIMO, etc.). These pilot structures may induce
strong cyclostationarity to the transmitted OFDM signal. This
information may be exploited to improve the performance if
the pilot-induced cyclic frequencies are known. However, here
we focus on the cyclostationarity of the OFDM signal at the
symbol frequency.

In order to define a test that satisfies a constraint on the
false alarm rate for the presence of cyclostationarity at a given
cyclic frequency, the distribution of the estimator needs to be
established. In the next section, the distribution of the spatial
sign cyclic correlation estimator is derived for independent
and identically distributed (i.i.d.) circular noise process with
zero mean. Nonparametric performance is achieved for all i.i.d.
circular noise pdfs with zero mean. In practice, as already
noted, if the mean is not zero it can be estimated and subtracted
from the data. Note that circularity is not required from the
primary user signal.

III. D ISTRIBUTION OF THESPATIAL SIGN CYCLIC

CORRELATION ESTIMATOR

In cognitive radio applications the number of observations
M is typically large (in the order of several thousands).
Consider, for example, the IEEE 802.22 standard draft for
the opportunistic use of white space in digital television
bands [19]. The channel bandwidths employed, for example,
in the DVB-T (digital video broadcasting—terrestrial) standard
are 6, 7, and 8 MHz [20]. Hence, Nyquist rate sampling for a
millisecond would result in several thousands of observations.
This allows us to apply the central limit theorem to infer the
distribution of the spatial sign cyclic correlation estimator.

Central limit theorem for m-dependent variables states that
the sum ofm-dependent random variables with finite third
absolute moment has a limiting normal distribution as the
number of random variables goes to infinity [21]. A sequence
of random variables are said to bem-dependent if any
subset(X1,X2, . . . ,Xr) is independent of any other subset
(Xs,Xs+1, . . .) provided thats−r > m. The sequence of spa-
tial sign correlation samplesS(x(t))S(x∗(t+τ)) formed from
i.i.d. samples arem-dependent withm = τ . Hence, according
to the central limit theorem the distribution of the spatialsign
cyclic correlation estimator approaches normal distribution as
M goes to infinity. Thus, we can employ a normal distribution
approximation for largeM . Since a normal distribution is
fully specified by its first and second order statistics, onlythe
mean and covariance of the estimator need to be determined
in order to fully specify the asymptotic distribution. Validity
of the central limit theorem approximation will be assessedby
simulations in Section VI.

We assume thatx(t) = n(t) wheren(t) is an i.i.d. circular
noise process with zero mean. That is, only noise is considered
to be present. In that case, the mean ofR̂S(α, τ) is given by
(τ 6= 0)

E[R̂S(α, τ)] =
1

M

M−1∑

t=0

E[S(n(t))S(n∗(t+ τ))]e−j2παt

=
1

M

M−1∑

t=0

E[S(n(t))]E[S(n∗(t+ τ))]e−j2παt

= 0, ∀α
(3)

where the second equality follows from independence of the
noise samples. The last equality follows from the fact that
noise is assumed to be circular. Consequently,S(n(t)) = ejφ

whereφ has a uniform distribution between 0 and2π.
Since the mean is zero, the covariance ofR̂S(α, τ) and

R̂S(β, ρ) is given by (τ 6= 0, ρ 6= 0)

Cov(R̂S(α, τ), R̂∗
S(β, ρ)) = E[(R̂S(α, τ))(R̂S(β, ρ))∗]

= E

[(

1

M

M−1∑

t=0

S(n(t))S(n∗(t+ τ))e−j2παt

)

·
(

1

M

M−1∑

k=0

S(n(k))S(n∗(k + ρ))e−j2πβk

)∗ ]

=
1

M2

M−1∑

t=0

M−1∑

k=0

E[S(n(t))S(n∗(k))

· S(n∗(t+ τ))S(n(k + ρ)))]e−j2π(αt−βk)

=
1

M2

(
M−1∑

t=0

E[|S(n(t))|2S(n∗(t+ τ))S(n(t+ ρ))]

· e−j2π(α−β)t +

M−1∑

t=0

M−1∑

k=0
k 6=t

E[S(n(t))S(n∗(k))

· S(n∗(t+ τ))S(n(k + ρ))]e−j2π(αt−βk)

)

. (4)
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Let us now consider the two sums separately. Since the noise
process is i.i.d. and circular, the first sum is zero ifτ 6= ρ.
Whenτ = ρ, the expectationE[|S(n(t))|2|S(n(t+τ))|2] = 1.
Now let us consider the second sum. Since the noise process
is i.i.d. and circular, the expectation can be non-zero onlyif
t = k+ρ andk = t+τ , that is, whenτ = −ρ. However in that
case, the expectation becomesE[S(n(t))S(n∗(t+τ))S(n∗(t+
τ))S(n(t))] which is zero as well sincen(t) is circular, and
thusE[S(n(t))S(n(t))] = 0,∀t. Consequently, the covariance
of R̂S(α, τ) for a circular i.i.d. process with zero mean is
given by (τ 6= 0, ρ 6= 0)

Cov(R̂S(α, τ), R̂∗
S(β, ρ))

=







1
M , α = β, τ = ρ 6= 0,
1

M2

∑M−1
t=0 e−j2π(α−β)t , α 6= β, τ = ρ 6= 0,

0 , τ 6= ρ.

(5)

IV. H YPOTHESISTESTING

We formulate the hypotheses as follows

H0 : x(t) = n(t),

H1 : x(t) = s(t) + n(t),
(6)

where x(t) is the received signal,s(t) is the transmitted
primary user signal that has possibly passed through a time-
varying channel, andn(t) is a circular i.i.d. noise process.

Under the null hypothesisH0, the expected value of the
estimated spatial sign cyclic correlation is zero. Under the
alternativeH1, the expected value of the estimated spatial
sign cyclic correlation is different from zero for the cyclic
frequencies of the spatial sign of the primary user signal.
Hence, we test whether the expected value of the estimated
spatial sign cyclic correlation̂RS(α, τ) is different from zero
or not for one of the cyclic frequencies of the spatial sign of
the primary user signal.

Let r̂S(α) denote a vector that contains the estimated spatial
sign cyclic correlations at cyclic frequencyα for a set of time
delaysτ1, . . . , τN ,

r̂S(α) = [R̂S(α, τ1), . . . , R̂S(α, τN )]T . (7)

From Section III, it follows that under the null hypothesis
for largeM

r̂S(α) ∼ NC(0,
1

M
I), ∀α, ∀τi 6= 0, i = 1, . . . , N, (8)

whereNC(·, ·) denotes the complex normal distribution and
I the identity matrix.

Now, we define the test statistic for the spatial sign cyclic
correlation based test for a single secondary user as

λ = M ||r̂S(α)||2, (9)

where || · || denotes the Euclidean vector norm. Since the
R̂S(α, τ) are complex normal distributed, the test statisticλ
is the log-likelihood under the null hypothesis after neglecting
the constant terms. The null hypothesis is rejected ifλ > γ
whereγ is the test threshold defined byp(λ > γ|H0) = pfa.
Herepfa is the specified false alarm rate parameter of the test.

It follows that under the null hypothesisλ is asymptotically
chi-square distributed withN complex degrees of freedom.

The pdf of a chi-square distributed random variable withN
complex degrees of freedom is given by

f(z) =
1

(N − 1)!
zN−1e−z, z > 0 (10)

which is a gamma distribution with integer parametersN and
1. Consequently, the proposed test can be designed to satisfy
a constraint on the false alarm rate. This property providesa
rigorous way of allowing the secondary users to access the
available spectrum on a regular basis when the primary user
is not present. Excessive number of false alarms overwhelms
the detectors and blocks the cognitive radio system from
accessing the available spectrum, i.e., leads to overlooking
spectral opportunities.

The proposed detector is a single cycle detector, i.e., it uses
only one cyclic frequency of the primary user signal. However,
wireless communication signals typically exhibit cyclostation-
arity at multiple cyclic frequencies. These cyclic frequencies
may be related, for example, to symbol rate, coding and guard
periods, and/or carrier frequency or their multiples. In order
to take into account the rich information present in wireless
communication signals, the proposed detector may be easily
extended to multiple cyclic frequencies similarly to [11].

The proposed spatial sign cyclic correlation detector is
computationally very efficient. Although there is the additional
burden of the spatial sign computation, the benefit is that the
covariance matrix of the estimator has a very simple form
under the null hypothesis, depending only on the number of
samplesM . In addition, employing the spatial sign cyclic
correlation estimator allows for straightforward sequential cal-
culation of the test statistic as will be shown in the following
section.

A. Sequential Detection

In this section a sequential detection scheme for single
secondary users is proposed. Sequential detection aims at
making decision without delay as soon as sufficiently reliable
evidence for making decisions at specified error levels is
available. The proposed sequential detection scheme employs
a truncated test. That is, it is assumed that there is a maximum
number of samplesMmax that can be taken until a decision has
to be made. A fairly recent review of classical problems, major
developments, and future challenges in sequential analysis and
detection is provided in [23].

Functional forms of the test statistic in (9) and the spatial
sign cyclic correlation estimator in (2) allow for straight-
forward sequential calculation of the test statistic. Thatis,
λ(t) = 1

Mmax

||r̂S,t(α)||2 where the components of̂rS,t(α)
are calculated sequentially as follows

R̂S,t(α, τ) = R̂S,t−1(α, τ) + S(x(t))S(x∗(t+ τ))e−j2παt,
(11)

for t > 0, andR̂S,0(α, τ) = S(x(0))S(x∗(τ)).
The incrementsS(x(t))S(x∗(t + τ))e−j2παt on the right-

hand side of (11) are underH0 i.i.d. samples drawn from a
uniform distribution on the unit circle. Hence,̂RS,t(α, τ) is a
random walk in the complex plane (planar motion) with i.i.d.
increments given by a uniform distribution on the unit circle.
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Let us now denote the first time instant the absolute value
of the random walkY (t) = R̂S,t(α, τ) exceeds valuea by
Ta, i.e.,

Ta = inf{t : |Y (t)| ≥ a}. (12)

Now the probability that the absolute value of the random
walk is equal to or abovea at time t can be lower bounded
by

p(|Y (t)| ≥ a) = p(|Y (t)| ≥ a|Ta ≤ t)p(Ta ≤ t)

+ p(|Y (t)| ≥ a|Ta > t)
︸ ︷︷ ︸

=0

p(Ta > t)

= p(|Y (t)| ≥ a|Ta ≤ t)p(Ta ≤ t)

≥ 1

2
p(Ta ≤ t) (13)

where the lower boundp(|Y (t)| ≥ a|Ta ≤ t) ≥ 1
2 follows

from the fact that the probability that a random walk starting
from outside or on the boundary of the disc of radiusa returns
inside the disc is less than or equal to1

2 due to the symmetry
of the increment distribution.

It is easily shown (similarly as in (13)) that

p(Ta ≤ t) = p( max
0≤s≤t

|Y (s)| ≥ a). (14)

Hence, the probability of the maximum of the absolute value
of the random walkY between time instants 0 andt can be
easily bounded by

p(|Y (t)| ≥ a) ≤ p( max
0≤s≤t

|Y (s)| ≥ a) ≤ 2p(|Y (t)| ≥ a),

(15)
where the lower bound follows trivially.

The above result allows us to define a truncated sequential
detection test as follows

If λ(t) ≥ γs and t ≤Mmax, Decide H1

If λ(t) < γs and t = Mmax, Decide H0

Otherwise, Take a new sample, t = t+ 1,
(16)

whereλ(t) = 1
Mmax

||r̂S,t(α)||2, γs is the detection threshold,
andMmax is the maximum number of samples that can be
taken until a decision has to be made. Thus, only a decision
to acceptH1 can be made before the maximum number of
samples is reached. This strategy minimizes the probability of
missed detection.

From (15) it follows that

p(λ(t) ≥ γs) ≤ p( max
0≤s≤t

λ(s) ≥ γs) ≤ 2p(λ(t) ≥ γs). (17)

Hence, in order to constrain the false alarm rate, we can
define the test threshold using the upper bound. That is, the
test threshold is defined byβ = 2p(λ(Mmax) ≥ γs|H0)
whereβ is the false alarm rate upper bound. Under the null
hypothesisλ(Mmax) is asymptotically chi-square distributed
with N complex degrees of freedom whereN is the number
of lags. Consequently, the test threshold can be easily set.
The above thresholdγs restricts the false alarm rate of the
sequential detection test to remain in the interval[12β, β].

B. Multiple Secondary Users

Secondary users have to perform spectrum sensing reliably
in the face of shadowing and fading effects. These effects can
be mitigated by exploiting spatial diversity through collab-
oration among secondary users. In this section, we propose
collaborative tests for both the fixed sample size and the
sequential test.

1) Fixed sample size test:Assuming that the test statistics
of the secondary users are independent givenH0 or H1, the
single-user test statistics can be combined as follows

λL =
L∑

i=1

λ(i) (18)

whereL is the number of collaborating secondary users and
λ(i) denotes the spatial sign cyclic correlation test statistic
of the ith user. Since the single-user test statisticsλ(i) are
the local log-likelihoods under the null hypothesis, the sum
of the single-user test statistics in (18) follows assuming
independence of the secondary user test statistics.

The sum of independent gamma (or chi-square) distributed
random variables is also gamma (or chi-square) distributed
where the shape parameter of the distribution of the sum is
the sum of the shape parameters of the distributions of the
individual random variables. Hence, under the null hypothesis
λL is chi-square distributed withLN complex degrees of
freedom (i.e., gamma distributed with parametersLN and 1).

2) Sequential detection:Since in sequential detection the
decision is sought in shorter time, soft combining of the test
statistics may result in performance loss. This is due to the
fact that the secondary users will transmit their test statistics
as soon as it exceeds the local test threshold. Hence, for the
sequential detection test we employ a binary OR test at the
fusion center (FC) (or at one of the secondary users when the
network is operating in an ad-hoc manner without a dedicated
FC). That is, each secondary user will send only their binary
decision to the FC. The FC will acceptH1 if at least one of
the secondary users has detected the primary user, i.e.,

If di = 1 for any i = 1, . . . , L, Decide H1

Otherwise, Decide H0

(19)

wheredi is the decision of the secondary useri. That is,di = 1
if primary user is detected and otherwisedi = 0.

Assuming independence of the secondary user test statistics
under the null hypothesis, the false alarm rate at the FC is
given byβFC = 1−∏L

i=1(1−βi) whereβi are the false alarm
rates of the secondary users. Hence, assuming identical false
alarm rates for each secondary user, the local test thresholds
of the secondary users can be defined byβ = 2p(λ(Mmax) ≥
γs|H0) whereβ = 1 − (1 − βFC)1/L is the false alarm rate
upper bound of the local tests. The FC false alarm rateβFC

is bounded in the interval[1 − (1 − 1
2β)L, 1 − (1 − β)L].

V. A SYMPTOTIC RELATIVE EFFICIENCY

To obtain a theoretical indication of the performance loss
due to the spatial sign non-linearity for a complex Gaussian
distributed signal, such as the OFDM signal, in additive
white Gaussian noise (AWGN) channel, we have derived the
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asymptotic relative efficiency (ARE) of the spatial sign cyclic
correlation detector relative to the cyclic correlation detector
of [10] for a complex normal distributed input signal.

ARE is the ratio of the sample sizes of two tests of the
same asymptotic size necessary to achieve the same asymptotic
power against the same alternatives. That is, given testsA and
B of asymptotic sizeα of the same hypotheses with equal
asymptotic power1−β (β > 0), and a sequence of alternatives
{θn}, the ARE of testA relative to testB is

AREA,B = lim
n→∞

mB,n

mA,n
, (20)

where{mA,n} and{mB,n} are the sequences of sample sizes
of A andB, respectively.

The ARE of the spatial sign cyclic correlation detector
relative to the cyclic correlation detector of [10] for weak
signal detection for a complex normal input is given by (see
Appendix B for derivation)

ARE =
π2

16

{ 1
σc

}{ 1
σc

}T

{ 1
σc

}Λ−1{ 1
σc

}T
, (21)

whereσc is the standard deviation of the cyclic correlation
estimator of [10] andΛ is the normalized covariance matrix of
the cyclic correlation estimates. Notation{·} denotes a matrix
or a vector whose elements are given by the argument.

Assuming that the non-diagonal elements ofΛ are zero, i.e.
λik = 0, ∀i 6= k, the ARE of the spatial sign cyclic correlation
detector relative to the cyclic correlation detector of [10] for
weak signal detection for a complex normal input is given by

ARE =
π2

16
≈ 0.6169. (22)

VI. SIMULATION EXAMPLES

In this section the performance of the proposed single cycle
spatial sign cyclic correlation based detector is comparedto
the single cycle detectors proposed in [9]–[11] for both single
and multiple secondary users. In [9], the optimum multicycle
detector in Gaussian noise has been derived. However, the
optimum multicycle detector cannot be implemented without
the knowledge of the signal phase. The locally-optimum
multicycle detector and the suboptimum single-cycle detector
in non-Gaussian noise have been derived in [14]. However,
they cannot be implemented without the knowledge of the
noise pdf. Hence, we employ the suboptimum single-cycle
detector (SCD) in Gaussian noise that correlates the ideal
spectral correlation function (SCF) with the estimated SCFfor
one cyclic frequency of the signal. Consequently, it requires
the knowledge of the ideal SCF, i.e., the knowledge of the
modulation parameters such as the carrier frequency, pulse
shape, and symbol frequency. We extend the SCD to multiple
secondary users by taking the sum over the local test statistics
at the FC. The asymptotic distributions of the SCD have been
established in [26], [27]. In [10], generalized likelihoodratio
tests for the presence of cyclostationarity have been proposed.
We employ the 2nd-order time domain test for the cyclic
frequency in question, i.e., for example, the symbol frequency.
Hence, the knowledge of the symbol frequency is required.

In [11] the time domain test has been extended to collaborative
detection by calculating the sum over the local test statistics
of the secondary users. The cyclic spectrum values required
for the covariance matrix were estimated using a frequency-
smoothed cyclic periodogram with length 2049 Kaiser window
with β parameter of 10. We denote this test by the abbreviation
STPC (statistical test for the presence of cyclostationarity). In
addition, we employ the STPC detector for the observations
that have been passed through the Huber function nonlinearity
proposed in [13] for robust cyclic correlation estimation.The
Huber ψ function is given byψ(x) = x, for |x| < a, and
ψ(x) = ax/|x|, otherwise. The scale is estimated using the
complex median of the absolute deviations from the median
(CMAD) [13] and Huber function threshold parametera = 1
is employed. This detector is denoted by STPC Huber.

However, we begin by illustrating with an example that the
spatial sign non-linearity preserves the cyclic frequencies due
to the symbol frequency for a cyclic prefix OFDM signal.
Fig. 1 shows the normalized squared modulus of the cyclic
correlation for a cyclic prefix OFDM signal for the conven-
tional and spatial sign estimators. It can be seen that the cyclic
frequencies are preserved by the spatial sign non-linearity.
Note that in practice the magnitudes of the cyclic correlation
and spatial cyclic correlation are different. Magnitudes have
been normalized here for easier comparison.

Secondly, we consider the validity of the central limit
theorem approximation of the spatial sign cyclic correlation
estimator by considering the distribution of the spatial sign
cyclic correlation based test statistic. Fig. 2 plots the proba-
bility density and cumulative distribution functions of the test
statistic λ = M ||r̂S(α)||2 for a circularly symmetric i.i.d.
contaminated complex Gaussian process0.95NC(0, σ2) +
0.05NC(0, 25σ2). That is, with a probability of0.95 the
noise comes from the first distributionNC(0, σ2) and with
a probability of 0.05 from the secondNC(0, 25σ2). The
number of observationsM = 100. Two random lags between
1 and 20 observations and a random cyclic frequency in
the interval [0.05, 0.5] were employed. The histogram and
empirical cumulative distribution functions have been obtained
from 10000 experiments. The measured empirical distribution
is very accurately approximated by the derived theoretical
distribution thus confirming the validity of the central limit
theorem approximation.

The first test signal is an OFDM signal. The employed
OFDM signal is a DVB-T signal with a fast-Fourier transform
(FFT) sizeNFFT = 8192 and a cyclic prefix ofNcp = 1024
samples. The symbol length is given byNFFT + Ncp. The
number of employed subcarriers is 6817, the subcarrier mod-
ulation is 64-QAM (quadrature amplitude modulation), and the
length of the signal is 3 OFDM symbols (≈ 3 ms). The signal
was sampled at the Nyquist rate. Thus, the oversampling factor
with respect to the symbol rate isNFFT +Ncp.

Cyclic prefix OFDM signal is cyclostationary with respect
to the symbol frequency. Thus, the detection is performed at
the symbol frequency by all detectors. In addition, all the
detectors except SCD, which takes the weighted sum over
all time delays, employ two time lags±NFFT . The cyclic
autocorrelation of the OFDM signal peaks for these time
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Figure 1. Normalized squared modulus of (a) the cyclic correlation, and (b) the spatial sign cyclic correlation. The signal is a cyclic prefix OFDM signal with
symbol frequency of 0.025. The spatial sign non-linearity preserves the cyclic frequencies.
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Figure 2. Validity of the central limit theorem approximationfor the spatial sign cyclic correlation estimator. (a) Probability density function and (b) cumulative
distribution function of the test statisticλ = M ||r̂S(α)||2 for a contaminated Gaussian process0.95NC(0, σ2) + 0.05NC(0, 25σ2). The number of
observationsM = 100. The measured empirical distribution is very accurately approximated by the distribution derived using the central limit theorem.

lags [28].

Fig. 3 plots the performance of the detectors for 1 and 5 sec-
ondary users in AWGN channel as a function of the signal-to-
noise ratio (SNR). The SNR is defined asSNR = 10 log10

σ2

x

σ2
n

whereσ2
x and σ2

n are the variances of the transmitted signal
and the noise, respectively. False alarm rate is set to 0.05.The
same false alarm rate is employed throughout the simulations.
All the simulation curves in the figures are averages over 1000
independent experiments.

It can be seen that employing the spatial sign non-linearity
causes performance degradation in AWGN channel compared
to the SCD and STPC detectors. The SCD detector has the
best performance as expected since it employs more prior
knowledge than the other detectors. However, this makes it
also more susceptible to synchronization errors. Unlike the
other detectors, the SCD requires the knowledge of the carrier
frequency, thus requiring carrier frequency estimation. In the
simulation the carrier frequency was assumed to be known.
The STPC Huber detector has very similar but slightly worse
performance than the spatial sign detector (the curves are
almost overlapping). However, its computational complexity is

much higher than the spatial sign detector’s complexity since
it requires the estimation of the covariance matrix due to the
use of the STPC detector. Moreover, it requires estimation of
the scale parameter. For the sake of clarity, in the following
OFDM simulations we will omit the performance curve of the
STPC Huber detector since it is very close to the performance
of the spatial sign cyclic correlation detector.

Fig. 4 depicts the performance of the detectors in a con-
taminated Gaussian distribution. The contaminated Gaussian
distribution is0.95NC(0, σ2) + 0.05NC(0, 100σ2). This can
be interpreted as that there is 5% probability at each time
instant that noise is more impulsive and comes from a dis-
tribution with significantly higher variance. The contaminated
Gaussian noise model has been shown to provide a very good
approximation to the Middleton Class A noise model in many
different measurements [29]. Moreover, the Middleton Class
A noise model has been shown to provide an accurate fit to
experimental data in a variety of different measurements [4].
The typical parameter values of the contaminated Gaussian
distribution derived from the measurements and approximation
to the Middleton Class A noise model are in the range
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Figure 3. Probability of detection vs. SNR (dB) in an AWGN channel for 1
and 5 secondary users (SUs). The signal is an OFDM signal (DVB-T). Spatial
sign cyclic correlation based detector suffers small performance degradation
compared to the methods based on conventional cyclic correlation estimator
in Gaussian noise for the OFDM signal.
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Figure 4. Probability of detection vs. SNR (dB) in a contaminated additive
Gaussian noise channel for 1 and 5 secondary users. Additivenoise has a
contaminated Gaussian distribution0.95NC(0, σ2) + 0.05NC(0, 100σ2).
SNR is defined with respect toσ2. The signal is an OFDM signal (DVB-
T). The spatial sign cyclic correlation based detector is more robust against
impulsive non-Gaussian noise than the other detectors.

ǫ = [0.01, 0.33] and σ2
1/σ

2
0 = [20, 10000] where ǫ is

the probability of the impulsive component andσ2
1/σ

2
0 is

the ratio of the variances of the two Gaussian component
distributions [24], [29].

The robustness of the spatial sign cyclic correlation based
detector compared to the STPC detector and the SCD is clearly
evident in the contaminated Gaussian noise case.

Fig. 5 depicts the performance of the detectors in additive
complex isotropic Cauchy distributed noise to demonstratethe
highly robust performance of the proposed detectors. The noise
location parameter is zero (because the mean is not defined for
the Cauchy distribution). The Cauchy distribution is a heavy-
tailed alpha-stable distribution whose variance is undefined
and second moment is infinite. In fact both the Gaussian and
Cauchy distributions are special cases of the symmetric alpha-
stable distributions. The relationship of the symmetric alpha-
stable distribution to the Middleton Class B noise model has
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Figure 5. Probability of detection vs. Generalized SNR (dB)in an additive
complex isotropic Cauchy noise channel for 1 and 5 secondary users. The
signal is an OFDM signal (DVB-T). The spatial sign cyclic correlation based
detector is more robust against the heavy-tailed Cauchy noise than the other
detectors.

been considered in [30]. Moreover, it is shown with a large
variety of different real data that the symmetric alpha-stable
noise model provides a similar accurate fit to real data as the
Middleton Class B noise model.

The performances are defined as a function of the gen-
eralized SNR (GSNR). The GSNR is defined asGSNR =

10 log10
σ2

x

γ whereσ2
x is the variance of the transmitted signal

andγ is the dispersion of the Cauchy noise. The spatial sign
cyclic correlation based detector is significantly more robust
against the heavy-tailed Cauchy noise than the other detectors.

Rayleigh fading causes an additional loss in performance
as demonstrated by Fig. 6 that depicts the performance of
the detectors in a Rayleigh fading channel (ETSI EN 300
744 V1.5.1 (2004-11) [20]) and AWGN as a function of the
average SNR. The channel is normalized to have an expected
gain of 1. The loss in performance due to fading is similar to
all detectors. Collaborative detection curves show that fading
effects can be mitigated by collaboration among secondary
users.

Fig. 7 shows the performances in the same Rayleigh fading
channel for the DVB-T signal in a heavy-tailed noise environ-
ment. The noise has a complex isotropic Cauchy distribution.
The robustness of the nonparametric spatial sign cyclic corre-
lation based detector compared to the STPC detector and the
SCD can be clearly seen.

In [8], the symmetric alpha-stable distribution withα =
1.4329 was found to provide a good match to measurement
data of the radio frequency interference experienced in em-
bedded laptop wireless receivers. The non-Gaussian impulsive
interference due to the internal components, for example in
the ISM band at 2.4 GHz, is caused mainly by the LCD pixel
clock harmonics [7]. Other possible sources of interference
on a computer platform are, for example, the gigabit ethernet
and PCI express bus [8]. Fig. 8 depicts the performance of
the cyclic detectors in complex isotropic alpha-stable noise
channel withα = 1.4329 for 1 and 5 secondary users for
an IEEE 802.11 WLAN (wireless local area network) OFDM
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Figure 6. Probability of detection vs. Average SNR (dB) in a Rayleigh fading
channel for 1 and 5 secondary users. The additive noise is Gaussian. The
signal is an OFDM signal (DVB-T). Rayleigh fading degrades the performance
for single-user detection. However, collaboration among the secondary users
allows mitigation of fading effects.
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Figure 7. Probability of detection vs. Generalized SNR (dB)in a Rayleigh
fading channel for 1 and 5 secondary users. Additive noise has a complex
isotropic Cauchy distribution. The signal is an OFDM signal(DVB-T). The
spatial sign cyclic correlation based detector is more robust against heavy-
tailed noise also in a Rayleigh fading channel.

signal. The size of the FFTNFFT = 64, the number of
occupied subcarriers is 52, the cyclic prefixNcp = 16 samples,
and the subcarrier modulation is quadrature phase shift keying
(QPSK). The signal length is 1 ms. The proposed spatial sign
cyclic correlation based detector has very robust performance.
The performance difference to the STPC detector is roughly
7 dB and to the SCD roughly 10 dB.

OFDM signal is well approximated by normal distribution
especially when the number of subcarriers is sufficiently large.
Hence, we can use OFDM signals to evaluate numerically the
derived theoretical result for the ARE of the spatial sign cyclic
correlation detector relative to the cyclic correlation detector.

Fig. 9 depicts the performance of the spatial sign cyclic
correlation detector relative to the cyclic correlation detector
of [10] as a function of the signal length in AWGN at SNR of
-11 dB. The signal is an IEEE 802.11 WLAN OFDM signal.
The signal parameters are the same as in Fig. 8. The maximum
signal length is 2 ms. The results suggest that the theoretical
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Figure 8. Probability of detection vs. Generalized SNR (dB)in an additive
complex isotropic alpha-stable noise channel withα = 1.4329 for 1 and 5
secondary users. The signal is a WLAN OFDM signal. The spatialsign cyclic
correlation based detector is more robust against the heavy-tailed alpha-stable
noise than the other detectors.
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Figure 9. Probability of detection vs. Proportion of samplesin AWGN channel
at SNR of -11 dB. The signal is an OFDM signal (WLAN). The maximum
signal length is 2 ms. Theoretical performance curve for the spatial sign cyclic
correlation detector has been obtained from the performancecurve of the
STPC detector by dividing its corresponding sample sizes with the theoretical
ARE π2/16 ≈ 0.6169.

analysis of the ARE is indicative of realistic performance
for cyclostationary signals. The correlation function of the
employed noise free OFDM signal is unity at the cyclic prefix
(20% of the time) and zero otherwise (80% of the time) for the
time lags±NFFT . Hence, it is cyclostationary with a period
of NFFT +Ncp samples.

The second test signal is a QPSK signal with root raised-
cosine pulse shaping with excess bandwidth of 0.2. The
length of the signal is 1500 symbols. The signal was four
times oversampled. Detection was performed at the symbol
frequency. The spatial sign detector employed the time delays
±1,±2, . . . ,±5 samples. The STPC detectors employed the
same time delays as the spatial sign detector as well as the
time delay 0.

Figs. 10 and 11 depict the performances of the detectors for
the QPSK signal in a frequency flat Rayleigh fading channel
for Gaussian and Cauchy noise distributions, respectively. In
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Figure 10. Probability of detection vs. Average SNR (dB) in afrequency
flat Rayleigh fading channel for 1 and 5 secondary users. Additive noise is
Gaussian. Signal is a QPSK signal with root raised-cosine pulse shaping.
The nonparametric spatial sign cyclic correlation based detectors slightly
outperform the STPC detectors even in Gaussian noise for theQPSK signal.

this case, the spatial sign cyclic correlation detector slightly
outperforms the STPC detector even in the non-impulsive
noise environment. Unlike the spatial sign cyclic correlation
based detector, the conventional cyclic detector requireses-
timation of the covariance matrix of the estimator. This can
be considered as a nuisance parameter whose estimation may
result in a small performance loss, especially, for small number
of observations. This is further illustrated by the STPC Huber
detector that has roughly 1 dB worse performance than the
spatial sign detector. The SCD has clearly the best perfor-
mance in the Gaussian noise. However, the SCD is not robust
and breaks down in the Cauchy noise, thus having a false
alarm rate over 0.95. In the heavy-tailed noise environment
the robustness of the spatial sign cyclic correlation based
detector is clearly evident. This is further illustrated inFig. 12
where the performance curves are plotted for different heavy-
tailed non-Gaussian noise environments. The heavier the tails
of the noise distribution are, the larger is the performance
difference between the spatial sign cyclic correlation andthe
STPC detector of [10].

Fig. 13 depicts the performance of the sequential and fixed
sample size spatial sign detector as a function of the SNR. The
channel is a frequency flat Rayleigh fading channel. The signal
is an IEEE 802.11 WLAN OFDM signal. The size of the FFT
NFFT = 64, the number of occupied subcarriers is 52, the
cyclic prefixNcp = 16 samples, and the subcarrier modulation
is QPSK. The maximum sensing time for the sequential
detectors and also used by the fixed sample size detectors is 3
ms. The sequential detectors have comparable performance to
the fixed sample size spatial sign cyclic correlation detectors.
Note that for the sequential detectors the upper bound of the
false alarm rate is 0.05.

Fig. 14 plots the average proportion of samples required to
make a decision for the sequential detectors as a function of
the SNR. The FC test refers to the minimum sensing time
of the secondary users. Sequential detection schemes provide
considerable reduction in the detection times.
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Figure 11. Probability of detection vs. Generalized SNR (dB) in a frequency
flat Rayleigh fading channel for 1 and 5 secondary users. Additive noise is
Cauchy distributed. Signal is a QPSK signal with root raised-cosine pulse
shaping. Due to the heavy-tailed nature of the noise the robust spatial sign
cyclic correlation based detector clearly outperforms the methods based on the
conventional cyclic correlation estimator. The SCD breaks down and results
in a false alarm rate over 0.95.
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Figure 12. Probability of detection vs. Average SNR (dB) in afrequency flat
Rayleigh fading channel for 5 secondary users in different noise environments.
Additive noise has a contaminated Gaussian distribution0.95NC(0, σ2) +
0.05NC(0, σ2

i
) whereσ2

i
∈ [σ2, 10σ2, 25σ2, 100σ2]. SNR is defined with

respect toσ2. Signal is a QPSK signal with root raised-cosine pulse shaping.
For the sake of clarity, the10σ2- and25σ2-curves for the spatial sign detector
have not been plotted. They position between theσ2- and100σ2-curves for
the spatial sign detector. The heavier the tails of the noisedistribution, the
larger the performance difference between the spatial sign cyclic correlation
and the STPC detector of [10].

VII. C ONCLUSION

In this paper a nonparametric spatial sign cyclic correlation
based spectrum sensing method for cognitive radio systems has
been proposed. It has been shown that the spatial sign cyclic
correlation function remains periodic for circularly symmetric
complex normal processes. Asymptotic distributions of thetest
statistics under the null hypothesis have been derived. Tests for
single-user and collaborative detection have been developed.
The ARE of the spatial sign cyclic correlation detector relative
to the cyclic correlation detector of [10] for complex Gaussian
inputs has been derived. For the complex Gaussian case the
efficacy of the spatial sign cyclic correlation detector is 61.7
% of the efficacy of the cyclic correlation detector of [10],
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Figure 13. Probability of detection vs. Average SNR (dB) in afrequency flat
Rayleigh fading channel for 1 and 5 secondary users. Additive noise has a
Gaussian distribution. The signal is an OFDM signal (WLAN). The maximum
sensing time is 3 ms. The sequential detection scheme provides comparable
performance to the fixed sample size spatial sign cyclic correlation detector.
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Figure 14. Average proportion of samples used vs. Average SNR(dB) in a
frequency flat Rayleigh fading channel for local and FC testsfor a cooperation
of 5 users. Additive noise has a Gaussian distribution. The signal is an OFDM
signal (WLAN). The maximum sensing time is 3 ms. The sequential detection
scheme reduces the required number of samples significantly compared to the
fixed sample size spatial sign cyclic correlation detector with approximately
equal performance.

resulting in a 1 dB performance loss for the DVB-T OFDM
signal in additive white Gaussian noise. However, significant
benefits for the non-Gaussian cases are obtained: 2–15 dB
performance gain depending on the heaviness of the tails of
the noise distribution have been observed for the OFDM and
QPSK signals in non-Gaussian heavy-tailed noise compared to
the cyclic correlation detector of [10]. The performance ofthe
proposed spatial sign cyclic detector has been compared to the
SCD [9] and a robust detector based on [10] and the Huber
function as well. The SCD has been seen to perform best in
Gaussian noise. However, it requires more prior knowledge
than the other detectors and has been seen not to be robust
in heavy-tailed noise. The considered robust Huber function
based cyclic detector has almost as good performance as the
proposed spatial sign cyclic detector, however, it has much
higher computational complexity.

Finally, in addition to the fixed sample size detector, a se-

quential spatial sign cyclic correlation based detection scheme
has been proposed. The sequential detection scheme has been
seen to provide shorter detection time on average than the
fixed sample size detector with roughly equal performance.

APPENDIX

A. Cyclostationarity of the Spatial Sign of a Complex Gaus-
sian Process

Considering the effects of the spatial sign non-linearity for
a general cyclostationary process is not an easy task. However,
certain results that apply for high SNR cases can be defined
for special type of inputs. Here, we will consider a complex
Gaussian input process. Although many of the communication
signals may not be Gaussian, the Gaussian process is still a
very important special case. For example, an OFDM signal
is well approximated by a Gaussian process for a sufficiently
large number of subcarriers.

Assume that the input signal to the hard-limiting spatial
sign non-linearity is a zero-mean circularly symmetric com-
plex Gaussian process. Then it follows that the normalized
complex autocorrelation function of the hard-limited process
y(t) = S(x(t)) is given by [31], [32]

ρyy(t, τ) = E[S(x(t))S∗(x(t+ τ))]

=
π

4
ρxx(t, τ) 2F1

(
1

2
,
1

2
; 2; |ρxx(t, τ)|2

)

,
(23)

where ρxx(t, τ) is the normalized autocorrelation func-
tion of x(t), i.e., ρxx(t, τ) = E[x(t)x∗(t+τ)]√

E[x(t)x∗(t)]E[x(t+τ)x∗(t+τ)]
.

2F1(·, ·; ·; ·) is the Gaussian hypergeometric function given by
the following series representation

2F1

(
1

2
,
1

2
; 2; |ρ|2

)

=
Γ(2)

Γ2( 1
2 )

∞∑

n=0

Γ2( 1
2 + n)

Γ(2 + n)

|ρ|2n

n!

= 1 +
1

8
|ρ|2 +

3

64
|ρ|4 +

25

1024
|ρ|6 + . . .

(24)
From (23) it can be seen that the phase of the autocorre-

lation function is unaltered by the spatial sign non-linearity.
Furthermore, we can make the following approximations:
ρyy(t, τ) ≈ ρxx(t, τ) when |ρxx(t, τ)| is close to unity, and
ρyy(t, τ) ≈ π

4 ρxx(t, τ) when |ρxx(t, τ)| is close to zero.
Hence, the periodicity of the autocorrelation function of a

circularly symmetric complex Gaussian process is preserved
by the spatial sign non-linearity (although the autocorrelation
may be attenuated). Note, however, that in principle the spatial
non-linearity may also cause periodicities that do not exist in
the original autocorrelation function due to the second and
higher terms in (24). Higher-order statistics of cyclostationary
signals have been discussed in [22] and the references therein.

B. Asymptotic Relative Efficiency

In order to obtain the asymptotic power of a test, we
consider testing the null hypothesisH0 against a sequence
of alternativesHn

H0 : θ = 0,

Hn : θ = γ/
√
n,
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whereγ is an arbitrary positive constant. This formulation is
especially appropriate for weak signal detection. The derived
ARE will correspond to a situation when the sequence of
alternatives approaches the null hypothesis, that is, to very low
SNR regimes. We can calculate the ARE of two sequences of
detectors for the above hypothesis testing problem as follows.

Let {DA,n} and {DB,n} be two sequences of detectors
based on corresponding sequences of test statistics{TA,n(X)}
and {TB,n(X)} of dimensionK, respectively. Let both de-
tector sequences be of asymptotic sizeα, let µA,n(θ) and
µB,n(θ) be the mean, andσ2

A,n(θ) andσ2
B,n(θ) be the vari-

ance vectors of the test statistics{TA,n(X)} and{TB,n(X)}
for θ ≥ 0, respectively. Let the covariances forθ ≥ 0 be
σA,kn(θ)σA,in(θ)λA,ikn(θ) and σB,kn(θ)σB,in(θ)λB,ikn(θ)
whereλA,ikn(θ) andλB,ikn(θ) are the normalized covariances
of TA,kn(X) and TA,in(X), andTB,kn(X) and TB,in(X),
k = 1, 2, . . . ,K, and i = 1, 2, . . . ,K, respectively. If both
sequences of test statistics satisfy the following regularity
conditions [24]:

(i)
d

dθ
µkn(θ)

∣
∣
∣
θ=0

= µ′
kn(0) > 0, for k = 1, 2, . . . ,K, (25)

(ii) lim
n→∞

µ′
kn(0)√
nσkn(0)

= ck > 0, for k = 1, 2, . . . ,K, (26)

(iii) For θn = γ/
√
n, with γ ≥ 0,

lim
n→∞

µ′
kn(θn)

µ′
kn(0)

= lim
n→∞

σkn(θn)

σkn(0)
= lim

n→∞
λikn(θn)

λikn(0)
= 1,

for k = 1, 2, . . . ,K; i = 1, 2, . . . ,K, (27)

(iv) [Tkn(X) − µkn(θn)]/σkn(θn), for k = 1, 2, . . . ,K,

have asymptotically a multivariate normal

distribution, (28)

then the ARE of{DA,n} with respect to{DB,n} is

AREA,B =
ξA
ξB

(29)

whereξA and ξB are the efficacies ofDA andDB , respec-
tively. Efficacy is a measure of efficiency for one test. The
efficacy of the test statisticTkn(X) is defined as

ξ = lim
n→∞

[
µ′

kn(0)√
nσkn(0)

]2

. (30)

For two chi-square distributed test statistics of the form

Qn = qn(θ)Λ−1
n (θ)qn(θ)T , (31)

where the elements ofqn(θ) are qkn(θ) = [Tkn(X) −
µkn(θ)]/σkn(θ), k = 1, . . . ,K, andΛn(θ) = {λikn(θ)} ({·}
denotes a matrix whose elements are given by the argument),
the ARE for the same sequence of alternatives is the ratio of
the respective non-centrality parameters of the distributions of
the test statistics underHn, i.e., [24], [25]

AREA,B =
γ2cAΛ

−1
A (0)cT

A

γ2cBΛ
−1
B (0)cT

B

=
cAΛ

−1
A (0)cT

A

cBΛ
−1
B (0)cT

B

, (32)

where cA = [cA,1, . . . , cA,K ], cB = [cB,1, . . . , cB,K ], and
ΛA(0) = limn→∞ ΛA,n(0) andΛB(0) = limn→∞ ΛB,n(0).

Let us now consider the cyclic correlation detector proposed
in [10]. The test statistic of the detector is given by

Wn = nr̂nΣ̂
−1
n r̂T

n (33)

wherer̂n is a vector of cyclic correlation estimates,Σ̂n is the
estimated cyclic covariance matrix, andn is the number of
samples.

We formulate the hypotheses as follows

H0 : rk = 0, for k = 1, 2, . . . , 2N,

Hn : rkn = γ/
√
n, for k = 1, 2, . . . , 2N,

whereN is the number of different lags the cyclic correlation
is estimated at. The real and imaginary parts of the estimated
cyclic correlations are stacked to the same vectorr.

The statistics
√
nr̂n with covariancesσc,iσc,kλik satisfy the

conditions (i)-(iii) in (25)-(27) since

(i) µ′
kn(0) =

√
n > 0,

(ii) lim
n→∞

µ′
kn(0)√
nσkn(0)

=
1

σc,k
= ck > 0,

(iii) µ′
kn(rkn) = µ′

kn(0), σc,kn(rkn) = σc,kn(0),

λikn(rkn) = λikn(0),

for all k = 1, 2, . . . , 2N . The statistic
√
nr̂n is asymptot-

ically normal distributed with asymptotic covariance matrix
Σ thus satisfying also the condition (iv) in (28). The test
statistic Wn is asymptotically χ2

2N distributed under the
null hypothesis andχ2

2N (d) distributed under the alternatives
where the non-centrality parameterd = nγ2cΛ−1cT where
Λ = {λik}. That is, it has the same limiting distribution as
n{r̂kn/σc,k}Λ−1{r̂kn/σc,k}T .

Let us now consider the spatial sign cyclic correlation
detector. We make the following assumptions:

A.1 The signalx(t) obeys circularly symmetric complex
normal distribution under both hypotheses.

A.2 Signal power does not depend on time, i.e.,s(t) =
E[|x(t)|2] = s, ∀t. Hence,R(t, τ) = E[x(t)x∗(t+τ)] =
√

s(t)s(t+ τ)ρxx(t, τ) = sρxx(t, τ) whereρxx(t, τ) is
the normalized correlation.

A.3 UnderH0 the correlation for non-zero time lags is zero,
i.e., ρxx(t, τ) = 0, ∀t, ∀τ 6= 0.

The normalized spatial sign correlation for circularly sym-
metric complex normal distributed input is given by (see
Appendix A)

ρyy(t, τ) = E[S(x(t))S(x∗(t+ τ))]

=
π

4
ρxx(t, τ) 2F1

(
1

2
,
1

2
; 2; |ρxx(t, τ)|2

)

.
(34)

Next we will calculate the mean of the spatial sign cyclic
correlation and its derivative. From (34) it follows that the
mean of the spatial sign cyclic correlation̂RS,kn(α, τ) in (2)
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for fixed α andτ is given by

µk(r̃k)

=
1

n

n−1∑

t=0

π

4
ρxx(t, τ) 2F1

(
1

2
,
1

2
; 2; |ρxx(t, τ)|2

)

e−j2παt

=
1

n

n−1∑

t=0

π

4
ρxx(t, τ)

·
(

1 +
Γ(2)

Γ2( 1
2 )

∞∑

k=1

Γ2( 1
2 + k)

Γ(2 + k)

|ρxx(t, τ)|2k

k!

)

e−j2παt

=
π

4

r̃k
s

+
1

n

n−1∑

t=0

π

4
ρxx(t, τ)

· Γ(2)

Γ2( 1
2 )

∞∑

k=1

Γ2( 1
2 + k)

Γ(2 + k)

|ρxx(t, τ)|2k

k!
e−j2παt,

(35)
where r̃k denotes the sum of the corresponding real and
imaginary parts of the cyclic correlation, i.e.,r̃k is a complex
variable (H0 : r̃k = 0 and Hn : r̃kn = γ/

√
n(1 + j),

k = 1, 2, . . . , N , andj denotes the imaginary unit). The first
term follows from assumption A.2. Note thatµk(0) = 0 since
there is no cyclostationarity present underH0 and thus the
second term in (35) is zero as well.

To calculate the derivative of the mean, we will use the
fact that since the correlation of a cyclostationary process is
periodic it has a Fourier series representation [22]

R(t, τ) =
∑

α

r̃(α, τ)ej2παt (36)

where we have made the dependence of cyclic correlations to
α andτ clearly visible.

The derivative of the mean of̂RS,kn(α, τ) is now given by

µ′
k(r̃k) =

∂µk(r̃k)

∂r̃k

=
π

4

1

s
+
π

4

1

n

n−1∑

t=0

e−j2παt ∂ρxx(t, τ)

∂r̃k

· ∂

∂ρxx(t, τ)

(

ρxx(t, τ)
Γ(2)

Γ2( 1
2 )

∞∑

k=1

Γ2( 1
2 + k)

Γ(2 + k)

|ρxx(t, τ)|2k

k!

)

=
π

4

1

s
+
π

4

1

n

n−1∑

t=0

1

s



1 +
∑

i,i 6=k

∂r̃i
∂r̃k



 ej2παt Γ(2)

Γ2( 1
2 )

·
∞∑

k=1

Γ2( 1
2 + k)

Γ(2 + k)

(k + 1)|ρxx(t, τ)|2k

k!
e−j2παt

=
π

4

1

s

(

1 +
1

n

n−1∑

t=0

((

1 +
∑

i,i 6=k

∂r̃i
∂r̃k

)

Γ(2)

Γ2( 1
2 )

·
∞∑

k=1

Γ2( 1
2 + k)

Γ(2 + k)

(k + 1)|ρxx(t, τ)|2k

k!

))

, (37)

where we have used the fact that∂R(t,τ)
∂r̃k

= s∂ρxx(t,τ)
∂r̃k

=
(

1 +
∑

i,i 6=k
∂r̃i

∂r̃k

)

ej2παt.
From assumption A.3, it follows that the second term inside

the parentheses is zero whenr̃k = 0 and approaches zero as

n goes to infinity sinceρxx(t, τ) = 0,∀τ 6= 0 underH0,
and sincelimn→∞ r̃kn = limn→∞ γ/

√
n(1 + j) = 0, and

thus, limn→∞ ρxx(t, τ) = 0,∀τ 6= 0. Hence, we conclude
that µ′

k(0) = π
4

1
s and limn→∞ µ′

k(r̃kn)/µ′
k(0) = 1. That is,

the mean function satisfies the conditions (i) and (iii) in (25)
and (27), respectively.

The variance ofR̂S,kn is given by

σ2
k(r̃k)

= Var

(

1

n

n−1∑

t=0

S(x(t))S(x∗(t+ τ))e−j2παt

)

=
1

n2

n−1∑

t=0

Var
(
S(x(t))S(x∗(t+ τ))e−j2παt

)

+
1

n2

n−1∑

t=0

n−1∑

k=0
k 6=t

Cov
(
S(x(t))S(x∗(t+ τ))e−j2παt,

S(x∗(k))S(x(k + τ))ej2παk
)

=
1

n2

n−1∑

t=0

(
E[|S(x(t))S(x∗(t+ τ))e−j2παt|2]

− |E[S(x(t))S(x∗(t+ τ))e−j2παt]|2
)

+
1

n2

n−1∑

t=0

n−1∑

k=0
k 6=t

Cov
(
S(x(t))S(x∗(t+ τ))e−j2παt,

S(x∗(k))S(x(k + τ))ej2παk
)

=
1

n

(

1 − π2

16
|ρxx(t, τ)|2 2F1

(
1

2
,
1

2
; 2; |ρxx(t, τ)|2

)2

+
1

n

n−1∑

t=0

n−1∑

k=0
k 6=t

Cov
(
S(x(t))S(x∗(t+ τ))e−j2παt,

S(x∗(k))S(x(k + τ))ej2παk
)

)

, (38)

where we have used for the variance the following relation:
Var(x) = E[|x|2] − |E[x]|2.

Now σ2
k(0) = 1/n and limn→∞ σ2

k(r̃kn)/σ2
k(0) = 1 since

using assumption A.3 the second and third terms inside the
parentheses in (38) approach zero asn goes to infinity. Thus,
the variance satisfies the condition (iii) in (27).

Let r̂ss now denote a vector that consists of the
real and imaginary parts of the estimated spatial sign
cyclic correlation stacked to the same vector, i.e.r̂ss =
[Re{r̂S(α)}, Im{r̂S(α)}]. It follows from the above results
that the statistic

√
nr̂ss satisfies the conditions (i)-(iv) in (25)-

(28) with

cS,k = lim
n→∞

µ′
S,kn(0)

√
nσS,kn(0) 1√

2

=
π

4

1
s√
2

, k = 1, 2, . . . , 2N.

(39)
Note also thats =

√
2σc whereσc is the standard deviation

of the cyclic correlation estimator (assuming thatσc = σc,k,
∀k). The factor

√
2 comes from the fact thats contains the

contribution from both the real and imaginary part.
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Now the test statisticnr̂ssr̂
T
ss = nr̂ssI

−1r̂T
ss, where I

denotes the identity matrix, isχ2
2N distributed under the null

hypothesis andχ2
2N (dS) distributed under the alternatives

where the non-centrality parameterdS = nγ2 π2

16 { 1
σc

}{ 1
σc

}T .
Finally, the ARE of the spatial sign cyclic correlation de-

tector relative to the cyclic correlation detector for a complex
normal input is given by

ARE =
π2

16

{ 1
σc

}{ 1
σc

}T

{ 1
σc

}Λ−1{ 1
σc

}T
. (40)
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