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of airgap flux densities on electromagnetic forces are analysed thoroughly. A prototyped bear-
ingless synchronous reluctance motor is used for measurements and subsequent validation of 
finite element calculation. 
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Victor Mukherjee performed the research, conducted the measurements, and wrote the paper. 
The other coauthors helped with valuable suggestions for measurements and commenting on the 
paper for improvements.

Publication 6: Analytical Model Including Rotor Eccentricity for Bearingless Syn-
chronous Reluctance Motors 

This paper deals with the modelling of rotor eccentricity in a dual three-phase winding for bear-
ingless synchronous reluctance motors (BSynRMs). The motor includes two separate sets of 
three-phase windings: one for torque production and the other one for radial force production. 
For this motor, an improved analytical model with linear magnetic material is presented. The 
accuracy of the model depends on the accuracy of the inverse-airgap function. Typically, a series 
expansion is used for approximating the inverse-airgap function. In order to make the main-
winding inductances depend on the radial position, at least the first two terms must be included 
in the expansion, enabling calculation of the radial forces caused by unbalanced magnetic pull. 
The improved model is applicable, e.g., for stability analysis, time-domain simulations, or de-
veloping real-time control methods.

Victor Mukherjee developed the analytical model for inductance with higher-order inverse 
airgap function. Seppo Saarakkala further developed a methodology by using the analytical 
model to identify the inductances in a more comprehensive manner at a standstill position. Victor 
Mukherjee drafted the paper and presented the work at ICEM 2018. Seppo Saarakkala wrote the 
final version of the paper. All the coauthors contributed with discussion and commenting on the 
paper.
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List of Abbreviations and Symbols

αi Material dependent parameter i

ε Permittivity of the material

μ Permeability of the material

μ0 Permeability of the free space

ν Reluctivity of the ferromagnetic material

ρ Mass density

θ Angular position of airgap flux density 

ρcl Eddy current loss density  

ρhy Hysteresis loss density

ρex Excess loss density

σ Conductivity of the material

σ Cauchy stress tensor

τ Stress tensor

Φ Projector operator for reduced-order model

ψ Helmholtz free energy density

Ω e Area of one element in the integration band for Coulomb’s method 

γ Boundary coefficient for eggshell method of force computation

λ First Lame parameter

a Magnetic vector potential

B Magnetic flux density scalar

B Magnetic flux density vector

b0 Average flux density on the surface of the lamination at one time instant

Brad Component of the magnetic flux density along radial direction

Btan Component of the magnetic flux density along tangential direction

C Damping matrix for the mechanical equation
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d Distance between adjacent flux barrier tips

dt Thickness of iron lamination

dv Virtual displacement

D Mapping of current vector from x-y coordinate to the source of magnetostatic 
problem

E Electric field strength

F Force vector

Fx, Fy Component of the force along x- and y-direction

f Frequency

f Source vector

Ff, Fr Source vector for full finite element model and reduced finite element model

g Centric airgap length

geff Eccentric airgap length

G Lame constant

G Jacobian matrix of the iso-parametric mapping

H Magnetic field strength scalar

H Magnetic field strength vector

hs Magnetic field strength at one time instant on the surface of the lamination

I Identity tensor

Ii Invariant i

Iph Current in each phase

im, ia Current of the main and additional winding  

J Electric current density

l Length of the machine

Ld, Lq Inductance of the main winding in d, q axis

LM Inductance matrix of the main winding

Ls,0 Inductance of the additional winding without eccentricity

Ls Inductance matrix of the additional winding

m Number of phases in the machine

Md, Mq Mutual inductance of the main winding with respect to the additional winding    
in d, q axis

M Mutual inductance matrix of the main and additional winding

Mm Mass matrix for the mechanical equation 
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n Unit vector normal to the surface

nr Rotor equivalent slot

nb Number of flux barrier under one pole

N Nodal shape function

Nsnap Snapshot matrix for reduced-order model

Neag Number of the elements for the integration in Coulomb’s method

p Number of pole pairs for the machine

Qs Number of stator slots

RDc Resistance of the stator winding

Rsm Resistance of the main winding

Rsa Resistance of the additional winding

R Radius of integration from the stator centre for the torque and force computa-
tion

rs, rr Outer and inner radius of the airgap, used for the integration in the Arkkio’s 
method of torque computation

Sag Cross sectional area of the integration in the Arkkio’s method of torque com-
putation

t Time

T Torque of the machine

Tdamp Damping matrix for eddy current

urad, utan Unit vector in radial and tangential direction

ux, uy Unit vector in x and y direction

v                      Nodal velocity vector 

vm, va                 Voltage of the main and additional winding 

w                        Distance between the tips of the outermost flux barrier

Wc Co-energy of the electromagnetic field

2-D Two-Dimensional

AMB Active Magnetic Bearing

BSynRM Bearingless Synchronous Reluctance Motor

BSwRM Bearingless Switch Reluctance Motor

CA Constrained Algorithm
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DEIM Discrete Empirical Interpolation Method

DF Disturbance Force

DOL Direct On Line

FEA Finite Element Analysis

FEM Finite Element Method

FFT Fast Fourier Transform

FPGA Field Programmable Gate Array 

GA Genetic Algorithm

IM Induction Machine

IPM Interior Permanent Magnet Machine

LF Levitation Force

MDVH Magneto Dynamic Vector Hysteresis

MMF Magnetomotive Force

MOR Model Order Reduction

OIM Orthogonal Interpolation Method

PMSM Permanent Magnet Synchronous Machine

POD Proper Orthogonal Decomposition

ROM Reduced-Order Model

SHI Spatial Harmonic Index

SVD Singular Value Decomposition

SynRM Synchronous Reluctance Motor

UMP Unbalanced Magnetic Pull
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1. Introduction

1.1 Background

The synchronous machine is a century-old technology which has evolved like every other tech-
nology over time. There are different kinds of synchronous machines which can be mostly cate-
gorised according to the nature of their rotor excitation. Synchronous machines can be plugged 
directly into the grid (DOL) or can be supplied with power using a variable speed drive (VSD). 
The VSD has opened a new path for different kind of rotors in synchronous machines, among 
which the reluctance rotors are at the very front as the latest sensation in electrical machine 
research. A reluctance machine is not a new technology; rather it was proposed almost nine
decades ago. However, it never received enough industrial attention until the electrical machine 
company ABB released the synchronous reluctance motor (SynRM) with its frequency con-
verter. The SynRM has shown better efficiency than an induction motor (IM) with a similar 
stator. Moreover, it has shown a promising solution for different kinds of applications including
different kinds of pumps, small and medium traction drives, and high-speed applications.

Like every other machine, the SynRM machine also suffers bearing failure problems in its 
service life. Bearing failure often accounts for 50% of all the fault cases in the service life of an 
electrical machine. Major research over the years has been conducted to solve this problem. The 
latest technology, which appeared almost two decades back, was a bearingless drive system, 
which proposes a self-levitating rotor and shaft system within the structure of the electrical ma-
chine. As the name suggests, the bearingless machine is devoid of any physical bearings. There-
fore, it can be very effective in different applications, like high-speed machines, or specific ap-
plications, like operating in very abrasive conditions where the separation of the rotor and stator 
is required from the operation point of view. If the bearingless machine technology can be ma-
tured in the future, the major problem of all electrical machines will be solved, and it will revo-
lutionise electrical machines by nearly doubling their life span.

Bearingless machines and their different attributes are still in their nascent stage of develop-
ment. The majority of the attention has been given on how to control the levitation of the rotor 
and the shaft. However, not enough research has been conducted on the design and electromag-
netic behaviours of the machines arising from the complexities of the bearingless operation. The 
main aim of this thesis is to fill in those gaps with a focus on SynRM. However, the methodolo-
gies and analysis paradigms can also be applied to another type of bearingless machine with 
some modifications. The emphasis will be given to analytical and numerical modelling, under-
standing of the losses, vibration and force harmonics and how to tackle them through overcoming 
the design challenges. In addition, a bearingless SynRM (BSynRM) will be prototyped; meas-
urements will be performed and will be compared with the simulation as a validation of the 
proposed methodologies.
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1.2 Definitions

Throughout this thesis, the term ‘bearingless machine’ will be used for the particular type of 
machine which is devoid of any kind of physical bearings, including ball bearings, roller bear-
ings, active magnetic bearings, and passive magnetic bearings. A bearingless machine is, there-
fore, a particular type of machine where the rotor is levitated by the stator windings. Thus, in
principle, a bearingless machine can levitate its rotor while producing a torque. Self-levitating 
machines, which are mentioned in the literature, are, therefore, referred to as bearingless ma-
chines in this thesis. The force acting on the rotor due to the eccentricity or bearingless operation 
is referred to as electromagnetic force. The electromagnetic force which is acting in the direction 
of levitation produced by the additional winding is referred to as levitation force. The unwanted 
force acting 90˚with the levitation force is referred to as disturbance force. The electromagnetic 
force produced by the rotor eccentricity is referred to as eccentric force.

The core losses of the machine in this thesis include all the electromagnetic losses of the ma-
chine during energy conversion except the resistive losses in the winding. Thus, eddy current 
losses and hysteresis losses are termed core losses. Eddy current losses in the windings are com-
pletely ignored in this thesis. 

Model order reduction is referred to as the reduction of the higher-order system of the equation 
used in a finite element computation to a lower order system of equation. It is thus not referred
to as a look-up-table, analytical model, or neural network model, which is a misnomer as pro-
jected in some commercial software.

1.3 Aim and Focus of the Thesis

Bearingless machines are a comparatively newer technology, and much of the focus on this tech-
nology is centred around the control of the machine. The main aim of the thesis is to look deep 
into the different aspects of the machine behaviour from the machine design and modelling per-
spective. From the modelling consideration, the primary focus will be kept on 2-D finite element 
models, which will be physically accurate to compute electromagnetic forces on the rotor at 
different rotor positions. After the implementation of the model, it will be used to understand the 
effect of bearingless operations on vibrations, iron losses, and different design choices. Addi-
tionally, a semi-analytical model and analytical model will be developed for fast computation, 
which can be used in the control system for real-time applications.

A 4.7 kW 4-pole bearingless synchronous reluctance motor will be designed, prototyped, and
used as an experimental verification of the developed models. To measure the electromagnetic 
forces, a force measurement system will be developed so that the modelled electromagnetic 
forces can be compared with experimental results. Additionally, special arrangements will be 
made for the sinusoidal voltage supply and synchronisation of the rotor without frequency con-
verters. The calibration of the rotor position will be done to put the rotor and the shaft as close 
as possible to the centre axis of the stator.  

1.4 Scientific Contribution

The scientific contribution of the thesis can be summarised as follows:
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A finite element (FE) model is developed for a bearingless machine where two 
different pole pair winding circuit equations are coupled with field equations
to compute the electromagnetic forces with voltage supply. The developed FE 
model is used to compute the torque and electromagnetic forces of the 
BSynRM. The FE model is further verified by a prototyped BSynRM. The 
prototyped motor is designed and constructed during this work. 

A new methodology is proposed to compute the electromagnetic forces from 
the spatial harmonic analysis of the machine, which enables a better under-
standing of the force harmonics and can be used in the future for real-time 
compensation of force harmonics. To understand the electromagnetic force 
harmonics arising from the spatial complexities, a novel indexing structure of 
the harmonics is proposed. 

The design complexities of a BSynRM are analysed thoroughly. The configu-
rations of different flux barriers are analysed in detail to show the design com-
promises between the average torque, average electromagnetic force, torque 
ripple, and electromagnetic force ripple. Moreover, the outer rotor configura-
tion for the BSynRM is investigated after proposing a guideline on the design 
procedure for this kind of machine. The comparative performance of the outer 
rotor structure with respect to the inner rotor structure is investigated in rated 
condition and different field weakening region. 

The operational characteristics of a bearingless machine are different from
those of a traditional machine because of the inclusion of an additional wind-
ing which has different pole pair number than the regular main winding. To 
understand the influence of the additional winding on the losses of a BSynRM, 
an already-established iron loss model is implemented to investigate the hys-
teresis losses of the machine. 

The vibration of the BSynRM is analysed thoroughly after the implementation 
of the already-developed linear elastic solver and magnetostriction solver for
a regular machine to a bearingless machine. The vibration and magneto-
striction effects from the different winding excitation and rotor eccentricities 
are investigated. It is shown that by tracking two vibration components, it is 
possible to understand the rotor eccentric position, which can be a great benefit 
for sensorless control in the future.

An analytical model for a bearingless machine is developed which includes 
the effect of the rotor eccentricity in detail. In contrast to the heuristic meta-
models of rotor eccentric position in the analytical model from literature, the 
proposed analytical model shows the physical conditions that influence the in-
ductance calculation of the windings. The complex polynomial dependency of 
the airgap eccentricity is associated with the different inductance computation 
of main and additional winding, and their subsequent effect on force produc-
tion are analysed and validated.
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A reduced-order model for BSynRM is developed using proper orthogonal de-
composition for faster computation in comparison to a FE computation. As a
bearingless machine has multi-input and multi-output complexities (explained
more in Chapters 2 and 3), a new algorithm named as ‘constrained algorithm’
is proposed in this work to select the snapshot matrix for the reduced-order 
model. The reduced model shows a better performance in comparison to the 
reduced model built over traditional snapshot selection methods.

1.5 Outline of the Thesis

The thesis contains five chapters. The current chapter provides a brief introduction to the disser-
tation topic and the major scientific contributions of the research work. Chapter 2 will review
the state of the art of bearingless machines, including different design and computational meth-
ods and electromagnetic models from relevant scientific works, to benchmark the model and 
methods developed in this work. Chapter 3 will describe the methods developed in this work 
which are primarily focused on the different finite element models, reduced-order models and 
analytical models of bearingless machines. Chapter 4 will present the results from the developed 
models in this thesis to analyse the electromagnetic forces, harmonics, currents, inductances, 
losses, vibrations, and other operational characteristics of the machine. Chapter 5 will discuss 
the whole thesis from a holistic angle and necessary conclusions will be drawn.
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2. Review of Relevant Research

In this chapter, a background study pertaining to the different topics of the thesis is presented. 
Since the focus of the thesis is on the bearingless synchronous reluctance machine, at first the 
background of bearingless operation will be presented. Then different bearingless machines will 
be reviewed briefly to give an overall idea of the latest state of the art of bearingless machines, 
their operational challenges and solutions. Since in this thesis the investigated machine has a
reluctance-type rotor, the general theory and modelling of a reluctance machine will be discussed 
with a possible focus on bearingless operation. After that, three important perspectives on ana-
lysing the machine will be identified: losses, eccentricity and electromagnetic forces, and vibra-
tion. While reviewing the losses, the traditional and more advanced iron loss modelling will be 
discussed. The relevant literature on loss computation on bearingless machines and the require-
ment for the advanced loss model will be established. Following this, the key points on analysing 
an eccentric machine and computation of the eccentric forces will be discussed. In addition, the 
computation of the forces for the bearingless machines under eccentricity will be reviewed and 
the challenges with the present methods will be identified. Next, the vibration of the electrical 
machine will be discussed briefly with a focus on its computational methodologies. Also, the 
relevant research on the vibration of bearingless machines will be discussed. After establishing 
the literature background on the traditional machine analysis, a modern technique called reduced-
order modelling will be discussed, which is also used in this thesis. The state of the art of re-
duced-order modelling pertaining to the electrical machine will be reviewed with a brief focus 
on its mathematical development. In the end, the conclusion of the latest know-how on BSynRM
will be derived, and gaps in the literature will be identified.

2.1 Bearingless Machines

2.1.1 Brief background on bearingless solution 

It is a long-known fact that most problems during an electrical machine’s service life arise from 
the bearings. Different influences on bearing failure are categorically described below:

a. The high rotational speed of the shaft, which decreases the reliability of the bearings 
and eventually causes the breakdown 

b. Frictional losses, which are often negligible at low speed, but can be a huge concern 
with higher speed and a heavier shaft, for some specific applications 

c. Elevated temperature and abrasive conditions, which are quite detrimental to the bear-
ings

It is not always possible to avoid the above-mentioned points due to limitations of operational 
conditions and specific resources. There are, however, two different bearing solutions that can 
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address the issues in some specific cases. A gas foil bearing comprises two or more layers made 
from metal sheets, where gas is trapped between the layers. This configuration provides some 
elasticity by the hydrodynamic pressure, thus giving a passive bearing solution for the rotating 
shaft. This can be quite useful for high-speed turbomachinery under low load conditions, espe-
cially where the abrasive environment and higher temperature are the major issues to be resolved. 
A major issue with this kind of bearing is the lack of proper commercialisation of the product. 
Moreover, during the starting and stopping of the operation, the foils suffer some wear and tear. 
Besides, enough hydrodynamic pressure is not generated at low-speed operation for the foil bear-
ing to operate properly (Kim and Park 2009).

An alternative solution to the gas-type foil bearing is active magnetic bearing (AMB), which 
has been a well-commercialised product over the years. AMB is normally fitted with electro-
magnetic coils which create a levitation force by varying the currents in the AMBs. Normally,
two AMBs are placed at two ends of the shaft as a radial support, and sometimes another AMB 
is fitted in one side for the axial support. AMBs can be widely used at different speed ranges and 
in different kinds of machines. However, there are some major drawbacks to AMBs also. High-
speed machines are often designed for high power density, but with two or three AMBs being 
fitted in the drivetrain, the overall power density of the system is severely affected. Nevertheless, 
to fit the shaft inside the AMBs, the length needs to be increased comparatively. Increased shaft 
length is again a major concern from a flexural vibration point of view, as increasing the shaft 
length decreases the natural frequency of the shaft. So the motor speed needs to be reduced fur-
ther to accommodate the AMBs, which again reduces the power density of the motor. Moreover, 
AMBs are expensive, and they require a complex process to assemble in the drivetrain with the 
motor (Lantto 1999).

The lack of an ideal bearingless solution created a vacant space to explore, and thus Chiba et 
al. (1991, 1994) proposed the concept of a bearingless motor where the functionality of the 
AMBs is integrated into the machine. This was the first time a bearingless solution was provided 
in the design of the machine itself, where the author concluded that any machine can be converted
to a bearingless operation. The bearingless machine has the benefit of compactness, unlike the 
AMBs, as the shaft length of the conventional motor does not need any modification. The bear-
ingless machine is primarily designed by allocating an extra winding in the stator slots with a 
pole pair difference of the main winding. So, for example, if a 4-pole regular machine needs to 
be converted to a bearingless machine, some winding turns from the slots need to be removed
from the main winding of the machine, and an additional winding needs to be put in the slots in 
a way that it is either 2-pole or 6-pole. In most of the cases, the additional winding is chosen to 
be one pole pair less than the main winding. A simple sketch of the bearingless operation is 
provided in Fig 2.1. It can be seen from Fig 2.1 that in the airgap section 2, both the 4-pole flux 
and the 2-pole flux act in the same direction, whereas in the airgap section 4, the 4-pole flux and 
2-pole flux act in opposite directions. So, the airgap flux density in airgap section 4 is higher 
than the airgap flux density in airgap section 2. Therefore, the total Maxwell stress tensor acts in 
the direction of the airgap section 2, and as a result, an electromagnetic force is produced as 
shown by the green coloured arrow. More details of the configuration are explained in Chapters
3 and 4. Apart from adding additional winding to the machine, it is also possible to change a 
regular machine into a bearingless machine. This is primarily done only with the regular winding 
by supplying varying current in the branches of the winding or controlling winding under each 
pole (Chiba et al. 1994).
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Figure 2.1. Schematic of a bearingless machine. Section 2 has a higher flux density than section 
 4; therefore, force is created towards the higher flux density. 

 
Different bearingless machines with or without additional winding have different design chal-

lenges and operational characteristics. In the context of the thesis, the focus will be primarily 
kept only on the bearingless machine which has two different pole pair windings. The available 
bearingless machine solutions in the literature with permanent magnet synchronous machines 
(PMSM), induction machines, switch reluctance machines, and synchronous reluctance ma-
chines are discussed briefly in the next sections.               

2.1.2 Bearingless Permanent Magnet Synchronous Machines  

The configuration of bearingless permanent magnet synchronous machines (BPMSM) can be of 
different types, such as regular bearingless PMSM, consequent pole bearingless PMSM, slice 
bearingless PMSM, or brushless bearingless DC motor. The basic design and principle of radial 
force production of a bearingless PMSM was well described in (Ooshima et al. 1996), and it is 
also presented in Fig. 2.2. In (Ooshima et al. 2006), a coreless outer rotor distributed winding 
type PMSM was proposed for clean energy generation and storage. However, due to the presence 
of permanent magnets and stator slots, there are always ripples in the torque and levitation forces. 
To solve the issue, in (Jastrzebski et al. 2015, Pan et al. 2016), different distribution of the wind-
ings by short pitching and permanent magnet shaping was investigated to reduce the higher har-
monics. It is good to remember that higher magnet thickness leads normally to higher motoring 
torque but increases the reluctance path for the suspension force-producing flux, resulting in 
lower levitation force as shown in (Okada et al. 1996). 

In (Stephens and Kim 2002), a Lorentz force type bearingless servo motor solution was pre-
sented which eliminated the trade-off design of permanent magnet thickness for torque produc-
tion and levitation force production. Nevertheless, consequent pole bearingless PMSM is another 
topology where the permanent magnet thickness can be utilised for both motor torque production 
and suspension force production, as shown in (Amemiya et al. 2005). The winding for this kind 
of machine can be of distributed type (Nakagawa et al. 2006) or concentrated type (Chung et al. 
2015). The biggest advantage of using consequent pole type bearingless motor is that the sus-
pension force controller can be decoupled from the torque producing flux easily as shown in 
(Asama et al. 2009). The levitation force is generated by supplying a DC current, similar to a 
homo-polar machine (Sugimoto et al. 2013).  
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Figure 2.2. Radial force production in a BPMSM © (Ooshima, Chiba et al. 1996) (Published 
                with permission).

One issue with the above-mentioned bearingless machines is the need for two separate bearing-
less units generating levitation force if it is required to stabilise the five spatial degrees of free-
dom properly (Munteanu et al. 2012). However, a slice motor, where the rotor length is smaller 
than or close to the size of the diameter, can address this issue. In a slice motor, three degrees of 
freedom can be stabilised passively and two degrees of freedom controlled actively by producing 
radial forces from one bearingless motor (Silber et al. 2005). Due to their compactness and me-
chanical stability, slice motors are ideal for low-power, ultra-high-speed applications (Puentener 
et al. 2018, Baumgartner et al. 2012).

It is good to remember that categorising bearingless PMSM in the above-mentioned way is not 
straightforward, as different machines’ design and functional attributes can be seen in the same 
unit. For example, the slice motors presented in (Reichert et al. 2013, Zurcher et al. 2009) are
also brushless type motors. Similarly, the consequent pole type machine shown in (Bolognesi et
al. 2010) is also a bearingless BLDC motor. A bearingless BLDC motor can be quite appropriate 
for small-scale liquid pumping (Ooshima and Takeuchi 2011) and different mixing applications
(Reichert et al. 2013).

2.1.3 Bearingless Induction Machines  

The bearingless induction machine (BIM) was first introduced by (Salazar et al. 1990, Chiba et 
al. 1991). However, load variation influences the radial force production in BIM. To solve that, 
a method for the stable operation of the BIM under load was proposed in (Chiba et al. 1997). A
conventional squirrel cage rotor circuit is not very appropriate as it will induce 4-pole and 2-pole 
current coming from the induction of the main winding flux (4-pole) and additional winding flux 
(2-pole), as reported in (Chiba and Fukao 1998). As the rotor flux does not change immediately
with stator flux, it will cause a delay in the electromagnetic force response. In the same research 
paper, an optimal rotor circuit having a multiphase 4-pole short circuit path was proposed to 
improve the force response. A conventional approach for induction motor design is skewing,
which improves motor performance (Muller-Tomfelde 1962, Kawase et al. 2009). However, 
skewing the rotor of a BIM produces axial oscillations, which can make the shaft touch down, 
thus making the magnetic levitation infeasible. This problem was investigated in (Chiba and
Asama 2012), and a possible solution for this problem was proposed in the same research.
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Apart from the bearingless operation, the additional winding in IM has also been used to mit-
igate the vibrations by compensating for the radial forces produced by the eccentricity (Sinervo 
et al. 2012). An alternative approach for generating radial forces without an additional winding 
was proposed in (Kumar et al. 2018), where a bridge configured winding was used with two 
parallel paths. To achieve a passive control of the electromagnetic forces which can be used to 
mitigate the eccentricity-induced vibration, the midpoints of the parallel paths were short-cir-
cuited. On the same note, in (Victor et al. 2012), the three-phase winding of a normal 4-pole 
motor winding was split into two halves, and the midpoint was grounded. Each split winding 
was supplied with different current, creating a bias in the fluxes at different poles, and a bear-
ingless operation was achieved. 

2.1.4  Bearingless Switch Reluctance Machines   

Due to its robustness, low cost, and flexibility to operate at a higher temperature, a bearingless 
switch reluctance motor (BSwRM) is an interesting choice for a bearingless machine. The cur-
rents can be controlled independently in the concentric winding of each stator salient pole, which 
allows controlling the torque production and levitation force production (Mark et al. 1995, Take-
moto et al. 2001). However, producing stable levitation force at full load torque can be challeng-
ing, due to the magnetic saturation. In (Takemoto et al. 2004), a method was proposed to consider 
the magnetic saturation in the control system, which helps to generate stable levitation force in 
real-time operation. In (Zhang et al. 2018), a multi-objective genetic particle swarm technique 
was used to optimise the design of the stator and rotor teeth to improve performance. The final 
optimisation shows an increase of torque and decrease of average levitation force, however, sat-
isfying the minimum requirements for the levitation. Apart from the geometrical optimisation, 
arranging the winding optimally is also important for BSwRM, not only for levitation force and 
torque production (Liu et al. Sep 2009), but also for improving the operation state of the power
converters (Yang et al. 2008).

In a typical BSwRM, both torque-producing winding and levitation force-producing winding 
are placed in the same stator pole, which makes a strong coupling between the suspension force 
production with torque production. However, in (Wang et al. 2012), it was shown that keeping 
only one coil per pole i.e. either the torque-producing winding or the levitation force-producing 
winding can help to decouple the levitation force production from the torque production. Another 
alternative to decoupling the force production from the torque production is to use a permanent 
magnet in the rotor to create a bias flux and using that along with levitation force-producing flux 
(Wang et al. 2014).  

(a) (b)

Figure 2.3. (a) Conventional and (b) proposed BSwRM © (Ooshima, Chiba et al. 1996)
(Published with permission)
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Using permanent magnets in the stator pole can leverage the functionalities of a flux-switching 
machine. In (Radman et al. 2015, Li and Zhu 2016), a bearingless flux-switching permanent 
magnet machine (BFSPM) was proposed. A BFSPM has various good features like mechanical 
robustness, high thermal operational capability from the BSwRM, and a lower torque ripple, 
higher average torque and levitation force from the BPMSM.

2.1.5 Bearingless Synchronous Reluctance Machines  

The first bearingless synchronous reluctance machine (BSynRM) was detailed in (Chiba et al. 
1990) and the mechanism of the radial force production was well described (Chiba et al. 1991).
The winding layout of a conventional BSynRM is presented in Fig. 2.4. It is shown that the 
mutual inductance between the main winding and the additional winding is the main reason to 
produce electromagnetic forces. A general analytical model for the inductances was derived in 
(Bu et al. 2009), which can be used to compute the electromagnetic forces. Like BSwRM, in 
BSynRM, the magnetic saturation influences the electromagnetic force production. In (Chiba et 
al. 1996), it was shown that the radial forces are approximately proportional to the differences in
the square of the flux densities generated by the main and additional winding. However, the 
maximum radial force production is limited by magnetic saturation, especially when the mag-
netisation of the machine is high enough. The reluctance rotor for BSynRM has long been an
interest of the researchers, which is discussed more in the next section. For a BSynRM, the rotor 
design also influences the electromagnetic force production. In (Takemoto et al. Apr 2007), the 
effect of multi-flux barrier construction on the torque and radial force production was discussed. 
It was shown that the multi-flux barrier rotor can be helpful to realise a stable operation for 
certain designs, even without using a decoupling controller, which is usually used to decouple 
the main winding and additional winding flux interaction. In (Ding et al. 2018), the multi-flux 
barriers of a BSynRM were optimised, and permanent magnets were added to increase the power 
factor and torque density of the machine. However, the optimised machine showed decreasing
radial force production. In (Diao et al. 2018), the torque ripple minimisation process for a multi-
flux barrier rotor was investigated, where the effects of flux barriers’ number and shape were
investigated for reducing torque ripple. The multiple flux barriers in the rotor make the BSynRM 
and SynRM, in general, not an ideal choice for high-speed application. However, in (Islam et al. 
2018), a five-phase permanent magnet-assisted BSynRM, which is suitable for producing stable 
levitation force in high-speed applications, was designed.

Figure 2.4. Conventional BSynRM winding layout
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2.2 Synchronous Reluctance Motors 

In this section, a brief introduction to the development of the synchronous reluctance motor 
(SynRM) will be provided. The latest design practices for the reluctance rotor and its benefits 
will be identified. Moreover, the applications of this topology will be discussed briefly from the 
perspective of design constraints. 

The synchronous reluctance motor is one of the oldest machine topologies, which can be traced 
back almost a century. The SynRM has a rotor devoid of any cage or field excitation. The torque 
is produced only due to the differences in the reluctance of the rotor in different orientations. 
The reluctance rotor tends to align itself where the flux path gets the maximum iron path to 
traverse from the rotor to the stator. Due to the lack of any cage-like component in IM or perma-
nent magnet in the rotor like PMSM, the rotor eddy current loss is negligible. However, to mag-
netise the machine, much higher current is needed in comparison to a similar dimensioned and 
rated IM or PMSM. SynRM has been gaining industrial popularity, especially in low-voltage 
constant speed applications, like small centrifugal pumps. In Fig. 2.5, a sample SynRM from 
ABB is presented. 
  

 
Figure 2.5.  ABB IE5 Synchronous Reluctance Motor from the product catalogue. (Courtesy of   

                 ABB Oy) 
 

In (Kostko 1923), the concept of synchronous reluctance type motor was first demonstrated 
with a cylindrical rotor where the flux barriers were placed along the lines of direct axis flux. 
The next generation of reluctance-type rotor was presented in (Lawrenson and Gupta 1967), 
where a segmented rotor construction derived from an induction rotor was used. The power fac-
tor of the machines from the early design has been the biggest factor in making SynRM not so 
popular in its early days. However, in the last 30 years, there has been huge progress to improve 
the machine efficiency and power factor of SynRM. It is good to mention that all critical param-
eters of the SynRM like power factor, efficiency, torque/ampere, constant-power speed range 
depend on the saliency ratio. The influence of the different number of flux barriers, flux barrier 
width, stator slots, and saturation on the saliency ratio was investigated in (Staton et al. 1993). 
In (Matsuo and Lipo 1994), an improved reluctance rotor design was presented to improve the 
efficiency and the power factor. It was shown that, theoretically, a power factor of 0.8 is achiev-
able in SynRM with an optimised rotor design. It was also shown that the rotor insulation width 
and iron width are critical design parameters. Using those design variables carefully, one can 
reach a saliency ratio of about 10.  

One major problem with SynRM is the torque ripple, which comes from the spatial complexity 
created by the flux barriers in the rotor and the stator slots. In (Vagati et al. 1997), the flux 
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barriers’ design was investigated based on equivalent rotor slots, and some design principle was
proposed to minimise the torque ripple. An elaborate discussion of the rotor equivalent slots will 
be done in Chapter 4. It is good to mention that the traditional chording does not help much in 
reducing the torque ripple, as also shown in (Bomela and Kamper 2002). One primary reason is 
the attenuation of the lower order magnetomotive force (MMF)-generated flux, which is attenu-
ated by the flux barriers. In (Bianchi et al. 2008), two different rotor laminations with different 
flux barrier design were stacked one after another in the so-called Romeo-Juliet configuration. 
This kind of different rotor design seems to be capable of compensating for the torque harmonics 
generated from one lamination with the torque harmonic generated by the other lamination. In 
(Bianchi et al. 2009), the position of the flux barriers was studied with respect to identifying the 
influence of the flux barrier’s inner and outer angles on different torque harmonics. It was shown 
that the position of the flux barrier plays a critical role in the generation of different torque har-
monics. In (Pellegrino et al. 2015), a multi-objective genetic algorithm was used to optimise the 
rotor design, keeping the width of the flux barrier and tip of the flux barrier as design variables. 
The main goal of this kind of optimisation was to increase the average torque and reduce the 
torque ripple. In (Howard et al. 2015), different tip shapes of the flux barriers were investigated,
and an asymmetric rotor was designed with optimisation. Here asymmetry means that the right-
hand side of the flux barrier is slightly different than the left-hand side. It was shown that the 
torque ripple can be reduced with this kind of asymmetric flux barrier design. In (Ferrari et al. 
2015), it was shown that the flux barrier thickness influences the saturation in the iron, which 
directly influences the average torque and torque ripple. Bigger flux barrier width means that 
there is a lesser iron path for the flux to traverse, which increases the magnetic saturation. In 
(Ibrahim et al. 2015), it was shown that a properly designed steel grade with lower efficiency, 
but suitable enough to generate high flux density at a certain useful magnetic field range, can 
provide a higher saliency ratio for the SynRM than other, higher efficiency steel grade. It can be 
understood from the literature that the design of the reluctance rotor is extremely critical in gen-
erating high average torque and low torque ripple.

One big disadvantage of the SynRM is the mechanical stresses that accumulate on the tip of 
the flux barriers, which makes the SynRM not an ideal candidate for high-speed applications.
However, in (Hofmann and Sanders 2000), a solid rotor SynRM, which seemed to be capable of 
high-speed applications, was presented. In this motor, the rotor consisted of a bonded section of 
ferromagnetic and non-ferromagnetic steel. Another high-speed rotor design was proposed in 
(Ikaheimo et al. 2014), where the iron bar was used as the flux guide. In this case, the iron bar
was moulded with the casting of Cu-Al alloys. These kinds of rotor designs are not a traditional 
SynRM design. But in (Babetto et al. 2018), a more traditional multi-flux barrier reluctance rotor 
was optimised in view of reducing the von Mises stress on the rotor and the torque ripple gener-
ated in the airgap. The optimised design seemed to be capable of operating at 20,000 rpm. 
SynRM can also be used for traction applications, especially in electric vehicles, as shown in
(Bianchi et al. 2016). It is good to mention that the maximum torque per ampere in closed control 
has helped the SynRM generate good power density, which is normally lacking in open-loop 
control. This has also brought SynRM into other small traction applications, like hub motors for 
e-bikes. Due to the limited available space for the power train assembly, it is common to use the 
outer rotor motor for this kind of application. In (Sankestani and Siadatan 2019), an outer rotor 
SynRM was used for the construction of a hub motor. Outer rotor topology indeed brings its own 
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design constraints, as it is difficult to place the flux barriers. This topology has also been inves-
tigated in this thesis work, and the effects of outer rotor structure on torque and electromagnetic 
force have been explained more in Chapter 4 from the perspective of a bearingless machine.

2.3 Analysis of Machine

Analysing an electrical machine requires different attributes that can be premised by the require-
ment of operational stability, noises, efficiency, supply conditions, maintenance, lifetime predic-
tion, etc. To keep the focus in line with the thesis, literature research will be conducted on three 
major analysis perspectives which are listed below:

a. Losses of the machines, which leads to the understanding of the operational efficiency,
thermal condition of the machine, and limitation of operation

b. Effect of eccentricity, which leads to the creation of electromagnetic forces and influ-
ences the vibration and losses of the machine. This is particularly important from the 
bearingless machine perspective, as rotor misalignment is common in bearingless ma-
chine due to the lack of mechanical bearing and ideal control.

c. Vibration, which influences the acoustic noises, operational stability and lifetime be-
haviour of the electrical machine

In the next subsections, the literature research on each of the three points is presented briefly, 
and its relevance for a bearingless machine is established. 

2.3.1 Losses in Electrical Machine  

The losses in an electrical machine have garnered interest from the earliest days of electrical 
machine research. Before the adoption of finite element tools, analytical models were used to 
compute the losses. The loss models are often tuned with the experimental results. The main 
losses in an electrical machine are widely divided into two parts: the winding losses and the core
losses. Since understanding the losses of an electrical machine is a vast topic, the primary focus 
of the literature research will be the methods used in this thesis.

Winding losses occur mostly due to the Joule effect (1840) and are dependent on the resistance 
of the winding and the current passing through it. The current is considered homogeneously 
distributed in the winding by integrating the current density over the volume of the slot (Lam-
meraner and Štafl 1966). The end winding resistance is approximated by the empirical formula 
given in (Pyrhonen et al. 2008). After adding the end winding resistances with the slot resistances 
in a phase, the Joule loss PCu in the winding is computed as

2
Cu phP mI R (2.1)

where m is the number of phases of the machine, Iph is the current passing through each phase, 
and R is the total resistance of one phase.

The winding resistance considered in (2.1) is DC in nature. However, there is also an AC 
component of the resistance which results from an uneven distribution of the current in the con-
ductors. This uneven distribution of current is known as eddy current. The losses produced by 
the eddy currents can be further classified as skin effect (Kennelly and Affel 1916) and proximity 
effect (Cook 1921). However, this effect for an electrical machine winding is prominent when 
the supply frequency is high. For synchronous reluctance machines, which are mostly operating 
at a low speed, the common approach to compute the winding loss is ignoring the eddy current 
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effect in the winding and considering only the DC resistance of the winding. This approach is 
taken because the coil of the winding is made of thin parallel strands.

Apart from the losses in the winding, another important loss component in an electrical ma-
chine occurs in the steel lamination of the stator and rotor stack. This loss, which occurs due to
the presence of a time-varying magnetic field, is often known as core loss or iron loss in the 
literature. Accurate computation of iron loss has been a major challenge to date and has remained
a major academic interest. The conventional iron loss computation models are based on the work 
of Steinmetz (1892) and Bertotti (1988), where both found that the losses can be expressed as a 
power function of the average flux density B and frequency. Jordan (1924) extended Steinmetz’s
model by segregating the losses in two components, which can be expressed as

1.6 22
Fe hy cl

eddy-current losshysteresis loss

P c f B c f Bcl

y current loss
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clhy
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f B chyc f Bh c

ddy
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Bertotti segregated the iron loss into three components, which are hysteresis loss, classical eddy 
current loss and excess loss, expressed as
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The coefficient ccl is determined analytically (Lammeraner and Štafl 1966), whereas chy and cex 

can be determined experimentally (Bertotti 1988, Pluta 2010). From the computational point of 
view, the conductivity of the steel lamination is considered zero while solving the field equations, 
and the iron losses are only post-processed after solving the flux density distribution. For a more 
accurate iron loss model, the eddy current and hysteresis models are required to be included in 
the field equation. There are numerous hysteresis loss models available in the literature which 
are used to model the nonlinear hysteretic properties of the ferromagnetic material. However,
only the relevant studies used as a background for this thesis are discussed here.

In (Preisach 1935), a scalar hysteresis model was presented and later mathematically formu-
lated by Krasnoselskii and Pokrovskii (1989). In this model, the flux density was computed by 
double integrating the distribution of all the combinations of increasing and decreasing field 
strength. This model was later simplified in (Mayergoyz 1986) by introducing the Everett func-
tion. Here the model was identified using first-order reversal curves, and it did not require the 
double integration. However, for an electrical machine, the magnetic field is rotational in nature, 
and thus the hysteresis model requires vectorisation. In (Mayergoyz 1988), the vectorial behav-
iour of the hysteresis was presented by applying the scalar Presiach model in a semicircle in all 
possible different directions. The output flux density vector was obtained by adding all the out-
puts from different directions. For FE implementation, the semicircle was discretised into a cer-
tain finite number of directions. However, this model cannot comprehend the loss calculation 
accurately when the magnitude of the rotating magnetic field comes close to saturation. This 
problem in the model was rectified by Dlala et al. (2010) by introducing an additional parameter 
during saturation, which removes the phase lag between the rotating magnetic flux density and 
field strength vector. Another alternative method to compute the iron losses is the widely popular 
Jiles-Atherton model (Jiles and Atherton 1986). The model is based on the premises of domain 
wall motion and magnetic energy balance. The model is comparatively faster and easier to im-
plement than the Presiach model. It is good to mention that transient simulation for the electrical 
machines will require the consideration of the dynamic behaviour of the B-H curve, including 
minor loops to compute the losses accurately. A history-dependent dynamic hysteresis model 



Review of Relevant Research

29 

was implemented in (Zirka et al. 2015) for a transformer model for transient calculation. This 
model has certain advantages over the Presiach model from different aspects, e.g., identification, 
computational speed, numerical stability and ease of implementation. A similar approach to that
shown in (Rasilo et al. 2019) is used in this thesis. A more detailed description of this model is 
provided in Chapter 3 for further clarification.

Pertaining to Bearingless Machine Research

Understanding the losses of a bearingless machine is important for the initial design and its op-
erational behaviour. In BM, the additional winding requires extra current, and it produces extra 
flux in the machine, adding sources for extra copper and iron losses. So, understanding the losses 
in BM is more complex than in a traditional machine. There is some research in which the losses
of the bearingless machine have been studied. Munteanu et al. (2011) showed that the losses of 
the bearingless machine can be divided into two parts: losses for torque production and losses 
for levitation force production. They provided a systematic approach for the loss identification
using a power balance approach. In (Mitterhofer et al. 2012), an analytical model was produced 
and experimental verification of a high-speed bearingless machine was performed. The im-
portance of the iron loss consideration at the design phase was explained. However, it was sug-
gested that the losses due to the eddy current in the copper winding can be neglected even at high 
speed if suitable thin wire bundles were used. In (Sinervo and Arkkio 2014), the levitation force 
production capability in an induction motor was studied. The authors concluded that the addi-
tional winding takes more than 10% space and a considerable amount of current to produce the 
required levitation force. As a result, the total losses in the machine increased considerably with 
the levitation force production. In (Li et al. 2017), the effect of eddy current on the iron losses 
was studied. It was also shown that the levitation and torque production decreased due to the 
presence of eddy currents. In (Zhang et al. May 2018), the windage loss of a BSwRM was stud-
ied, and certain geometrical optimisation of the rotor along with a covering of the rotor was
proposed to minimise the losses. All the literature on the bearingless machine have ignored the 
conductivity of the iron lamination in the core while solving the field equations and have com-
puted the iron losses as a post-processing of the flux density distribution over the frequency 
spectrum. Also, all the literature on BM ignores the fact that the additional winding flux produces 
hysteresis in the rotor, which requires an advanced model to compute. These gaps in the literature 
will be addressed in this thesis, and more details will be discussed in the third and fourth chapters.

2.3.2 Eccentricity and Electromagnetic Forces 

Eccentricity is a term which is widely used in the fault analysis of the electrical machine. In this 
section, the concept of eccentricity and the research conducted on a traditional machine will be 
presented briefly. Different computation techniques and measurement processes used to com-
prehend the electromagnetic forces that occur due to eccentricity will be discussed. Finally, the 
relevance of eccentricity and electromagnetic forces for a bearingless machine will be estab-
lished.

When the centre of the rotor is shifted from the centre of the stator bore, the rotor is called 
eccentric, and the following state is called eccentricity. If the relative position of the stator and 
rotor centre is static, it is known as static eccentricity, whereas if the rotor centre rotates with 
respect to the stator centre, it is known as whirling eccentricity. If the whirling of the rotor’s
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centre rotates at the same speed as the rotor, that eccentricity is called dynamic eccentricity. If
both static and dynamic eccentricity are present in an electric machine, it is called mixed eccen-
tricity. Eccentricity can happen for several reasons, such as misalignment of the rotor during the 
assembling process, wear and tear on the bearing in the operational lifetime, or bending of the 
rotor and shaft operating near the critical speed. An eccentric rotor creates an uneven airgap 
which develops an electromagnetic force on the rotor. This electromagnetic force acts towards 
the shortest direction of the airgap. In the literature, this force is also known as unbalanced mag-
netic pull (UMP). 

Research on UMP has been conducted over a century. In (Rosenberg 1918) , UMP was quan-
tified by calculating the unbalance of the airgap flux density distribution. Summers (1955)
pointed out the reason and impact of the static and dynamic eccentricities on the electric motor
based on rotating magnetic field components. Different eccentricities induce different kinds of 
vibrations in the machine, which can lead to acoustic noises and mechanical instability, as ex-
perimentally shown by Jordan et al. (1967) and Rai (1974). The dissertations of Dorrell (1993),
Tenhunen (2003), and Burakov (2007) presented a comprehensive literature of eccentricity. Ec-
centricity does not influence the average torque significantly; however, it incurs additional torque 
ripple as pointed out by Silwal et al. (2017). It is worth mentioning that eccentricity can also lead 
to rotor-to-stator rub, which may damage the winding and cores extensively, leading to a serious 
operational problem.

Electromagnetic Force Computation

Analysing eccentricity requires computing the electromagnetic forces generated by the eccen-
tricity. The two most significant methods of computing forces are the Maxwell stress tensor 
method (Reichert et al. 1976), and Coulomb’s method of virtual displacement (Coulomb 1983).
In the Maxwell stress tensor method, it is assumed that the magnetic field distribution inside a 
closed air surface remains unchanged if the external source is replaced by the current. The elec-
tromagnetic force F for an electric machine is computed by a close surface integral of the stress 
tensor in the airgap as
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where σ is the stress tensor, B is the magnetic flux density, S is the integration surface and n is
the unit vector which is aligned radially for a radial flux machine. For a 2-D problem, the surface 
integral is transformed to a line integral around the airgap. The force can be computed as
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where r is the radius of the circle in the airgap along which the line integration has been per-
formed. However, it has been noticed that the Eq (2.6) is quite sensitive with the selection of the 
radius in the airgap. So Arkkio (1987) proposed to use a surface integral over the airgap cross-
section as

ag

2 2
rad tan tan rad tan rad

0 s r

1 1
2S

B B B B dS
μ r r

F u u (2.7)



Review of Relevant Research

31 

where rs, rr and Sag are the stator inner radius, rotor outer radius and surface area of the airgap 
respectively. When the rotor is eccentric, Arkkio’s surface integral method of calculating forces 
is not valid. 

Coulomb’s method, which is primarily used in FE computation, is based on the virtual work 
principle. The force is computed by deforming the airgap elements virtually and then calculating 
the partial derivative of the co-energy Wc with respect to the virtual displacement dv. These are 
given as
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The forces for certain direction in an electrical machine are computed as
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where Neag is the total number of elements in the integration band and G is the Jacobian matrix 
which performs the isoparametric mapping between the local coordinates and the global coordi-
nates of each element in the integration band.

Another alternative method to compute the forces is using the eggshell approach which con-
siders a thin closed shell around the object. The force is calculated by integrating the stress tensor 
as

γdVF σ                  (2.11) 

where V is the volume of the shell and γ is 1 or 0, depending upon if it is on the internal or 
external boundary. This method can be considered a general approach of force computation,
where Coulomb’s method of force calculation can be considered as a special case of an eggshell 
approach. 

Eccentric Force Computation & Measurements

The electromagnetic forces can be computed using permeance analysis of the airgap flux density
where the airgap can be expressed as infinite series. After solving the flux density, the forces are 
obtained by integrating the Maxwell stress tensor around the airgap. A similar approach can be 
adapted to study dynamic eccentricity. In (Toliyat and Al-Nuaim 1999), a modified winding 
function to compute the mutual inductances of the winding under eccentricity was proposed.
Their model was coupled with a magnetic circuit to study the dynamic behaviour of the machine 
under eccentricity. Electromagnetic forces can also be computed numerically, as demonstrated 
in (DeBortoli et al. 1993, Bangura and Demerdash 2000). The works are mostly focused on 
computing the forces of a machine at static and dynamic eccentricity. Several works of Arkkio 
are focused on quantifying the forces created by different whirling frequencies. In (Arkkio et al. 
2010), the importance of parallel winding was demonstrated for a SynRM. Increasing the parallel 
windings shows a dampening effect on the eccentric force due to the circulating current in the 
parallel winding; however, it may cause rotor instability. In (Belahcen 2008), the influence of 
eccentricity on the losses of the electrical machine was computed numerically. 
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Measuring static eccentricity is difficult and requires some specific equipment setup (Sobra et
al. 2018, Dorrell 1993). Compared to static eccentricity, whirling eccentricity can be easily iden-
tified by analysing the vibration (Dorrell and Cossar 2008). Among other various methods of
identifying eccentricity, some of the notable are

a. Detecting fault-specific frequency components in the line current spectrum (Ilamparithi
and Nandi 2012)

b. Measuring the induced voltage in the search coils which are placed in the slot (Dorrell
and Salah 2015)

c. Injecting high-frequency pulses in the winding and post-processing the differential cur-
rent (Torkaman and Afjei 2013)

d. Analysing vibration patterns (Rodriguez et al. 2006)
e. Using the AMB sensor to measure the forces directly from currents in the electromag-

netic coil in the AMB (Tenhunen et al. 2003)

Pertaining to Bearingless Machine Research

In a bearingless machine, the effect of eccentricity is directly linked to the levitation of the rotor. 
A bearingless machine is prone to different kinds of eccentricities during different operation 
stages. Normally, a safety bearing is used to protect the rub between the stator and rotor. At idle 
state, the rotor is resting on the radial safety bearing for a horizontally mounted shaft or the axial 
safety bearing for a vertically mounted shaft. Therefore, for a horizontally mounted BM, the 
rotor needs to overcome the static eccentricity by pulling itself from the safety bearing to the 
centre of the stator during the starting of the levitation. An understanding of the eccentricity that
creates the eccentric force is extremely important to compensate for that with sufficient levitation 
force (Chiba et al. 1994). Even at a levitated state, different eccentricities like static and whirling 
can be inflicted on the rotor due to the lack of an ideal control and absence of mechanical bearing. 
Nevertheless, at high speed, due to the bending modes of the shaft, the rotor can always suffer 
some radial displacement from the stator centre. From the control point of view, the change of 
eccentricity influences the inductances that deteriorate the performance of the model-based con-
trol scheme (Harnefors and Nee 1998).

In (Chiba et al. 1991, Takemoto et al. Apr 2007), an inductance model was provided. This 
model expressed the electromagnetic force as a function of the machine inductance and the rotor 
displacement, considering the rotor as a cylindrical surface. It is worth remembering that for a 
reluctance rotor, it is not very appropriate to consider the airgap as a cylinder. The rotor saliency 
in the inductance calculation was taken into account in (Bu et al. 2009) where the inductances 
were expressed as a function of rotor saliency and displacement. The derivation of the inductance 
followed the same principle as shown in (Chiba et al. 1991), except the airgap function, where a
piecewise function of saliency was multiplied. It was shown that the mutual inductances between 
the main winding and the additional winding, and the self-inductance of the additional winding,
had a displacement dependency. Though the main winding inductance did not have a displace-
ment dependency term, the change of the main winding inductance was found to vary with ec-
centricity in the experiment. So, in (Chiba et al. 1991), the inductance of the main winding was
considered as a function of rotor displacement and expressed with a polynomial fitting of the 
rotor displacements. There are three major problems with the eccentricity and force computa-
tions in the literature which are presented below:
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a. The displacement terms in the inductance function make it cumbersome for the induct-
ance identification when the rotor is at idle position

b. The main winding inductance variation with displacement is expressed in a metaheu-
ristic approach without expressing it with the physical parameters of the machine. This 
also makes the force equation created by the eccentricity devoid of actual physical un-
derstanding.

c. Permeance function of the airgap is oversimplified.
All the above issues will be addressed in this thesis, and an improved model will be presented 

in Section 3.1.

2.3.3 Vibration  

The vibration of an electric machine may arise from mechanical (broken rotor parts, mounting 
of the shaft, bearing failures), electromechanical (different kinds of electromagnetic forces, 
winding failures) and aerodynamics reasons (airflow from the coolant channels). Early research 
on electrical machine vibration focused on computing the natural frequencies of the stator by 
considering it as a ring (Erdelyi 1955). Afterwards, this approach was extended to solve the 3-D
problem by considering the stator as a cylinder to compute the free and forced vibration (Girgisa
and Vermas 1981). In (Watanabe et al. 1983), a different machine section was analysed to un-
derstand the modes of the stator which can excite certain vibration. In this section, only vibration 
related to time-varying electromagnetic forces will be discussed, due to the limited scope of this 
thesis. For a perfectly aligned rotor, the total electromagnetic force acting on the rotor is zero;
however, there is a local distribution of the electromagnetic forces due to the distribution of the 
Maxwell stress tensor over the airgap. This induces certain vibration in the stator. However, 
when a net electromagnetic force exists due to eccentricity or other operational condition (like 
bearingless machines), the vibration may increase, especially if the natural frequency of the sta-
tor is excited. A 2-D Fourier decomposition of the Maxwell stress tensor can be used to compute 
the vibration as shown in (Belahcen 2004). The vibration of an electrical machine is quantified 
by computing the nodal displacements of the elements in the stator core. It is good to remember 
that the most common approach to computing the nodal displacements is to solve the electro-
magnetic forces with Maxwell stress tensor first, and then apply the forces as a boundary condi-
tion to solve the structural dynamics problem (Furlan et al. 2003, Wang et al. 2018).

However, Joule (1847) had already found that ferromagnetic materials change their shape and 
dimension under different magnetisations. So considering the effect of magnetostriction is also 
important in understanding the vibration of the electrical motor. In (Låftman 1995), the noises 
of an induction motor were analysed by taking into account the magnetostriction effect. It was
found that the magnetostriction helps to make the machine quieter. In (Witczak 1995, Delaere 
2002), methods of computing the magnetostrictive force on the iron core of an induction motor 
were presented. Delaere found that the magnetostriction does not have any significant effect on 
the vibration. Mohammed et al. (2002) analysed the effect of magnetostriction in a permanent 
magnet machine and found the magnetostriction to have a profound effect on the structural de-
formation of the machine, which needs to be addressed even at the design stage of the machine. 
A thorough analysis of the effect of magnetostriction on electrical machines was conducted in 
(Belahcen 2004). It was found that the vibration of the stator increases at certain frequencies and 
reduces at some other frequencies. In addition, the vibration may increase by 17% due to the 
magnetostriction effect in a bigger machine and 0.5% in a smaller machine.
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There are different methods to take into account the effect of magnetostriction in the compu-
tation of stator deformation. A Helmholtz-based free energy model includes the effect of mag-
netisation in the stress tensor and vice versa. In (Fonteyn, Belahcen et al. 2010), the stress tensor 
τ in the iron was classified into three components, which are

a. elastic tensor τelas, which is a mechanical stress tensor obeying Hooke’s law,
b. magnetostriction stress tensor τms, which includes the effect of mechanical stress on 

magnetisation, also known as the Villari effect (Villari 1865),
c. electromagnetic stress tensor τem, which considers the electromagnetic force due to 

magnetisation.

To solve the magnetic and elastic problem, an implicit coupling method was proposed in (Be-
lahcen 2006) where the magnetics and elastic equation were assembled together in the same 
matrix. A more advanced method was proposed in (Fonteyn et al. 2010) using a model based on 
general balance laws of electromagnetism, thermodynamics and mechanics. 

Pertaining to Bearingless Machine Research

In (Laiho et al. 2009), the rotor vibration of a BIM was studied where the harmonics of the rotor 
vibration were attenuated by a control method. It is worth mentioning that the primary source of 
vibration for a bearingless machine is time-varying electromagnetic forces. The force ripple ap-
pears due to the spatial and temporal complexities of the machine. This can lead to the misalign-
ment of the rotor from the stator centre point, thus making it problematic to control the machine. 
So, studying the force ripple of a bearingless machine is very important to understanding its
operational behaviour and success of levitation. In (Lapotre et al. 2015), a force model was pre-
sented for a BPMSM to identify the harmonic components. By considering the spatial harmonics 
in the magnetomotive force, a more detailed force model for a BPMSM calculation was investi-
gated in (Aasama et al. 2016). Though these models addressed the temporal and spatial com-
plexities of a bearingless machine, they did not provide a clear understanding as to which spatial 
harmonic combination will produce a DC force and which will produce mainly force ripples. 
This issue will be addressed in this thesis, and more detailed discussions will be provided in 
Section 3.2 and 3.3. The vibration of bearingless machines in the literature is mainly studied 
from the point of view of the control system. From the machine design perspective, there are few 
studies in the literature that deal with the vibration of the bearingless machine. The skewing of 
the bearingless induction motor is found to increase the axial vibration of the rotor-shaft assem-
bly. The current in the z-axis which moves in a skewed rotor is the primary source of this vibra-
tion (Chiba and Asama 2012). The stator radial force was analysed in (Tan et al. 2016, Yan et 
al. 2010) to understand the vibration characteristics of a BSwRM. There is no significant litera-
ture available to study the vibration of a BSynRM. This gap of literature will be addressed in this 
thesis.

2.4 Reduced-Order Model

Electrical machines until the early 1980s were mainly computed analytically. Over the next 40 
years, we have seen an increasing use of a finite element (FE)-based computational model for 
electrical machine design and analysis. Since an FE problem solves multiple partial differential 
equations defined by the meshing of the problem domain, it takes considerably more time than 
an analytical model, which has fewer equations. Thus, FE models are considered a high-fidelity
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model with higher computational time, whereas an analytical model is considered a low-fidelity 
model with lower computational time. For the real-time control of an electrical machine, mainly 
the analytical model is used, whereas in the design and analysis of an electrical machine, using 
FE is a common practice. The analytical models used in real-time system are often devoid of any 
physical parameters of the electrical machine and are normally built over equivalent circuits after 
identifying the resistances and inductances. The behaviours of the inductance are often tuned 
with parameter fitting and look-up tables from the FE model to make them more accurate. How-
ever, the number of degrees of freedom of a FE model can also be mathematically reduced to a
smaller number of state variables with acceptable accuracy and lower computational burden. The 
model with reduced state variables still preserves the system properties and is known as the re-
duced-order model of the original finite element model (Antoulas 2005). The mathematical pro-
cess that achieves the reduced-order model is referred to as model order reduction. Since the 
application of the reduced-order model for a bearingless machine is investigated in this thesis, 
the state of the art of reduced-order modelling will be described shortly in this section with a
comparatively higher focus on electrical machine modelling. The relevance of using the reduced-
order model pertaining to a bearingless machine will also be established.

A reduced-order model based on Pade approximation with Lanczos processes (Essakhi et al. 
2007) and Krylov subspace projection (Börner et al. 2008) have shown good performances on
linear problems. However, for a nonlinear problem, the methods are difficult to extend. Another 
alternative method, known as proper orthogonal decomposition (POD), which is based on a snap-
shot matrix, has proven to be useful for nonlinear problems (Hinze and Volkwein 2005). The 
POD method projects the full system equation into a reduced space by using a reduced basis. 
The reduced basis is formed by performing a singular value decomposition on the snapshot ma-
trix. With the original model, n different operating states are computed for m different spatial
variables (number of free nodes in FE problem) to build a snapshot matrix of size n×m. The 
process of building the reduced-order model will be briefly described in Section 3.4. There has
been much research on the best practices to select the snapshots so that the snapshot matrix can 
consider the operational characteristics of the reduced model for the entire valid range of the 
model. It is well understood from the literature that the selection of the snapshots is extremely 
important for the computational accuracy of the reduced-order model. 

The most common approach of selecting the operational states is to distribute the operational 
range uniformly and select each point in that distribution for the computation of the snapshot 
matrix. An alternative approach is to distribute the output of the system uniformly in the opera-
tional range. Next, the corresponding input of each output point is selected, and snapshot matrix 
is built. However, one drawback of using this sort of premeditated selection of operational states 
is that there is no guarantee that all the higher-order modes of the system will be excited. In other 
words, the reduced-order model may lose accuracy. To tackle this problem, different methods,
of selecting the snapshots, called greedy algorithms (GA), have been described in (de la Rubia 
et al. 2009, Paul‐Dubois‐Taine and Amsallem 2015, Paquay et al. 2016). Different GAs can be 
used to determine the optimum number of snapshots that respect a certain predefined error 
threshold of the output of the system. The main advantage of GA is that they do not require any 
prior knowledge of the input or output of the system. However, for each input point, the errors 
need to be computed for the first time in the algorithm’s iterations, which makes the whole pro-
cess cumbersome. For a multi-input system, this problem will become even more severe. 
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Pertaining to Electrical Machine Research

Introduction of the reduced-order model in an electrical machine is a comparatively new phe-
nomenon. Since the electrical machine is a highly nonlinear system, POD can be a time-consum-
ing method as the reduced model needs to iterate (for example, with fixed-point iteration or the 
Newton-Raphson method) to find the correct nonlinear behaviour. However, applying a discrete 
empirical interpolation method can solve this issue. In (Henneron and Clenet 2014), a nonlinear 
magnetostatic problem coupled with an electric circuit was solved using POD-DEIM. The DEIM 
had interpolated the nonlinear behaviour of the magnetic circuit and saved a considerable amount 
of time. For an electrical machine, the rotation of the rotor influences the changes in the magnetic 
field. To take that into account, the number of reduced basis vectors needs to be increased, which 
means that the reduction of the original model is not so significant anymore. Therefore, the com-
putational efficiency of the ROM is significantly deteriorated. To solve this problem, the block-
MOR method was applied for an IPM in (Shimotani et al. 2016). In this method, the input pa-
rameter range is divided into several blocks, and the reduced basis of each block is constructed 
after building an individual snapshot of each block. It was shown that the computational effi-
ciency improved significantly over the conventional POD method. For a conventional synchro-
nous machine, the current vector and the rotor angle are the most important parameters that can 
define the operational characteristic of the machine. The current vector requires two parame-
ters—for example, RMS current and the current angle. So, these three input parameters must be 
chosen wisely to build the snapshot matrix for POD.

In (Farzam Far et al. 2017), the POD for an IPM was implemented with multiple inputs like 
current vectors and rotor angle to build the reduced model. The reduced model showed a good 
agreement of machine torque, flux density distribution with the original model at different oper-
ational states. It was further shown that the reduced-order model can also compute accurately for 
the operational states that are beyond the range of the snapshot matrix. However, the accuracy 
of the reduced-order model was proven to be sensitive towards the snapshot matrix size and 
operational points that are used to build the matrix. An alternative method known as the orthog-
onal interpolation method (OIM) was proposed to build a reduced-order model for an IPM in
(Farzam Far et al. 2018). In OIM, the right singular vector of the SVD is interpolated to build 
the ROM. The authors showed that the OIM-based ROM has a shorter computation time than 
the traditional POD-DEIM. 

One thing evident from the literature of ROM is that for a multi-input system, the model be-
comes complicated, as it needs a large snapshot matrix to take care of all of the combinations of 
inputs. For a bearingless machine, this complication is further aggravated as instead of one cur-
rent vector, now two current vectors are required, one for the main winding and the other for 
additional winding. Along with that, one need also consider the magnetic state of the machine 
under different eccentricities, which again introduces two more input parameters that are the 
displacements in the x- and y-axis. In addition, the accuracy of the model needs to be validated 
not only with the comparison of torque but also with forces. The approach to find a reasonable 
selection of snapshots for a bearingless machine will be discussed in this thesis. The proposed 
algorithm on the snapshot selection will be discussed in Section 3.4.
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2.5 Summary and Conclusions

In the beginning of this chapter, the problems with traditional bearings are discussed. From the 
literature, the common alternatives of mechanical bearings which are air foil bearing and AMB 
are presented. The mechanical and electromechanical issues with these alternative solutions are 
identified. It is established from the literature that the AMB reduces the overall drive power 
density due to the volume of the AMBs and the extended length of the shaft. As a result, an 
alternative solution is required to deal with the issues of bearings. In this context, the concept
and history of bearingless machines is introduced as a viable solution. 

To provide a general understanding of the bearingless machine, different bearingless machines 
are reviewed with different topologies with a proclivity towards machine design. At first,
BPMSM is reviewed, where many kinds of traditional PMSM like consequent pole PMSM, 
BLDC, and slice motors show the capability of bearingless operation after certain modifications 
in the winding and control. Following that, BIM is discussed briefly by analysing different cases 
from the perspective of rotor circuit, rotor skewing and stator winding configurations. Next, 
BSwRM is reviewed and the problem of magnetic saturation that influences stable levitation 
force production is discussed, which is a common issue with any reluctance rotor. Finally, the 
concept and operational characteristic of a BSynRM is presented. The influences of magnetic 
saturation and rotor flux barriers on levitation force production are discussed. Since the machine 
under investigation is BSynRM for this thesis work, more elaborate review has been done on 
traditional SynRM. In this regard, the history, concept and common design practices of a reluc-
tance rotor for a traditional SynRM are presented. On the same note, the influence of the reluc-
tance rotor will be investigated in this work from the operational perspective of a bearingless 
machine. Special attention will also be given to topological perspective with a comparative study 
on inner rotor structure and outer rotor structure. To consider the magnetic saturation, a FE model 
will be developed where the B-H characteristics of the iron will be considered nonlinear. 

To understand how the levitation force production influences the losses and vibration of the 
machine, the relevant literature that discusses the topic in general is presented, with a focus on 
the bearingless machine. In this context, at first the common practices of loss modelling are
described. Next, the complexities for loss computation of a bearingless machine and the require-
ment of advanced iron loss modelling are established to understand the influence of levitation 
force production on the losses. No work preceding this thesis has been found which discusses 
the losses of a bearingless machine with an advanced iron loss model. Therefore, the BSynRM 
machine will be analysed in this work with an advanced and already validated hysteresis loss 
model. The influence of the additional winding on the iron losses and especially the hysteretic
losses of the machine will be discussed. 

The understanding of eccentricity and electromagnetic force computation is extremely im-
portant for bearingless machine operation. Therefore, the relevant works on those topics are pre-
sented systematically in the literature review. Also, the common practice of computing the forces
analytically for a bearingless machine is discussed, highlighting its disadvantages. The disad-
vantages of the present analytical model will be overcome in this thesis work by developing an 
improved analytical model. 

The vibration of an electrical machine is discussed briefly to establish the background for the 
bearingless machine’s vibration. The importance of force harmonic on vibration along with dif-
ferent force harmonic models from the literature are presented. Admittedly the importance of the 
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spatial complexities of the BSynRM is further investigated in this thesis where a novel method-
ology will be introduced to understand the sources of force harmonics from the flux density. In
addition, it is quite evident from the literature that the additional winding influence has not been 
investigated deeply by considering the magnetostrictive behaviour of the iron core. This gap in 
the literature will also be addressed in this thesis where an elaborate study will be conducted to 
identify the stator vibration under levitation while considering the magnetostrictive effect of the 
iron. 

After presenting the state of the art of the important aspects of the machine analysis, a novel 
computation method known as ROM is discussed briefly. The theoretical background, method-
ologies and complexities of implementing ROM, especially for a BSynRM, are identified. A 
novel algorithm will be proposed in this work which will address some of the complexities of 
building the ROM of a BSynRM. In the next chapter, the analytical, FE, and ROM models which 
are used in this work will be described. The developed models will fulfil the current gaps of 
understanding a BSynRM as established in the literature review of this chapter.
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3. Methods

In this chapter, different models used in this work are presented. In the beginning, an improved
analytical model that accounts for the relation of the self and mutual inductance of the windings 
with eccentricities is formulated. Following that, the special changes which are required for a 
bearingless machine’s FE formulation along with the field and circuit coupling are presented. 
Next, some advanced computational models are described, which are used to compute the hys-
teretic and magnetostrictive behaviour of the iron lamination under bearingless operation. Fi-
nally, to develop the ROM for the BSynRM, a general description of POD is provided. In addi-
tion, a novel algorithm is presented which can be used to build the snapshot matrix for the ROM.

3.1 Analytical Models

In this section, the work from Publication VI is presented briefly. The work can be considered 
as an extension of the work presented in (Chiba et al. 1990, Takemoto et al. 2007). The airgap 
of a non-salient eccentric rotor does not have a uniform airgap length. As a result, it is normally
expressed as a cosine function of a non-eccentric airgap. To compute the permeance function of 
the eccentric airgap, the derivation of the inverse of the eccentric airgap is required. When the 
rotor is shifted x in the x-axis and y in the y-axis in the rotor coordinates as shown in Fig. 3.1(a),
then the inverse of the airgap can be written after a binomial expansion as

eff
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where geff is an eccentric airgap, and g is the ideal centric airgap length. The expression of the 
inverse airgap is extremely important for the inductance calculation. In Fig 3.1(b), the inverse 
airgap approximation for different orders is compared with the numerically calculated inverse 
airgap. In this case, the rotor is displaced 0.5 mm in the x-axis and 0.3 mm in the y-axis where 
the airgap for the centric rotor is 1 mm. It can also be seen from Figure 3.1(b) that the first-order 
approximation is quite inaccurate whereas the second-order approximation reasonably increases 
the accuracy of the inverse airgap function. In (Takemoto et al. 2007), the inverse airgap function 
is considered first-order, and the inductances are derived for a salient pole rotor as
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where LM is the main winding inductance matrix, M is the mutual inductance matrix due to the 
interaction between the main and additional winding, and LS is the additional winding matrix. 
For a perfectly centred rotor with stator centre axis, Ld, Lq is the inductances of the d and q axis 
of the main winding, M'd, M'q are the mutual inductances of the main and additional winding 
with respect to the d and q axis of the main winding, Ls,0 is the inductance of the additional 
winding. Further simplification has been assumed by considering the term (x/g)2, (y/g)2 and xy/g2 
as zero. 

 

  
 

 (a)                                                                            (b) 
 

Figure 3.1. (a) The rotor is displaced x and y mm in the x- and y-axis respectively, and (b)        
                   comparison of the inverse airgap function for different binomial expansion order of  
                   the eccentric rotor. 

 
If this simplification is not considered, and second-order expansion of the inverse airgap function 
is used to calculate the permeance of the airgap, then the inductances of the windings can be 
derived as 
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In Publication VI, the inductances are further simplified by separating the displacement-depend-
ent term in one matrix, and the non-displacement-dependent term in another matrix in stator 
coordinate.  
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3.2 Finite Element Models

In this section, a conventional FE model and an advanced computational model are explained. 
The presented conventional FE model is used in all the publications for this thesis. The advanced
computational models are mainly used in Publication II and III. 

3.2.1 Coupling of Circuit 

The AV-based FE model is widely used for electrical machine computation. The formulation is 
based on Maxwell equations which are presented briefly below as

H J , (3.4)

t
BE , (3.5)

0B , (3.6)
νH B , (3.7)
σJ E . (3.8)

The magnetic vector potential A and the electric scalar potential are used to solve the Maxwell 
equations as

B A , (3.9)

                              V
t
AE . (3.10)

The magnetic problem described in (3.4) can be formulated in terms of A as

ν A J . (3.11)

The current density J in an electrical machine with random windings is computed from the wind-
ing current after assuming a uniform distribution. Since the BSynRM investigated in this thesis 
has two independent supplied windings, the current density in the slot is computed separately 
from the voltage equations of each winding. Equation (3.11) is solved with the standard FE 
method after discretising the problem in space. After using the Galerkin method to interpolate 
the solution of the problem, the Ampere’s law in the cross-section is solved as

T T
r m m a a( , )αS a a D i D i , (3.12)

where a denotes the nodal values of the magnetic vector potential, S(a, αr) represents the mag-
netic stiffness matrix which is dependent on the solution and rotor angle αr. The matrices DT map 
the x- and y-components of the main winding (m) and additional winding (a) current space vec-
tors i into sources of the magnetostatic FE problem. The nonlinear magnetic behaviour of the 
iron is solved together with the voltage equation by using a Newton-Raphson iterative process 
for each time step of a conventional Crank-Nicolson scheme. In this thesis, as the two windings 
are supplied separately, two circuit equations are coupled with the field equation to solve im and 
ia separately. The field equation (3.12) can be extended to couple two circuit equations. Further-
more, the effect of eddy current damping can be incorporated into the following system of ordi-
nary differential equations as

T T
r m a damp

T
sm m m m m

T
sa aa a a

( , ) ( ) ( ) 0 0 0
0 0 0 0
0 0 0 0

α
dR l
dt

R l

S a KD KD a T a
KK i KD i Qv

KK KDi i Qv
, (3.13)
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where vm and va represent the terminal voltages of the main and auxiliary windings, Rsm and Rsa

represent the DC resistance of the main and additional windings, Tdamp is the damping matrix for 
the eddy currents in the conducting region, K and Q are related to the connection of the stator 
winding. For a three-phase system, the matrix K and Q can be expressed as (Arkkio 1987)

1 0 1
0 1 1

K and  
0 0 1
1 0 1

Q . (3.14)

3.2.2 Iron Loss Model  

Conventionally, the field equations are solved by neglecting the iron conductivity and the inher-
ent hysteretic behaviour of ferromagnetic materials. The iron losses are estimated in a post-pro-
cessing stage. Moreover, the permeability of the lamination is modelled with a constant value or 
an interpolated value of permeability defined by a B-H table. This is done to reduce the com-
plexity of the FE model and to increase the computational efficiency. However, if the hysteretic 
behaviour of the machine is aimed to be modelled accurately, the conventional approach cannot 
be used any more. In Publication II, the effect of a realistic magnetic material model is investi-
gated for the BSynRM to understand the impact of the additional winding in the hysteresis losses 
of the machine. 

For advanced modelling, the eddy current induced in the cross-section of the iron sheet is 
estimated with the following 1-D lamination model as (Vecchio 1982)

2

2

( , ) ( , )z t z tσ
tz

h b , (3.15)

where σ is the conductivity of the iron lamination. The 1-D model is developed in the lamination 
thickness, the z-axis where the local magnetic flux density b and magnetic field strength h are 
coupled with the 2-D FE problem at the surface of the lamination. The vectorisation of the scalar 
hysteresis model is done with a Mayergoyz technique with 16 projection vectors. The magnetic 
field strength on the surface of the lamination hs at any time instant t can be solved by considering 
the hysteresis phenomena, modelled by hhy, as (Rasilo et al. 2011)

2
t 0

s hy 0
( )

( ) ( ( ))
12
σd d t

t t
dt

b
h h b , (3.16)

where dt is the thickness of the lamination, and b0 is the average spatial flux density. Equation 
(3.16) ignores the skin effect in the lamination. The modelling and implementation of the history-
dependent hysteresis model (HDHM) are well explained in (Zirka et al. 2014, Rasilo et al. 2019).
In short, the shape of the first-order reversal curve is obtained from the shape of the major hys-
teresis loop. The static magnetisation curve is constructed with H(B) dependencies which guar-
antee the absence of a non-physical negative slope (dB/dH). In this way, a magneto dynamic 
vector hysteresis (MDVH) model is developed.

After solving the flux density distribution in the iron lamination as presented in (3.16), the 
eddy current loss and hysteresis loss distribution are derived. The instantaneous eddy current 
loss density is computed by 

22
t 0

cl
( )1( )

12
σd d t

p t
ρ dt

b , (3.17)

where ρ is the mass density. The instantaneous power related to the change in the magnetic field  
can be expressed as 
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The excess losses are derived as a rate-dependent contribution in a post-processing stage:

1.5
ex 0

ex
( )

( )
c d t

p t
ρ dt

b . (3.19)

The time average of the losses is obtained after taking into account one close cycle of the mag-
netisation. 

3.2.3 Magnetomechanical Model  

The relation between the magnetic field strength H and magnetic flux density B is influenced by 
the mechanical stress tensor τ. τ is developed due to the electromagnetic stress (levitation force, 
eccentric force in this thesis), mechanical stress (centrifugal force, shrink-fitting of iron lamina-
tion stack) and magnetostriction. The impact of the electromagnetic stress for a BSynRM from 
the magnetomechanical perspective is investigated in Publication III. The stress tensor τ is de-
pendent on the strain tensor ε defined by a constitutive relation and also on B. So, the nodal 
values for the vector potential and displacement are solved together in a magnetomechanically 
coupled problem. The vector potential a and the displacements u are solved using the nodal 
shape function N as

T
magB D a , T

mech=ε D u (3.20)

where
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The magnetomechanical coupled system can be expressed as

mag

T

mech m T

( , )

( , ) d
dt
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u ν

0

0
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               (3.22)

where Mm and C are the mass and damping matrices for the mechanical equations, σ0 is a pre-
stress and v is the nodal velocity vector. The brackets refer to the integration over the 

studied domain. The Jacobian matrix during the Newton-Raphson iteration is assembled at 
each time step as
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The implementation of the magnetomechanical coupling is done according to (Fonteyn 2010).
In brief, the Helmholtz free energy is expressed in term of the invariants as
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where λ and G are Lame constant and α5, α6 are material-dependent. I1, I2, I4, I5 and I6 are the 
five invariants which are defined as

1 trI ε , 2 trI ε2 , 4I B B , 5I B ε B , 6I B ε B2 . (3.25)

gi , for i = 0 is defined as

exp μg α I ρψ1
0 0 1 0 5

3 4 2 1
4 3 3 2

, (3.26)

and for i = 1…4 is defined as

expi i
i i

g α I1
3 1 4 1

4 3
. (3.27)

αi with i = 0.…4 are the parameters which depend on the properties of the iron lamination. The 
expressions for 4ψ , 5ψ and 1ψ1ψ are given as
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The total stress tensor is expressed in terms of strain tensor and magnetic flux density as
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where I is the identity tensor. The dydalic symbol indicates the products of two vector fields 
which result in a tensor. The magnetic field strength is expressed in terms of strain tensor and 
magnetic flux density as

( , ) ρ ρμ ρψ α αH B ε B B B ε B ε1 5 2
0 4 52

2 2
. (3.30)

Finally, to implement the Newton-Raphson iteration, the magnetic field strength and stress tensor 
are written as

0 B εH H H B H ε (3.31)

0 B ετ τ τ B τ ε (3.32)
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3.3 Force Decomposition Model

It is evident from the literature review that the force harmonic is a major source of vibration and 
rotor misalignment. In this section, the force harmonic model developed in this thesis is pre-
sented based on the spatial and temporal complexity of the magnetic flux density distribution. 
This model is based on the work presented in Publication V. The flux density vector B at a radius 
r from the centre of the stator and angular position θ is expressed as

rad rad tan tan, , ,r θ B r θ θ B r θ θB u u (3.33)

where the radial and tangential components of the flux density, Brad and Btan are given as

rad rad, rad,
1

, cosi i
i

B r B r i r , (3.34)

tan tan, tan,
1

, cosi i
i

B r B r i r . (3.35)

The unit vectors urad and utan are given as

rad x y tan x ycos sin , sin cosθ θ θ θ θ θu u u u u u . (3.36)

where ux and uy are the unit vectors in the x- and y-direction respectively. From now on, the θ,
r dependencies will not be shown in the expressions for clarity of the presentation. The electro-
magnetic force F can be calculated by extending (2.6) and (2.7) as

2
2 2

rad tan x y rad tan x y
0 0

1sin cos cos sin
2

l r B B B B dF u u u u . (3.37)

F can be expressed as a vectorial summation of the force in the x and y direction. The force for
x component Fx and y component Fy can be expressed as a summation of the interaction of all 
individual flux density harmonics. For example, the interaction of any two spatial flux density 
harmonics i and j can generate a force harmonic component in x and y direction as Fx,i,j and Fy,i,j

respectively. Fx,i,j can be expressed as

rad, rad, rad, rad,
2

x, tan, tan, tan, tan,
1 10 0

rad, tan, rad, tan,

cos cos cos ...

cos cos cos ...
2

2 cos cos sin

i j i j

i, j i j i j
i j

i j i j

B B i j
lF r B B i j d

B B i j

(3.38)

Equation (3.38) can be further derived by averaging the Maxwell stress tensor over the whole 
airgap (Arkkio 1987), as

s

r

rad, rad, rad, rad,
2

x, tan, tan, tan, tan,
1 10 s r 0

rad, tan, rad, tan,

cos cos cos ...

cos cos cos ...
2

2 cos cos sin

i j i j
r

i, j i j i j
i jr

i j i j

B B i j
lF r B B i j d dr
r r

B B i j

(3.39)

The integration of (3.39) can give non-zero only if the value of i-j+1, and i-j-1 is zero. So, re-
placing j = i±1 and applying further simplification of (3.39), any force harmonic can be related 
to any one individual spatial flux density harmonic i given as
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s

r

rad, rad, 1 rad, rad, 1 tan, tan, 1 tan, tan, 1
x,

0 s r rad, tan, 1 rad, tan, 1

cos cos ...

4 2 sin

r
i i i i i i i i

i
r i i i i

B B B BrlF dr
r r B B2 rad, tan2 rad tantantanrad tt2 d

, (3.40)

s

r

rad, rad, 1 rad, rad, 1 tan, tan, 1 tan, tan, 1
y,

0 s r rad, tan, 1 rad, tan, 1

sin sin ...

4 2 cos

r
i i i i i i i i

i
r i i i i

B B B BrlF dr
r r B B

B Btan, tan,tan,tantan tantantanta

(3.41)

The total force in each direction can be computed as a summation of the force harmonic at any 
given time instant t as

x x, y y,
1 1

( ) ( ), ( ) ( )i i
i i

F t F t F t F t (3.42)

It is good to mention that force is always computed globally over the entire airgap; however 
(3.40)-(3.41) gives an understanding of which spatial harmonic orders in the airgap flux density 
produce what temporal harmonic components of the force. This gives the freedom to trace indi-
vidual force harmonics in the temporal spectrum. However, since two individual spatial harmon-
ics produce a force, a novel indexing technique called the spatial harmonic index (SHI) is devel-
oped in this work so that the temporal frequencies and the two individual harmonics i and j can 
be represented together. The SHI is defined as

                      
2, when 1
1, when 1

SHI i j j i
SHI i j i j

(3.43)

Equation (3.43) is an example of a bijective mapping of spatial harmonic i and j to a single in-
dex SHI. In Section 4.3.2, the example of using SHI to represent force harmonics will be pre-
sented.  

3.4 Reduced-Order Model

In this section, the implementation of the ROM is explained briefly. As mentioned in Section 
2.4, the main hurdle to develop a ROM for a BSynRM is the selection of the snapshot matrix. 
The developed algorithm for snapshot selection for a BSynRM, which is based on Publication I,
is explained here. The proposed algorithm can also be used for building a ROM for another type 
of machine. 

The FE assembly matrix as represented in (3.12) can also be presented for simplicity of under-
standing as

fSa F , (3.44)

where Ff is the source vector which comes from the current density in the coils. The subscript 
‘f’ stands for the full FE model. The snapshot matrix for ROM is constructed by solving k dif-
ferent operational points and storing the vector potential of all the nodes n (defined in FE mesh) 
in a matrix Nsnap. Clearly, the size of Nsnap is n × k. Singular value decomposition is applied on
Nsnap which decomposes Nsnap into three matrices as

            T
snapN U V                (3.45)

where the size of U, and V has the size of n × n, n × k and k × k. is a diagonal matrix 
containing the singular values which define the energy of the system. The projector operator Φ
is then constructed from the r most energetic values for a predefined accuracy. This whole oper-
ation is called POD and Φ is called the POD basis of the original system. The reduced stiffness 
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matrix and current vector after POD is given as Sr=ΦTSΦ and Fr = ΦTFf. Finally, the reduced FE 
model is assembled as

r r rS a F (3.46)

The constrained algorithm developed in this work addresses which operation points will be se-
lected in Nsnap thus deciding the selection of k. The algorithm is presented in Fig. 3.2. In the 
presented algorithm, F and T are the electromagnetic force and torque. Minimising the error of 
the computation with ROM and FE model for F and T is the main objective function. It is worth 
mentioning that the error is checked for the operation points which are in the middle of the grid
of the operation points defined in Nsnap. In Publication I, the weightage for the error calculation 
on T is given as 50%, whereas Fx and Fy each have 25% weightage. This is done to improve the 
selection of the rotor angle, which will suffice to cover the problem domain not only from the 
perspective of the torque computation but also from the force computation. According to the 
preference of the model (desired outputs and their accuracy), the weightage can also be changed.
In Section 4.6, the impact of the snapshot matrix by using the proposed methodology and con-
ventional approaches will be presented more elaborately.  

Figure 3.2. Constrained algorithm to select snapshot matrix for a BSynRM



Methods

48 

In this chapter, all the models which are developed or applied from the literature and used in 
this work have been described. The analytical model of BSynRM is improved with second-order 
binomial expansion of the inverse airgap function. It provides a more elaborate relation of the 
variation of the inductances with respect to the rotor displacements. After the analytical model, 
the conventional and advanced FE models are described. The already-developed advanced mag-
netic model and magnetomechanical model which are used in this work are also presented. Fol-
lowing that, the force decomposition model is derived, which provides an elaborate understand-
ing of the influence of the spatial and temporal harmonics. In the end, the reduced-order model 
of the BSynRM machine and the developed algorithm for the selection of the snapshot matrix is 
presented. In the next chapter, the prototype machine and the measurement setup will be de-
scribed. The results from the different models described in this section will be presented. Also, 
different machine design-related results will be provided.   
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4. Application and Results

This chapter describes briefly the findings of this work. To achieve this objective, at first, the 
studied machine is described from an experimental and numerical modelling perspective. Next, 
the numerical model is validated with the experimental results. After that, different machine-
related analysis is presented with numerical computations. Special focus is given also to under-
standing the influence of different design choices on the bearingless operation. Following that, 
the results from the improved analytical model are shown. Finally, the performance of the ROM 
of a BSynRM developed by different snapshot matrix selection is presented.

4.1 Studied Machines and Installations

A BSynRM is prototyped in this work to validate the numerical models and different electrome-
chanical analysis. In this section, the design and operational parameters of the prototype machine 
are listed. Following that, the numerical model at the rated operational point is described. Finally, 
the prototype assembly and the experimental setup are presented. 

 
TABLE I 

PARAMETERS OF THE ANALYSED MACHINE 
Parameter Value 

Rated power 4.8 kW
Rated voltage (main/additional) 360/40 V
Rated current (main/additional) 14.8/1 A

No-load current (main) 10.6 A
Connection Star

Frequency (main and additional) 50 Hz
Pole pairs (main/additional) 2/1

Stator outer diameter 235 mm
Stator inner diameter 145 mm

Number of slots 36
Airgap 1 mm

The starting point of the machine design was to reuse an already built 15 kW IM’s stator with 
suitable amendments for additional winding and replace the IM’s rotor with a reluctance rotor. 
In addition, special attention was given to increasing the ease of the control for stable levitation. 
To achieve that, it is ensured that the iron lamination in the machine suffer less saturation. So, 
the airgap is kept at 1 mm which de-rates the motor significantly. The different machine design 
parameters are given in Table I. In Fig. 4.1, the mesh and flux density of the prototyped machine 
are presented. There are 4375 elements of first-order and 7480 nodes in the mesh. The additional 
winding can be seen at the bottom of the slot. The flux density is computed at rated load and 
levitation.
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       (a)                                                           (b) 

Figure 4.1. (a) Mesh of the prototype, and (b) flux density at rated load and levitation 

It can be clearly observed from Fig. 4.1 that the magnetic flux density is higher on the +y direc-
tion of the airgap and the iron lamination compared to the -y direction. As a result, a net electro-
magnetic force is developed in the +y direction. By controlling this electromagnetic force in the 
+y direction, the desired levitation is achieved. The prototype is considered as perfectly horizon-
tal, which implies that the rotor and the shaft are aligned in the z direction. The prototyped ma-
chine along with the AMB installation is presented in Fig. 4.2. The AMBs are installed as a 
support for the levitation so that the impact of additional winding can be studied even without a 
fully developed control model for the levitation. 

 
 

 
(a)                                                             (b) 

 

                

                                         (c)                     (d)                      (e) 
 

Figure 4.2. (a) AMB and BSynRM assembly schematic, (b) AMB and BSynRM assembly after  
                   prototyping, (c) aluminum frame for stator, (d) rotor and the shaft, and (e) stator. 
 
The experimental setup including all the connections is given in Fig. 4.3. The prototype is sup-
plied with a synchronous generator, while the voltage supply for the additional winding is further 
stepped down suitably by a transformer. The voltage for the main winding is controlled by the 

x 

y 
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synchronous generator. The additional winding voltage is further controlled by a resistor. The 
rotor of the BSynRM is synchronised at a low frequency (approximately 5 Hz from synchronous 
generator supply) with an external motor which rotates the rotor and shaft. After the synchroni-
sation is achieved, the external motor is removed from the shaft end. Following that, the fre-
quency of the synchronous generator is increased slowly to reach 50 Hz. 
 

  
Figure 4.3. Schematic of the experimental setup  

4.2 Experimental Verification at No Load 

In this section, the experimental verification of the simulations for the prototype machine is 
shown by comparing the currents, magnetic flux density, and the electromagnetic forces. The 
force measurement setup is also described briefly. The results are based on Publication III and 
V.   

 

 
(a)                                                           (b)   

 
Figure 4.4. Comparison of measured and computed current for (a) main winding and (b) addi- 
                   tional winding  
 

The main winding and additional winding voltage are kept at 225 V and 57 V respectively with 
their corresponding terminal as star-connected with separate neutral points. The supplied volt-
ages are different than the rated voltages to prevent dropdown of the rotor on the stator as the 
machine is operated without any active control. The voltage frequency of both the windings are 
the same as they are supplied from the same synchronous generator. No external load is con-
nected to the shaft for this measurement to avoid any kind of influence on the levitation which 
may appear from the coupling with the load machine. The main winding and additional winding 
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current comparison is presented in Fig. 4.4, which shows a good agreement between measure-
ment and FE computations. The small irregular phase shift in the additional winding current can 
appear due to a small whirling eccentricity in the rotor which also induces current in the addi-
tional winding. 

To compute the flux density in the airgap, one search coil with five turns is placed around each 
tooth. This leads to the requirement of measuring 36 signals at the same time as the machine has 
a total of 36 slots. OPAL-RT real-time simulator is used to measure the 36 signals after devel-
oping a customised FPGA and CPU model for the measurement. The flux density in each tooth 
is computed after integrating the voltage. The airgap flux density is computed after subtracting 
the fringing flux which is estimated from FE simulation. The measured and computed spatial 
harmonic of the flux density is presented in Fig. 4.5. 

 

 
Figure 4.5. Comparison of measured and computed flux density harmonic in the airgap. 

 
The electromagnetic force is computed using the force harmonic decomposition model as pre-

sented in Section 3.3. In this case, the additional winding voltage is varied from 0-57 V while 
keeping the main winding voltage at 225 V. The measured and computed electromagnetic force 
in the x and y direction is presented in Fig. 4.6. 

 

 
(a) (b) 

 
Figure 4.6. Comparison of measured and computed electromagnetic forces in (a) x and (b) y  
                   direction.  

4.3 Analysis of Numerical Models 

In the previous section, the numerical models at certain operational cases are validated with the 
measurements. In this section, some additional analysis based on only the numerical simulations 
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is presented. The analysis is mainly focussed on three important aspects: losses, electromagnetic 
force harmonics and vibration. The presented analysis establishes the complex impact of the 
additional winding on the electromagnetic behaviour of the BSynRM.  

4.3.1 Analysis of Losses 

The analysis of the losses of the prototyped BSynRM is based on Publication II. The BSynRM 
has two fields: a synchronous field generated by the main winding and an asynchronous field 
generated by the additional winding. If one considers only the additional winding field in the 
machine, the nature of the machine is very similar to a hysteresis motor. For a 50 Hz machine 
with 2-pole pair main winding and 1-pole pair additional winding, the speed of the rotor nr is 
1500 rpm, whereas the speeds of the synchronous and asynchronous fields nf are 1500 rpm and 
3000 rpm respectively. Therefore, when both fields are working together in the machine, the 
nature of the BSynRM is similar to a harmonic machine. An illustration of this is presented in 
Fig.4.7.   
 

 
 

Figure 4.7. Illustration of the operation of the bearingless synchronous machine from the point  
                   of view of the rotating fields.  
 

To take into account the hysteresis losses produced by the additional winding, an MDVH 
model as presented in Section 3.2.2 is used. The stator and rotor core losses as a function of 
the additional winding current are presented in Fig. 4.8. Increasing the additional winding cur-
rent increases the core losses in the stator and the rotor. The stator core losses increase due to 
the harmonics (with respect to the main flux) induced by the additional winding, whereas the 
rotor losses increase due to both the fundamental harmonic of the levitation flux and its har-
monics. Moreover the core losses are influenced by the local saturation, due to the uneven 
distribution of the magnetic flux density in the core. 

 

       
(a)                                                             (b) 

 
Figure 4.8. Different core losses in the (a) stator and (b) rotor as a function of the additional  
                    winding current  
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4.3.2 Analysis of Electromagnetic Force Harmonic 

The analysis of the electromagnetic force harmonics is based on Publication V. Understanding 
the electromagnetic force harmonics requires the understanding of the flux density spatial har-
monics distribution over the temporal frequencies. Indeed, the inclusion of the additional wind-
ing increases the flux density harmonics in the airgap. The spatial and temporal distribution of 
the flux density without and with additional winding energisation (when the machine is at levi-
tating state) is presented in Fig. 4.9. In the figure, the distribution of flux density at 50 Hz tem-
poral frequency is not shown for the clarity of the representation. It is separately plotted in Fig. 
4.10. 
 

  

 
      (a) 

 

                                   
      (b) 

 
Figure 4.9. Harmonic spectrum of the radial flux density at rated torque (a) without levitation and  
                   (b) with levitation 

 

  
 

Figure 4.10. Spatial harmonic spectrum of the radial flux density at rated torque without and with  
                      levitation at 50 Hz temporal harmonic. 
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Fig. 4.9 shows that the 35th and 37th spatial harmonics have significant contribution in the 925 
and 975 Hz temporal frequencies. Moreover, the 5th spatial harmonic has a major contribution 
at 150 Hz temporal frequency. The 38th spatial harmonic at 50 Hz temporal frequency is quite 
significant as shown in Fig. 4.10. It is worth remembering that the 37th and 38th are the spatial 
harmonic produced by the ‘slot+pole pair’ of additional winding and main winding respectively.            

The proposed SHI method is used to represent the electromagnetic force harmonic in the spatial 
and temporal frequencies. The force harmonic distribution for the x- and y-axis is presented in 
Fig. 4.11.  
 

 
(a) 

 

 
(b)  
 

Figure 4.11. Simulated 2-D spectral analysis of the electromagnetic forces excluding the DC force  
                     components in (a) x- and (b) y-axis. Different colours are used to show  
                     the different amplitudes of force harmonics distinctively. 

 
It is good to mention that the forces at 0 Hz temporal frequency represent the DC forces. It can 
also be seen that the lower-order harmonics are quite important as they generate a significant 
amount of force harmonic, which is almost 5% of DC force production.    

4.3.3 Analysis of Vibration 

The result which is presented in this section is based on Publication III. The influence of the 
additional winding on vibration and magnetostriction is a complex phenomenon in a bearingless 
machine due to the presence of two different fields rotating at different speeds. At rated load, 
and levitation, the stator deformation is computed by solving the nodal displacements through a 
magneto-mechanical model. The stator deformation and the radial displacement of a node on the 
stator outer radius are presented in Fig. 4.12. It has been found that the peak to peak radial 
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displacement has 8% difference considering magnetostriction compared to considering only 
linear elastic. The iron tends to expand due to the magnetostriction as the flux density passes 
through the yoke circumferentially. This can also be seen in Fig. 4.12 (b), where the width of the 
radial displacement curve for magnetostriction is wider than the elastic case. The amplification 
or reduction of the vibration comes from the interaction of the stator poles with the combination 
of levitation and eccentricity. 

 

   
(a)                                                         (b)  

 
Figure 4.12. Simulated (a) deformation of the stator scaled by 5x104, and (b) displacement of  

                  an outer stator boundary node 

 
In addition to this, it is found that the harmonic 200 Hz and 400 Hz of radial acceleration of the 
stator outer node behaves differently with different amounts of eccentricities and its direction. A 
good combination of the graphs as presented in Fig. 4.13 can be used to provide a sensorless 
method in identifying the rotor position. However, it will require more investigations on how it 
behaves with the load and other operational condition. 
 

          
(a)                                                           (b)  

 
Figure 4.13. Radial accelerations of a stator outer node when the rotor is eccentric (a) with dif- 
                     ferent amplitudes towards the positive x-axis, and (b) with a fixed 0.3 mm amplitude  
                     at a different direction. 

4.4 Design Analysis 

In this section, the design choices of BSynRM are analysed from four main objectives: 
a. Maximise average torque 
b. Maximise levitation force, i.e. electromagnetic force in the y-axis 
c. Minimise torque ripple 
d. Minimise electromagnetic force ripple  

To investigate the traditional inner rotor structure, different flux barrier numbers and their posi-
tion are investigated. Next, the inner and outer rotor structures are compared to understand the 
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topological advantages and disadvantages. Finally, the impact of chording and skewing is pre-
sented.  

4.4.1 Impact of flux barriers 

It is quite evident from the presented literature reviews on SynRM that the reluctance rotor plays 
a major role in deciding the performance of the machine. The number of flux barriers and their 
position in the reluctance rotor can together be presented with the concept of rotor equivalent 
slots. The rotor equivalent slot number nr can be calculated based on the number of flux barriers 
and their corresponding positions as 

r b2 2 1wn n
d

                 (4.1) 

where nb is the number of flux barriers under one pole, w is the distance between the tips of the 
outermost flux barrier, and d is the distance between adjacent flux barrier tips. If w/d > 1, (w/d-
1) defines the number of virtual rotor slots which is considered between the 2 tips of the first 
flux barrier. This is further illustrated in Fig. 4.14. 
 

 
 

Figure.4.14.  Example of reluctance rotor where the flux barriers are equally spaced by a distance  
                      d. The ratio w/d determines how many equivalent rotor slots are covered by the  
                      outermost flux barrier. 
 
Based on this principle, different machines are investigated with different flux barriers and stator 
slots. The characteristics of a 36-slot machine based on the average torque and levitation force 
and their corresponding ripple for different rotor structures are presented in Fig. 4.15. Indeed, 
there is a compromise between the average torque and levitation force and their corresponding 
ripple. 
 

 
(a)                                                                     (b)  

Figure 4.15. Influence of different rotor geometries on (a) torque and levitation force DC value 
and (b) their ripple for 36-slot machine. 

 
The spectrum analysis of the levitation force (the electromagnetic force in the y direction) for 
different machines is presented in Table II. In Table II, ns is the number of slots per pole pair, 
and nfb is the number of flux barriers under one pole and nv is the number of virtual slots under 
one pole. It can be seen from Table II that nr = 14 is a good design choice from the perspective 
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of reduced torque and force ripple. However, the average levitation force is reduced. Again, for 
nr = 22, the lower-order harmonics are triggered considerably. It is good to mention that the 
lower-order force harmonics are not good from the point of view of controlling the levitation. 
The higher-order force harmonics are attenuated by the rotor inertia, whereas the lower-order 
harmonics lead to rotor misalignment due to the lack of ideal control. The good and bad harmon-
ics are denoted by green and red colour in Table II.  
 
 

TABLE II 
LEVITATION FORCE HARMONIC DETAILS 

Machine type 
(ns-nr-nfb) 

Virtual 
slots  
(nv) 

DC 
Value 

Net 
Ripple 

(%) 

2nd 
Order 

(N) 

4th 
Order 

(N) 

6th 
Order 

(N) 

Slot 
Har-

monic 
(N) 

12-10-2 1 944 6.52 12.4 9 24.3 42.6 
12-12-3 0 959 7.07 11.5 10.1 30.3 42.1 
12-16-3 2 960 6.87 11.3 13.6 29.8 33.5 

        
18-12-3 0 926 4.58 5.07 9.67 18.8 22.2 
18-14-3 1 902 3.77 6.14 7.92 14.18 14.4 
18-16-3 2 938 4.54 5.51 10.7 16.8 26.6 
18-18-3 1 815 5.37  5.91 7.17 16.7 29.3 
18-20-4 2 837 4.06 5.71 9.16 15.68 16.8 
18-22-5 1 785 5.41 10.8 14.9 17.8 16.7 
18-24-5 2 802 4.10 10.5 14.1 13.4 12.7 

        
24-20-4 2 854 4.60 4.30 8.70 13.2 11.6 
24-24-4 4 826 4.83 8.60 13 11.1 23.3 
24-20-5 0 847 4.49 5.60 7.60 15.1 11.5 
24-24-5 2 827 4.82 7.60 13.3 10.8 23 

 
The shape of the flux barriers can be further optimised to improve the overall characteristics of 
the BSynRM. The base, arm and tip of the flux barrier can be manually or algorithmically 
changed for a better rotor design. An example of one flux barrier is presented in Fig. 4.16. The 
radius of the polynomial curve Cla and Cua along with the width of the flux barrier base Wb can 
be varied to optimise the flux barriers. Furthermore, the tip of the flux barrier can be optimised 
with a Bezier polygon Cut and Clt which suffices to meet the design objectives as closely as 
possible. In this thesis, the optimisation of the flux barrier shape with this approach has been 
performed with the trial and error method.  

 
Figure 4.16. Construction of a flux barrier   

 
Different rotors which are investigated in this thesis are shown in Fig. 4.17: 
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(a)                        (b)                         (c) 

 

 
(d)                         (e)                           (f) 

 

 
(g)                         (h)                         (i) 

 

 
(j)                          (k)                         (l) 

 

Figure 4.17. Different BSynRM rotors which are analysed in this thesis.   
 
After investigating different rotors, the rotor shown in Fig. 4.17 (l) is selected. The performance 
of the prototyped reluctance rotor has already been discussed from a harmonics perspective in 
Fig. 4.9, Fig 4.10, and Fig. 4.11. More results will be provided in Section 4.4.3.   
    

4.4.2 Topological Investigation 

In this section, the comparison of outer rotor structure and inner rotor structure is presented, 
which is mainly based on Publication IV. Comparing the inner and outer rotor structure is not 
very straightforward. In this work, the outer diameter and length of the motor, ampere-turns in 
each slot and for each winding, and number of stator slots are kept the same. The two major 
challenges of designing an outer rotor BSynRM are determining the airgap radius and placing 
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the flux barriers. To determine the airgap radius, different airgap radiuses are investigated and 
the airgap radius 82 mm is found to be the most optimum choice for torque and levitation force 
production. The influence of different airgap radius and the magnetic flux density of the chosen 
outer rotor BSynRM are presented in Fig. 4.18.  

   
(a)                                                       (b)  

Figure 4.18. Influence of different rotor geometries on (a) torque and levitation force DC value  
and (b) their ripple for 36-slot machine. 

 
To make an even comparison between the inner and outer rotor structures, the k-ratio (ratio be-
tween air and iron length in the q-axis of the rotor) of the flux barriers for the inner and outer 
rotor structure is chosen so that maximum torque can be produced. In the case of the outer rotor 
structure, the k-ratio is 0.5, whereas for the inner rotor structure it is 0.9. The rotor structures are 
further manually optimised to reduce torque and force ripple while increasing mechanical 
strength by reducing the stress on the tip of the flux barriers. In all the simulations of this section, 
the main winding has two parallel windings and is supplied with 31 A, whereas the additional 
winding is supplied with 0.7 A. The performance of the inner rotor and outer rotor BSynRM is 
presented in Fig. 4.19. 
 

 
(a)                                                                 (b)  

 
Figure 4.19. Comparison of outer and inner rotor structure for (a) torque and (b) levitation force  
                     production of a 36-slot machine. 
 
The outer rotor structure cannot produce as much torque as the inner rotor structure. However, 
the levitation force has increased in the outer structure in comparison to the inner rotor structure. 
In addition, the outer rotor structure shows better mechanical strength than the inner rotor struc-
ture at different speeds of the rotor.  

4.4.3 Chording and Skewing 

Different chording and skewing schemes are investigated to check if this kind of design scheme 
can improve machine behaviour, especially the levitation force profile. As mentioned previously 
in the literature review, chording does not have any major impact on reluctance machines in 
improving torque characteristics. However, the impact of chording is still checked in this thesis. 
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Different chording schemes from the literature are implemented on main winding and additional 
winding (Pyrhonen, et al. 2009). At first, different chording schemes are applied on the primary 
winding, keeping the additional winding as full pitch. Next, the additional winding is chorded 
with different configurations, keeping the main winding as full pitch. The results are provided in 
Fig. 4.20 where the DC value of the levitation force with its ripple varying with different chord-
ing schemes is shown. As expected, the chording does not help much in improving the perfor-
mance of the levitation force profile; rather it can downgrade the levitation force profile in some 
chording schemes.  
 
 

 
(a) 

 
(b) 

 
Figure 4.20. Levitation force of DC value and ripple varying with a different chording scheme,  
                     when (a) only main winding is chorded and (b) only additional winding is chorded. 
 

The rotor of a SynRM is skewed to mitigate the slot harmonics. That’s why it is a good idea 
to keep the skewing close to one slot pitch. The skewing of the rotor in this thesis is investigated 
using the widely used quasi-3-D simulation where different 2-D simulations at different rotor 
angles are considered as slices. To skew the rotor for an angle α with n slices, each slice is made 
by rotating the rotor by α/(n+ 1), and the skewing effect is calculated by averaging the forces 
from first slice to nth slices. It is good to mention that while choosing different angles for the 
slices, special attention must be given to checking if the average of those slices is α. If the average 
of the slices is not α, then the machine will be operated at a different load angle. The effect of 
skewing is provided in Fig. 4.21 where the temporal frequency of the levitation force without 
the DC value is presented for the sake of clarity. One slot pitch skewing has reduced the effect 
of slot harmonic which is visible at 900 Hz. However, it does not have any impact on the lower-
order harmonics. In addition, skewing has reduced the DC component of the levitation force by 
1%. 
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Figure 4.21. Levitation force ripple comparison of the skewed and unskewed rotor. 

4.5 Analysis of Improved Analytical Model 

This section shows the result of the improved analytical model which is presented in Section 3.1 
based on Publication VI. For the sake of clear understanding, the inductances in this analysis are 
represented in x- and y-axis where the rotor is displaced in the x-axis from the centre position. 
The main winding inductances in x- and y-axis are represented as L4x and L4y whereas the addi-
tional winding inductances are represented as L2x and L2y. The configuration of the windings and 
the initial rotor position for the numerical model are kept in a way that the d-axis and x-axis 
coincide. The variation of the main winding inductance with respect to the eccentricity is shown 
in Fig. 4.22. The variation of the additional winding inductance is presented in Fig. 4.23. Clearly, 
the proposed method can catch the variation of the inductance, as the conventional textbook 
model does not have any rotor displacement dependency for main and additional winding in-
ductance. It can be seen that second-order approximation of airgap permeance function has sig-
nificantly improved the analytical model. It is good to mention that a minimum of second-order 
binomial expansion is required for the inverse airgap function to get the rotor displacement de-
pendency of the main winding inductance. On the contrary, the first-order approximation for the 
additional winding inductance is erroneous due to the inherent inaccuracy of the first-order in-
verse airgap approximation. In the conventional textbook model, the additional winding induct-
ance is considered as constant without exploring this physical discrepancy of the first-order ex-
pansion.  

 

 
 

Figure 4.22. Comparison of the main winding inductance computed analytically by second-order 
approximation of inverse airgap function and with FE method in x- and y-axis which  
vary with rotor displacement in the x-axis. 
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(a)                                                              (b) 

Figure 4.23. Comparison of the additional winding inductance in (a) x- and (b) y-axis varying  
computed analytically by first- and second-order approximation of inverse airgap 
function and with FE method where the rotor is displaced in the x-axis. 

4.6 Impact of Snapshot Matrix on ROM 

In this section, following the results from the improved analytical model, results related to the 
ROM are discussed. The impact of the snapshot matrix is extremely important for the ROM as 
established from the literature review. The proposed algorithm for the selection of the snapshots 
as shown in Publication I and explained in Section 3.4 is compared with other snapshot matrix 
selection methods. The performance of the ROM built by 230 snapshots with different algo-
rithms is presented in Table III. In Table III, IP refers to the snapshots selected based on a uni-
form distribution of the input points (rotor angle in this case), OP refers to the snapshots selected 
based on a uniform distribution of the outputs (Torque in this case), GA refers to the genetic 
algorithm, and CA refers to the proposed constrained algorithm. The proposed CA-based snap-
shots matrix showed considerable improvement of the ROM model for the BSynRM compared 
to the other methods over a range of different operational points. Next, the vector potential at a 
random operational point (not close to any snapshot point) for different snapshot matrix-based 
ROMs is compared. The mean error of the vector potential with respect to the FE method for all 
the airgap nodes is shown in Fig 4.24. The snapshot matrix based on CA shows good accuracy 
with respect to the FE model. 

 
TABLE III 

COMPARISON OF THE SNAPSHOTS SELECTION METHODS FOR 230 SNAPSHOTS APPLIED TO MOR 
Quantity          IP OP GA CA 

Basis 104 105 104 103 
Torque error 

(mean %) 3.1 4.2 1.8 1.7 

Standard deviation of 
torque error (%) 10 11 6 5 

Force, x error 
(mean %) 6.9 7.1 2.6 2.4 

Standard deviation of 
Force, x error (%) 13 14 6 7 

Force, y error 
(mean %) 4.1 3.9 1.8 1.9 

Standard deviation of 
Force, y error (%) 8 7 5 6 
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Figure 4.24. Comparison of the number of snapshots with the accuracy of the MOR system for  
                     the different type of snapshots. 

 
In this chapter, the prototype machine, measurement setup and experimental validation of the 
simulated models are presented. In addition, different numerical results pertaining to the different 
developed models and machine designs are provided. More detailed results can be found in the 
published articles. In the next chapter, the work of this thesis will be summarised and the con-
clusions will be drawn. Furthermore, future work and trends for this research will be discussed. 
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5. Discussion and Conclusions

This thesis deals with the complexities that arise in the design and modelling of a bearingless 
synchronous reluctance motor. In this chapter, the presented methods and results in this thesis 
are summarised and discussed. Additionally, some important suggestions are made to carry for-
ward the subject for future work. 

5.1 Discussion of the Methods and Results

BSynRM requires more design considerations than a regular machine simply because of the re-
quirement of levitation. In addition, the lack of ideal bearings makes it susceptible to eccentricity 
during the whole operational period. The eccentricity generates fluxes with a pole pair difference 
of the supply flux. This leads to uneven distribution of flux in the airgap towards the shortest 
airgap. Again, even in perfectly non-eccentric conditions, the fluxes that are rotating in the airgap 
always have an unequal distribution because of the operating principle of the main winding and 
the additional winding. This can be again considered as a ‘forced’ fault condition, as the nature 
of the eccentric force and levitation force is same. So, it can be clearly understood that BSynRM 
and bearingless machines in general have more complex electromagnetic behaviour than regular 
machines. This thesis has paved the way to understanding what the complexities are that arise 
because of the impact of the additional winding. Centring this primary focus, relevant research 
has been performed to generate high-fidelity models and low-fidelity models which can be used 
to analyse the machine and real-time control of the machine respectively.

Analytical Model

The analytical model which is developed in this work addresses the change of inductances in the 
main and additional windings when the rotor is eccentric. This is very important from the point 
of view of real-time control. As the rotor position is continuously changing due to the lack of an 
ideal control, the self and mutual inductances of the winding are changing continuously. If the 
variation cannot be modelled analytically, then controlling the levitation will be extremely chal-
lenging. Moreover, the rotor stays on the safety bearing during the non-operational state, which 
leads the rotor eccentricity towards the safety bearing. To commission the machine at the non-
operational state, the identification of the inductance can be challenging without the knowledge 
of the inductance variation with the rotor eccentricity. The proposed improved analytical model 
can compute the variations of the inductances at different eccentricities with reasonable accu-
racy. It is shown that the accuracy of the inductances depends on the accuracy of the inverse 
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airgap function. Moreover, at least second-order binomial expansion of the inverse airgap func-
tion is needed to relate the main winding inductance variation with the eccentricity and thus see 
the effect of eccentric force generated by the main winding.   

Machine Behaviour

In this thesis, the FE model for the BSynRM is developed with the circuit equations of the main 
and additional winding being coupled with the field equation. This enables computation of the 
BSynRM behaviour with voltage supply for both windings. After the development of the FE 
model, a ROM model is derived from the FE model. The complexities for the creation of the 
ROM model are addressed by introducing a new algorithm for snapshot selection. It is shown 
that the proposed method of snapshot selection can improve the fidelity of the ROM for a 
BSynRM.

The excitation of the additional winding in the bearingless machine creates a rich spatial flux 
density spectrum in the airgap. The reluctance rotor further adds spatial complexities, leading to 
the creation of electromagnetic force harmonics. To understand the electromagnetic force ripple, 
a novel force decomposition method is proposed where Arkkio’s airgap torque computation 
method is extended to compute the force harmonics from flux density spatial harmonics. To 
perform a detailed analysis of the electromagnetic force characteristics, a novel indexing method 
(SHI) is introduced where two flux density harmonics that produce a force are indexed into a 
singular unit. The proposed method gives an understanding of the sources of any individual force 
temporal harmonics from the spatial spectrum of the flux density. It is found that certain spatial 
density harmonics do not have any major contribution in producing the DC forces, and they 
mostly produce forces at different temporal frequencies. Also, the electromagnetic forces at 
lower-order temporal frequencies have a significant contribution in the force ripple in compari-
son to the slot harmonics.

The electromagnetic force ripple indeed influences the vibration of the machine. The influence 
of additional winding has additional influence on the magnetostrictive behaviour of the stator 
and rotor core. It is found that the amount of the vibration is reduced when magnetostriction is 
considered instead of considering the iron as a pure linear elastic material. Moreover, the nature
of the vibration pattern can be analysed to understand in which direction and how much the rotor 
is displaced from the centre of the stator. This can be very useful to calibrate the rotor position 
in the initial operational state or for sensorless application.

The BSynRM can be considered as a combination of a synchronous machine and a hysteresis 
machine due to the existence of a rotating synchronous flux from main winding excitation and 
an asynchronous flux from additional winding excitation. In the investigated BSynRM, the syn-
chronous flux is rotating at 25 Hz and the asynchronous flux is rotating at 50 Hz. In this thesis,
the hysteresis losses which occur in the rotor due to the presence of the additional winding are
computed by an advanced iron loss model. It is shown that the hysteresis loss in the rotor cannot 
be ignored. Further, the additional winding flux and its subharmonics create extra iron losses in 
the stator.



Discussion and Conclusions

67 

Design Aspects

The design aspect of a bearingless machine is more complex than designing a traditional ma-
chine. The primary reason is the production of a suitable levitation force along with torque pro-
duction. To lift the rotor from the safety bearing, enough levitation force needs to be generated. 
Moreover, to control the levitation force smoothly, the force ripple is required to be minimised 
during the design process. Since the stator of the BSynRM is taken from an existing induction 
motor, the focus in this work is mainly kept on the reluctance rotor. Different flux barrier num-
bers, their orientation and shape have been investigated. The primary observation is that different 
objective functions like torque and electromagnetic force maximisation, and their harmonic min-
imisation on an individual level, will lead to a different design. This implies that there is a design 
compromise between maximizing average torque and electromagnetic force and minimising 
their harmonic content. In this thesis, the flux barriers are manually optimised on iteration basis 
by keeping a preference for reduced electromagnetic force ripple and maximising the electro-
magnetic forces. It is also shown that the chording of the main and additional winding does not 
have any significant impact on improving the electromagnetic force characteristics. However, 
the skewing of the rotor for one slot pitch can reduce the slot harmonic effect on the electromag-
netic force profile. It is also observed in this work that a detailed electromagnetic force ripple 
analysis is needed to choose any rotor design as the major force harmonics are occurring in the 
lower order of the temporal frequencies such as second-order, fourth-order and sixth-order. The 
lower-order force harmonics can be detrimental for a stable control of the levitation and can lead 
to rotor misalignment. So, instead of only minimising the net force ripple, special attention must 
be given to the behaviour of the lower-order force harmonics.  

5.2 Suggestions for Future Work

As evident from the literature review, not much research has been conducted on the design and 
electromagnetic behaviour of a BSynRM. The presented thesis work thus provides a good start-
ing point in understanding the nature and complexities of a BSynRM. With this in mind, future 
research on BSynRM can be conducted to gain better and different design aspects alongside
understanding the electromagnetic behaviour of the machine. Different suggestions for future 
work are discussed in the following paragraphs.

Unsymmetric Design of Stator and Rotor 

One thing is evident that due to the nature of bearingless machine operation, the flux density in 
the stator yoke is not uniformly distributed. It follows almost the same pattern as the airgap flux 
density distribution. This leads to more saturation in the yoke in the direction of levitation and 
less saturation of the yoke in the opposite direction from the levitation. Since using the iron 
effectively is a primary goal of any electrical machine design, an unconventional unsymmetric
design of the stator yoke can improve the utilisation of the iron in the yoke. Also, a more rigorous 
investigation is needed to find different design constraints, their subsequent effects on losses, 
vibration and other electromechanical behaviour of the machine. 
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Apart from the stator, the unsymmetric rotor design can also be investigated. Using asymmet-
ric flux barriers has shown improvements in the reduction of torque ripple in the literature. Sim-
ilar investigation can be conducted to see if the average value of the electromagnetic force can 
be increased and the electromagnetic force ripple can be reduced.  

Improving Force Harmonic Measurements

The measurement of electromagnetic force harmonics is a matter of interest in understanding the 
stability of the levitation force production and validation of the numerical model. In this work, 
the force harmonic measurements system showed a good performance to measure the average 
forces. However, due to the presence of the AMB, a large resonance happened between the AMB 
unit and the machine which made the force harmonic measurement extremely noisy. In future, 
this resonance effect of the AMB needs to be minimised. One possibility is not using the AMB 
when the control system of the BSynRM becomes matured enough for lifting the rotor-shaft 
from the safety bearing and generating a stable levitation force. However, the search coil meas-
urement can still be susceptible to noises coming from the power electronics circuit. Special 
signal processing needs to be done for future research for acquiring the correct data from the 
search coil sensor to be used for electromagnetic force harmonic calculation. Also, other alter-
native solutions can be investigated to measure the forces, such as using the eddy current sensor.  
However, it can be challenging to measure the harmonics with an eddy current sensor.  

Analytical Modelling of Magnetic Saturation

An improved analytical model of the BSynRM including the saturation effect needs to be taken 
into account for future improvements. The machine under investigation has 1 mm airgap, which 
makes the main winding flux linkage change quite linearly with the current. However, for a 
standard reluctance machine, the inductance is also a function of the current. There are numerous 
examples in the literature where the nonlinear flux linkages are modelled by splitting the d-axis 
inductance as a function of d- and q-axis current, and q-axis inductance also as a function of d-
and q-axis current. A similar approach can be taken into account to model the magnetic saturation 
for a BSynRM. In this case, one possible approach is to model the main winding and additional 
winding inductances as a function of both main winding currents and additional winding current. 
This will, however, make the inductance function quite complex if the second-order inverse air-
gap function is also taken into account.

Digital Twin

An electrical machine, in general, is more than a hardware product in the twenty-first century. 
Form an end-user perspective, electrical machine suppliers should provide a digitalised service 
of the electrical machine and drive. This kind of new product portfolio changes the requirement 
of an advanced electrical machine model which can resemble the physical electrical machine in 
a digital version. The electrical machine model should be fast enough to run in real-time simu-
lation and accurate enough that the losses, temperature distribution, vibration and other condition
monitoring can be performed in real-time. ROM of an electrical machine is one possible solution
for a digital twin. However, the ROM of BSynRM needs to be improved significantly so that it 
can be used in a multiphysics environment where each physical model will have its own ROM. 
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So, for example, the thermal model, the electromagnetic model, the mechanical model will all 
have different ROMs. Selection of snapshots for a BSynRM is fairly complex, as shown in this 
work. These complexities will be further extended when different ROMs are built and connected 
to each other. Future research can be focussed on improvements to the digital twin of BSynRM. 
Inclusion of modern machine learning techniques needs to be investigated in view of building 
the digital twin. As mentioned before, BSynRM behaviour is more complex than that of a tradi-
tional machine because of increasing degrees of freedom in the input and output space. This 
makes the usage of machine learning using a complex neural network an interesting investigation 
topic for building an accurate digital twin model of BSynRM.

Advanced electromagnetic behaviour analysis

The additional winding brings additional electromagnetic complexities, as pointed out in this 
thesis. In future research, the impact of the additional winding on the hysteresis behaviour can 
be studied more elaborately. For example, how different winding configurations (i.e. 1-pole pair 
or 3-pole pair additional winding) behave differently when used with a 2-pole pair main winding
can be investigated. Moreover, how concentrated winding influences the nature of the hysteresis
of the machine can also be a point of interest. In a very similar manner, the impact of the addi-
tional winding on the magnetostriction can also be investigated deeply for different winding 
configurations. Most importantly, proper experimental setup can be designed to validate the find-
ings of the electromagnetic behaviours of the machine.

5.3 Conclusions

A bearingless synchronous reluctance motor was prototyped and analysed thoroughly from com-
putational and experimental perspectives. Different high-fidelity and low-fidelity models were 
developed for different computational purposes. The reduced-order models and analytical mod-
els were verified with FE models, whereas the FE models were verified with experimental re-
sults. In the development of the analytical model, the second-order expansion of the inverse air-
gap function was shown necessary to get a more accurate dependency of the rotor displacements 
with the inductance variation of the main and additional windings. The impact of the additional 
winding on the losses was studied where it was shown that the additional winding increases the 
hysteresis losses in the rotor. The vibration of the BSynRM was analysed, and it was shown that 
certain vibration frequencies can be traced to find the amount of rotor eccentricity and its direc-
tion. Furthermore, the electromagnetic force ripple was analysed in depth with a novel harmonic 
analysis method and indexing techniques. It was shown that the lower-order force harmonics had 
a significant contribution to the overall force ripple.

Different designs of the BSynRM were analysed to maximise the average torque and levitation 
force while minimising the torque and levitation force ripple. To achieve that, different rotors’
flux barrier shape, numbers, and orientations were investigated to analyse their impacts on the 
torque and levitation force. Also, it was found that skewing can lower the slot harmonics in the 
levitation force when skewed by one slot. However, chording did not improve the torque and 
levitation force profile. From a topological point of view, outer rotor configuration showed less 
torque but higher levitation force production capability than inner rotor configuration.
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