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bstract

Dispersion, impedance matching and resolution characteristics of an isotropic three-dimensional flat lens (“superlens”) are studied.
he lens is based on cubic meshes of interconnected transmission lines and lumped loads. We study a practical realization of the

ens, based on the microstrip technology. The dispersion equations that have been previously derived, are verified with full-wave

imulations. The isotropy of the structure is verified with analytical as well as simulation results. The resolution characteristics of
practically realizable, lossy lens are studied analytically.
2007 Elsevier B.V. All rights reserved.
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. Introduction

Materials with simultaneously negative material
arameters (double-negative or backward-wave materi-
ls, where permittivity ε and permeability μ are both
ffectively negative) [1] have received a lot of inter-
sts in the recent literature. One of the most exciting
pplications of these materials is a device capable of
ubwavelength resolution (resolution that exceeds the
iffraction limit) [2]. The first demonstrations of real-
zed artificial backward-wave materials were done in

he microwave region using periodic structures consist-
ng of metal wires (negative ε) and split-ring resonators
negative μ) [3].
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Also the use of loaded transmission-line networks
has been proposed for the realization of wide-
band and low-loss backward-wave materials in the
microwave region [4,5]. These networks are inher-
ently one- or two-dimensional structures [6,7]. Recently,
also three-dimensional, isotropic transmission-line-
based backward-wave materials have been proposed
[8–10] and realized [11]. For a thorough explanation of
the mechanisms of evanescent wave enhancement and
focusing of propagating waves in this type of structures
see e.g. [12,13].

It has been shown that subwavelength imaging of
the near-field is possible even without backward-wave
materials (note that in these cases the focusing of the

propagating modes is not possible). This phenomenon
can be achieved with a slab of material having negative
permittivity or permeability [14], or without any volu-
metric material slab by using planar sheets supporting
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with the microstrip lines) in all of the six branches
of the unit cell and an inductor of value L is con-
nected from the center node of the microstrip line to
the ground.
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surface plasmons [15–17]. Also devices which operate
in the “canalization” regime have been used success-
fully to obtain subwavelength resolution [18,19]. Here
“canalization” refers to the transfer of evanescent modes
into propagating modes. Some of the previous methods
have also been suggested for use in the optical region
[14,20,21].

The current paper is devoted to a detailed study
of a three-dimensional, isotropic superlens based on
loaded transmission-line networks. This approach to
superlens design was originally proposed in Ref. [10]
and experimentally confirmed in Ref. [11]. In Ref. [10],
the basic design equations for unloaded and loaded
transmission-line networks were given and applied in
the design of a superlens composed of these net-
works. In Ref. [11] an experimental realization of
the same design was presented. In earlier papers,
the isotropy of the structure was assumed since the
period of the structure is much smaller than the wave-
length of the waves travelling in the networks. Here
it must be noted that by the term “isotropy” we refer
to the isotropic propagation of scalar waves of volt-
ages and currents. The notion of polarization of waves
is not applicable here because the source is embed-
ded in a transmission-line network where waves are
also scalar. Furthermore, the resolution characteristics,
such as resolution enhancement and achievable band-
widths of realizable designs, were not studied in Refs.
[10,11].

In this paper, we further confirm the isotropy of
the structure by studying the dependence of the dis-
persion on the direction of propagation and verify
the analytical design equations presented in Ref. [10]
with full-wave simulations. We also confirm that the
impedance matching, which is essential for opera-
tion of the device, is preserved for all directions of
propagation. The resolution enhancement capability of
a practically realizable, three-dimensional lossy lens
is analytically studied using a method presented and
applied for the case of a two-dimensional lens in Ref.
[22]. Although the lens inherently achieves ideal opera-
tion at a single frequency only (the dispersion curves
of forward-wave and backward-wave networks inter-
sect at a single frequency point), we show that the
enhancement of the evanescent modes, which enables
subwavelength resolution, is possible in a small but
finite frequency band near the optimal operation fre-
quency. An example case is studied analytically with

taking into account realistic losses and the image formed
by the proposed superlens is compared to a diffraction-
limited image, which comprises only propagating
modes.
Fig. 1. Structure of the superlens. The distance between the source and
image planes is 2l.

2. The structure of the lens and dispersion in
loaded and unloaded transmission-line networks

We study the superlens structure presented in Refs.
[10,11]. The superlens is a combination of two types
of transmission-line networks: a region with effectively
negative ε and μ is sandwiched between two regions
possessing effectively positive ε and μ (forward-wave
regions) (see Fig. 1). As was previously shown in Ref.
[10], the transmission-line networks are easy to real-
ize using the microstrip technology and we continue
to use this approach in this paper (the design equa-
tions can be applied to other types of transmission lines
as well, see [10]). The forward-wave and backward-
wave networks have unit cells as shown in Fig. 2.
The unit cell of the backward-wave network is oth-
erwise similar to the forward-wave unit cell, but it is
loaded with lumped capacitors of value 2C (in series
Fig. 2. Unit cells of three-dimensional forward-wave (a) and
backward-wave (b) transmission-line networks based on the microstrip
technology (the substrate is not shown for clarity).



Metam

b
a

c

a

c

w

S

K
)

L]BT

S

K

I
p
n
m
i
t
t
a
n
n

a
t

T
P

d
Z

Z

C
L
ε

this isotropic region for both networks. The optimal oper-
ation frequency obtained here differs slightly from the
one previously presented for a similar structure [11]. The
reason for this is that here we have assumed the effec-
P. Alitalo, S. Tretyakov /

The dispersion equations for the forward-wave and
ackward-wave networks have been derived in Ref. [10]
nd they read (in the lossless case):

os(qx)+ cos(qy)+ cos(qz)= 1

2jωLSBW
−3

KBW

SBW
(1)

nd

os(qx) + cos(qy) + cos(qz) = −3
KFW

SFW
, (2)

here

BW= jωC

(DTL+jωCBTL)(ATL+jωCBTL)+ω2C2B2
TL

,

(3)

BW = −(BTLCTL − DTLATL)(ATL + jωCBTL

[(DTL + jωCBTL)(ATL + jωCBTL) + ω2C2B2
T

FW = 1

BTL(ATL + DTL)
(5)

FW = −BTLCTL − DTLATL

ATL + DTL

1

BTL
− ATL

BTL
, (6)

[
ATL BTL

CTL DTL

]

=
[

cos(kTLd/2) jZ0,TL sin(kTLd/2)

jZ−1
0,TL sin(kTLd/2) cos(kTLd/2)

]
. (7)

n (1)–(6) the indices FW and BW correspond to the dis-
ersion equations of forward-wave and backward-wave
etworks, respectively, and qi = kid (wave number nor-
alized by the period d), where ki is the wave number

n the network along axis i. In (7) kTL and Z0,TL are
he wave number and impedance of the waves in the
ransmission lines, respectively. Note that Z0,TL is usu-
lly different for the forward-wave and backward-wave
etworks in order to obtain impedance matching of the

etworks [10].

The parameters of the structure that is studied here
re the same as in Ref. [11](see Table 1, εr is the permit-
ivity of the substrate of the microstrip lines). Dispersion

able 1
arameters of the superlens structure

(mm) 13

0,TL,FW (�) 66

0,TL,BW (�) 89
(pF) 3.3
(nH) 6.8

r 2.33
aterials 1 (2007) 81–88 83

L
− ATL

BTL
, (4)

curves of the forward-wave and backward-wave net-
works can be studied analytically using (1)–(7). The
unit cells of the both networks have also been simu-
lated with Ansoft HFSS full-wave simulator to obtain
the dispersion curves for both networks. See Fig. 3 for
the dispersion curves when a planewave is considered
(kx = ky = 0). The simulation results agree very well
for plane wave propagation in all axial directions (prac-
tically identical plots). From Fig. 3 we can conclude
that the optimal operation frequency of the superlens is
f = 0.8513 GHz (the frequency at which the dispersion
curves intersect) and at that point the wave number has
value kz ≈ 47.65 m−1.

From (1) and (2) we clearly see that if we consider
diagonal propagation (kx, ky and kz may all be nonzero

depending on the direction of propagation), this intro-
duces some anisotropy to the dispersion. To study this
effect, we have analyzed propagation in the structure in
other than the axial directions. It has been seen that for
the backward-wave network the isotropy is achieved in
a large bandwidth below and above the second stopband
(for this example, the isotropic region is approximately
from 0.5 to 2 GHz), and for the forward-wave network
at low frequencies (for this example, below 2 GHz). The
operation frequency of the designed lens is well within
Fig. 3. Dispersion curves for the forward-wave (solid line: analytical;
circles: HFSS) and backward-wave (dashed line: analytical; squares:
HFSS) networks. Propagation along the z-axis is considered (kx =
ky = 0).
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Fig. 4. Dispersion curves for the backward-wave network. Solid line:
kx = ky = 0; dashed line: ky = 0, kx = kz; dotted line: kx = ky = kz;
squares: kx = ky = kz (HFSS).

tive permittivity of the transmission lines to be equal to
εr (to simplify comparison between the analytical and
simulation results).

See Figs. 4 and 5 for the results considering dif-
ferent propagation directions. The analytical results
(solid, dashed and dotted lines) are compared to the
results obtained from HFSS simulation models with
the geometry as shown in Fig. 2. Note that for the
diagonal propagation, the dispersion curves extend to

larger values of ktot =
√

k2
x + k2

y + k2
z than it is shown

in Figs. 4 and 5 (these regions are not of interest for
superlens operation). The HFSS simulation results agree

very well for all of the presented curves. For clarity
only the diagonal propagation corresponding to the case
with kx = ky = kz is presented (squares and circles). The
results shown in Figs. 4 and 5 justify our assumption of

Fig. 5. Dispersion curves for the forward-wave network. Solid line:
kx = ky = 0; dashed line: ky = 0, kx = kz; dotted line: kx = ky = kz;
circles: kx = ky = kz (HFSS).
aterials 1 (2007) 81–88

isotropy proposed in Ref. [11] for the microstrip net-
work. Although the xy-, xz- and yz-planes are inherently
different due to the use of the microstrip technology, the
focusing of a source can be obtained in any plane sim-
ply because the scalar waves of voltages and currents do
not see any difference between the various directions of
propagation.

3. Impedance matching

As was shown in Refs. [10,11], the impedance match-
ing is crucial for the operation of the superlens. Here
we use the equations derived for the characteristic
impedances of the forward-wave and backward-wave
networks [10] to see if the matching is preserved for
all propagation directions. In the following we study
the matching analytically and tune the impedances
of the transmission lines slightly to obtain optimal
resolution performance (in Ref. [11] and in the pre-
vious section the impedance values were not ideal
due to the fact that the values were taken from an
experimental prototype). It was found that by chang-
ing the impedance of the forward-wave transmission
lines to Z0,TL,FW = 69.46 �, the wave numbers and
the characteristic impedances of the networks can be
matched at the frequency f = 0.8513 GHz. In the rest
of this paper, we use this impedance value and the
other design characteristics stay the same as shown in
Table 1.

See Fig. 6 for the characteristic impedances of the
both networks for different propagation directions. Note
that because we are interested in the matching between
the two networks, the characteristic impedance is defined

as the ratio of the voltage and the z-component of the cur-
rent (as was done in Refs. [10,11]). We see that although
the values of the impedances change as the direction of
propagation changes (naturally, because the impedance

Fig. 6. The characteristic impedances of forward-wave and backward-
wave networks for different propagation directions.
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Re,approx = ln(QC)

lkeff
. (12)

Re calculated from the transmission coefficient data (cir-
cles in Fig. 7) and Re calculated from the approximate

Fig. 7. Resolution enhancement of the studied lens, as a function of
P. Alitalo, S. Tretyakov /

epends on kz), the matching is preserved for differ-
nt propagation directions at the operation frequency
f = 0.8513 GHz).

. Resolution characteristics

.1. Resolution enhancement

To evaluate the performance of the designed lens,
e adopt the same method of calculating the resolu-

ion enhancement as in Ref. [22], where the resolution
nhancement was defined for a two-dimensional (planar)
ens as

e = kt,max

keff
, (8)

here kt,max is the maximum transverse wave num-
er that is transmitted from the source plane to the
mage plane and keff is the maximum wave number
orresponding to propagating modes (keff ≈ 47.65 m−1

t f = 0.8513 GHz for the lens that we study here).
ecause we consider a three-dimensional lens, the trans-

erse wave number is now defined as kt =
√

k2
x + k2

y

see Fig. 1).
In Ref. [22], kt,max was derived analytically from the

imensions of the used superlens (taking into account
he effect of losses) as well as calculated from the optical
ransfer function that was derived analytically and also

easured. It was concluded that a good approximation
or kt,max is the value of kt , at which the absolute value of
he optical transfer function drops to 0.5 [22]. In the fol-
owing, we calculate the transmission coefficient of the
ens studied in this paper using the previously derived
quations [10]. From the absolute value of the trans-
ission coefficient (which corresponds to the optical

ransfer function used in Ref. [22]) we obtain Re by find-
ng kt,max from the plotted curves as described above. The
heoretical maximum of Re for the example lens studied
n this paper is (at the frequency f = 0.8513 GHz)

e, max = π

dkeff
≈ 5. (9)

First, let us see how the thickness of the superlens
ffects the resolution enhancement. We have calculated
he resolution enhancement for the superlens described
n the previous sections, taking into account realistic
osses caused by the substrate and by the lumped ele-
ents (loss tangent of the substrate is tan δ = 0.0012
nd the quality factors of the capacitors and inductors are
C = 500 and QL = 50, respectively) [11]. In the cal-

ulations, the losses can be taken into account by using
aterials 1 (2007) 81–88 85

complex values for C and L and by replacing (7) by[
ATL BTL

CTL DTL

]

=
[

cosh(γd/2) jZ0,TL sinh(γd/2)

jZ−1
0,TL sinh(γd/2) cosh(γd/2)

]
, (10)

where

γ = πεr(εr − 1) tan δ√
εr(εr − 1)λ0

+ jkTL (11)

and λ0 is the wavelength in free space.
See Fig. 7 for the resolution enhancement as a func-

tion of the distance between the source and image planes
(this distance is equal to two times the thickness of the
lens l). Note that when we find kt,max for different thick-
nesses, the “worst case” is always used. Because of the
fact that the impedance values are different for different
directions of propagation (see Fig. 6), kt,max is slightly
different for various propagation directions. It was found
that for the lens studied in this paper |kt,max| is smallest

for the case when kx = ky, i.e., kt =
√

k2
x + k2

y = √
2k2

x .

In the calculation of Fig. 7 and in Section 4.2 this “worst
case” is used to calculate Re.

In Fig. 7, an approximation for the resolution
enhancement is also plotted. This approximation can be
found from Ref. [22] and it is calculated with
the distance between source and image (in wavelengths at the optimal
operation frequency, f = 0.8513 GHz). Circles: Re calculated from
the transmission coefficient data (losses of the substrate and the lumped
components are taken into account). Solid line: approximation for Re,
calculated using the equation from Ref. [22].
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Fig. 8. Transmission from the source plane to the image plane as a
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equation (solid line in Fig. 7) are in fairly good corre-
spondence with each other, especially when the distance
between the source and image is around one wave-
length. There is no motivation to calculate the resolution
enhancement for values 2l < 0.5λeff = π/keff, because
then the image would be very close to the source and
some of the evanescent modes would contribute to the
image formation even without any superlens. It can also
be concluded that when the distance between the source
and image becomes larger than one wavelength, the reso-
lution enhancement of the lens is considerably degraded
and reaches the value 1 (i.e., the superlens offers
no enhancement of resolution at all) approximately
when the distance between the source and image is
2λeff.

4.2. Bandwidth

Ideal operation of the superlens described in this
paper can be achieved only at a single frequency, as can
be seen from Fig. 3. Nevertheless, it is clear that although
a small change in the frequency distorts the image seen in
the image plane, focusing of the propagating modes and
enhancement of the evanescent modes are still expected
to happen in some small but finite frequency band. Here
we rely on the assumption that the resolution enhance-
ment can still be defined with (8), i.e., the distortion of the
image is not very dramatic and kt,max can still be defined
as described above. In the following, the operation band
is defined as the frequency band where Re > 2.

First, let us study a lens with the thickness of the
backward-wave network being l = 4d and the distance
between the source and image planes being 2l = 8d.
In wavelengths this is 0.79λeff at the center frequency
(f = 0.8513 GHz), because λeff = 2π/keff ≈ 0.132 m.
See Fig. 8 for a plot of the transmission coefficient (the
absolute value), calculated for the center frequency as
well as for lower and higher frequencies that still satisfy
the previously defined condition Re > 2. From Fig. 8 we
see that the operation band is approximately 2%. When
the frequency deviates from the optimal value, there
occur peaks of transmission right before the transmis-
sion starts to go down very quickly. We believe that this
peaking is caused by the inevitable mismatches between
the two types of transmission-line networks (the optimal
matching of the wave numbers and network impedances
can be obtained only at a single frequency).

By making the lens thinner, the bandwidth can be

improved. For a lens with thickness l equal to three times
the period d (the distance between the source and the
image equals to 6d ≈ 0.59λeff), the bandwidth where
Re > 2 is found to be approximately 6%.
function of the transverse wave number. The band where Re > 2 is
approximately 2%. The distance between the source and image planes
equals 0.79λeff at the center frequency.

To demonstrate the resolution characteristics of the
designed lens, we calculate the image formed by the lens
for a source with subwavelength features. We use a line
source that is placed diagonally with respect to the x- and
y-axis (i.e., the source lies along the line y = −x). The
source includes harmonics in the range −100 < kt <

100, with the amplitude of all the harmonics being equal.
We use the same lens thickness as in Fig. 8, i.e., the lens
thickness is 4d and the distance between the source and
the image is 8d = 0.79λeff. We calculate the source and
image plane voltage distributions at the three frequencies
shown in Fig. 8.

Fig. 9 shows the voltage distributions in the source
and image planes, all normalized to the maximum volt-
age in the source plane. Also, the image formed by a
diffraction-limited lens is plotted (for this image, only
the propagating modes are focused in the image and
all the evanescent modes are strongly attenuated). The
voltages are calculated at the nodal positions of the
transmission-line network. From Fig. 9 we can conclude
that all the image plane distributions with the superlens
Fig. 9(b)–(d) are very close to the source plane dis-
tribution (Fig. 9(a)), although in Fig. 9(c) and (d) the
sidelobe level of the image is somewhat higher than that
in the source plane distribution. The image plane distri-
bution with a diffraction-limited lens on the other hand is
strongly attenuated in the amplitude, and the beamwidth
is clearly wider than in the source plane distribution.

To further illustrate the resolution enhancement
effect, we have plotted the source and image plane field
intensities for different frequencies along a single line

(see Fig. 10). Because we use the diagonally positioned
line source (see Fig. 9(a)) we have plotted the field inten-
sities along a line x = y. The field is calculated at the
nodal positions of the transmission-line network. There-
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Fig. 9. Voltage distributions (normalized to the maximum in the source
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lane). (a) Source plane; (b) image plane, f = 0.8513 GHz; (c) image
lane, f = 0.8428 GHz; (d) image plane, f = 0.8598 GHz; and (e)
mage plane with a diffraction-limited lens.

ore, the distance between the adjacent points in which√
2
he field is calculated is 2d ≈ 18.4 mm. All the plots

ave been normalized to their maximum intensities. If
e normalize all the plots to the peak intensity in the

ource plane, we can accurately study the effect of losses

ig. 10. Normalized intensities in the source and image planes.
mage 1: f = 0.8513 GHz; image 2: f = 0.8428 GHz; image 3: f =
.8598 GHz; and image 4: diffraction-limited. The distance between
he source and image planes equals 0.79λeff at the center frequency.
aterials 1 (2007) 81–88 87

on the image amplitude: for frequency f = 0.8513 GHz
the image peak intensity is approximately 89% of that of
the source, and for f = 0.8428 and 0.8598 GHz they are
74% and 89%, respectively. For the diffraction-limited
case the image peak intensity is only 23% of the peak
intensity in the source plane.

From Fig. 10 we can conclude that the field pattern
of the source plane is well preserved in the image plane
for the shown three frequencies when the superlens is
used. The diffraction-limited image, on the other hand,
has a half-power beamwidth of approximately two times
those of the images formed by the superlens.

It must also be noted, that at least in this case, the
distortion of the transmission coefficient (the peaking of
the transmission coefficient was discussed earlier) does
not destroy the imaging effect. The effect of the peaking
can nevertheless be seen from the plots in Fig. 10; the
images at the lower and higher frequencies clearly have
some of the higher harmonics enhanced too much (the
sidelobe level is increased as compared with the image
at the optimal frequency).

5. Conclusions

We have extended the study of a previously
proposed superlens based on loaded and unloaded three-
dimensional isotropic transmission-line networks. We
have verified the previously derived dispersion equa-
tions by full-wave simulations and have shown that the
designed structure is isotropic in all propagation direc-
tions (not just along the three axial ones). We have also
confirmed that impedance matching of the two types
of networks is possible for an arbitrary direction of
propagation. We have analytically studied the effect of
losses and the thickness of the lens on the resolution and
bandwidth characteristics of a realizable device. When
high-quality and low-loss components and materials are
used, the designed lens can achieve substantial resolution
enhancement in a relative bandwidth of a few percent,
with the distance between the source and the image being
of the order of one wavelength.
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