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1 Introduction

Electromagnetic properties of a material arise from its microscopic structure
[1,2]. In a homogenous material, the material response to the electromagnetic
field depends on the atomic or molecular structure. A heterogeneous material
consists of inhomogeneities in a larger scale than the atomic scale. In this
thesis, this kind of structure is referred to as composite material. Composites
are studied that consist of two separate material phases with well distinguished
material boundaries. When the scale of the discontinuities is much smaller than
the wavelength, effective electromagnetic properties can be defined.

Composites produce a large variety of new materials. They offer a way to
combine the required electromagnetic properties with other material proper-
ties. There are several handbooks about the macroscopic electrical properties
of composite materials [3–9]. This thesis describes study pertaining to the
modeling of effective electrical material properties of artificial composites con-
sisting of two separate material phases. The focus is on materials, which have
a disordered microstructure. These materials can be manufactured for exam-
ple by mixing two ceramic powders and melting the powder to form a solid
ceramic composite. Ceramic powder can also be mixed with polymer in an
extruder. Both of these processes can lead to a disordered microstructure. An
example of such a material is shown in Fig. (1). In this case, the titanium
dioxide powder shown in Fig.(2) is mixed with epoxy.

The development of novel technologies requires a wide range of materials
with varying electromagnetic properties. Also other properties such as thermal
or mechanical properties are at least as important. In some applications, ma-
terials with the best electromagnetic properties cannot be applied. They are
potentially too expensive or impossible to process because of their mechanical
properties. For example, the recent development of the low temperature co-
fired ceramic (LTCC) technique requires laminates or tapes between ceramic
sheets, which are melted and pressed together [10–12]. In this example, the
electromagnetic properties are very important for the function of the final prod-
uct, but only those materials which are suitable for the manufacturing process
can be considered. Another limitation is the cost of the material. There might
be available materials, which electromagnetic properties are outstanding, but
they cannot be applied because of their high cost. Also in this case, it might
be relevant to seek alternative options. The topic of this thesis has practical
importance, because the modeling of composite materials reduces the experi-
mental effort when developing novel composites or when improving the existing
ones.
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Figure 1: Scanning electron microscope picture of ceramic powder mixed with
epoxy. Ceramic inclusions are in the scale of micrometer.

There is a need to find the most suitable modeling methods for compos-
ite designing applications by taking into account the special features of such
materials. Methods should be suitable for modeling the effective permittivity
with all volume fractions of inclusions that can be manufactured in practice.
Furthermore, they should be applicable for material combinations that have
a large electrical contrast. This thesis describes how existing modeling tech-
niques are improved and new analytical methods are developed.

Composites of linear dielectric and ferroelectric are also discussed in this the-
sis. Ferroelectric materials are materials in which permittivity can be changed
by a biasing electric field. The permittivity of the ferroelectric depends non-
linearly on the biasing field. They have many important applications. For
example, ferroelectric capacitors are used to make ferroelectric RAM for com-
puters and in radio frequency identification (RFID) cards. The permittivity of
the ferroelectric ceramics is extremely high, several thousands. Sometimes this
is a disadvantage. It can cause cross talking in integrated circuits and reduce
the signal velocity. There are organic ferroelectric materials [13, 14] with low
permittivity in the order of ten. Problems with these materials are high losses
and a low switching time, which highly restrict their use in the radio frequency
range [15]. A possible solution for the requirement of tunable low-permittivity
materials is a ferroelectric-polymer or ferroelectric-ceramic composite [16–20].
They are also suitable for altering the mechanical properties of ferroelectric

12



Figure 2: Scanning electron microscope picture of ceramic powder before mix-
ing.

ceramics to allow the use of the ferroelectric materials in new applications.
In this thesis, a novel equation for calculating the effective permittivity and
tunability of composites is developed.

Throughout the thesis, the modeling of the effective permittivity is consid-
ered. Results are also applicable for modeling the effective permeability, the
effective electric conductivity or the effective heat conductivity of the material.

2 Review to electromagnetic modeling of com-

posites

In this section, analytical and numerical methods to model the effective per-
mittivity of composites are introduced. The possible restrictions and problems
related to the methods are pointed out.
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2.1 Homogenization

The electrical response of a material to the electric field can be described
with the complex permittivity ε = ε′ − jε′′. The real part of the complex
permittivity is a measure of the ability of a dielectric to store electrical energy
and the imaginary part is a measure of the ability to absorb energy. The
electrical energy can be lost by the conducting currents or by friction involved
in the polarization of molecules or atoms.

This thesis focuses on low loss dielectric materials. For low loss materials,
the real part of the permittivity is much larger than the imaginary part ε′ >>
ε′′ . In other words, they are good insulators. They have significant practical
importance, because low losses reduce the amount of power transferred into
heat. Low losses improve, for example, the quality factor of a resonator.

The permittivity of a homogenous material is defined by its atomic struc-
ture. The effective permittivity of a composite material is also defined by the
structure. If the composite consist of two or more homogenous materials and
there are boundaries between these material phases, then there are polarization
mechanisms in the scale of inhomogeneities in addition to polarization mecha-
nisms related to individual atoms and molecules. On the left side of Fig. 3, an
illustration of a composite material is presented. In this case, black inclusions
with permittivity εi are randomly dispersed into the white background with
permittivity εe . To highlight the possibility that the composite can have any
mixing ratio between white and black inclusions, the boundaries between the
white inclusions are shown.

If the scale of inhomogeneities in the mixture is much smaller than the

Figure 3: Illustration of the homogenization of a two phase composite.

14



wavelength inside the mixture, one can define the effective permittivity for the
material εeff . The effective permittivity can be defined in a case, where the
electromagnetic field does not ’see’ the inhomogeneities in the material. When
a piece of such a composite is placed in the electromagnetic field, the electro-
magnetic field scatters as it would scatter from an object with the permittivity
equal to the effective permittivity εeff . At the GHz or MHz frequency range, the
wavelength is measured in a scale of centimeters or meters. At these frequen-
cies, the effective permittivity can be defined for all non-resonant materials
with microscopic inhomogeneities.

When the effective permittivity can be estimated using either analytical or
numerical methods, the designing of new materials is easier than it would be
solely experimentally. In practice, modeling the effective permittivity is very
complex. The effective permittivity is a function of the volume fraction of
the constitute materials and the permittivities of both materials. It is also a
function of the geometry of the structure and sometimes also a function of the
scale of the inhomogeneities.

2.2 Analytical methods

In this section, the most widely used analytical models for the effective per-
mittivity of a mixture with disordered microstructure are introduced.

There are several good methods of fitting a semi-empirical model involv-
ing adjustable parameters to measurement results, such as [21–26]. However,
if one is interested in general principles of how to choose the best material
combination for a given application, the choice of the adjustable parameters is
problematic. Parameters in the models do not have a simple link to some phys-
ical parameters. As a result, they only offer a little help when measurement
results for the studied material combination are not available.

In this thesis, the focus is on models that do not include adjustable parame-
ters. Parameters that are included are the permittivity of mixed materials, the
volume fraction of inclusions and the shape of inclusions. When the permit-
tivity of the mixed materials depends also on the temperature and frequency,
the dependence of the effective permittivity on these parameters can also be
modeled.

15



2.2.1 Spherical inclusions

Homogenization of a mixture of spheres is illustrated in Fig. 4. If the dis-
tance between each sphere compared with radii, the effective permittivity can
be calculated accurately. In that case the effective permittivity of the com-
posite does not differ much from the permittivity of the background. When
spheres are closely packed, calculating the effective permittivity becomes more
complicated.

εeff

Figure 4: A two phase mixture of homogenous spheres in the homogenous
background.

A list of classical mixing equations discussed in this section is presented
in Table 2.2.1, where εi is the permittivity of spheres, εe is the permittivity
of the environment and f is the volume fraction of spheres. Maxwell Garnett
(MG) [27] and Bruggeman symmetric (BS) [28] are studied more closely. They
are, perhaps, the most popular mixing equations.

Maxwell Garnett (MG)

The Maxwell Garnett mixing equation can be derived by replacing each sphere
with an equivalent dipole moment [27, 29–31]. By adding the contribution of
all dipoles together, the effective permittivity can be calculated.

When a small sphere is placed in an electric field, it can be replaced with
an electric dipole with a dipole moment

p = αEL (1)

where EL is the local electric field on the sphere and α is the polarizability of

16



εeff = εe + 3fεe

εi − εe

εi + 2εe − f(εi − εe)
(MG)

εi − εeff

εi + 2εeff

f +
εe − εeff

εe + 2εeff

(1 − f) = 0 (BS)

εeff = εe + f(εi − εe)
3εeff

3εeff + (1 − f)(εi − εe)
(CP)

εi − εeff

εi − εe

= (1 − f)

(

εeff

εe

)1/3

(BN)

εeff − εe

εi − εe

= f

(

εeff

εi

)1/3

(SSC)

ε
1/3

eff
= (1 − f)ε1/3

e
+ fε

1/3

i
(LO)

logεeff = f logεi + (1 − f)logεe (LI)

Table 1: Classical mixing theories for random mixtures of spherical inclusions.
See text for abbreviations.

the sphere

α = V (εi − εe)
3εe

εi + 2εe

(2)

where εe is the external permittivity around the sphere, εi is the internal per-
mittivity of the sphere, and V is the volume of the sphere. These equations
hold when the electric field acting on the sphere is homogenous and the wave-
length is much longer than the diameter of the sphere.

The effective permittivity εeff of a mixture of spheres can be defined as

Dave = εeffEave = εeEave + Pave (3)

where Dave is the global average electric flux density, Eave is the global average
electric field and Pave is the average electric polarization density: Pave = np,
where n is the number density of spheres.
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The local electric field acting on each sphere can be written as

EL = Eave +
1

3εe

Pave (4)

where 1/3 arises from the depolarization factor of a sphere. This equation holds
if the spheres are well separated, because then the effect of other dipoles can be
taken into account with a simple summation of their far fields. The effective
permittivity solved from Eqs. (1)–(4) with f = nV is called the Maxwell
Garnett mixing equation (also known as the Clausius-Mossotti equation). It
is presented in Table 2.2.1 as (MG). The small volume fraction limit of MG is

εeff ≈ εe + nα (5)

This is tantamount to replacing the local field in (1) with the global average
field Eave. In other words, the dipole moment of a sphere is not affected by
other spheres. This is the correct low volume filling ratio limit, because there
the dipole moment of each sphere approaches the dipole moment of isolated
spheres when the volume filling ratio of the spheres approaches zero. When
studying the Taylor series of the MG equation, it has been shown that there
are more correct terms in the equation than the small volume fraction limit of
(5) for regular lattices of spheres [32, 33]. Analytical solutions at quasi static
limit for lattices of spheres have also been presented in citemeredith, doyle,
mcphedran. According to numerical studies, the MG mixing equation seems to
be in agreement with the simulations also conducted for random arrangement
of spheres [34].

With large volume fractions of spheres MG seems to underestimate the
effective permittivity of random mixtures (see for example [35, 36]), because
it has a percolation threshold of f = 1. That is to say that in the case of
high electrical contrast, the effective permittivity is closer to the permittivity
of the background until the mixture is almost completely filled with spheres.
At that point, the effective permittivity rapidly approaches the permittivity
of the spheres. If inclusions were ideally conductive, then below the perco-
lation threshold, the composite is an insulator and above the threshold it is
a conductor. Percolation threshold is a critical volume fraction of metal in
the composite at which the metal phase becomes connected and the effective
conductivity increases rapidly.

Bruggeman symmetric (BS)

Another popular mixing equation is the symmetric Bruggeman equation (BS)
[28,37–39]. This is also often called an effective medium approximation (EMA)

18



[40], although the name is sometimes used with any mixing equation. The (BS)
is derived by assuming the symmetry between the inclusion and the environ-
ment phases. The first term in the summation represents the polarizability of
a sphere with permittivity εi weighted with the volume fraction of the mate-
rial with εi. The second term represents the polarizability of a sphere with
permittivity εe weighted with the volume fraction of the material with εe.

This equation is popular, because it often gives a reasonable estimate for
composites with all volume fractions of spherical-like inclusions, which is im-
portant when one material phase does not dominate the composite [34, 41].
The Bruggeman formula predicts close to the same effective permittivity with
small volume fractions of inclusions as MG does. However, when the contrast
between permittivities εe and εi is large, MG and BS give the same approxi-
mation with only very small volume filling ratios of inclusions.

One problem with the BS mixing equation is that it tends to overestimate
the effective permittivity of a random mixture of spheres with small volume
fractions of spheres. In that case the effective permittivity can be predicted
better with the MG equation. Another problem with BS equation is that the
percolation threshold of spheres with equal radius is f = 0.33. Sometimes
this is a problem with real life composites where the percolation can have a
significantly different threshold. However, this problem could be avoided by
using the Bruggeman symmetric formula for ellipsoidal inclusions.

Other mixing equations and examples

The so-called coherent potential formula has also the same derivative as MG
and BS with small volume filling ratios of spheres. It is not as popular as BS
or MG, because it predicts larger permittivities than both of them [42, 43]. It
is marked with (CP) to Table 2.2.1.

Another class of mixing formulas is derived with differential analysis. They
share the common property that the permittivities are raised to powers of one
third. Four differential-based formulas are given in the Table 2.2.1: Bruggeman
non-symmetric (BN) [28], Sen-Scala-Cohen (SSC) [44], Looyenga (LO) [45] and
Lichtenecker (LI) [9,46]. In [47] it is shown that if the basic MG or symmetric
Bruggeman rules are used in an iterative scheme, the result leads to the non-
symmetric Bruggeman case.

An example of the predictions from different mixing equations is presented in

19



Fig. 5 and Fig. 6 for a mixture of spheres with permittivity 50 in a background
with permittivity 1. The effective permittivity as a function of volume filling
ratios of spheres is presented for the mixing equations in the Table 2.2.1.
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Figure 5: Effective permittivity as a function of the volume filling ratio of
spheres according to MG, BS and CP equations from Table 2.2.1 The permit-
tivity of the spheres is 50 and that of the background is 1.

2.2.2 Ellipsoidal inclusions

The effective permittivity of a mixture of spheres is derived by replacing each
sphere with a dipole, which dipole moment depends on the polarizability of
a sphere. More general mixing formulas can be written, when the mixture is
assumed to consist of randomly oriented ellipsoids [3, 48, 49].

Polarizability can be solved with depolarization factors. They are denoted
by Nx,y,z. For spheres these are Nx = Ny = Nz = 1/3. The depolarization
factors for general ellipsoids contain elliptic integrals [50] but for spheroids,
closed-form expression can be written: for prolate spheroids (az > ax = ay),
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Figure 6: Effective permittivity as a function of the volume filling ratio of
spheres according to BN, SSC, LO and LI equations from Table 2.2.1.

the depolarization factors are

Nz =
1 − e2

2e3

(

ln
1 + e

1 − e
− 2e

)

, Nx = Ny =
1

2
(1 − Nz) (6)

where the eccentricity is e =
√

1 − a2
x/a

2
z. For oblate spheroids (az < ax = ay),

Nz =
1 + e2

e3

(

e − tan−1 e
)

, Nx = Ny =
1

2
(1 − Nz) (7)

where e =
√

a2
x/a

2
z − 1, with ax, ay and az being the three semiaxes of the

ellipsoid. Depolarization factors for any ellipsoid satisfy Nx + Ny + Nz = 1.

The Maxwell Garnett equation for the effective permittivity reads [3]

εeff = εe + εe

f
3

∑

j=x,y,z

εi − εe

εe + Nj(εi − εe)

1 − f
3

∑

j=x,y,z

Nj(εi − εe)

εe + Nj(εi − εe)

(MG) (8)
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and the effective permittivity according to the Bruggeman reads [3]

εeff = εe +
f

3
(εi − εe)

∑

j=x,y,z

εeff

εeff + Nj(εi − εeff)
(BS) (9)

These equations are derived for small volume fractions of inclusions. In general,
the same restrictions apply for mixtures of ellipsoids as for mixtures of spheres.
With small-volume fractions of ellipsoids, (MG) is more accurate and with
high-volume fractions of ellipsoids (BS) is more applicable.

2.2.3 Nonlinear composites

The mixing equations presented in the previous section hold for mixtures of
linear composites. Linearity means that the dipole moment induced in the
molecules of the material depends linearly on the electric field. However, there
are non-linear materials for which this relation does not hold. As a result,
the effective permittivity depends on the amplitude of the applied electric
field. Ferroelectrics are an example of non-linear materials. They are materials
for which permittivity can be changed by applying a biasing electric field.
Tunability is defined as the ratio of the maximum to the minimum permittivity:

n = εeff(0)/εeff(Eb) (10)

where εeff(0) is the permittivity without the biasing field and εeff(Eb) is the
permittivity with the biasing electric field. The permittivity with the biasing
field is smaller than without the biasing field. Both of these are functions of the
volume fraction of ferroelectric inclusions. In addition to large tunability, it is
usually desirable to have low losses. A figure of merit for a tunable material
which measures both quantities at the same time is defined as [51]

K =
(n − 1)2

n tan δ0 tan δE
(11)

where tan δE is the loss tangent of the composite with the biasing field and
tan δ0 is the loss tangent without the biasing field. This is so-called Quality
Factor of a Tunable Component (QFTC).

Traditionally, the effective permittivity of a mixture of a linear and nonlinear
dielectric has been derived by writing a similar expansion for the effective
permittivity of a tunable composite with applied biasing field as can be written
for tunable homogenous materials:

εeff = εeff(0) + aE2 (12)
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where εeff(0) is the effective permittivity without the biasing field, E is the
biasing electric field strength and a is a coefficient that needs to be solved
[52, 53]. In [20], this approach has been combined with the balance in the
stored electrical energy and the rate of the energy dissipation. An interesting
result has been found in that the tunability of a ferroelectric increases when
adding a small amount of non-tunable dielectric to form a tunable composite.
The explanation was that due to the distribution of the electric field, the
electric field is concentrated into the tunable material phase. According to
experimental studies for the example in [16, 17, 19] the tunability of a pure
ferroelectric has found to decrease, not increase when adding a small amount
of non-tunable dielectric to the ferroelectric. In those studies, it was also
pointed out that although the tunability decreases, these composite materials
are still interesting because of reduced losses.

Also the analysis based on the (MG) mixing equation shows that the local
field inside the ferroelectric decreases, not increases when adding non-tunable
spheres to the ferroelectric background. As a result, the tunability also de-
creases. The biasing electric field changes the permittivity of the ferroelectric,
but is always much higher than the permittivity of the linear dielectrics. The
electric field is focused inside the dielectric spheres with smaller permittivity
than the surrounding ferroelectric. The electric field in the ferroelectric cannot
be enhanced at the same time when the global average field remains constant.
Let us write an approximation for a composite which consists of a ferroelectric
background and a small amount of dielectric spheres. The local field in the
ferroelectric phase can be written with the (MG) approximation using Eq. (1),
(2) and (4) as

EL = Eave(1 + f/2)−1 (13)

where f is the volume fraction of dielectric spheres. It is assumed that the
permittivity of the ferroelectric is much larger than the permittivity of the
dielectric. It can be seen that adding a small amount of dielectric spheres
decreases the local electric field in the ferroelectric.

A disadvantage of traditional models is that the tunability as a function
of the volume fraction of inclusions has a singularity, where the tunability
approaches infinity. There is no physical explanation for this singularity and
it has not been found experimentally. It seems that the singularity is just an
artifact due to the analytical approach used. In this thesis, a new approach is
used to derive a model for the effective permittivity and tunability of a mixture
of ferroelectric and ordinary dielectric. The model is continuous without any
singularities and the tunability decreases when adding dielectric material to
the ferroelectric material.
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2.3 Numerical methods

In this section, an overview to different simulation methods is given to solve
the effective permittivity. The focus is in three dimensional composites, where
the wavelength is much longer than the scale of inhomogeneities. Detailed
description of numerical methods is not included.

The effective permittivity as a function of volume fraction of inclusions can
be solved by computing the effective permittivity for each volume fraction of
inclusions numerically. This seemingly straightforward approach has many
problems, some of which are often neglected. The focus in this thesis is on
composites with random microstructure. There are several studies about the
numerical modeling of periodic composites, for example [54, 55]. The vast
majority of these models are not designed for any specific material and the
authors do not advise readers to use models for random composites. They are
most often derived and used for ordered composites, for which they are well
suited. Sometimes periodical models are used to model random composites,
for example in [56]. Therefore the use of the periodical models for random
composites is discussed briefly.

2.3.1 Boundary conditions

The computation domain needs to be terminated with boundary conditions.
These boundaries can be periodical, open or a combination of them both. Il-
lustrations of different boundary conditions are presented in Fig. 7 as a cross
section of a three-dimensional simulation sample. With periodic boundary con-
ditions, the geometry corresponds to an infinite and periodical lattice structure,
which is illustrated in Fig. 7 (a). The geometry is repeated infinitely to the
directions of arrows. The calculation domain is repeated infinitely with its mir-
ror image. In mathematics, these boundary conditions are referred as Dirichlet
and Neuman boundary conditions. In engineering world, these boundaries are
often called ”perfect magnetic conductors” (PMC) and ”perfect electric con-
ductors” (PEC). A periodical boundary condition can also be constructed so
that the neighboring cube is a copy of the original instead of the mirror im-
age. This can be achieved by requiring that the field or the potential in the
boundary is identical to the field on the opposite side of the boundary. The
periodical boundary condition is a natural choice with ”finite element methods”
(FEM) or with ”finite difference methods” (FD), because there also the space
between inclusions is discretized. With FEM, periodical boundary conditions
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represent the simplest possible boundary conditions. With integral equation
based methods, such as with the boundary integral equation (BEM) method,
the periodical boundary condition is more complex to introduce. In [57], the
periodical boundary condition is introduced to BEM by discretizing inclusions
and the surfaces of the outer boundaries of the calculation domain.

(a) (c)

(b)

Figure 7: Illustration of the simulation space with three different boundary
conditions: (a) periodical (simulated sample repeated infinitely in all direc-
tions), (b) open (sample in free space) and (c) combination of these (simulation
repeated infinitely inside a slab, which is surrounded with the free space).

With open boundary conditions (Fig. 7 (b)), the simulated sample is sur-
rounded by free space. This type of boundary condition is a natural choice
with boundary integral equation-based methods or when using the T-matrix
method [58]. There only the surface of each inclusion is discretized and all
inclusions are placed in a homogenous infinite background. In fact there are
boundary conditions only on the surface of each inclusion in the simulation.
In practice, the simulation is sometimes described to have open- or radiation
boundary conditions just to distinguish it from the simulation space shown in
Fig. 7 (a). With FEM and FD the introduction of the open boundary requires
the introduction of an absorbing layer, because also the background of inclu-
sions needs to be discretized. As a result, with FEM or FD the open boundary
condition is not as popular as the periodical one, when simulating the effective
permittivity of a composite.

In Fig. 7 an example of combination of open and periodical boundary con-
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ditions is presented. The example corresponds to a slab of material with pe-
riodicity in two directions that form an infinite layer. The slab is surrounded
by free space. This geometry requires the introduction of periodic boundary
conditions into the integral equation method or the introduction of absorbing
boundary conditions to FEM or FD.

2.3.2 Solving the effective permittivity

The effective permittivity can be solved once the potential or the electric field
is known. When modeling low-loss composites with very small inclusion size
are compared to the wavelength, it is often enough to solve only the static
electric field. When periodical boundary conditions illustrated in Fig. 7 (a)
with a cubical computation domain are chosen, the effective permittivity can
be calculated by averaging the electric flux across the unit cell:

εeff =
1

aU

∫

D · dA (14)

where a is the length of the side of the cube, U is the static electric voltage
applied across the sample, D is the electric flux and A is the surface of the
cube.

With open boundary conditions (Fig. 7 (b)), solving the effective permit-
tivity is more complicated. The effective permittivity needs to be solved from
the scattered field of the sample by comparing it to a particle with the same
shape as the material sample but with homogenous permittivity. The effective
permittivity is the same as the permittivity of a homogenous sample which
produces the same scattered field as the sample of composite material. In [59],
this approach is used by making the material sample to be spherical. Because
the shape of the material sample needs to be modeled accurately with a col-
lection of inclusions of the composite material, the number of inclusions needs
to be very large.

Boundary conditions that correspond to a material slab (Fig. 7 (c)) are a
natural choice if electrostatic simulations cannot be used. Then the effective
permittivity can be solved from the transmitted and reflected power, when the
slab is illuminated from one side. It has been shown [60], that the homogeniza-
tion procedure related to this design can sometimes be problematic, especially
with resonant inclusions. Another problem is that the calculated effective
permittivity of a thin material layer might not correspond to the effective per-
mittivity of a bulk material. The physical reason is that the polarization of
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inclusions near the surface of the layer is different from that of the inclusions
deep inside the material. For example in [61], the effective permittivity of a
disordered ceramic/polymer composite is modeled as a slab of an array of small
spheres. There the effective permittivity is found to increase when the size of
spheres decreases. The size of spheres is compared to the overall thickness of
the slab. Therefore decreasing the size of spheres corresponds to increasing
the number of spheres in the slab. The number of inclusion layers changes the
calculated permittivity, when the number of spheres is small. If, instead of a
slab of an array of spheres, an infinite array of spheres were used, the effective
permittivity would not be dependent on the size of the spheres.

2.3.3 Model for the geometry of the composite

It is enough to solve the electric field inside a single unit cell, when periodical
boundary conditions are used. However, if the modeled structure is random,
modeling the composite with regular lattice might not be the best choice. Even
in the case where the simulated effective permittivity seems to agree well with
the experimentally measured values, one needs to ask if the model has any
capability to predict the effective permittivity for some other material combi-
nation. For example, in [56] the effective permittivity of a ceramic/polymer
composite with random arrangement of ceramic inclusions is simulated with a
regular lattice of hollow cylinders. If one wishes to use this study to predict
the effective permittivity of some other material combination, the modeling
method is problematic. In that case, it is not clear how parameters of the
cylinder should be chosen.

Periodical composites are, in general, much simpler to model than compos-
ites with randomness. The real life composites with randomness have typically
highly complex microstructures. Both the shape of inclusion and the arrange-
ment can have randomness. In addition, inclusions might have a significant
size distribution. In practice, everything cannot be included in the model.
There are various approaches to modelling the randomness. One approach is
to take, for example, a regular cubic or honeycomb lattice and to randomly fill
the unit cells with two different materials [57, 62, 63]. Another approach is to
simulate the randomness by choosing a basic shape for inclusions and placing
them into random positions within the simulation domain [34].

The effective permittivity depends on the arrangement of inclusions, if the
simulation space is not very large compared to the size of inclusions. There-
fore a common approach is to choose as large of a simulation domain as possi-
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ble. If the domain is large enough, the calculated effective permittivity should
not change significantly if another random arrangement of inclusions is used.
There is a practical problem in this approach: when the number of particles
increases, the number of unknowns increases as well. As a result, the number
of unknowns that are used to describe the shape of individual inclusions in the
mixture is usually reduced when the computation domain is increased. In [64],
the number of unknowns is reduced to the limit where only a few unknowns
describe each scatterer. In that case it is impossible to realistically model the
complex field distribution inside or near the inclusions. As a result, the elec-
tric field distribution inside the sample might differ greatly from the electric
field distribution inside the real sample that has been modeled. The effective
permittivity is an averaged quantity and therefore it is sometimes assumed,
that there is no need to model the microstructure of the material realistically.
However, the microgeometry highly affects the macroscopic properties of the
composite. It is shown, for example, analytically [65] and numerically in [66],
and experimentally in many studies [67–69]. In light of these studies, numerical
methods that do not pay any attention to the microstructure of the material
seem not to be reliable.

Instead of increasing the size of the computation domain, one can use the so-
called Monte Carlo simulations. In the Monte Carlo method, several random
samples are created. The effective permittivity is solved for each sample. The
effective permittivity is approximated to be the average over all individual
Monte Carlo samples. When using the Monte Carlo method, the estimate
for the effective permittivity is solved using several realizations. The problem
has been that Monte Carlo samples have had to be still relatively large [34],
otherwise the deviation of the results is too large. In that case the necessary
amount of simulation samples is large. It has not been clear if the size of the
sample has a significant effect on the effective permittivity. A solution for both
of these problems is suggested in this thesis.

3 Summary of publications

The goal of the thesis was to develop modeling methods for the modeling of
composites for material design applications. The hypothesis was that the mi-
crostructure of the material plays a significant role, although sometimes it has
been neglected. The focus in [P1-P3] is in numerical modeling of composites
and the focus in [P4-P5] is in analytical modeling. In [P1] a novel method
to reduce the computational cost of numerical modeling is introduced. The
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method is then applied to model the effective permittivity of a ceramic/poly-
mer composite [P2]. The modeled effective permittivity is in good agreement
with the experimental results. In [P3] some problems related to the modeling
of composites are discussed. A new analytical method especially for disordered
composites with high electrical contrast is derived in [P4]. The equation com-
bines the desirable properties of two of the most popular mixing equations.
Therefore it is applicable with all volume fraction combinations of materials.
In [P5] a new method to calculate the effective permittivity of a mixture of
linear and non-linear dielectrics is introduced and it is compared to numerical
and experimental values found in the literature. Tunable composites have not
been widely analytically studied. It seems that this is the first non-singular
solution for the effective permittivity and tunability of a ferroelectric/polymer
composite. The equation can easily be applied for other material combinations
as well.

3.1 Micro structure based numerical modeling

In publications [P1-P3] numerical modeling of composites is discussed. In [P1]
the numerical effort of modeling of composites is reduced by a novel averaging
method. As a result, the microstructure can be better taken into account,
which is shown in [P2]. In [P3] problems related to the modeling of the effective
permittivity with the so-called connectivity approach are pointed out.

3.1.1 Reducing computational cost [P1]

A three-dimensional random mixture of spheres is studied. Spheres occupy
random positions in a cubic sample and they are allowed to overlap and form
clusters. The static effective permittivity is solved for several Monte-Carlo
samples using the FEM method with periodic boundary conditions. For each
random sample, the effective permittivity is solved three times with orthogonal
voltage orientations. Accordingly, for each sample there are three estimates
for the effective permittivity: εx, εy and εz. The effective permittivity of each
Monte Carlo sample is calculated as an average of them. Permittivities εx,
εy and εz are not independent random variables. For instance, if spheres are
located so that they form a chain-like cluster that connect walls of the cube,
the permittivity of εx is larger than εy or εz. When the effective permittivity is
calculated as an average over these three samples, the estimate for the effective
permittivity of this realization is better than using only one field direction.
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There were two different sets of simulations. In one set, the radius of spheres
was ten times smaller than the side of the cube (large domain) and in the other
set it was only five times smaller (small domain). Simulations were performed
in a super computer in the Finnish IT Center for Science to be able to have
a high numerical accuracy in both sets of simulations. In simulations with a
large domain, the volume of the calculation domain was eight times larger than
that in simulations with a small domain. As a result, the number of unknowns
in the larger set of simulations was about eight times the number of unknowns
in the smaller set.

A very interesting result was that after averaging, the deviation of the esti-
mated effective permittivity was about the same for both sets of simulations.
Also the effective permittivity as a function of volume fraction of inclusions
was about the same for both sets of simulations. As a result, the smaller set of
simulations can be used as well as the larger set of simulations, when the spe-
cial averaging method is used. Without the averaging, the deviation was too
large with a small computation domain. This result shows that it is possible
to use much smaller computation domain than had been traditionally used.
As a result, each scatterer can be modeled with more unknowns because there
is no need to waste unknowns in order increase the computation domain.

3.1.2 Application to ceramic/polymer composite [P2]

A method developed in [P1] was applied to model the effective permittivity
of a ceramic/polymer composite that consisted of titanium dioxide powder
mixed with epoxy in (see Fig. 1). The study was made in co-operation with
Microelectronics and Materials Physics Laboratories and EMPART Research
Group of Infotech Oulu, where the samples were manufactured and the effective
permittivity was measured. The wavelength of the applied electric field was
much larger than the size of inclusions and therefore static field simulations
were used.

In simulations, inclusions were placed into random positions in a cubical
sample and the averaging method developed in [P1] was used. A scanning
electroscope picture of the ceramic powder is shown in Fig. 2. The picture of
the powder shows both powder clusters and individual particles. Unfortunately
the scanning electron microscope picture of the composite in Fig. 1 does not
reveal the exact microstructure, because the epoxy blurs the picture. A very
simplified model for inclusions was used. They were assumed to approximately
follow the lattice structure of the rutile phase of the titanium dioxide. This
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simplification was made, because there were no better estimates available.

The effective permittivity of the composite as a function of volume fraction
of ceramic is shown in Fig. 8 and Fig. 9. In Fig. 8 simulation results are shown
before averaging of three field directions of each sample and in Fig. 9 after
averaging. The simulated effective permittivity is in good agreement with the
measurements with all volume fractions of inclusions in Fig. 9. The result
suggests that the averaging method developed in [P1] can be applied to model
the effective permittivity of real life composites.
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Figure 8: Simulated effective permittivity of a titanium dioxide/epoxy com-
posite as a function of the volume fraction of titanium dioxide. Simulations
are shown before averaging the three estimates of the effective permittivity
of each Monte Carlo sample. Therefore for each simulated volume fraction of
inclusions, there are three effective permittivity values.

3.1.3 Connectivity approach and checker board geometries [P3]

Composites are often characterized by their connectivity. In a two-phase com-
posite there are ten different connectivity possibilities. Phases can be con-
nected either in 0, 1, 2, or 3-dimensions. For example, when a small amount of
ceramic is mixed with epoxy, it can be characterized as 0-3 connectivity. The
epoxy has connectivity in all three dimensions and the ceramic in 0 dimensions,
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Figure 9: As Fig. 8, but now the effective permittivity of each Monte Carlo
sample is averaged over the values calculated with three orthogonal field direc-
tions. The deviation is therefore highly reduced. Predictions of some mixing
models are also presented.

because individual ceramic inclusions are separated. On the left side of Fig. 10,
an illustration of a two-dimensional correspondence of the 0-3 connectivity is
presented. The black phase is connected in 0 directions and the white phase
is connected in all 3 directions. On the right side of Fig. 10, an example of a
two-dimensional 1-1 connectivity is shown. There both white and black phases
are connected in one direction, but disconnected to the other.

Figure 10: Illustrations of 0-3 and 1-1 connectivities.
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This classification of composites might lead to a temptation to use simple
circuit models that take the connectivity into account [70–73]. There it is as-
sumed, that the composite is sliced into small cubes. Each cube is connected
to surrounding cubes to form a network. Inside each cube, there is only one
material phase. The network of cubes can be modeled as a network of capaci-
tors. All capacitors are connected and the capacitance of the whole system can
be solved. This also gives the effective permittivity of the whole composite.
This method is called the mixed connectivity method.

In [P3] it is shown using numerical simulations for a three dimensional
checkerboard mixture that the effective permittivity calculated using mixed
connectivity models fails. The effective permittivity of the checkerboard mix-
ture was solved with different electrical contrast between the two material
phases. The accuracy with the largest electrical contrast of 100 is not suffi-
cient and the simulated effective permittivity is supposedly overestimated.

The reason for the failure of the mixing connectivity model is clear. In
Fig. 3 of [P3], the electric potential lines inside of the simulated structure are
shown. In the circuit model approach, the electric field inside each capacitor
should be constant. In the circuit model, the boundaries of individual capac-
itors are replaced with ideal electric and magnetic conductors. This can only
be done, if such a replacement does not change the electric field distribution
inside the material. In this case, the material boundaries cannot be replaced
with ideal electric and magnetic conductors. As a result, the effective permit-
tivity calculated from the circuit model is different from the simulated effective
permittivity values. If the electrical contrast is small, say five or less, all ana-
lytical methods for the effective permittivity of the mixture predict very close
to the same permittivity. In this range, the effective permittivity as a function
of volume fraction of inclusions for classical mixing theories is approximately
linear. For the checker board composite, the effective permittivity is therefore
very close to the arithmetic average of mixed materials. When the electrical
contrast increases, the mixed connectivity approach fails drastically.

3.2 Microstructure based analytical modeling

In this section, the author’s own contribution to the analytical modeling of
composites is introduced. The aim of the study was to develop analytical
methods for composite designing applications. Models do not involve any
adjustable parameters. Special features of artificial composites are taken into
account when developing the models. These often include low losses, small
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grain size compared to the wavelength and sometimes a high electrical contrast
between the permittivities of materials. An important feature of models is that
they are applicable with all volume fractions of inclusions.

3.2.1 Analytical model for composite design applications [P4]

The motivation behind the publication [P4] was the following: suppose one
needs to find an ideal material combination for a two phase ceramic/polymer
composite. The volume filling ratio of inclusions is not restricted and the elec-
trical contrast between the two material phases can be high. The question
could be, for example, how the shape of inclusions affects the effective permit-
tivity of the composite. The permittivity of a polymer is low, if small losses
are required, but the permittivity of the ceramic can be as high as several
thousands. Obviously, the loading of the ceramic should be as high as possible
to maximize the permittivity. There are two good mixing equations to choose
from: Maxwell Garnett (MG) and Bruggeman symmetric (BS). The BS mixing
equation should be better with high volume filling loadings of inclusions, but
the (MG) is more accurate with small volume filling loadings. If the electrical
contrast between inclusions is high, the difference between these two models
is large. If one wishes to study the effect of the volume fraction and the shape
of inclusions, one should somehow switch between these models.

In [P4] a novel mixing equation is derived. It has MG equation as a low
volume filling ratio limit and BS equation as a high volume filling ratio limit.
The equation is derived especially for composites with high contrast between
the inclusion and the background phase. Therefore it is applicable even for
modeling the effective conductivity of composites consisting of conducting in-
clusions in a non-conductive background. The model is valid for spherical and
ellipsoidal inclusions and it does not involve any adjustable parameters.

Usually the MG mixing equation fails with large volume filling ratios of in-
clusions, because the small volume filling ratio is assumed. In the derivation of
the MG equation (Eq. 4), the interaction between distant inclusions is calcu-
lated by assuming that the environment has the permittivity of εe. However,
the assumption is not valid when calculating far field interactions of inclusions
with high volume filling fractions of inclusions. The surrounding space should
have the permittivity εeff rather than εe. In the BS theory this problem is
avoided, because each inclusion is always embedded into a background with
permittivity εeff , but there is some error with small volume fractions of spheres.
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In [P4] a differential equation for the effective permittivity is derived. It
starts with an MG type of equation with small volume fractions of spheres,
but it moves towards the BS equation when the volume fraction of spheres
increases. The resulting equation for the effective permittivity can easily be
solved numerically, or a solution for the inverse function can be used. The
solution is compared to numerical and experimental results found in the liter-
ature. It seems that the new equation is a good alternative in a case when all
volume fractions of inclusions need to be modeled analytically and the choice
between BS and MG cannot be made.

3.2.2 Electrically tunable composite [P5]

Because of the singularities of existing mixing equations for tunable composites,
a novel method to calculate the effective permittivity and the tunability of
such a composite is presented in [P5]. The composite is assumed to consist of
spherical inclusions and all volume fractions of composites are studied. Only
those volume fractions of a material are interesting, where the material is
tunable. Therefore the volume fraction of a ferroelectric cannot be very small.
As a result, the Bruggeman effective medium theory is sufficient to be utilized
with all volume fractions of inclusions.

For the permittivity of the ferroelectric, a model presented in [74] is used.
The permittivity of the ferroelectric depends on the electric field that is applied
across the ferroelectric material. If the ferroelectric material is dispersed as
small inclusions inside the composite, one needs to know the local electric field
acting on each inclusion. As a result, the electric biasing field needs to be
replaced with the local field in the mixture.

The local field is approximated with the Bruggeman effective medium the-
ory. There the surrounding space around a sphere is replaced with material
with the effective permittivity. The field inside the sphere can then be solved
when the global average field applied over the whole composite is known. In
the Bruggeman effective medium theory, the mixture is symmetric. That is
to say, either the background phase or the inclusion phase can be modeled
as spheres. Therefore the average field inside either of the material phases
is calculated by assuming a spherical inclusion and replacing the surrounding
material with a material with the permittivity of εeff .

The effective permittivity is solved from Bruggeman effective medium the-
ory. As a result, there are three unknowns (effective permittivity of the mix-
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ture, the internal electric field acting on the ferroelectric material and the
permittivity of the ferroelectric) and three equations from which the effective
permittivity or tunability as a function of the volume fraction of ferroelectric
can be solved.

As an example, two material combinations were studied. The ferroelectric
material was mixed with PTFE polymer or with titanium dioxide ceramic. The
result was that the tunability decreases when adding non-tunable material to
the ferroelectric. This is a reasonable result, although the opposite effect was
found in [20]. However, experimental results points to a decreasing tunabil-
ity [16–19]. The permittivity of the titanium dioxide was much higher than
that of the polymer. As a result, the tunability can be achieved with smaller
volume fraction loadings of ferroelectric material than with polymer compos-
ites would be possible. This might be advantageous in some applications, es-
pecially for reducing losses of the tunable material. Losses of ferroelectrics are
typically much higher than those of ordinary linear dielectrics. If a sufficient
tunability can be achieved with a smaller volume filling loading of the ferro-
electric material, losses can be reduced. A significant reduction in losses was
found experimentally in [16]. According to analytical results in [P5] one should
prefer dielectrics with as high permittivity as possible in tunable composites,
because then the losses can be most effectively reduced because lower volume
filling ratios of ferroelectric material can be used. The tunability should also
be increased with needle- or disk-like ferroelectric inclusions, in order that the
percolation would occur with smaller volume fractions of inclusions than when
using spherical inclusions.
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3.3 Main contributions

The main findings of the thesis can be summarized as follows:

• Development of a new method to calculate effective material parameters.
The method can be used with any numerical simulations and it can save
both computation memory and time.

• Application of the modeling method to a practical composite.

• Numerical modeling of a checkerboard geometry to demonstrate draw-
backs related to simple circuit model based connectivity calculations.

• Derivation of a new analytical mixing equation for ellipsoidal and spheri-
cal inclusions that combines desirable properties of Maxwell Garnett and
Bruggeman equations.

• Derivation of a new analytical model for the effective permittivity and
tunability of a ferrolectric/dielectric composite.
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[55] B. Sareni, L. Krähenbühl, A. Beroual, , and C. Brosseau. Effective dielec-
tric constant of periodic composite materials. Journal of Applied Physics,
80(3):1688–1696, 1996.

[56] S. Orlowska, A. Beroual, and J. Fleszynski. Barium titanate particle
model inquiry through effective permittivity measurements and boundary
integral equation method based simulations of the BaTiO3-epoxy resin
composite material. Journal of Physics D: Applied Physics, 35:2656–2660,
2002.
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