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1. Introduction

Electronic structure calculations are an important tool which allows scientists and engineers to better understand physical and chemical properties of molecules and materials. Electrons govern many physical phenomena such as electric conductivity and chemical bonding. They also take
part in thermal conductivity and determine many central properties of a
periodic material including the crystal structure, the lattice parameters,
and the bulk modulus. Advances in computational power and numerical
methods during the closing decade of the 20th century have made it possible to computationally determine these properties with an accuracy comparable to experimental results. Today, electronic structure calculations
can be used to interpret experimental results and to predict the properties
of new materials.
Computational science is a ﬁeld concerned with numerical simulations
of mathematical models. Mathematical models originate from several applied disciplines, such as physics, chemistry, engineering, and ﬁnance.
They assist scientists and engineers to understand phenomena, make
predictions, and design products. A simulation requires a mathematical model that captures the important properties and interactions of the
system under investigation. The interesting property of a mathematical model is often inﬁnite dimensional and must be reduced to a ﬁnite
dimensional approximation. This can for example be accomplished by approximating the model with a ﬁnite set of functions or by approximating
the model at a ﬁnite number of points. The next step is to choose a suitable numerical method to solve the problem and ﬁnally to validate and
interpret the set of numbers given by the computation.
Electronic structure calculations determine the ground state electronic
conﬁguration of an atomic system. In principle the electronic ground
state is completely determined by the electronic Schrödinger equation,

9

Introduction

but the size of the resulting numerical model quickly grows and becomes
intractable for systems beyond a few electrons. Scientists are often interested in the properties of systems with hundreds or thousands of electrons which cannot be modeled in practice by the Schrödinger equation.
Density functional theory (DFT) reduces the size of the electron structure
model and makes it possible to model systems far beyond the reach of the
Schrödinger equation.
The price to pay for this reduction of the model size is that DFT gives
rise to a nonlinear system. While a linear problem can be solved directly, a
nonlinear system must be solved iteratively. The calculations required at
each iterative step are computationally expensive and it is therefore important to reduce the number of iterations required to solve the nonlinear
system.
Electronic structure calculations are also important for ab initio molecular dynamics (MD) simulations. In classical MD simulations the effective interactions between atoms are determined by empirical or semiempirical potentials, while the atomic interactions in ab initio MD simulations are obtained directly from the electronic and nuclear conﬁguration. The commonly used Born-Oppenheimer approximation is a simplifying assumption that makes it possible to calculate the electronic ground
state independently of the nuclear motion. Despite this simpliﬁcation, ab
initio MD simulations are computationally demanding as it is necessary
to determine the electronic conﬁguration at each step of the simulation.
Nevertheless, the use of electronic structure calculations to replace the
empirical and semi-empirical atomic interaction potentials has increased
the predictive power of MD simulations [12, 40, 56].
The focus of this thesis is on direct minimization and numerical acceleration of electronic structure calculations. The methods are presented
in the setting of an abstraction of the physical model where the electron
density or electronic orbitals are replaced with a discretized representation appropriate for the formulation of the model. While the methods
are developed in an abstract context, electronic structure calculations remains the motivation and numerical experiments are always performed
with authentic electronic structure codes or on model problems capturing the nonlinear effects present in DFT. Many of the results can also
be applied to other large nonlinear equations and optimization problems
arising in science and engineering.
The main contribution of this thesis is the application of quasi-Newton
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(QN) acceleration to the self-consistent ﬁeld (SCF) solution of the KohnSham equations and the development of dedicated methods for direct
minimization of the Kohn-Sham energy and Helmholtz energy of density
functional theory calculations. The QN method is compared to the popular direct inversion of the iterative subspace (DIIS) for SCF calculations
and with the nonlinear conjugate gradient (NLCG) method for direct energy minimization. In addition, optimization methods that intrinsically
enforce the orthogonality constraints are developed and extended to ensemble DFT.
This summary is divided into four chapters: Chap. 1 is the introduction, Chap. 2 reviews density functional theory, Chap. 3 is an overview
of numerical methods for electronic structure calculations, and Chap. 4
discusses the articles.
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2. Density Functional Theory

The electronic ground state corresponding to the external potential VExt
is the lowest eigenstate of the time independent many-body Schrödinger
equation
Ĥ Ψ = EΨ,

(2.1)

where Ψ(r1 , σ1 , r2 , σ2 , . . . , rne , σne ) is the complex valued all-electron wave
function, ri is the spatial coordinate and σi the spin state of the i:th electron, and the index i runs over all electrons. The fermionic electrons have
spin σi ∈ {↑, ↓} and the Hamilton operator is
Ĥ = −

1 
1
1 2 
∇i +
VExt (ri ) +
,
2
2
ri − rj 
i

i

i

(2.2)

j=i

in atomic units, where ∇2i represents the Laplace operator. In addition,
the wave function Ψ must be antisymmetric with regards to an exchange
of two electrons i and j = i.
A system with ne electrons requires 3ne spatial variables to describe Ψ
and the size of a discretized problem exponentially grows with ne . This
dramatic growth, the curse of dimensionality, makes the all-electron manybody Schrödinger equation intractable for systems beyond a few electrons
and makes it necessary to use other methods to determine the electronic
ground state.
Figure 2.1 shows an approximate electronic ground state density of an
eight electron system. The solution corresponds to a two dimensional
model problem detailed in Publication III with eight electrons. The external potential is a regularized Coulombic potential generated by two




identical nuclei with charge Z4 = 4 at 31 , 13 and Z4 = 4 at 23 , 13
24 . The
computation is performed in a unit square with zero boundary conditions
corresponding to an inﬁnite potential well. The electron density is concentrated around the nuclei, with delocalized valence orbitals extending
further from the nuclei. The core electrons of the nucleus at ( 23 , 13
24 ) are
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Figure 2.1. Approximate electronic ground state density of a two dimensional system
with eight electrons and zero boundary condition in the unit square. The
density is computed with a density functional theory approximation using
a regularized Hartree effective single particle potential. The two peaks in




. The
the electronic density correspond to two Z4 nuclei at 13 , 13 and 23 , 13
24
isocurves of the electronic density correspond to the ticks in the colorbar.

signiﬁcantly more localized than those belonging to the nucleus at ( 13 , 13 ).
This chapter presents an overview of density functional theory: Sec. 2.1
introduces the SCF formulation of DFT, Sec. 2.2 reviews the energy minimization formulation of DFT, and Sec. 2.3 presents ensemble DFT.

2.1

Self-consistent Kohn-Sham equations

While the electronic ground state can in principle be found by solving
Eq. (2.1), this is impossible to do in practice for most systems of interest.
DFT reduces the size of the electronic structure calculation and is one
most successful and versatile methods in quantum chemistry and condensed matter physics. It determines an approximate ground state total
energy E and electron spin densities ρ↑ , ρ↓ for a system consisting of ne
interacting electrons in an external potential VExt . The ground state spin
densities are found by solving the one-electron Schrödinger equation [22]
ĤKS ψασ (r) = ασ ψασ (r),

(2.3)

where ĤKS is the Kohn-Sham Hamiltonian expressed in atomic units
ĤKS = − 12 ∇2 + VExt (r) + VInt (ρ, r) + Vxcσ (ρ↑ , ρ↓ , r).

14
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The spin degree of freedom is σ ∈ {↑, ↓} and α represents the remaining
one-electron quantum numbers. The spin densities are
ρσ (r) =



fασ |ψασ (r)|2 ,

(2.5)

α

and the one-electron orbitals ψασ use the natural normalization

|ψασ (r)|2 dr = 1.

(2.6)

Above fασ ∈ {0, 1} is the occupation numbers corresponding to the ψσα
orbital. The occupation number takes the value fασ = 1 for the ne occupied lowest energy single electron orbitals and fασ = 0 for higher energy
orbitals. This gives the correct total number of electrons

ρ(r)dr = ne ,

(2.7)

where
ρ(r) = ρ↑ (r) + ρ↓ (r).
The internal potential is the classical Hartree potential

ρ(r )
VInt (ρ, r) =
dr ,
r − r 

(2.8)

(2.9)

and the exchange-correlation term Vxcσ is deﬁned to cover the remaining
electron-electron interaction effects.
The numerical methods are described for an abstract version of the SCF
problem described by the Kohn-Sham Eqs. (2.3)–(2.5). The general ﬁxed
point problem is: ﬁnd x ∈ Rn such that
g(x) = x,

(2.10)

where x is a discretization of (ρ↑ , ρ↓ ) and g is an implementation of the
interdependent Kohn-Sham equations. For DFT problems it is expensive
to compute g(x) and is often difﬁcult to drive Eq. (2.10) to converge [54].
The ﬁxed point equation is typically rewritten as
f (x) = 0,

(2.11)

where f (x) = x − g(x). This form is better suited to approximate the
derivative and accelerate the SCF iteration. The task is then to construct
a sequence of vectors {xk } such that
lim f (xk ) = 0.

k→∞

(2.12)

Conservation of the number of electrons ne in the system requires that
b T x = ne ,

(2.13)
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where b ∈ Rn depends on the discretization of (ρ↑ , ρ↓ ).
Several discretizations are available, such as atomic orbital bases, planewaves, ﬁnite element, ﬁnite difference grids, and wavelets. Atomic orbital
bases represent the solution as a linear combination of atomic solutions
including numeric atomic orbitals [7] and Gaussians [37, 60]. They can be
efﬁcient, but their accuracy suffers if the solution is not well represented
by perturbed atomic solutions. Plane-waves bases [31, 37] and the ﬁnite
difference methods [20, 44, 57] are uniform discretizations of the space
and work well with Fourier techniques. However, the uniform space discretization requires large numbers of degrees of freedom to accurately resolve the sharp features near nuclei. Finite element [33, 57] and wavelet
bases [57] are not as widely used in DFT calculations, but make it possible to efﬁciently concentrate computational effort near nuclei. In general,
the ﬁnite difference method is very easy to implement but not as ﬂexible
as the discretizations relying on a basis.
The Kohn-Sham equations, (2.3)–(2.5), are interdependent and can only
be solved by ﬁnding a solution that satisﬁes the equations simultaneously.
This simultaneous solution is called a self-consistent ﬁeld (SCF) solution.
To ﬁnd the SCF solution it is necessary to begin with an initial guess and
iteratively improve this. The ﬁxed point iteration is a simple way to do
this: the electron orbitals of the individual atoms can be used to evaluate
ρσ from Eq. (2.5). The electron orbitals corresponding to this initial guess
can then be found from Eq. (2.3), which in turn makes it possible to update ρσ . This process is repeated until the change in electronic orbitals
and spin densities between successive iterations is sufﬁciently small. Unfortunately, ρσ is expensive to compute as it requires several of the lowest
eigenpairs of ĤKS in (2.4).
An alternative procedure to compute ρσ is to ﬁnd the subspace spanned
by the lowest orbitals ψασ [5, 62]. This subspace is sufﬁcient to determine
ρσ as it is invariant under a unitary transformation of ψασ . Subspace
methods do not require the lowest eigenpairs of ĤKS to be computed. Instead, they rely on a polynomial ﬁltering to suppress eigenvectors corresponding to high eigenvalues and consequently require that operations
with ĤKS are inexpensive.
The simple ﬁxed point iteration generally fails to ﬁnd a solution for a
SCF problem without under-relaxation and is generally prohibitively slow
with sufﬁcient under-relaxation. To remedy this, SCF iterations make
use of methods known as accelerators or mixers—numerical methods de-
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signed to reduce the number of iterations necessary to achieve convergence [54]. In addition to reducing the number of SCF iterations an accelerator must be robust and require only modest computational resources.
The ground state solution of the Kohn-Sham equations is in principle
equivalent to the all-electron wave function and can be used to reconstruct
Eq. (2.1) [27, 28, 34–36]. In practice however, the exchange-correlation
term is unknown and must be replaced with an approximation. Due to
this approximation the DFT electron density becomes an approximation
of the actual electronic density given by the many-body Schrödinger equation. While the energy contribution of the exchange-correlation functional
is typically only a fraction of the total energy, it is often larger than the
chemical bonding energy of the system. For this reason accurate approximation of the exchange-correlation functional is crucial for the accuracy
of DFT calculations [22].
Several approximations of the unknown exact Kohn-Sham exchangecorrelation functional are available and the optimal choice generally depends on the particular simulation. The local density approximation (LDA)
is popular in physics and is derived for the homogeneous electron gas [49,
50]. Other widely used functionals include the local spin density approximation (LSDA), which is an extension of LDA to spin polarized systems,
and the generalized gradient approximation (GGA), which accounts for
the gradients of the spin densities [48]. Finally, hybrid functionals combine exact Hartree-Fock exchange with other exchange-correlation functionals [55], but fall outside the scope of Kohn-Sham density functional
theory.
Valence electrons are responsible for chemical bonding and electric conductivity. The valence electrons are not as closely bound to the nuclei
as core electrons and they require less energy to excite. For this reason
their impact on material properties is signiﬁcant and it is often sufﬁcient
to model only the valence orbitals. In DFT calculations a conventional
method to do this is to eliminate the core electrons from the model and
replace the full Coulombic potential of the nuclei with a pseudopotential
that covers the combined effect of the core electrons and the nuclei [22].
This approximation has the dual beneﬁt of reducing the size of the model
and improving the conditioning of the system. The pseudopotential is
chosen to coincide with the Coulombic potential outside a cutoff radius.
An illustration of the smoothing effect of a pseudopotential is given in
Fig. 2.2.
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VCo
VPs

ΨCo
ΨPs

Radius
Figure 2.2. The Coulombic potential VCo is replaced with an effective pseudopotential VPs
seen by the valence electrons that differs from VCo close to the nucleus. The
pseudopotential leads to a smoother orbital ΨPs which numerically behaves
better than the oscillating orbital ΨCo corresponding to VCo .

2.2

Direct minimization of the free energy

The electronic ground state minimizes the total energy of the system. This
property leads to an alternative formulation of the DFT model, where the
goal is to ﬁnd a set of single electron orbitals ψασ minimizing the KohnSham energy
E({ψασ }) = K({ψασ }) +


ρ(r)VExt (r)dr + U (ρ) + Exc (ρ↑ , ρ↓ ),

(2.14)

of the system and satisfying the orthonormality constraint

|ψασ (r)ψβσ (r)|dr = δαβ .

(2.15)

Here the kinetic energy component is


∗
K({ψασ }) =
fασ ψασ
(r) p̂2 ψασ (r)dr,

(2.16)

ασ

where the kinetic energy operator is p̂2 = − 12 ∇2 and the energy corresponding to the electrostatic Hartree potential is

1
ρ(r)ρ(r )
U (ρ) =
drdr .
2
r − r 

(2.17)

The exchange-correlation energy Exc is again an approximation of the
electron-electron interactions that are not included in U . The spin densities ρσ (2.5) and total density ρ (2.8) are computed as for the Kohn-Sham
Eqs. (2.3)–(2.5).
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The electronic ground state density given by the total energy (2.14)
is identical to the SCF solution of the Kohn-Sham equations. The oneelectron Schrödinger Eq. (2.3) is derived from the energy formulation via
the variational form [47]. First, the orthonormality constraints are included by Lagrange multipliers αβσ which gives the Lagrange function



(2.18)
αβσ
Ω=E−
|ψασ (r)ψβσ (r)|dr − δαβ .
αβσ

Varying Ω around the minimizing set of orbitals leads to the equations
ĤEff ψασ (r) =



αβσ ψβσ (r),

(2.19)

αβ

where the effective Hamiltonian is
ĤEff = − 12 ∇2 + VExt (r) + VInt (ρ, r) + Vxcσ (ρ↑ , ρ↓ , r).

(2.20)

Equation (2.3) is recovered in canonical form from Eq. (2.19) by a unitary
transformation of the electronic orbitals ψασ that diagonalizes αβσ . Note
that the electronic orbitals given by Eq. (2.14) do not necessarily correspond to the orbitals given by the lowest eigenstates of the single electron
Schrödinger Eq. (2.3).
As for the SCF formulation it is possible to consider numerical methods
for a more abstract version of the direct minimization problem given by a
discretization of Eq. (2.14). That is, solve
min E(X),

X∈M

(2.21)

where the columns of X corresponds to an orthonormal discretization of
the electronic orbitals and the manifold
M = {X ∈ Rm×n | XT X = I},

(2.22)

is called the Stiefel manifold [1, 19]. Here m is the degrees of freedom of
the discretization of a single electron orbital and n = ne is the number of
electrons in the system. The tangent space corresponding to the Stiefel
manifold is
TX M = {Y ∈ Rm×n | Y = XA + Z where AT = −A and ZT X = 0}. (2.23)
A unitary transformation of the electronic orbitals which leaves the occupied subspace intact does not affect ρσ and E, Eqs. (2.5) and (2.14). The
discretized problem inherits this property and Eq. (2.21) satisﬁes the homogeneity condition:
E(X) = E(XQ),

(2.24)
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when Q ∈ Rn×n is unitary. The homogeneity condition indicates that
E(X) is invariant under an orthogonal rotation of the columns of X, and
Eq. (2.23) can be simpliﬁed by setting A = 0 as it describes a subspace
rotation of the electronic orbitals. The orthonormality constraint (2.15) together with the homogeneity condition deﬁnes the Grassmann manifold,
and the effective tangent space corresponding to this is
TX MH = {Y ∈ Rm×n | YT X = 0},

(2.25)

and the associated orthogonal projector onto TX MH is
P = I − XXT .

(2.26)

The projected gradient needed for the minimization is then
Fk = (I − XXT )∇E(Xk ).

(2.27)

An advantage of the direct minimization approach is that it avoids the
eigenvalue decomposition that is typically necessary at each step of the
SCF iteration [54]. Furthermore, the direct approach is also appealing
on an intuitive level as energy is a fundamental physical quantity. The
drawback is the necessity to enforce the orthogonality constraint (2.15),
which requires more sophisticated numerical methods.

2.3

Ensemble density functional theory

The standard DFT model does not converge well for systems where the
occupied and unoccupied parts of the eigenvalue spectrum are not separated by sufﬁciently large gap [2, 56]. Ensemble DFT improves the rate
of convergence for these systems by introducing fractional occupation of
electronic orbitals which results in a smoother transition from occupied to
unoccupied orbitals.
These fractional occupation numbers are accommodated by replacing
the Kohn-Sham energy (2.14) with the Helmholtz energy [41]
A({ψασ }) = E({φασ }, {fασ }) − T S({fασ }),

(2.28)

where 0 ≤ fσα ≤ 1 is the occupation of the orbital ψασ , T ≥ 0 is the
absolute temperature, and S({fασ }) is the entropy. The entropic term is
S({fασ }) = −


ασ
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fασ ln(fασ ) + (1 − fασ )ln(1 − fασ ).

(2.29)

Density Functional Theory

The spin density and kinetic energy terms in (2.28) are identical to those
for the direct minimization, Eqs. (2.5) and (2.16), but fractional occupation
numbers are allowed.
The discretized abstract version of Eq. (2.28) is
min A(X, f )

X∈M
f ∈F

where M is deﬁned by Eq. (2.22) and

n

fi = ne and 0 ≤ fi ≤ 1 ∀i ∈ {1, . . . , n} .
F = f ∈ Rn

(2.30)

(2.31)

i=1

The orbital gradient is
∇X A(X, f ),

(2.32)

and the gradient with regards to the occupation numbers is
∇f A(X, f ).

(2.33)

For Eq. (2.30) the homogeneity condition is only satisﬁed for orbitals
with identical occupation numbers. The occupation numbers are in general not identical, which makes it impossible to simplify M by eliminating
A for ensemble calculations. The tangent space of M is therefore equal to
that given by Eq. (2.23)
TX M = {Y ∈ Rm×n | Y = XA + Z where AT = −A and ZT X = 0}.
This gives the orthogonal projector for an arbitrary W ∈ Rm×n onto TX M
PX (W) = (I − 12 XXT )W − 12 XWT X,

(2.34)

and the projected orbital gradient


Fk = PX ∇X A(Xk , fk ) .

(2.35)

The energy level of a ﬁctitious electronic orbital with occupation exactly
one half is known as the Fermi level. A system with well separated energies of the electronic orbitals is constrained to integer occupation numbers
at absolute zero.
At positive temperatures the entropic term of the Helmholtz energy
drives the system towards fractional occupation of orbitals. Occupation
of these higher energy orbitals is simultaneously discouraged by the energy term E in the Helmholtz energy. The relative strength of these two
tendencies is governed by the temperature and this determines the electronic conﬁguration.
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Ensemble DFT also permits fractional occupation of degenerate and
near degenerate orbitals at the Fermi level even at absolute zero resulting in simpliﬁed treatment of small gap systems. At this temperature
the Helmholtz energy of ensemble DFT is reduced to the regular KohnSham energy, and there is no longer a tendency for the entropy to drive
the system towards fractional occupation of electronic orbitals. Nevertheless, it is still possible for nonlinear affect to favor small excitations when
fractional occupation numbers are permitted.
A more common method is to use deterministic smearing, or broadening
of the Fermi level to improve convergence of small gap systems [7, 42]. A
smearing function is used to determine the occupation numbers of the individual electronic orbitals based on their energy level. The width of the
fractionally occupied orbital band is determined by the ﬁctitious temperature. Common smearing functions include the Fermi function [42], as well
as Gaussian [24] and Methfessel-Paxton [43] smearing schemes. Smearing requires that the electronic orbital energies near the Fermi level are
computed to high accuracy for the smearing function to correctly predict
the occupation of the orbitals.
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3. Numerical Methods for Electronic
Structure Calculations

This chapter gives an overview of the numerical methods presented in
the articles. The methods are divided into two general classes, methods
for acceleration of self consistent ﬁeld iterations, and methods for direct
minimization of the energy. These classes are related in that self consistent ﬁeld iteration attempt to construct an electron density which gives
a vanishing residual and direct minimization methods search for electron
orbitals for which the gradient vanishes.
The direct minimization methods are further subdivided into methods
for the Grassmann manifold and methods for the Stiefel manifold. In the
former case the energy is invariant under subspace rotations of the electronic orbitals and only depends on the space spanned by the electronic
orbitals. In the latter case the energy of the system depends on the individual electronic orbitals and it also becomes necessary to optimize with
regards to the electronic orbitals.
This chapter is divided into three sections. First, Sec. 3.1 reviews the
unconstrained methods. Next, Sec. 3.2 presents constrained methods for
direct optimization. Finally, Sec. 3.3 discusses the extension of direct minimization methods to ensemble DFT.

3.1

Unconstrained methods

This section reviews methods for acceleration of the SCF formulation of
DFT: Sec. 3.1.1 presents DIIS, Sec. 3.1.2 recalls the QN method, and
Sec. 3.1.3 discusses the NLCG method.
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3.1.1

Direct inversion of the iterative subspace

DIIS, also known as Pulay’s method [51], is an acceleration method designed to solve (2.11)
f (x) = 0,
when f can be well approximated by a quadratic vector ﬁeld. When applied to DFT, x corresponds to the discretized spin densities and f to the
residual of the SCF implementation of the Kohn-Sham equations. DIIS is
based on minimization of the norm of an afﬁne combination of the previous evaluations of f (xk ). The coefﬁcients that minimize the norm are then
used to construct the next trial density xk+1 . That is, solve
min 
{ci }

k


ci f (xi ) = min 
{ci }

i=l

k


ci (xi − g(xi )),

(3.1)

i=l

for k ≥ l when g represents the SCF iteration, Eqs. (2.3)–(2.5), subject to
k


(3.2)

ci = 1,

i=l

and construct the next trial density by
xk+1 =

k


ci xi .

(3.3)

i=l

The construction of xk together with the afﬁne constraint (3.2) on {ci }
automatically ensures conservation of electrons, Eq. (2.13).
To ensure the convergence of the DIIS method it is often necessary to
use under-relaxation. In this case Eq. (3.3) is substituted with
xk+1 = (1 − β)xk + β

k


ci xi ,

(3.4)

i=l

where β ∈ ]0, 1] is the under-relaxation parameter. In principle, β is unconstrained, but β < 1 makes it possible to solve more challenging problems with DIIS.
DIIS is simple to implement, requires only modest computational resources, and often converges quickly for simple systems [29, 30]. For this
reason it has become very popular and is available in nearly all DFT
codes. However, DIIS is not particularly robust and occasionally fails to
converge for more challenging calculations [58]. The convergence rate of
DIIS is sensitive to β, but the correct choice is problem dependent and the
dependency can be very nonintuitive. Furthermore, it is not possible to
tell in advance whether DIIS will converge successfully for a particular
problem.
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3.1.2

Quasi-Newton method

Newton’s method
xk+1 = xk − β J(xk )−1 f (xk ),

(3.5)

is very fast at ﬁnding successively better approximations to the solution
of a system of equations (2.11)
f (x) = 0,
when the Jacobian J of f is available and β ∈ ]0, 1] is an under-relaxation
parameter. The default implementation of Newton’s method can fail to
converge due to problematic behavior of J and requires a good initial
guess [46]. Nevertheless, for problems where J is available Newton’s
method is an extremely fast solver and robustness can be increased through
techniques such as backtracking [46]. When Newton’s method is applied
to DFT, x corresponds to the discretized spin densities and f to the SCF
implementation (2.11).
While J is typically not available for DFT problems it is possible to replace J−1 with an approximation G. The method resulting from this replacement is the QN method and it can retain the superlinear convergence
of the Newton method [52]. The update for the QN method is identical to
Newton’s update
xk+1 = xk − β Gk f (xk ),

(3.6)

with Gk approximating J−1 at xk .
Several update schemes for G are available but numerical experience
suggests that Broyden’s second or bad update tends to be more robust
for ill conditioned problems [39]. In contrast with the ﬁrst, or good, update the second update is derived directly for J−1 [8, 17, 21]. The updated
approximation Gk+1 is required to satisfy the secant condition
Gk+1 Δfk = Δxk ,

(3.7)

and the no change condition
Gk q = Gk+1 q

∀q such that qT Δfk = 0,

(3.8)

where
Δfk = f (xk+1 ) − f (xk ),

(3.9)

Δxk = xk+1 − xk .

(3.10)

and
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The secant condition incorporates the information gained from the most
recent evaluation of f and the no change condition ensures that this update does not modify G in directions that are orthogonal to the evaluated
direction. The secant condition and no change condition together give the
update formula
Gk+1 = Gk + (Δxk − Gk Δfk )

ΔfkT
.
ΔfkT Δfk

(3.11)

This update formula enforces conservation of the electrons, Eq. (2.13), by
ensuring that bT Gk f (xk ) = 0 when bT G0 f (x0 ) = 0. Here b is determined
by the discretization of the spin densities and corresponds to spatial integration. Equation (2.10) ensures that bT f (x) = 0 is satisﬁes as f is the
difference between two electronic densities.
The update formula for Gk+1 can also be derived by requiring that the
secant condition (3.7) is satisﬁed and that the change
ΔGk  = Gk+1 − Gk ,

(3.12)

is minimal in the Frobenius norm. The initial approximation of J−1 is
G0 = μI,

(3.13)

where μ scales the search directions that have not been explored.
Newton’s method is an improvement over the method of steepest descent
(SD). For ill conditioned problems, the direction of steepest descent can
be nearly orthogonal to a globally preferable direction. Newton’s method
scales the search direction by J−1 , which improves the search direction
and eliminates the characteristic zig-zag behavior of SD [46]. This beneﬁcial behavior is inherited by the QN method when G is a good approximation of J−1 .
The Broyden updates of G improve the approximation in directions that
have been sampled but the majority of possible search directions remain
unsampled for a typical DFT calculation. In fact, Marks and Luke [39]
argue that the QN method should be considered a method that randomly
samples a high dimensional space and not a method constructing a deterministic path. Step size in the unsampled directions signiﬁcantly impacts
the rate of convergence and is controlled by μ. For challenging problems
μ should in general be smaller than for easy problems [39]. Nevertheless,
the QN method is both robust and quick when it is properly implemented.
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3.1.3

Nonlinear conjugate gradient method

The conjugate gradient (CG) method can be viewed as a minimization
scheme were the objective function is successively minimized along conjugate directions. A set of vectors p1 , . . . , pk ∈ Rn are A-conjugate if they
are linearly independent and pTi Apj = 0 when i = j. Minimization along
conjugate directions ﬁnds a solution to the quadratic problem
min h(x) = 12 xT Ax − bT x,

(3.14)

in n steps when an exact line search is used.
In DFT computations the objective function h is not quadratic and the
update of the search direction p must take this into account to approximately preserve conjugacy of the search directions. The initial search
direction is the direction of steepest descent
p1 = −h1 ,

(3.15)

where hk = ∇h(xk ) and step length τk is determined by solving
min h(xk + τ pk ).

(3.16)

xk+1 = xk + τk pk ,

(3.17)

τ

The density update is

and the new conjugate direction is
pk+1 = −hk+1 + γk pk ,

(3.18)

where γk is often determined by the Polak-Ribière formula
γk =

hTk (hk+1 − hk )
.
hTk hk

(3.19)

The Fletcher-Reeves and Hestenes-Stiefel formulas provide alternatives
to the Polak-Ribière formula [46]. All of these are intended to approximately preserve conjugacy of the conjugate vectors for higher order objective functions. For a quadratic objective function the NLCG method is
reduced to the standard CG method regardless of the choice of formula.
A common modiﬁcation of the NLCG method is to restart it at regular
intervals. This serves to refresh the algorithm and erase information that
is no longer beneﬁcial.
The NLCG method relies on the availability of the gradient of the function to be minimized. The gradient of the total energy with respect to the
spin densities x or the orbitals X is in general not available for the SCF
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formulation of DFT and the orthogonality constraints must be enforced for
the direct formulation. For this reason the unconstrained NLCG method
requires the constraints and electron conservation to be externally enforced, for example by a parametrization of M [59] or by a suitable projection onto M [11]. In this case x ∈ Rmn represents the unconstrained
discretized electronic orbitals in vector form, as opposed to the matrix
representation X ∈ Rm×n assumed in (2.21).
NLCG is robust, computationally inexpensive, and has low memory requirements compared to DIIS and QN methods. Sequential optimization
along conjugate directions is an ingenious way to ensure that each iteration is in a substantially different direction and the CG method has given
rise to several variants popular for a broad range of problems. However,
conjugacy is crucial for the performance of the NLCG method and a high
quality line search must be employed at step (3.16). If the line search is
not sufﬁciently accurate the NLCG method quickly looses conjugacy and
the rate of convergence suffers. The quality of the line search can become
a concern when numerical evaluation of the target function is expensive.
Moreover, the requirement to externally enforce the constraints on x and
X makes the unconstrained NLCG method difﬁcult to implement.

3.2

Orthogonally constrained optimization

This section overviews constrained minimization methods for the direct
formulation of DFT (2.21). First, Sec. 3.2.1 presents two alternative update and transport operators. Then, Secs. 3.2.2 and 3.2.3 describes the
constrained QN and NLCG for the Stiefel manifold. Finally, Secs. 3.2.4
and 3.2.5 brieﬂy mentions orthogonally constrained integration methods
and the optimal damping algorithm.

3.2.1

Update and transport operators

The electronic ground state can be found by minimizing the energy of the
system. This requires that the discretization of the electronic orbitals X
satisﬁes the orthonormality constraint XT X = I which deﬁnes the Stiefel
manifold M. The curvature of M is taken into account by constructing
an update operator for X and an associated transport operator for matrices in TX M. These operators ensure that the orthogonality constraints
remain satisﬁed and make it possible to use information from previous
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Xk+1
Xk

Q
Z

Q

Z

Figure 3.1. The curvature of M must be taken into account when the matrices belonging
to TXk M are transported to TXk+1 M along the geodesic deﬁned by Q. Here
Q represents the direction of the update and Z ∈ TXk satisﬁes ZT Q = 0.
Conceptually, Q and X are orthogonally projected onto the tangent space
and its orthogonal complement respectively after each inﬁnitesimal update
of X. In contrast, Z remains constant during the update.

evaluations to improve convergence.
An arbitrary vector Y ∈ TX M can be decomposed into
Y = XA + QR,

(3.20)

where Q satisﬁes QT X = 0, QT Q = I, and AT = −A. When Y is a search
direction given by an optimization procedure such as QN or NLCG, it is
possible to construct an update operator
⎛ ⎡
⎤⎞
A −RT
⎦⎠ X Q
U(τ ) = X Q exp ⎝τ ⎣
R
0

T

,

(3.21)

which rotates X along the geodesic given by Y. This operator ensures
that Xk+1 = U(τk )Xk ∈ M whenever Xk ∈ M. The term XA in Eq. (3.20)
describes a subspace rotation of the electronic orbitals, while the QR term
changes the space spanned by the electronic orbitals.
Both the QN and NLCG methods make use of earlier information to improve the rate of convergence. Due to the curvature of M it is not possible
to simply add two matrices, Yk ∈ TXk M and Yk+1 ∈ TXk+1 M, when the
tangent spaces differ. Instead, Yk must be transported to TXk+1 M before
the addition, see Fig. 3.1. This is done with the transport operator
⎞
⎤⎞
⎛
⎛ ⎡
T
A −RT
⎦⎠ − I2n ⎠ X Q , (3.22)
T(τ ) = Im + X Q ⎝exp ⎝τ ⎣
R
0
which maps a matrix Y ∈ TX M to the corresponding matrix in TU(τ )X M.
To enable optimization routines to make use of the information from previous evaluations of ∇E and ∇X A the matrices associated with TXk M are
transported to TXk+1 M together with the update of Xk and τk ∈ R.
Instead of U, it is possible to use an alternative update operator H
based on the Householder reﬂector. Univariate descent methods update X
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through individual reﬂections and breaks down the optimization problem
into several line searches [13]. This is advantageous when the successive line searches are relatively inexpensive to solve. Several reﬂections
through orthogonal planes can also be combined into one Householder
update to reduce the necessary number of line searches. This alternative
update operator to (3.21) based on the Householder transform is
H(τ ) = I − 2V(τ )V(τ )T ,

(3.23)

where V(τ )T V(τ ) = I.
When the energy satisﬁes the homogeneity condition, Eq. (2.24), A = 0
and Eq. (3.20) simpliﬁes to
Y = QR.
Then V(τ ) in Eq. (3.23) can be determined from
⎛ ⎡
⎤⎞ ⎡ ⎤
1
R
0
I
2
⎦⎠ ⎣ ⎦ .
V(τ ) = Q X exp ⎝τ ⎣
1 T
−2R
0
0

(3.24)

(3.25)

As for the update operator U the historical information obtained from
the evaluations of the gradients must be transported together with the
update of X. The transport operator corresponding to H(τ ) takes the form
TH (τ ) = I − H(τ )V(τ )V(τ )T − V(τ )V(τ )T .

(3.26)

The update operators U and H are interchangeable when used together
with the associated transport operator, T or TH , for direct minimization
with integer occupation numbers. Fractional occupation numbers do not
satisfy the homogeneity condition, Eq. (2.24), and A does consequently
not vanish. In this case U (3.21) is the appropriate update operator as it
takes the subspace rotations represented by A into account.

3.2.2

Constrained quasi-Newton method

The constrained QN method is used for minimization of the Kohn-Sham
energy E, (2.21), or the Helmholtz energy A, (2.30), for ﬁxed occupation
numbers. For these problems the gradients with respect to the electronic
orbitals X ∈ M (2.22) are available and G ∈ Rm×m approximates the
inverse Hessian of E or A. In contrast, the QN method for the SCF problem (2.11) attempts to ﬁnd a density x ∈ Rm such that f (x) = 0. For
the SCF problem the Jacobian of f with respect to x is unknown and G
approximates the inverse Jacobian.
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The effective tangent spaces TX MH (2.25) and TX M (2.23) of the electronic orbitals differ for minimization of E or A respectively. This makes
it necessary to choose the orthogonal projector, (2.26) or (2.34), associated
with the tangent space. The choice between the update operators U (3.21)
and H (3.23) also depends on the energy to be minimized. The update operator H is derived under the assumption that the effective tangent space
is TX MH , whereas U works for both TX MH and TX M. The QN methods for minimization of E and A are nearly identical, and work for both
as long as the correct projector and update operator is used. Publication
IV describes how the occupation numbers can be included in the update
formula for G, but this section presents the unweighted variant.
The three necessary changes compared to the unconstrained QN method
are: the update of Xk must be done with an update operator U or H, the
secant and no change conditions hold for matrices in TX MH , and the information from the previous evaluations must be transported to the tangent
space associated with the updated Xk+1 . The update of G is determined
by a formula which is closely related to Broyden’s second update [21]. The
secant condition
Gk+1 ΔFk = ΔXk ,

(3.27)

is simultaneously satisﬁed for all electronic orbitals, where
ΔFk = Fk+1 − T(τk )Fk ,

(3.28)

ΔXk = PXk+1 (Xk+1 − Xk ).

(3.29)

and

Here the orthogonal projector PXk is given by Eq. (2.26) or (2.34) and
the projected gradient Fk is given by Eq. (2.27) or (2.35) depending on
whether the homogeneity condition is satisﬁed. The update of G is then
determined by requiring that the updated approximation only changes in
directions for which new information is obtained. The no-change condition
Gk q = Gk+1 q

∀q ∈ Null(ΔFTk ),

(3.30)

together with the secant condition gives Broyden’s second generalized update formula [21]
Gk+1 = Gk + (ΔXk − Gk ΔFk )(ΔFTk ΔFk )−1 ΔFTk .

(3.31)

The search direction at step k is then
Yk = −Gk Fk ,

(3.32)
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and the step length τk is determined by
min E(U(τ )Xk ).
τ

(3.33)

In practice τk is determined by optimization of a quadratic approximation
of E along the search direction Y. This quadratic approximation p can for
example be determined by by solving the system of equations
p(0) = E(X),
p(τe ) = E(T(τe )X),

(3.34)



p (0) = (Y, ∇E(X)) ,
where τe is a trial step length. A more detailed presentation of the line
search and selection of τe is given in Publication II and Publication IV.

3.2.3

Constrained nonlinear conjugate gradient method

The constrained NLCG method must also enforce the orthonormality constraint (2.15) and requires similar changes as the QN method [19]. As for
the constrained QN method presented in Sec. 3.2.2 the NLCG method attempts to ﬁnd X ∈ M (2.22) that minimizes E or A with the correct choice
of orthogonal projector and update operator.
The initial search direction remains the direction of steepest descent
given by Eq. (2.27) or (2.35)
Y1 = −F1 ,

(3.35)

and the step length τk is chosen to minimize the total energy E(X), where
X is the discretization of the electronic orbitals, along the search direction
min E(U(τ )Xk ).
τ

(3.36)

As before, the minimization step is replaced with the minimization of a
quadratic approximation of E, but U is used to approximate E(X) along
a path on M. After the τk has been determined X is updated
Xk+1 = U(τk )Xk ,

(3.37)

and the new conjugate direction associated with TX M is determined
Yk+1 = −Fk+1 + γk T(τk )Yk ,

(3.38)

(Fk+1 , Fk+1 − T(τk )Fk )
.
(Fk , Fk )

(3.39)

where
γk =
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3.2.4

Geometric integration

Orthogonal integration schemes designed for solving ordinary differential equations (ODE) on the Stiefel manifold are available, but remain
relatively rare in the electronic structure community. The minimization
problem described by Eq. (2.21) can be reformulated as an ODE:
Ẋ = −∇E(X),

(3.40)

for an initial condition X0 ∈ M (2.22) where ∇ is deﬁned to ensure that
∇E(X) ∈ TX M (2.23). Orthogonal integration methods can then be used
to ﬁnd the critical point that corresponds to a minimum of E.
A special consideration for DFT models is that m is large and evaluation
of Ẋ is expensive. These properties rule out many intrinsic integration
schemes such as Crouch-Grossman and Runge-Kutta methods which demand operations with m × m matrices [16,45]. Higher order methods that
eliminate m × m matrix operations still require multiple evaluations of Ẋ
which can become prohibitively expensive [14]. The choice of coordinates
can also be based on a QR factorization and polar decompositions [18]
or Lie groups [32]. An overview of geometric numerical integration techniques can be found in [38].

3.2.5

Optimal damping algorithm

The optimal damping algorithm (ODA) is a hybrid optimization procedure
combining SCF with direct minimization of the Kohn-Sham energy. It
relies on optimization over a convex set to ensure that electron numbers
are conserved. The convex set is given by the density matrices Xk XTk and
g(Xk XTk ), where g is an SCF step for the density matrix. ODA is a ﬁxed
point density mixing scheme with optimal under-relaxation determined
by minimizing [9, 10]
min E((1 − β)Xk XTk + βg(Xk XTk )),

β∈[0,1]

(3.41)

where E is the density matrix dependent energy. For Kohn-Sham DFT
ODA can convergence to state corresponding to a system with fractional
occupation [9]. However, ODA requires the expensive SCF step to be computed.
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3.3

Ensemble optimization

Ensemble DFT requires minimization of the Helmholtz energy with regards to both the electronic orbitals X and their occupation f . This is typically done by keeping one variable ﬁxed while optimizing with regards to
the other [41].
Minimization of the Helmholtz energy with regards to the occupation
numbers f makes it necessary to ensure that f remains in the physically
feasible set F (2.31). To ensure this, it is not possible to simply use the
negative gradient as the search direction for optimization of A with regards to f . When all occupation numbers are fractional it is enough to
n
require that the search direction y satisﬁes
i=1 yi = 0 and that the
step is sufﬁciently small to conserve the number of electrons. This can
be achieved by orthogonal projection of ∇f A


ccT
∇f A,
y =− I− T
c c

(3.42)

where all entries of c are unity. However, all occupation numbers are in
general not fractional and a simple projection fails to account for the physical requirements imposed on the occupation. In this case y is determined
by minimizing the quadratic objective function
min y + ∇f A(X, fk ),

(3.43)

yi ≥ 0 if fik = 0,

(3.44)

yi ≤ 0 if fik = 1,

(3.45)

y

subject to the constraints

and

n


yi = 0.

(3.46)

i=1

Here yi indicates the i:th entry of y and fik the i:th entry of fk .
Equation (3.43) can be solved with interior point methods [46]. After y
has been determined a line search is used to determine the positive step
length
min A(X, fk + σy),

σ≤σmax

(3.47)

where σmax is chosen to ensure that
0 ≤ fik + σmax yi ≤ 1 ∀i,

(3.48)

remains satisﬁed. In practice a quadratic approximation of A along the
search direction is constructed and σk is chosen to minimize this.
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The direct optimization methods for the Stiefel manifold described in
Sec. 3.2 can be combined with the optimization with regards to the occupation numbers described above. This is done by solving
min A(U(τ )Xk , fk + σy),
τ,σ

(3.49)

which determines τk and σk and simultaneously updating both X and f .
As before, the search is done by minimizing a quadratic approximation of
A. Now A is approximated by a quadratic surface
p(τ, σ) = c1 τ 2 + c2 σ 2 + c3 τ σ + c4 τ + c5 σ + c6 .

(3.50)

To determine p(τ, σ), A and its gradients are evaluated at (Xk , fk ) and
at the trial point (U(τt )Xk , fk + σt y). The resulting system of equations is
insufﬁcient to uniquely determine p(τ, σ), as it is linearly dependent. This
leaves two options: Eq. (3.50) can be modiﬁed, or A can be evaluated at a
second trial point
(τt2 , σt2 ) ∈
/ {γ (τt , σt ) | γ ∈ R}.

(3.51)

The best option to determine p(τ, σ) depends on the implementation of the
procedures computing A and its gradients.
Instead of using gradient information to minimize A it is possible to
base the minimization scheme on smearing. This scheme minimizes the
occupation for a ﬁxed set of electronic orbitals and requires the energy of
the individual orbitals to be computed [23, 41]. The updated occupation
fk+1 is given by the solution to
min A(X, (1 − σ)fk + σfF ),

σ∈[0,1]

(3.52)

where fF is the occupation given by the Fermi smearing function. This
procedure ensures that fk+1 ∈ F by optimization along the convex combination of fk and fF .
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4. Concluding Remarks

This chapter reviews the four publications that form the main contribution of this dissertation. Publication I demonstrates the robustness of
QN methods with Broyden type updates and Publication II documents a
comparison of several direct minimizers with parametrized orthogonality constraints. Publication III presents direct optimization methods that
intrinsically enforce the orthogonality constraints and Publication IV describes simultaneous optimization of the electronic orbitals and occupation numbers for ensemble DFT.

4.1

Publication I

Publication I demonstrates the robustness of the QN method with Broyden’s second update when applied to the electronic density. Density based
acceleration has the advantage that the discretized density is independent of the representation used for the approximation. The publication
compares the DIIS method with the QN method and shows that the QN
method is more robust and converges quickly even when DIIS completely
fails to ﬁnd a solution. In addition, the convergence rate of the QN method
is comparable to DIIS for the remaining models. Publication I also includes a technical discussion on recursive implementation of Broyden’s
second update and highlights the importance of the weighting of the initial approximation of the inverse Jacobian.
The models considered cover a wide range of problem types in electronic
ground state calculations. They include single molecules as well as a
metal surface and a periodic system. A particularly challenging case is
the spin-polarized Co3 in a linear conﬁguration. Each Co atom has an uneven number of electrons and the Co3 molecule has several degenerate or
near degenerate electron orbitals near the Fermi surface. For this reason
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ΨCo
ΨPAW

Radius
Figure 4.1. The electronic orbital ΨCo corresponding to a Coulombic potential is related
to a PAW orbital ΨPAW by a linear transformation. The smoothing operation
leads to an electron orbital with better numerical behavior.

the convergence of the valence electron orbitals becomes challenging.
The work presented in Publication I is carried out with GPAW [25, 26].
GPAW is a real space ﬁnite difference DFT code that makes use of projector augmented waves (PAW) to simplify orbital behavior near the nuclei [20, 44]. PAWs are related to pseudopotential techniques, but instead
of using an effective potential, a linear operator is used to transform the
electronic orbitals inside some critical radius [6, 53], see Fig. 4.1. The description of the nuclear conﬁguration for GPAW is done with ASE [3,4,26].

4.2

Publication II

Publication II investigates methods for direct energy minimization in electronic structure calculations. The unconstrained DIIS, QN, and NLCG
methods are compared for the direct problem when orthogonality of the
electronic orbitals is approximately preserved through an orbital transformation [59]. The publication also documents an adaptive weight estimator for the initial approximation of the inverse Jacobian. This adaptive
weight estimator makes it possible to eliminate the line search step and
reduce the cost of each optimization iteration for the QN method.
The results show that the line search free QN method remains a robust
choice for electronic structure calculations. However, while the performance and robustness of the NLCG method is often comparable to the
more complex QN method the NLCG method is parameter independent.
Nevertheless, NLCG fails for the challenging linear Co3 molecule, while
QN successfully converges.
The methods are implemented and compared for the QUICKSTEP electronic structure code available as part of the CP2K suite of programs [15,
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26,61]. QUICKSTEP makes use of an atom-centered hybrid Gaussian and
plane-wave basis with a pseudopotential replacing the effective potential
generated by the nuclei and core electrons [37].

4.3

Publication III

Publication III represents a shift in focus towards direct minimization
where the orthonormality constraints are intrinsic to the energy optimization scheme. It explores updates of the electronic orbitals with a
Householder reﬂection that simultaneously reﬂects the orbitals in several
planes. The article also considers practical calculations where the orbitals
are represented in an nonorthonormal basis. For these, the orthonormality constraint XT X = I is replaced with an S-orthonormality constraint
XT SX = I,

(4.1)

where S is a symmetric and positive deﬁnite matrix. This matrix is called
the overlap matrix in the electronic structure community.
The Householder reﬂector ensures that the S-orthonormality constraint
on the orbitals remains satisﬁed and that the orbitals consequently remain on the manifold determined by these constraints. It is also demonstrated that the matrix exponential necessary to construct the reﬂector
can be replaced with a unitary second order approximation without decreasing performance.
The methods are numerically evaluated on a model problem corresponding to an electronic structure calculation where the exchange-correlation
effect and spin degree of freedom are neglected. The results show that the
QN and NLCG methods based on the Householder update signiﬁcantly
outperform the projected NLCG reference method. The QN method performs slightly better than the NLCG method when the parameters of the
QN method are correctly set. Nevertheless, the parameter independent
NLCG method is more robust overall. Furthermore, it is found that the
S-orthonormal basis only has a small impact on the number of iterations
required for convergence as long as S is well conditioned.

4.4

Publication IV

Publication IV continues the development of optimization schemes for direct energy minimization by intrinsic enforcement of the geometric con-
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straints. The optimization routines are extended to the ensemble DFT
formulation which permits fractional occupation of the electronic orbitals.
Ensemble DFT makes is possible to compute states that minimize the
Helmholtz energy at positive temperatures and offers an alternative to
smearing schemes for metallic systems.
The numerical demonstrations are carried out on a model problem closely
related to the model problem introduced in Publication III with the addition of an entropic term. The Helmholtz energy requires minimization
with regards to both the electronic orbitals and the occupation of these orbitals. This is typically done separately for each variable while the other
variable is kept ﬁxed. It is shown that simultaneous updates of both variables is feasible and reduces the number of steps necessary for convergence.
For metallic systems at zero temperature the Helmholtz energy reduces
to the Kohn-Sham energy which tends to discourage fractional occupation
numbers. However, fractional occupation numbers are not forbidden and
these are encountered for systems with degenerate or near degenerate orbitals at the Fermi level. In contrast, smearing schemes require highly
accurate calculation of orbital energies and a ﬁctitious positive temperature to correctly predict fractional occupation.
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