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what we think the process is compared to what the real process is.
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18

Symbols

∆v Validation error.
∆ X , ∆Y , ∆ Z Space-division interval of the Cartesian x, y, z spatial dimen-

sion for the considered equispaced spatial grid.

19

1. Introduction

1.1

Simulations of reality

There is no complete simulation of reality: such a simulation would have
to simulate itself. Although this simple Epimenidean argument makes any
simulation of Nature incomplete, one could alternatively ask if at least an
isolated real process could be completely simulated. Thus, one could, e.g.,
switch to a partial description of the world by restricting the domain of the
simulation to a finite subset of objects and/or processes. As it will turn out,
such a component-based approach is rarely satisfactory or feasible even
when the process of interest can acceptably be considered in isolation.
To begin with, we should first define what we mean by “simulation” in
the present work:
Definition 1.1.1. Simulation: a machine-driven empirical execution of a
computer representation of a model.
The execution usually involves numerical manipulations and, once started,
is devoid of human interaction [7]. Definition 1.1.1 builds upon previous
works [7], [170, p.92], [256] and makes use of the useful conceptual separation of Fetzer [60]: computer programs can be viewed as empirical
realizations of formal algorithms, which are executed on physical machines thus losing any formal quality. Although not generally correct (see,
e.g., Fetzer’s [60] definition of an algorithm), this discussion equates1 formal algorithms with (formal) models. We will approach models and form
in section 2.1. In the present work, computer programs are restricted to
general-purpose programming languages within a general Von Neumann
hardware architecture - no further details will be addressed in this work
(e.g., compilers, number representation).
One critical aspect of simulations is their precision and accuracy relative
to the target model. In the present work, accuracy and precision are used
1 In practice, the employed computer codes contained sections external to the

models of interest.
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in the taxonomy given by Heffner and Heffner [79]. Any claim about a
simulation result relative to the target needs to be scrutinized with robust
scientific methods: deservedly, modern computational science has been
criticized for its “credibility crisis” [132] compared to the more traditional
branches of science2 (i.e., empirical and theoretical).
Since the modeling target lies in reality, this will lead to extra problems
and delicate nuances. This work focuses on simulations of the acoustic
field around a listener and will exemplify such problems and concepts in
the following chapters.

1.2

Scope

One core domain in acoustics is sound perception. Although sound perception can be formed through different processes, most commonly it is based
on the pressure signals impinging on the eardrums of the two ears of a
listener. This situation is commonly termed [158, p.424] binaural.
The binaural signals encode information about the surrounding pressure
field and the interaction of such field with the anatomy of the listener.
It is the latter which provides the auditory system of the listener with
the auditory cues used in, e.g., sound-image localization. In the acoustics
literature such field-listener interaction is generally described by some
linear impulse-response3 pair termed “head-related impulse responses”.
Their Fourier transforms (see section 2.3) are termed head-related transfer
functions (HRTFs) and will be defined and treated in section 2.4.
Accurate HRTFs offer significant advantages in various fields such as
psychoacoustics (e.g., higher precision and increased number of dimensions
in psychoacoustic experiments), virtual and augmented reality (e.g., immersive reproduction and precise control of sound fields), or even biomedical
engineering. The main difficulty in obtaining HRTFs is their high degree
of individualization, mostly due to the unique shape of the human pinna
[90].
Individualized HRTFs are usually obtained through acoustical measurements [5], [27], [138]. Nevertheless, HRTF measurements have some
limitations: they are subject to difficult-to-control measurement errors
(see Publication III), they require specialized equipment and enclosures
preventing scalability of 3-dimensional (3D) sound technologies, they can
be costly, or can be tedious for the subject (e.g., head movements are not
allowed).
HRTF modeling and simulations represent a tempting alternative since
2 Nevertheless, the quality of individual conclusions in empirical science have also

been questioned recently [45], [97], [220]. Skepticism about the general scientific
practices were also expressed [229].
3 An impulse response is the time-response of a system to an impulse. It fully
characterizes a linear and time invariant (LTI) system.
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individualized HRTFs could be obtained based on some digital representation of the listener. Although HRTF modeling is a much broader topic (see
section 2.4.2), simulations based on formalized physics models are usually
considered to possess the most predictive power: since the wave equation
and its equivalent formulations (see section 2.6) are considered representative for the common small-amplitude room acoustics, these simulations are
termed wave-based HRTF simulations. Note the “wave” concept is more
general than the phenomena described by the wave equation - see section
1.3
The bulk of modern physics-based modeling fell into the trap of its own
success. Due to the long scientific tradition and predictive success of
physics-based theories and models, wave-based simulations are incorrectly
viewed as reliable and accurate: even though a physics model might provide an accurate-enough description of a real process, neither its discrete
approximation nor its computational implementation necessarily possess
such property. Unsurprisingly, raw4 wave-based HRTF simulations do
not generally agree within reasonable bounds with HRTF measurements
except at very low frequencies [95], [123], [154].
There can be many reasons for such a mismatch: without a thorough
assessment of the quality of computed HRTFs, no reliable conclusion can be
drawn upon the validity and credibility of wave-based HRTF simulations.
The present work addresses this gap in the HRTF literature by employing reliable methods, mainly from the Verification & Validation (V&V)
literature (see more in chapter 3). Hopefully, the HRTF simulation (and
related acoustic) field(s) will depart from the generally-dominant ad hoc
results and start employing similar methods to reach the much needed
scientific maturity5 .
In the following chapters we will uncover the main concepts, principles,
and irreducible difficulties involved in a validation process and, in particular, in the validation of the sensitive HRTF problem. The chosen methods
will also be briefly described. Due to the type and scope of the present
work, we will not, unfortunately, touch upon all the details and aspects of
the involved concepts: they are deeply rooted in the scientific method and
philosophy. The present work offers a mere self-contained context of the
work of the author and co-authors.
4 Here, “raw” refers to ‘unverified’, i.e., without an assessment of the quality of

the simulation results. Verification is discussed in section 3.2.
5 We follow Donoho et al. [48] and consider mature fields those which struggle to
acknowledge and root out error.
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1.3

A few words on words

Any scientific presentation or argumentation not given in a highly formalized language6 should start with a study of the employed natural language
and related concepts (e.g., words and their subjective perception, syntax,
interpretation mechanisms, underlying neurological patterns, embodiment
[165], sentence mapping): many scientific discussions turn out to be a
matter of semantics. The present work borrowed from multiple fields
which often have unclear, misleading, or incompatible taxonomies. Moreover, natural languages are tightly linked with thinking processes [187],
thus also with the scientific practice. Regrettably, the work behind the
present research did not touch upon such a core issue. Although confusion
sometimes aids scientific progress, we will try to minimize potential misunderstandings: many terms will be defined, either explicitly or as footnotes.
However, not all terms will undergo such process due to length limitations
(e.g., “reliability”, “acoustic”, “concept”, or “irreducibility” which were just
used). As usual, context and synonyms will enforce the desired meaning in
many instances.
We will end this section by defining some common acoustical terms which
are usually used in the HRTF field.
Definition 1.3.1. Wave: “any recognizable signal that is transferred from
one part of the medium to another with a recognizable velocity of propagation” [268, p.2].
Physically, the signal carried by a wave represents energy (and equivalent
observable proxy quantities) and/or phase [239].
Definition 1.3.2. Wavefront: any observable manifold defined at each
time instance by the simultaneous occurrence of a wave feature of interest.
Definition 1.3.2 is based on Pierce’s definition [189, p.371]. Wave features
could be phase, amplitude, frequency, coherence, etc.
Finally, we will address the so-called [119, p.489] incidental phenomena.
Although core to the HRTF parlance, these concepts turn out to be quite
ill-defined (more on well-defined in section 2.2). For instance, diffraction
is an ill-defined concept even in physics: Feynman [61, p.30-1] mentions
there is no clear difference between diffraction and interference. In the
present work, we view the following wave phenomena as:
1. Diffraction: that phenomenon which describes a smooth curving of
the propagation path of an observable section of a wavefront around
an object, given a quiescent and isotropic medium.
2. Interference: interference is considered to occur when two or more
separate/independent wavefront sections with similar wave features
simultaneously reach a particular location.
6 Here, such a target language [28] is ordinary English.
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3. Reflection: any sharp (here, of differentiability class7 C 0 ) change in
the propagation path of an observable section of a wavefront.
4. Scattering: although highly used, scattering is the most ill-defined.
It seems to be similar to a diffuse8 reflection: a phenomenological
description at a larger scale of various wave phenomena (e.g., diffraction, reflection) which occurred at a smaller scale. Nevertheless, its
usage seems to require at least one observable change of propagation
path of a wavefront section [61, p.32-6], [162, p.400].
5. Mode: The term denotes an observable and stationary spatial configuration of one or more wavefronts. Such pattern is characteristic to
each acoustical system [77, p.1.22].
6. Resonance: resonance occurs whenever there is a peak power transfer
from a source to the acoustical system of interest [113, p.15]. This
can occur at various frequencies called resonant frequencies. Any
departure from each such frequency would be seen as a decreased
response of the acoustical system [77, p.1.24].
There are other specific terms we are not considering thoroughly (e.g.,
radiation or absorption).

7 The propagation path (i.e., trajectory) could be smooth (i.e., C ∞ ) at a small-

enough scale. However, we consider this scale below the “observable” scale (e.g.,
measurement scales).
8 Diffuse in acoustics is weakly connected to the usual diffusion term in, e.g.,
physics. It usually refers to a diffuse sound (i.e., pressure) field which is a quality
of a homogeneous field that involves local isotropy of energy flow [105].
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2. Background

2.1

Formal models and reality

A large fraction of modern science is, in one way or another, a form of
modeling: any discussion on models and modeling would not do justice to
the involved concepts. Thus, we will only briefly discuss some of the main
concepts needed for a Verification & Validation (V&V) study.
There are many definitions of a model, each touching upon particular
aspects and purposes. Moreover, it is likely that such definitions lack a
common understanding [136]. We will start with the general definition
used in the V&V literature: “a representation of a physical system or
process” [170, p.92]. We will now slightly nuance and expand on this useful
definition.
Models can be expressed in different forms (e.g., graphical, verbalized
in natural languages, symbolic). Here, we will employ symbolic models
which lie within formal systems1 : they possess a formal language, fully
specified rules, and are constructed with a specific (meta-)purpose [28].
A fully-specified system is sometimes referred to as a closed (as opposed
to an open) system: no rules/terms/symbols exist outside the employed
definitions.
As their name suggest, formal systems deal exclusively with form of
statements and not with their content or semantics. Form or “logical
form” [83] refers mainly to syntax, grammar, and other associated rules:
the resulting strings (e.g., formulas, theorems) are idealized and nonunique codifications [28] of the relation between abstract concepts without
actually “having to say what we are talking about” [61, p.12-2]. There are
numerous formal systems of different articulation and expressibility which
1 Formal systems represent an idealized and abstract logical machinery whose

symbols (e.g., terms, operators, predicates) and rules (e.g., lexicon formation rules,
syntactic rules, inference rules) are fully specified. See more, e.g., in the works by
Blumberg [28] or Henkin [83].
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also dictate their complexity and formal power. In the present work, the
employed models are obtained within mathematical systems: such formal
systems are deductive in character and deal with deductive argumentforms. Such deductive arguments are usually termed formal proofs2 in
which conclusions are in logical3 accord with the forms in the premises
[28]. By contrast, as described in Chapter 3, V&V activities are inductive
in essence.
A model can be viewed as a semantical interpretation I of the symbolism
described by a formal system [28], [81], [83]. We will abuse terminology
and refer to such models as formal models. The interpretation of form is a
key concept for interpreting the results of a validation study. The rules of
semantical interpretation essentially assign a unique denotation to each
symbol and word of the employed formal language [28]. For instance, individual constants are interpreted as objects or individuals while variables
and predicates will establish classes of objects. This is why models are
sometimes viewed as realizations of mathematical statements [6]. Mathematical systems also possess the identity operator (e.g., “=”): for such
systems, the denotation(s) can be described by a function [83]. For more
advanced formal systems, I also requires the specification of a domain of
interpretation [83]: a non-empty set of individuals or objects on which the
formal model acts upon.
It is I which establishes:
(a) a priori, some property of interest for the model which is satisfied by
the formal premises
(b) the deductive implications [82] of the premises given such property
(i.e., what can be claimed based on the model [64])
For example, we are usually interested in the truth or validity of the
interpreted premises and statements. It is worthwhile to mention that
I can operate at different levels of abstraction: for instance, a constant
could be a (still-abstract or fictitious) geometrical line or some piece of a
real string [81].
For a validation study, we are interested in an interpretation IR relative
to reality: IR is sometimes referred to as a theory of reality [81]. Note
that IR is an incomplete description of the modeling process: many forms
and symbols belonging to a formal system are constructed, prior to being
2 The “proof” of a statement C from a set of postulates/premises/axioms Γ repre-

sents a finite and ordered linked sequence of well-formed formulas where C, called
the conclusion, is the last, while each member of the sequence is either a premise
or can be deduced with the system’s rules of inference [28], [83]. A well-formed
string is an expression which adheres to the formation rules of a formal language
[28].
3 “Logical” incorporates mathematical: Peano’s axioms are the basis of most
mathematical abstractions and such axioms encapsulate logic principles - see,
e.g., the discussion by Hempel [82].
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interpreted, based on one or more abstractions from the physical reality
[146], [157]. Most commonly, such abstractions represent some mapping
between two systems and involve some loss of real-world information [157].
Thus, it is always valuable to remember that models “are not [the] reality”
[142] they describe.
In the present work, we will not adopt a purely rationalistic philosophy: the interpreted premises will not be considered synthetic a priori
and will be subjected to acceptance and investigation [164]. The main
reason is the relevance of the premises for the application domain of the
model [47, p.31] (more in section 3.3) which is even more acute for an
unbounded prediction domain as spanned by the HRTF problem. As such,
the model⇔form relation is usually bidirectional: parts of the employed
mathematical models (e.g., the continuous physical models) are often purposely designed as formal abstractions of observable and often simplified
physical quantities and/or processes [15], [120], [157]. Consequently, one
can alternatively view a formal model (or even some formal systems) as a
“symbolic mimicry” [148] of fragments of reality. This is achieved through
quantifiable schemata [64] which help us conceptualize and interrogate
the (sensed) physical world. Here, a “schemata” is seen as a “conceptual
structure”[98]: a system of hierarchized [187] and desirably coherent set of
[7] mental constructs/abstractions [168] which synthesize the real world4 .
We will now define what is understood by “model” in the present work:
Definition 2.1.1. Model: An interpreted formal representation of a real
system/process or of another formal model.
Models are used for different purposes5 and could possess many desirable properties. Although we will not go into more details, it is useful to
mention that: (i) the purpose of the model might not be identical with the
(meta-)purpose of the formal system in which the model was erected; and
that (ii) the model properties are usually different than the
(meta-)properties of the formal system.
There are many advantages and limitations in employing formal models.
We will only touch on those which strongly relate to a validation study.
One immediate advantage is that formal models are explicit and can easily
be mapped into an executable form (e.g., by a Turing machine). This will
4 In general, “mental abstraction” is an inexact phrase and does not always imply a

mapping between two different formal systems and their languages as commonly
used in the computer science field (see, e.g., [157]). For instance, Perlovsky [187]
takes into account the neurological basis of thought and defines the low-levels of
such schemata as a continual negotiation process between efferent and afferent
neural signals. He calls the negotiated results as internal models [187].
5 Generally, they aid in better satisfying our needs [136]. For example, models
are used in: prediction, understanding, discovery and experimentation, support
in decision/policy making, education and training, efficiency and optimization,
artifact design (e.g., product design), prescription, predatory or partisanship usage,
entertainment (e.g., games, novels).

29

Background

also aid the V&V activities [183].
A second advantage is that the fully-specified sentence formation rules
facilitate the prediction of the variables of interest [10], [136]. For instance,
the output can be explored for inputs which were not experimentally
applied. Another important advantage of employing formal models are
proofs and increased definitional certainty: e.g., formal models provide
a theoretically unambiguous [10] (i.e., repeatable and/or reproducible),
rigorous, and consistent interpretation and/or argumentation [60] (e.g., the
conclusions are reproducible for identical inputs [151]), and they reduce
potential biases in our intuition [228], [260] through objective procedures.
Although such formal deductive arguments are meant to soundly transfer a
property of interest to a conclusion (e.g., proofs are seen as truth-preserving
[60]), this inference becomes problematic for any IR . We will now address
some key difficulties in employing formal models to infer about real and
observable processes.
First of all, reality is an open system (see the notable discussion by
Oreskes et al. [179]) while the premises in IR cannot be fully correct
relative to reality due to definitional uncertainty (see section 3.1.1) and
inherent simplifications [157], [236] (for instance, one cannot account
for car collision when modeling road traffic as a continuum [268, p.80]).
Irreducible definitional uncertainty also renders the denotations of IR
inexact6 . Unsurprisingly, Planck accurately stated: “Nature does not allow
herself to be exhaustively expressed in human thought” [190, p.2]. Such
views are quite common in many fields: for example, Sydney Brenner
discusses [38] about “proper” simulations in biology as one executed in the
language of the process/object of interest (or at least some isomorphism
of such language). Similarly, one can talk about the proper underlying
hardware: improper software/hardware could result in loss of information.
Even worse, the amount of such inexactness is not even preserved during
a proof based on interpreted premises: depending on the uncertainty
at each statement in the proof sequence and on the inference rules, the
conclusion can be more exact or less exact than its premises7 . In practice,
6 For instance, I maps variables into classes of real objects. However, it quickly
R

becomes impossible to exactly define such classes: take Feynman’s discussion
of “What is a chair?” [61, p.12-2]: the totality of atoms contained by a chair is
continuously changing due to various processes. Thus, any fixed definition of a
chair rapidly becomes inexact. Any definition of a real object which is considered
exact is both incorrect and of limited value. On the other hand, too loose definitions
are also detrimental [97].
Other examples include convenient and idealized model elements which have no
direct counterpart in the real world [7], [190, p.1], [236], [237]: e.g., real numbers,
mathematical continuity, infinity.
7 Fetzer [60] mentions that a conclusion cannot be more certain than its premises.
This is not necessarily true when uncertainty is embedded into the argumentation
since error cancellation could occur. Such concept can be exemplified within 2D
⃗ to reach, in a finite number of
Euclidean geometry: one can start from a point A
⃗ while moving in a fully-specified fashion (e.g., only arcs of
steps, another point B
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we can end up with different degrees of empirical validity for the employed
premises, the rules of inference, and the conclusions [271]. Thus, the
conclusions are rarely, if ever, fully correct. Moreover and most likely,
model “predictions are always wrong” [178] in some aspect(s).
Secondly, the modeling activity is generally ill-posed (see section 2.2) due
to the under-determination of models. This happens both formally (the set
of formal primitives for a given theory is infinite [81], while there can be
shown to exist isomorphic copies of formal models [83]) and empirically
(several models can similarly explain the same measured data [244], depending on, e.g., the needs and expertise of the modeler [220]). If the model
space is unbounded, then finding the optimal model and set of interpreted
premises [164] becomes a problematic task: for example, in search theory,
the actor is bounded in time and capacity to discover/compute the optimal
solution [232]. In such search, the scientific community usually helps
(i.e., theory of teams [232]). There are other limitations of formal systems
which we will not pursue (e.g., Gödel’s incompleteness theorem). Given
the current state in HRTF modeling, we will minimize these limitations in
the design of formal models by “outsourcing” such activity to a discipline
with longer modeling tradition: we will employ simple classical physics
models (see section 2.6) which are generally accepted as adequate for many
ordinary scenarios.
Thus, formal models are never complete nor exact relative to reality8 :
they are always approximations [61, p.12-2]. Although the famous George
Box quote “All models are wrong. Some are useful” is essentially correct,
predictions of IR are nevertheless established based on accumulated
confirmations relative to some adequate reference [81]. Thus, we will
embrace the Popperian view (see, e.g., [164]) that, based on the scope and
properties of interest, theories of (a limited portion of [83]) reality IR
are inductively accepted with time within a usually bounded application
domain. Such theories are sometimes referred to as well-confirmed [28].
The inexactness of formal models relative to reality (i.e., modeling errors) is not necessarily disadvantageous: “well-developed” [271] formal
systems only have an analytic or explicative function meaning they do
not bring anything new theoretically that is not encoded in their premises
[82]. Moreover, the more powerful a formal model, the less flexible it becomes which can create repeatable biases [97]. On the other hand, inexact
premises and/or rules could yield conclusions outside the space spanned
by the axioms and inference rules. This establishes the provisional [16,
p.5] nature of the used concepts describing the phenomena of interest: our
limited span and center). If the premise is partly correct and the starting point
⃗ +⃗
⃗ ⃗
is A
α while the
 rules are exact, then the end point will be B + β, where it can
happen that ⃗
β < ∥⃗
α∥, where ∥·∥ can be viewed as a measure of certainty.
8 It is worth mentioning the failed attempt of the Vienna Circle to formalize even
the entire structure of science - see, e.g., discussion by Oreskes [179].
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understanding, interpretation, and constructed formal models will undergo
a continual refinement [64], [81] and replacement [250] process in the light
of new pertinent information [81]. Thus, we are inherently dealing with a
Bayesian approach where a priori assumptions get refined in the light of
newly acquired data [250]. The quantification of the errors in a model is
achieved through validation exercises.

2.1.1

Occam’s razor

We will argue now that one desirable property9 of a model is simplicity.
This principle is ubiquitous in many branches of science. There are many
definitions and potential properties of complexity, most of them relating
to context [53], [64]: e.g., complexity is affected by understanding, level
of detail (i.e., graining), available data and resources, point/interval of
observation, or chosen standard of simplicity.
One useful concept is the separation of complexity into system complexity and observer complexity [53]. Given our present understanding, it is
not that Nature is actually simple: there is hardly any strong empirical
evidence supporting this [179]. What is simple is our schemata of it: we
have a quite limited cognitive budget to encapsulate all known aspects of
reality. Presently, we are evolutionarily bounded in cognitive and physical
resources such as [98], [99], [187], [228], [231], [233], [264]: storage and
retrieval of information, computational capacity (e.g., working memory
[137], attentive budget, biological-energy limitations [137], bounded lifespan), inherent complexity and entropy (i.e., biological versus target-process
entropy), neural and sensorial machinery (e.g., noise in informational storage, accumulation/integration, maintenance, and retrieval [137]), cognitive
style, graining/precision limitations.
At least until a sufficient amount of knowledge is acquired, simpler
(and, to some extent, intuitive) models will free up cognitive capacity to
understand, separate, and communicate the many sources of error present
in a validation study: our understanding of such errors for the HRTF
simulation problem is presently quite limited (see, e.g., Publication II
and Publication III). The benefits of unengaged cognitive budget are well
known in various fields of behavioral psychology (e.g., experts and expertise
[68], decision making [260] and economics [232], [233]) or even large-scale
simulations [243]. In a certain sense, one principal purpose of models is
to filter out the humongous amount of information from the environment
which could overload the human cognitive system [136] - the involved
abstractions are thus expected to cause an information loss [157]. Ludewig
9 Another desirable property is well-posedness which we will discuss in section 2.2.

There are other desirable properties which we will not discuss such as: comprehensibility, internal/structural consistency, generality or consilience, predictive/descriptive power, retrospective compatibility with existing and well-established
data and knowledge (e.g., conservation laws).
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[136] further argues that models, as mental abstractions and perceived
patterns, are evolutionarily linked with the thinking process since they
aid in freeing cognitive capacity and in optimizing energy expenditure.
For example, one does not need to constantly make micro-decisions, while
computing cheap[136] and fast responses to known threats[98] which
ultimately can be used for problem solving and survival strategizing.
Moreover, our sensorial organs operate at a limited scale which will usually impact the perceived simplicity and could also cause an informational
loss [179]. Examples of such informational loss10 , be it direct or indirect
(e.g., through encoding), abound in neural science[109]. Take our dominant
sensorial system, vision: informational losses are known to exist at the
retinal level[109, p.577] (e.g., selective sensitivity for spatial and temporal
luminosity gradients[109, p.577], signal integration[109, pp.566,573,575],
inhibitory actions[109, p.577,594], transduction and recovery time of photoreceptor cells[109, p.584,594]), or even pre-retinal (diffraction in the
pupil, optical aberrations in the cornea and lens, light scattering within,
e.g., the vitreous chamber [109, p.578]).
In addition, complex systems show emergent phenomena which translate
into new properties/laws (relative to the laws governing the components)
appearing in the collective behavior of the system [240]. One such emergent
property for a compressible fluid is acoustic pressure: we might find the
Boyle-Mariotte emergent law quite simple (as opposed to describing each
molecule and inter-molecular forces) merely because we observe Nature at
such macro scale11 .
The more complex a system, the larger the involved uncertainty [219]
and errors [13] which are more likely to cancel each other - see more in
section 3.3.1. This is especially true when knowledge is new and/or limited,
making error control both difficult and prohibitive [142]. Moreover, it
becomes increasingly unclear whether larger and more complex models
are well-posed [275] (well-posed is discussed in section 2.2). Finally, highly
complex systems could also cause computational or analytical [160, p.100]
intractability12 despite having the potential of being more “real” [232].
As such, just as toy models are an effective way of understanding a subpart of a more complex system, simpler models are expected to be more
advantageous in tackling the verification and validation of the presently10 Such losses only tell part of the story: for each percept, lossy contextual/histori-

cal information is integrated from multiple neural areas which store additional
information (as an example for vision, object-class neural representation - information not directly found on the retina[109, p.576] or within the incoming photons).
Nevertheless, most neural information is, most commonly, lossy compared to the
equivalent physical information[109].
11 Note this change in complexity with scale is not universal: for example, the
transport equation in a tube is approximately the same when averaged on a larger
scale (see, e.g., the talk by Brenner [35])
12 Broadly, tractability refers to a manageable growth rate of the required operations compared to the problem size (e.g., [232]).
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complex HRTF simulation problem. This is why the simplest and most common finite-difference method is employed in the current work together with
other simple models which will be described in the subsequent sections.
Note the employed simpler models should still be formalized: reduced cognitive load is also considered one main cause for potential oversimplifying
or irrational heuristics [228].
Naturally, the introduced simplifications should satisfactorily13 preserve
the physical characteristics of interest [190, p.1] without ignoring important empirical evidence [37] (in Brenner’s words [37], the razor should not
be a broom). Moreover, we should not exaggerate: overly simplistic models
are a sure path to empirical underdetermination [192].

2.2

Well-posed

Such concept turns out to be critical for a validation study. In most fields,
well-posed or properly posed [46, p. 227] involves two main concepts given
an isolated model/process:
1. W ELL - DEFINED: generally, this means that the problem is presented
unambiguously. In other words, the finite set of imposed constraints
do not make the problem either underdetermined or overdetermined
[93], [235] such that a unique solution exists. This also implies
accurate and non-collinear working definitions (see section 3.1.1 on
true value). Empirically, this concept is related to repeatability14 .
2. W ELL - CONDITIONED: this concept usually measures how wellbehaved the model output is given small changes in the model or its
inputs [128], [243], [246, p.205]. “Well-behaved” refers to the sensitivity [86, p.9] of the output and could mean different things in practice:
e.g., the boundedness or regularity of the model output. This concept
overlaps with the notion of model robustness. Empirically, the idea of
well-conditioning is related to reproducibility15 and can be assessed
in practice through sensitivity analyses or even uncertainty analyses.
13 “Satisfactorily” also depends on current understanding. Thus, it is also subject

to corrections. Take Brenner’s worm example where one imitates/mimics the
physical image of the process (i.e., the behavior [7], [146]) instead of the actual
physical processes causing such behavior [38] - note we might be satisfied with
this imitation under some circumstances.
14 Repeatability is indicated by the consistency of successive measurements of
the same measurand under the same conditions (e.g., measurement procedure,
observer, instruments, calibration devices, reference materials) [101]. The terminology is not consistent among fields (e.g., some call this replicability [132])
15 Reproducibility represents the consistency of successive measurements of the
same measurand under changed conditions of measurements [101]. Again, the
terminology is inconsistent: this is usually called replicability in experimental
design literature [97].
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In some fields of study, the conditioning of a variable is called its
volatility (see, e.g., [47, p.39]).
It should be evident that an ill-posed problem is more difficult, if not
impossible, to validate: there is hardly anything appropriate to validate for
an ill-defined problem, while ill-conditioned problems could be so sensitive
that each validation exercise will lead to a different result. Since betterposed problems yield stronger validation results, we will briefly discuss in
the following sections such concepts for the different models employed in
this work.
More complex systems/problems require additional subtleties such as
well-structured: we will not pursue such concepts since the current state
in HRTF validation does not require such advanced notions. Finally, we
should mention that a problem should not be too well-posed either (e.g.,
perfectly-posed) since there is nothing much we can do about it: a classical
example comes from the stock markets where, given a reasonable amount
of funds and minimal portfolio diversity, it is very difficult to significantly
deviate in returns from the market average (either beating the market or
losing to it). “Fortunately”, the HRTF problem is far from a perfectly-posed
one: the auditory system would have received very limited information.

2.3

Fourier transform

Depending on the purpose of analysis, a signal or a (time) function can be
represented in different functional bases. One convenient base to transform
periodic signals is formed by simpler periodic functions such as sines or
cosines. One such functional mapping [127] is the Fourier transform: it
is an infinite integral-basis based on a mathematical abstraction to nonperiodic signals of Fourier series. There are many details and concepts of
the Fourier transform which we will not discuss here16 . Nevertheless, since
different fields define the Fourier transform differently17 , we must define
what we mean by the Fourier transform and its inverse in the current
work and subsequent publications. Here, the usual definitions in acoustics
are used which define the 1D (one-dimensional) Fourier transform of a
function f (t) : R → R as:
∫ +∞
F(ω) =
f (t)e− jω t dt := F { f (t)} ,
(2.1)
−∞

and its inverse as:
1
f (t) =
2π

∫

+∞

F(ω)e jω t d ω := F −1 {F(ω)} .

(2.2)

−∞

16 For such details, see, e.g., the works by Lanczos [127], Papoulis [184], or

Bracewell [34].
17 See, e.g., the delightful lecture notes by Osgood [180, pp.74-75].
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In Eqs. (2.1-2.2) t represents time, F(ω) : R → C the spectrum of f , j = −1
the imaginary unit, while ω := −∂Φ/∂ t [267] the angular frequency where Φ
represents the phase function18 .
Finally, we should mention the existence criterion for F(ω): the function
f (t) should be absolutely integrable [127, pp.174-175] (i.e., f ∈ L1 (R) ↔
∫ +∞
−∞ | f (t)| dt < ∞). Due to the nature of waves (see Def. 1.3.1) and a linear
theory, the characteristics of the excitation signals will transfer to the
signals processed by the HRTF filters. Thus, as long as the excitation
signals rapidly decay at t → ±∞ (e.g., belong to a Schwartz space [180,
pp.144-147]) and are band-limited, we can satisfactorily analyze physical
signals in the Fourier domain (see, e.g., the discussion by Slepian [236]).

2.4

HRTFs

Generally speaking, HRTFs represent an encoding of the acoustical effects
of a listener on the surrounding acoustic field. Of interest are the perceptually relevant effects: since the mechano-neural transduction starts at the
eardrum, one would ideally need to capture the acoustical effects caused
by the morphology of the listener at each of the two eardrums. Due to
asymmetries in the shape of the representative anatomical structures (i.e.,
head, torso, neck, pinnas), the HRTF information depends on the direction
of the incoming wavefronts. It also turns out that such direction-dependent
acoustical information can be reasonably acquired without drastic perceptual or physical information-loss at various locations along the ear canals
of the listener [75] called reference points [155].
We will now define what is generally understood by HRTFs in the acoustical literature:
Definition 2.4.1. HRTF pair: An HRTF pair encodes, under stationary
conditions in the free field, the transfer of acoustical energy from an
omnidirectional point source to the ears of the listener without source-ear
spherical spreading losses.
Since architectural and room acoustics is well described by a linear theory
(see section 2.6), the acoustical effects encoded in HRTFs are essentially
linear distortions undergone by a source signal up to the reference points.
Considering that linear systems are fully described by their impulse response, HRTFs are formally defined as the following transfer function
[155]:
HRTF(ear, rs , ω) =

Pear (ear, rs , ω)
∈ C,
Pref (rs , ω)

(2.3)

18 The phase function of a function is a level surface defined by “the locus of equal

phase as time proceeds" [239]. This is one wave property which could define a
wavefront in Def. 1.3.2.
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where Pear (ear, rs , ω) represents the Fourier transform of a sufficientlylong19 pressure signal captured at the reference point at each ear, Pref (rs , ω)
is the Fourier transform of a free-field pressure usually captured at the
center of the head, while rs = [xs , ys , z s ]T represents the location of the
source relative to the center of the head. Note Pear and not Pref is measured
at the reference point. Definition 2.3 does not address the orientation of
the head per se: the head is usually assumed in a reference orientation
relative to the Cartesian planes. Most commonly, the horizontal plane is
considered the Frankfurt plane [41] in anatomy.
While preserving the interaural cues, the deconvolution with Pref in Eq.
2.3 has several advantages. Firstly, it removes the 1/ ∥rs ∥ spherical spreading dependency from Pear : HRTFs will thus lose their radial dependency
for ∥rs ∥ large enough. Secondly, it acts as a correction factor [101] which,
if properly employed, compensates for some acoustical biases20 in both
sources and receivers. Such biases can be present in either measurements
or simulations.
On the other hand, although rarely (if ever) discussed, there are practical,
physical, and perceptual limitations in the formal definition of HRTFs in
Eq. 2.3. One relevant limitation to the present work is the general neglect
of any vibrational excitation and/or coupling in the scatterer of interest.
Such simplifications should be captured to some degree in a validation
study: due to the complex phenomena involved, accrued validation evidence is needed. Nevertheless, from a purely acoustic perspective, Eq. 2.3
provides a well-defined (see section 2.2) quantification and comparison
method for both verification and validation exercises.
We should finally mention the main auditory cues embedded in HRTFs.
Due to their definition, HRTFs do not contain any cues related to the environment (e.g., reverberation), source (e.g., familiarity cues), any dynamic
cues (e.g., head movements, adaption), or any nonlinear non-acoustic cues
(e.g., bone-conduction signals)21 . HRTFs contain most cues related to the
listener which are a consequence of frequency and temporal variations in
the signals at the reference points. The cues embedded in the HRTFs are
usually classified [159] into binaural cues and monaural cues. Binaural
cues are generally22 based on the differential information obtained from
the two ears: interaural time difference (ITD), interaural level difference
19 Here, “sufficiently-long” means that the acquired signal decayed into the noise

floor. This translates into its Fourier magnitude remaining largely unchanged
independent of measurement time (i.e., the HRTF magnitude becomes stationary).
20 These include: scaling biases, directivity biases, acoustical scattering, phase
and magnitude distortions.
21 Many of such cues can be simulated, with error, based on individual HRTF
pairs.
22 Integrative processes also exist - see, e.g., binaural integration time [70]. Nevertheless, relative neuro-signals are known to be easier to interpret by the auditory
system since neurons essentially encode signal changes [264].
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(ILD), and interaural envelope delay (IED). Monaural cues refer to the
variation in time and frequency characteristics of the signals at each ear:
the dominant and most studied cues are the peaks and notches in the
HRTF magnitude.

2.4.1

Near-Field HRTFs

HRTFs acquired in the vicinity of the listener are called near-field HRTFs
(nf-HRTFs). In the context of HRTFs23 , near-field is considered that ball
around the listener in which the HRTFs change significantly with source
distance r = ∥rs ∥. The significant changes could refer to different HRTF
aspects: monaural magnitude changes, binaural magnitude changes (e.g.,
ILD [166]), or incoming shape of the wavefronts (e.g., plane-wave deviation
[66, p.40]). Based on studies on scattering of a rigid-sphere [49], r =1 m is
usually considered to separate the near field from the far field. Although
some studies support such a demarcation [230], most investigations [49],
[131], [181] show clear exceptions and limitations.
Theoretically, the perceptual and physical consequences in considering the near-field below 1 m are mostly irrelevant for a validation study:
Eq. 2.3 is well-defined for all radiuses. Nevertheless, depending on ∥rs ∥,
there could be additional practical difficulties in a validation study. Large
∥rs ∥ are more difficult to simulate with the chosen method mainly due
to computer-memory constraints, while measurements could also become
difficult to obtain for very large ∥rs ∥. On the other hand, small ∥rs ∥ distances determine additional difficulties in obtaining accurate nf-HRTF
measurements mostly due to constraints in the acoustical source and due
to increased HRTF sensitivity to source location (see Publication III).

2.4.2

HRTF modeling

HRTF modeling is done for three main reasons: understanding, efficiency,
and prediction. There are other models used in, e.g., representation
through HRTF selection [67] or prescription of sound exposure [96] which
we will not discuss.
U NDERSTANDING is a common purpose of a model which usually involves
increased simplifications to understand a more complex phenomenon. Here,
we are interested in the individualized generation of acoustical cues used
by the auditory system (e.g., the effects of the pinna, shoulders, head on the
HRTF features). A good example is the simple ear model used by LopezPoveda and Meddis [135] which showed the existence of high-frequency
diffraction inside the external ear. Acoustical responses of oversimplified
geometries such as the snowman model [4], spheres [49], [257], or pinna
23 In physical acoustics, far-field is a frequency-dependent concept and corresponds

to more than a wavelength [209] away from an object/source.
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models [65], [252] are also common. Such simple models are still useful
since the exact generation mechanisms for all HRTF cues is not presently
fully understood: for instance, there is no full mapping between some
physical/anthropomorphic quantities and the acoustical features in an
HRTF pair.
E FFICIENCY in the context of HRTF mainly deals with optimizing the
representation and application of already obtained HRTFs. For example,
one can optimize subsequent digital signal processing (DSP) by representing the HRTF filters with less taps [94] (e.g., pole-zero models [76]) or by
decomposing HRTFs into a minimum-phase component and an all-pass
component [149], [191]. Alternatively, one can optimize/compress the storage of HRTF filters usually based on truncation of some convenient series
expansion [66, p.31] (e.g., spherical harmonics [50], wavelets [92]), other dimension reduction techniques based on principal component analysis [114]
(PCA) or singular value decomposition [107], low-rank approximations
[210] or neural networks [103].
PREDICTION generally refers to obtaining HRTFs either outside the acquired domain (e.g., extrapolating outside measurement locations) or to
synthesizing unvalidated [170, p.28] HRTFs without any direct measurements. One could also predict the HRTFs between the acquired pairs
through some form of interpolation: either direct interpolation [78] or basis
representation [92], [107]. Alternatively, one could predict a subset of the
HRTF features of interest [241]. Finally, one could predict the complete
individualized HRTFs based on some proxy representation of an individual
(e.g., a triangulated representation of the morphology). This is presently
tackled with data-driven approaches (e.g., neural networks [58], [91], linear regression [208], [210]) or wave-based simulations [95], [111], [154].
The present work aims at consolidating the prediction quality for the latter
case.

2.5

Mathematical models

We have already discussed the meaning and some limitation of such models
in section 2.1. The most important mathematical models employed in this
work are partial differential equations (PDEs) defined here for a formal
symbolic descriptor p. We will later interpret such variable as acoustical
pressure. A PDE of order m for p(r, t) = p(x, y, z, t) is a problem of the type
[72, p.3]:
(

)

2
⊗m
F r, t, p(r, t), ∇ r,t p(r, t), { ∇ ⊗
r,t } p(r, t), ..., { ∇ r,t } p(r, t) = 0

[

]T

(2.4)

where F(· ) is a given function, ∇ r,t = ∂ x , ∂ y , ∂ z , ∂ t , ∇ ⊗m is the mth tensor
power (i.e., Kronecker product) of vector ∇ , while { M} represents the set
of the elements of the matrix M considering Clairaut’s theorem for mixed
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partials. Here, { x, y, z, t} represents the set of independent variables while
p is called the dependent variable. If Eq. 2.4 is satisfied in some region
Ω ⊆ R3 × R+ then p(r, t) is called a solution to the PDE [106, p.1]. The
solution is called analytic if it can be written in closed form (i.e., based on
a limited number of known functions and constants [85, p.2]).
A PDE is said to be linear if it is linear in the dependent variables and
their derivatives [106, p.1]. In other words, the dependent variables (or
their derivatives) are not powered or multiplied together. The powerful
principle of superposition is valid for a linear PDE: the sum/difference of
two or more individual solutions is also a solution.
Another common term for PDE models is homogeneity: the PDE in Eq.
2.4 is said to be homogeneous if F(· ) is invariant to scalar scaling of any
solution (i.e., if p is a solution, then α p (α ∈ R) is also a solution). Then F(· )
can be viewed as an affine transformation.
For a PDE problem to be well-defined, we also need to specify some form
of initial conditions (ICs) and/or boundary conditions (BCs). The PDE
problem is usually classified depending on which and how the conditions
are prescribed [46] (e.g., Cauchy, Riemann, initial value, boundary value).
The HRTF problem is an initial boundary value problem: we need to
specify both the ICs and the BCs to obtain a unique solution.
One central property in the mathematical study of PDEs is the regularity
of the solution. Such study resulted in a useful classification of solutions:
1. Strong or classical solutions are smooth enough (i.e., for Eq. 2.4 of
differentiability class C m ) such that the classical notion of derivative
can be used in the PDE of interest [249, p.6]. Nevertheless, there are
PDEs which can be proved not to have global24 strong solutions (for
example, the strong solution of Burger equation breaks down after
two characteristics25 meet [163, L4 pp.121-123]) or which are (locally)
ill-defined (for example, the integral formulation of the Helmholtz
equation commonly employed in classical boundary element method
(BEM) modeling breaks down at the so-called irregular frequencies
[263]).
2. Weak or distributional or generalized solutions solve the PDE in the
sense of (Schwartz) distributions [249, p.6]. They extend the solution
space since any discontinuity in the solution (or source/boundary
terms [186]) can be transferred to some smooth test function [133,
p.215]. Depending on the test functions, the solutions might need to
belong to some functional space (e.g., Schwartz space as discussed
in section 2.3). Such solutions satisfy the PDE in a weak sense:
they solve the weak or dual or variational formulation of the PDE
24 A local solution satisfies the PDE within a limited neighborhood [163, L1 p.15].
25 Broadly speaking, characteristics form the locus of points where the PDE can

be reduced to an ordinary differential equation (ODE) [268, p.114].
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which is essentially an integral formulation. Finally, the extended
solution space of some weak formulations might be so large that the
weak formulation becomes ill-defined. To regain uniqueness, one
can introduce some form of regularization usually based on physical
principles (e.g., entropic solutions [163, L4 p.125], [133, p.217]).
In the present work we will mainly deal with smooth (i.e., belonging to
C ) and band-limited strong solutions. Weak solutions are needed in the
finite-volume derivation of the finite-difference update. In general, weak
solutions are not identical to strong solutions [170, pp.209-210]. However,
since we are dealing with a linear PDE (see section 2.6), a sufficiently
smooth weak solution will also be a classical solution. This is important for
our present study since other discretization methods employ the variational
formulation (e.g., finite-element method (FEM), discontinuous Galerkin
(DG) method). Provided that such weak solutions are band limited, then
the predicted analytic solutions must be identical to the solutions predicted
in the present work.
A final relevant point for mathematical models corresponding to physical reality is their well-posedeness. Presently, such a concept was established by the French mathematician Jacques Hadamard in 1902. The
well-posed concepts from section 2.2 applied to a PDE are [46, p.227]: (i)
well-definition implies an existence and uniqueness of a solution, while
(ii) well-conditioning requires the solution to depend continuously on the
problem’s data. The latter also implies solution stability [46, p.227]. The
former is more difficult to prove in a general sense: although there are
methods to show (i) based on the properties26 of the function F in Eq. 2.4,
there are stronger results particular to each PDE which we will discuss in
the following section.
∞

2.6

Physics model

Physics models are essentially mathematical models (i.e., PDEs) which
were derived based on some elementary principles. In our case, such
principles are conservation laws: in particular, we apply the conservation
of mass and the conservation of momentum to some (differential) volume
in a 3D domain of interest [59, p.3]. We also define some measurable
or observable property of interest27 which we can formally map28 into a
26 For PDEs, we have the famous Cauchy-Kowalevski result given the analyticity
constraint of F (see, e.g, the notes by Lamoureux [126]). For ODEs, we have in
addition the Picard-Lindelöf theorem for the bounded derivatives of F [163, p.13].
27 Note such property need not satisfy the conservation laws, which is the case for

pressure [89, p.30]. Such properties will be dependent variables.
28 The various fluid properties can be continuously defined at a point [18, p.4]
through, e.g., averaging over larger surrounding volumes.
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continuous field. Due to various reasons (see, e.g., [162, p.229]), we are
interested in the acoustic pressure p which has units Pa=N/m2 . To formally
describe a process, we can describe the changes in such property - after all,
differential information-processing is the dominant operation in neural
processing [264]. There are two traditional approaches to physics modeling:
Eulerian and Lagrangian. Here, we will use the commonly used Eulerian
representation where the equations describe the property flow at fixed
locations (r, t) in space-time.
The model used is the inhomogeneous wave equation which is obtained
by fusing, under some assumptions, the two equations describing the
conservation laws employed [162, p.243]:
∂2 p(r, t)
∂ t2

where t represents time, ∇ =

(

= c2 ∇ 2 p(r, t) + f (r, t),
∂ ∂ ∂
, ,
∂x ∂ y ∂z

)

(2.5)

represents the 3D Cartesian del

differential operator, c the sound speed, p : R3 × R+ → R the scalar pressure
field, and f : R3 × R+ → R a general analytical forcing or driving function.
Intuitively, Eq. 2.5 read from right to left expresses that [40, pp.28-30]:
any change in the average pressure of a centrosymmetric29 volume around
some point r will induce an instantaneous and accelerated change of p(r)
towards such value. Such accelerated response causes the pressure at r
to overshoot the equilibrium state in the local volume, which in turn will
cause an elastic response from the surrounding fluid [113, p.1]. This will
cause an avalanche of overshots and restoring elastic forces which will
propagate the disturbance and yield the wave process - note if the change
would only have been uniform (i.e., ∂ t p(r, t)), we would have ended up with
a completely different process (i.e., diffusion).
The exterior HRTF problem is given in some 3D spatial domain D ⊆ R3 ,
while at the boundary of the scatterer ∂D , we will prescribe a purely
resistive BC of local reaction at each point of the boundary surface rb ∈ ∂D
[122]:
β(rb ) ∂ p(rb , t)
−n · ∇ p(rb , t) =
(2.6)
c

∂t

where n represents the outward normal to the surface boundary, and β the
specific acoustic admittance at the boundary [162, p.261]. Eq. 2.6 models
some form of non-zero velocity at the boundary which can occur due to
[161]: either fluid penetrating the pores of the surface or the motion of
the boundary itself. Such modeling forces us to define the location of the
surface which could create additional issues - see section 2.6.1 below.
The model in Eqs. 2.5-2.6 is derived in the context of continuum mechanics where the quantities of interest are considered continuous: they are
29 This is due to the interpretation of the 3D Laplacian ∇ 2 : for such volumes
(e.g., sphere [247] or cube [40, pp.28-29]) do the first-order terms in the Taylor
expansion of the average vanish.
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aggregated [205] at a larger scale than the actual structures involved (e.g.,
much larger than the molecular scale to describe fluid state or flow, or at
‘light years’ scale for describing astrophysical flow of celestial bodies [89, p.
23]). The model in Eq. 2.5 is valid for a compressible fluid such as air30 .
We should finally address the well-posedeness of Eqs. 2.5-2.6. Existence
of a solution is straightforward: one can consider the usual plane-wave
solution e j(k·r−ω t) where [267] k = ∇ Φ = [k x , k y , k z ]T ∈ R3 is the wavenumber31 (remember Φ(r, t) is the phase function). Uniqueness for an exterior
problem is most commonly shown by noticing that, providing the solution decays to zero at ∥r∥ → ∞, the total so-called “energy norm” (i.e.,
∇ p∥2 ) is preserved with time (equivalently, it decreases with
(∂ t p)2 + c2 ∥∇
time for a resistive BC in Eq. 2.6), causing any difference between two solutions p 1 and p 2 to be identically zero (see, e.g., the derivations by Strauss
[245, p.230]). Well-conditioning is less discussed. However, using energy
arguments, one can claim that the unique solution p changes smoothly
when β in Eq. 2.6 changes smoothly.

2.6.1

Limitations

Although the wave equation has some desirable properties, it is important
for a validation study to be aware of the many simplifying assumptions
involved (not necessarily the limitations of IR ). For a start, at common gas
densities, Eqs. 2.5-2.6 break down at small enough scale: for example, from
an instrumentation point of view Batchelor and Batchelor [18, p.5] mention
a lower measurement length scale of 0.1 mm while Granick et al. [69]
mention 0.01 mm as a minimal scale for a fluid to still be considered a
continuum. Even when the continuum assumption is valid, we are still
dealing with some loss of information, due to, e.g., the involved averaging
procedures [89, p.45]. Nevertheless, such averaging also takes place to
some degree on the measurement instrumentation32 which will lower the
30 We are usually considering an approximation of an un-ionized gas where the
very weak intermolecular forces between the gas molecules are ignored. Compared
to solids, fluids do not have their atoms locked in an interlinked crystalline array
through, e.g., chemical bonds and the molecules have enough space to freely
move/slide over larger distances (the molecules of a solid do vibrate about their
stable positions) [18, pp.1-2], [61, p.1-4].
31 Due to the definition of the gradient operator ∇, k will be orthogonal to surfaces
 
of constant phase. Its magnitude k is a measure of frequency for a periodic
signal in space: similarly to its temporal equivalent ω, it is 2π times
  the spatial
frequency (i.e., the number of cycles per unit space). Thus, c = ω/ k.
32 Due to the, e.g., clamped inertial displacement of the diaphragm of the microphone (i.e., the “sensitive volume” [18, p.5]). This is why many authors view the
weak formulation of PDEs as a more natural description: we never sample a point.
At best, we will take a limit towards a continuous Dirac “function”; more commonly, we are integrating over a surface/volume weighted by the “test function”
of the measurement apparatus [184, p.282], [180, p.165]. Such arguments also
extend to the eardrum: however, things quickly become more complicated due to
the active nature of such organ (e.g., efferent neural system, stapedius reflex).

43

Background

corresponding modeling error.
One important simplification is the BC. First of all, it is of local reactance
which cannot account for any wave phenomena within the solid boundary.
Surface roughness (equivalently, “homogeneity of the surface” [125]) also
causes problems [129]: it not only generates issues in establishing the
actual location of the boundary33 , but it also impacts the dynamics of the
nearby fluid which in turn will affect the losses at the boundary. The latter
is captured to some limited degree by impedance tube measurements. In
addition to such viscous boundary layer, there are also potential thermal
effects at the boundary due to thermal fluxes [104], [189, p.101] which
should be more significant for in vivo HRTF measurements (other effects
such as the entropy layer [31] are considered out of scope for the present
work). In contrast to acoustics, other scientific fields have a long history of
scrutiny, investigating the BCs even at molecular level [36], [129].
There are other known physical simplifications which should not play a
significant role in the validation of HRTF simulations. At high frequencies,
air absorption is present [17], while some negligible thermal diffusion
occurs at low frequencies [189, p.13]. Moreover, other weak forces (e.g.,
gravity at extremely low frequencies [189, p.9]) or gradients are ignored
(i.e., the fluid is assumed homogeneous and quiescent). Also, the gaseous
fluid is assumed as ideal which implies a linear relation between pressure
and density. Finally, it was recently shown that negligible amounts of mass
transfer is theoretically possible in the −k direction [55].

2.7

Discrete model

Analytic solutions to Eqs. 2.5-2.6 (or, more generally, Eq. 2.4) are available
only for simple problems and geometries. For the HRTF problem, due
to the complexity of the domain boundary, such solutions can only be
estimated through computational methods by obtaining discrete solutions.
Such solutions are obtained by employing secondary mathematical models
to approximate the PDE of interest. Note the discrete models are still
formal: the computational model provides the empirical implementation
and execution of their algorithms [60]. Based on the discussion in section
2.1.1, a very simple and well-studied finite-difference method is chosen.
Moreover, finite-difference methods are studied in a broad range of fields
which facilitates the transferability of methods to our HRTF problem.
Finally, finite-difference methods offer increased modeling flexibility on
the long run compared to other methods such as BEM: any additional term
in the PDEs could be easily discretized with some stable and consistent
discrete operator.
33 Things get even more hairy when highly porous materials are considered - e.g.,

human hair [258].
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2.7.1

Finite-differences

The standard rectilinear scheme (SRL) is employed on the interior domain
and an upwind approximation for the BC. The SRL scheme is tightly linked
to the standard leap-frog update34 which has also been used extensively
in the electromagnetic literature [248]. Consequently, we will refer to the
method as finite-difference time-domain (FDTD) - this is not strictly correct
since, although the resulting update is in a finite-difference formulation
[73], the update is derived using finite-volume methods. Finally, the
SRL scheme is explicit and embarrassingly parallel which means the
simulation times can be drastically reduced by graphics processing unit
(GPU) implementations.
FDTD methods are generally obtained by approximating the continuous
operators in a PDE equation with discrete operators. The discrete operators
utilize point-values fixed within a lattice which tessellates the space (and
time) into a grid. The operator discretization in FDTD schemes is tightly
linked with the discretization of the domain: the lattice points and the
FDTD update points must coincide (note this is generally not true [170,
p.288]).
For example, the SRL scheme can easily be derived on the interior if each
continuous operator in Eq. 2.5 is discretized with a centered difference.
For instance, we can approximate the second order time-derivative of the
pressure p at a continuous location r1 and time t n as:
∂2 p(r1 , t n )
∂ t2

=

n+1
n
n−1
P a,b,e
− 2P a,b,e
+ P a,b,e

∆T 2

+ O(∆T 2 ),

(2.7)

where ∆T is the sampling/discretization interval of the solution p(r, t),
O(∆T 2 ) represents the local discretization or truncation error and dictates
n
the accuracy of the discrete operator, P a,b,e
= p([a∆ X , b∆Y , e∆ Z]T , n∆T)
where ∆ X , ∆Y , ∆ Z denote some uniform (here, equispaced) discretization
of the spatial dimension x, y, z, such that, ideally35 , r1 = [a∆ X , b∆Y , e∆ Z]T .
One important dimensionless factor which results after discretizing both
the space and time is the Courant grid ratio:
λC = c

∆T
.
∆X

(2.8)

Many stability analyses end up with conditions imposed on λC for the
output of the scheme to remain bounded.
If the truncation error vanishes as the number of discretization points
increases (e.g., lim∆T →0 {R (∆T)} = 0 where the remainder R (∆T) = O(∆T 2 ) is
34 See a more in depth terminology discussion by Hamilton [74, p.48].
35 For the discretization in Eq. 2.7, it is not essential that r corresponds to a
1
grid point [a∆ X , b∆Y , e∆ Z ]T . In such case, first order errors (e.g., O (∆ X )) will be

introduced and the resulting scheme will not be the SRL.
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the truncation error in Eq. 2.7), then the discretization operation is called
consistent36 which also implies a consistent update [59, p.31].
Due to stability and interpretation issues at the boundary [73], the final
update is better derived using a finite-volume approach [22]. Briefly, while
the temporal operators are discretized directly with 2nd-order accurate
discrete operators, the spatial domain is split in non-overlapping control
volumes or cells. Then the pressure value in each cell is replaced by its
continuous average, while the velocity at each common surface between the
cells is approximated by the average velocity [30]. Applying such averaging
principles for the two conservation equations and using the impedance
relation at the boundary, the two equations are combined into an update
which is identical to the SRL on the domain interior [22].
For accuracy reasons, the obtained average values are usually considered,
if possible, at equal distances from the surfaces of the cell (usually at
centroids [22], [59, p.36]): not only is the averaging operation second
order accurate with regard to the center value [133, p.64], but the required
∇ p between the adjacent cells A and B also becomes
normal gradient nA B ·∇
second-order accurate [59, p.77] (here, nA B represents the normal to the
assumed-planar surface separating A and B ). At each cell boundary, since
the employed flux is based on an averaged value within the cell, the BC
will be first order accurate in space when β ≥ 0 (see, e.g., Publication II).
In general, well-posedeness of discrete models is proven for linear PDEs
by one of the Lax theorems. Dealing with a strong formulation (see section
2.5), the Lax-Richtmyer equivalence theory guarantees the well-posedeness
of an FDTD update (e.g., [172]): given a well-posed PDE, the approximated
solution converges to the continuous one if37 the update scheme is both
consistent and stable. We have already discussed that the employed discrete operators are consistent of 1st or 2nd order accuracy. Stability refers
to the well-conditioning of the discrete model and generally addresses the
boundedness of the update. It can be proven through various methods: for
the used update, this was shown with energy methods [22].

2.7.2

Computational model

As discussed in the previous section, the formal discrete model is wellposed: this implies that the asymptotic (i.e., as the space-time discretization intervals approach 0) discrete-solution will converge to the sought
continuous solution. However, this does not guarantee that the computed
(i.e., simulated) solution has the same property. In this section, we will
approach computer programs from a finite-state machine perspective.
36 The term “consistent” implies consistency of the numerical scheme with the

continuous differential equation [143].
37 Strictly speaking, the forcing term in Eq. 2.5 also needs to be consistent with
some well-behaved continuous function.
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For a start, computer programs are embedded in some usually complex
software and hardware architecture thus requiring particular [60] syntactical representation and design. The design and implementation quickly
becomes complex and error prone: the infamous programming bugs can
arise under specific internal states of the computer program during execution. Due to the required flexibility in a PDE code, the number of potential
internal states of a simulation is usually unlimited for any practical consideration - the task of investigating under which states a bug occurs quickly
becomes impossible.
A second important reason is the approximate nature of a computer
program: due to the finite precision representation of numbers, the algorithmic states are usually stored in a computer program with error. Such
quantization effects usually accumulate and/or cancel-out with each simulation step and the total deviation is quantified by the round-off error.
Due to the increased interactional complexity and number of factors38 ,
round-off error seems to be the least understood type of error. Although
there are different approaches to study such error, none seems satisfactory
for the models employed in this work. For instance, one can use more
precision (e.g., double versus single precision in floating-point arithmetic)
and show round-off insignificance [213]. Another common treatment is
statistical: round-off error can be viewed as random error [84]. Such treatment is found in many fields such as linear algebra, control theory, or
DSP - see, e.g., Oppenheim and Weinstein [176]. Statistical treatments do
not generalize to any type of input, require some extra assumptions (e.g.,
additive and memoryless error), while validation with empirical data could
depend on the used rounding method [176].
Alternatively, one can employ a priori bounds to study its behavior. We
will briefly follow this approach: an ODE shows an a priori first order
divergence such as O(∆T −1 ) (see, e.g., May and Noye [143]). It is also
known that the wave equation can be split into four independent ODEs by
employing the Cartesian multiplicative separation of variables (see, e.g.,
[12, pp.414-417]):
p(r, t) = p x (x)p y (y)p z (z)p t (t),
(2.9)
where p x , p y , p z , p t are all single-argument functions. Applying now the
round-off divergence for each function on the right hand side on a cubic
Cartesian grid39 (i.e., ∆ X = ∆Y = ∆ Z ) of Eq. 2.9 yields the round-off error
38 Round-off error depends on [85, p.10], [170, p.488], [195]: update scheme,

underlying PDE, hardware, order of operations and software stack optimizations,
method of employed rounding, number of digits, location of decimal point (i.e.,
fixed or floating), programming language used etc.
39 The result is similar when the grid spacings vary with dimension - the cubic
grid was chosen for compactness of Eq. 2.10.
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as:
p̃(r, t) − p(r, t) = C 4 ∆ X −4 + C 3 ∆ X −3 + C 2 ∆ X −2 + C 1 ∆ X −1 ,

(2.10)

where p̃(r, t) represents the solution computed with round-off error and
without discretization error, the Courant number λC in Eq. 2.8 was used
to trade ∆T to ∆ X , and C1 , C2 , C3 , C4 ∈ R. This shows that the divergence
is stronger for a multidimensional PDE as the grid spacing tends to zero:
indeed, a second-order a priori divergence was found by Boldo et al. [29]
for the 1D wave equation employing a mechanized proof approach. When
not in the asymptotic limit (i.e., ∆ X ↛ 0), any of the divergent terms in Eq.
2.10 can be seen in a simulation result. Although the round-off error shows
a complex behavior, the main point is that a simulation will eventually
diverge with smaller grids - for other studies, see for instance [32].
We should finally discuss the well-posedeness of the computer model.
For most such models, there is no formal proof of either well-definition or
well-conditioning given a general-purpose computer program employing
floating-point number representation. This is mainly due to the so-called
Fetzer boundary [60]: as already discussed in section 1.1, computer programs lose any formal quality since program execution involves stochastic
processes and algorithms exercised by a physical hardware with peripheral devices. There are programmable statements which cannot be even
verified formally (e.g., displaying on screen or reading user input [60]).
Another computational issue is the well-conditioning of the output due to
the quantization of the update coefficients (e.g., λC is an irrational number
at stability limit). Although some fields address this sensitivity issue [176],
we are unaware of any FDTD study tackling this problem. Nevertheless,
such problem should be captured to some degree by the code verification
exercise while the sensitivity to λC translates to sensitivity to ∆ X and/or
∆T which can be studied with models of the round-off and discretization
error (see Eqs. 2.10 and 2.11).
As such, methods from empirical sciences will need to be a-posteriori
employed to study the well-posedeness of the implementation - we will
discuss such approaches in section 3.2.1.

2.7.3

Grids and voxelization

There are different types of grids on which the FDTD update operates. A
first classification is based on the constancy of the discretization interval
in some dimension: if the discrete points are equispaced then the grid is
called uniform in that dimension.
The set of grid lines or curves pass through the discrete points and
define the structure of the grid. They yield another important property
of multidimensional spatial grids. In a structured or regular grid, the
set of grid curves for each dimension (e.g., z′ = f (y′ ) trajectories within
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x′ = cst. planes, where x′ , y′ , z′ define the 3D coordinate system of the grid)

are non-converging and cross grid curves from other dimensions only once
[59, p.26]. One consequence is that the grid curves in a structured grid
form countable sets and can be easily (i.e., uniquely) mapped into computer
memory40 . Moreover, each control volume has an easy connectivity matrix
[59, p.26] which facilitates implementation. There are other grid types (e.g.,
block-structured) and subtypes (e.g., H-type, O-type, compound interest)
which are not relevant for the current work and will not be discussed.
In the present work, a structured and uniform 3D Cartesian grid will be
employed. This involves cubic control volumes (i.e., ∆ X = ∆Y = ∆ Z ) which
will be named voxels which are axis-aligned Voronoi neighborhoods of each
update point [43]. Such a grid will usually produce stair-stepped boundaries which generate boundary modeling errors41 : the usually-triangulated
input geometry will undergo an additional quantization process based on
the grid parameter ∆ X . This is achieved through a voxelization algorithm.
There are different formal ways of voxelizing a geometry which preserve
various voxel-based properties such as separation, fill, or connectivity - see
the work by Cohen-Or and Kaufman [43] for more details.
Some voxelization algorithms are not well-defined: there could be different ways to implement them [43], [227], they could be parametrized (e.g.,
there are an infinite possibilities to apply the Jordan curve theorem for
a solid voxelization algorithm), or they could miss and alter the topology
of the input geometry (see, e.g, the work by Laine [124]). Nevertheless,
the conservative voxelization is formally well-defined since it uniquely
produces the voxel-based supercover of the input geometry [43]. Another
relevant aspect is the conditioning of the computational representation of
a voxelization algorithm: during the work on Publication I, it was found
that the voxelization output was sometimes sensitive to small changes in
the vertices of the input geometry when the triangle-voxel intersections
were done in single precision floating-point arithmetic. Such problems
were avoided by employing double precision.
Although a uniform Cartesian grid is simple and convenient, there are
several disadvantages in employing it. First of all, complex boundaries represent an issue [59, pp.26-27] which can cause quite some high-frequency
error for the HRTF problem as shown in Publication I. Secondly, the boundary modeling error has some special convergence characteristics which
could significantly affect the computed solutions:
• The convergence of the boundary (and internal volumes) is nonsmooth: as ∆ X is refined, the boundary modeling error will undergo
40 In more mathematical parlance, the grid curves are obtained through a C 1 -

diffeomorphism [163, L4 p.119] of the Cartesian grid.
41 The boundary modeling error quantifies the deviation between two geomet-

rical representations of a boundary. One common measure of such error is the
Hausdorff distance [14].
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jumps proportional to ∆ X due to discretization effects;
• The convergence is first order O(∆ X ) for distances non-parallel to the
boundary and third order O(∆ X 3 ) for volumes;
• The resulting discrete surface does not necessarily converge to the
continuous/triangulated one [24]. The asymptotic bias in the surface
depends on the topology (e.g., the local radius of the curvature42 ).
See more details and potential consequences of such surface modeling error
in Publication II.
Such boundary modeling issues could be treated with non-uniform grids
and/or unstructured grids. Nevertheless, additional complications will
result on such grids [59, pp.26-29]: e.g., the density of grid points can
be difficult to control, the grid generation becomes more difficult, the
connectivity matrix becomes complex causing potential implementation
hurdles, it is more difficult to define a typical grid spacing ∆ X for error
analysis, while there is usually some loss of accuracy at the boundary (see
section 2.7.1) leading to a worse-behaved error. In the spirit of simplicity
(see section 2.1.1), the present work does not pursue such avenues.

2.7.4

Error behavior

One important advantage in using formalized discrete models is that
they offer methods to study the error which is commonly exploited by
verification procedures. We have already discussed the error behavior of
some error sources: the round-off error in section 2.7.2 and the boundary
modeling error in section 2.7.3. We will now address the discretization
error which is commonly assumed to be dominant in a PDE-based scientific
simulation [170, p.286], [214].
There are three dominant views describing the behavior of the discretization error: (i) modified equations, (ii) dispersion analysis, and (iii) error
propagation views. These analyses mainly address the interior update
without the BC discretization. Nevertheless, the local discretization error
introduced at the boundary at each time step can be viewed as a perturbing
(source) term which will inject local discretization [71, p.334] error which
will then behave according to the described interior behavior.
M ODIFIED EQUATIONS approach entails retaining extra terms in the
Taylor expansions used to approximate the discrete operators. Then one
observes the behavior of such terms which will dictate the behavior of most
of the error [170, p.181] (e.g., some error terms might be diffusive in nature
and qualitatively suggest the diffusion of error). Such analysis requires a
good understanding of both the original and modified equations and might
be difficult to apply in complicated scenarios. Finally, they can also help in
42 For ∆ X small enough, the larger the curvature, the larger the error in surface.

Consider the usual example of a sphere: the voxelized surface will be close (i.e.,
within a number of discrete surfaces ∆ X 2 ) to its bounding box.
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identifying cancellations in higher order error terms which is sometimes
specifically used to design more accurate schemes [42], [87].
D ISPERSION43 ANALYSIS is by far the most employed method of error
analysis in room acoustics and related fields [25], [74], [121], [224]. It
usually implies studying the residual error in the scheme given a 3D planewave solution to the wave equation 2.5. Despite their high explanatory
power, such description is not always complete. Such limitations stem from
the disregard of the temporal evolution of the discretization error. First of
all, the common dispersion analysis does not address the changes in the
wavenumber k for propagating wave-packets [259]. Secondly, error accumulation [188] becomes complex after subsequent reflections and cannot
be correctly characterized by a purely directional analysis. Furthermore,
frequency-dependent error cancellation could occur in such scenarios when
dispersion is non-monotonic with frequency (see, e.g., such schemes in [23]).
Finally, the usual plane-wave dispersion analysis is geared towards phase
speeds and plane wave solutions which is more difficult to interpret in a
more general sense [74, p.235] (for instance, plane wave solutions are not
even particular to the wave equation - they also satisfy the 3D advection
equation). Nevertheless, such a view is undoubtedly useful: for the employed scheme, a plane-wave residual analysis yields no error among the
main diagonal of the grid, while the worst error is found among the axial
directions [225]. In addition, the dispersion error is frequency-dependent
and monotonically increases with frequency - at least up to the so-called
(angular) cut-off frequency44 ω0 of the scheme [226]. In practice, ω0 is
found by imposing wavenumber solutions in R to the dispersion relation
of the scheme for a particular direction of propagation. For instance, the
wavenumber becomes complex on the axial direction for the employed 3D
FDTD scheme when ω0 ∆T = 2 sin−1 (λC ) [225] which translates in a cut-off
p
frequency of f 0 = f s sin−1 (λC )/π ≈ 0.2 f s for a maximal λC = 1/ 3.
G LOBAL ERROR PROPAGATION analyses represent a useful description
of the discretization error accumulated after several steps [72, p.159].
Despite their quantitative nature, their derivation(s) also provides powerful insights into the error behavior. There are various ways to obtain
such results. One derivation is called the error transport equation and is
based on a generalized truncation error analysis [170, p.177] of linear and
continuous operators involved (in our equation 2.5, the d’Alembertian □,
where □ = ∂2t /c2 − ∇ 2 ) operating on the continuous solution p(r, t). A more
sound [72, p.216] theoretical tool is the asymptotic expansion of the global
error which was initially established by Henrici [85] for ODEs. The global
43 A dispersion relation is some analytic relation between the wave number k and
angular frequency ω [189, p.35].
44 Essentially, the cut-off angular frequency ω of the scheme indicates that
0

frequency up to which plane-waves propagate with a real speed. Above ω0 , the
propagation speed becomes complex and introduces additional amplitude decay.
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discretization error for a second-order accurate discretization method of an
ODE with real coefficients is said to possess an asymptotic expansion to
order N at fixed time t [85, p.23] if there exists the real constants C i such
that, as ∆T → 0, [242, p.25], [72, p.217]:
P t (t, ∆T) = p t (t) + C 2 (t)∆T 2 + C 3 (t)∆T 3 + ... + C N (t)(∆T) N + O(∆T N +1 ), (2.11)

where p t (t) is the temporal component of p from Eq. 2.9, P t (t, ∆T) is
its discrete representation for a ∆T time-discretization interval assuming other errors (e.g., round-off error) insignificant, the error functions
C i (t) are smooth and independent of ∆T , the (N + 1)-th implied constant
O(∆T N +1 ) = ∆T N +1 R ∆T (t) is bounded for t ∈ [t 0 , T] and ∆T ∈ [0, ∆T0 ]. C 2 is
called the principal error term (PET) function [72, p.158] and satisfies an
inhomogeneous differential equation that depends on the used temporal
discretization and the asymptotic solution p t (t) (see, e.g., [72, secs. III.9
& III.10]). The other error constants C i can be obtained recursively in a
similar manner as C2 [72, p.217]. Although equation 2.11 highlights a
Poincaré-like asymptotic equality, it is a useful model for error behavior
since the PET can be used for ∆T small enough [85, p.4] as a reasonable approximation to the unknown discretization error [242, p.30]. Such
approximation is employed a posteriori and will be used extensively in solution verification exercises in the present work. Note equation 2.11 is valid
for ∆T small enough and for any well-posed discretization method (see the
work by Stetter [242]). There are many properties of such expansion: for
instance, the remainder term in Eq. 2.11 does not behave as O(∆T N +1 )
uniformly [242, Section 4.4.2].
Employing the separation of variables in Eq. 2.9, the asymptotic expansion in Eq. 2.11 can be employed to obtain an expansion for the discrete
pressure solution at some fixed point in space r1 ∈ R3 on the employed
uniform Cartesian grid (see, e.g., Publication II):

Prt 1 (t, ∆T, ∆ X ) = p(r1 , t) + ϵ t (r1 , t)∆T 2 + ϵr (r1 , t)∆ X q + HOT(r1 , t),

(2.12)

where Prt 1 (t, ∆T, ∆ X ) is the discrete solution45 at r1 and time t, p(r1 , t)
the asymptotic solution, ϵ t (r1 , t) is the temporal PET, ϵr (r1 , t) the spatial
PET, q ∈ {1, 2} depending on the absorption at the boundary, while HOT =
O(∆T 4 , ∆ X 2 q ) and stands for “higher order terms” [200]. Eq. 2.12 also
included the discretization error at the boundary and made use of error
propagation models.
The convergence result in Eq. 2.12 could be combined with the divergence
result in Eq. 2.10. Figure 2.1 displays the expected observed error for a
chosen set of error constants C j and for three different updates of different
asymptotic behavior. Notice that: (i) for any scheme, there is a minimal
45 Note Eq. 2.12 assumes no round-off or boundary modeling error exists.
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Figure 2.1. Observed simulation error for didactically selected error constants C j ( j =
1, 2, 3) and a i , b i , c i ∈ R ( i = 1, .., 4). Three hypothetical update schemes are
shown: first order, second order, and third order accurate.

distance to the formal solution which can be attained in practice [143] and
that, (ii) although important, the formal accuracy of a scheme does not
necessarily result in reduced error given a certain ∆ X i due to the error
constants C j [133, p.151]. As discussed, the error constants C j will depend
on the continuous solutions and update scheme; thus they will depend on
the problem at hand (i.e., update and geometry of the listener).

Error transport
We will briefly discuss the two fruitful conceptual views of error propagation described in various works [72, p.216], [170, p.286], [212]. The
discretization or truncation error (in, e.g., Eq. 2.7) is generated locally at
each grid point. It will be transported to some space-time point of interest
and then added up to other transported local errors, yielding the global
error. There are two alternative ways of viewing the error transport.
In the first view, the local error committed at each time (or spatial) step
represents an initial condition for a separate continuous solution. Dealing
with a well-posed continuous problem, a finite set of continuous solutions
will coexist in the grid and will transport the erroneous initial conditions in
the grid according to the underlying PDE. Dealing with a linear problem,
the discrete solution can be obtained by summing such set of solutions.
To obtain the global error, one needs to recursively track and sum the
error at a point of interest from each continuous solution up to the initial
continuous solution.
In the alternate view, the discretization scheme is viewed as the ground
truth. Thus, at each step, the local discretization error is seen as the
amount by which the sought continuous solution, given the ICs, fails to
satisfy the discrete update [143, p.18]. Accordingly, at each space-time
step, the continuous solution p(r, t) will leave a residual amounting to the
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local discretization error. Since the discrete update is unique and is viewed
as correct, the residuals from each step are then transported among the
discrete numerical method (i.e., no additional error is generated on these
discrete trajectories). Finally, the global error can be obtained by adding
such transported residuals at a desired location. This view is more useful
in error quantification since one does not need to know the continuous
solutions explicitly [71, p.28]: the given discrete update is used.
The two views are graphically depicted in an intuitive manner through
the so-called Lady Windermere’s fan [72, p.39] - see, e.g., Hairer et al. [72,
p.160]. The main idea is that the local error can be viewed as a local
source term (i.e., perturbation) which gets transported on corresponding
wave solutions. This is why some first-order local truncation error in the
BC discretization at rb ∈ ∂D might not be seen (i.e., might drop in the
numerical noise floor) at an interior point distant enough from rb : such
error can be viewed as a point source inserting energy proportional to ∆ X
which decays according to a spherical-wave solution (i.e., as 1/ ∥rb ∥). The
same idea is valid for a non-uniform grid or block-uniform grid: the PET
corresponding to larger ∆ X might not be seen if the observation point is
too distant from the the larger control volumes.

Pollution error
We should finally address the discretization error behavior for wave-like
solutions. In this section, we will follow Gustafsson et al. [71, p.5]. We
are interested in the error for one of the centered difference operators
appearing in the employed (interior) update. We will exemplify for the
second order centered difference operator δ2tt used in Eq. 2.7 at some
location in space:
δ2tt { p(t n )} =

P n+1 − 2P n + P n−1
.
∆T 2

(2.13)

We are interested how δ2tt operates on a periodic function such as f (t) =
e :
jωt

(

)

∆T 2 δ2tt { f (t)} = e jω∆T − 2 + e− jω∆T e jω t .

(2.14)

Applying Euler’s identity to Eq. 2.14 and properties of trigonometric
functions yields:
∆T 2 δ2tt { f (t)} = 2 (cos(ω∆T) − 1) e jω t .

(2.15)

If we expand in Taylor series cos(ω∆T) about ω = 0, Eq. 2.15 becomes:
(
)
1
1
1
∆T 2 δ2tt { f (t)} = 2 1 − (ω∆T)2 + (ω∆T)4 − (ω∆T)6 + ... − 1 e jω t . (2.16)
2!

4!

6!

Finally, Eq. 2.16 becomes:
δ2tt { e jω t } =
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∂2 e jω t
∂ t2

1
1
+ (ω 4 ∆ T 2 ) −
(ω6 ∆T 4 ) + HOT,
2
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(2.17)
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where we replaced −ω2 e jω t by ∂2t e jω t . We can draw now two main conclusions:
1. The local discretization error is zero at DC and increases quite
abruptly with frequency. Indeed, we do not expect any error at
DC for a consistent discrete operator since DC is simply a constant
(i.e., a zero-order function);
2. For high enough frequencies (e.g., for ω2 ∆T 2 ∝ 180), the second error
term becomes comparable in magnitude to ω4 ∆T 2 /2. Depending on
how the global error terms will accumulate the corresponding local
truncation error terms, it could happen that the PET in Eq. 2.12 is
not dominant anymore.
The accelerated error-increase with frequency in the higher order terms is
called pollution error or dispersion error in some disciplines of numerical
analysis [175]. The pollution error can similarly be derived in space, yield 2
ing on a uniform Cartesian grid k 3∆ X 2 ∝ 180 which is equivalent to
p
ω2 ∆T 2 ∝ 180 for λC = 1/ 3. Such error is usually related to the bandwidth
of the initial conditions exciting the grid [33], [246, Chapter 10], [248,
p.63].
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Broadly speaking, V&V processes provide a framework for building confidence in computed results [211]. This is mainly achieved through error
assessment [15]. The literature on V&V is quite broad and covers many
areas dealing with modeling (see, e.g., the summary by Pace [182] or the
work by Padilla et al. [183]). V&V has different targets (e.g., systems, software, simulation) and its principal concepts come under different names
and acronyms (e.g., VV&A, IV&V, V2V [182], [198]). Although the terminology is still inconsistent [15], [183], the meaning of verification and
validation is slowly converging across fields [183]. The present work deals
with simulation V&V and employs physics-based mathematical models
(see sections 2.1, 2.5, and 2.6). The majority of methods and concepts used
in the present work evolved from computational fluid dynamics (CFD)
[170], [172], [200] - nevertheless, we will also borrow concepts from other
fields.
Since the span of philosophies involved in modeling and simulation
could be broad [256] and concepts in V&V could tackle existing theoretical
foundations [15], we will first briefly discuss the working set of beliefs.
Dealing with formal models, the current work principally lines up with
the positivism philosophy1 . Thus, as discussed in the sections of this
work, V&V procedures are partly, but necessarily [2], [164], rooted in
rationalism and empiricism (compactly called logical empiricism [54])
and focus on reliability and representational accuracy [54], [256]. Partly
accepting empiricism, we will also adopt an incomplete sensationalism
philosophy where we will accept the thesis that knowledge also comes from
our senses [2] but we will also emphasize some inherent limitations in
such process. Finally, Naylor and Finger [164] note that V&V activities
are inevitably founded also on the positive economics philosophy: we will
mainly base our final decision regarding the validity of a model on its end
results and only weakly on the validity of the working premises, model’s
1 From a loose epistemic perspective, such view considers that valid knowledge

can only be acquired from observations of natural phenomena and accordingly
refined/interpreted through reason.
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internal structure2 , or even model resolution and fidelity (for the various
meanings of “fidelity”, see for instance [47, pp.62-68,77]). Other views
include relativism [54] or constructivism [256] which focus more on purpose
and community effort: one cannot completely exclude such philosophies3
due to the difficulties involved in semantical interpretation of reality IR
and model underdetermination discussed in section 2.1.
As discussed in Chapter 2, the process of modeling a real phenomenon
into a computer-executable form involves three main steps: ( I ) formulating
a well-posed mathematical model as a semantical interpretation IR of
a physics-based theory, ( II ) approximating such continuous model by a
formalized and well-posed discrete approximation, and ( III ) implementing
the latter discrete model into an executable form given a specific hardware
and software stack. We have already seen that each of these steps involves
some form of approximation which will yield different errors (e.g., modeling
error for step ( I ), global discretization error for step ( II ), or round-off error
for step ( III )). We will detail the involved errors in section 3.3.1. Figure 3.1
depicts a broad overview of such process.4
We are primarily interested whether our continuous model is a good
approximation of a real phenomenon of interest. In other words, we
are interested in answering the following question: is the wave equation
coupled with a resistive BC adequate to predict dummy-head HRTFs?
This modeling error (i.e., ( I ) in Fig. 3.1) is assessed through a process
called VALIDATION which compares the simulated output with a measured
referent of the modeled process.
It should be clear even from Fig. 3.1 that validation only makes sense
when not only the approximations in ( II - III ), but also the measurement
errors (i.e., ( IV ) in Fig. 3.1) are negligible. Broadly speaking, VERIFICA TION exercises address the approximations in ( II - III ), while VALIDATION
addresses the approximations made in ( I , IV ) in Fig. 3.1. Verification will
be discussed in more details in section 3.2, while validation in section 3.3.
Although the argumentation up to this point has mainly been deductive,
the arguments (i.e., inferences) made by both verification and validation
2 Due to the interest in model predictions, we will not embrace the fully descriptive
view advocated by the positive economics philosophy [164], [271]. The two main
reasons are the potential error cancellations which will be discussed in section
3.3.1 and the open nature of reality. As such, we will also be interested in the
explanatory power [271] expressed by the validity of the premises and of the
structure of the model. Cost, logical (i.e., translation into logical form[271]), and
experimental difficulties will force us to indirectly verify and validate the premises
based on model outputs.
3 There are many modeling approaches which make use of both views: e.g., exploratory modeling [54] or competing modeling [170, p.615] which can tackle for
instance model underdetermination.
4 Figure 3.1 is kept rather simple: various steps could be further detailed by
additional conceptual separations (see for example the Sargent Circle [223], the
Balci-Nance view in [13], or the society for computer simulation feedback diagram
[172]).
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Figure 3.1. Overview of the modeling and validation process (a forward problem [250]).
Note the “Computer model(s)” box also contains formal components such as
algorithms - for simplicity, anything related to a computer model is considered
outside the Fetzer boundary. The mental abstractions/syntheses based on
measurements represent an inverse problem [250]).

activities are essentially inductive5 . The reason is evident from Fig. 3.1:
proofs only exist in formal systems (see section 2.1), while the involved
approximations (i.e., ( I , III - IV )) lie or cross the modeling realm into reality
(e.g., the Fetzer boundary - see section 1.1). As we shall see in section
3.2.2, also ( II ) needs to be addressed empirically. This is why there is no
validation or verification proof as Oreskes et al. [179] argue: in a way, such
concept does not even make sense since proofs belong to a different domain.
V&V activities only accomplish a level of agreement and confirmation.
Dealing with inductive argumentations, V&V results are provisional and,
similar to any modern scientific theory [15], are accepted based on accumulated experience [61, p.12-3] and observational evidence (see also section
2.1). Moreover, similar to applied statistics, the Popperian philosophy
will dominate the field: it is much easier to invalidate a simulation result
(equivalently, falsify the underlying assumptions) than to prove it correct
under any circumstance. This is why methods from empirical sciences will
need to be employed in V&V procedures [60], [168].
Moreover, we will have to live with the inevitable Type I/II conclusionerrors independent of the validity status of the premises (i.e., model and
associated constraints such as BCs and ICs): not only is accepting a model
5 Inductive arguments broadly involve generalization of repeatable and repro-

ducible observable events regulated by [88, p.90] internal consistency and prior
facts: the more two entities/properties are observed together, the more likely
this will happen in similar circumstances [19, p.20]. “Together” has different
meanings and implies different inference strengths: for instance, “simultaneous”
cannot support causality. Inductive conclusions or conjectures are invalidated
through experiment or logic. Examples include frequentist or Bayesian statistical
inference. Such arguments are not identical to mathematical induction proofs
[15].
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representation problematic due to potential cancellation of approximations
or inappropriate sampled/measured data [240] (i..e, subject to Type II
error), but also the invalidation is not as straightforward in practice as
Popper suggested. The latter Type I error is also known in some fields as
the Duhem-Quine critique (see, e.g., [244]) of the Popperian view: there
are a number of approximations in a validation process which, if neglected,
the continuous model can falsely be invalidated. Finally, one can easily
introduce additional premises or parameters to calibrate the model to some
specific data6 .
This is why the V&V field is filled with skepticism: not only are hasty
conclusions/conjectures frowned upon [200, p.280], but even individual
successful validation results are insufficient. At best, models can be empirically adequate [179] based on accumulated evidence given some adequate
validation domain. In the V&V literature (compared to, e.g., applied
statistics [156, p.308]), reasonable confidence is considered after “several
hundreds” [198] positive point-validations results. The validation studies
presented in this work are the first studies which address HRTF validation
in a systematic and formal way, as prescribed by the V&V field: arguably,
we are a long way from trustworthy wave-based HRTF predictions!

3.1

Errors and Uncertainties

Before plunging into the details of verification and validation, we should
first establish the concepts of error and uncertainty. There are various
conceptual separations in the academic literature which are, unfortunately,
both confusing and of limited value for the present discussion.
To begin with, both aim to quantitatively measure the quality or reliability of a result (be it measured [101] or simulated) relative to a referent
or true value. They can also be viewed as an attribute of the result [101].
However, there are some fundamental differences between them.
Errors are fixed and only exist in a closed and fully-specified system such
as a formal system: e.g., in our interpretative and bounded mind [233], in
mathematical systems, inside a computer program. There is no evidence
that Nature, in its entirety, is a formal system (see section 2.1). Errors
have no meaning in reality: we are always uncertain about any real representation of a formal symbol/concept. In other words, there is always some
doubt [101] about the completeness and exactness of such representation:
we already discussed in section 2.1 the problem of irreducible definitional
6 Although CALIBRATION is not part of this work, we embrace the view [170,

pp.624-626], [168] that calibration, highly employed in present day room-acoustics
simulations, is a rather questionable manipulative process which seriously undermines the predictive capability of a model. We will only mention here the famous
von-Neumann viable [145] quote: “with four parameters I can fit an elephant, and
with five I can make him wiggle his trunk” [51].
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uncertainty, ill-representation of some abstract mathematical concepts in
reality, and model underdetermination7 . We will iterate on these ideas
when discussing the true value in section 3.1.1.
As such, any (formal) error mapped to a real event/process will contain
some form of irreducible uncertainty which represents a quantification of
doubt.
Note that uncertainty can also be formalized based on, e.g., formal probabilistic systems: although it can be incorporated into other formal systems,
uncertainty has weaker definitional and inferential power. As such, we
will mainly use8 the term “error” in the discussion and argumentation and
“uncertainty” when such errors cross the formal-reality boundary in, e.g.,
Fig. 3.1: we never really have access to a real true value.
Both errors and uncertainties can originate from three main sources
[101]: lack of knowledge, lack of control, or lack of adequate resolution/observability. We will not go into further details and individual examples
of each of these three sources. Errors and uncertainties can be usefully
classified based on their recognition: they can be either acknowledged or
unacknowledged. The latter can be deduced but not quantified (we cannot
measure what we are unaware of [178]) and is usually (yet, not necessarily)
due to a lack of knowledge. Unacknowledged uncertainty also partly overlaps with the widespread concept of epistemic [173] uncertainty: epistemic
uncertainty can be viewed as a weaker form of uncertainty [213] since
it is incompletely characterized9 due to a lack of knowledge [170, p.53]
or of empirical data [115]. Finally, note that acknowledged uncertainty
could contain some epistemic uncertainty [115], [173], [214]: one common
example is an input parameter which could have different pdf s.
One final useful separation of error is random error and systematic error
(i.e., bias). We have slightly abused terminology since random error is
essentially an uncertainty: it is an error caused by unpredictable [102] and
usually irreducible [214] real-life variations [56] in a measurand. By contrast, a systematic error remains constant with repeated measurements
[170, p.438]. Biases are more difficult/expensive to quantify and are usu7 For the latter, uncertainty expresses that an infinite number of representations
(i.e., models or formal systems) are consistent with a set of measurement [2]. This
implies an infinite number of values consistent with an observation and state of
knowledge, as commonly accepted in modern metrology [101, Annex D].
8 Note the discussion might be affected by psychological effects in using the two
terms (e.g., we prefer to talk about uncertainty when it comes to negative outcomes
[260]).
9 In practice, it is usually characterized only by an uncertainty interval: no
additional information such as distribution or probability density function (pdf ) is
available at the time of analysis [56], [214], [170, p.544] - further advances in the
working scientific knowledge are required [115]. As an example, we might need
to estimate the number of balls in a sealed jar [170, p.566] - although we could
decrease the uncertainty interval based on, e.g., visual cues or breaking/opening
the jar, we do not have any reason to justify any a priori pdf over another [170,
p.111]. See more in [170, pp.55-57] [115].
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ally more damaging [172] to a validation conclusion: it can cause false
significant effects [97] or it can signal wrong laws of Nature [273]. The
notion of “systematic uncertainty” is sometimes used but we will avoid it
since it is a rather ill-defined concept [101]. Finally, note such classification
also depends on context: a random event (e.g., a frozen accident [64] causing some temporal regularity) in our galaxy could “bias” measurements for
generations to come, although it could be part of a random process at a
larger scale [64]. Similarly [101], one can time-freeze a sample (containing
random error) from a random process and use it as input to a model (i.e., it
is essentially a bias).

3.1.1

True value

In the following, we will only address scientific truth which broadly encapsulates what is satisfactorily understood [217] (e.g., in a causal sense) and
empirically adequate [192] (e.g., extensively repeatable and reproducible).
As such, truth essentially becomes a matter of empirically-conforming
definitions:
Definition 3.1.1. True value: Unique value consistent with the definition
of an observable quantity [101], [102].
The true value is also called the referent [182], while “consistent” and
“definition” in Def. 3.1.1 are both relative to the available information
about the quantity of interest. The immediate question is how do we accept
such information? Based on the works of Bertrand Russell, Himsworth [88,
pp.3-7] distinguishes three main criteria to accept the working premises:
(i) authority is employed in theological endeavors, (ii) formal/logical correctness is the main drive in philosophical inquires, while (iii) experiment is
the deciding factor in science10 . Regarding formal models, it is known that
truth needs to be obtained from outside a formal system (see, e.g., Tarki’s
famous undefinability theorem). Thus, measured data, “our best indication
of reality” [172], will be the acceptability criteria11 of the “definition” in
3.1.1. In other words, “Experiment is the sole judge of scientific ’truth’”[61,
p.1-1]. Note that measurements are executed based on the working goals
and definitions: the definition, the interpretation of reality IR , and the
resulting measurements establish an iterative loop which is refined in the
light of new evidence [82] (see Fig. 3.1).
Moreover, it is generally accepted that finding a definition is itself an
ill-defined problem due to irreducible definitional uncertainty. There are
10 Note formal correctness can also be employed as a supplementary criterion

in science [88, p.95]. We will not consider here other epistemic criteria, such as
intuition (which can be seen as a set of experimental priors [88, p.94]): many
examples in both Nature and mathematics [82] run counter to our intuition.
11 The statement only expresses a belief: it does not imply measurements are
more accurate relative to a definition than simulations [167].
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various definitional limitations which cause inevitable ambiguities, especially for complex phenomena. As an example from biophysics, Parker
[185] identifies three major problems: (A) while the definition remains
unchanged during its usage, the underlying real target (e.g., object, phenomena) is time-variant; (B) settling conceptual boundaries is usually
arbitrarily based on subjective thresholds which causes ill-tessellation
of the working definitions; and (C) the described target rarely exists in
complete isolation. Just as one can ask what is a simple chair [61, p.12-2],
one can also ask what is a human being: when are nutrients considered
part of it or which parasitic cells are considered extraneous? In a way,
we would need an infinite amount of information to completely specify
[60] a measurand[101, Annex D] given the (A-C) limitations. Thus, the
ill-definition is proportional to the entropy of the target. Such concepts
could alternatively be expressed through Mihram’s Uncertainty Principle
of Modeling: the more a model (and/or its BCs and ICs) is refined, the more
uncertainty it will embed [7]. Finally, not only one could fit an infinite
number of (formal) definitions to some empirical value (see discussion
about IR in section 2.1), but one could acquire different values consistent
with one definition [101].
Consequently, we will aim to reduce, if possible, the definitional uncertainty below any necessary accuracy12 for some intended use [168], [185].
We thus accept, by convention [101], by idealizations [61, p.12-2], and/or
by experimental practices, the true value to be suitable for the required
practical use. Such fitting true value comes under different names (e.g.,
conventional true value, best estimate).
To avoid manipulation of definitions to suit some results [97], standardization is usually employed. Standardization aims to formalize the
definitions and practices, while minimizing any additional uncertainty. For
comparison purposes, one also employs etalons as physical realizations of
the definitions of interest which can be used for empirical calibration and
traceability (see, e.g., [102]). Note etalons do not eliminate the definitional
uncertainty: although one could view the definition as exact, there is no
perfect physical realization of the definition, while identical duplication
(e.g., up to atomic scale) is also impossible.
One final note about the truth of a definition is the ambivalent nature
of the word “truth” [37], [88, pp.7,94]. A true definition firstly means a
“well-confirmed” [28] definition (i.e., valid or in experimental accord with
reality). Alternatively, it implies the correctness of the definition within
some formal system or model (i.e., in logical accord with some premises
and/or their interpretation IR ). One can have correct definitions (and
12 As L.N. Trefethen noticed, most physical constants are known with a relative
uncertainty of about 10−10 –10−11 [152]. Also note there are situations where the

true value needs to be predicted for yet unobserved events (e.g., long-term storage
of nuclear waste [168], global socio-economic models [7]).
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models) which do not agree with any measurement, while one can have a
definition which is not logically consistent with a theory yet it predicts well
some measurand. In the present work, we will use the former definition.
As such, if a definition is inconsistent with a theory, the theory is rejected
and will require corrections.

3.2

Verification

Verification processes assess the quality (i.e., the precision and accuracy)
of simulation results. This is facilitated by the relation between the formal
models and the computer model [170, p.23]. We are primarily interested
in assessing the errors ( II ) and ( III ) shown in Fig. 3.1. These errors are
due to implementation and approximate representations and are generally
called numerical errors13 .
The assessed errors will not necessarily be negligible. This is why formal
error-models are employed in this work: they provide (a) a formal error
behavior which can be used to check the correct implementation and (b)
trajectories which can be used to quantify the used error. The first assessment is achieved through code verification while the latter through solution
verification. Verification does not address the efficiency, applicability, nor
the representation of any real world process by the formal model [172].

3.2.1

Code Verification

Code verification should provide objective evidence that the computer code
is a satisfactory representation of the employed discrete model [217]. Since
no deductive proof of correct implementation exists14 for general-purpose
programming languages [60], we will need to assemble empirical evidence.
Repeatable evidence gets accumulated as provisional [102] credibility: it
is inevitably linked to a particular static computer-representation and
execution context of the computer model (i.e., to a particular code version,
software stack, and hardware stack).
Depending on their needs, resources, risks, and liability, different fields
evolved different code verification methods of different inferential power
and rigor. Examples include [170, p.173], [144], [183], [217], [220]: informal
methods such as visual/graphical techniques or trial-and-error, sensitivity
13 Numerical errors include any error due to approximations [170, p.252]: round-

off error, iterative error, discretization error, sampling errors. See also section
2.7.2 for more details on some of these errors.
14 Note formal code verification can actually prove the correctness of a code. It
requires usage of a specialized language, a proof checker, and a theorem proof
software. It does not yet scale well for highly flexible codes (e.g., one can simulate
any HRTF), but there are many successful stories for small and critical codes (e.g.,
SEL 4 networking kernel [117]). Even in this case, one can ask who verifies the
(proof) verifier [60]?
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analysis, third-party accreditation or code-to-code comparisons, subjective
assessments (e.g., psychophysical validation, Turing-type tests for experts),
formal methods, empirical methods (e.g., conservation tests, convergence
tests, fault tolerance), software quality assurance.
In the present work, we will employ an empirical method from the V&V
literature generally called the order of accuracy test [170, p.174]. Such
method is employed for a well-posed problem (continuous and discrete).
It employs the formal behavior of the error in section 2.7.4 for a quantity
of interest: the computed results from different grids are a posteriori
monitored for simple problems with known analytic solutions [200, p.314].
There are two types of solutions which were employed in the current work:
exact solutions and manufactured solutions. The latter are a priori chosen
and do not usually satisfy the underlying PDEs. Thus, they require some
correction in the form of analytically-derived forcing terms (i.e., f (r, t) ̸= 0
in Eq. 2.5). See more in, e.g., [201], [204], [218].
For a successful code verification exercise, the targeted continuous solutions need to satisfy some properties [204], [218], [118, pp.44-46]: they need
to be analytic (i.e., special functions or infinite series should be avoided),
they need to be sufficiently complex to exercise the errors terms, should be
band limited, should be obtained within the numerical accuracy of the computational model, and they should employ the BCs discretization. Finally,
the procedure should exercise, in the most general sense, the parts (i.e.,
execution branches) of the code which will be used in a validation study
[204], [217], [218].
If the observed error behavior is consistent with the expected error
behavior (i.e., with error ( II ) in Fig. 3.1), this provides evidence that the
computer model is an accurate representation of the discrete FDTD model
(i.e., we can assume error ( III ) in Fig. 3.1 as negligible). Thus, one has
more confidence that a coding error does not interact with other involved
errors [172], [200, p.29] (see more about error cancellation in section 3.3.1).
Usually, the consistency is verified for the discretization error: the behavior
of the round-off error is more difficult to study (see section 2.7.2). Thus the
grid spacing ∆ X needs to be large enough not to fall off in the round-off
noise floor (e.g., ∆ X > 0.5 on Fig. 2.1) but fine enough not to be affected by
pollution error (see section 2.7.4). If, moreover, the error of the computed
solution decreases according to the PET, we say that the computed solution
is in the asymptotic range or asymptotic convergence region [172].
Note code verification is never complete [117], [136], [146], [170, p.63]:
there is no full guarantee that the simulations will behave according to the
discrete model in any scenario of its usage (i.e., in its complete specification
[60]). Moreover, not all coding mistakes will affect the observed accuracy
[200, p.89]. Nevertheless, the employed method was shown to be quite
sensitive to coding errors in other fields [170, p.175], [201], [211], [218].

65

Verification & Validation

3.2.2

Solution Verification

A verified code should have the ability to produce mathematically accurate
solutions given enough resources [204] (e.g., memory, numerical representation). However, we will rarely be in such a privileged position to drive
the numerical errors at negligible levels, especially for complex problems
/geometries as the HRTF problem. To assess the actual modeling errors
(i.e., ( I ) in Fig. 3.1), we need to know how far away from the unknown
continuous solution our simulation results are.
This is achieved through solution verification (sometimes called calculation verification [198]) which aims to quantify the overall magnitude of the
numerical errors for some particular computed solution [57], [211], [218].
Since we are usually interested in computing solutions for problems with
no known exact solution, the discretization error15 needs to be estimated.
The benefit of working with formal error-models (see [212] for various
examples) becomes now evident: we can a posteriori (i.e., after solutions
are computed) study if the computed solutions fit such model and then
estimate the committed error; alternatively, we can predict the asymptotic
solution together with its prediction uncertainty.
Most commonly, a mesh-refinement technique based on Richardson extrapolation is employed in solution verification. It involves a posteriori
post-processing of a sequence of solutions computed on distinct grids ∆ X i
[170, p.309]. It belongs to the class of h-extrapolation methods [211] and
is mainly applied to finite difference models but can be employed to other
discrete models such as FEM [6, p.32].
Its main uses include obtaining a more-accurate estimate of the exact
solution [242, p.42] or estimating the magnitude of the discretization error
[199]. Such techniques can successfully be applied if the model in Eq.
2.12 is an accurate description of the error behavior: in other words, the
computations must be in the asymptotic range [200, p.130] while ∆ X i must
be representative for each grid [52] (e.g., on a uniform grid). Another
requirement is that the solution is smooth [211].
The main idea is simple: we consider two computed solutions Prt 1 (t, ∆ X 1 )
and Prt 1 (t, ∆ X 2 ) on two grids ∆ X 1 < ∆ X 2 . The two grids are related through
the grid refinement ratio r which for uniform grids is defined as [200,
p.109]:
r12 =

∆X2
.
∆X1

(3.1)

In the asymptotic range on uniform Cartesian grids, Eq. 2.12 reads:
q

2q

Prt 1 (t, ∆ X 1 ) = p(r1 , t) + ϵ(r1 , t)∆ X 1 + O(∆ X 1 ),

(3.2a)

15 The general assumption is that the discretization error in Eq. 2.12 is dominant

among the numerical errors [170, p.286]. “Dominant” is usually considered at
least 100 times larger than other errors [170, p.185], [211].
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q

2q

Prt 1 (t, ∆ X 2 ) = p(r1 , t) + ϵ(r1 , t)∆ X 2 + O(∆ X 2 ),

(3.2b)

where q ∈ {1, 2}. After extracting the PET ϵ from Eqs. 3.2, one could find a
better estimate of the asymptotic solution:
p(r1 , t) = Prt 1 (t, ∆ X 1 ) +

Prt 1 (t, ∆ X 1 ) − Prt 1 (t, ∆ X 2 )

rq − 1

2q

+ O(∆ X 1 ).

(3.3)

The estimate in Eq. 3.3 can be viewed as the computation of p(r1 , t) through
an equivalent scheme of higher order [72, Theorem 9.1 p.225]. Moreover,
the correction to the fine grid computation in Eq. 3.3 can be viewed as an
approximation of the discretization error E D (∆ X i ) = Prt 1 (t, ∆ X i ) − p(r1 , t) for
grid ∆ X i [199]:
E D (∆ X 1 ) =

Prt 1 (t, ∆ X 1 ) − Prt 1 (t, ∆ X 2 )

rq − 1

2q

+ O(∆ X 1 ).

(3.4)

Similarly, one can show that the relative discretization error:
E D,rel (∆ X ) =

Prt 1 (t, ∆ X 1 ) − p(r1 , t)

(3.5)

p(r1 , t)

can be approximated at ∆ X 1 as [200, p.113]:
E D,rel (∆ X 1 ) =

Prt 1 (t, ∆ X 2 ) − Prt 1 (t, ∆ X 1 )
Prt 1 (t, ∆ X 1 ) (r q − 1)

2q

+ O(∆ X 1 ).

(3.6)

Although the estimates in Eqs. 3.4 and 3.6 are more accurate than
any computed solution, they are not exact: the error terms contained by
2q
O(∆ X 1 ) might be significant. Moreover, asymptotic range is generally
difficult to achieve in which case such estimates will incorrectly estimate
the discretization error16 . Due to the potential low reliability [170, p.592],
[213] of the estimates in 3.4 and 3.6, a safety factor (or coverage factor)
C f is usually introduced to conservatively scale the error estimates and
form an error band [211] around the computed solution at ∆ X 1 . There is no
guarantee [200, p.135] that this band also acts as an error bound17 for E D :
C f values are subjectively [202] and empirically [202], [272] accepted depending on field/problem, usage of computed solution, expected reliability,
and observed error behavior [170, p.324].
The main disadvantage of such estimates of ∥E D ∥ is that they do not
have any formal confidence level attached, while their reliability firmly
drops for ill-behaved error behavior (i.e., ill-conditioned relative to Eq.
16 In practice, asymptotic range is accepted if the observed convergence rate q
obs is
within, e.g., ±10% [170, p.326] of the theoretical value q. Otherwise the error can
be grossly underestimated (for qobs ≫ q) or too conservative (for qobs ≪ q, qobs > 0)
[52]. qobs is usually estimated based on three distinct grids ∆ X 1 < ∆ X 2 < ∆ X 3 with
a recommended r12 , r23 ≥ 1.1 [200, p.124].
17 An error bound B can be mathematically defined as [84, p.14]: ∥E (∆ X )∥ ≤
D
B(∆ X ), ∀∆ X ≤ ∆ X 0 with ∆ X 0 ∈ R+ and lim∆ X →0 B(∆ X ) = 0.
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2.12). Weaker approaches such as those from statistical modeling could be
employed. One example are least-squares methods [52] which, at the cost
of more computed solutions, could also offer confidence level assessment for


∥E D ∥ and E D,rel , or even q obs . This approach was explored in Publication
II for the HRTF problem.

3.3

Validation

Broadly, validation aims to quantify the modeling error (i.e., ( I ) in Fig. 3.1)
relative to some accepted data. In this work, such data will be measurements of the true value (see section 3.1.1): measured results are compared
with verified simulated results [172], [173]. In other words, validation
tries to establish the model adequacy/legitimacy [179] or veracity/verisimilitude [7] for some intended use18 . From the perspective of formal systems,
“validation” refers in the present work to contentual validation (i.e., valid
under IR [28], [83]: the empirical grounding of symbols’ meanings), not
the more powerful19 formal validity which mainly deals with correctness
of the model (see also the discussion on true value in section 3.1.1).
As with verification, there are various approaches of different rigor
to validate a model [183], [217], [220]. Since there is no formal [178],
[179] or empirically-complete [172] proof of validation, we will resort to
building confidence that the model is a compelling representation [217]
of the process/system of interest (e.g., the model is a sound and effective
[194, p.228] proxy for its use/operation). This is done based on continued
validation exercises which should adequately stress [198] the employed
model relative to its domain of applicability20 . In addition, the validation
results should be quantified in a meaningful and reproducible way with
what is commonly termed validation metrics (see, e.g., [62], [169], [215],
[216], [261]).
Little trust or model credibility can be accumulated through a validation
experiment which does not provide a reliable measure of [172]: (i) measurement uncertainty and (ii) the involved numerical errors. We should
have evidence and confidence that we are measuring the right phenomena
and probing the underlying continuous model [169].
18 Note some authors [170, p.484], [173] conceptually separate the validation

process from the certification process: validation deals solely with quantification
of modeling errors, while certification accepts or rejects such results relative to
some intended use of the model. Intended use involves answering those relevant
questions about the real target for an observer [150]. In this work, we will not
make such a conceptual separation: validation will also assess the justification of
model usage.
19 One can build non-observational [271] formal systems which are universally
valid, meaning correct under any interpretation I - see, e.g., [28].
20 The application domain is defined as “the conditions where the model will be
applied” [213]
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The main purpose for a HRTF validation study is the predictive validity
[170, p.402] of the model: the acceptance criteria such that the model can
be used in predictions of unvalidated problems (i.e., without the need of
experiments) [1], [172]. There are at least two main issues21 regarding
the acceptance of such inferences22 : the similarity between the validation
domain23 and the application domain, and the depth of understanding
of the processes involved [170, p.40]. The importance of either of the
two requires both empirical evidence and informed expert decisions. For
the former, the predicted processes must be at the same scale [20] and
involve the same (or weaker [170, p.378]) type of solution, must not contain
new physical processes [168], and must involve similar environments and
contexts (e.g., BCs and ICs, time invariance [178], free-field). Nevertheless,
there is no guarantee that the model will perform equally well outside the
validation domain [146], [179]. Examples for the HRTF problem include:
validation for fabricated heads/ears cannot be extrapolated to in vivo
HRTFs, HRTF validations including smaller ears should be extrapolatable
to larger ears.
Regarding the understanding of the process, the predictive power drops
with increased number of simplifications which were not shown to be insignificant (e.g., we expect little predictive power for a mimicking model
[178]). For HRTFs, one simplification is the local behavior of the BC. Validations ran at various scales is one way of increasing confidence [170,
p.419]. Nevertheless, we are far from reaching any scale-change at reasonable volumes [129], [207] in the near future. Unbounded application
domains such as individualized HRTFs are more problematic since they
likely contain unknown singular subdomains (i.e., there might be certain
types of ears which would require improved modeling). As such, we will
presently have to accept the increased uncertainty, Type I/II errors, and
fundamental skepticism.
Finally, we should note some irreducible difficulties in a validation study.
To begin with, the validation process is inevitably subjective [7], [10]. Validation workers have to select and evaluate the applicability of [146], [177]:
the observable target (i.e., physical property) to validate; the working
premises [10], [164] and IR ; the formal model (including degree of abstraction, resolution and fidelity, BCs, ICs, and input parameters and their
type [10], [115]) representing the target; the validation test(s) and method21 Other issues less important for the HRTF problem include: the irreducible

uncertainty in the measurements based on which models are erected (see section
3.3.2); the uncertainty in the predictions usually increases with simulated time
[61, p.38.10]; the uncertainty is higher for ongoing processes [178].
22 More generally, the ill-conditioning of models or phenomena such as chaotic
systems [26] is another issue which is not applicable to our studied scale (e.g.,
molecular simulations or war simulation problems [10]).
23 The validation domain or domain of interest [205] is defined as “the conditions
where experimental data are available” [213].
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ologies; the simulation frame; the measurement data to be used; and the
model acceptance criteria. Such somewhat arbitrary selections are error
prone due to [15], [62], [120], [178], [240], [269]: imperfect modeling and
limited understanding, insufficient validation experience, incompleteness
of any validation test, and warped cognitive interpretations (see sections
2.1 and 3.1.1). To minimize “the art of model building” [10] and validation,
reinforced opinions of experts in the field are generally used. Still, there
are different issues with experts’ opinions (see, e.g., [11], [170, p.570])
which can be reduced through, e.g., elicitation activities (e.g., [274]), proliferation of formal/objective methods, and asking the right questions [1],
[170, pp.414,428,484]. A model which is indistinguishable from its target
can be considered a good model [136]. To achieve this in acoustics, we
can take advantage of worst-case and relevant JNDs [262] (just noticeable
differences). Nevertheless, there is not one JND relevant for the HRTF
problem (see, e.g., Publication III), which will again cause subjectivity in
choosing the appropriate JND.
The human-in-the-loop side of a validation study [47, p.71], [182] is
aggravated by different aspects. On top of the discussed subjectivity in
validation studies, additional examples include: psychological biases, personality traits [10], and simplifying heuristics [228] (e.g., confidence bias,
cultural bias [256], priming [264], framing [260]); professional skill or
expertise [101] (e.g., data misinterpretation, forgetfulness [48], understanding, measurement blunders, misprediction, errors in selection and
effectuation of methodologies [177]); intellectual honesty and integrity
[101] (e.g., p-hacking [220], HARKing [220], data-dredging [97]); incentives and partisan interests [220] (e.g., financial conflict of interests [195],
publish or perish). Formal systems and uncorrupted standardization help
in reducing such potential issues. Finally, the scientific community and
peer-reviews represent a long-standing safety net: scientists are acknowledged to be quite competitive [229]. Nevertheless, there are numerous
emerging flaws in the latter [229] (e.g., non-double blind, weak standards,
financial or publishing pressure), while modern simulations are still struggling to escape the contemporary credibility crisis [132].
Since nature is an open system [179], a second major limitation of any
validation result is its provisional state: given a limited understanding
or experience, the validation could have missed some important aspects
or cases. As such, validation is usually context dependent [20]: a model
may be appropriate for some cases (i.e., within the validation domain) and
invalid in others. The underdetermination of the modeling process described in 2.1 adds to the uncertainty. This is why no number of successful
validation exercises can guarantee a correct model [250]. Highly complex
models (e.g., multi-scale models, integrative simulations) offer an increased
chance of error cancellation [179], feedback, non-linear and non-unique
coupling [172], [193], and error emergence [240]. One general limitation
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for some validation studies is the impossibility to isolate or replicate parts
or the entire system under study24 . Fortunately, the HRTF problem can be
reasonably well isolated and controlled: nevertheless, one can go further
and ask about the ecological validity of such well-controlled phenomena
[265].
A third significant limitation is the used input data/parameters: not only
are they underdeterminate in nature due to modeling limitations [178],
but they could also be of poor quality [217] or sometimes synthetic [10].
A relevant example for HRTFs is the surface impedance at a boundary
(see Publication IV). Other input parameters involve invasive procedures
which could alter the process of interest (see examples in [179]). Moreover, measurable physical quantities used as input data have irreducible
uncertainty [26], [240], while other data is sometimes obtained using conflicting assumptions from other disciplines [222] which could cause data
misinterpretation [217].
Usually, the more simplifications are made25 , the more input data is
required [170, p.45], thus the more uncertain the model input is expected
to be. Even for a reasonably-conditioned model, greater input uncertainty
usually translates into more output uncertainty. Ironically, the same thing
is expected when less simplifications are made (see Mihram’s Uncertainty
Principle of Modeling in section 3.1.1). More output uncertainty could in
turn cause additional disagreement among experts [238] which becomes
increasingly costly to reduce. Thus, there is no general recipe to modeling:
the HRTF field should evolve its own model constructions and credibility
basin.

3.3.1

Types of errors and error cancellation in validation

One critical issue in a validation study are Type I/II errors which seem to
be usually forgotten or ignored in validation studies of HRTF simulations.
As discussed, these usually occur due to omissions or uncontrolled error
behavior. We will briefly address the latter here and show the caveats of
error cancellation. This section is an extension of the model by Oberkampf
et al. [170, p.382], [172] which can be found in analogous forms in other
24 Such arguments are weakly applicable to the HRTF problem, as we currently

understand it. They include: validating participative phenomena such as environmental models [240]; validating “unique systems” [177] whose time-evolution
involves unique and often irreversible states [240] such as neural activity or
biological evolution; validating computationally irreducible problems [270]; unavailable, missing or corrupted data [56] (due to, e.g., technical, economical, or
ethical/moral reasons [120]); inappropriate/incomplete observational interval [64],
[179]; modeling events which never empirically occurred [168].
25 Naturally, one can completely ignore some assumptions and cause no uncertainty increase. Then the question is whether the ignored assumptions canceled
out or if the principal hypotheses [179] which were purposely left out resulted in
the model becoming irrelevant [47, p.31] for the intended use (i.e., a Type III error
[221], [222]).
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works (e.g., [21, Vol 1 p.30], [44], [59, p.34]). In a validation study, we will
usually quantify, through some appropriately chosen norm, the following
validation error26 :
∆v = p nature − p computer ,
(3.7)
where p nature quantifies some natural process of interest (e.g., the acoustical
scattering around a human head) and p computer represents the simulated
output.
Although we target that ∆v is as prescribed by Eq. 3.7, its quantification
will encapsulate a set of usually-related errors. For instance, we will have
some mental representation [150], [187] of the observable part of p nature
(i.e., a conceptual model [168] given by mental abstractions and IR in Fig.
3.1) which we will label as p definition . Now, without changing the value of
∆v in Eq. 3.7, we will add and subtract the referent p definition and then
rearrange the terms as:
)

(

∆v = (p nature − p definition ) + p definition − p computer .





E def



(3.8)

We now identify the first difference as the definitional error E def of the
true value which we discussed in section 3.1.1. Here, E def quantifies the
mismatch between how we view or understand the process compared to
what the real process is. Note E def could confound with the correctness
meaning of the true value (see section 3.1.1): E def could encapsulate conceptual errors such as [20] logical inconsistencies, circular definitions, or
vague terminology.
One immediate extension is the translation error: our definition might
not be easily representable [20] or clarifiable [187] in some employed
language (i.e., we are dealing also with a communicative model [13]).
Translation error is two-sided and can act at various levels of abstraction
(e.g., between formal statements and “observational statements” [271]).
For simplicity, we will assume our definition is readily translatable in a
language such that the translation error is negligible27 .
We will now add and subtract the measured value of the referent p measured :
(

)

∆v = (p nature − p definition ) + (p definition − p measured ) + p measured − p computer .





E def

 



E exp



(3.9)

26 Note that depending on the starting point in Eq. 3.7 (i.e., what we are interested

in) and the set of acknowledged errors, we will end up with different definitions
for the involved errors. Moreover, notice we are describing the simplest model
which allows for error cancellation. Things are likely more complicated in reality
with strong non-linear interactions between the involved terms. Moreover, most of
the discussed terms also embed uncertainty which is not necessarily independent.
27 Such error cannot be zero due to, e.g., embodiment [165] or sensorial warping
[2], [137], [187]. See also [271].
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We identify the experimental error E exp as the second difference in Eq. 3.9.
Here, it quantifies the difference between what we desire to measure (i.e.,
the true value as defined by 3.1.1) and what we actually measure [101],
[102]. We will repeat the process with two more quantities:
• p exact which represents the unique solution to the wave equation and
BC in Eqs. 2.5,2.6.
• p discrete which represents the discrete approximation of p exact as given
by the discrete model in Fig. 3.1. In the present context, p exact can
be viewed as a computed solution by a verified code on a perfect
computer (i.e., with infinite precision and memory [170, p.382]).
Thus, Eq. 3.9 becomes:
∆v = (p nature − p definition ) + (p definition − p measured ) +





E def

 



E exp



(

)

+ (p measured − p exact ) + (p exact − p discrete ) + p discrete − p computer , (3.10)





E model

 



ED

where we identified the following errors:

 



E compute



• the modeling error E model as the difference between the (measured)
true value and the continuous solution;
• the (absolute) discretization error E D as discussed in section 3.2.2.
Here, E D also includes any voxelization error(see Publication I) (see
also section 2.7.3) or pollution error, and quantifies ( II ) in Fig. 3.1;
• the computing error E compute which comprises mainly of the round-off
error (see section 2.7.2) but also other programming errors. E compute
quantifies ( III ) in Fig. 3.1.
There are other error sources which we have not addressed. One major
source of error which we have not even considered is the input error: errors
in initial conditions (i.e., system excitation error [168]), variations and inappropriate usage of the environment, input values or input parameters. It
causes both error and uncertainty in model predictions p exact and could also
affect the measurement protocols together with p measured . One special type
of input error is the sampling error: e.g. [20], non-representative sample(s)
used in the validation study, sample contamination, wrongful processing or
maintenance of the sample. We will briefly discuss it in section 3.4. Other
errors include: data interpretation errors (e.g., post-processing errors, postvisualization errors, scale changes [170, pp.124,487]), human error (see
section 3.3), or iterative error28 .
28 Due to the simplicity and explicit nature of the employed FDTD scheme, we

avoided such error: it arises when iterative processes are used to speed up
computations (for instance, the FMP (Fast Multi-Pole) BEM [123]).
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The main message from the derivation in Eqs. 3.7-3.10 is that Type
I/II errors (e.g., fortuitous cancellation29 - see examples in [200, p.304],
[199]) can easily creep in if errors are not acknowledged and properly
controlled. Strong validation studies aim to assess the quality30 of E model
and the confidence in its interpretation: they usually employ formal and
well-confirmed physical models such that E def is generally small, they
employ code verification procedures such that E compute can also be assumed
negligible, and they are required to quantify E D through the solution
verification processes.

3.3.2

Measurements

Based on Eq. 3.10, no reliable conclusion can be drawn about E model if the
experimental error E exp is not negligible or quantified. Although modern
scientific advancements edify that E exp cannot be zero [26], E exp can usually
be reduced to acceptable levels based on the well-developed techniques
in metrology [170, p.371]. Compared to other types of measurements31 ,
validation experiments usually require a higher level of characterization
(e.g., ICs, BCs, environmental conditions, material properties, geometrical
definition) which can be difficult and expensive to obtain [170, p.464],
[203]. Such minimal or “specified standard” [217] becomes more difficult to
achieve as the model and understanding improves.
Let us now borrow some definitions:
Definition 3.3.1. Measurable quantity: “attribute of a phenomenon, body,
or substance that may be distinguished qualitatively and determined
quantitatively” [101].
Similarly, a measurand is a “particular quantity subject to measurement”
[101] which is quantitatively expressed in units32 . Based on [101], [63,
p.1], we will employ the following definition:
Definition 3.3.2. Measurement: a set of designed operations which results
in the well-posed flow of information from an observable physical source to
a data space.
In Def. 3.3.2, “information” is generally represented by some interpreted
and quantitative measure of energy exchange. The experimental design is
29 In a broader picture, error cancellation per se is not an issue as long as it always

occurs - it simply becomes a matter of definition (see 3.1.1). As discussed, it
is impossible to show “always” when it comes to reality and error cancellation
generally raises concerns.
30 Note one can formally estimate parts of E
model within some modeling subregion
based on an already validated model - see, e.g., [174].
31 Oberkampf et al. [167], [171]–[173] identify the following four types of experiments: physical-discovery, traditional, product acceptance, and validation.
32 A unit is a “real scalar quantity, defined and adopted by convention, with which
any other quantity of the same kind can be compared to express the ratio of the
two quantities as a number” [102].
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based on the working theoretical assumptions [240] which are not necessarily exact [192], while the informational flux is physically limited [270].
The description and organization of the operations is generically called
measurement method [102].
Measurements are acquired with specialized equipment sensitive to the
phenomena of interest (e.g., sensor, detector - for definitions, see [102])
which are also subject to various errors (e.g., damage, drift, hysteresis, limited resolution, radiation pickup). Controlling the environment and inputs
for a validation experiment is also error prone due to facility-related biases
[1] (e.g., drifts in state of the fluid, non-anechoic deviations, calibration
errors [171]). These can be mitigated by calibration using a well-validated
computed solution [1] such as the scattering from a rigid sphere.
Other relevant measurement errors include [1], [101], [130], [171], [251],
[273]: measurement bias (e.g., influence quantities [101], [102]) and random errors due to measurement method and/or apparatus, pre-processing
errors (e.g., sample selection, sample treatment), post-processing errors
(e.g., DSP, quantization, data compression), input errors (see section 3.3.1),
intrusive/ participative nature of measurements (e.g., a microphone causes
high-frequency scattering, or a thermocouple causes temperature changes),
observer bias (e.g., expertise of the experimenter). Calibration procedures
are necessary but not sufficient to eliminate some of the errors [101].
Trusting measurement results “beyond a reasonable doubt” [204] is generally attained through repeated measurements of the same measurand
by multiple investigators/teams at different facilities employing different
measurement methods/protocols and instrumentation [172], [273].
A relevant and rather comprehensive list of measurement errors commonly encountered in HRTF measurements can be found in Publication
III.

3.4

Sensitivity and uncertainty analyses

One last critical aspect of modeling is its empirical well-conditioning:
although a model is formally well-conditioned, there might be regions in
the parameter input space which could cause unreasonable variations
in the model output. Moreover, measured input data inevitably embed
uncertainty (due to, e.g., quantization - see section 3.3.2). To increase the
confidence and safe-usage of predictions, we are interested in the plausible
outputs given errors in the input values. Some authors even advocate
that such additional analyses are required for a deep understanding of the
physical target[193]: successful validation exercises are not enough.
Such effects are studied through uncertainty analyses (UAs) and sensitivity analyses (SAs). These methods belong the uncertainty quantification field [214] which evolved many approaches and methods to conduct
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SAs/UAs. We will only briefly describe the main attributes of each.
Both procedures are broadly interested in describing the output(s) of
some system (be it deterministic such as a computational model or stochastic such as a laser-induced air breakdown) given some partially-described
perturbations of one or more inputs (be it exogenous such as the ambient
temperature or endogenous such as the BCs). Thus, they are inherently
dealing with propagation of uncertainty and not error representation. Similar to defining the true value, the results of both UA and SA are usually
provisional and limited by our current understanding (e.g., some parameter spaces are unbounded and might contain unavailable data such as
nuclear war data or lost historical data [116]).
UA and SA are used under different and mostly inconsistent [220] semantics in the academic literature. Moreover, many of such classifications are
not necessarily useful for our purpose, namely to quantify the robustness
[54] and trust in the outputs for a given problem. In the present work
we borrow from the beginnings of operations research [160, p.253]: UA
refers to quantifying the interval-mapping of some known range of input
values (be it discrete or continuous) to the output interval (i.e., identifying
the minimum and maximum value). It is not mandatory for any input
interval to assume a specific pdf - the space of plausible values should only
be properly explored. There are various strategies to advantageously sample the input space such that the output is characterized with increased
confidence (see, e.g., [7], [80], [100], [147]). The larger the output interval
in an UA, the more unreliable the result. Publication I is one example of
UA: the total amount of uncertainty caused by the voxelization process for
two ear types is quantified at a chosen confidence level.
On the other hand, SA focuses on how local changes in the input(s) affect
the changes in the output(s). Thus, SA represents a quantification of the
well-conditioning of the problem for some input subintervals: the larger the
output subinterval, the more sensitive and less conditioned the problem
becomes around some input interval of nonzero measure. Compared to
UA, SA entails estimating the regularity of the output (but not necessarily
its bounds [101]). Thus, one needs to work with additional assumptions,
constraints, and input-output propagation models.
One model commonly used in SA is the famous Gauss error propagation
law [39, p.793], [101] which is valid only for a linear input-output mapping
without strong correlations between the inputs [101]. Empirically, one
can quantitatively estimate the involved sensitivities through multiple
simulation runs [7]. For non-linear cases, both UA and SA become more
involved for multiple inputs. For such cases, there are more advanced
global-methods which employ higher statistical moments (e.g., combined
standard uncertainty [101] or the first order sensitivity [220]). For the
HRTF problem, we are mainly interested in how sensitive are the HRTFs
(either magnitude or phase) to, e.g.:
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• Direction (i.e., ∂HRTF/∂θ and ∂HRTF/∂φ where θ is the azimuth angle
while φ is the elevation angle);
• Distance (i.e., ∂HRTF/∂ ∥rs ∥). It is already known that HRTFs decrease in sensitivity with distance [49];
• Ear. Previous investigations show that HRTF magnitude is more
sensitive with azimuth angle θ for the contralateral ear [166];
• Pinna surface (i.e., ∂HRTF/∂{∂D} where ∂D is the boundary surface).
Compared to other works [220], we view both SA and UA as tools to
also study the partitioning of uncertainty. For example, we might be
interested to quantify the total uncertainty in the HRTF magnitude in
the horizontal plane at 1 m (i.e., UA for φ =0° and ∥rs ∥ =1 m) but also the
angles at which the magnitude is more sensitive (i.e., SA of ∂|HRTF|/∂θ for
φ =0° and ∥rs ∥ =1 m).
One inherent benefit of such methods is that one can identify key/critical
components susceptible to poor conditioning and can coordinate the focus
of modeling and resources [170, pp.634,664] (e.g., a backward problem
[173]). Finally, such methods can also be used as verification procedures
[148], [220], [222].
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4.1

Review of HRTF simulations

The present section reviews the works circulating in the scientific literature
on simulated HRTFs and their validation1 . We will only address works
which include the pinna - we will not address related problems such as
works focused on the ear canal and/or middle and inner ear (e.g., [287],
[345]). The review is presented chronologically with separate references
from the main text. All the presented works involving FDTD simulations
are run on uniform Cartesian grids.
1984: The first HRTF-related simulations were done by Weinrich [357]
in 1984. He employed second-order accurate finite-difference discretization
(2.5 mm≤ ∆ X ≤ 6 mm) of the 2D Helmholtz equation to approximate shapes
of the ear canal and concha. In addition, Weinrich[357, pp.38,43] employed
3D BEM simulations for a head-sized cube, and a simple human head
with a simplified torso. The head simulations were validated against
measurements of a hard PVC head: the simulated results shown for
f ∈ {1095, 5475} Hz were within a few dB. Interestingly, Weinrich[357, p.7785] also crudely studied the BEM discretization error2 by computing the
HRTFs with a different number of triangles.
1998: In 1998, Kahana et al. [306] ran BEM simulations on a KEMAR
(Knowles Electronics Manikin for Acoustic Research) head mesh without
any torso. The results were compared with measurements of the head of
KEMAR up to 6 kHz: although the general trend matched, the differences
appear to mount to a few dB. The same year, Katz [110] presented some
preliminary BEM simulations in his PhD thesis. Simulations were run for
1 The present section aims to be exhaustive but it is likely incomplete: it only

contains works which the author is aware of. For instance, there are other
works which the author did not have access to due to availability and language
differences: [367]–[375].
2 Specifically, the quadrature error which in [357] was second-order accurate.
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a human head mesh, geometric variations of the head mesh, and a sphere
with different impedance conditions up to 6 kHz. As evidence of code
verification, the sphere simulations were compared with known formal
solutions: results agreed within 0.5-1 dB for one shown direction [110, Fig
5.19 p.114].
1999: The following year, Kahana et al. [307] further presented BEMsimulated HRTFs on a sphere, ellipsoid, KEMAR model, and PRTFs (PinnaRelated Transfer Function3 ) on KEMAR’s ears.
2000: Kahana and Nelson [107] showed a comparison between a BEM
simulation conducted with Synoise software and measurements on one
PRTF for a KEMAR ear (i.e., DB-60). The authors also reported a verification exercise on a rigid sphere for two directions with results agreeing
within 0.5 dB.
A thorough work on HRTF simulations is found in Kahana’s PhD thesis
[304]. He conducted a detailed HRTF validation study on the head of a
KEMAR with the small DB-60 pinna. HRTFs were acquired at 1 m. Four
measurement sessions were conducted. Some measurement errors were
reported [304, p.136]: radius mismatches below 1 cm, rotation mismatches
below 0.5◦ , and scattering from the circular arc of loudspeakers was quantified to be below 1 dB up to 10 kHz and below 2 dB at higher frequencies.
Despite geometrical mismatches (i.e., the mesh missed some mounting
cylinder) and temperature drifts up to [304, p.141] 2.5◦ , the reported results
[304, p.152] are still some of the best validation results currently found
in the literature with magnitude errors below 1 dB up to 15 kHz for some
directions not containing deep notches. Nevertheless, some corrections on
the measurement elevation angle were reported [304, p.141].
2001: Two well-known Katz papers [111], [309] are published where
BEM simulations of a laser-scanned head were run up to 6 kHz using
Synoise 5.1-5.3 software (as used and verified in [110]). The head mesh
was altered (i.e., ears were removed) and simulations were compared with
rigid sphere simulations of different sizes [111]. The second paper [309]
also studied the effects of hair impedance (assumed locally-reacting) and
compared the simulations with measurements where departures are seen
at higher frequencies.
Although computed for the common dolphin, it is worth mentioning the
HRTF computed by Aroyan [278] with the FDTD method: wave-based
simulations were ran for CT-acquired volumetric representations of increased complexity. No shear waves and mechanical losses were simulated
in the dolphin’s tissues. [278] also performed some crude UA on the input
parameters.
2002: Algazi et al. [4] employed BEM and multipole expansion to
compute the HRTFs of a simplified snowman model.
3 PRTFs are defined exactly as HRTFs in Eq. 2.3, only that the scatterer is a

pinna (with or without a baffle) instead of a full head.
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2003: The first HRTF simulations [358] employing time-domain finite
difference methods (i.e., FDTD) is ran almost a decade after such methods
started to be employed in room acoustics [30], [340], [344]. Xiao and Lu
[358] ran HRTF simulations up to 6.7 kHz for a rigid sphere and a KEMAR
using a leapfrog scheme for a voxel size of ∆ X = 3 mm; no validation with
measurements was conducted.
Walsh and Demkowicz [263] employed a weak Burton-Miller BEM formulation which accounts for both h-adaptivity (i.e., number of patches used
to represent the boundary) and p-adaptivity (i.e., polynomial order of the
patch) of the mesh that allows for the assessment of the convergence of the
discrete solutions based on some residual evaluation. The BEM integrals
were discretized with standard quadrature techniques. [263] mostly employed h-adaptivity where the used continuously differentiable (i.e., class
C 1 ) A-patches were refined until a threshold residual was obtained. [263]
presents results for a sphere and a head.
The same year, Terai and Kakuhari [351] compared BEM simulations
with measurements on an optically-molded head of claimed geometrical
accuracy ≤ 1 mm. Qualitatively, [351] presents a good agreement with
measurements up to 3 kHz and even up to 7 kHz for some directions.
In the same year, Otani and Ise [329] computed with BEM directional
HRTFs (i.e., DTFs4 ) on a laser-scanned dummy head. [329] shows a
reduction in ill-definition of the BEM problem at the so-called irregular
frequencies [110, p.87] together with a crude (i.e., qualitative) convergence
study of the computed solutions on three meshes of different sizes.
Finally, Tao et al. [350] employed a method called differential pressure
synthesis5 (DPS) to calculate the HRTFs for a sphere and a smoothed
version of the KEMAR head. The KEMAR results were compared to a
BEM simulation and showed an average relative error of about 7%.
2004: Walsh et al. [354] conducted a study on BEM HRTF simulations
with and without an ear canal on the same method and the head used in
[263], confirming the known [75] lack of directional information along the
ear-canal. Takane et al. [346] compared in the same year BEM simulations
of a laser-scanned dummy head with measurements up to 5 kHz: shown
validation results were quite poor with differences up to 15 dB.
Finally, Fels et al. [291] conducted a validation study where they compared BEM simulations employing Synoise with measurements on a sim4 The so-called DTFs (Directional Transfer Functions) were proposed by Middle-

brooks and Green [315] and involve subtracting the average HRTF of an HRTF
set from each HRTF.
5 Broadly, the method decomposes a simple shape into a known basis of shape
harmonics. Then, such temlate shape can me morphed to a desired target mesh
through consecutive micro-deformations. This in turn will cause approximatelylinear and quantifiable approximated perturbations in the pressure field which
can be summed to obtain the resulting scattered field of the target mesh. Unfortunately, the chosen basis in [350] is reported to have difficulties in representing
the pinna folds.
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plified head model. 1/12-octave smoothed magnitude results qualitatively
showed [291] a generally good agreement between simulations with a rigid
BC (i.e., β = 0) and a wooden fabricated head.
2005: Nakazawa and Nishikata [328] employed FDTD simulations of
a head with ear canals at r = 0.5 m. They employed a Cartesian grid of
∆ X = 2 mm and different BC: rigid wall on the head, a frequency-dependent
resistive impedance at the eardrum, and Mur’s 1st order ABC (Absorbing
Boundary Condition) on the simulation-domain boundaries; no comparison
with measurements was conducted.
2006: Otani and Ise [330] showed with BEM that detailed scans of
the back part of the external ear is not necessarily important in HRTF
simulations below 4 kHz, while Kahana and Nelson [108] analyzed with
direct BEM four KEMAR pinnas together with a molded physical pinna
and confirmed the results of Shaw and Teranishi [342] using a singularvalue decomposition method.
Satarzadeh [339] simulated in his master thesis Shaw’s pinna cavity
model with FDTD ran at ∆ X = 1 mm. Sphere-scattering verification results
in [339] show good accuracy for a 5 cm sphere for more than 30 samples
per wavelength.
A more exotic simulation method called virtual source representation6
was employed by Bai and Tsao [279] to simulate the HRTFs of a KEMAR
head at r = 1.2 m. Such results were compared to BEM simulations and
showed a quite poor fit. Finally, the only ray-tracing study on HRTFs was
conducted by Röber et al. [336] without any validation.
2007: Mokhtari et al. [154] compared FDTD-simulated HRTFs at 0.3 m
with corresponding measured HRTFs at 1.3 m on a ∆ X ∈ {3, 3.6} mm Cartesian grid. The simulations involved only the head and a PML (Perfectly
Matched Layer) ABS-type boundary layer was used at the domain boundaries. Unsurprisingly, despite calibrating the source location to obtain
maximal error cancellation, the mean spectral distortion reported by [154]
was around 4 dB. The same year, Greff and Katz [293] extended the Fritz
club [112] to simulations: despite good reproducibility between two BEM
simulations, differences were large when measurements were considered.
Gumerov and Duraiswami [294] presented a preliminary study on Fast
Multi-Pole (FMP) BEM HRTF simulations of a KEMAR head with an ellipsoid replacing the torso: comparison with CIPIC measurements [5] in [294]
showed a rather poor match. Kahana and Nelson [305] present a detailed
account of BEM HRTF (and PRTF) simulations of KEMAR and of one
individual. They also changed the geometry and the surface impedance.
Additionally, [305] showed a reasonable agreement with existing measurements in the literature and emphasized the importance of an accurate
pinna mesh.
6 Such method essentially integrates a number of point sources on a surface based

on Green’s function.

82

Validation of HRTF simulations

Finally, 2007 also brings two FEM studies: Huttunen et al. [95] simulated
a sphere and a B&K 4128C dummy head for which errors up to 1.5 dB are
shown when compared to measured HRTFs, while Muraoka et al. [327]
focused on the principle of reciprocity using FEM with infinite elements
simulated with Arctran acoustics software.
2008: Mokhtari et al. [319] conducted a perceptual validation of FDTDsimulated HRTFs ran at ∆ X = 3.6 mm. Their auralization and measurements methods yielded somewhat similar localization errors even though
the HRTF simulations were acquired at r = 0.3 m while HRTF measurements were done at 1.5 m. The same group conducted in the same year an
objective validation of simulated HRTFs using spatial stencils of different
accuracies [153]: 2nd and 4th order. The simulations were ran on a small
Cartesian grid of ∆ X ∈ {1.2, 2.4, 3.6} mm which was surrounded by a PML
and the final HRTFs were extrapolated using an integral formulation [320].
Despite calibrating the source location to better match the measurements,
the minimum reported (averaged) spectral distortion (SD) was about 3.3
dB. Results in [153] also showed an unexpected error increase in SD of 0.1
dB for one of the two ears when the spatial grid resolution was refined from
2.4 to 1.2 mm, specifically when a higher-order spatial differential operator
(4th-order) was used; this shows the need for error quantification. While
assessing the error of the integral formulation applied to a grid-aligned
surface, [320] also shows the decrease in discretization error with ∆ X (in ,
[320] the approximation of a surface integral and finite-difference approximations around such surface) as quantified by a frequency-dependent SD
metric.
A separate perceptual study involving BEM-simulated HRTFs was reported by Turku et al. [353].
2009: Kreuzer et al. [123] used BEM coupled with FMP iterative inversion algorithm to simulate the HRTF for a human head. [123] compared
the simulated results with measurements at a r = 1.2 m distance and
showed, with some exceptions, qualitatively comparable results in the
horizontal plane up to 16 kHz while the agreement in the median plane
was quite poor above 7 kHz. In addition, [123] conducted a rather crude SA
on mesh perturbations where the vertices were randomly displaced by 0.5
mm which did not seem to cause significant changes in the BEM-simulated
HRTF magnitude - no systematic mesh errors were addressed.
Fels and Vorländer [292] conducted a follow up study to [291] where an
in-house BEM solver was used in a one-at-a-time [220] UA study to study
the influence of the pinna morphology, head size, and distance to shoulder
to the resulting HRTF magnitudes.
Mokhtari et al. [321] simulated KEMAR’s head on a 2nd order in time
and 4th order in space FDTD scheme for ∆ X = 2 mm. Employing again calibration of source location relative to the CIPIC measurements of KEMAR
[5], [321] reports an averaged SD of 2.3 dB despite clear mismatches in the
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locations of the peaks and notches.
Huttunen et al. [298] ran and compared both BEM and FEM simulations
on a B&K 4128C dummy mesh and showed quite good agreement of 1-2
dB between the two methods. Finally, Otani et al. [181] conducts a study
on nf-HRTFs for a B&K 4128C dummy head without a torso: employing
BEM, they simulated the HRTFs in the horizontal plane from r = 0.1 m to
r = 3 m in ∆ r = 1 cm steps. Without validation with measurements, [181]
mostly confirms the results found by Brungart and Rabinowitz [284].
In the same year, Thorpe [254, Chapter 3 pp.66-134] presents an analysis
of BEM simulations done for a KEMAR head-mesh with small ears. [254]
reports similar findings as Kahana and Nelson [108] obtained for PRTFs
simulated for the large ears of the KEMAR. A refinement analysis for a
non-uniform mesh is also shown for four directions[254, pp.79-82]: results
clearly show a much larger BEM discretization error for the contralateral
ear; the plots also suggest non-converged solutions even for the most refined mesh (maximal edge length below a quarter of a wavelength). An
analysis for seven rings of confusion at r = 1 m is also conducted on the
computed solutions which indicated a general similarity in the monaural
cues patterns below 10 kHz within cones of confusion7 . The BEM simulations are also employed in studying the monaural and binaural cues in
the horizontal and frontal planes [254, Chapter 3]. Finally, Thorpe [254,
Chapter 5 pp.166-213] extends on the DPS method by Tao et al. [350] such
that the pinnas are also included: one main finding is that in order for the
DPS assumptions to hold, the magnitude of the geometrical deformations
of the template mesh must decrease with frequency and curvature [254,
pp.177-187] which in turn will increase the difficulty in HRTF predictions
at higher frequencies. Unsurprisingly, the predicted HRTFs with DPS
and fixed micro-deformations show rather large mean and maximal errors
when compared to the equivalent BEM predictions [254, p.197].
2010: Mokhtari et al. [322] computed with FDTD the PRTFs of KEMAR’s DB-60 ear. Using a solid voxelization algorithm on a ∆ X = 2 mm
Cartesian grid and employing 2nd order temporal stencils and a 4th order
accurate discretized 3D Laplacian, [322] conducted a coarse SA of the
influence of one voxel to the resulting PRTF magnitudes. The changes
in both pinna boundary location and discretization error yielded [322] a
standard deviation of the peak and notch deviation in frequency of about
0.145%.
Gumerov et.al [295] computed with BEM the HRTFs of a sphere, a
Neumann KU-100 dummy head, and of a KEMAR. The simulation of
the latter were qualitatively compared with available measurements [5].
7 The cones of confusion represent the locus for which the interaural cues such

as ITD and ILD are zero. The resulting manifolds are found to be hyperboloids
of revolution if the head is assumed a simple sphere - the resulting surfaces
are much more complicated for a real head. Rings of confusion are obtained by
intersecting such hyperboloids with sagittal planes.
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Finally, Otani et al. [331] studied with BEM the pressure distribution on
the surface of an acoustically-rigid ear for PRTFs calculated at r = 1 m; no
comparisons with measurements were conducted in [331].
2011: Mokhtari et al. [317] continued the FDTD PRTF study in [322]
and reported reduced sensitivity of the peaks with direction compared to
notches in the median plane. Moreover, the same group [316] reports in a
slightly different form the results already presented in [321]. Takemoto et
al. [347] employed FDTD to simulate HRTFs at r = 1 m to study in time
the mechanisms of peak generation based on 3D volumetric renderings.
2012: Tew et al. [352] conducts a similar pinna-surface SA study as
Mokhtari et al. [322] on a full KEMAR head-mesh by employing a DPSbased method already presented in [254, p.198-213]. [352] also validates
the emerging morphoacoustical links with measurements. Pollow et al.
[333] employed simulated BEM HRTFs at 2 m to predict HRTFs at different
locations based on a spherical harmonics decomposition.
Takemoto et al. [348] extended on a previous work [347] and also studied
the peak and notch location in frequency in the HRTF/PRTF magnitudes
depending on source location: similarly to [317], results presented in [348]
show that peaks are more stable with direction compared to notches.
Mokhtari et al. [323] simulated PRTFs with FDTD on a ∆ X = 2 mm grid
for 8 individuals and conducted a PCA analysis on the data. Webb and
Bilbao [355] voxelized on rather large grids a head scan and auralized
using FDTD implemented on GPU some auditory scenes.
Ze-Wei et al. [356] studied a simplified snowman model and the effect of
the neck in the near field. [356] employed BEM to compute the nf-HRTFs
which were also compared with measurements on a stainless steel model
at r = 0.2 m: generally good qualitative results are presented in [356].
2013: An FDTD simulation of the head of a KEMAR was done by
Sheaffer et al. [341, pp.139-143], [343] employing a second-order scheme
implemented on GPU employing rather large voxels. Ziegelwanger et al.
[362], [365] looked into the mesh quality for BEM simulations. Using FMP
BEM, HRTF measurements as reference, and meshes with different edge
lengths, [362], [365] concluded that the HRTF features and localization
performance degrade with increased edge length. Unfortunately, the discretization error(s) were not embedded into a formal theory to quantify
actual distances from formal solutions. An initial analysis of the microphone integrating effect on HRTFs is also studied in [362].
Rui et al. [337] qualitatively compared BEM simulation of a KEMAR
mesh with the CIPIC measurements [5]. Huttunen et al. [299] and
Kärkkäinen et al. [308] employed Amazon’s Elastic Compute cloud EC2 to
obtain FMP BEM simulations of HRTFs. Tang et al. [349] compared BEM
simulations of a structured-light scanned dummy head (BHead210) with
measurements at r = 1 m up to 12 kHz - some directions showed strong
measurement-simulation inconsistencies.
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Jackson and Desiraju [302] employed a commercial off-the-shelf 3D scanning system to acquire individualized head-meshes which were used to
calculate BEM HRTFs up to 8 kHz. In addition, [302] attempted a perceptual validation where non-individualized KEMAR HRTFs were used as
the measured counterpart. Of interest in [302] is the shown qualitative
behavior of the BEM discretization error at higher frequencies on coarser
ear meshes (i.e., 5 mm vs 1 mm edge length).
Liu and Xie [313] simulated nf-HRTFs with BEM for a KEMAR mesh in
the horizontal plane from r = 0.15 m to 1.5 m in ∆r = 1 cm steps.
Finally, Arnela et al. [277] used time-domain FEM to quantify the effect
of the shape of the vocal tract and head in radiation impedance calculations
for different heads.
2014: Jin et al. [303] acquired several meshes with MRI (Magnetic
Resonance Imaging) and then created the Sydney-York database of 61
individuals containing their BEM simulated HRTFs at r = 1 m. Qualitative
comparisons with measurements were also presented in [303].
Huttunen et al. [301] employed FMP BEM simulations at r = 1 m on
a compute cloud for different meshes acquired through photogrammetry.
Ziegelwanger et al. [363] employed BEM to simulate HRTFs at r = 1.2 m on
a dense uniform mesh and a non-uniform sampled mesh. [363] quantified
the additional error based on an auditory model [280] and on qualitative
comparisons with measurements. Lin et al. [312] computed various BEM
HRTF using a scanned mesh of a dummy head. [312] altered the topology
of the mesh and also conducted a perceptual study on the obtained HRTFs.
Zolfaghari et al. [366] employed the Sydney-York mesh database [303] to
morph the ears of one individual to the ears of another and then ran BEM
simulations to explore the corresponding acoustical perturbations in the
HRTFs.
A notable SA study was conducted by Lee and Ahn [311] who employed
BEM simulations ran with Synoise 5.6 to validate wave-based HRTFs
against some conducted measurements. [311] studied the following factors:
impedance (i.e., hair, skin, tympanic membrane), exact source location,
exact receiver location. Given the rather large errors in the acquired
measurements, [311] concludes that the studied factors cannot account for
all the mismatch with the measurements. The remaining usual suspects
(i.e., modeling errors and numerical errors) are enumerated by [311] as
potential sources of mismatch.
Mokhtari et al. [324] simulated PRTFs with FDTD (∆ X ∈ {1, 2} mm
together with a PML) and tried to visualize the resonances inside the ear
by employing 3D plots of the velocity field. Meshram et al. [314] simulated
HRTFs with a method called Adaptive Rectangular Decomposition which
simulates a field inside rectangular boxes down to round-off error but
embeds discretization error (of finite-difference type) between adjacent
rectangular prisms.
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Kim et al. [310] simulated and measured HRTFs for a B&K 4128D
dummy at r ∈ {0.5, 1, 2} m and employed point or line sources; no comparison
between measured and simulated HRTFs was presented. Finally, Rébillat
et al. [334] used photogrammetry to acquire meshes of cats and compared
rigid-boundary HRTF simulations done with BEM with measurements
done on taxidermized cats.
2015: Mokhtari et al. [325] studied with FDTD (ran at ∆ X = 2 mm) the
first peak in HRTFs based on simulations of 19 individuals and reports a
range of about 1 kHz for its frequency. [325] also employed data-driven
models to predict the first peak based on anthropometric measurements.
Ziegelwanger et al. [364] extended upon previous studies [362], [365] and
conducted a thorough study on the mesh influence on the BEM simulated
DTFs. [364] studied both geometrical errors and numerical errors and
concludes that the average edge length is not critical for broadband HRTFs,
while the geometrical errors are the dominant cause for degradation in
localization performance as assessed with Baumgartner et al. perceptual
model [280]. Moreover, [364] studied the effect of the virtual microphone
in BEM simulations and concluded that the size (in number of triangles)
and location of the virtual microphone is not critical as long as its exact
location is within the area of interest (e.g., center of the blocked meatus).
Since no formal error models were used, results in [364] are valid around
the computed solution of highest resolution (i.e., at some distance from the
asymptotic solution).
Brinkmann et al. [282] conducted a preliminary validation study on BEM
simulations for their in-house FABIAN dummy head. Quantitative assessments of the time-of-arrival and the magnitude are shown [282]: despite
smoothing the results with 40 auditory filters, they present reasonable (i.e.,
10-90% percentile within 2 dB) results only up to about 6 kHz.
Finally, Cai et al. [285] employed the FEM software Abaqus FEA to
simulate HRTFs for simplified models and extract ITD and ILD below 2.5
kHz.
2016: Ziegelwanger et al. [361] further investigated ways to reduce the
mesh size for BEM simulations of HRTFs by studying the accuracy of the
computed results as the mesh is non-uniformly coarsened. Harder et al.
[296] conducted a validation study for BEM-simulated HRTFs at r = 1.2 m
for several individuals: although the geometrical errors were minimized
though 3D-printing the acquired mesh, good validation results were only
obtained up to approximately 4 kHz. Richter et al. [335] employed BEM
HRTF simulations on a dummy head to assess the accuracy of an HRTF
measurement system.
Mokhtari et al. [326] employed again FDTD (∆ X = 2 mm) to simulate
PRTFs of 38 individuals and study the cavum-fossa and the cavum-cymba
modes. [326] also used regression models to predict such PRTF features
from anthropometric measurements. Finally, Prepelit, ă et al. [Publication I]
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conducted an UA to explore the influence of voxelized boundaries on FDTDcomputed HRTFs showing increased uncertainty at higher frequencies and
predicted that voxel sizes below 1 mm are needed for reasonably-bounded
(i.e., ≤∼ 1 dB) voxelization uncertainty up to 15 kHz.
2017: Huttunen and Vanne [300] presented their FMP BEM pipeline
for computing HRTFs on a computing cluster. Brinkmann et al. [283]
employ BEM simulations to construct an HRTF database at r = 1.7 m for a
dummy head with different head orientation (relative to the torso) using
rigid BC. [283] also expanded on the validation study in [282] and rather
good frequency-smoothed validation results are reported: quantitative
comparison smoothed in 40 auditory filters revealed a 5-95% percentile
error within 2 dB up to 7 kHz and a median error within ±1 dB in the
0.2-20 kHz bandwidth. Moreover, the Baumgartner et al. perceptual model
[280] applied to the data in [282] showed small deviations in quadrant and
polar errors relative to the measurements.
Helbig et al. [297] simulated PRTFs with FEM using Comsol Multiphysics software and showed strong deviations from measured responses.
Farahikia and Su [290] employed FEM to compute HRTFs and optimized
the scaling of the acoustical domain based on wavelength requirements.
[290] verified their approach and grid generation algorithm based on rigid
sphere simulations and reported a maximal deviation of 0.6 dB at 20 kHz.
2018: Young et al. [360] simulated the HRTFs of a KEMAR-head mesh
with FMP BEM at r = 1.2 m employing the free Mesh2HRTF software. [360]
also compared the simulated results with measurements: [360] reports
good qualitative agreement, an average SD of 2.2 dB, and an average ITD
mismatch of 21.9 µs.
In his master thesis, Pelzer [332] computed HRTFs with BEM and did
a comparison with measurements: [332, p.49] reports shifts in frequency
of the HRTF features up to 1.5 kHz. Moreover, [332] also conducted a
perceptual study using binaural synthesis which employed the simulated
HRTFs.
Dinakaran et al. [288] employed the Burton-Miller BEM formulation
to compute the HRTFs of the FABIAN dummy head mesh obtained with
six scanning methods. Using one method as the reference, [288] reports
smoothed HRTF magnitude errors, broadband ILD errors, and broadband
ITD errors. Moreover, [288] also used Baumgartner’s model [280] to quantify the differences in obtained HRTFs: such results did not correlate well
with the HRTF magnitude errors smoothed with auditory filters.
Salvador et al. [338] constructed a BEM-simulated nf-HRTF database of
four head models (two dummy heads and two individuals) from r = 10 cm
to r = 1 m in ∆r = 1 cm steps together with two far-field distances r ∈ {1.5, 2}
m.
2019: Fan et al. [289] estimated HRTFs with BEM implemented on the
GPU. The presented [289] comparison with measurement on a KEMAR
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head showed rather large discrepancies in the HRTF magnitudes; similarly,
perceptual validation results of such non-individualized HRTFs were not
great.
Mokhtari et al. [318] extended the study in [323] and performed another
PCA investigation and a discrete cosine transform of HRTF magnitudes
by employing FDTD (∆ X = 2 mm) simulations coupled with a near-to-far
integral approximation for 38 ears acquired from 19 adults.
Brinkmann et al. [281] used BEM simulations using Mesh2HRTF software to compile a database of 93 individualized HRTFs acquired at r = 1.47
m. Despite the absence of the shoulders in the meshes, [281] report a
general similarity between measured and simulated results; shown average differences in magnitude are generally below 2.5 dB up to about 7
kHz and increase abruptly at higher frequencies. Moreover, [281] reports
clear perceptual differences between the measured and simulated HRTFs
- a weaker perceptual validation yielded 7 out of a total of 12 perceptual
attributes statistically different when simulated HRTFs were used in
binaural synthesis compared to when measured HRTFs were employed
[281].
Young et al. [359] employed BEM to simulate HRTFs of a KEMAR and
looked into changes in the HRTF spectra with distance. Chen and Mao
[286] also employed BEM simulations of nf-HRTFs (radii from 0.2 to 1 m
in ∆r = 2 cm steps) for a HMS III dummy head. Despite obvious artifacts
at the ears in the acquired mesh, [286] present an indirect validation of
simulations against measurements: reported loudness matched rather
well when compared to measured HRTFs conducted with a custom made
dodecahedron loudspeaker.

4.2

Motivation

One main conclusion from section 4.1 is that there is a general mismatch
in the spectra between simulated and measured HRTFs. The immediate
question is which domain is a better representation of the desired ground
truth? In many instances, it appears that the answer depends on the
addressee of such question. Advocates for wave based simulations see
the many faults in measurements while incorrectly assume that that
wave-based simulations are accurate due to the well-confirmed status of
classical mechanics. Moreover, such simulations employ various input
parameters and assumptions which, commonly, affect the resulting HRTFs
in an uncontrolled or unknown manner.
On the other hand, acoustical measurements of HRTFs are highly repeatable while localization with measured HRTF seems to be less sensitive to
many measurement errors, which usually gives experimenters a high degree of confidence in measured HRTFs. However, it is already well-known
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that HRTF measurements are hardly reproducible at the physical level
even for dummy heads[110, p. 83][3], [8], [112], [196], [276], which raises
many questions regarding the measured HRTFs representation of the
defined ground-truth. Such measurement difficulties are known to be even
more severe at higher frequencies[197, p.50][9]. Furthermore, the initial
localization scope of measured HRTFs[266] has nowadays been greatly expanded to other attributes of the sound scene[134], [234] without exploring
the necessary minimal quality requirements for the HRTF measurements.
This appears to have led to a general lack of proper error quantification
in the measured HRTFs: each experimenter tries to control/minimize a
poorly characterized set of measurement biases and either (i) assumes
such errors are insignificant or (ii) acknowledges their existence without
the necessary characterization for a physics-based validation.
More recent works take a more unifying paradigm where measurements
and simulations are viewed as an erroneous representation of some ground
truth[281], [283]. However, without rigorous error quantification, it becomes unclear what and how needs to be improved for some required
accuracy. Nowadays, such accuracy is typically spanned by the extended
portfolio of sound attributes associated with spatial sound [134], [234].
One good way of moving forward is to understand and well-characterize
the involved errors in both simulations and measurements. Once understood, such errors need to be estimated and finally controlled.
In order to trust and generalize such error quantification exercises, formal models need to be rigorously employed (at least in the modeling world):
varying simulation parameters in an ad hoc manner is only useful in the
close proximity of the input set and cannot trustfully be used in error
control within the entire HRTF problem space. Moreover, it is difficult to
either predict or understand the error behavior leaving many surprising
results poorly explained. On the measurement side, a more skeptical view
is needed coupled with a higher degree of characterization. In addition,
formal approaches to experimental design would also help in drawing
more general conclusions. These, combined with a rigorous formal error
estimation in the simulated HRTFs, is expected to better identify error
sources in the HRTF measurements.
The included publications follow such rationale and aim to better characterize and control for the errors involved in both HRTF simulations
and measurements such that weak assumptions and/or poorly-conditioned
scenarios are identified.

4.3

Contributions and limitations

In this section we will briefly summarize each of the included publications.
We will also briefly address some of their limitations.
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4.3.1

Publication I: Uncertainty analysis on voxelization errors

Although there were many FDTD studies involving HRTFs (see section
4.1), during trial simulations it became obvious that the voxelized pinna
surface was highly sensitive to the relative mesh-grid positioning for ∆ X
at the millimeter scale. Thus, the HRTF results might be significantly
affected by the voxelization process and it was possible that calibrating
the source positioning (e.g., [153], [154]) was partly canceling out the
voxelization error. Publication I aimed to study just how sensitive the
resulting HRTFs are to voxelization errors and found that high frequencies
are strongly affected by such boundary modeling error. In addition, results
showed that one might need a sub-millimeter voxel to reasonably bound the
corresponding uncertainty. Publication I also showed that results averaged
across frequencies (such as a global SD metric) could be misleading and
might hide serious modeling errors found in particular bandwidths.
There are some limitations of the study in Publication I. First of all,
the code was not initially verified - nevertheless, the same CUDA kernels
were used in code verification in Publication II which basically verified the
FDTD solver employed in Publication I. Secondly, the discretization error
also reduces with smaller grids and it will also cause some variance for a
fixed ∆ X : the estimators in Publication I could not exclude it.
Another main limitation is the small sampled space: in addition to the
mesh-grid alignment sampling, a stronger results should have included
better sampling of the ear-space (the study only used KEMAR’s ears), voxel
size (only grids above ∆ X = 2.35 mm were used), and HRTF directions (the
study focused on fixed 1250 directions which could be considered a fair
representation for most scenarios). Due to the large or even intractable
[90] ear-space, the predictions in Publication I are expected to be quite
optimistic for smaller ears with smaller cavities.
Moreover, a statistical limitation of the plots presented in Publication I
needs to be mentioned: the standard deviation was employed and, using
Jensen’s inequality8 for a concave function, the known bound for the bias
of the variance estimator [147] might be larger or unknown. We would also
like to note the non-standard terminology of batch9 in Publication I for a
set of related simulations - the most common word employed is ensemble
[170].
Finally, the author was so anxious to publish his first paper that he
forgot to write all the acknowledgments. With much overdue apologies,
Jukka Saarelma, Pierre Chobeau, Sakari Tervo, and Jaakko Lehtinen are
thanked for commenting on various parts of the text. The grid transfer
function code from Jukka Saarelma is also acknowledged.
8 See, e.g., http://mathworld.wolfram.com/JensensInequality.html (last accessed 19 Oc-

tober 2019).
9 The author took this term from somewhere in the book by Tocher [255].
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4.3.2

Publication II: PRTF verification

Although some HRTF validation studies (see section 4.1) showed a general
trend that wave-based HRTF simulations do capture most phenomena involved in measured HRTFs, no rigorous error quantification was employed:
neither for numerical errors (relative to the employed wave-based mathematical model) nor for HRTF measurements. Thus, the risk of Type I/II
errors is unknown and no real improvements in modeling can be achieved
since the major sources of error cannot be identified (see section 3.3.1).
Publication II aimed to quantify the numerical errors present in FDTD
simulations of PRTFs/HRTFs on voxelized geometries given a lossless
wave equation. It showed potential strong deviations from the formal
wave-based solutions (e.g., computed HRTFs could have spurious features)
suggesting the need to quantify such errors in future studies until reasonable thresholds for simulation parameters are established (i.e., when the
operational validation [146] of FDTD HRTFs simulations is achieved). The
errors exposed in Publication II are theoretically found within any HRTF
simulation, independent of the method employed (e.g., BEM, FEM, DG,
pseudospectral) - we hypothesize that similar error behavior is found for
other simulation methods. Quality assessments of computer results should
be employed by default in acoustics simulations10 .
One main drawback in Publication II is that single precision was used:
computed PRTF results at lower frequencies are likely affected by roundoff error (see section 2.7.2) and the exact interaction with the discretization
error could not be assessed or disentangled. Such limitation is presently
hard to overcome on GPUs given the grids employed in Publication II (i.e.,
24-100 billion voxels). A second major general limitation is given by the
voxelized geometries: they cause non-smooth convergence and seem to
require rather fine grids for reasonable asymptotic predictions. Thirdly, the
voxelization code was only weakly verified: a formal verification procedure
as developed for PDE simulations is needed. Finally, the study could have
benefited from slightly improved statistical tests: since the conclusions
are based on multiple frequency bins and directions (e.g., the hypothesis
testing on regression coefficients), some joint statistical tests would have
been even more rigorous.

4.3.3

Publication III: PRTF validation

Publication III continues and completes the work in Publication II by validating the simulated results with measurements and showing a better
match for the asymptotic estimate, at least when the uncertainty of the
10 Other fields and communities such as the American Society of Mechanical

Engineers even updated the journal policies to enforce such practices in their
journals [206], [253]. See more examples in Chapter 1 from [200].

92

Validation of HRTF simulations

estimates is reasonably small. Estimation of measurement error E exp is
also targeted. A validation metric is also introduced which considers the
total numerical and experimental uncertainty in the validation process.
Results show: (i) the difficulty in obtaining reproducible HRTF/PRTF measurements; (ii) a general good agreement (i.e., |∆v | ≤ 1dB) in the PRTF
magnitude up to around 8 kHz; and (iii) increased validation error with
frequency which could suggest, e.g., faulty model assumptions at high frequencies. Results also identified potential improvements in measurements
for a validation study (e.g., using some well-defined reference planes to
minimize further alignment errors).
In addition to the simulation limitations described in section 4.3.2 above,
the main limitation is represented by the acoustical measurements. Although two independent measurement sessions were conducted, exact
orientation of the pinna model remained difficult due to the absence of
easily determined reference/anchor planes. The small size and weight of
the pinna were also a downside since the measurements were more sensitive to extraneous error sources (e.g., rig scattering) or since the apparent
surface impedance might be lower than expected.
Finally, as with any validation study, more comparison points would have
been welcome: results presented for more directions would have provided
a better picture.

4.3.4

Publication IV: nf-HRTF validation

Publication IV represents the first validation study in the near-field on
a human head replica and the first acquisition of HRTFs using a laser
spark source. Publication IV built on the experience from Publication
III and well-defined reference planes were constructed. Due to potential
non-linearity issues of the laser spark, the validation study was tailored
around a thorough investigation of the acoustic properties of the employed
laser spark. Various potential error sources were further addressed and
minimized (e.g., the geometrical accuracy of the 3D printed head was
validated) such that the averaged nf-HRTF magnitudes were validated
within 1-2 dB up to about 17 kHz. Finally, the study also exposes the lack
of accuracy in surface impedance measurements for rigorous validation
studies.
Despite employing a slightly non-linear acoustic source in a more sensitive region (i.e., in the near-field), the validation results in Publication IV
are superior to the ones obtained in Publication III. Although the measurement design was improved, it is still unclear which additional error sources
dominate the validation results in Publication III; alternatively, a strong
unacknowledged error cancellation might have occurred in Publication IV.
Further validation studies are needed to have a better understanding of
the involved errors.

93

Validation of HRTF simulations

One main limitation of this study is that only one measurement setup
was employed: unacknowledged measurement and facility-related biases
cannot be quantified. Uncontrolled drifts (e.g., thermal drifts) in the lasing
system could have also influenced the measured results.
Similar to Publication III, results presented for more directions would
have provided a stronger result. Finally, as mentioned in Publication IV,
using voxelized surfaces with absorbing BCs is generally problematic.

4.4

Other simulation methods

The included studies focus on the FDTD method. One natural question
is whether other simulation methods would be preferred. Since we are
dealing with a linear and well-posed continuous problem (see section
2.6), any consistent and stable discretization method will converge to the
same (band-limited) result, independent of the continuous formulation
(be it a strong formulation or some integral formulation). Thus, from a
validation perspective, it does not matter which method is chosen as long
as the numerical errors are small enough and the continuous solutions are
smooth enough. Thus, the question becomes whether other discretization
methods converge to the continuous solution faster/easier11 - for instance,
the voxelization error is specific to the FDTD method. Without actual
numerical studies it is difficult to predict if there is a better method: any
method first requires error assessment through convergence studies for a
given problem. However, we will try and at least discuss some potential
benefits/complications of other simulation methods.
The alternative major discretization methods are BEM and FEM. Although Ziegelwanger et al.[364] showed for BEM that the numerical errors
were much smaller around the employed edge lengths compared to geometrical errors, a study of the numerical errors relative to the continuous
solution still needs to be explored. As shown by other BEM works[357,
pp.77,81][254, pp.79-82][302], the numerical errors cannot just be assumed
negligible. Furthermore, there are no rigorous numerical studies to assess
the applicability of the common 6 elements per wavelength rule of thumb
in BEM HRTF simulations. As the present work argues and shows (e.g.,
Publication I), bounds on input parameter such as the 6-element rule are
problem and discretization-order dependent, which is also known in the
BEM literature (e.g., [140], [141]).
Moreover, both BEM and FEM suffer from inherent difficulties when
using an unstructured grid despite being free of voxelization errors, a
11 Although important from a practical point of view, we will not address computa-

tional speed in the present work: such discussions are highly dependent on new
technologies and software/algorithm advancements which can completely alter
the speed rankings of various methods. Here, we are mainly interested in error
quantification and validating wave-based models.
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consequence of employing a uniform and structured grid. The study of the
error behavior on unstructured grids is expected not to be so straightforward due to the complexity of the pinna geometry (e.g., the grid is unlikely
to be mappable around its surface by an analytical deformation function):
error analysis with formalized models potentially becomes more difficult
since the local discretization error will depend on each control volume. In
fact, BEM is known to be highly sensitive to such errors: any triangles with
strong departures from equilaterality could cause serious computational
issues. In addition, all methods suffer from some form of dispersion-like
error: for example, although much smaller than the corresponding magnitude, Marburg[140] empirically showed for the BEM that, for a particular
solution, the phase error also increases as a power of frequency.
Thus, the convergence to the asymptotic solution might be similar to the
present studies: since the true mesh is usually the result of a 3D scanning
process (which generally results in highly elongated triangles and other
mesh artifacts), each triangulated surface of edge length ∆ e would be some
remeshing of the true mesh which would cause geometrical errors relative
to the “true mesh”. Furthermore, Walsh et al.[263], [354] advert that some
BEM formulations could even lack a mathematical convergence theory.
Nevertheless, we should mention that the finite-element field seems to
be the most advanced when it comes to rigorous error estimation of the
discretization error (see, e.g., the discussion in [170, pp.297-299]) which
could be a good asset for the HRTF simulation problem.
Furthermore, each simulation method has its own specific types of errors
which need to be addressed. We will only exemplify such errors for the
BEM method, the most commonly-employed HRTF simulation method
(see 4.1). Since BEM entails non-sparse matrix inversions, the inversion
problem is usually tackled using iterative methods (e.g., the FMP BEM,
hierarchical matrices, Krylov subspace methods). The iterative error is an
extra type of error which needs quantification and control in a validation
study (see, e.g., section 7.4 from [170]). Moreover, the iterative error is
known to cause additional assessment difficulties when intermixed with
the discretization error (e.g., [170, p.277][212]). Finally, both direct and
indirect BEM could become ill-defined at the so-called critical or irregular
frequencies for exterior problems such as the HRTF problem (see also
section 2.5). In other words, the continuous non-variational formulations
of the BEM problem are not fully identical to the strong-form Helmholtz
equation[354]. Methods to mitigate problems at such frequencies introduce
additional errors[140] which need to be studied.
Lastly, we should mention a good advantage of volumetric methods
(as compared to surface methods such as BEM): they ultimately offer a
better flexibility in modeling the real phenomena. For example, subregions
with specific behavior (e.g., cavities with specific temperature gradients or
porous-like material such as human hair) could at least be modeled in a
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straightforward manner. Nevertheless, such theoretical advantages need
to be probed empirically: it might be that the simulated HRTFs are, for
the most part, insensitive to such modeling details.
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Validation can be a rather involved and costly process, especially for poorly
conditioned problems which are highly sensitive to various input parameters. Moreover, validation concepts should be understood or at least
acknowledged such that reliable conclusions on the model predictions are
obtained.
Considering simulations with complex geometries such as HRTF simulations, inherent approximations and assumptions in the employed models
should not be assumed negligible. For instance, Publication I shows that
the voxelization error, an error particular to the FDTD method, could
introduce geometrical errors which translate into significant errors in
the computed pressure fields in the frequency range of interest. Moreover, Publication II and Publication III showed that simulated results
obtained on any discrete grid for such problems are not necessarily close
to either the formal solutions or real measurements. As found in other
related fields[139], Publication II and Publication III also show that such
unconverged numerical solutions could contain spurious patterns in the
magnitude of the frequency responses. On the other hand, Publication
III provides evidence, consistent with previous findings, that HRTF measurements are poorly reproducible (in Publication III, even by the same
experimenters) which makes the defined ground-truth difficult to acquire.
Due to the relatively large number of errors involved and their multilayered interaction, accurate HRTF validation studies require a higher
level of characterization and methodical error estimation. To lower the
chance of Type I/II errors, rigorous validation studies require methods and
models which ensure that the involved errors are understood, estimated,
and finally controlled. For example, Publication II shows that classical
Richardson extrapolation methods seem to be inoperative for the FDTD
method on complex geometries - a recent data-driven approach was found
more adequate. In a similar vein, Publication III shows that repeatable
HRTF measurements could embed significant biases relative to the HRTF
definition. Moreover, the input parameters could cause increased uncertainty in the validation results as shown in Publication IV for the input
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impedance values. Finally, post-processing can also be problematic: Publication I shows that averaged values across frequencies and/or directions
could hide important error features.
Nevertheless, Publication IV shows that tight error control and high
characterization could mitigate for such issues: validation results in Publication IV showed a promising mismatch to measurements of the lossless
wave model within around 1-2 dB up to 17 kHz in the intricate nearfield of
the human head.
For the HRTF problem, all the included studies indicate that both measurement errors and numerical errors are significant and should not be
ignored. One likely cause might be the ill-conditioning of the HRTFs
to alignment and geometrical errors which requires further studies and
evaluation. The present work reviewed some important aspects of the
involved concepts in order to contextualize the included studies and aid
future HRTF modeling studies.
Without proper quantification of the involved errors in the HRTF acquisition process, any subsequent conclusion quickly becomes biased and/or
contextual when more complex auditory scenarios are synthesized. The
included studies aimed to quantify the involved errors and assess the
reliability in simulated HRTFs. Poor reliability was generally found at
higher frequencies - the error sources need to be isolated and minimized
while other unacknowledged errors need to be identified.
Although the main principles of acquisition and audio synthesis using
HRTFs are known for more than 30 years, it is likely that progress has been
hindered by ignored errors in the obtained HRTFs: the state-of-the-art in
binaural synthesis and 3D sound reproduction are pretty much stuck with
the same problems as they have been for decades. The present rigorous
validation studies should only be a first step in achieving well-confirmed
HRTF predictions - more studies are needed to investigate the complex
interaction of model simplifications, numerical errors, measurement errors,
geometrical errors, and alignment errors. Accurate individualized HRTF
predictions are only a first step in synthesizing accurate and complex
auditory scenes.
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