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1. Introduction

1.1 Background and Motivation

The collection of data and its diversity is mainly due to recent rapid
advances in computer technologies. This data deluge has created high-
dimensional (HD) [1] statistical learning problems that require accurate
model fitting with an emphasis on computation and variable (feature)
selection. HD data refers to a data set where dimensionality staggeringly
(e.g., genomics data) or comparatively exceeds the number of observations
n [2], i.e., p ≈ n or p � n.

Model fitting is crucial in supervised learning problems, e.g., in regres-
sion that involves predicting a numerical label or in classification that
involves predicting a group label. Important aspects of model fitting are
interpretation of learned models, their predictive power (e.g., misclassifi-
cation rate) as well as explanatory (or descriptive) power, e.g., in terms of
mean squared error (MSE). The goals in model selection include drawing
qualitative inferences about the underlying statistical process, accurate
predictions (e.g., correctly classifying unseen data) and the discovery of
significant predictors or features in order to have interpretable models.

Sparsity or parsimony of underlying models is crucial for their proper
interpretations [1, 3]. Regularization (or shrinkage estimation) techniques
such as Least absolute shrinkage and selection operator (Lasso) [4] or the
elastic net (EN) [5] can be used for simultaneous sparse estimation and
variable selection in HD linear regression models, where the underlying
signal either depend only on K � p predictors or can be approximated by a
K-sparse signal. Variable selection can improve both model interpretation
and predictions by avoiding over-fitting [6]. An ideal sparse estimation and
variable selection method should select parsimonious and interpretable
models that offer high predictive power while still being fast to compute.
Many of the standard learning methods lack in at least one of the afore-
mentioned criteria. Accordingly, this dissertation focuses on developing

17



Introduction

supervised sparsity driven regression and classification methods that of-
fer a good balance on the performance criteria (sparsity, accuracy, fast
computation). To be more specific, new algorithms for sparse linear regres-
sion are developed and their usefulness is illustrated e.g., in compressive
beamforming application; a significance test of entering predictors for the
popular EN are developed, detectors of the true sparsity level of the signal
are developed and a compressive classification framework is proposed.

1.2 Aims and Scope

The main objective of the dissertation is to develop efficient sparsity-driven
methods for HD classification and regression, especially for complex-valued
data. Research conducted in this dissertation can be divided into two main
research themes:

1. Detection and estimation of the unknown sparse signal vector in the
complex-valued linear regression models.

2. Compressive classification of HD data offering accuracy, lower com-
putational cost, and interpretability.

In the first theme, the main aim is to develop new solvers in the complex
domain for the EN problem that is a superset of Lasso, and has the capacity
of selecting groups of highly correlated variables. The first theme can also
be divided into the following two subtasks:

• Sparsity order detection task, where the problem is to find the true
sparsity (model) order, that is, the number of non-zero signal coeffi-
cients.

• Sparse signal estimation task, where the problem is to estimate the
support and the non-zero elements of the unknown sparse signal
given the sparsity order.

The second theme involves the development of a compressive classifica-
tion framework that can perform features selection during the learning
(i.e., training) process. Research work in this dissertation also follows
guidelines of reproducible research and offers publicly available software
packages and toolboxes for the developed methods.

The main application of the developed sparse regression methods of
complex-valued measurements is the grid-based direction-of-arrival (DoA)
estimation of the sources using a sensor array. It should be emphasized
that the developed methods are widely applicable also in other applications
areas where sparse linear regression methods have found to be useful.
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1.3 Scientific Contributions

The main scientific contributions of this dissertation are briefly outlined
as follows:

1. We developed a cyclic coordinate descent (CCD) algorithm for the
Complex-valued elastic net (CEN), referred to as CCD-CEN method
in this dissertation. The CCD-CEN can also be used to compute
the Lasso estimator for complex-valued data. This contribution is
summarized in Chapter 2.

2. We developed a least angle regression and shrinkage (LARS) [7] algo-
rithm for finding the regularization (solution) path of the Lasso for
complex-valued data, referred to as c-LARS-Lasso method in this dis-
sertation. It finds the values of the regularization parameter (called
knots) where a new predictor enters the model. This contribution is
summarized in Chapter 2.

3. The developed c-LARS-Lasso method is then used for developing the
LARS algorithm for EN, referred to as c-PW-EN in this dissertation.
This contribution is summarized in Chapter 2. The algorithm is
applicable for both real- and complex-valued data.

4. Based on the c-LARS-Lasso algorithm and generalized information
criterion (GIC) [8], we proposed a detector of sparsity order, referred
to as c-LARS-GIC method. This contribution is summarized in Chap-
ter 3.

5. We developed a statistical significance test of the variable enter-
ing to the model in the EN solution path in the spirit of [9]. This
contribution is summarized in Chapter 3.

6. For the DoA estimation problem, we proposed a sequentially adaptive
elastic net (SAEN) approach that improves the recovery of the exact
source DoAs, that is, support of the underlying sparse signal vector.
This contribution is summarized in Chapter 4.

7. We proposed a compressive classification framework for HD data that
is a modification of the regularized linear discriminant analysis. This
contribution is summarized in Chapter 5.

1.4 Dissertation Structure

This dissertation is divided into an introductory part that summarises the
contributions in Publications P.I - P.VI, and a collection of these six original
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Figure 1.1. Organization of the dissertation.

Publications P.I - P.VI. These attached publications include the original
theory, methods, and results that are presented in this dissertation.

The introductory part of this dissertation is organized in the manner
illustrated in Figure 1.1. Namely, the tasks of sparse signal estimation is
addressed in Chapter 2 and sparsity order detection in Chapter 3. In Chap-
ter 4 we provide an overview of the traditional DoA estimation techniques
and discuss our contribution for grid-based compressive beamforming that
is used for detection and estimation of source DoAs. In Chapter 5, we
discuss the HD data, in particular, gene expression data obtained using
microarrays and the proposed compressive classification framework. We
provide comparison results for two real-life datasets as well. Finally, we
conclude the dissertation with discussion and future directions.

20



2. Sparse Signal Recovery: Estimation

Sparse signal recovery (SSR) has attracted a lot of research interest the
past two decades due to the widespread use of the concept of sparsity (and
compressibility) in mathematical modeling and due to its many applica-
tions in diverse fields; see e.g., [10, 11, 12, 13, 14, 15] and [16, 17]. Despite
the great interest in exploiting sparsity in various applications, most of
the tools developed for solving the SSR problem are focused on real-valued
data, whereas this dissertation mainly deals with SSR for complex-valued
data. In this chapter, we first provide a brief overview and description of
the SSR problem, focusing on sparse regularized regression. Thereafter,
we describe the proposed methods for solving the SSR problems, which are
detailed in Publications P.I, P.II and P.IV.

Notations: Lowercase boldface letters are used for vectors and uppercase
for matrices. The support A of a vector a ∈ Cp is the index set of its
non-zero elements, i.e., A = supp(a) = { j ∈ {1, . . . , p} : aj 	= 0}. The
�0-(pseudo)norm of a is equal to the total number of non-zero elements in
it, and is defined as ‖a‖0=

∑p
j=1 1(aj 	= 0) = |supp(a)|, where 1(·) is an

indicator function. The �2-norm and the �1-norm are defined as ‖a‖2 =√
aHa and ‖a‖1 =

∑n
i=1 |ai|, respectively, where |a| = √

a∗a =
√

a2R + a2I
denotes the modulus of a complex number a = aR + ıaI (with ı =

√−1

denoting the imaginary unit). We denote by 〈a,b〉 = aHb the Hermitian
inner product of Cp. For a vector β ∈ Cp (resp. matrix X ∈ Cn×p) and an
index set Ak ⊆ {1, 2, . . . , p} of cardinality |Ak| = k, we denote by βAk

(resp.
XAk

) the k × 1 vector (resp. n × k matrix) restricted to components of β
(resp. columns of X) indexed by the set Ak.

2.1 Sparse Linear Model

In several applications, the measurement vector can have a sparse (or com-
pressible) representation in some suitable basis or domain. Sparse signal
approximations are applied in diverse fields such as artificial intelligence,
coding and information theory, imaging and signal processing. For instance,
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it is used for variable selection in regression models [4, 7, 5, 18, 19, 20, 17].
Thereafter, post-variable-selection inference can be performed, e.g., in the
form of statistical hypothesis tests [9, 21, 22, 23]. Other examples include
sparse principal component analysis [24] and compressed sensing (CS)
[25, 26] that can be used to recover sparse or compressive signals with
fewer measurements than the traditional methods.

Consider a collection of n predictor-response pairs {(x[i], yi)}ni=1 is given,
where each x[i] ∈ Cp is a p-dimensional vector of predictors and each yi ∈ C

is the associated response variable. The predictors and responses are
related via a system of linear equations of the form

y = Xβ + ε, (2.1)

where y = (y1, y2, . . . , yn)
� denotes the observed measurement vector, X ∈

Cn×p is the predictor matrix (measurement matrix or design matrix), β
= (β1, β2, . . . , βp)

� ∈ Cp is the unknown signal vector (or vector of regression
coefficients) to be estimated and the elements εi of the noise term ε are
independent and identically distributed (IID) complex-valued random
variables from CN (0, σ2) distribution, that is, ε ∼ CN n(0, σ

2I). Without
any loss of generality we assume that the column vectors of the predictor
matrix

X =
(
x1 x2 · · · xp

)
=

(
x[1] x[2] · · · x[n]

)�

are of unit norms, that is, ‖xj‖2 = 1 for j = 1, 2, . . . , p. Moreover, for
simplicity, the intercept (or bias) term is ignored because we assume that
predictors and responses in the linear model (2.1) are mean centered.
All vectors and matrices in (2.1), i.e., y,X,β, ε, are complex-valued by
default, and the imaginary part is considered to be zero when the data is
real-valued.

Assumption 2.1. It is assumed that the signal vector β ∈ Cp is K-sparse
which means that it has

K = ‖β‖0 � p

non-zero elements whereas rest of the elements are equal to zero. The
parameter K is referred to as the sparsity level (or sparsity order) of β, and
the support set (with K indices) is denoted by A∗ = supp(β).

Even if the K-sparsity of the signal vector does not hold exactly, it is
often the case that the signal vector is at least compressible [26], meaning
that ‖β − βK‖q ≤ cK−r, where βK is a best K-term approximation of β,
c > 0, r > 1 and q ≥ 1.

Sparsity (or compressibility) of underlying models plays an important
role in the development of statistical and machine learning techniques,
e.g., for models’ proper interpretations. Sparsity is particularly important
in the undersampled (i.e., n � p) case where the linear system is underde-
termined and the conventional least-squares criterion has infinitely many
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solutions. The aim of the recovery process of sparse signals is twofold. First
to find the sparse signal β and second to ensure that the sparse model
that is found is consistent with the measurements. Furthermore, often the
knowledge of the underlying number of non-zero entries in β is assumed
to be known which may not be the case in practice. Therefore, it is crucial
to correctly identify the underlying sparsity level (or model order). Conse-
quently, it is increasingly important to develop efficient sparse recovery
algorithms that are able to detect the true sparsity order and to estimate
the underlying sparse signal vector β.

In this dissertation, we mostly consider the settings in which p > n or
p � n and the aim is to fit a sparse linear model that only depends on
a subset of K � p predictors (i.e., β is K-sparse). This task can also be
divided into sub-problems: (a) finding the sparsity order K (chapter 3) and
(b) estimating the support (this chapter), A∗.

2.2 Sparse Penalized Regression

For a typical linear regression model, ordinary least squares (OLS) method
is used to estimate the unknown signal vector. OLS estimator minimizes
the residual sum of squares (RSS) criterion function

minimize
β∈Cp

1

2
‖y −Xβ‖22. (2.2)

The above minimization problem leads to a well-known closed-form so-
lution β̂ = (XHX)−1XHy when n > p and X is of full rank (i.e., rank p).
However, all elements of the OLS estimate will be generally non-zero. Fur-
thermore, in the case that p > n, the problem is ill-posed and does not have
a unique solution. In order to pick a sparse solution, variable selection is
often applied for picking the best subset of predictors that provide a good
fit and that uses a minimal number of variables.

Traditionally, the variables were picked using subset selection ap-
proaches. In the first approach, the best subset of K variables is chosen
that fits the data the best amongst all possible, p !

K ! (p−K)! , combinations
of K predictors. However, as K increases, the number of combinations
becomes quickly far too large. Second approach is to use stagewise subset
selection procedures: in backward elimination, one starts from the full
model (i.e., the model where all predictors are included in the model),
and then removing the least impactful predictor at each step until only
K predictors are left; in forward selection, one starts with a null model
(no predictors) and sequentially adds the best predictor until K predictors
have been chosen. An alternate iterative method for subset selection of
predictive variables is forward stage-wise that is less greedy and computa-
tionally expensive since it takes several small steps to find the final model.
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See [27] and [1] for more details.
Existing methods (or solvers) for SSR can be placed in two main groups:

1. Greedy algorithms that iteratively construct a K-sparse estimate. Ba-
sically, a greedy algorithm picks a new variable j at each step that
maximally reduce the error, e.g., ‖y−XA∪{j}βA∪{j}‖22, in approximating
y using predictors from the current active set A. Finally, it terminates
when K predictors have been chosen. The well-known greedy algorithms
are orthogonal matching pursuit (OMP) [28, 29], regularized OMP [30],
iterative hard-thresholding [31], compressive sampling matching pur-
suit (CoSaMP) [32], and their Bayesian counterparts [33, 34, 35].

2. Optimization methods that solve penalized objective functions that
are based on convex (e.g., �q norm for q ≥ 1) or non-convex (e.g., �q
pseudo-norm for 0 ≤ q < 1) penalty terms. In the case of �0-penalty,
the homotopy based heuristic search algorithms are proposed in [36],
which can be used for variable selection. Main optimization methods
for solving �1-minimization problems include homotopy algorithms for
solution path finding [37, 7, 38], gradient projection method for solv-
ing bound constrained quadratic programming reformulation of basis
pursuit denoising (BPDN) [39], and iterative shrinkage-thresholding
based methods which consist of a shrinkage (e.g., soft-thresholding)
step and a gradient step [40, 41, 42, 43, 44, 45]. Moreover, a cyclic
minimization algorithm was proposed in [46] for �1-minimization based
generalized time-updating q-norm sparse iterative covariance-based
estimator (SPICE), whereas group-SPICE is solved in [47] for group-
sparse regression problems.

Greedy algorithms work well generally when the solution is sufficiently
sparse and the columns of X are sufficiently incoherent, which is not the
case in many applications, e.g., in compressed beamforming studied in
this dissertation. In this dissertation, we develop methods that belong to
the latter category (optimization methods). Moreover, sparse penalized
regression solvers in the complex domain are proposed. Specifically, we
propose the complex-valued CCD and LARS methods for solving the EN.
The benefit of our approach is that they also work for real-valued data.

2.2.1 Regularized least squares

Greedy algorithms have some drawbacks such as intensive computation,
difficulties in deriving sampling properties of the estimators and unsta-
bleness [48]. These shortcomings can often be alleviated by optimization
methods that use regularization techniques. Penalized regression uses
the regularization penalties to constrain the model fitting (or estimation)
process, e.g., regularized least squares (RLS) (cf. [4, 5, 18, 49, 50, 51]).
RLS-based constrained optimization problems jointly minimize the RSS
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and a regularization term by solving

minimize
β∈Cp

E
(
β
)

subject to J
(
β
) ≤ t, (2.3)

where the empirical error E(β) = 1
2‖y − Xβ‖22 is the sum of squared

residuals, J(β) ≥ 0 is a non-negative penalty function whose strength is
regulated by a threshold parameter t ≥ 0. There are different kinds of
penalty functions that are used in the literature: the Ridge regression also
known as Tikhonov regularization [49] uses J(β) = ‖β‖22 and its extension,
the bridge estimator [50], the Lasso estimator [4] that uses J(β) = ‖β‖1,
the smoothly clipped absolute deviation (SCAD) estimator [51], OSCAR
(octagonal shrinkage and clustering algorithm for regression) that involves
a non-smooth and non-separable penalty and aims to perform clustering
of selected variables [52]. Moreover, there exists other extensions of the
Lasso, for example, the group Lasso [53], the sparse-group Lasso [54], the
EN estimator [5], the weighted version of Lasso known as the adaptive
Lasso estimator [18] and the reweighted �1 minimization based algorithm
[55].

2.2.2 The bias-variance tradeoff

Notice that t = 0 in (2.3) results in the maximum constraint (i.e., maximal
bias) with solution β̂(t) = 0 whereas t ≥ J(β̂) involves no constraint (i.e.,
maximal variance), where β̂ denotes the OLS estimate. The smaller the
threshold t, the more sparse is the obtained solution β̂(t) of (2.3). Moreover,
t controls the bias-variance tradeoff which is measured in terms of the
MSE that is given as: MSE(β̂(t)) = E

[‖β̂(t)− β‖22
]
. MSE is related to the

expected prediction error (EPE) which measures the quality of prediction
for a specific (new) observation {y0,x0}, that is, EPE(β̂) = E

[|y0−β̂(t)Hx0|2
]
.

It can be expressed as

EPE = (bias)2 + (variance)︸ ︷︷ ︸
reducible error

+(noise variance)︸ ︷︷ ︸
irreducible error

. (2.4)

See [1] and Appendix A.1 for details. Ideally, one would choose a regular-
ization parameter t that minimize the MSE (and hence EPE). This often
indicates introducing some bias in order to reduce the variance of the
estimator.

Sparse regression estimator introduces bias but reduces the variance.
Lasso is the most commonly used sparse regression estimator but so far
most of the research has focused on real-valued data. Herein, we first solve
the Lasso problem for complex-valued data and thereafter extend it to the
EN estimator (having Lasso as special case). EN can consistently select
the true model, even when the Lasso can not [56, 57], and has the ability
for selecting the grouping variables (cf. Figure 1 in Publication P.IV [58]).
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2.3 Complex-valued Lasso and Elastic Net

It is well known that penalizing (2.2) with the �0-norm for finding the
sparsest solution of an underdetermined system is NP (nondeterministic
polynomial time) hard. Therefore, in the presence of noise, the convex
relaxation-based RLS problem with an �1-norm penalty function J(β) =

‖β‖1 was introduced as a practical and tractable alternative to promote
sparsity. This is known as the Lasso in statistics and is equivalent to the
signal processing’s BPDN problem that is noise tolerable version of basis
pursuit [59, 60]. Moreover, the work in [61] has shown that the generalized
Lasso problem can be cast as a Lasso problem when the regularization
matrix is under-determined with full rank conditions.

For EN, the RLS-based constrained optimization problem in (2.3) can
also be equivalently written in the Lagrangian form

β̂ (λ, α) = argmin
β∈Cp

1

2
‖y −Xβ‖22 + λJα

(
β
)

(2.5)

based on duality and the Karush-Kuhn-Tucker (KKT) conditions, where

Jα
(
β
)
=

p∑
j=1

(
α|βj |+

(1− α)

2
|βj |2

)

is the EN penalty (or constraint) function with α ∈ [0, 1] being the EN
tuning parameter and λ is the penalty (or regularization) parameter with a
1-to-1 relationship with threshold parameter t. The penalty function then
dominates the minimization problem as λ increases. When λ → ∞, all the
involved coefficients (i.e., β-s) flatten out towards zero. For ∞ < λ < 0,
EN contains Lasso and Ridge as its special cases for α = 1 and α = 0,
respectively. Furthermore, OLS estimate is obtained when λ = 0.

Lasso can offer a sparse solution but ridge regression can not. However,
the ridge has some benefits over Lasso when there exist high correlations
between variables. For example, if there exist two correlated variables
(predictors), then ridge regression has a tendency to pick both by shrinking
their coefficients towards one another, whereas Lasso generally picks
only one of them. EN is a compromise between the Lasso and Ridge
that attempts to shrink and perform a sparse (and when needed a group)
variable selection simultaneously (cf. Figure 1 and related discussions in
the Publication P.IV [58]). It has plenty of theoretical guarantees, e.g.,
consistency, sparsistency (i.e., sparse + consistency) and group selection
[5, 56, 57]. In the presence of correlations between predictors, EN has a
tendency to correctly select true variables, thanks to its group selection
property (cf. Lemma 2 and Theorem 1 in [5]). EN is preferred over Lasso
and Ridge regression because it offers flexibility and solves the limitations
of both.
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2.3.1 Cyclic coordinate descent in complex domain

We first proposed easy to implement and efficient CCD method for complex-
valued data, which finds an EN estimate for a specified penalty parameter
value λ. The method is named as CCD-CEN method. It can also be used to
find a K-sparse solution by using (or searching) a suitable penalty parame-
ter value. The key idea behind CCD method is to successively minimize
each dimension of the objective function in (2.5) in a cyclic fashion, while
holding the values of the parameters in other dimensions fixed. Both parts
of the EN cost function (i.e., RSS criterion and EN penalty) in (2.5) are
convex. Additionally, RSS criterion is smooth and differentiable whereas
the EN penalty is non-smooth. However, the EN penalty part is separable,
which makes the CCD approach applicable for solving (2.5).

When holding the coefficients of other coefficients (say βk, k 	= j) fixed,
a closed-form solution of the complex-valued EN problem for the single
variable βj can be found. Following the derivation for its weighted version
in the Publication P.I, the coordinate-wise update can be written as (cf.
[62]):

β̂j ← S(β̂j + 〈xj , r〉; γ, η
)
, (2.6)

which cycles over j = 1, 2, . . . , p, 1, 2, . . . until the convergence, where r

denotes the current full residual vector r = y −Xβ̂ and

γ = λα ∈ R+
0 and η = λ(1− α) ∈ R+

0 . (2.7)

Above in (2.6), the shrinkage-soft-thresholding (SST) operator of EN is

S(β; γ, η) = softγ(β)

1 + η
, β ∈ C, (2.8)

which expands the soft-thresholding operator softγ(β) = sign(β)(|β| − γ)+
via ridge style shrinking, where (t)+ = max(t, 0) denotes the positive part
of t ∈ R, and

sign(β) =

⎧⎪⎨
⎪⎩

β

|β|, for β 	= 0

0, for β = 0

is the complex signum function. The EN solution β̂ = β̂(λ, α) suffers from
a double shrinkage problem (cf. [5]), which is corrected by debiasing β̂ as:

β̂ ← [
1+ η

]� β̂, (2.9)

where � denotes the Hadamard product, i.e., the component-wise product
of two vectors. The procedure for CCD-CEN method is given in algorithm 1,
which considers that data is already centered and standardized. See
Publication P.I [62] for more details. The CCD-CEN needs a proper value
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Algorithm 1: CCD-CEN algorithm1.

Input : y ∈ Cn, X ∈ Cn×p, λ (or K), α and β̂init

Output : EN solution β̂ = β̂(λ, α) ∈ Cp.
Initialize : β̂ = β̂init, γ = λα and η = λ(1− α).

1 while stopping criteria not met do
2 for j = 1 to p do
3 r ← y −Xβ̂ // current full residual vector

4 β̂j ← S(β̂j + 〈xj , r〉; γ, η
)

// coordinate-wise update

5 β̂ ← [
1+ η

]� β̂ // shrinkage correction step

1It is part of the MATLAB toolbox available at https://github.com/mntabassm/SAEN-LARS.

of the penalty parameter λ in order that the obtained solution β̂(λ, α) has
intended sparsity levels. These λ-values are not fixed but depend on the
given predictor-response data {y,X}. Hence, it is useful to devise a data-
dependent approach that finds exact λ-values (called knots) in the solution
path. Such a (homotopy) approach is presented in the section 2.4.

2.4 Complex-valued LARS method for Lasso and EN

In this section, we consider the solution β̂(λ, α) to (2.5) from the perspective
of solving the λ-values where the sparsity order changes.

Definition 2.1. For each λ (or t), we obtain an EN solution and a set of λ’s,
which trace out a path of solutions. The regularization (or solution) path is
the graph of [β̂(λ, α)]j as a function of λ for each j = 1, . . . , p.

Definition 2.2. A knot is the value of the penalty parameter λ after which
a new variable (whose coefficient is about to grow from zero) enters the
model or leaves the model, that is, the number of elements in the selected
model (i.e., sparsity level) changes. Knots are denoted by {λ0, λ1, . . . , λL}
where λ0 > λ1 > · · · > λL.

For real-valued data, knots are singular points in the Lasso solution path
which is continuous and piecewise linear with respect to λ (cf. [7, 63, 64,
65]).

Grid searching is one obvious method for finding the knots. It is, how-
ever, computationally expensive approach and would require a fine grid of
candidate values. Consequently, a pathwise (PW) method based on LARS
principle, which finds knot-values in the EN solution path is developed in
this dissertation. This method is referred to as c-PW-EN and uses our pro-
posed complex-valued extension of real-valued LARS method for Lasso (i.e.,
c-LARS-Lasso) as its core computational engine. Both the aforementioned
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proposals along with LARS principle are briefly explained next. We note
that more general versions of these methods are detailed in Publication
P.IV [58], which solve the weighted (or adaptive) Lasso and EN problems.

2.4.1 The c-LARS-Lasso method

Let β̂(λ) denote the Lasso estimator, i.e., a solution to (2.5) for α = 1. The
basic principle of LARS is to move the estimator along optimal directions
(e.g., bisector) by taking optimally-sized steps. These fit directions are
equiangular (i.e., equicorrelated) with each variable in the current active
set A. LARS chooses the most advantageous (correlated) dimension to
extend until the sub-gradient (score) corresponding to all existing variables
in A and the one entering has the same absolute value:

|x�
l r(λ)| = |x�

j r(λ)|

Next we discuss the complex-valued extension, c-LARS-Lasso developed
in this dissertation. First consider the Lasso estimate β̂(λ) in (2.5) for
some fixed value of the penalty parameter λ. The smallest value of λ

such that all coefficients of Lasso solution are zero, i.e., β̂(λ0) = 0p, is
λ0 = maxj |〈xj ,y〉|. Let A = supp{β̂(λ)} denote the active set at the regu-
larization parameter value λ < λ0. At each step in the regularization path,
the solution β̂(λ) needs to verify the generalized KKT conditions for all the
predictors included in the active set A. That is, β̂(λ) is a solution to (2.5) if
and only if it verifies the zero sub-gradient equations given by

〈xj , r(λ)〉 = λ ŝj for j = 1, . . . , p (2.10)

where ŝj ∈ sign{β̂j(λ)}, meaning that ŝj = β̂j(λ)/|β̂j(λ)| if β̂j(λ) 	= 0 and
some number inside the unit circle, ŝj ∈ {x ∈ C : |x| ≤ 1}, otherwise.

An active set at a knot λk is denoted by

Ak = supp{β̂(λk)}.

The active set A1 thus contains a single index as A1 = {j1}, where j1 is
predictor that becomes active first, i.e., j1 = argmaxj∈{1,...,p}|〈xj ,y〉|. By
definition of the knots, one has that Ak = supp{β̂(λk)} ∀λ ∈ (λk−1, λk] and
Ak 	= Ak+1 for all k = 1, . . . , L. At step k, notice that the condition in (2.10)
becomes |〈xj , r(λ)〉| = λ for the active set Ak, whereas |〈xj , r(λ)〉| < λ holds
for non-active predictors.

The c-LARS-Lasso, outlined in algorithm 2 is a generalization of LARS-
Lasso algorithm to complex-valued case. We refer reader to Section III of
the Publication P.IV [58] for more details on the steps of the algorithm 2
using unit weights. If the desired sparsity level K is not provided, we
compute solution path for min(n− 1, p) steps.
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Algorithm 2: c-LARS-Lasso algorithm1.
Input : y ∈ Cn, X ∈ Cn×p, sparsity level K ∈ min{n− 1, p}.
Output : {Ak, λk, β̂(λk)}Kk=0

Initialize : β̂(λ0) = Δ = 0p, A0 = {∅} and the residual r0 = y.

1 λ0 = maxj=1,...,p |〈xj , r0〉| and A1 = argmaxj=1,...,p |〈xj , r0〉|.
2 for k = 1, . . . ,K do
3 Estimate the least-squares direction δ using the active set Ak,

giving [Δ]Ak
= δ, as:

δ =
1

λk−1
(XH

Ak
XAk

)−1XH
Ak

rk−1.

4 For all non-active predictors (i.e., � ∈ A�
k), calculate correlations

b� = 〈x�,XAk
δ〉 and c� = 〈x�, rk−1〉 with current fit direction and

residual, respectively.

5 Find γ� from the roots {γ�1, γ�2} of the second-order polynomial
equation {|b�|2 − 1}γ2� +2{λk−1 −Re(c�b

∗
� )}γ� + {|c�|2 −λ2

k−1} = 0,
for � 	∈ Ak as:

γ� =

{
min(γ�1, γ�2), if γ�1 > 0 and γ�2 > 0

{max(γ�1, γ�2)}+, otherwise

6 The smallest non-negative step size γjk+1
= min��∈Ak

γ� with
index jk+1 = argmin��∈Ak

γ�, leads to Ak+1 = Ak ∪ {jk+1}.

7 Update the coefficient values at new knot λk = λk−1 − γjk+1
(i.e.,

the largest λ-value for λk−1 ≥ λ > 0) that verifies (2.10):

β̂(λk) = β̂(λk−1) + γjk+1
Δ

and set rk = y −Xβ̂(λk).

1It is part of the MATLAB toolbox available at https://github.com/mntabassm/SAEN-LARS.

It should be noted that the algorithm assumes that the found K knots
{λ1, . . . , λK} are such that a variable does not leave the active set. In the
real-valued case, it is possible to include an additional step (cf. [17, p.
120]) that handles the case when an active variable leaves the active set.
Extending this to complex-valued case is currently under development.

2.4.2 The c-PW-EN method

For a fixed α, the first knot λ0(α) = maxj=1,...,p |〈xj ,y〉|/α is the small-
est value of λ that results in all-zeros EN estimate β̂(λ, α) = 0. In
this dissertation, we construct a pathwise method for finding next knots,
λ1(α) > λ2(α) > · · · > λK(α), in the EN regularization path, which we
refer to as c-PW-EN algorithm. Since α is fixed we drop the dependency
of the penalty parameter on α and simply write λ or λk instead of λ(α) or
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λk(α). Yet it is important to keep in mind that the value of the knots are
different for any given α. c-PW-EN finds the knots for different values of
EN tuning parameter α in a grid

[α] = {αi ∈ [1, 0) : α1 = 1 < · · · < αm < 0}. (2.11)

To accomplish this, it uses c-LARS-Lasso algorithm in iterative manner.
To explain the idea, we first convert EN problem to an equivalent Lasso

type problem in an augmented (data) space. Namely, we can write the EN
objective function from (2.5) in an augmented form as follows:

1

2
‖y −Xβ‖22 + λJα

(
β
)
=

1

2
‖ya −Xa(η)β ‖22 + γ

∥∥β∥∥
1
, (2.12)

where (γ, η) is the new parameterization (α, λ) defined in (2.7), and

ya =

(
y

0p

)
and Xa(η) =

(
X

√
η Ip

)

are the augmented (data) forms of original data. Note that (2.12) resembles
the Lasso objective function with ya ∈ Rn+p and Xa(η) ∈ R(n+p)×p. See
Publications P.II and P.IV for more details. Our c-PW-EN method is given
in algorithm 3. The algorithms finds K-sparse EN solutions, so β̂(λK , α)

for a set of EN tuning parameter values α in a pre-determined grid [α] in
(2.11).

It then picks the best among them by comparing the value of the LS fit
obtained when only the predictors in the support set AK(α) are included
in the model. The best EN tuning parameter value α is then the one on
the grid that yields the best LS fit. This value and the respective K-sparse
EN solution is then chosen as the optimal K-sparse solution. We note that
in step 5 of the algorithm Equation 2.11, the notation

{λk, β̂(λk)} = c-LARS-Lasso(y,X)
∣∣
k

is used to denote the case that we are extracting the k-th knot (and the
corresponding solution) from a sequence of the knot-solution pairs found
by the c-LARS-Lasso algorithm.

Computations are moderate since we no longer need an exhaustive grid-
search over λ penalty parameter space for a specified sparsity level K. If
one has some prior knowledge of the underlying model, then we can select
α-grid accordingly. By default we use a grid from α1 = 1 to αm = 0.9.

The c-PW-EN method provides better estimates of the coefficients for any
given sparsity level K than Lasso alone thanks to its ability to find the
border values of λ (i.e., knots) after which entering predictor’s coefficient
become non-zero and its ability to compute the solutions for a set of α

values in the grid.
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Algorithm 3: c-PW-EN algorithm1.

input : y ∈ Cn, X ∈ Cn×p, [α] ∈ Rm (recall α1 = 1), K, DEBIAS.

output : β̂ ∈ Cp and Â∗, estimates of β and A∗

1 {λk(α1), β̂(λk, α1)}Kk=0 = c-LARS-Lasso
(
y,X,K

)
2 for i = 2 to m do
3 for k = 1 to K do
4 η̃k = λk(αi−1) · (1− αi)

5
{
γk, β̂(λk, αi)

}
= c-LARS-Lasso

(
ya,Xa(η̃k))

∣∣
k

6 λk(αi) = γk/αi

7 AK = supp{β̂(λK , αi)}
8 β̂LS(λK , αi) = X+

AK
y

9 RSS(αi) = ‖y −XAK
β̂LS(λK , αi)‖22,

10 � = argmini RSS(αi)

11 β̂ = β̂(λK , α�) and Â∗ = supp{β̂}
12 if DEBIAS then β̂AK

= X+
AK

y

1It is part of the MATLAB toolbox available at https://github.com/mntabassm/SAEN-LARS.

2.5 Numerical example

Next we illustrate computation of the solution paths using c-PW-EN of
algorithm 3 (coupled with algorithm 2). Moreover, the EN regularization
path by c-PW-EN is compared with the coefficients path that is computed
using CCD-CEN of algorithm 1 over a dense grid of λ-values.

We generated the noisy response as y ∼ CN n(Xβ, σ2I), where the number
of observations is n = 20, the sparsity level is K = ‖β‖0 = 5 and the support
is A∗ = supp(β) = {1, 2, . . . , 5}, and the total number of predictors is p = 30.
The noise variance is σ2 = σ2

s × 10−SNRdB/10 for σ2
s = 1

K

{|β1|2 + · · ·+ |βK |2}
and the signal-to-noise ratio (SNR) in decibels (dB) is 10 dB. The row
vectors of the predictor matrix X are generated randomly from a p-variate
multivariate (circular) complex normal distribution, x[i] ∼ CN p(0, Σ),
i = 1, . . . , n, where Σ is a block diagonal matrix consisting of three (d× d)

sub-matrices Σ
(ρ)
d = (1− ρ) Id + ρ1d 1

�
d having different correlations ρ, as

illustrated in Figure 2.1. Note that the first two predictors are highly-
correlated.

Figure 2.2 displays the EN (with α = 0.9) regularization path computed
by CCD-CEN algorithm using a dense grid [λ] that includes the knots
values found by c-PW-EN in Figure 2.3a. Figure 2.3 depicts the solution
paths of the EN (α = 0.9), Lasso (α = 1) and Ridge (α = 0) for recovering
the sparse signal β, where the c-PW-EN algorithm, outlined in algorithm 3,
is used to compute the first 10 knots, {λk}9k=0, and the solutions, β̂(λk, α)
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Figure 2.1. Right panel shows the empirical covariance structure of the standardized data
matrix X ∈ C20×30, where the observations (row vectors) are generated from
a multivariate normal distribution with block diagonal 30 × 30 covariance
matrix Σ shown on the left panel.
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Figure 2.2. Results for a complex-valued sparse linear model with correlated predictors
(p = 30, K = 5, A∗ = {1, 2, . . . , 5}). Figure displays EN regularization
paths computed by the CCD-CEN algorithm using a dense grid [λ] of penalty
parameter values.

at the knots in the case of EN with α = 0.9 and Lasso (α = 1).
Firstly, we may now compare the regularization path in Figure 2.2 to

that found by c-PW-EN algorithm and displayed in Figure 2.3a. When
comparing Figure 2.3a to Figure 2.2 we notice that the found EN regular-
ization paths are indistinguishable and c-PW-EN algorithm has found the
knot-values with high precision. Secondly, notice that the regularization
path of EN demonstrates its group selection ability: the coefficients corre-
sponding to both of the correlated subsets of variables, namely {A∗

[1],A∗
[2]}

and {A∗
[3],A∗

[4]}, are shrinking towards zero as a group as λ increases (note
that λ0 > λ9), whereas Lasso fails to do so. This example illustrates that
EN is clearly favourable to Lasso in the sparse recovery of correlated pre-
dictors. Figure 2.3c displays the solution paths of Ridge (α = 0) regression
at 10 grid points of λ. As can be seen Ridge regression fails to correctly
estimate the true coefficients, and none of the signal vector estimates on its
solution path are sparse, i.e., ridge regression only shrinks the coefficients,
but none of the coefficients are set to zero.
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(a) EN (α = 0.9)
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(b) Lasso (α = 1)
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(c) Ridge regression (α = 0)

Figure 2.3. Results for a complex-valued sparse linear model with correlated predictors
(p = 30, K = 5, A∗ = {1, 2, . . . , 5}). We used the c-PW-EN algorithm to
compute the first 10 knots and the solutions at the knots for (a) EN with
α = 0.9 and (b) Lasso (α = 1). Figure (c) displays the solution path of Ridge
(α = 0) regression at 10 grid points of λ. Notice that Lasso lacks grouping of
correlated variables and Ridge does not yield sparse solutions.
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3. Sparse Signal Recovery: Detection

In chapter 2, we assumed that the sparsity order K is known a priori which
is rarely the case in practice. In this chapter, the focus is on detecting the
sparsity order. We first present methods based on statistical hypothesis
testing using the knots of solution paths described in chapter 2 and then
methods based on information criteria. These methods find both the
sparsity order and the respective estimate of the underlying sparse signal.

3.1 Overview

Typically, most SSR (e.g., greedy pursuit [29]) methods presume that K

is known or an estimate of it is available. Whereas, in practice, it is often
unknown and can be dynamically varying, e.g., as new measurements
(or snapshots) become available. Furthermore, correct sparsity order is
also required for verifying theoretical sparse signal recovery properties
such as the null space property and restricted isometry property [66]. The
performance of greedy pursuit methods relies heavily on the accuracy
of detecting the true sparsity order. Sparse linear regression methods
(such as Lasso or EN) can perform both tasks simultaneously but are
computationally expensive. For example, the Lasso uses a data-dependent
penalty parameter λ commonly chosen by cross-validation (CV) to compute
an estimate β̂ of sparse vector β. An estimate of the sparsity order is then
obtained as K̂ = ‖β̂‖0.

In the context of the detection task, the existing research can be divided
into two different categories. In the first category, one has iterative sparse
recovery algorithms that use certain stopping criteria (e.g., cf. [67, 68, 69]).
These methods are often computationally inefficient, requiring a large
number of iterations and can have convergence and consistency issues.
Second category involves statistically driven approaches to find the sparsity
order (or hyperparameter selection), such as the minimum description
length (MDL) principle [70], sequential generalized likelihood ratio tests
(GLRT) [71], information criteria [8, 72, 73, 74, 75], and hypothesis testing
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[76, 77]. Some other existing methods in the literature can be found e.g.,
in [78, 79, 80, 81, 82, 83, 84, 85].

In this dissertation, we exploit the EN regularization paths and propose
two novel methods:

(a) a statistical significance test based on EN

(b) using information criteria with nested set of hypotheses.

The methods utilize c-PW-EN algorithm displayed in algorithm 3 which
finds the knots λk in the EN regularization path and the respective so-
lutions β̂(λk, α) at the knots. Recall that knots are values of the penalty
parameter (singular points) after which a change in the sparsity order
occurs.

3.2 Covariance Test for Elastic net

We assume that the data (y,X) follows the linear model described in
section 2.1 and the underlying signal vector β is K-sparse, i.e., Assump-
tion 2.1 holds. Consider a test that evaluates the statistical significance
of the model under the null hypothesis H0. A test statistic T = T (y,X)

measures the compatibility of the data to what is expected under the null
hypothesis. Let FT (t) = Pr(T ≤ t|H0) denote the cumulative distribution
function (CDF) of the test statistic under the null hypothesis. Then given
the actual observed (measured) data (y,X), let t denote the corresponding
observed value of the test statistic. Then a P-value or observed significance
level gives the probability of observing a value of a test statistic at least as
extreme as the one observed, i.e.,

P = Pr(T > t|H0) = 1− FT (t).

Such a test statistic can be constructed to test the statistical significance
of the model found at the knots λk(α) in the EN regularization path. For
this, the following assumption needs to be made.

Assumption 3.1. Let E(α) = [supp{β̂(λK , α)} = A∗] denote the event that
the true non-zero coefficients (i.e., true support A∗) are active at the first K
knot points of the EN solution path. Recall that the knots depend on y and
X.

Under the null hypothesis that event E(α) holds true, the active set at
the knot k ≥ K + 1 depends also on inactive variables. The distribution of
the significance test proposed below are thus conditioned on event E(α). In
this dissertation, we extend the covariance test developed in [9] for Lasso
to EN for both the real-valued and complex-valued data.
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For real-valued data, a covariance test that we developed in Publication
P.II tests the statistical significance of entering predictors at each knot in
the EN regularization path for a given (fixed) EN tuning parameter α. The
proposed covariance test statistic is defined as

Tk(α) =
1 + ηk+1

σ2

(〈
y,Xβ̂(λk+1, α)

〉− 〈
y,XAk

β̂Ak
(λk+1, α)

〉)
, (3.1)

where σ2 is the noise variance, λk+1 ≡ λk+1(α) denotes (k+1)-th knot in EN
the solution path for fixed α and ηk+1 = λk+1 · (1− α). Above, β̂Ak

(λk+1, α)

denotes the EN estimate that is computed using only the active predictors
in Ak ≡ Ak(α) and the knot value λk+1 as the penalty parameter. The
proposed test statistic Tk(α) is an extension of the covariance test (CT)
statistic for the Lasso [9] and reduces to it when α = 1.

Consider a null hypothesis

H0 : Ak ⊇ A∗,

i.e., that all truly active K signal variables are in Ak at knot k. It was
shown in [9, Sec. 8] that TK →d Exp(1) as n, p → ∞ under the assumption
that the noise terms are IID Gaussian, εi ∼ N (0, σ2) for i = 1, . . . , n,
and under general conditions on the predictor matrix X. This result was
postulated in [9, Sec. 8] where the authors showed that Exp(1)-distribution
holds true for Tk(α) when the predictor matrix is orthonormal (X�X =

Ip). Our empirical results reported in the Publication P.II supports the
postulation that Exp(1) distribution holds true Tk(α) in the general case
as well.

It is instructive to consider the covariance test in the simplest case
that the predictor matrix is orthonormal. In this case, the test statistics
simplifies to a simple expression of the knots. This allows constructing
several other alternative test statistics based on knots. This special case
will be addressed in the next section.

3.3 Orthonormal Predictor Matrix

Assume that the design matrix is orthonormal, that is, XHX = I and
n = p. In this case the knots can be expressed in terms of uj = xH

j y for
j = 1, . . . , p or rather using the order statistics, |u|(1) ≥ |u|(2) ≥ · · · ≥ |u|(p)
of |u1|, |u2|, . . . , |up|.

To describe the solution for the EN problem, we need to recall the SST
operator from Equation 2.8:

S(β; γ, η) = softγ(β)

1 + η
, β ∈ C.
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where γ = λα and η = λ(1 − α). In the orthonormal case, the Lasso/EN
admits a closed-form solution that can be expressed in terms of uj-s as
follows:

β̂j(λ, α) = S(uj ; γ, η)

=

⎧⎨
⎩
uj − γ sign(uj)

1 + η
, if |uj | > γ

0, if |uj | ≤ γ
. (3.2)

Furthermore, from (3.2) and γ = λα, we can observe that for any given α,
the knots are

λk(α) =
|u|(k+1)

α
, k = 0, 1, . . . , p− 1. (3.3)

This means that the order of entrance of the variables is the same for EN
(for any α 	= 1) as for the Lasso (α = 1). Note that this is true only in the
orthogonal model.

It is also easy to verify that the covariance test statistics for Lasso (α = 1)
reduces to

Tk =
λk(λk − λk+1)

σ2
=

|u|(k+1)(|u|(k+1) − |u|(k+2))

σ2
. (3.4)

Since the knots for EN in (3.3) are just scaled versions of the Lasso knots
one does not need to consider the test statistic separately for EN in the
orthonormal case. Thus we simply take α = 1 and consider an alternative
test based on knots in the next section.

3.3.1 Rayleigh test

The Rayleight test is conditioned on event E = E(α = 1), which in the
orthonormal case can be expressed as

E =
{
min
j∈A∗ |uj | > max

j /∈A∗
|uj |

}
. (3.5)

We consider the null hypothesis that active K signal variables are in Ak at
a knot λk, i.e.,

H0 : Ak = A∗. (3.6)

The Rayleigh test (RT) statistic is

Ak =
λk

σ
=

|u|(k+1)

σ
. (3.7)

This statistic was considered in [77] under the name test-A.
We first consider a global null (i.e., no predictor truly active) case, so
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β = 0 and K = 0. In this case, y ∼ CN n(0, σ
2I), and therefore

uj = xH
j y ∼ CN (0, σ2), j = 1, . . . , p

are independent random variables. Consequently, |uj |2/σ2 =d
1√
2
χ2 =

Exp(1) and |uj |/σ =d Rayl(1/
√
2), see Appendix A.2 for more details. Thus,

the set {Ak}k≥K forms an order statistics of Rayleigh(1/
√
2) random vari-

ables when K = 0 and conditioned on event E. However, in the real-valued
case, it forms an order statistics of an independent sample of χ1 variates
since |uj |/σ =d χ1 .

Theorem 3.3.1. The CDF of Ak conditional on event E is

Pr(Ak ≤ a) = (1− exp(−a2))p−k for k ≥ K. (3.8)

Proof. Recall that |u|(K+1)/σ ≥ |u|(K+2)/σ ≥ · · · ≥ |u|(p)|/σ are order statis-
tics of a set of IID Rayl(1/

√
2) random variables. Thus for k = K, the

test statistic Ak = |u|(k+1)/σ is the maximum of the p− k IID Rayl(1/
√
2)

random variables and hence its CDF is obtained by

Pr(Ak ≤ a) = Pr
(
max(ũ1, . . . , ũp−k) ≤ a

)
= Pr(ũ1 ≤ a) · · ·Pr(ũp−k ≤ a)

= Pr(ũ1 ≤ a)p−k

where Pr(ũ1 ≤ a) = 1 − exp(−a2) is the CDF of Rayl(1/
√
2) distribution

and ũi denote IID random variables from Rayl(1/
√
2).

The distribution of RT statistic above has two corrections to [77, Propo-
sition 2]. In [77, Proposition 2] the scale parameter 1/

√
2 of Rayleigh

distribution was omitted and power in (3.8) was n− k instead of p− k.
Thus one may compare the test statistic Ak to a threshold τk at each

successive knot starting from k = 0. Here τk is defined as PFA = Pr(Ak > τk)

which using the CDF in (3.8) yields

τk =

√
− ln

(
1− (1− PFA)

1
p−k

)
, (3.9)

where PFA is the fixed (desired) probability of false alarm. Then one stops
when Ak ≤ τk, i.e., the first time one accepts the hypothesis of (3.6). This
procedure is outlined in algorithm 4. Another alternative is to start from
k = p, and decrease k until first "rejection" of the hypothesis as in [77,
Algorithm 2].

As a simple example, we consider an orthonormal model, XHX = I with
n = p = 30 and sparsity level K = 2. The distributions of the test statistics
Ak at the knot λK = λ2 are investigated. The quantile-quantile (Q-Q) plot
of A2 shown in Fig. 3.1 is obtained by generating 1000 replicates from
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Algorithm 4: Rayleigh test (RT) for first acceptance of the hypoth-
esis of (3.6).

input : y, X, σ, PFA (e.g., = 0.05).
initialize :Compute λk = |u|(k+1) and τk in (3.9), k = 0, 1, . . . , p− 1.

1 for k = 0, 1, . . . , p− 1 do
2 Ak = λk/σ
3 if Ak ≤ τk then
4 break

output : Estimate of sparsity order K̂ = k.

the linear model, and computing the statistic A2 for each replicate. Also
shown is CT statistic T2 computed using (3.4). As can be seen, the QQ-plot
of CT-statistic deviates more from the assumed Exp(1) distribution. This
is because it is an asymptotic approximation, whereas the distribution for
A2 derived in (3.3.1) holds for finite samples. The downside of RT is that it
does not generalize to the non-orthonormal case, unlike the CT statistic.
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Figure 3.1. The Q-Q plots (based on 1000 MC replicates) of RT statistics A2 computed
using (3.7) and CT statistic T2 computed using (3.4) in the linear model with
orthonormal predictors (n = p = 30 and sparsity level K = 2). The solid line
has slope 1.

3.4 GIC-based Sparsity Order Detection

Significance tests need either the knowledge of noise variance σ or some
other assumptions on the matrix X, e.g., its orthogonality. Noise informa-
tion is unknown in most applications, e.g., channel estimation where the
received signal is corrupted by the time-varying channel (multipath fading
environments and intersymbol interference). The distribution of the test
statistic is no longer the same when the noise variance is replaced by its
estimate, affecting the statistical power of the test. Therefore, the infor-
mation criteria-based method using EN regularization path is considered
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next for identifying the sparsity order.

3.4.1 Information criteria

Information criteria measure the plausibility of models in the variable
selection process. They pick a model by comparing the complexity of
alternative models and their ability to fit the data. They order the set of
candidate models which are referred to as the model class and choose the
model with a minimal value of the used information criterion. Several
information criteria have been proposed in the literature, such as Akaike,
Bayesian, Deviance, Focused, Kashyap and their extensions; see [86, 87,
71] for a review.

Akaike information criterion (AIC) focuses more on predictive, rather
than explanatory modeling [88]. It approximates the out-of-sample error
as a sum of the in-sample error and a penalty term (cf. [86] for its detailed
derivation). Moreover, the bias-corrected AIC (AICc) is a small-sample
method that provides a trade-off between the risk of under- and over-
fitting [89]. Besides, a generalized and robust version of AIC is known
as the Takeuchi information criterion that contains AIC as a special case.
However, it is rarely used in practice since the estimation of its penalty
term needs a very large sample size. Bayesian information criterion (BIC),
also called Schwarz information criterion, is better than AIC at picking the
true model assuming it is contained in the model class [90, 91]. Moreover,
BIC tends to be less conservative than AIC, i.e., it often chooses more
parsimonious model (with fewer variables) [91]. Another criterion, called
the risk inflation criterion (RIC) aims to minimize the risk of selecting
irrelevant parameters [92].

In our approach, referred to as c-LARS-GIC method proposed in Publica-
tion P.5 [93], we use a GIC of [8]. GIC is chosen as it includes AIC, BIC
and RIC as special cases. Finally, the potential weakness in the usage of
GIC based approach is addressed by having better rival candidate models
at the knot-values in the EN solution path.

3.4.2 The c-LARS-GIC method

The regularization path of EN is combined with the GIC in order to
construct a better method for detecting the sparsity (model) order. For
Ak ≡ Ak(α), let the index-set of (p − k) non-active (i.e., zero) signal coef-
ficients be A�

k = {1, . . . , p} \ Ak. Ideally, for k = 0, 1, . . . , κ = min(n, p) − 1,
the best (plausible) solution (or set Ak) amongst all possible

(
κ
k

)
solutions

may be picked by considering the set of all hypotheses {HAk
} of the form

HAk
: βA�

k
= 0, |Ak| = k (or|A�

k| = p− k), (3.10)
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where k = 0, 1, . . . , κ. This is obviously computationally infeasible even for
small κ. Nevertheless, solving the knots in the EN regularization path by
c-PW-EN algorithm reduces the number of tested hypotheses from κκ to
(κ+ 1), and allows to consider a nested set of hypotheses

H0 ⊂ H1 ⊂ · · · ⊂ Hκ

Hk : βA�
k
= 0, k = 0, 1, . . . , κ.

(3.11)

These are then tested in c-LARS-GIC method by computing the GIC value
at each knot (i.e., hypothesis Hk),

GICγ(λk) = n ln σ̂2
u(λk) + k cn,γ , (3.12)

where k = |Ak| is the cardinality of Ak at the knot λk ≡ λk(α), i.e., sparsity
(model) order of hypotheses Hk and the contant cn,γ is indexed by γ ∈
{0, 1, 2, 3, 4, 5} with acronyms/values:

• GIC0 = BIC [72] uses cn,0 = lnn.

• GIC1 uses cn,1 = lnn · ln(ln p) as suggested in [73].

• GIC2 uses cn,2 = ln p · ln(lnn) as suggested in [74].

• GIC3 = AIC [88] uses cn,3 = 2.

• GIC4 = corrected AIC (AICc) [89] uses cn,4 =
2n

n− k − 1
.

• GIC5 = RIC [92] uses cn,5 = ln p.

The proposed criterion in (3.12) uses the following bias corrected (i.e.,
unbiased) ML-estimate of the error scale σ2 > 0 under Hk:

σ̂2
u(λk) =

1

n− k

∥∥y − ŷAk

∥∥2
2

(3.13)

where ŷAk
= XAk

X†
Ak

y is the LS fit under Hk.
The procedure of c-LARS-GIC method for picking both the correct model

and the sparsity order is given in algorithm 5; see Publication P.V [93]
for more details. Note that the nested set of hypotheses (3.11) is not
fixed but depends on the data. Therefore, the performance of c-LARS-GIC
mainly depends on having the correct model A∗ among the active sets
{Ak}κk=1 in the EN regularization path. When this condition holds, then
c-LARS-GIC has a high probability of choosing the correct model due to
the consistency property of the used information criterion [8, 74, 73]. This
feature is verified empirically by the simulation studies in section 3.5 and
in Section III-B of the Publication P.V [93]. These results illustrate the
power of using EN regularization path in estimating both the support
and coefficients of nonzero entries of a sparse signal, which allows GIC
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Algorithm 5: c-LARS-GIC algorithm1.
input : y ∈ Cn, X ∈ Cn×p and γ ∈ {0, 1, 2, 3, 4, 5}.
output : {K̂, Â∗, β̂} as estimates of {K,A∗,β}
initialize : β̂ = 0p and κ = min(n, p)− 1.

1 For k = 0, 1, . . . , κ, compute the active sets Ak at all Lasso knots λk

using the c-PW-EN method with α = 1 (algorithm 3).

2 Find the sparsity order K (and respective AK) using (3.12) as:

K̂ = argmin
k∈{0,1,...,κ}

{GICγ(λk) = n ln σ̂2
u(λk) + k cn,γ },

and set Â∗ = AK̂ .
3 Set β̂AK

= X†
AK

y to get K̂-sparse estimate β̂ ∈ Cp.
1It is part of the MATLAB toolbox available at https://github.com/mntabassm/SAEN-LARS.

to efficiently detect the sparsity order. Using GIC-based for conventional
set of models (i.e., without the help of solution path) results in degraded
performance. This shows that nested hypotheses based GIC approach is a
powerful and potential candidate for sparsity order detection.

3.5 An Example

Sparse approximation of the signals in the overcomplete dictionaries is
known as sparse coding. This is the process of computing the represen-
tation coefficients, β ∈ Cp, based on the given signal y ∈ Cn and an
overcomplete dictionary matrix D ∈ Cn×p. This process, commonly re-
ferred to as atom decomposition, can be applied for example in multiuser
private communications as

y = Dβ + ε,

where β is the K-sparse message sent by a user at time instant t, y is
the (noisy) received signal using complex random noise ε ∈ Cn, D is the
dictionary that is known to the receiver and unknown to other users.
This example is analogous to the time-delay estimation of backscattered
echoes from underwater targets [94], where determining which atoms of
dictionary represent the backscattered signal is the main task. Herein, we
formulate both the detection and selection of the dictionary columns for
the sparse representation of signals as a joint combinatorial optimization
problem.

For n = 64, we generate a collection D = [I,F , C,N ] with p = 4n columns
by forming a union of four complex-valued orthonormal bases, including
the shifted Kronecker delta subdictionary I of spikes, Fourier matrix F ,
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Figure 3.2. The coherence structure of the dictionary in the sparse coding (n = 64 and
p = 4n); Figure depicts the heat-map of the elements in Gram matrix |DH D|.

two-dimensional discrete cosine transform-II basis C and noiselet matrix
N . Fig. 3.2 displays the correlation structure for all four subdictionaries.
It can be noted that various atoms are highly coherent within D.

For different values of sparsity order K = ‖β‖0, we generated L = 1000

Monte-Carlo (MC) trials, where for each MC-trial, the message β has a
random true support set A∗ and the noise terms εi are IID from CN (0, σ2)

distribution, where σ2 is chosen to yield desired SNR in dB, i.e., σ2 =

10−SNRdB/10. The performance is measured by computing the (empirical)
detection rate (DR),

DR =
1

L

L∑
l=1

1(K̂ = K),

as well as the exact support recovery rate (ESRR),

ESRR =
1

L

L∑
l=1

1(Â∗ = A∗),

where 1(·) is an indicator function.
Based on the Lasso, we now compare the detection performance of the

CT and RT with test-C and test-D proposed in [77]. The latter two tests,
test-C and test-D, are proposed for orthogonal and non-orthogonal models
with unknown and known noise-variance, respectively. Figure 3.3 shows
the results where it is considered that the Oracle method knows the true
sparsity level. As can be seen, the RT performed relatively better than
other significance tests. CT test is not performing too well as the asymptotic
approximation of its null distribution is not accurate for small values of n
and p. Yet, the c-LARS-GIC2 outperformed all of them and achieved almost
equal values of DR and ESRR. Here we show the results only for GIC2
which was empirically the best c-LARS-GIC based method (cf. Section III-B
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of the Publication P.V [93]). This example illustrates that c-LARS-GIC has
a high probability to detect the true sparsity order when A∗ is among the
considered model class.
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(a) Detection rates (DR)
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(b) Exact support recovery rates (ESRR)

Figure 3.3. The sparse coding example (n = 64 and p = 4n); Figures (a) and (b) illustrate
the detection rate (DR) and exact support recovery rate (ESRR), respectively,
for varying sparsity order. Rates are computed over 1000 MC-trials using
an SNR level of 20 SNR, where support set A∗ is picked randomly for each
MC-trial.

45



Sparse Signal Recovery: Detection

46



4. Detection and Estimation of
Directions-of-Arrivals of Sources

The DoA estimation problem aims at detecting and locating K radiating
sources by using an array of n passive sensors. For this, the emitted energy
can be, for example, acoustic or electromagnetic, whereas the receiving
sensors can be, for instance, hydrophones or antennas. This problem is
involved in different applications that are related to Radar, sonar, com-
munications, seismology, and underwater surveillance. Herein, we first
introduce the problem and provides an overview of existing approaches,
e.g., using spatial spectral analysis that determines the energy distribution
over the space. Then, we proceed by discussing a recent proposal that relies
on sparse signal recovery algorithms. Then we discuss our SSR approach
developed in Publication.IV [58].

4.1 Sensor Array Signal Model

The sources radiate energy that is carried to the sensors by the propagating
waves. These source signals contain information about the location (or
direction) of the sources. For far-field (i.e., plane wave) assumption, the
source parameters are alike to an n-element sensor array whose aperture
is much smaller than the propagation distance. Moreover, a non-dispersive
(i.e., homogeneous) medium is considered for the propagation of wavefields.
Therefore, for K < n far-field incident source signals, the array output
(called a snapshot) sampled at an arbitrary time instant t is given by a
narrowband planar wavefront model

y(t) =
K∑
k=1

a(θk) sk(t) + ε(t) = A(θ) s(t) + ε(t), (4.1)

where ε(t) represents the measurement noise, s(t) = (s1(t), . . . , sK(t))�

contains the source waveforms, θ � (θ1, . . . , θK)� are the DoAs of the
sources,

A(θ) �
(
a(θ1) . . . a(θK)

)
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is the steering matrix, a(θk) is the k-th source’s steering vector that is
determined by the geometry of the sensor array. In the case of a uniform
linear array (ULA) with equispaced sensor elements of half a wavelength
inter-element spacing, the steering matrix has a Vandermonde structure
and a steering vector is given by

a(θ) =
1√
n

(
1, eıπ sin θ, . . . , eıπ(n−1) sin θ

)�
. (4.2)

Figure 4.1 illustrates the array configuration in the case that a single
source at DoA θ ∈ [−π/2, π/2] with respect to the array axis is impinging
on an ULA with an inter-element spacing d. The output of the array at
time t collects the noisy observations into an n-vector y(t), referred to as
the snapshot.

y1(t)y2(t)yn-1(t)

s(t)

yn(t)

d

¼
¼

Source

Initially
spherical

Plane
wavefronts

d sin

 (n-1)d sin

¼
¼ Array output

n(t) n-1(t) 1(t)2(t)

Figure 4.1. Plane wave propagation in a general setup of the DoA estimation problem,
where a single source is impinging on an n-element ULA whose (noisy) output
is y(t).

Several conventional DoA estimation methods use the spatial (array)
covariance matrix Ry = E[y(t)yH(t)] ∈ Cn×n that carries the spatial and
spectral information of the sources. Assuming that the uncorrupted signal,
A(θ) s(t), is uncorrelated with the spatially white Gaussian noise ε(t) ∼
CN n(0, σ

2I), the array covariance matrix has the following structure

Ry = A(θ)RsA
H(θ)︸ ︷︷ ︸

signal covariance matrix

+ σ2I︸︷︷︸
noise covariance matrix

, (4.3)

i.e., it can be represented as a linear combination of a rank-K matrix and a
scaled identity matrix, where σ2 = E[|εi(t)|2] > 0 denotes the noise variance
and Rs = E[s(t) sH(t)] denotes the source covariance matrix whose diagonal
elements represent the source powers and the off-diagonal elements repre-
sent source correlations. Notice that Rs is assumed to be a positive definite
Hermitian K × K matrix and hence of full rank, i.e., source signals are
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assumed to be incoherent. Hence, also Ry is positive definite Hermitian
matrix of full rank.

The array covariance matrix Ry can be estimated from the received noisy
data y(t) using the sample covariance matrix (SCM),

R̂y =
1

T
YYH =

1

T

T∑
i=1

yiy
H
i (4.4)

where Y =
(
y1 · · · yT

)
denotes the n×T snapshot matrix collecting the

snapshots, denoted shortly as

yi = y(ti), i = 1, . . . , T,

and measured at distinct time points t1, . . . , tT .

4.2 Conventional DoA Estimation

The DoA estimation methods can be roughly split into three categories:
beamformers, subspace methods and parametric techniques. In the follow-
ing, these three categories and their limitations are briefly discussed.
For a complete review of these methods, the readers are referred to
[95, 96, 97, 98].

4.2.1 Beamformers

Conventional beamformer forms a spatial filter using a beamformer weight
vector w = w(θ) that linearly combines the weighted sensor outputs into
beamformer output z = wHy(t) with an aim of enhancing a signal-of-
interest from a look direction θ and attenuating other undesired signals
from other directions. It estimates the DoA based on concentration (or
peak) of estimated beamformer output power

P (θ) =
1

T

T∑
i=1

|wHyi|2 = 1

T

T∑
i=1

wH yiy
H
i w = wHR̂yw,

where T denotes the number of snapshots and R̂y denotes SCM in (4.4).
The plot of P (θ) as a function of the look direction θ is called as the spatial
spectrum. Conventional beamforming methods for DoA estimation include
the delay-and-sum and the minimum variance distortionless response
(MVDR) beamformers, which are explained briefly herein (cf. [99, 100] for
more details). These are non-parametric methods that do not exploit any
data model.

• Classical beamformer: The classical delay-and-sum beamformer uses
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beamformer weight vector w = a(θ) and performs DoA estimation by
finding peaks of the spatial power spectrum,

Pconv(θ) =
aH(θ) R̂y a(θ)

aH(θ) a(θ)
,

that is computed across the beamscan region of the look directions [101].
It has low resolution (or larger beamwidth), e.g., θBW ≈ 2×wavelength

|nd cos θ| for
the ULA in Figure 4.1 where the beam-pattern has a main lobe around
the look direction θ [96]. This limits the number of DoAs that can be
estimated. For instance, the minimum separation needed is 18◦ between
two sources when θ = 45◦ and number of sensors in the ULA with half a
wavelength inter-element spacing is n = 9.

• Capon’s MVDR addresses the aforementioned resolution issue to improve
the estimation performance. It estimates the DoAs of K-sources by
finding K maxima of the spectrum

Pcapon(θ) =
1

aH(θ) R̂−1
y a(θ)

,

where R̂y is defined in (4.4). This results in a beam-pattern that has
relatively sharp peaks with smaller beamwidths at the DOAs.

4.2.2 Subspace methods

Subspace methods were developed after noticing that second order esti-
mation methods can retrieve the DoAs [102]. Subspace methods estimate
the signal and noise subspaces from the estimated covariance matrix (e.g.,
SCM R̂y). Subspace methods require detecting the number of DoAs K or
assuming it is known a priori. The eigenvectors corresponding to the K

largest eigenvalues span the signal subspace and the remaining eigenvec-
tors are orthogonal to the signal space and span the noise subspace. Due to
structure (4.3) of the array covariance matrix Ry, its n−K smallest eigen-
values are equal to σ2 and the corresponding eigenvectors eK+1, . . . , en are
orthogonal to the columns of A(θ), i.e.,

aH(θi)ej = 0, i = 1, . . . ,K, j = K + 1. . . . , n. (4.5)

Thereafter, DoA estimation is performed by utilizing either noise or signal
subspaces in the algorithm. A number of subspace-based direction-finding
algorithms have been developed since the 1980s, such as multiple signal
classification (MUSIC) [103, 104] and the estimation of signal parame-
ters via rotational invariance techniques (ESPRIT) [105, 106] and their
variants [97, 95].

The widely used MUSIC method exploits the orthogonality of the signal
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subspace with the noise subspace and property (4.5). Subspace meth-
ods start by computing the eigenvalue decomposition of the array output
covariance matrix Ry in Equation 4.3,

Ry =

n∑
i=1

ζi eie
H
i ,

where {e1, e2, . . . , eK , eK+1, . . . en} denote the eigenvectors of Ry and ζ1 ≥
ζ2 ≥ · · · ≥ ζK ≥ ζK+1 ≥ · · · ≥ ζn denote the associated eigenvalues. The
signal and noise subspaces can be defined via the span of the matrices

Es = (e1 e2 . . . eK) and Eε = (eK+1 eK+2 . . . en),

respectively. However, the number of source signals K is unknown in
practice and its estimate (e.g., using the MDL estimator) is needed in the
MUSIC method. An estimate Êε of the noise subspace Eε is obtained in
practise by selecting the eigenvectors corresponding to n − K smallest
eigenvalues of the SCM R̂y. The MUSIC methods then computes the
pseudospectrum

Pmusic(θ) =
1

aH(θ) ÊεÊH
ε a(θ)

for a grid of look-directions (e.g., θ ∈ [−90◦, 90◦]) and estimates the source
DoAs as K largest peaks in the pseudospectrum. The resolution of this
approach depends on the sensor parameters.

Another popular subspace-based method ESPRIT [105, 106] that utilizes
the rotational invariance property of two identical subarrays in the case of
ULA. It is relatively less sensitive to noise and improves resolution.

4.2.3 Parametric techniques

Parametric techniques formulate the data model for y and exploit the
posed model to estimate the DoAs. These offer higher accuracy but have
increased computational complexity. In general, these involve a multi-
dimensional optimization problem.

The well known maximum likelihood (ML) approach is representative of
this family. It derives estimates by maximizing the likelihood function over
the parameters of interest (e.g., DoA). It has two variants, deterministic
ML and stochastic ML, based on different interpretations of the source
signals. Deterministic ML, also known as the nonlinear least-squares
method, views signal as a fixed realization of a stochastic process. Whereas,
stochastic ML considers the case that array snapshots are IID and normally
distributed with zero mean and covariance matrix Ry in (4.3), i.e.,

yi ∼ CN n(0,A(θ)RsA
H(θ) + σ2I), i = 1, . . . , T.
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Both assume independent, zero-mean, spatially white Gaussian noise.
These exploit the statistical distribution of array observation to find the
DOAs that make the observed data y1, . . . ,yT as likely as possible.

For both ML-variants, the maximization of the objective function is a
nonlinear optimization problem and in the absence of a closed-form solu-
tion requires iterative schemes. Accordingly, implementation of ML-based
methods can be done by expectation and maximization, space alternating
generalized expectation-maximization and iterative quadratic maximum
likelihood algorithms that are applicable in the ULA-case [97]. Other
parametric techniques include the covariance matching estimation meth-
ods (cf. [107, 108]) which are alternative to ML estimation and referred
to as generalized least squares in the literature. Whereas, the subspace
fitting is another parametric approach that uses a nonlinear least square
formulation and provides a unified framework for the deterministic ML
estimator and subspace-based methods [97]. For example, the weighted
subspace fitting algorithm that is also known as the method of direction
estimation [97]. It uses the signal subspace as the source of a projection
into the model space.

4.2.4 Limitations

The conventional DoA estimation techniques suffer from certain well-
known limitations, e.g., when sources are coherent or at oblique angles
with respect to array axis, and fewer (or a single) snapshots are available
[109]. For example, in the case of fast-moving sources and multi-path
arrivals. For example, MVDR beamformer requires that R̂y is full rank
and hence invertible, i.e., T ≥ n. Besides, the subspace-based methods are
not robust against signal coherence and they also need a priori knowledge
on the number of sources, K, which may be difficult to estimate in practice.
Subspace methods also require a sufficient number of data snapshots to
accurately estimate the array covariance matrix Ry. Moreover, they can be
sensitive to source correlations that tend to cause a rank deficiency in the
sample data covariance matrix [110]. In addition, the DoA of sources that
are having a varying source power/energy can often difficult to estimate by
these methods.

4.3 Single-snapshot DoA Estimation

Detection and estimation of DoAs can be quite challenging when only a
small number of snapshots or, in the worst case, a single-snapshot is avail-
able. Sparsity based methods for DoA estimation [111, 112], particularly
inspired by CS [13] can tackle coherent sources and single snapshot as
illustrated in Publication P.I [62] and Publication P.IV [58]. Therefore, the
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sparse estimation (or optimization) methods are used in this dissertation
for DoA estimation based on single-snapshot measurement. These can be
applied in several demanding scenarios, including cases with no knowledge
of the source numbers and highly or completely correlated sources.

4.3.1 Compressed beamforming

Estimation of DoAs by the compressed beamforming (CBF) bases on the
principle of sparse representation [113, 114], that is, the observed single-
snapshot at a single sampled time instant in (4.1),

y = A(θ) s+ ε, (4.6)

In CBF, one converts the over-determined model of (4.6) into the sparse
linear model of (2.1) via discretization of the parameter space at desired
resolution [115]. Sparse representation framework uses finite angular grid
(i.e., number of steering vectors a(θ[i]) at grid points θ[i]) whereas the actual
DoA estimation problem involves a continuous parameter space. Therefore,
finer grids are needed to have better resolution, which results in coherent
design matrix in the sparse linear model.

Consider an angular grid of size p (commonly p � n) of look directions of
interest (i.e., arrival angles) in terms of the broadside angles,

[θ] = {θ[j] ∈ [−π/2, π/2) : θ[1] < · · · < θ[p]}.

Let the jth column of the measurement matrix X in the model (2.1) be
the array response for look direction θ[j], so xj = a(θ[j]). Then assuming
that the true source DoAs are contained in the chosen angular grid, i.e.,
θk ∈ [θ] for k = 1, . . . ,K, then the snapshot y in (4.6) can be equivalently
modelled as in (2.1), where β is exactly K-sparse (i.e., ‖β‖0 = K) and non-
zero elements of β maintain the source waveforms s, i.e., βA = s, where
A = supp(β). Thus in CBF, identifying the true DoAs is equivalent to
identifying the non-zero elements of β. Hence, based on a single snapshot
only, we can utilize the proposed SSR algorithms developed in chapter 2
and chapter 3 in finding the number of sources K and their DoAs.

4.3.2 Sequentially adaptive elastic net approach

For sources at oblique directions, the standard (i.e., non-weighted, wj ≡ 1

for j = 1, . . . , p) EN estimator may perform inconsistent variable selec-
tion. The adaptive Lasso [18] obtains oracle variable selection property
by using cleverly chosen adaptive weights for regression coefficients in
the �1-penalty. We extended this idea and considered weighted elastic net
(WEN) penalty (cf. Publication P.IV [58]), coupling it with sequential active
set approach, where WEN is applied to only nonzero (active) predictors

53



Detection and Estimation of Directions-of-Arrivals of Sources

that were found in previous run.
Our proposed adaptive EN uses data dependent weights, defined as

ŵj =

{
1/|β̂init,j |, β̂init,j 	= 0

∞, β̂init,j = 0
, j = 1, . . . , p (4.7)

Above β̂init ∈ Cp denotes a sparse initial estimator of β. The idea is that
only nonzero coefficients are exploited, i.e., basis vectors with β̂init,j = 0

are omitted from the model, and thus the dimensionality of the linear
model is reduced from p to K = ‖β̂init‖0. Moreover, larger weight means
that the corresponding variable is penalized more heavily. The vector
ŵ = (ŵ1, . . . , ŵp)

� can be written compactly as

ŵ = 1p � ∣∣β̂init

∣∣, (4.8)

where notation |β| means element-wise application of the absolute value
operator on the vector, i.e., |β| = (|β1|, . . . , |βp|)�, and operator � is used
for element-wise division.

Next we turn our attention on how to choose the adaptive (i.e., data
dependent) weights in c-PW-WEN algorithm of Publication P.IV [58]. A
special case of this algorithm using unit weights, called as c-PW-EN, was
presented in subsection 2.4.2 and in algorithm 3. In adaptive Lasso [18],
one ideally uses the OLS or, if p > n, the Lasso as an initial estimator β̂init

to construct the weights given in (4.7). The problem is that both the OLS
and the Lasso estimator have very poor accuracy (high variance) when
there exists high correlations between predictors, which is the condition
commonly occurring in CBF problem due to high correlations between the
steering vectors corresponding to closely spaced angles. This lowers the
probability of exact recovery of the adaptive Lasso significantly.

To overcome the problem above, we developed a SAEN approach that
obtains K-sparse solution in a sequential manner decreasing the sparsity
level of the solution at each iteration and using the previous solution as
adaptive weights for c-PW-WEN. The SAEN is described in algorithm 6.
SAEN runs the c-PW-WEN algorithm three times. At first step, it finds
a standard (unit weight) c-PW-WEN solution for 3K nonzero (active) co-
efficients, denoted β̂3. The obtained solution determines the adaptive
weights via (4.7) (using β̂init = β̂3) and hence the active set of 3K nonzero
coefficients which is used in the second step to compute the c-PW-WEN
solution that has 2K nonzero coefficients. This again determines the adap-
tive weights via (4.7) (and hence the active set of 2K nonzero coefficients)
which is used in the second step to compute the c-PW-WEN solution that
has the desired K nonzero coefficients. It is important to notice that since
we start from a solution with 3K nonzeros, it is quite likely that the true
K non-zero coefficients will be included in the active set of β̂3 which is
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Algorithm 6: SAEN algorithm (sequentially adaptive elastic net)1.

input : y ∈ Cn, X ∈ Cn×p, [α] and K.

output : β̂ ∈ Cp and Â∗ ⊂ {1, . . . , p} with |Â∗| = K corresponding
to estimates of the K-sparse signal β and the support set
A∗

1
{
β̂3,A3

}
= c-PW-WEN

(
y,X,1, [α], 3K, 0

)
2
{
β̂2,A2

}
= c-PW-WEN

(
y,X,1� ∣∣β̂3

∣∣, [α], 2K, 0
)

3
{
β̂, Â∗} = c-PW-WEN

(
y,X,1� ∣∣β̂2

∣∣, [α],K, 1
)

1It is part of the MATLAB toolbox available at https://github.com/mntabassm/SAEN-LARS.

computed in the first step of the SAEN algorithm. Note that the choice
3K as the number of active elements is similar to the CoSaMP algorithm
[32] which also uses 3K as an initial support size. Using 3K also usually
guarantees that XA3K

is well conditioned which may not be the case if a
larger value than 3K is chosen.

4.4 Detection and Estimation of DoAs

The proposed SAEN method assumed that the number of sources, K,
is known. However, in practice, K is often unknown and needs to be
estimated, for example, using the algorithms proposed in chapter 3. Notice
that the MDL criterion is known to suffer in detection performance for a
small number of snapshots, and is not applicable for the single-snapshot
case.

In the following, a simulation study is conducted considering a grid from
−90◦ to 90◦ with a spacing of 2◦, i.e., p = 90 and n = 40 being the number
of sensors. The SNR level is 20 dB. The detection and estimation approach
is as follows

1. Find an estimate of K̂ of sparsity level K using c-LARS-GIC, Rayleigh
test (RT), or covariance test (CT) that were discussed in Chapter 3,
or, test-C and test-D proposed in [77].

2. Compute an estimate of K̂-sparse signal β̂ and the support Â∗ using
the c-PW-WEN and SAEN approach.

When K sources are present, the results for the detection and estimation
of DoAs, using solution paths by c-PW-EN in algorithm 3, are plotted in the
Figure 4.2a and Figure 4.2b, respectively. They compare different methods
(cf. chapter 3) and show the variations in the DR and ESRR for different
number of sources. It can be noticed from the results in Figure 4.2a that
GIC2 outperforms other methods in detecting the number of sources K.
Furthermore, the exact estimation of DoAs is also close to the Oracle that
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knows a priori the value of K. Besides, Figure 4.2b also shows ESRR rate
for SAEN approach that results in improvement.

Finally, we note Publication P.IV [58] detailed comparison of DoA estima-
tion results illustrating that SAEN approach improves DoAs estimation in
a large number of scenarios.

1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

D
R

(a) Detection rates (DR)

1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

E
SR

R

(b) Exact support recovery rates (ESRR)

Figure 4.2. Detection and estimation of source DOAs by c-PW-EN and methods in chap-
ter 3, along with estimation results by SAEN approach: Figures (a) and (b)
illustrate the detection rate (DR) and exact support recovery rate (ESRR),
respectively, for varying number of sources. Rates are computed over 1000
MC-trials using an SNR level of 20 SNR, where support set A∗ is picked
randomly for each MC-trial.
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5. High-dimensional classification

Consider having n samples (i.e., observations or cases) and p features
(i.e., predictors or variables). A collection of feature vectors for n different
samples constitutes the feature matrix, X ∈ Rp×n. Each column vector
xi ∈ Rp of X is called a feature vector corresponding to ith observation
and is associated with a class label yi ∈ {1, . . . , G}, where G denotes the
number of classes. The class labels on all n samples are collected to an
output vector y. The pair (y,X) is then the basic data object on which
predictive models are learned and called the training data. HD data refers
to a dataset for which p > n or p � n, i.e., HD settings involve the case
where the number of features may staggeringly exceed the number of
samples.

Genomics data of gene expressions, measured by microarrays or RNA
sequencing, often contain expression levels on tens of thousands of genes
but often only on few dozens samples (i.e., p � n). Such data configuration
is referred to as high-dimension low-sample-size (HDLSS) setting. In this
chapter, we consider the classification of HD data and propose a novel
classification method, called compressive regularized discriminant anal-
ysis (CRDA), which performs feature selection as part of the classifier’s
learning process. Our examples on simulated and real-world data, illus-
trate that CRDA improves in all three facets of the performance criteria
considered; namely accuracy, interpretability, and computational efficiency
(cf. Publication P.VI).

For a genomics dataset of gene expressions, the feature matrix can be
represented in a tabular form that is called expression matrix, shown
in Fig. 5.1 in transposed form X ∈ Rn×p for illustration purposes. This
matrix contains covariate information for n samples across p genes; each
row represents one particular sample, each column represents a gene, and
each entry of the matrix is the measured expression level of a particular
gene in a sample.
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Covariate information for features (e.g. genes)
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Figure 5.1. Expression (feature) matrix having n expression profiles and p expression
signatures. Respective n class labels of each observations are given in a vector
y.

5.1 Motivation and Background

Classification rule (or model) assigns an observation x ∈ Rp consisting
of measured features to a discrete group or class {1, . . . , G}. Selecting
only a small subset of significant features is often necessary to improve
the classification accuracy in the HDLSS setting. It also helps to avoid
overfitting as less redundant data is present after the feature selection.
Overfitting means that the model is too closely aligned to training datasets
that it does not know how to respond to new situations. Feature selection
also improves the interpretability of the obtained results. More details
on the challenges in HD statistical inference are discussed in [116, 117].
Ideally, an HD classifier should pick only relevant features, preferably
using a data-dependent feature selection mechanism.

HD data is common in bioinformatics. The advent of ultra-high-
throughput sequencing provides researchers and clinicians a variety of
tools to probe genomes in greater depth, leading to an enhanced under-
standing of how genome sequence variants underline phenotype and dis-
ease [118]. The rapid and low-cost sequencing technologies produce mas-
sive amounts of data. This brings a new set of challenges related to
processing and analysing the HD data to acquire knowledge. This requires
advanced statistical tools and methods which are sufficiently fast and com-
putationally efficient especially in HDLSS settings. Such developments
are particularly useful after the recent precision medicine initiatives with
goals of sequencing tens of thousands of genomes [119, 120].

For example, the discovery of disease subtypes and their classification
are major tasks in delivering precision (or personalized) medicine, e.g., for
cancer or diabetes. It takes into account, for example, individual variability
in genes to predict more accurately which treatment and prevention strate-
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gies for a particular disease will work in which groups of people, i.e., type
(or subtype) of that disease. This information can help classify patients,
identify genes that can be used as molecular markers of a certain type of
disease, and deepen the understanding of the molecular mechanisms of
that disease.

In HDLSS settings, the number of training samples is not sufficiently
large to accurately train modern nonlinear classifiers based on deep neural
network (DNN) [121] for example. DNNs with many layers suffer from
severe overfitting and high-variance gradients for HDLSS data, and this
phenomenon becomes more pronounced due to imbalanced training dataset,
where some classes may have only very few cases. If a linear algorithm
achieves good performance with tens or hundreds of cases per class, one
may need thousands of cases per class for a nonlinear classifier.

The proposed CRDA classifier is a modification of linear discriminant
analysis (LDA). The main difference between LDA and quadratic dis-
criminant analysis (QDA) is that LDA classifies an observation x using a
discriminant rule that is a linear combination of variables x1, . . . , xp, while
QDA uses a quadratic discriminant rule that is a combination of linear
terms and 2nd-order interactions, xixj , between variables. LDA-based
methods often offer substantially lower variance in HDLSS than QDA
[122]. However, LDA can suffer from high bias if its modelling assumption,
namely that the predictor variables share a common covariance matrix, is
badly off. Nevertheless, accurate feature selection can offset this problem
and offer improved performance.

Most of the standard classifiers, like support vector machine (SVM),
diagonal LDA, diagonal QDA, either do not select features or depend
on separately hand-picked features. There are few classifiers, such as
shrunken centroids regularized discriminant analysis (SCRDA) [123], pe-
nalized linear discriminant analysis (PLDA) [124], sparse partial least
squares based logistic regression [125], supervised principal component
analysis based LDA (SPCALDA) [126] and variable selection based ran-
dom forests (varSelRF) [127], which perform feature selection during the
learning process but often offer inferior accuracy in at least one aspect of
considered performance criteria. Furthermore, they involve parameters
which are not easy to tune optimally.

5.2 High-dimensional Gene Expression Data

The collection of proteins within each cell, known as cellular proteins, deter-
mine its function and perform most of the cellular mechanisms. Therefore,
measuring the complete protein expression of the cells would be ideal to
learn their actions or reactions. However, this is not fully possible with
the current state-of-the-art, and, therefore, approximate alternatives are
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commonly used. Currently, the most prevalent way of estimating the type
of cell activity utilizes the expression of genes in a particular condition.
Gene expression is the process by which the instructions in our DNA are
converted into a functional product, such as a protein. For example, during
the expression of a protein-coding gene, information flows from DNA �
RNA � protein. In this, firstly the DNA transcription transfers the in-
formation in DNA to a messenger ribonucleic acid (mRNA) molecule, and
thereafter resulting mature mRNA must be translated into the proteins
that carry out different functions in the cell. Genes are expressed by being
transcribed into RNA.

Gene expression profiling (GEP) measures the expression level of mRNAs
(the transcripts) in a cell population, which shows the pattern of genes
expressed by a cell at the transcription level [128]. This often means
measuring relative mRNA amounts in two or more experimental conditions,
then assessing which conditions resulted in specific genes being expressed.
The characteristic GEP patterns, referred to as gene expression signatures,
are well known for their ability to differentiate between the different types
and the behavior of cells [129, 130].

Different genes can be upregulated (increased in the expression) or down-
regulated (decreased in the expression) in distinct types of cells. Being able
to map out these gene expression changes and find differentially regulated
genes characteristic to a cell-type is thus invaluable to the biomedical
research. This helps in understanding different medical conditions [131],
processes of diseases like cancer [132], and otherwise to explore the ther-
apeutic applications of drugs [133]. For instance, in cancer studies, it
is valuable to identify the survival-related genes whose expressions are
altered by a drug [134].

There are different GEP techniques that measure the activity (the ex-
pression) of thousands of genes at once. GEP has been defined by repeated
technological innovations that led to a tremendous revolution in genomics
research and the emergence of the high-throughput genomics era. The
two most popular and influential inventions are microarrays and high-
throughput DNA sequencing that is commonly known as RNA sequencing
[135]. The latter is also frequently called next-generation sequencing.
DNA microarrays are commonly used since the end of the previous cen-
tury. In this dissertation, the performance of CRDA classifier is tested
mainly on microarray gene expression data, mainly due to the availabil-
ity of such data sets, e.g., thanks to the gene expression omnibus (GEO)
database [136]. The effectiveness of CRDA based classifiers on a broad
array of microarray gene expression data sets were illustrated in detail in
Publications P.III and P.VI. Next, we discuss GEP using microarrays.
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5.2.1 Microarrays

Microarrays are solid supports, usually of glass or silicon, upon which
DNA is attached in an organized pre-determined grid fashion. GEP using
microarrays is a robust, efficient, and cost-effective approach to assay
a cell or tissue’s transcriptome at a particular time or under a specific
condition. It measures the expression of thousands of short predefined
sequences, which are then preprocessed to obtain gene-level activity. As
mRNA has relatively homogenous properties, analyzing gene expression
on the level of transcription is much easier than on the level of the proteins
that actually carry out functions in cells. In most cases, the levels of mRNA
produced from different genes can be assumed to be proportional to the
concentrations of corresponding active cellular protein. Thus, measuring
the abundance of transcripts of different genes is a convenient way of
obtaining gene expression profiles of cells.

To obtain gene expression profiles via microarrays, mRNA is extracted
from cell or tissue samples using hybridization. After miscellaneous pro-
cessing and amplification steps, the sample is applied onto a microarray
chip. It contains spotted probes for different genes, and the amount of
sample bound to the spots correlates with the expression level of the gene
that the probes are for. Using various fluorescent labeling techniques, the
abundance of the bound sample in each spot can then be quantified. These
abundances are proportional to the gene expression levels of different
genes.

There are several challenges with GEP using microarrays at different
steps of the genomics data pipeline. The measurements data can be sig-
nificantly noisy, for example, due to various preprocessing steps [137].
Shortcomings in experimental design can introduce systematic error into
results, making the results inaccurate. In microarray experimental design,
care should be taken at each step of acquiring and processing samples to
avoid introducing excessive random variation or bias.

5.2.2 Conventional statistical tests

For genomics data, the differential expression is usually computed as a fold-
change (FC), i.e., a log2-ratio, for example, of averages from treatment and
control sample values. This accounts for the biological significance of the
genes, and their statistical significance is commonly tested using standard
statistical tests such as the t-test. Typically, relevant genes (features) are
picked using multiple hypotheses testing and correction, and by using the
fold-change parameter and false discovery rate (FDR) [138, 139, 140, 141],
where FDR is defined as the expected ratio of the number of false positives
to the total number of positive calls in a differential expression analysis
between two groups of samples [142].
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Using permutation-based multiple testing, the SAM (Significance Anal-
ysis of Microarrays) along with its extensions represents state-of-the-art
statistical techniques for finding significant genes [143, 144]. It uses re-
peated permutations of the data to determine if the expression of genes
is significantly related to the response. It improves the ordinary Student
t-test, by imposing limits on the variability of genes, to exclude genes that
do not change by at least a pre-specified fold-change level. It computes
the expected order statistics and offers, through its R-package samr, the
options of estimating a p-value for each gene by using either t-statistic or
Mann-Whitney (two-sample Wilcoxon) statistic. The obtained p-values for
all the genes are compared to a cutoff which is chosen to have an acceptable
FDR. Moreover, SAM also computes the q-value that is familiar p-value
but adapted to multiple-testing situations, i.e., lowest FDR at which the
gene is called significant [145].

The cutoff for statistical significance is based on the FDR, and the value
of the fold-change parameter ensures that selected genes are biologically
significant by at least a pre-specified amount. Thus, a gene picked as
differentially expressed (DE) must be both statistically and biologically
significant. The fold-change parameter is generally difficult to tune and the
quantification of how much change in the mean expression makes a gene
DE is subjective. All in all, these traditional gene selection approaches
are not part of the classification process and they often lack the ability to
select all the DE genes.

5.3 Compressive Regularized Discriminant Analysis

CRDA is based on the LDA-rule, which uses a linear discriminant function
(i.e., a linear combination of the feature variables) in order to discriminate
between the classes. LDA assumes that each of the G populations have a
multivariate normal (MVN) distribution with a common positive definite
covariance matrix Σ ∈ Rp×p but a different mean vector μg ∈ Rp, g =

1, 2, . . . , G. Considering that both of these quantities are known at the
moment, an observation in the training data from a class g ∈ {1, 2, . . . , G}
is assumed to be generated from

xg,j ∼ Np(μg,Σ), for 1 ≤ j ≤ ng,

where ng is the number of observations from class g, and the total sample
size is n = n1 + n2 + · · · + nG. LDA assigns an observation x to class g̃

that maximizes its likelihood, or equivalently stated, that minimizes the
Mahalanobis distances (MD-s) of given observation x at all G-groups:

x ∈ group

[
g̃ = arg min

g=1,...,G

{
(x− μg)

�Σ−1(x− μg)
} ]

.
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In certain cases, usage of some prior knowledge, for example, the expected
proportion of observations from each population can be plausible. There-
fore, let πg, g = 1, . . . , G, denote the a priori class probabilities, i.e., πg
is the probability that a randomly selected observation is from class g,
where π1 + π2 + · · ·+ πG = 1. Then one maximize the posterior probability
instead of the likelihood. This results in slightly modified classification
rule expressed as

x ∈ group

[
g̃ = arg min

g=1,...,G

{1

2
(x− μg)

�Σ−1(x− μg)− lnπg

}]
.

One may further simplify the rule above and write it in an equivalent form

x ∈ group
[
g̃ = arg max

g=1,...,G
dg(x)

]
, (5.1)

where
dg(x) = x�Σ−1μg − 1

2
μ�
g Σ

−1μg + lnπg (5.2)

denotes the discriminant function for group g. Hence (5.2) illustrates
that the assumption of common covariance matrix Σ and multivariante
normality of the class population results in a discriminant rule that is
linear in x.

In QDA one needs to estimate the covariance matrix for each class
whereas in LDA the assumption of a common covariance matrix be-
tween classes allows to estimate the covariance matrix from the pooled
data that is centred group-wise with respect to the sample mean vectors
μ̂g = (1/ng)

∑ng

i=1 xg,i, of the classes. This simplicity offered by LDA leads
to substantially lower variance and improved prediction performance in
HDLSS settings. This is because the number of observations ng in a par-
ticular class g can be severely insufficient, leading to poor estimate of
the class covariance matrix. This is the main reason why LDA is often
preferred over QDA in high-dimensional classification problems. LDA is
also the chosen approach in the proposed CRDA framework.

5.3.1 Basic set-up

In the proposed CRDA approach, we collect the discriminant functions
dg(x) in (5.2) into a vector d(·) as:

d(x) = (d1(x), . . . , dG(x))

= x�B+ c, (5.3)

where
c = −1

2
diag

(
M�B

)
+ lnπ (5.4)

63



High-dimensional classification

is a vector of constants, where diag(·) retrieves diagonal elements of its
matrix argument, ln π = (lnπ1, . . . , lnπG) are the log-prior probabilities, M
=

(
μ1 . . . μG

)
contains the group-means and the coefficient matrix B is

defined as,
B =

(
b1 · · · bG

)
= Σ−1M. (5.5)

Both of the unknowns, the coefficient matrix B ∈ Rp×G and the constant
vector c = c(B) ∈ RG in (5.3) basically depend on two matrices, namely
group-means matrix M ∈ Rp×G and the precision matrix Σ−1 ∈ Rp×p.
In practice, both of these matrices are unknown, and thus we need to
estimate them from the training data. A matrix of sample group-means,
M̂ = (μ̂1 . . . μ̂G), is used as an estimate of M. The estimate of priors can
be either uniform (π̂g = 1/G) or empirical probability of each group, i.e.,
π̂g = ng/n.

When p is huge, the resulting classifier is difficult to interpret, since the
classification rule involves a linear combination of all p features. Moreover,
notice that when the i-th row of B is a zero vector 0, then it implies that
the i-th feature does not contribute to the classification rule and hence can
be eliminated. Consequently, this allows us to perform feature selection
during the learning process given that we find and use a rowsparse esti-
mate of B. This is one of the main elements of CRDA along with using an
appropriate estimate of the precision matrix Σ−1. This is explained in the
next subsection.

5.3.2 Elements of CRDA

In HDLSS setting, LDA faces the problem that the SCM, i.e., the maximum
likelihood estimate of the covariance matrix, can be ill-conditioned (when
n is only slightly larger than p) or singular (when p > n). This dictate us
to use a regularized version of LDA, referred shortly as (RDA), where we
use two state-of-the-art regularized estimators of the covariance matrix
instead of the SCM. These include the regularized sample covariance ma-
trix (RSCM), namely Ell1-RSCM and Ell2-RSCM estimators developed in
[146, 147] and a penalized sample covariance matrix (PSCM) [148, 149]
that solves a penalized Gaussian likelihood function using an additive Rie-
mannian distance penalty on Σ with shrinkage towards a scaled identity
matrix, referred to Rie-PSCM estimator. These three estimators results in
three CRDA classifiers, named CRDA1, CRDA2 and CRDA3, respectively.

Another element of CRDA is compression of features by retaining a subset
of the features and discarding the rest. This subset selection produces a
model that is interpretable and has possibly lower misclassification rates
or prediction error than the model using the full set of features.

We have G-groups (i.e., G dependent variables) and p independent vari-
ables. As unit change in particular dimension will change the distance
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d(x) equal to that coefficient value. The predictor with a small coefficient
can be called as non-significant or noise and hence deleted from the feature
space. We apply �q-norm (and sample variance) based metric to rank the
features for subset selection. The selected subset of variables contains
those K out of p features whose effect is more pronounced in the coefficient
matrix. Accordingly, CRDA’s discriminant function is

d̂(x) =
(
d̂1(x), . . . , d̂G(x)

)
= x�B̂ + ĉ, (5.6)

where ĉ = −1
2 diag

(
M̂�B̂) ∈ RG and K-rowsparse B̂ ∈ Rp×G has p − K

zero-rows which do not contribute to the classification rule.
CRDA estimates the coefficient matrix (5.5) as

B̂ =
(
b̂1 · · · b̂G

)
= Σ̂

−1
M̂,

where Σ̂
−1

is the precision matrix that is base on one of the three afore-
mentioned covariance matrix estimators (Ell1-RSCM, Ell2-RSCM, or Rie-
PSCM) and M̂ = (μ̂1 . . . μ̂G) contains the sample group-means. The K-
rowsparse coefficient matrix B̂ is estimated by using a hard-thresholding
operator HK(·, ϕ), defined as a transform

B̂ = HK(B̂, ϕ),

where the function ϕ is a hard-thresholding selector function that acts
on the row vectors of B̂ to rank the features. This is shown in Figure 5.2
where the function ϕ for a vector b ∈ RG uses �q-norm when q ∈ [1,∞), so
ϕq(b) =‖b‖q, and the sample variance when q = 0, denoted as

ϕ0(b) =
1

G− 1

G∑
i=1

|bi − b̄|2,

where b̄ = (1/G)
∑G

i=1 bi. Note that any norm with q ≥ 1 could be used,
and we consider the most commonly used �q-norms, namely, q = 1, q = 2 or
q = ∞. We then use CV to choose the best ϕ-function among the candidates
{ϕ0, ϕ1, ϕ2, ϕ∞} along with joint-sparsity level K ∈ {1, . . . , p}. This CV
procedure, which gives the optimal B̂ that is used in (5.6), is detailed
in Publication P.VI. Finally, the training (or learning) and testing (i.e.,
prediction) phases in the CRDA framework are illustrated in Figure 5.2.
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5.4 Numerical examples on real-world data

Next, we compare the performance of CRDA classifiers on two real-world
datasets and compare the results with state-of-the-art classification meth-
ods. We note that these analysis results were not included in Publication
P.III or Publication P.VI and hence complement the findings therein. Both
of the datasets listed in Table 5.1 are available on the GEO database which
is an international public repository that archives and freely distributes
high-throughput gene expression and other functional genomics data sets
[136]. The accession numbers of the data sets are GDS968 and GDS3715.

The first dataset is for the analysis of UV and IR irradiated lymphoblas-
toid cell lines derived from the peripheral blood of patients with acute
radiation toxicity. Samples are taken 2 months after the completion of
radiation therapy. Results provide insight into the role of the response
to DNA damage in radiation toxicity. The second dataset is for the anal-
ysis of vastus lateralis muscle biopsies from insulin-sensitive subjects,
insulin-resistant subjects, and diabetic patients following insulin treat-
ment. Results provide insight into the molecular basis of insulin action
in skeletal muscle and the underlying defects causing insulin resistance.
Details about the datasets are provided in Table 5.1. Note that the avail-
able data is split randomly into training and test sets of fixed length, n
and nt, respectively, such that relative proportions of observations in the
classes are preserved as accurately as possible. Then L = 10 such random
splits are performed and averages of error rates are reported in order to
diminish the randomness of experiments involved due to the splits.

Table 5.1. Summary of the real datasets used for comparison.

Dataset GEO Accession # p n nt {n1, . . . , nG} G

#1 GDS968 5748 102 69 {42, 45, 39, 45} 4
#2 GDS3715 12626 66 44 {30, 40, 40} 3

For both the datasets, the results are compared with several state-of-the-
art methods: such as SCRDA, PLDA, SPCALDA, varSelRF, linear SVM as
well regularized multinomial regression with �1 (Lasso) penalty or Elastic
Net (EN) penalty [150] for which we use acronyms Lasso and EN. These
set of estimators and software used for calculations are explained in more
detail in Table 3 of Publication P.VI. Table 5.2 lists the comparison results
in terms of averages and standard deviations of both test error rate (TER)
and feature selection rate (FSR).

It can be seen from the table that CRDA based classifiers outperforms
all other methods. Nevertheless, Lasso and EN based feature selection
have the best interpretability but they have higher misclassification rates.
For data set #1, CRDA3 which uses the Riemannian PSCM is perform-
ing the best in terms of the test error rate. The good performance of
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CRDA3 could be related to the fact that it leverages on the result that the
parameter space forms a Riemannian manifold (the space of symmetric
positive definite matrices) in the design of the associated penalty function.
However, CRDA3 is not always the best method (e.g., for data set #2) and
thus validating this empirical observation would require more extensive
studies. Overall, CRDA approach is the optimal one offering both higher
interpretability and least misclassifications.

Table 5.2. Classification results for both the datasets in terms of test error rates (TER) and
feature selection rates (FSR). Standard deviations are given at in the brackets.

Data set #1 Data set #2
TER FSR TER FSR

CRDA1 6.23 (3.28) 13.94 (2.76) 8.41 (2.41) 18.12 (8.38)
CRDA2 7.25 (4.53) 12.73 (4.44) 8.41 (2.41) 18.00 (8.58)
CRDA3 5.94 (3.83) 16.82 (0.73) 8.55 (4.45) 13.31 (3.88)

Lasso 17.25 (4.8) 0.49 (0.03) 15.23 (7.73) 0.12 (0.04)
EN 14.2 (5.37) 1.24 (0.05) 12.73 (6.36) 0.4 (0.1)
SCRDA 7.83 (4.64) 100 (0) 14.77 (8.04) 85.5 (30.03)
PLDA 47.54 (3.97) 44.2 (18) 46.14 (8.9) 86.58 (7.09)
SPCALDA 58.7 (15.25) 100 (0) 40.23 (16.3) 100 (0)
varSelRF 23.04 (3.51) 40.1 (31.04) 21.82 (11) 23.4 (31.24)
Linear SVM 39 (10.55) 100 (0) 13.18 (4.65) 100 (0)
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6. Discussion, Conclusions and Future
Work

This dissertation covers topics in HD statistics and signal processing. An
increasingly common occurrence is the collection of large amounts of infor-
mation on each individual sample point, even though the number of sample
points themselves may remain relatively small. This is the case in bioinfor-
matics, where HD classification is performed using high-throughput data
like microarrays or next-generation sequencing, or in compressed beam-
forming using a sensor array. Regularization and shrinkage are commonly
used tools in many applications, such as regression or classification, to
overcome significant statistical challenges posed particularly due to the
HDLSS data settings in which the number of features, p, is often several
magnitudes larger than the sample size, n (i.e., p � n). In this dissertation,
we developed methods and tools for solving HD regression and classifica-
tion problems, with emphasis on applications dealing with complex-valued
data.

In the context of the linear model, we focused on convex penalized op-
timization problem using the EN penalty. The EN is a sparse linear
regression estimator that includes the popular Lasso estimator as a special
case. It is suitable for HD data, obtains good prediction accuracy while
encouraging a grouping effect. One of its benefits over the Lasso is its
ability to cope with predictors that are highly correlated. Such a situation
is commonly occurring in many real-world applications and is prevalent
in compressed beamforming based DoA finding due to densely discretized
angular space.

In this dissertation, we developed new algorithms for the EN optimiza-
tion problem (and its weighted version). First, we devised an easy to
implement CCD algorithm to compute the EN solution for complex-valued
data, referred to as CCD-CEN (algorithm 1). Then we extended the popular
LARS algorithm for solving the Lasso knots (penalty parameter values
after which the level of sparsity changes, cf. algorithm 2) and the EN prob-
lem in the complex domain. The algorithm, called c-PW-EN (algorithm 3)
is especially useful in the problems where the sparsity level of the signal
vector is known since it permits to solve the EN solution with the specified
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sparsity level directly.
In many applications, however, the sparsity level is unknown and needs

to be estimated. Therefore, the solution path based GIC method was
proposed for detecting the sparsity order, e.g., number of sources in DoA
estimation. The developed algorithm, called c-LARS-GIC (cf. algorithm 5)
is simple and computationally fast since it only considers models in the
Lasso solution path. Detection and estimation of source DoAs were per-
formed in the CBF application. Finally, a novel sequential estimation
strategy, called SAEN (cf. algorithm 6) was proposed to improve on the
exact support-recovery in sparse linear regression problem in the case
when the sparsity level is known. Its usefulness was demonstrated in the
DoA finding problem of sources.

For the HD classification problems, a compressive classification frame-
work, referred to as CRDA, was proposed. CRDA performs feature selection
during the learning phase. Feature selection is important in many applica-
tions. For example, in genomic studies, it is equivalent to finding significant
genes that influence the particular trait under study. CRDA-based classi-
fiers deploy state-of-the-art regularized covariance matrix estimators and
the hyperparameters of the method, the joint-sparsity level, and the hard-
thresholding selector function can be easily tuned via cross-validation.

The research done in this dissertation opens up many avenues for future
work. For example, we assume that only a single measurement vector y is
available from the sparse linear model. In some cases, there are several
measurement vectors that all share the same design (measurement) matrix
and sparse support. This is the case in a compressed beamforming problem
in the case that there are several snapshots available and sources have
been static during the measurement interval. In future work, the aim is
to extend the developed methods to such multiple measurements vector
model. Another research direction is to extend the CRDA-based classifiers
to handle next-generation sequencing data, where measurements are not
on a continuous scale but positive counts data.
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A. Appendix

A.1 Expected Prediction Error

Let f̂(x0) = β̂
H
x0 be the prediction for new measurement data {y0,x0}.

Then, the expected prediction error (EPE) can be defined as:

EPE � E
[∣∣y0 − f̂(x0)

∣∣2]
= E

[∣∣y0 − E[f̂(x0)]− {f̂(x0)− E[f̂(x0)]}
∣∣2]

= E
[∣∣y0 − E[f̂(x0)]

∣∣2]+ var[f̂(x0)], (1.1)

where

E
[∣∣y0 − E[f̂(x0)]

∣∣2] = E
[∣∣y0 − f(x0)− {E[f̂(x0)]− f(x0)}

∣∣2]
= var(ε) +

(
Bias[f̂(x0)]

)2
.

Collecting these in Equation 1.1, we have

EPE � E
[|y0 − f̂(x0)|2

]
= E

[∣∣y0 − E[f̂(x0)]− (f̂(x0)− E[f̂(x0)])
∣∣2]

=
(
Bias[f̂(x0)]

)2
+ var[f̂(x0)]︸ ︷︷ ︸

MSE[f̂(x0)]

+ var(ε)︸ ︷︷ ︸
σ2

= (bias)2 + (variance)︸ ︷︷ ︸
reducible error

+(variance of noise/error)︸ ︷︷ ︸
irreducible error

, (1.2)

Thereafter, note that the mean squared error (MSE) is as:

MSE[f̂(x0)] = E
[∣∣x�

0 β̂ − x�
0 β

∣∣2]
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= xH
0 E

[
(β̂ − β)(β̂ − β)H

]
x∗
0

= xH
0 MSE(β̂)x∗

0.

Therefore, minimizing the EPE is directly linked with minimizing the MSE
of β̂.

A.2 Rayleigh Test Statistic for Global Null

Considering a global null (i.e., no predictor truly active), that is, H0 : y ∼
CN n(0, σ

2I), we have

ujR + ıujI = uj = xH
j y ∼ CN (0, σ2)

for j = 1, 2, . . . , p, where ujR ∼ N (0, σ
2

2 ) and ujI ∼ N (0, σ
2

2 ) are real and
imaginary parts of uj . Hence, since

|ujR|
σ/

√
2

d
= χ1 and

|ujI |
σ/

√
2

d
= χ1 ,

one has that

|uj |2 = (ujR)
2 + (ujI)

2

d
=

(
σ√
2

)2[( ujR

σ/
√
2

)2
+

( ujI

σ/
√
2

)2]
d
= σ2

2

[
χ2

1
+ χ2

1

]
⇔ |uj |2

σ2

d
=

1

2
χ2

2

d
= Exp(1)

⇔ |uj |
σ

d
= 1√

2
χ2

d
= Rayleigh

(
1√
2

) d
= Weibull(1, 2).

Above notation χ2
k denotes chi-squared distribution with k degrees of free-

dom, and d
= reads “has the same distribution as ".
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Errata

Publication III

Equation (2) should be μ̂g = xg = 1
ng

∑
c(i)=g xi instead of μ̂g =

∑
c(i)=g xi.

Publication IV

• p3875: The expression |〈xj , r(λ)〉| < λ holds for non-active predictors
instead of |〈xj , r(λ)〉| ≤ λ.

• p3877: The output of Algorithm 2 (i.e., c-PW-WEN algorithm) should
mention AK ∈ NK instead of AK ∈ RK .
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