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1. Introduction

Coding theory can be described as the theory of information transfer. One
problem that coding theory deals with is: how can one reliably transmit a
message through an unreliable medium. In principle the medium can be
anything. Common examples include radio transmission, CD, DVD, hard
drives, solid state drives, optical and coaxial cables, and wireless networks.

The mathematical foundations for coding theory were laid out by Shan-
non in his seminal paper [1] published in 1948. Arguably, a large part of
the information theory revolution is based upon the foundation laid out by
Shannon.

The solution to the problem of reliable transmission over an unreliable
channel is to add redundancy to the transmitted message. This way the re-
ceiver can recover the message from the received information even though
parts of it might be garbled or missing. The process of adding redundancy
to the message is called encoding, while the process of recovering the mes-
sage from the received information is called decoding. A typical model of
a communication system is shown in Figure 1.1. How to best add redun-

Source Encoder Channel

Noise

Decoder Destination

Figure 1.1. A model of a communication system.

dancy depends on the channel and the type of noise encountered. The noise
is usually assumed to be additive but depending on the application this
assumption might not hold.

A code consists of so-called codewords and encoding is simply the process
of deterministically mapping the original information to a suitable code-
word. This codeword is then sent over the channel, and since the channel is
noisy, the receiver might not receive the codeword that was sent. Instead,
a garbled version of the transmitted codeword is received. This garbled
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codeword is usually not a codeword, and is thus called the received word.
The task of the decoder is to, given the received word, determine what
message was sent. In practice this task reduces to finding the codeword
that was transmitted, as the mapping from messages to codewords is re-
versible. Therefore, the term decoding is often used to refer to the task of
finding the codeword that was transmitted. It is, however, impossible for
the decoder to know what codeword was transmitted. Thus the decoder
shall find the codeword that is most probable given the received word.

The strategies for ensuring reliable communication can usually be ap-
plied to many parts of a communication system. For instance, in a radio
system the mapping between messages and corresponding radio signals
can be designed to minimize the probability of one message being mistaken
for another. This is an example of applying coding to the physical layer.
On the other hand, one can add redundancy to the message by encoding
it with a code before handing it over to the physical layer. The logical
continuation of this is to apply coding both on the physical layer and on
the messages. This scenario is illustrated in Figure 1.2. The strategy of

Source Encoder Modulator Channel

Noise

Demodulator Decoder Destination

Figure 1.2. A model of a communication system with coding applied to both the message
and on the physical layer.

coding on multiple levels is often applied in practice, but when analysing
and developing codes it is often easier to use the simpler model depicted
in Figure 1.1. In this model the message is usually, or can be written as,
a sequence of symbols from a finite alphabet A. The encoded message is
then a (longer) sequence with symbols from A. This is sometimes referred
to as the “pure” code case. When considering the pure code case, the chan-
nel accepts sequences with symbols from A and outputs sequences with
symbols from the same alphabet. Codes that are used in the pure code
case are also known as error-correcting codes.

If we instead want to consider the physical layer we can use the same
model but the channel behaves differently. Most physical channels are not
discrete but continuous by nature, and therefore the message can not be
sent as such over the channel. Instead we have to transform it into a form
that can be transmitted over the channel. In the case of radio transmission
this transformation is often called modulation, and demodulation denotes
the inverse mapping.

There are two main problems in coding theory: finding good codes and
developing efficient decoding algorithms. One of the results by Shannon
guarantees the existence of arbitrarily good codes. More precisely, any
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given channel has a certain capacity which is a tight upper bound on the
rate at which information can be reliably transmitted over the channel.
The essence of Shannon’s result is that, since the upper bound is tight,
there exists codes with a rate arbitrarily close to the channel capacity.
However, the proof of this result is non-constructive, which means that the
theorem only tells us that there are arbitrarily good codes, but it does not
tell us how to find them. A consequence of this is that, especially in the
beginning, the research into coding theory was quite focused on finding
good codes. Nowadays, there are known codes, e.g. polar codes, that achieve
performance close to the capacity.

In theory decoding is simple; given a received word, check which one of
all codewords that is “closest” to the received word. The notion of closeness
of two words depends entirely on the application. The problem with this
approach is that the size – i.e the number of words in a code – of good codes
are usually so large that this strategy is intractable. Therefore, an efficient
decoding algorithm is a requisite for being able to actually use the code in
any real-world applications. In addition, many applications have specific
demands such as high bandwidth and/or low latency.

The lack of efficient decoding algorithms for many classes of codes
severely limits the choice of codes that can be used in practical application.
Thus, it is important to develop new decoding algorithms.

This thesis focuses on decoding algorithms for lattices and (generalized)
concatenated codes. Lattice based codes are often employed in wireless com-
munication channels. There are also many other applications for lattices
and lattice decoding, including quantizers and lattice-based cryptography.
Generalized concatenated codes is a broad class of codes that cover both
the pure code case and codes that result from combining codes with the
coding for the physical layer. Generalized concatenated codes have good
properties but decoding of said codes is non-trivial.

This thesis consists of four research articles together with an introductory
part that introduces the necessary preliminaries and summarizes the
results of the four articles. The introductory part is organized as follows.
Chapter 2 introduces the necessary preliminaries on coding theory. In
Chapter 3, we present the results of Publication I and Publication II along
with the required background on lattices. Chapter 4 gives an introduction
to concatenated coding, generalized concatenated codes, and presents the
results of Publication III and Publication IV. Finally, Chapter 5 gives a
brief summary of the scientific contributions in the four research articles.

11





2. Preliminaries

Let Z and R denote the integers and real numbers, respectively. For a
prime power q, let Fq denote the finite field with q elements. For an integer
n ≥ 1, let [n] := {1, . . . , n}. The set of all n × k matrices over a field F is
denoted by Fn×k. Given a matrix M and a vector v, MT and vT denote
the transpose of M and v respectively. Furthermore, vi denotes the i-th
coordinate of v. Given a set S, 2S denotes the power set of S.

Definition 1. A block code of size M over an alphabet with q symbols is a
set of M q-ary sequences of length n called codewords.

Definition 2. The Hamming distance, denoted by dH , between two q-ary
sequences x and y is the number of places in which they differ.

An important property of a code is the minimum distance, which – as we
will see – is related to how many errors the code can correct.

Definition 3. Let C be a code. The minimum distance of C is

min
c,c′∈C
c�=c′

dH(c, c′).

2.1 Linear codes

We will now introduce linear codes. The linearity makes many aspects of
the theory easier, and most codes used in practical applications are linear.

Definition 4. Any subspace C of the vector space F
n
q is a called a linear

code.

It follows directly from the definition that the sum of any two codewords
is again a codeword. The dimension of C as a subspace of Fn

q is called the
dimension of the code. A linear code over Fq of length n, dimension k, and
minimum distance d is said to be an [n, k, d]q code. The field size is often
omitted whenever it is clear from the context.

13
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The minimum distance of a linear code can be characterised in a nice
way. First though, a prerequisite.

Definition 5. The Hamming weight, of x ∈ F
n
q , denoted by wt(c), is the

number of non-zero coordinates of x.

The support of x ∈ F
n
q is defined as supp(x) := {i ∈ [n] | xi �= 0}. Thus

wt(x) = | supp(x)|.

Theorem 1. For a linear code C the minimum distance d satisfies

d = min
c∈C\0

wt(c).

Proof. Since the Hamming distance is a translation invariant metric we
have

d = min
c,c′∈C
c�=c′

dH(c, c′) = min
c,c′∈C
c�=c′

dH(0, c′ − c) = min
c∈C\0

wt(c).

Any linear code can be described in terms of a so-called generator matrix.
Let C ⊂ F

n
q be a linear code of dimension k. A k × n matrix G is said to be

a generator matrix for C if

{xG | x ∈ F
k
q} = C.

The generator of a linear code is not unique. In fact, we can choose any k

codewords of C that are linearly independent and build a matrix that has
these codewords as rows. Such a matrix will generate the whole code.

Another important concept is that of a parity-check matrix. Any matrix
H ∈ F

(n−k)×n
q such that HcT = 0 if and only if c ∈ C is a parity-check

matrix for C. Similarly to generator matrices, the parity-check matrix for
a code is not unique.

Theorem 2. Let H be a parity-check matrix of a code C of length n. C has
minimum distance d if and only if every d − 1 columns of H are linearly
independent and some d columns are linearly dependent.

Proof. There exists a codeword of weight w if and only if HxT = 0 for some
x ∈ F

n
q of weight w. This can only happen if some w columns of H are

linearly dependent.

A direct consequence is the so-called Singleton bound.

Theorem 3 (Singleton bound). The minimum distance of a linear code C

with length n and dimension k satisfies d ≤ n− k + 1.

Proof. The rank of a parity-check matrix H for C is n − k, so H cannot
have more than n− k linearly independent columns.

14
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A code that satisfies d = n− k + 1 is called maximum distance separable
(MDS). MDS codes can be characterised in several different ways [2, pp.
273].

Theorem 4. Let C be a linear [n, k, d]q code. The following are equivalent:

1. C is MDS;

2. Any k columns of a generator matrix for C are linearly independent;

3. Any n−k columns of a parity-check matrix for C are linearly independent.

There are several ways of constructing new codes from old ones. The ones
relevant to our work are called extending and puncturing. Extending a
code is the act of adding one or more parity symbols to the code. Puncturing
a code consists of deleting one or more coordinates from each codeword.

2.2 Decoding

Recall the model of a noisy communication system from Chapter 1. When-
ever a codeword c is sent over an noisy channel the receiver does not
(usually) receive a codeword. Instead r = c+e is received, where e is the er-
ror introduced by the channel. The problem of decoding the received word
is to find the codeword that is closest to r with respect to some distance
function. In most situations the Hamming distance is used, but depending
on the channel, code and application other distance functions might be
more appropriate.

For the reminder of the section, let C ⊂ F
n
q be a linear code, c ∈ C and

r ∈ F
n
q . Furthermore, let d be the minimum distance of C. For E ⊂ [n],

define wtE(x) := | supp(x) \ E|. Thus wtE(r) is the Hamming weight of r
punctured with respect to E.

All the results presented in this section are valid for any code even
though we restrict the disposition to linear codes. Some of the statements
have to be modified slightly though to remain valid. Usually it is sufficient
to replace the Hamming weight with the Hamming distance.

2.2.1 Correcting errors

The first question to tackle is: how many errors can C correct? Or more
precisely, for which values of wt(r − c) can c be recovered from r? The
answer is given by the following theorem.

Theorem 5. Given C and r, there is at most one codeword c ∈ C such that
2dH(r, c) < d.
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Proof. Suppose there exists c, c′ ∈ C, c �= c′, such that 2dH(c, r) < d and
2dH(c′, r) < d. Then

dH(c, c′) ≤ dH(c, r) + dH(r, c′) < d,

which contradicts the fact that the minimum Hamming distance between
any two codewords is at least d.

Thus, Hamming-spheres of radius �(d− 1)/2� centred at the codewords
do not intersect. Therefore, any error with weight at most �(d− 1)/2� can
be corrected. If we only correct errors of weight less than d/2, then we say
that we are performing minimum-distance decoding.

Theorem 5 tells us how many errors we can correct, but not how to do
it. One – not particularly efficient – strategy is to simply calculate the
distance from all codewords to r and pick the one that is closest. This
is, however, only feasible for small codes. Therefore, efficient decoding
algorithms are needed. In fact, finding such algorithms is one of the main
challenges in coding theory.

2.2.2 Correcting errors and erasures

If the received word can contain erasures, that is erased symbols, then
the situation changes slightly. We have the following theorem which is
analogous to Theorem 5.

Theorem 6. Given C, r and E ⊂ [n], there is at most one codeword c ∈ C

such that
2wtE(r − c) + |E| < d. (2.1)

Proof. Suppose there exists c, c′ ∈ C, c �= c′, such that 2wtE(r− c)+ |E| < d

and 2wtE(r − c′) + |E| < d. Then

wt(c− c′) ≤ wtE(c− c′) + |E| = wtE(c− r + r − c′) + |E|
≤ wtE(c− r) + wtE(r − c′) + |E| < d,

which contradicts the fact that the minimum Hamming distance between
any two codewords is at least d.

If we only decode whenever (2.1) is apparently satisfied, then we say that
we are performing error-and-erasure decoding. It follows from Theorem 6
that an error-and-erasure decoder can be described by a map

σ : Fn
q × 2[n] → C ∪ {⊗}

where (r, E) is mapped to the (unique) closest codeword, or to ⊗ if (2.1) is
not satisfied. Hence σ(r, E) = c if and only if 2wtE(r − c) + |E| < d.
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2.2.3 GMD decoding

One way to view error-and-erasure decoding is to think of unreliable
symbols instead of missing symbols. Thus the decoder is given the received
word along with information on which symbols are considered reliable (not
erased) and unreliable (erased). The natural extension of this is to consider
what happens if we allow more than two reliability classes.

In 1965 Forney considered what happens if the received symbols are clas-
sified into J reliability classes and arrived at what he named generalized
minimum-distance (GMD) decoding [3]. Define

ϕ : Fq × Fq → {−1, 1}, ϕ(a, b) :=

{
1, a = b,

−1, a �= b,

and let f(r, c) := (ϕ(r1, c1), . . . , ϕ(rn, cn)). Furthermore, let α ∈ [0, 1]n be
the supplied reliability weight vector, meaning that αi is the reliability of
ri. A smaller reliability weight means that the symbol is considered less
reliable. We have the following theorem.

Theorem 7 (Forney [3]). Given C, r and α there is at most one codeword
c ∈ C such that

α · f(r, c) > n− d. (2.2)

Suppose we have J reliability classes with corresponding reliability
weights aj , 1 ≤ j ≤ J , and aj ≤ ak for j < k. Each symbol is put into one of
these J reliability classes. Let E0(α) := ∅ and Ej(α) := {i ∈ [n] | αi ≤ aj},
1 ≤ j ≤ J . We will omit the parameter α whenever it is clear from the
context.

Theorem 8 (Forney [3]). If α · f(r, c) > n− d, then there exists 0 ≤ j < J ,
such that 2wtEj (r − c) + |Ej | < d.

Remark 1. Forney showed that if α · f(r, c) > n − d, then there exists
0 ≤ j ≤ J , such that 2wtEj (r − c) + |Ej | < d. However, j = J cannot be the
correct one since |EJ | = n > d.

Theorem 8 shows that GMD decoding can be implemented with an error-
and-erasure decoder and Theorem 7 can be used to check if the chosen j

was correct.
It is clear that σ(r, Ej) �= c if |Ej | ≥ d, and hence we immediately get an

upper bound on the maximum number of different j we need to try, namely
at most d different ones. It is, however, possible to strengthen this bound.

Theorem 9. Let F1 ⊂ F2 ⊂ [n] be such that |F2| = |F1| + 1, and suppose
d− |F1| is even. If σ(r, F1) �= ⊗, then σ(r, F1) = σ(r, F2).

Proof. We prove this by contradiction. Let xj = σ(r, Fj), j ∈ {1, 2}, and
suppose that x1 �= x2. We have 2wtF1(r−x1)+ |F1| < d by assumption, and
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thus 2wtF2(r − x1) + |F2| ≥ d by Theorem 6. Furthermore, wtF2(r − x1) ≤
wtF1(r − x1), which implies wtF2(r − x1) = wtF1(r − x1). It follows that
2wtF1(r− x1)+ |F1| = d− 1, which contradicts the assumption that d− |F1|
is even.

We call the act of running the decoder for C with one erasure set and
then checking if Theorem 7 holds for the decoded word a trial.

Corollary 1. At most �(d+ 1)/2� trials are required to decode any received
word r that satisfies Theorem 7.

This result was also noted by Forney, but he presented no formal proof.
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3. Lattices

A lattice is a finitely generated discrete subgroup of R
n. The simplest

example of a lattice is the integer lattice Z
n, and any lattice can be obtained

by applying a linear transformation B to Z
n. The lattice generated by B is

L(B) := {Bx | x ∈ Z
n}. Equivalently, L(B) can be described as all integer

linear combinations of the columns of B.
Lattices are used in many applications, including cryptography, coding

for wireless transmission, discretizers, and quantizers.

Definition 6. Let B =
[
b1 . . . bn

]
∈ R

d×n be linearly independent vec-

tors in R
d. The lattice generated by B is the set L(B) = {Bx | x ∈ Z

n} of
all integer linear combinations of the columns of B. The matrix B is called
a basis of L(B). The integer n is called the rank or dimension of the lattice.
If n = d, then L(B) is called a full rank or full dimensional lattice in R

d.

A subset of a lattice which itself is a lattice is called a sublattice. We have
the following lemma.

Lemma 1. For any two lattice bases B ∈ R
d×k and C ∈ R

d×n, we have
L(B) ⊆ L(C) if and only if there exists an integer matrix U ∈ Z

n×k such
that B = CU .

Proof. Suppose that B = CU for some U ∈ Z
n×k and let v ∈ L(B). Then

v = Bx = C(Ux) for some x ∈ Z
k, and thus v ∈ L(C).

Suppose that L(B) ⊆ L(C). Then, for each j ∈ [k], there exists yj ∈ Z
n

such that bj = Cyj . Hence B = CU , where U =
[
y1 . . . yk

]
∈ Z

n×k.

The basis of a lattice is not unique in the sense that two lattice bases
B and C, such that B �= C, might both generate the same lattice. More
precisely:

Theorem 10. Let B and C be two lattice bases. Then L(B) = L(C) if and
only if there exist a matrix U ∈ GL(n,Z) such that B = CU .

Proof. Suppose L(B) = L(C). Then, by Lemma 1, there exists U1, U2 ∈
Z
n×n such that B = CU1 and C = BU2. It follows that U−1

1 = U2.
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Now, suppose there exists U ∈ GL(n,Z) such that B = CU . Then L(B) =

L(C) follows directly from the invertibility of U and Lemma 1.

A unimodular matrix is a square integer matrix with determinant ±1. It
is easy to check that GL(n,Z) consists of all the unimodular n×n matrices.
Thus Theorem 10 can be restated as: L(B) = L(C) if and only if there exist
a unimodular matrix U such that B = CU .

Given a lattice basis B, the matrix G = BTB is called the Gram matrix of
the lattice. The volume of a lattice L(B) is vol(L(B)) :=

√
det(BTB). Since

det((BU)T (BU)) = det(BTB) for any unimodular lattice, we see that the
volume of L(B) is independent of the choice of basis. Moreover, the volume
of a lattice is equal to the volume of the fundamental region of the lattice.

The packing radius of a lattice is the largest r ∈ R such that the balls
of radius r centred at the lattice points do not intersect (except at the
boundary). The covering radius of a lattice is the smallest r > 0 such that
the balls of radius r centred at the lattice points cover the ambient space.

Given B = [b1 . . . bn] ∈ R
d×n with full column rank, Gram-Schmidt

orthogonalization (GSO) gives an ortohogonal basis for the span of B. More
precisely, the GSO of B is B̃ =

[
b̃1 . . . b̃n

]
, where

b̃1 = b1 and b̃k = bk −
k−1∑
i=1

〈b̃i, bk〉
〈b̃i, b̃i〉

bi for 2 ≤ k ≤ n.

Readers that are familiar with the Gram-Schmidt orthonormalisation
procedure may note that the GSO is almost the same; the only difference
is that the orthonormalisation procedure also normalizes the basis vectors
to unit length.

Any complex d × n, matrix B, with d ≥ n, can be decomposed into an
unitary matrix Q ∈ C

d×d and an upper triangular matrix R ∈ C
d×n such

that B = QR. This decomposition is called the QR Decomposition of B. We
will call Q and R the Q-factor and R-factor of B respectively.

3.1 Lattice reduction

The process of selecting a basis that is good with respect to a given criterion
is called reduction. What constitutes a good basis depends on the appli-
cation, but for all applications that we are concerned with, a good lattice
basis has short basis vectors that are relatively orthogonal. The metric
employed is usually the Euclidean metric, but there are applications where
other metrics are more appropriate.

There are many different kinds of lattice reduction and they differ mainly
in how “good” they require the basis to be in order to consider it reduced.
We will now present some of the often used reduction criteria.
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3.1.1 Minkowski reduction

The reduction criterion now known as Minkowski reduction was formal-
ized by Minkowski [4] in 1905, and it is essentially a greedy version of a
reduction criterion proposed by Hermite [5, pp. 301-303] in 1850.

Definition 7. Let L be a lattice. v1, . . . , vk ∈ L, is called a primitive system
if it can be extended to a basis of L.

The process of extending a set of lattice vectors v1, . . . , vk ∈ L to a basis
of L is simply the act of adding linearly independent lattice vectors to
the set until it becomes a basis of L. A basis of L must contain exactly n

linearly independent lattice vectors, and hence it follows that not every set
v1, . . . , vk ∈ L can be extended to a basis of L.

Definition 8. A basis B of a lattice L is called Minkowski reduced if it
satisfies the following properties:

1. b1 is a shortest element of L.

2. bk, for k = 2, . . . , n, is a shortest element among all elements of L that
together with b1, . . . , bk−1 form a primitive system.

Minkowski reduction is a strong form of reduction and transforming an
arbitrary basis into a Minkowski reduced basis is computationally expen-
sive. More precisely, all known algorithms have exponential complexity
with respect to the lattice dimension. Therefore Minkowski reduction is
usually not used in practical applications unless the dimensions of the lat-
tices involved are very small. Algorithms to compute Minkowski reduced
bases can be found in [6, 7, 8].

3.1.2 HKZ-reduction

In Hermite’s letters to Jacobi he also proposed another criterion for reduc-
tion [9, pp. 269-271] [5, pp. 280-282]. The same criterion was proposed
by Korkine and Zolotareff in 1873 [10], and this type of reduction is now
commonly referred to as Hermite-Korkine-Zolotareff (HKZ) reduction.

Given a lattice L, λ1(L) denotes the length of the shortest non-zero lattice
vector. Let B(i) denote the submatrix of B obtained by deleting the rows
and columns with index smaller than i.

Definition 9. A lattice basis B is called size-reduced if

|μi,j | ≤ 1

2
, where μi,j =

〈bi, b̃j〉
〈b̃j , b̃j〉

, for 1 ≤ j < i ≤ n.
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This is equivalent to the requirement that the R-factor R = [ri,j ] of B

satisfies
|ri,j | ≤ 1

2
|ri,i| for 1 ≤ j < i ≤ n.

Definition 10. A lattice basis B is called HKZ-reduced if it is size-reduced
and its R-factor R satisfies ri,i = λ1(L(R(i)) for all 1 ≤ i ≤ n.

HKZ-reduction is a strong form of reduction, but it is not as strong as
Minkowski reduction. On the other hand, it is not as computationally
demanding to HKZ-reduce an arbitrary lattice basis. The computational
complexity is, however, still exponential with respect to the lattice di-
mension. Algorithms for computing HKZ-reduced bases can be found in
[11, 12, 8]. Note that HKZ reduction is also known as KZ reduction.

3.1.3 LLL-reduction

The Lenstra-Lenstra-Lovász (LLL) lattice basis reduction algorithm, pre-
sented in [13], is a polynomial time lattice reduction algorithm. It is
probably the most widely used lattice reduction algorithm due to its low
complexity and the relatively good quality of the returned basis.

Definition 11. A lattice basis B is said to be LLL-reduced with 1/4 ≤ δ < 1

if it is size-reduced and(
δ − μ2

i+1,i

) ‖b̃i‖2 ≤ ‖b̃i+1‖2, where μi,j =
〈bi, b̃j〉
〈b̃j , b̃j〉

,

for all 1 ≤ i < n. The latter condition can also be expressed in terms of the
R-factor R = [ri,j ]:

r2i,i + r2i−1,i ≤ δr2i−1,i−1 for 1 < i ≤ n.

The parameter δ influences the quality of the reduced basis; the larger
the value of δ, the more reduced the basis is.

The LLL reduction algorithm has been modified and/or improved in many
ways, see [14, pp. 78-104] [15]. A hybrid between LLL and HKZ reduction
known as block Korkine-Zolotareff (BKZ) reduction has also been proposed
[12, 16].

3.2 Lattice problems

The shortest vector problem (SVP) and closest vector problem (CVP) are
two important lattice problems that have been extensively studied. Let
L ∈ R

n be a lattice. The SVP is the problem of finding the shortest non-
zero element (vector) of the lattice while the CVP is defined as follows:
Given r ∈ Rn, find the element of L that is closest to r. The metric usually
considered is the Euclidean metric, but sometimes other metrics are used.
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We will focus on the CVP. Van Emde Boas showed that the general
CVP is NP-hard [17], and Micciancio [18] gave a simpler proof for this
statement. Furthermore, it is known that finding an approximate solution
to the CVP such that the ratio of the distance found and the true distance is
bounded by a constant is NP-hard [19], and even if the suboptimal solution
is only required to be within a factor nc/ log logn for some constant c, it is
still NP-hard [20].

3.3 Algorithms for the CVP

The best general purpose algorithm, with respect to computational com-
plexity, for solving the CVP is due to Aggarwal et al. [21]. It solves the CVP
in 2n+o(n) time and memory. The algorithm is arguably geared towards
high-dimensional lattice and is not efficient for low-dimensional lattices.

Another algorithm for the CVP is the so-called sphere decoder, including
the variants by Fincke and Pohst [22], and Schnorr-Euchner [16]. Sphere
decoding is often used for solving the CVP on low-dimensional lattices in
communication systems. One example of such an application is multiple-
input multiple-output (MIMO) wireless systems [23].

There are also approximate algorithms for the CVP, the most prominent
one being Babai’s nearest plane algorithm [24]. Another approximate
algorithm is the double-plane algorithm presented in Publication II. The
accuracy of both of these algorithms depend on the quality of the lattice
basis; the more reduced the basis is, the better the accuracy.

We will proceed to describe both these algorithms, but first we need to
establish the notation.

For x, y ∈ R
n, let d(x, y) = ‖x− y‖ denote the Euclidean distance between

x and y. For convenience we extend this notation to subsets of R
n by

defining d(A,B) := inf{d(x, y) : x ∈ A, y ∈ B} for A,B ⊆ R
n. �r� denotes

rounding to the integer nearest to r ∈ R while �r� = max{z ∈ Z : z ≤ r}
and �z� := min{z ∈ Z : z ≥ r}.

Let
B =

[
b1 . . . bn

]
and B′ =

[
b1 . . . bn−1

]
,

and let L and L′ be the corresponding lattices. Furthermore, let B̃ denote
the Gram-Schmidt orthogonalization of B.

We have L = {mbn + L′ | m ∈ Z}, which means L can be partitioned into
translates of L′. For convenience we will introduce the notation

L′
m = mbn + L′ and H ′

m := mbn + Span(B′).

Define cj(t, B) := 〈t, b̃j〉/〈b̃j , b̃j〉. Note that we will omit the arguments to cj
whenever they can be deduced from the context.

It is clear that d(H ′
m, H ′

m+1) = ‖b̃n‖. Given t ∈ R
n, the two hyperplanes

closest to t are H ′
�cn� and H ′

�cn�. Denote the covering radius of L by rc(L).
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The idea of Babai’s nearest plane algorithm is to recursively reduce the
n-dimensional search problem into an (n− 1)-dimensional problem. More
precisely, given t ∈ R, Babai’s algorithm finds the (n − 1)-dimensional
hyperplane H ′

m that is closest to t, and projects t onto this hyperplane. We
know that this hyperplane is H ′

�cn�. This gives us an (n− 1)-dimensional
search problem. A more formal description is given as Algorithm 1. It is

Algorithm 1 Babai’s nearest plane algorithm
1: procedure BABAI(B, n, t)
2: if n = 1 then
3: return �c1�b1
4: else
5: return �cn�bn+ BABAI(B, n− 1, t− �cn�bn)
6: end if
7: end procedure

clear that the accuracy of Babai’s algorithm depends on the quality of the
lattice basis B.

The double-plane algorithm is an extension to Babai’s algorithm that is
based on the following observation.

Theorem 11 (Publication II). Let t ∈ R
n. If rc(L′) ≤ ‖b̃n‖, then a solution

to the CVP on L lies on L′
�cn� or L′

�cn�.

This simple observation suggests the following algorithm: Given t ∈
R
n, project t onto H ′

�cn� and H ′
�cn� and denote the results by t1 and t2

respectively. Now run the double-plane algorithm for t1 and t2 with respect
to the lattice translates L′

�cn� and L′
�cn� respectively. This gives us two

candidates for the lattice point closest to t. Compare these lattice points
and return the one that is closer to t. A more precise description is given
as Algorithm 2. It is possible to view the double-plane algorithm as a
restricted version of sphere-decoding [22, 16, 25], although the connection
is not as obvious as the one to Babai’s algorithm. It should be noted
that this particular implementation of the double-plane algorithm is very
inefficent, and that it is possible to considerably speed it up by combining it
with Schnorr-Euchner enumeration. See Publication II for further details.

We have the following results.

Theorem 12 (Publication II). Let L be a rank two lattice with basis B =[
b1 b2

]
. If B is LLL-reduced with δ ≥ 1/2, then the double-plane algorithm

is guarantied to solve the CVP on L correctly.

Theorem 13 (Publication II). Let L be a rank three lattice with basis
B =

[
b1 b2 b3

]
. If B is LLL-reduced with δ ≥ (

√
5 + 1)/4, then the

double-plane algorithm is guarantied to solve the CVP on L correctly.
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Algorithm 2 The double-plane algorithm
1: procedure DPLANE(B, n, t)
2: if n = 1 then
3: return �c1�b1
4: else
5: x1 = �cn�bn+ DPLANE(B, n− 1, t− �cn�bn)
6: x2 = �cn�bn+ DPLANE(B, n− 1, t− �cn�bn)
7: if ‖t− x1‖ ≤ ‖t− x2‖ then
8: return x1
9: else

10: return x2
11: end if
12: end if
13: end procedure

We have not been able to prove the correctness of the double-plane
algorithm for higher dimensional lattices. However, the simulation results
presented in Publication II suggest that the double-plane solves the CVP
correctly for lattices of dimension at most 7, given that the lattice basis is
HKZ reduced.

We will end this section with a brief comparison between Babai’s nearest
plane algorithm, the double-plane algorithm and sphere decoding. All of
these algorithms can be described recursively as a finite number of (n− 1)-
dimensional search problems. The only difference between them is how
many (n− 1)-dimensional subproblems are considered. Let t ∈ R

n be the
vector to be decoded, and let cn := cn(t, B). Babai’s nearest plane algorithm
only considers one subproblem, namely that on L′

m where m = �cn�. The
double-plane algorithm considers exactly two subproblems, i.e., those on
L′
m where m ∈ {�cn�, �cn�}. Finally, a sphere decoder considers as many

subproblems as needed to find the correct solution. More precisely, the
subproblems on L′

m where m ∈ {k ∈ Z | |cn − k| ≤ ρn} are considered. The
difference between the Schnorr-Euchner strategy described in [16] and the
Pohst strategy described in [22] lies in how the bounds ρi are updated and
in which order the sublattices L′

m are searched. The Schnorr-Euchner
strategy searches the sublattices in the order (assuming cn is rounded
upwards)

L′
�cn�, L

′
�cn�−1, L

′
�cn�+1, L

′
�cn�−2, L

′
�cn�+2, . . .

and updates the size of the hypersphere that is to be searched dynamically,
while the Pohst strategy searches the sublattices in the order

. . . , L′
�cn�−2, L

′
�cn�−1, L

′
�cn�, L

′
�cn�+1, L

′
�cn�+2, . . .

and never updates the initial size of the hypersphere that will be searched.
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Agrell et. al [25] showed that in practice the Schnorr-Euchner strategy is
superior to the Pohst strategy. All three algorithms are quite similar when
viewed in this framework and in the end the difference comes down to a
trade off between speed and accuracy.

3.4 Connections between lattices and linear codes

Definition 12. A q-ary lattice is a lattice Λ ⊂ Z
n that contains qZ as a

sublattice.

A q-ary linear code C is a Zq-submodule of Zn
q . The q-ary lattices and

codes are in one-to-one correspondence with each other via the so-called
Construction A [26, pp. 137] generalized to the q-ary case.

A generalized version of Construction A can be described by the natural
epimorphism ν : Zn → Z

n/qZn. Given a q-ary code C, the q-ary lattice
corresponding to the code is Λq(C) := ν−1(C). Since C is linear it is clear
that Λq(C) is in fact a lattice, and moreover, Λq(C)/qZn = ν(Λq(C)) ∼= C.

There is an interesting connection between the solving of the CVP on
a q-ary lattice and decoding of the corresponding code. In [27] Campello
et al. showed that solving the CVP with respect to the lp norm on a q-ary
lattice reduces to decoding of the corresponding code with respect to the
p-Lee metric. We will make this more precise. However, once again, more
notation is needed. The metric induced by the lp norm is denote by dp.
Recall that

dp : R
n × R

n → R+, dp(x, y) :=

(
n∑

i=1

|xi − yi|p
)1/p

for 1 ≤ p < ∞. The Lee metric was introduced by C.Y. Lee in [28]. It is a
quite natural metric for q-ary codes. Define

wq : Zq → Z, wq(x) := min{x′, q − x′},

where x′ denotes the canonical representative of x, i.e., x′ ∈ [0, q). The Lee
metric is defined as

dLee : Zn
q × Z

n
q → Z, dLee(x, y) =

n∑
i=1

wq(xi − yi).

In [27] this notion was extended to the p-Lee metric, which is given by
dp,Lee : Rn/qZn × R

n/qZn → R+,

dp,Lee(x, y) =

(
n∑

i=1

wq(xi − yi)
p

)1/p

.

We have the following theorem.
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Theorem 14 (Campello et al. [27]). Let Λq(C) be a q-ary lattice and r ∈ R
n.

Let c ∈ C be a closest codeword to ν(r) considering the p-Lee metric in
R
n/qZn. An element z ∈ Λq(C) which is closest to r considering the lp metric

in R
n is z = (z1, . . . , zn), where zi = ci + qwi, where wi = �(ri − ci)/q�, for

each i = 1, . . . , n.

3.5 Quotient decoding

The results of Campello et al. can be generalized to additive Abelian groups
equipped with a translation invariant metric. To this end, let G be an
additive Abelian group and d a translation invariant metric on G. Fur-
thermore, let A be a discrete subgroup of G. The closest element problem
(CEP) on G is: given g ∈ G, find a ∈ A such that d(a, g) = minu∈A d(u, g).
This problem is well-defined since A is discrete. For convenience we will
talk about solving the CEP on G with respect to A and d, or more concisely,
solving the CEP on (G,A, d), when we refer to the situation above. The
parameter d will be omitted whenever it is clear from the context.

Let B be a subgroup of A, and let G → G/B, x �→ x denote the natural
epimorphism. For x ∈ R

n, xi always denotes the i-th coordinate of x. We
will also use the following notation: argminx f(x) means a x such that
f(x) = minu f(u). Note that the argmin is not necessarily unique.

The metric d induces a metric on the quotient G/B. Define

γ : G/B ×G → G, γ(x, y) := argminu∈x d(u, y).

γ is not a map in the traditional sense due to to the non-uniqueness
property of the argmin operator. However, for our purpose this is not an
issue. Further details are available in Publication I. Let x, y ∈ G and define
dG/B : G/B ×G/B → R+ by

dG/B(x, y) := d(γy(x), y).

A metric d on a vector space V over K ⊂ C is called homogeneous if

d(αx, αy) = |α| d(x, y)

for all x, y ∈ V and α ∈ K. We have the following results.

Theorem 15 (Publication I). dG/B is a translation invariant metric on
G/B.

Theorem 16 (Publication I). Let G be a normed vector space over K ⊆ C

with induced metric d. Furthermore, let R be subring of K, and B an R-
submodule of G that is not dense in G. Then dG/B is a translation invariant,
homogeneous metric on G/B.
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The metric dG/B is called the quotient metric.

Theorem 17 (Publication I). If we can solve the CEP on (G,B, d) and
(G/B,A/B, dG/B), then we can solve the CEP on (G,A, d).

The method of solving the CEP on (G,A, d) by solving the corresponding
problem on (G/B,A/B, dG/B) is called quotient decoding.

Can we say something about the other direction, i.e., if we can solve
the CEP on (G,A, d), does this help us in solving the CEP on (G,B, d) and
(G/B,A/B, dG/B)? Unfortunately, an oracle that solves the CEP on (G,A, d)

cannot in general be used to solve the CEP on (G,B, d) (for instance, let
G = R

3, A = Z
3 and B = A2). However, as the following theorem shows, an

oracle that solves the CEP on (G,A, d) can be used for solving the CEP on
(G/B,A/B, dG/B).

Theorem 18 (Publication I). If we can solve the CEP on (G,A, d), then we
can solve the CEP on (G/B,A/B, dG/B).

Note that Theorem 18 shows that solving the CEP on (G,A, d) is at
least as hard as solving the CEP on (G/B,A/B, dG/B). Or in other words,
solving the CEP on (G/B,A/B, dG/B) cannot be harder than solving the
CEP on (G,A, d). This implies that, if we can solve the CEP on (G,B, d),
then quotient decoding cannot be harder than solving the CEP on (G,A, d)

directly.
In Publication I, a further generalization of the p-Lee metric was pro-

posed. Let t ∈ R
n
+, K =

∏n
i=1 tiZ, and define dt,p,Lee : Rn/K × R

n/K → R+,

dt,p,Lee(x, y) :=

(
n∑

i=1

wti(xi − yi)
p

)1/p

.

Using this extended notation, it is possible to explicitly give a formula for
the quotient metric on R

n/K, where K is an ortohogonal lattice. This is
useful for lattices that contain orthogonal sublattices.

Theorem 19 (Publication I). Let dp be the metric given on R
n and let

K =
∏n

i=1 tiZ for some t ∈ R
n
+. Then

dRn/K(x, y) = dt,p,Lee(x, y).

Corollary 2 (Publication I). Consider the Euclidean metric in R
n. Let

B ⊂ R
n be an orthogonal lattice with an orthogonal basis b1, . . . , bk ∈ R

n,
and let V = {∑k

i=0 αibi | αi ∈ R}, t =
[
‖b1‖ . . . ‖bk‖

]
. Then

dV/B(x, y) = dt,2,Lee(x, y).

In general, computing the quotient metric hinges on computing γ. It can
be shown, see Publication I for details, that computing γ is equivalent to
solving the CEP on (G,B, d). However, dt,p,Lee can be computed directly.
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3.5.1 Conclusions

This general framework for quotient decoding shows that if we can solve
the CEP on (G,B, d), and on (G/B,A/B, dG/B), then we can solve the CEP
on (G,A, d), and furthermore, solving the CEP on (G/B,A/B, dG/B) cannot
be harder then solving the CEP on (G,A, d). The novelty of these results
compared to earlier results is clear; we have shown that quotient decoding
can be applied essentially anywhere and with any weight function. This
also gives a new approach for solving the CEP on (G,A, d); find B such
that the CEP on (G,B, d) is easy. Then we are left with the task of solving
the CEP on (G/B,A/B, dG/B), which cannot be harder than the original
problem.

This new approach hinges on solving the CEP on (G/B,A/B, dG/B).
Therefore, the natural open problem is to find algorithms that solve the
aforementioned problem efficiently. A general purpose algorithm is most
probably intractable, but it seems plausible that there exists classes of
good lattices where one can develop efficient decoders based on quotient
decoding.
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4. Concatenated coding

Concatenated coding was introduced by D. Forney in 1965 [3]. It is a
natural decomposition of a coded system into two parts. One example of
such a decomposition is a system where an error-correcting code is used
in conjunction with modulation. This is shown in Figure 4.1a. A natural
extension is to replace the modulator with an error-correcting code as in
Figure 4.1b.

There are two main views on concatenated coding. The first one is the
original view by Forney, where the so-called inner code and the channel is
combined into a superchannel, and the information sent over the super-
channel is encoded with an outer code. This has been the dominant view
in research papers on concatented coding published in the USA.

Encoder Modulator Channel Demodulator Decoder

Discrete channel

(a)

Outer encoder Inner encoder Channel Inner decoder Outer decoder

Superchannel

(b)

Figure 4.1. Forney’s view of a concatenated coding system.

The other view – which has dominated the Russian literature on concate-
nated coding – is due to V. Zyablov [29]. In this view the inner and outer
codes are combined into a concatenated code. These two views are depicted
in Figure 4.2. We choose to adhere to the second view.
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Outer encoder Inner encoder Channel Inner decoder Outer decoder

Concatenated encoder Concatenated decoder

(a)

Outer encoder Modulator Channel Demodulator Outer decoder

Concatenated encoder Concatenated decoder

(b)

Figure 4.2. Zyablovs’s view of a concatenated coding system.

4.1 Concatenated Codes

We will now consider concatenated codes. For simplicity of presentation we
only consider concatenated codes where the so-called outer code is linear.

Let A be a code over Fqs of length M and minimum distance da. Let X be
the message set for A, and let τ : X → F

M
qs be an encoding function for A.

Elements of A will be represented as M × s matrices over Fq. The code A
is called the outer code.

Let Bi, i ∈ [M ], be linear [N,K, db] codes over Fq, where K = ks for
some integer k. Furthermore, let σi : F

K
q → F

N
q , i ∈ [M ], be the encoding

functions associated with Bi. The Bi are called the inner codes.
Let Y = (x1, . . . , xk), xi ∈ X, be the message we want to encode. The

encoded message is

W =

⎡⎢⎢⎣
σ1(V1)

...

σM (VM )

⎤⎥⎥⎦ ,

where
V =

[
τ(x1) . . . τ(xk)

]
.

Or in other words, to encode Y with the concatenated code we first encode
each of the xi with the outer code, and use the result to build the M ×K

matrix V . Then we encode each row of V with its corresponding inner code.
More precisely, the i-th row is encoded with Bi.

We denote this concatenated code by A{Bi}i∈[k], or AB if all the inner
codes are the same. It is clear that W ∈ F

M×N
q , and hence the concatenated
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code has length MN . The size of the concatenated code is |A|k. The
minimum Hamming distance d of the concatenated code satisfies d ≥ dadb.
To see this, suppose that Y �= Y ′. Then V and V ′ differ in at least da rows,
which implies that wt(W −W ′) ≥ dadb.

If A is linear with dimension ka, then the resulting concatenated code
is also linear over Fq with dimension ka · K, since, in this case, |A|k =

((qs)ka)k = qkaK .
Since Bi is linear, σi can be written in terms of the generator matrix of

Bi. Let Bi be a generator matrix of Bi. Then σi(Vi) = ViBi. If all Bi are the
same, then we let B := Bi and we can simply write W = V B. For most
practical purposes it seems reasonable to let all the inner codes be the
same.

One example of concatenated coding is product codes (also known as
iterative codes) introduced by Elias in 1954 [30]. They are defined as
follows.

Definition 13. Let A and B be linear codes over Fq with parameters
[M,k, da] and [N,K, db], and generator matrices A and B respectively. The
product code A× B is the image of the map

σ : Fk×K
q −→ F

M×N
q , X �→ ATXB.

In a product code the row code B and column code A are both codes over
the same field. It is worth noting that in a product code it does not matter if
we first encode with the row or column code. Thus the distinction between
the outer and inner code is not important. Due to the added structure
in a product code versus a concatenated code we can say more about the
parameters of the code.

Proposition 1. A× B is an [M ·N, k ·K, da · db] code.

Proof. The length and the dimension of the code follows directly from the
fact that A× B is a concatenated code. We also know that the minimum
distance is at least da · db, and hence we only need to prove that the bound
is tight.

To show that this bound is tight, we construct a codeword of weight
da · db. Let a ∈ A and b ∈ B be codewords of weight da and db respectively.
Furthermore, let x ∈ F

k
q and x′ ∈ F

k′
q be such that a = xA and b = x′B.

Then
aT b = (xA)T (x′B) = AT (xTx′)B,

which shows that aT b ∈ A× B, and it is easy to check that aT b has weight
da · db.

Remark 2. In many sources product codes are defined assuming that the
generator matrices of the codes are in systematic form. We choose to use
this more general definition.
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Some authors choose to also use the term product code for the case where
binary codes are mixed with non-binary codes.

We refer to [31] for more examples on concatenated codes.

4.2 Generalized Concatenated Codes

We will now consider generalized concatenated codes. In order to ease the
presentation we will restrict to the case where we only use one inner code.
It is straight forward to extend to the case of several inner codes, but the
notation quickly gets tedious. In addition, the use of several inner codes
adds complexity for no apparent gain, since the main parameters of the
generalized concatenated code does not change when using several inner
codes.

Let A1, . . . ,Ak be codes over Fqsi of length M and minimum distance
da,1, . . . , da,k respectively. Let Xi be the message set for Ai, and let τi :

Xi → F
M
qsi be an encoding function for Ai. The Ai are called the outer codes.

Elements of Ai will be represented as M × si matrices over Fq.
Let B be a linear [N,K, db] code over Fq, where K =

∑k
j=1 sj . Further-

more, let σ : FK
q → F

N
q , i ∈ [M ], be the associated encoding function. B is

called the inner code.
Let Y = (x1, . . . , xk), xi ∈ Xi, be the message we wish to encode. The

encoded message is

W =

⎡⎢⎢⎣
σ(V1)

...

σ(VM )

⎤⎥⎥⎦ ,

where
V =

[
τ1(x1) · · · τk(xk)

]
.

This code is called a k-th order generalized concatenated code and we will
denote it by [A1, . . . ,Ak]B. The length of the generalized concatenated code
is again MN , and the size is |A1| · · · |Ak|. The true minimum distance d of
the code is not known in most cases, but it can easily be lower bounded.

We will now derive the lower bound for the minimum distance. First,
however, we need to introduce some new notation. Since B is linear, σ can
be written in terms of the generator matrix of B. For this purpose, let B be
a generator matrix of B. Then W = V B. For i ∈ [k], let B(i) denote the first
bi :=

∑i
j=1 sj rows of B, and let B(i) denote the subcode of B generated by

B(i). This gives us a collection of nested codes such that

B(1) ⊂ B(2) ⊂ · · · ⊂ B(k) = B.

Suppose Y �= Y ′. Then τi(xi) �= τi(x
′
i) for at least one i, and let j be the

largest such i. The minimum distance of Aj is da,j and hence V and V ′
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differ in at least da,j rows. Therefore V − V ′ is non-zero in at least da,j
rows, and in addition, the last N − bj columns of V − V ′ are zero. Thus,
every row of W −W ′ = (V − V ′)B(j) is a codeword of B(j), and it follows
that wt(W −W ′) ≥ da,jdb,j , where db,j denotes the minimum distance of
B(j). This holds for every j ∈ [k], and hence

d ≥ wt(W −W ′) ≥ min
i∈[k]

da,idb,i. (4.1)

We see that the minimum distance properties of generalized concatenated
codes depend on the chosen encoding function for the inner code. Thus the
task of designing a good generalized concatenated code requires more than
finding good outer and inner codes. We also need to find a generator matrix
for the inner code that generates a system of nested codes that have good
minimum distance properties. This is, according to [31], one of the main
problems for generalized concatenated systems.

It is possible to extend the notion of generalized concatenated codes to
the case of non-linear inner codes; we refer to [32] for the details.

The reader should note that generalized concatenated codes are referred
to by many different names, such as generalized cascade codes, multilevel
codes etc., in the literature. All these different constructions are different
forms of generalized concatenation [31].

4.3 Matrix-product codes

Matrix-product codes were introduced by Blackmore and Norton [33]. They
are defined as follows.

Definition 14. Let B ∈ F
k×N
q , and A1, . . . ,Ak be codes over Fq of length

M . The matrix-product code [A1 . . .Ak] ·B is the set of all matrix products
[a1 . . . ak] ·B, where ai ∈ Ai, i ∈ [k] is a column vector.

We see that these codes form a subclass of the class of generalized con-
catenated codes. More specifically, they are generalized concatenated codes
where si = 1 for all i, which means that the Ai are codes over Fq. One
notable difference to generalized concatenated codes is that matrix-product
codes are defined in terms of the generator matrix of the inner code, and
thus the construction is more explicit.

The codewords in C = [A1 . . .Ak] ·B are of the form

[a1 . . . ak] ·B =
[∑k

i=1 bi1ai . . .
∑k

i=1 bi�ai

]
.

Since the matrix-product code [A1 . . .Ak] ·B is also a generalized concate-
nated code, we already know that it has length NM , size |A1| · · · |Ak|, and
the minimum distance d satisfies d ≥ mini∈[k] da,idb,i, where db,i is the
minimum distance of the code generated by B(i).
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It is possible to make the minimum distance statement more precise,
but in order to do so we need to introduce the concept of non-singular by
columns matrices.

For an M ×N matrix A let At, t ∈ [M ], denote the t first rows of A, and
for 1 ≤ j1 ≤ · · · ≤ ji ≤ N , let A(j1, . . . , ji) denote the matrix consisting of
columns j1, . . . , ji of A.

Definition 15. We call A non-singular by columns (NSC) if At(j1, . . . , jt)

is non-singular for all t ∈ [M ] and all 1 ≤ j1 ≤ · · · ≤ jt ≤ N .

We call a matrix triangular if it is a column permutation of an upper-
triangular matrix.

Proposition 2. If A is NSC, then, for all 1 ≤ t ≤ M , the linear code
generated by At is MDS.

Proof. Recall that a linear code generated by an t × N matrix is MDS if
and only if any t columns of the generator matrix are linearly independent.
Considering At, we find that, since A is NSC, the matrix At(j1, . . . , jt) is
non-singular for all 1 ≤ j1 < · · · < jt ≤ t. This implies that any t columns of
At are linearly independent, and thus the code generated by At is MDS.

We have the following result.

Theorem 20 (Blackmore, Norton [33]). If B is NSC and C = [A1 . . .Ak] ·B,
then

1. |C| = |A1| · · · |Ak|;

2. d(C) ≥ d∗ = mini∈[M ](N − (i− 1)) d(Ai);

3. if B is also triangular, then d(C) = d∗.

We have already seen that part 1 is true, and part 2 follows directly from
(4.1) and Proposition 2. We refer to [33] for the proof of part 3.

Examples of matrix-product codes are the so-called Plotkin, or (u | u+ v),
construction and the (u+ v + w | 2u+ v | u) construction. If we choose

B =

[
1 1

0 1

]
or B =

⎡⎢⎢⎣
1 2 1

1 1 0

1 0 0

⎤⎥⎥⎦ ,

then we obtain the (u | u + v) or (u + v + w | 2u + v | u) construction,
respectively.
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4.4 Decoding of concatenated codes

The first algorithm for concatenated codes that was capable of maximum
random error correction is due to Blokh and Zyablov [34]. The main idea
of the algorithm can be traced back to Forney’s GMD decoding [3].

Consider, for simplicity, the case where all the inner codes are the same.
As before, let A be the outer code, B the inner code, and let R = W + E be
the received word.

The rows of W are all codewords of B and thus the first step of the
algorithm is to decode all rows of R with a minimum-distance decoder for
B. Suppose that all rows are successfully decoded to a codeword of B. Then
this gives us a guess Ŵ for the transmitted word and the corresponding
error matrix Ê such that Ŵ + Ê = R Now we can reverse the encoding
function of B and obtain V̂ from Ŵ .

The next stage is to decode the columns of V̂ with a decoder for A. Here V̂

is seen as a matrix with elements in Fqs , and V̂ i denotes the i-th column of
V̂ . For the rest of this section, the i-th row of a matrix A will be denoted by
Ai. Let Ei = {j ∈ [M ] | wt(Êj) ≥ i}. Thus the set Ei contains the indices of
all rows of R that appear to have error weight at least i. V̂ will be decoded
r = �(db + 1)/2� times, and for each i ∈ [r], every row of V̂ whose index
belongs to Ei will be considered as an erasure. Note that Er = ∅. This gives
us r candidates for V , which we will denote by V (i), i ∈ [r]. The correct
candidate is the one that minimizes D(σ(V (i)), R), where

D : FM×N × F
M×N → R+, D(U,R) :=

M∑
i=1

min {wt(Ui −Ri), db} .

What about the case where there are decoding failures when decoding
the rows of R? In this case, every row where we had a decoding failure will
be considered as an erasure when decoding V̂ . The observant reader might
notice that we will not be able to recover the i-th row of V̂ if the decoding of
the i-th row of R failed. This is, however, not a problem, since these rows
will be treated as erasures during every attempt of decoding the columns
of V̂ .

The next step is to show that the algorithm is correct. We will refer to
this decoding algorithm as Φ throughout this section. We start by proving
a few preliminaries.

Lemma 2. The D-distance is a metric.

Proof. The D-distance obviously satisfies D(X,Y ) ≥ 0, D(X,Y ) = 0 ⇔
X = Y and D(X,Y ) = D(Y,X). Thus it only remains to show that the
triangle inequality holds. Let X,Y, Z ∈ F

M×N and i ∈ [M ]. We know that
dH(Xi, Yi) ≤ dH(Xi, Zi) + dH(Zi, Yi), and hence

min{dH(Xi, Yi), db} ≤ min{dH(Xi, Zi) + dH(Zi, Yi), db}
≤ min{dH(Xi, Zi), db}+min{dH(Zi, Yi), db}
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This is clearly enough, and hence we are done.

Lemma 3. The minimum D-distance between two codewords of a concate-
nated code is dadb.

Proof. Let W and W ′ be different codewords of the concatenated code AB.
Then W and W ′ must differ in at least da rows, and since each of these
rows differ in at least db places, it follows that D(W,W ′) ≥ dadb.

To see that this bound is tight we construct W and W ′ such that D(W,W ′) =
dadb. Let x, x′ ∈ X be such that wt(τ(x)− τ(x′)) = da, and let

Y = (x, x2, . . . , xk) and Y ′ = (x′, x′2, . . . , x
′
k).

Then V and V ′ differ in exactly da rows. We see that min{wt(Wi−W ′
i ), db} =

db for every row where V and V ′ differ, and thus D(W,W ′) = dadb.

Theorem 21. Given a concatenated code and a received word R, there is
at most one codeword W such that 2D(W,R) < dadb.

Proof. Suppose that there are two different codewords W and W ′ such
that 2D(W,R) < dadb, and 2D(W ′, R) < dadb. Then, by Lemma 2,

D(W,W ′) ≤ D(W,R) +D(R,W ′) < dadb,

which contradicts Lemma 3.

Theorem 22. The decoder Φ can correct any error pattern E that satisfies
2D(E, 0) < dadb.

Proof. Let R and W be the received and sent word respectively, and let
E = R − W . Our strategy for the proof is to show that, after the row
decoding, (2.2) is satisfied for every column of V̂ . To this end, define

wi :=

{
wt(Êi), if wt(Êi) < db/2,

db/2, in the case of decoding failure,

and αi := (db − 2wi)/db.
We will now estimate the number of errors in every row. First, suppose

that the i-th row is correctly decoded, i.e., Ŵi = Wi. Then

min{wt(Ei), db} = wt(Ei) = wt(Êi) =
d− d+ 2wi

2
=

1− αi

2
db.

If, on the other hand, the i-th row is decoded to another word, then

min{wt(Ei), db} ≥ db − wt(Êi) =
db + db − 2wi

2
=

1 + αi

2
s.

Finally, if we have a decoding failure, then αi = 0, and hence

min{wt(Ei), db} ≥ db/2 = (1 + αi) db/2.
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Let IC and IE be the index sets of the rows that were correctly and
erroneously decoded, respectively. IE also contains the indices of rows
where a decoding failure occurred. Suppose that 2D(E, 0) ≤ dadb. We have∑

i∈IC

1− αi

2
db +

∑
i∈IE

1 + αi

2
db ≤

∑
i∈[M ]

min{wt(Ei), db} <
dadb
2

,

and thus ∑
i∈IC

(1− αi) +
∑
i∈IE

(1 + αi) = M −
∑
i∈IC

αi +
∑
i∈IE

αi < dk.

This shows that (2.2) holds for every column of V̂ .

This is by no means the only way to prove this theorem, and the reader
can find other proofs in [35, 32].

Corollary 3. Φ can correct any error pattern with Hamming weight less
than dadb/2.

Corollary 4. For an error pattern E let b denote the number of rows with
at least db/2 errors, and let t denote the remaining number of errors. Φ can
correct any error pattern such that 2(t+ bdb) < dadB.

Proof. If the i-th row has fewer than db/2 errors, then min{wt(Ei), db} =

wt(Ei), and otherwise min{wt(Ei), db} ≤ db. Therefore D(E, 0) ≤ t+bdb.

The computational complexity of this algorithm is simple to analyze. We
need to decode all the M rows with the decoder for B, and each of the k

columns of V̂ need to be decoded at most r times, where r = �(db + 1)/2�.

4.4.1 Another stopping condition

It is possible to improve the algorithm slightly by using another stopping
condition instead of the D-distance. The weakness of the D-distance is
that one has to decode all columns before it can be computed. Instead, one
can use a stopping condition based on the GMD, which can be computed
separately for each column. In addition, this approach gives another –
arguably simpler – description of the decoding algorithm.

To this end, let R = W + E be the received word, and define wi and αi

as in the proof of Theorem 22. Now it is simple to describe the decoding
algorithm. First, decode every row of R with a minimum-distance decoder
for B, and assign every row the corresponding reliability weight αi. Then
recover V̂ , and decode each of V̂ i with a GMD decoder for A using α =

(α1, . . . , αM ) as the reliability weight vector.
Recall that a GMD decoder can be implemented with an error-and-

erasure decoder. Let J denote the number of reliability classes. The
GMD decoder decodes the word at most J times, first with no erasures,
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and then successively erasing the symbols in the most unreliable class
that was not yet erased. After each decoding attempt, the GMD criterion
(Theorem 7) can be used to check whether the word was correctly decoded.
See Section 2.2.3 or Publication IV for further details on GMD decoding.
Note that the correctness of this version of the algorithm follows directly
from the proof of Theorem 22.

We have J = r + 1 reliability classes, and, as shown in Publication IV,
we can always consider symbols with reliability weight αi = 0 as erased.
Therefore, it follows from Theorem 8 that we need at most J − 1 = r trials
to decode V̂ i. On the other hand, we have Corollary 1, and hence at most

T :=

⌊
min {da, db}+ 1

2

⌋
trials are needed.

From the proof of correctness one can observe that there exists one
erasure set such that the GMD decoder will succeed on the corresponding
trial for every V̂ i, i ∈ [k]. This can be used to re-order the decoding trials
with the outer code such that the upper bound on the number of times the
decoder for the outer code needs to be run is lowered from kT to k + T − 1.
This is detailed in Publication IV. The downside of this approach is that
the inherent parallelism of the decoding algorithm is lost.

4.5 Decoding of product codes

Product codes can be decoded with the algorithm for concatenated codes.
Reddy and Robinson [36] presented an algorithm based on Forney’s GMD
decoding that is basically the same as the algorithm for concatenated
codes. The main difference is that the stopping condition is based on the
generalized distance and not the D-distance. Weldon also discovered the
same algorithm independently [37].

However, these algorithms are rarely used for practical purposes. Instead,
so-called iterative decoding is used. The reason for this is that the iterative
decoder is simpler and outperforms the other algorithms in most cases.
Sometimes even by many orders of magnitude.

The iterative decoder has one main weakness though; it cannot correct
all error patterns of Hamming weight less than half the minimum distance
of the code. Due to this, the iterative decoder exhibits a so-called error floor
at low frame error rate.

To combat this issue, many post-processing techniques have been pro-
posed [38, 39, 40, 41, 42]. Some of these techniques can be applied to any
product code, while others are developed for specific types of codes.
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4.5.1 Iterative decoding of product codes

Iterative decoding of product codes was hinted at already by Elias [30],
but it was first properly described by Abramson [43]. He used the term
cascade decoding, which is favored by some authors.

The basic idea of the iterative decoder is to first decode the rows of the
received word, and then the columns. This is then repeated until one of
the next three conditions is satisfied.

• The received word has been decoded into a codeword;

• No further progress is made;

• The maximum number of iterations is reached.

The iterative decoder is presented differently in different sources. Some
authors favor columns-first decoding, some use a specific amount of itera-
tions, and some continue decoding until a codeword is reached or no more
progress can be made.

Consider the product code A×B, and let R = C +E be the received word.
A more formal description of the algorithm is as follows.

1. Decode each row of R with a decoder for B and denote the result by R′.

2. Decode each column of R′ with a decoder for A and denote the result by
R′′.

3. If R′′ �= R, set R := R′′ and repeat from step 1. Otherwise continue to
step 4.

4. If R′′ ∈ A× B, return R′′. Otherwise announce failure.

The iterative decoder can decode most error patterns, including many
with surprisingly high error weight. It cannot, though, correct all error
patterns with weight less than half the minimum distance. The error
patterns that cannot be decoded by the iterative decoder are often called
stall patterns [40, 44] or stopping sets [41, 39, 42]. We will use the former
terminology.

4.5.2 Stall pattern post-processing

Several different post-processing techniques have been proposed. Kresh-
chuk et al. [38] proposed the following technique. Let Er denote all rows
that changed or were rejected by the row code during the last iteration, and
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denote the corresponding columns by Ec. Let E = {(r, c) | r ∈ Er, c ∈ Ec}.
Take the last word produced by the iterative decoder and insert erasures
at every position found in E, and then decode this word with the iterative
decoder.

Condo et al. [40] take a different approach. They try to identify erroneous
bits and simply flip these. This approach is straight forward for binary
codes but does not work as such for non-binary codes. The solution they
propose is to use extended polynomial codes, i.e., polynomial codes with
an extra parity symbol. This extra parity symbol can be used to identify
the bits in a symbol which most probably are wrong. The identification of
erroneous bits is not flawless, and thus new errors might be introduced by
the bit flipping. Therefore, the final step of the post-processing technique
is to apply the iterative decoder for one or more iterations.

We only consider post-processing techniques that can be applied to any
product code, and thus we cannot use Condo’s technique as such. However,
a simple modification makes it applicable; instead of flipping bits, we
simply erase all symbols that are thought to be in error. This modified
technique is very similar to the one by Kreshchuk et al.. Let Er denote
all rows that were rejected by the row code during the last iteration, and
denote the corresponding columns by Ec. Let E = {(r, c) | r ∈ Er, c ∈ Ec}.
Erase the symbols at position in E, and run the iterative decoder on the
result.

Emmadi et al. [39] use a different strategy; they erase rows and columns
instead of individual symbols. More precisely, when the iterative decoder
stalls on a word, erase all the columns where there was an decoding error
during the last iteration. Then decode the rows and mark all rows where
the decoding failed as erased. Next, decode the columns and again mark
the columns where there was a decoding failure as erased. Repeat the last
two steps until we arrive at a codeword or no further progress is made.

In Publication III we propose a new post-processing technique based on
a modified version of the Reddy and Robinson [36] (or equivalently the
decoder by Blokh and Zyablov [34]. The modification to the algorithm by
Reddy and Robinson is simple; allow decoding beyond the GMD. We call
this decoder the gd decoder. Further details can be found in Publication III.

The post-processing technique itself is simple. Whenever the iterative
decoder stalls, run the gd decoder on the word the iterative decoder arrived
at. The performance of this post-processing technique was compared to the
techniques by Kreshchuk, Emmadi and the modified version of Condo’s
techniques with simulations. These simulations suggest that our new
post-processing technique outperforms all the other techniques.
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4.6 Decoding of generalized concatenated codes

The decoding algorithm for concatenated codes can easily be extended to
generalized concatenated codes. We will first give a brief overview of the
algorithm and then a more precise description.

Consider the code [A1, . . . ,Ak]B. The main idea is to recover V k with
the algorithm for concatenated codes. Then the contribution of V k is
canceled out from W – we can do this since the inner code B is linear –
and we are left with a codeword (plus the same error as before) of the
generalized concatenated code [A1, . . . ,Ak−1]B(k−1). Hence, we can use the
same strategy to recover V k−1, . . . , V 1. This algorithm can correct all error
patterns of weight less than half of the designed minimum distance, and
many patterns of larger weight.

Let R = W + E be the received word, and let d∗ = mini∈[k] da,idb,i be
the designed minimum distance of [A1, . . . ,Ak]B. The first step of the
algorithm is to decode each row of R with a minimum-distance decoder for
the inner code B(k) = B, and assign each row a reliability weight αi, which
is defined the same way as before – see the proof of Theorem 22. Denote
the resulting word by Ŵ and the corresponding error matrix by Ê. Now,
recover V̂ such that σ(V̂ ) = Ŵ . Then, decode the V̂ k with a GMD decoder
for the outer code Ak using α as the reliability weight vector, and denote
the result by v. Finally, let

R′ = R− σ
([

0 . . . 0 v
])

= W + E − σ
([

0 . . . 0 v
])

= W ′ + E.

If v = V k, then W ′ is a codeword in the code [A1, . . . ,Ak−1]B(k−1), and we
are back where we started, but k has decreased by one. We call this a
round of decoding. With this convention, the algorithm consists of k rounds
of decoding, each time with respect to different inner and outer codes.

The correctness of this algorithm hinges on V̂ i being decoded to V i, for
every i ∈ [k]. It is easy to see that this follows directly from the correctness
of the decoding algorithm for concatenated codes, as long as

Ddb,1(E, 0) :=
∑
j∈[M ]

min {wt(Ej), db,1} <
d∗

2
, (4.2)

where d∗ is the designed minimum distance of the code. For the rest of this
section, let Ψ denote the decoding algorithm for generalized concatenated
codes. The observations above give us the following theorem.

Theorem 23. The decoder Ψ can correct any error pattern E that satisfies
Ddb,1(E, 0) < d∗/2.

Corollary 5. Ψ can correct any error pattern with Hamming weight less
than d∗/2.
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The decoder for the inner code B(i) is run M times, and the decoder for
the outer code Ai is run at most �(min{da,i, db,i}+ 1)/2� times.

The algorithm can be improved by leveraging the fact that the B(i) are
nested. Let the i-th round denote the round that correspond to recovering
V i, which means that in this round B(i) and Ai are the inner code and outer
code, respectively. We have chosen this slightly non-intuitive convention
because it makes the notation easier.

During the i-th round of decoding we decode all the rows with Bi, and
during the next round we decode the rows again with B(i−1). However, the
error vector for each row remains the same and combining this with the
fact that B(i−1) ⊂ B(i) allows us to omit the decoding of certain rows during
round (i− 1) (and possibly during subsequent rounds). These ideas were
first explored by Bossert [32].

Consider the (i − 1)-th round of decoding (i ≤ k). Let R and R′ denote
the input to the i-th and (i− 1)-th round of decoding, respectively. Let αj

denote the reliability weight of the j-th row after the decoding with Bi.
Let Ŵ , V̂ and Ê denote the guesses for W, V and E during the i-th round,
respectively. Furthermore, let e := V̂ i − V i, and define

T := {j ∈ [M ] | αj = 0} S := {j ∈ [M ] | ej �= 0} \ T.

We have the following observations.

Lemma 4 (Publication IV). If j /∈ S ∪ T , then R′
j − Êj ∈ B(i−1).

The consequences of Lemma 4 are profound; if j /∈ S ∪ T , then the j-th
row does not need to be decoded during the next round. On the other hand
if j ∈ S, then the j-th row was incorrectly decoded during the i-th round,
and hence it is unnecessary to decode the row this round unless

db,i − wt(Êj) ≤ �(db,i−1 − 1)/2�. (4.3)

Finally, if j ∈ T , then the row could not be decoded during the previous
round. Thus, if the error correction capacity of B(i−1) is not larger than
that of B(i), then we can omit the decoding of this row during this round
and instead directly set the reliability weight for this row to zero.

These observations suggest the following algorithm for every round
except the first, i.e. the round with index k. Again consider the (i− 1)-th
round of decoding. Every row Rj such that j /∈ S ∪ T is not decoded with
the inner code B(i−1), and rows such that j ∈ S ∪ T are only decoded if
needed. See Publication IV for further details.

This modification to the algorithm significantly lowers the number of
times the rows have to be decoded. During the first round we have to
decode all the rows. During the i-th round, i < k, at most |S ∪ T | < da,i+1

rows need to be decoded. Therefore, the decoder for B(i), i < k, has to be
run at most da,i+1 − 1 times.
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It is possible to make another small improvement to the algorithm. Let
α′, e′, S′ and T ′ denote the variables that correspond to α, e, S and T during
round (i− 1), respectively. Whenever j ∈ S and (4.3) is not satisfied, then
we do not decode the row this round because we already know what it
would decode to. On the other hand, we also know that the row will be
decoded to the wrong codeword, and hence – in order to ease the task of
the GMD decoder – we could directly set α′

j = 0. We should, however, not
add j to T ′. Instead, we should treat the row as a row without decoding
failure, which means that j ∈ S′ if and only if e′j �= 0.

4.6.1 Decoding of matrix-product codes

Recall that matrix-product codes are generalized concatenated codes so
they can be decoded with the same algorithm. Other algorithms for de-
coding matrix-product codes have been considered in [45, 46, 47]. Unfor-
tunately, authors and reviewers of these papers have failed to notice that
matrix-product codes are generalized concatenated codes and that there
already exists reasonably efficient decoding algorithms for these codes.
The algorithms in these publications are unpractical for most choices of
parameters, and vastly inferior to the decoding algorithm for generalized
concatenated codes.

That said, a matrix-product code where B is NSC has more structure
than a generalized concatenated code. This extra structure can be used to
lower the upper bound on the computational complexity of the decoding
algorithm. This is detailed in Publication IV.
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5. Summary of contributions

5.1 Publication I

In this publication we extend the closest vector problem (CVP) to the
closest element problem (CEP) on additive abelian groups. We introduce a
technique called quotient decoding which can be used to solve the CEP.

Let G be an additive abelian group with a translation invariant metric d.
Let A be a discrete subgroup of G and let B be a subgroup of A. The metric
d induces a metric dG/B on the quotient G/B.

Let g ∈ G. The CEP is to find the element of A that is closet to g with
respect to the metric d. We prove that, if we can solve the CEP on B, then
the CEP on A reduces to finding the element of A/B that is closest to g with
respect to the quotient metric dG/B. Furthermore, we show that solving
the CEP on the quotient A/B cannot be harder than the original problem.

We show that for a lattice L with an orthogonal sublattice K, the quotient
metric is given by an extension of the p-Lee metric. Finally, we show how
to derive already known results as a direct consequence of our generalized
framework for the CEP.

Publication I was awarded a Student Paper Award at the International
Symposium on Information Theory and its Applications (ISITA) 2018.

5.2 Publication II

In this paper, a new algorithm for the closest vector problem (CVP) is
proposed. The algorithm is an approximate algorithm that can be seen
as an extension of Babai’s nearest plane algorithm or as a restriction of
sphere decoding. The accuracy of the algorithm depends on the lattice
dimension and the quality of the lattice basis.

We prove that if the lattice basis is LLL reduced with δ large enough, then
the double-plane algorithm achieves correctness on lattices of dimension
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2 and 3. Additionally, simulations suggest that, if the lattice bases are
HKZ reduced, then the algorithm solves the CVP correctly for lattices of
dimension at most 7.

5.3 Publication III

This article reviews the existing hard-decision decoding algorithms for
product codes alongside different post-processing techniques that are used
in conjunction with the iterative decoder. We present a small improve-
ment to the Reddy and Robinson decoder, and use this decoder in a new
post-processing technique. The performance of this new post-processing
technique is compared to other known techniques with simulations. These
suggest that the proposed post-processing technique outperforms other
known techniques that can be applied to any product code.

We also propose a new decoding algorithm that is geared towards (long)
very high rate codes. The algorithm is a combination of existing techniques.
Heuristic arguments and simulations with short relatively high rate codes
suggest that the algorithm avoids the error floor of the iterative decoder
with post-processing. However, further work is required to verify this
behaviour for long high-rate codes.

5.4 Publication IV

This is more of a review article that covers the decoding of concatenated and
generalized concatenated codes. The author independently derived all the
results in the context of matrix-product codes, and was later made aware
of the earlier results by Blokh, Zyablov and Zinoviev [48, 34, 49, 50, 51],
and Bossert [32].

Matrix-product codes where B is NSC has more structure than gener-
alized concatenated codes, and we use this to lower the bound on the
computational complexity of the decoding algorithm.

48



References

[1] C. E. Shannon, “A mathematical theory of communication,” Bell system
technical journal, vol. 27, no. 3, pp. 379–423, 1948.

[2] S. Roman, Coding and information theory, vol. 134. Springer Science &
Business Media, 1992.

[3] G. D. Forney, “Concatenated codes.,” 1965.

[4] H. Minkowski, “Diskontinuitätsbereich für arithmetische äquivalenz.,” Jour-
nal für die reine und angewandte Mathematik, vol. 129, pp. 220–274, 1905.

[5] C. Hermite, “Extraits de lettres de m. ch. hermite à m. jacobi sur différents
objects de la théorie des nombres.(continuation).,” Journal für die reine und
angewandte Mathematik, vol. 40, pp. 279–315, 1850.

[6] L. Afflerbach and H. Grothe, “Calculation of minkowski-reduced lattice
bases,” Computing, vol. 35, no. 3-4, pp. 269–276, 1985.

[7] B. Helfrich, “Algorithms to construct minkowski reduced and hermite re-
duced lattice bases,” Theoretical Computer Science, vol. 41, pp. 125–139,
1985.

[8] W. Zhang, S. Qiao, and Y. Wei, “Hkz and minkowski reduction algorithms
for lattice-reduction-aided mimo detection,” IEEE transactions on signal
processing, vol. 60, no. 11, pp. 5963–5976, 2012.

[9] C. Hermite, “Extraits de lettres de m. ch. hermite à m. jacobi sur différents
objects de la théorie des nombres.,” Journal für die reine und angewandte
Mathematik, vol. 40, pp. 261–277, 1850.

[10] A. Korkine and G. Zolotareff, “Sur les formes quadratique,” Mathematische
Annalen, vol. 6, pp. 366–389, 1873.

[11] R. Kannan, “Minkowski’s convex body theorem and integer programming,”
Mathematics of operations research, vol. 12, no. 3, pp. 415–440, 1987.

[12] C.-P. Schnorr, “A hierarchy of polynomial time lattice basis reduction algo-
rithms,” Theoretical computer science, vol. 53, no. 2-3, pp. 201–224, 1987.

[13] A. K. Lenstra, H. W. Lenstra, and L. Lovász, “Factoring polynomials with
rational coefficients,” Mathematische Annalen, vol. 261, no. 4, pp. 515–534,
1982.

[14] H. Cohen, A course in computational algebraic number theory, vol. 138.
Springer Science & Business Media, 2013.

49



References

[15] P. Q. Nguyen and D. Stehlé, “An lll algorithm with quadratic complexity,”
SIAM Journal on Computing, vol. 39, no. 3, pp. 874–903, 2009.

[16] C.-P. Schnorr and M. Euchner, “Lattice basis reduction: Improved practical
algorithms and solving subset sum problems,” Mathematical programming,
vol. 66, no. 1-3, pp. 181–199, 1994.

[17] P. van Emde Boas, Another NP-complete partition problem and the com-
plexity of computing short vectors in a lattice. Universiteit van Amsterdam.
Mathematisch Instituut, 1981.

[18] D. Micciancio, “The hardness of the closest vector problem with preprocess-
ing,” IEEE Transactions on Information Theory, vol. 47, no. 3, pp. 1212–1215,
2001.

[19] S. Arora, L. Babai, J. Stern, and Z. Sweedyk, “The hardness of approximate
optima in lattices, codes, and systems of linear equations,” in Foundations of
Computer Science, 1993. Proceedings., 34th Annual Symposium on, pp. 724–
733, IEEE, 1993.

[20] I. Dinur, G. Kindler, R. Raz, and S. Safra, “An improved lower bound for
approximating cvp,”

[21] D. Aggarwal, D. Dadush, and N. Stephens-Davidowitz, “Solving the closest
vector problem in 2ˆ n time–the discrete gaussian strikes again!,” in Founda-
tions of Computer Science (FOCS), 2015 IEEE 56th Annual Symposium on,
pp. 563–582, IEEE, 2015.

[22] U. Fincke and M. Pohst, “Improved methods for calculating vectors of short
length in a lattice, including a complexity analysis,” Mathematics of compu-
tation, vol. 44, no. 170, pp. 463–471, 1985.

[23] E. Biglieri, R. Calderbank, A. Constantinides, A. Goldsmith, A. Paulraj, and
H. V. Poor, MIMO wireless communications. Cambridge university press,
2007.

[24] L. Babai, “On lovász’lattice reduction and the nearest lattice point problem,”
Combinatorica, vol. 6, no. 1, pp. 1–13, 1986.

[25] E. Agrell, T. Eriksson, A. Vardy, and K. Zeger, “Closest point search in
lattices,” IEEE transactions on information theory, vol. 48, no. 8, pp. 2201–
2214, 2002.

[26] J. H. Conway and N. J. A. Sloane, Sphere packings, lattices and groups,
vol. 290. Springer Science & Business Media, 2013.

[27] G. C. Jorge, A. Campello, and S. I. Costa, “q-ary lattices in the lp norm
and a generalization of the lee metric,” in Proceedings of the International
Workshop on Coding and Crytography, Bergen, 2013.

[28] C. Y. Lee, “Some properties of nonbinary error-correcting codes,” Information
Theory, IRE Transactions on, vol. 4, no. 2, pp. 77–82, 1958.

[29] V. V. Zyablov, “An estimate of the complexity of constructing binary linear
cascade codes,” Problemy Peredachi Informatsii, vol. 7, no. 1, pp. 5–13, 1971.

[30] P. Elias, “Error-free coding,” IRE Trans. Inform Theory, vol. IT-4, pp. 29–37,
1954.

[31] V. Zyablov, S. Shavgulidze, and M. Bossert, “An introduction to generalized
concatenated codes,” European Transactions on Telecommunications, vol. 10,
no. 6, pp. 609–622, 1999.

50



References

[32] M. Bossert, “Decoding of generalized concatenated codes,” in International
Conference on Applied Algebra, Algebraic Algorithms, and Error-Correcting
Codes, pp. 89–98, Springer, 1988.

[33] T. Blackmore and G. H. Norton, “Matrix-Product Codes over Fq,” Applicable
Algebra in Engineering, Communication and Computing, vol. 12, no. 6,
pp. 477–500, 2001.

[34] E. L. Blokh and V. V. Zyablov, “Generalized concatenated codes,” Svyaz’,
Moscow, 1976.

[35] T. Ericson, “A simple analysis of the blokh-zyablov decoding algorithm,” in
International Conference on Applied Algebra, Algebraic Algorithms, and
Error-Correcting Codes, pp. 43–57, Springer, 1986.

[36] S. Reddy and J. Robinson, “Random error and burst correction by iterated
codes,” IEEE Transactions on Information Theory, vol. 18, no. 1, pp. 182–185,
1972.

[37] E. Weldon, “Decoding binary block codes on q-ary output channels,” IEEE
Transactions on Information Theory, vol. 17, no. 6, pp. 713–718, 1971.

[38] A. Kreshchuk, V. Zyablov, and E. Ryabinkin, “A new iterative decoder for
product codes,” in Fourteenth International Workshop on Algebraic and Com-
binator ial Coding Theory, pp. 211–214, 2014.

[39] S. Emmadi, K. R. Narayanan, and H. D. Pfister, “Half-product codes for flash
memory,” in Proc. Non-Volatile Memories Workshop, vol. 312, 2015.

[40] C. Condo, F. Leduc-Primeau, G. Sarkis, P. Giard, and W. J. Gross, “Stall
pattern avoidance in polynomial product codes,” in 2016 IEEE Global Confer-
ence on Signal and Information Processing (GlobalSIP), pp. 699–702, IEEE,
2016.

[41] Y.-Y. Jian, H. D. Pfister, K. R. Narayanan, R. Rao, and R. Mazahreh, “It-
erative hard-decision decoding of braided bch codes for high-speed optical
communication,” in 2013 IEEE Global Communications Conference (GLOBE-
COM), pp. 2376–2381, IEEE, 2013.

[42] T. Mittelholzer, T. Parnell, N. Papandreou, and H. Pozidis, “Improving the
error-floor performance of binary half-product codes,” in 2016 International
Symposium on Information Theory and Its Applications (ISITA), pp. 295–299,
IEEE, 2016.

[43] N. Abramson, “Cascade decoding of cyclic product codes,” IEEE Transactions
on Communication Technology, vol. 16, no. 3, pp. 398–402, 1968.

[44] B. P. Smith, A. Farhood, A. Hunt, F. R. Kschischang, and J. Lodge, “Staircase
codes: Fec for 100 gb/s otn,” Journal of Lightwave Technology, vol. 30, no. 1,
pp. 110–117, 2011.

[45] F. Hernando, K. Lally, and D. Ruano, “Construction and decoding of matrix-
product codes from nested codes,” Applicable Algebra in Engineering, Com-
munication and Computing, vol. 20, no. 5-6, p. 497, 2009.

[46] F. Hernando and D. Ruano, “Decoding of matrix-product codes,” Journal of
Algebra and Its Applications, vol. 12, no. 04, p. 1250185, 2013.

[47] F. Hernando, T. Høholdt, and D. Ruano, “List decoding of matrix-product
codes from nested codes: an application to quasi-cyclic codes,” arXiv preprint
arXiv:1201.6397, 2012.

51



References

[48] E. L. Blokh and V. V. Zyablov, “Coding of generalized concatenated codes,”
Problemy Peredachi Informatsii, vol. 10, no. 3, pp. 45–50, 1974.

[49] V. A. Zinoviev and V. V. Zyablov, “Decoding of non-linear generalized concate-
nated codes,” Probl. Peredachi Inf., vol. 14, no. 2, pp. 46–52, 1978.

[50] V. A. Zinoviev and V. V. Zyablov, “Correction of error bursts and independent
errors by generalized concatenated codes,” Probl. Peredachi Inf., vol. 15, no. 2,
pp. 58–70, 1979.

[51] V. A. Zinoviev, “Generalized concatenated codes for channels with error
bursts and independent errors,” Problemy Peredachi Informatsii, vol. 17,
no. 4, pp. 53–62, 1981.

52



 

-o
tl

a
A

D
D

 
9

5
/

 0
2

0
2

 +g
edid

a*GM
FTSH

9

 NBSI 6-4383-06-259-879  )detnirp( 

 NBSI 3-5383-06-259-879  )fdp( 

 NSSI 4394-9971  )detnirp( 

 NSSI 2494-9971  )fdp( 

 

ytisrevinU otlaA  

ecneicS fo loohcS  

sisylanA smetsyS dna scitamehtaM fo tnemtrapeD  

 fi.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 t
si

v
q

m
ol

B 
d

na
ni

dr
e

F
 s

ed
o

C 
d

et
a

n
et

ac
n

o
C 

d
ez

il
ar

e
n

e
G 

d
na

 s
ec

it
ta

L 
,s

m
el

b
or

P 
g

ni
d

oc
e

D 
n

O
 y

ti
sr

ev
i

n
U 

otl
a

A

 0202

 sisylanA smetsyS dna scitamehtaM fo tnemtrapeD

,smelborP gnidoceD nO  
dezilareneG dna secittaL  

 sedoC detanetacnoC

 tsivqmolB dnanidreF

 LAROTCOD
 SNOITATRESSID

 

-o
tl

a
A

D
D

 
9

5
/

 0
2

0
2

 +g
edid

a*GM
FTSH

9

 NBSI 6-4383-06-259-879  )detnirp( 

 NBSI 3-5383-06-259-879  )fdp( 

 NSSI 4394-9971  )detnirp( 

 NSSI 2494-9971  )fdp( 

 

ytisrevinU otlaA  

ecneicS fo loohcS  

sisylanA smetsyS dna scitamehtaM fo tnemtrapeD  

 fi.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 t
si

v
q

m
ol

B 
d

na
ni

dr
e

F
 s

ed
o

C 
d

et
a

n
et

ac
n

o
C 

d
ez

il
ar

e
n

e
G 

d
na

 s
ec

it
ta

L 
,s

m
el

b
or

P 
g

ni
d

oc
e

D 
n

O
 y

ti
sr

ev
i

n
U 

otl
a

A

 0202

 sisylanA smetsyS dna scitamehtaM fo tnemtrapeD

,smelborP gnidoceD nO  
dezilareneG dna secittaL  

 sedoC detanetacnoC

 tsivqmolB dnanidreF

 LAROTCOD
 SNOITATRESSID

 

-o
tl

a
A

D
D

 
9

5
/

 0
2

0
2

 +g
edid

a*GM
FTSH

9

 NBSI 6-4383-06-259-879  )detnirp( 

 NBSI 3-5383-06-259-879  )fdp( 

 NSSI 4394-9971  )detnirp( 

 NSSI 2494-9971  )fdp( 

 

ytisrevinU otlaA  

ecneicS fo loohcS  

sisylanA smetsyS dna scitamehtaM fo tnemtrapeD  

 fi.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 t
si

v
q

m
ol

B 
d

na
ni

dr
e

F
 s

ed
o

C 
d

et
a

n
et

ac
n

o
C 

d
ez

il
ar

e
n

e
G 

d
na

 s
ec

it
ta

L 
,s

m
el

b
or

P 
g

ni
d

oc
e

D 
n

O
 y

ti
sr

ev
i

n
U 

otl
a

A

 0202

 sisylanA smetsyS dna scitamehtaM fo tnemtrapeD

,smelborP gnidoceD nO  
dezilareneG dna secittaL  

 sedoC detanetacnoC

 tsivqmolB dnanidreF

 LAROTCOD
 SNOITATRESSID


	Aalto_DD_2020_59_Blomqvist_verkkoversio



