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1. Introduction

Massive datasets are recorded continuously throughout our daily life, e.g. per-
sonal data from devices and apps, user behaviors in social networks, healthcare
data and online shopping [34]. Understanding and exploiting the inherent
structure of large datasets require powerful statistical models which can be
implemented efficiently.

An efficient way to model massive datasets is a network (graph) representation
with nodes representing data points and edges connecting the nodes of similar
data points. An example of this network representation is a social network in
which the nodes are the users and the edges indicate friendship [32]. Another
example is the grid graph for images in image processing where each node
represents a pixel and the edges connect nearby pixels [16].

The understanding of network representation attracts research communities
such as data mining, graph signal processing, semi supervised learning. The aim
of data mining is to extract typical pattern from networked data, e.g. community
detection, classification on graph [17]. Graph signal processing extends concepts
from discrete-time signal processing to networked data [34]. Semi-supervised
learning on graph utilizes unlabeled data points by exploiting the connections
between labeled and unlabeled data points [50].

In some applications, such as social network analysis, the intrinsic network
structure is known. However, since the acquisition of labels is very expensive or
even impossible, the labels are only available within a subset of the nodes. Those
unlabeled nodes can be learned by semi-supervised learning methods which take
into consider the relation of data points via the network structure [50].

Network models are also instrumental in probabilistic graphical models (PGM)
which encode statistical independence relations between a large set of random
variables [28]. In PGM, each node represents a random variable and the edges
between nodes indicate the (conditional) dependency of (random variables repre-
sented by) the nodes. A PGM can be learned data-driven by statistical inference
methods.

9



Introduction

1.1 Contributions

The dissertation has two main contributions. The first contribution is sufficient
conditions on training set (of labeled nodes) and network structure such that
accurate semi-supervised learning is possible. The second contribution is a
precise characterization of the sample complexity, the number of observed data
points allows accurate GMS.

Training set in semi-supervised learning Semi-supervised learning on net-
work aims to infer a predictor from some labeled nodes (training set) with a
know network structure. Our first contribution is to derive conditions on the
location of labeled nodes on network structure such that network Lasso meth-
ods can accurately learn a a predictor. In particular, Publication III derives
the condition to learn the networked model which can be modeled by a scalar
graph signal. Publication V considers that condition for a more complex case,
the networked linear regression. Publication IV characterizes that condition
for the networked model solving the node classification problem by extending
the logistic regression on networked data. Moreover, we propose a primal-dual
method solving the original network Lasso (Publication V, Publication IV).

Sample complexity of GMS Most previous work on learning a conditional
independence graph (CIG) from observed data models data as i.i.d. realizations
[18, 31] or stationary processes [2, 24]. However, there is lack of knowledge
on number of samples to learn an accurate GMS. Our second contribution
is to derive bounds on the number of samples such that an accurate GMS
is guaranteed. In contrast to most existing work which models the data as
a stationary random process, we study GMS for non-stationary data whose
statistical properties vary over time (or space). However, we require that samples
form into blocks (of known size) within which the samples can be considered as
i.i.d. Applying different technical approaches, Publication I and Publication II
yield bounds on the number of samples which guarantee an accurate GMS even
in high-dimensional regime.

1.2 Organization of the Dissertation

The organization of the dissertation is as follows. In Chapter 2, we review
fundamental concepts in graph theory that are used in later chapters. In Chapter
3, we apply a primal-dual method to the network Lasso and characterize training
sets (labeled nodes) such that a predictor can be learned accurately. In Chapter
4, we present our results on the sample complexity of GMS for data modeled
as non-stationary random processes. Chapter 5 contains our conclusion and
speculation about the follow-up research directions.

10



2. Preliminaries

This chapter formalizes the research problems introduced in Chapter 1. First we
show in Section 2.1 how to represent data using networks or graphs. Some basic
concepts and definitions of graph theory will be reviewed. Section 2.2 formalizes
semi-supervised learning for network structured data. Section 2.3 discusses a
probabilistic model for data which uses graphs to encode condition independence
relations between different variables.

2.1 Networked Data

In many applications, such as social networks or bioinformatics, the data points
are related by some notion of similarity, such as the friendship in social network
[32] or protein-protein interaction in biological network [22]. These data are
efficiently modeled using a graph whose nodes represent individual data points
and edges encode the relation between data points. We refer to data with an
intrinsic network structure as networked data.

We now review some useful definitions and properties of graph theory which
are used later in the dissertation.

A graph G = (V ,E ) comprises a pair of a node set V = {1, . . . , N} and an edge set
E . Each edge {i, j} ∈ E is a pair of nodes i, j ∈ V which are connected.

The connectivity of a graph G can be conveniently represented by the adjacency
matrix A ∈RN×N+ whose entries Ai j are weights for edges {i, j}. If there is no edge
between nodes i and j, then Ai j=0. The adjacency matrix A fully determines
the edge set since E = {{i, j}, Ai j > 0}. For an unweighted graph all weights are
equal to one.

A toy example of a (weighted) graph is illustrated in Figure 2.1. In this
example, the graph has N = 8 nodes connected by E= 12 edges. The weights of
the edges indicate the strength of the connections between the nodes.

Beside the adjacency matrix A, another important matrix representation of
graph is the incidence matrix B ∈RE×N whose rows represent (oriented) edges
and columns represent nodes. The entry of B representing node i and row e is

11
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Figure 2.1. Example of a graph with N = 8 nodes and E= 12 edges.

defined as

Be,i =

⎧⎪⎪⎨⎪⎪⎩
Ai j e = {i, j}, i < j

−Ai j e = {i, j}, i > j

0 otherwise.

(2.1)

The neighborhood of a node i is denoted by N (i)= { j|{i, j} ∈ E }. The degree of
a node i is di =

∑
j Ai j. For an unweighted graph, where Ai, j = 1 for {i, j} ∈ E ,

the degree of a node i is equal to the number of its neighbors. The degree matrix
D of a graph G is a diagonal matrix containing the degrees di =

∑
j Ai j of nodes

i. The Laplacian matrix is defined as L=D−A, which is the centrality of the
spectral graph theory [12].

In some applications, the relation of a pair of nodes is not symmetric, thus the
edges are a set of ordered pairs of nodes (i, j). An example of this network is
the citation network where each link from a node i to a node j indicates that
the paper corresponding to node i cites the paper corresponding to node j [26].
Another example is a hyperlink network whose links are not symmetric. A graph
whose edges have a direction associated with them is called a directed graph.

An important concept based on the directed graph is the network flow [27].
Given a directed graph G , a network flow on G is a mapping h : V × V → R

which assigns each directed edge (i, j) a value h(i, j). The quantity h(i, j) can be
interpreted as the amount of some quantity flowing through the edge (i, j). This
amount need to satisfy the following conditions, with Ci, j being the capacities of
the directed edges,

• the flow h(i, j) on (i, j) cannot exceed the edge capacity Ci, j.

• the flow h(i, j) is conserved, for each node i ∈ V ,∑
j∈N +(i)

h(i, j)−
∑

N −(i)

h(i, j)= d[i],

where N +(i) = { j|(i, j) ∈ E } are outgoing neighbors, N −(i) = { j|( j, i) ∈ E } are
incoming neighbors, and d[i] is the demand of node i.

12
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Nodes with negative demand d[i]< 0 are source nodes. Nodes with positive
demand d[i]> 0 are sink nodes. Nodes with zero demand d[i]= 0 are immediate
nodes. The conservation law implies that amount of flow into a node equals to
the amount of flow out of it, unless it is a source node, which has only outgoing
flow, or a sink, which has only incoming flow.

Based on the interpretation of the relation between data points, we discuss
two application of graph representation for networked data and the associated
problems considered in the dissertation. The first application is the graph with
small total variation and the semi-supervised learning which learns networked
(predictive) model. The other application is the conditional independence graph
(CIG) used in PGM and the problem of constructing the CIG from observations.

2.2 Semi-supervised Learning over Graphs

The network structure between data points in some applications is available.
For example, the images are constituted by a 2D grid structure of neighboring
pixels (which are data points). The network structure of a social network is
obtained from the friendship relations between individual users (which are
data points). Besides the network structure, in some applications, each data
point i is characterized by node features (attributes) x(i). For example, the node
features are the user profiles in a social network or the RBG of a pixel in image
processing.

Particular interest within (semi-)supervised learning are the labels y(i). De-
pending on the applications, the labels can be numerical (regression) or cate-
gorical (classification). For example, in housing price prediction, the label is
numerical which indicates the price of each node (house at the location); in
foreground/background segmentation, it is categorical which tells the pixel is in
the foreground or background of the image. Typically, the labels y(i) of the data
points are costly to acquire and thus only partially available. Therefore, they
need to be learned from available data.

Typically, the label y(i) at node i is modeled by a (networked) predictive model
which takes the node features x(i) as an input and maps it to a label y(i). The
maps are characterized by weight vectors (networked model) w(i). An important
example for the predictive model is the linear regression (x(i))Tw(i) (numerical
label y(i)) or linear classifier sign((x(i))Tw(i)) (categorical label y(i)).

Semi-supervised learning on the graph aims to learn the networked model w(i)

from the available information by exploiting the underlying network structure.
This learning is feasible by assuming that the neighbors have a similar net-
worked model w(i). In other words, we assume that the nodes are well-clustered
and the networked model is smooth over the network. This smoothness assump-
tion pays a central role in graph signal processing. In our settings, we consider
the networked model as graph signals.

13



Preliminaries

2.2.1 Graph Signals

The emerging field graph signal processing has developed tools for processing
networked data. The purpose of this field is to extend concepts, e.g, Fourier
transform, filters, sampling, in discreet signal processing to networked data [34].

A graph signal w is a map that assigns each node i of a graph G to a value
w(i) ∈ Rp, i.e., w : i �→ w(i). An example of scalar graph signal is the label y
which assigns each node i to a label y(i). The networked model is a vector-valued
graph signal which assigns each node i to networked model w(i). The set of all
networked model w is denote

W p := {w : V →Rp : i �→w(i)} (2.2)

In graph signal processing, the smoothness of the graph signals can be quanti-
fied by a quadratic form, namely graph Laplacian [1,36,43],∑

{i, j}∈E

Ai, j‖w(i)−w( j)‖2, (2.3)

with ‖w‖ =
√

w2
1 + . . .+w2

p the Euclidean norm of w. This smoothness measure
is appealing since it utilizes the spectral properties of a graph Laplacian matrix
[10, 19, 36, 38, 49], and thus it is possible to naturally extend methods and
concepts for band-limited discrete time signals to processing of graph signals
defined over more general data graphs.

However, it turns out that for some application domains, such as image de-
noising or time series analysis, other smoothness measures, which are based on
total variation [39,44], can be advantageous [8]. The total variation (TV) of a
graph signal w is quantified as

‖w‖TV :=
∑

{i, j}∈E

Ai, j‖w(i)−w( j)‖. (2.4)

This TV uses the norm as in group Lasso [47] but not squared norm to encourages
w(i)=w( j) for {i, j} ∈ E .

2.2.2 Network Lasso

Semi-supervised learning on the graph learns a predictive model to predict
the labels of data points by incorporating the available labels and the network
structure. In parametric settings, node labels y(i) are typically modeled by a pre-
dictive model f (w(i),x(i)) with trainable networked model w(i). This predictive
model outputs a predicted label similar to the available label for labeled nodes
(nodes i in the training set M ). The learning exploits the network structure by
assuming that the networked model conforms with the cluster structure of the
data graph.
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Using the graph total variation as a regularizer, a natural approach to learn
networked model w(i) is network Lasso [21]:

ŵ= arg min
w∈W p

∑
i∈M

�i( f (w(i),x(i)), y(i))+λ‖w‖TV, (2.5)

with some loss functions �i and λ. The parameter λ allows to trade between
the prediction error in the training set and the clustered structure of networked
model over the graph. Choosing optimal values for lambda can be based on
cross-validation or using modeling assumptions on the true underlying w.

While the first term in (2.5) forces the estimate ŵ to yield a prediction close
to the observed labels y(i) for nodes i in the training set M , the second term in
(2.5), the TV regularizer, aims for an estimate ŵ whose values are close if the
associated nodes are strongly connected. Thus, the network Lasso is appropriate
when the true underlying w are constant over a well-connected component.

Publication V applies a primal-dual method to solve (2.5) which uses the abso-
lute loss and linear regression as the predictive model. Publication IV formulates
logistic network Lasso from (2.5) by using the logistic loss function. Publication
III studies the condition on the training set such that the networked model
can be learned accurately. Publication V considers (2.5) in generic networked
regression model.

2.3 Probabilistic Graphical Models

In some applications [28], the network structure underlying the data is is not
immediately clear or obvious and has to be learned in a data-driven fashion.
A principled approach to learning an intrinsic network structure for data is
via probabilistic graphical models (PGM). PGM interpret the observed data as
realizations of random variables whose statistical relations are modeled as a
graph [28].

PGM define sets of probability distributions which are characterized by certain
factorization and conditional independence properties [4,28].

Factorization properties: the graphical models express the joint distribution as
a product of functions defined over sets of variables that are local to the graph.

Conditional independence properties: the graphical models allow to determine
whether A and B are conditionally independent given C by applying a graphical
test involving the notion of blocked path.

There are two important classes of PGM: Bayesian networks and Markov
random fields. While Bayesian networks use directed graphs, the Markov
random field is an undirected graphical model. Moreover, Bayesian networks
restrict the factors to conditional distributions whereas the undirected graphical
models do not require factors to have a probabilistic interpretation [28].
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2.3.1 Conditional Independence Graphs (CIGs)

This dissertation focuses on Markov random fields. Since the graph encodes
conditional independence relations between random variables, we use the term
conditional independence graph (CIG) to emphasize on this property.

In CIGs, random variables associated with the nodes in sets A and B are
conditionally independent given the random variables of nodes in a set C if
all possible paths that connect nodes in A to nodes in B pass through at least
one node in C. This implies that given random variables associated with nodes
in N (i), xi is conditionally independent of other random variables. Moreover,
an edge is absent between nodes i, j ∈ V , i.e., i, j ∉ E , if the associated random
variables xi and xj are conditionally independent, given the remaining random
variables.

2.3.2 Graphical Model Selection

The problem of estimating the CIG of a PGM from observed data is known
as graphical model selection (GMS). Given N samples x(n) = (x(n)

1 , . . . , x(n)
p )T ∈

Rp, for n = 1, . . . , N, drawn from a distribution, GMS methods learn the underly-
ing CIG. 1 In this section, we review GMS approaches for Gaussian graphical
models [3,18,31,48].

The observed data of Gaussian graphical models are i.i.d and drawn from zero-
mean multivariate normal distribution with the covariance matrix C [3,18,31,48]

x(n) = (x(n)
1 , . . . , x(n)

p )T ∼N (0,C). (2.6)

The conditional independence relations between random variables xi are fully
characterized by the zero entries of the inverse of the covariance matrix Θ=C−1,
i.e., the precision matrix. Variables xi and xj are conditionally independent
given all other variables if and only if θi j = 0.

An important assumption for GMS is that the underlying CIG is sparsity in
the sense that the node degrees are drastically smaller than the dimension
p (the number of nodes). This assumption leads to algorithms using spare
models [3,18,31,48].

Most GMS methods proposed so far base on either of two alternative ap-
proaches. The first approach (“neighborhood regression”) estimates the neigh-
borhoods of each node and then combines the neighborhood estimates to obtain
an estimate for the entire graphical model. The second approach (“graphical
Lasso”) directly estimates the entire graph by maximizing the likelihood of the
observed data under a sparsity favoring penalty.

The authors in [31] propose a sparse neighborhood selection in order to esti-
mate a sparse graphical model. In particular, for each node i, they formulate a

1Within the problems of estimating the CIG of a PGM, we use letter n for the sample
index and preserve letter i for node index.

16



Preliminaries

sparse regression problem for variable xi using other variables as predictors

θ̂
i,λ = arg min

θ∈Rp:θi=0
N−1‖xi −Xθ‖2 +λ‖θ‖1, (2.7)

with the �1 norm ‖θ‖1 = |θ1| + . . .+ |θp|. The estimate θ̂i j = 0 is determined
using θ̂

i,λ
j and θ̂

j,λ
i using “AND” rule or “OR” rule. The authors in [31] show

neighborhood selection consistently estimates the non-zero elements of precision
matrix and is computationally efficient.

The authors in [3,18,48], on the other hand, estimate the precision matrix Θ

by maximizing the �1 penalized log-likelihood

argmax
Θ�0

logdetΘ− tr(SΘ)−λ‖Θ‖1, (2.8)

with the sample covariance matrix S := (1/N)
∑N

n=1 x(n)(x(n))T and ‖Θ‖1 denotes
the sum of the absolute values of the elements of matrix Θ. These approaches
estimate the (inverse of) covariance matrix by exploiting the sparsity pattern
of the underlying graph as well as taking the positive definiteness Θ� 0 into
account.

The neighborhood selection in [31] is can be viewed as an approximation to
the exact maximization problem (2.8) since it only estimates the zero pattern
of the underlying graph and, hence, is computationally efficient. In contrast,
the exact maximization estimates the covariance matrix by incorporating the
positive definiteness or symmetry constraint [18,48].

A generalization of the model (2.6) learns the graphical model for non-correlated
data modeled as realization of uncorrelated zero-mean multivariate normal dis-
tributions

x(n) = (x(n)
1 , . . . , x(n)

p )T ∼N (0,C[n]) (2.9)

with different covariance matrices C[n]. A global CIG for (2.9) can be defined as
the union of the marginal CIGs of all data points x(n) which are specified by the
zero pattern of the (inverse) precision matrices K[n]= (C[n])−1.

Publication I, II study GMS for the model (2.9) with the additional assumption
that the covariance matrix is constant for blocks of B consecutive samples. In
particular, we characterize the required number of samples such that accurate
GMS is possible.
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3. Learning Networked Models for
Networked Data

This chapter discusses semi-supervised learning for networked data. Our con-
tribution focuses on conditions such that accurate learning is possible. Section
3.1 defines the networked model as graph signals and introduces the piecewise-
constant graph signals. Section 3.2 proposes a primal-dual method to solve
the network Lasso (2.5). Section 3.3 presents our results on the available label
information and network topology which guarantee the network Lasso to be
accurate learn.

3.1 Networked Model as Graph Signals

We consider networked data represented by an undirected data graph G =(V ,E ).
Each node i ∈ V of the graph G represents an individual data point, and the
undirected edges connect nodes of similar data points. The edges encode a
domain-specific notion of similarity. They can be the profiles of befriended social
network users or grayscale values of neighboring image pixels. These relations
of nodes are encoded by a symmetric weighted adjacency matrix A ∈RN×N+ .

Besides the graph structure G , data points i ∈ V typically convey additional
information, such as features x(i) and labels y(i). The goal is to learn a predictive
model which allows to predict the labels based on the features. In our settings,
the true underlying networked model is assumed to be piecewise-constant.

3.1.1 Piecewise-constant Graph Signals

We denote F = {C1, . . . ,C|F |} a partition of the data graph G which divides the
V into |F | disjoint subsets C l of nodes (“clusters”) such that V = ∪|F |

l=1C l . We
associate each subset C l of nodes with a particular “indicator” function IC [i]= 1
if i ∈C and IC [i]= 0 otherwise.

A piecewise graph signal defined over the partition F is obtained by

w(i)=
|F |∑
l=1

alIC l [i]. (3.1)
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In contrast to smooth graph signals whose signal varies slowly at the cluster
boundaries, piecewise-constant graph signals tolerate large variations at cluster
boundaries but enforce small variations within clusters [11]. Piecewise constant
graph signals are special case of piecewise-polynomial graph signals [11], which
is a combination of smooth (bandlimited) graph signals and piecewise-constant
graph signals.

3.2 Primal-Dual Method

It is convenient to represent the graph signal w by a stacked vector

w= ((w(1))T , . . . , (w(N))T )T ∈RpN . (3.2)

Extending the incidence matrix B (cf. (2.1)) to the block-wise form

Be,i =

⎧⎪⎪⎨⎪⎪⎩
Ai jIp e = {i, j}, i < j

−Ai jIp e = {i, j}, i > j

0 otherwise,

(3.3)

allows us to reformulate the network Lasso (2.5) into

ŵ ∈ arg min
w∈RpN

h(w)+ g(Bw), (3.4)

with

h(w)=
∑
i∈M

�i( f (w(i),x(i)), y(i))

g(u) :=λ

E∑
e=1

‖u(e)‖ with u=((u(1))T , . . . ,
(
u(E))T)T ∈RpE. (3.5)

The objective function is highly structured since it is the sum of two com-
ponents h(w) and g(Bw), which can be optimized efficiently when considered
separately. Such composite functions can be optimized efficiently using proximal
splitting methods [7,13,33].

Reformulating (2.5) as a saddle-point problem

min
w∈RpN

max
u∈RpE

uTBw+h(w)− g∗(u), (3.6)

with the convex conjugate g∗ of g [7]. Solutions (ŵ, û) of (3.6) are characterized
by [37, Thm 31.3]

−BT û ∈ ∂h(ŵ), and Bŵ ∈ ∂g∗(û). (3.7)

The coupled conditions (3.7) are, in turn, equivalent to

ŵ−TBT û∈(I+T∂h)(ŵ), û+ΣBŵ∈(I+Σ∂g∗)(û), (3.8)
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with positive definite matrices Σ∈RpE×pE,T∈RpN×pN . This leads naturally to
the following coupled fixed point iterations [35]

ŵk+1=(I+T∂h)−1(ŵk−TBT ûk) (3.9)

ûk+1=(I+Σ∂g∗)−1(ûk+ΣB(2ŵk+1−ŵk)), (3.10)

where the resolvent operator is defined as

(I+T∂h)−1(w):=arg min
w′∈RpN

h(w′)+(1/2)(w′−w)TT−1(w′−w). (3.11)

If the matrices Σ and T using in (3.10) satisfy

‖Σ1/2BT1/2‖2 < 1, (3.12)

the sequences obtained from iterating (3.9) and (3.10) converge to a saddle
point of the problem (3.6) due to [35, Thm. 1]. Result in [35, Lem. 2] claims
that by choosing Σ=diag{σ(e)Ip}Ee=1 with σ(e)=1/(2Ae), T=diag{τ(i)Ip}N

i=1 with
τ(i) :=η/d(i), and some constant η<1, the condition (3.12) holds.

A primal-dual method for network Lasso (2.5) is summarized in Algorithm 1.

Algorithm 1 Network Lasso via primal-dual method

Input: G = (V ,E ,A), {x(i)}i∈V , M , {y(i)}i∈M , λ> 0
Initialize: k :=0, ŵ0 :=0, û0 :=0; Σ = diag{σ(e) = 1/(2Ae)Ip}Ee=1, T = diag{τ(i) =

0.9/d(i)Ip}i∈V ; incidence matrix B according to (2.1)
1: repeat
2: Update ŵk+1 using (3.9)
3: Update ûk+1 using (3.10)
4: k :=k+1
5: until stopping criterion is satisfied

Output: ŵ := ŵk

The update (3.10) depends only on the regularization, which is the TV through-
out this thesis, but does not depend on the particular loss function in (2.5). The
update (3.10) is given explicitly by

û(e)
k+1 =u(e) −

(
1− λ

‖u(e)‖
)
+

u(e) for e ∈ E , (3.13)

with (a)+ =max{0,a} and

u := ûk +ΣB(2ŵk+1 −ŵk). (3.14)

The update (3.9) involves the resolvent operator (I+T∂T)−1 applying to

v=wk−TBTuk. (3.15)

For i ∉M , the resolvent operator (I+T∂T)−1 is identity, thus, ŵ(i)
k+1 = v(i). Hence,

Algorithm 1 is fully specified if the update ŵ(i)
k+1, for i ∈M , is obtained.

In what follows, we specialize the network Lasso (2.5) as well as the update
(3.9) of Algorithm 1 for different forms of the networked model, from scalar
(Publication III) and vector-valued graph signal in noise, networked linear
regression (Publication V) to logistic network Lasso (Publication IV).
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3.2.1 Scalar Signals in Noise

We first consider a simple case in which the networked model w is a scalar graph
signal, i.e., w(i) ∈R. Suppose that we know the networked models of nodes i in
the training set M , which are specified by

y(i) = w(i) +ε(i), (3.16)

with measurement noise ε(i) at node i.
Since the networked model is assumed to be piecewise-constant over the graph,

one can learn the networked models by the network Lasso as

ŵ= arg min
w̃∈W 1

∑
i∈M

|w̃(i) − y(i)|+λ‖w̃‖TV. (3.17)

The solution of (3.17) can be obtained by Algorithm 1 where the update (3.9) ,
for node i ∈M , is

ŵ(i)
k+1 = w(i) +S(v(i) − y(i);τ(i)),

with the soft-thresholding operator defined as (S(a;τ))i = (ai −τ)+− (−ai −τ)+.

3.2.2 Vector-Valued Signals in Noise

This section considers a generalization of (3.16) in which the networked models
at nodes i are vectors w(i) ∈Rp. The networked models are known only at nodes
i in the training set M and modeled by

y(i) =w(i) +ε(i), for i ∈M , (3.18)

with measurement noise ε(i) at node i. Similar to scalar signal in noise, one can
learn a smooth networked model using (2.5) as

ŵ= arg min
w̃∈W p

∑
i∈M

‖w̃(i) −y(i)‖1 +λ‖w̃‖TV. (3.19)

The update (3.9) , for node i ∈M , can be obtained as

ŵ(i)
k+1 = y(i) +S(v(i) −y(i);τ(i)).

3.2.3 Networked Linear Regression

This section considers the networked linear regression where networked models
w is the parameters of the predictive model which maps each node to its label.
Indeed, the labels of node i are modeled by

y(i) = (w(i))Tx(i)+ε(i), (3.20)

with the predictive noise ε(i). The model (3.20) reduces to (3.16) for particular
choice of feature x(i) ∈R, being equal to 1.
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Given labels y(i) of nodes i in the training set M , we aim at learning ŵ of the
predictive model whose predictions agree with the labels in the training set. In
particular, the empirical loss is defined over the training set as

Ê(ŵ):=
∑
i∈M

∣∣y(i) −(ŵ(i))Tx(i)∣∣. (3.21)

Learning a networked model can be obtained by

ŵ ∈ arg min
w̃∈RV

Ê(w̃)+λ‖w̃‖TV. (3.22)

The derivation in Publication V yields the update for (3.9) , for node i ∈M , as

v(i)
k+1 = x(i)( ỹ+S(w̃− ỹ;τ(i)))

+ (I−(1/‖x(i)‖2)x(i)(x(i))T )v(i) (3.23)

with ỹ := y(i)/‖x(i)‖2, w̃ := (v(i))Tx(i)/‖x(i)‖2.

3.2.4 Logistic Network Lasso

This section considers application in which the labels are categorical. The
simplest such setup is when the labels y(i) are binary. The labels are modeled as
independent random variables with probability

p(i) :=P{y(i)=1}= 1
1+exp(−(w(i))Tx(i))

, (3.24)

with some true underlying weight vectors w. We aim at leaning a classifier ŵ
which agrees with the labels y(i) of labeled data points in the training set M .
Using the logistic loss for the empirical error, we can learn the model (3.24)
using the logistic network Lasso

ŵ ∈ arg min
w̃∈RV

(1/N)
∑
i∈M

�((ŵ(i))T x̃(i))+λ‖w̃‖TV (3.25)

with x̃(i) := y(i)x(i) and the logistic loss

�(z) := log(1+exp(−z))=−log(σ(z)). (3.26)
The solutions of (3.9) are the fixed-points of

φi(u)= v(i) + (τ(i)/N)x̃(i)σ(−uT x̃(i)), (3.27)

and can be obtained by a fixed-point iteration.

3.3 When is Network Lasso Accurate

This section states our main results on the conditions for the available label
information in the training set M and the network topology such that network
Lasso can accurately learn the true underlying networked model. We will discuss
these conditions for some special cases of (2.5) presented in Section 3.2. The
detail derivations can be found in Publication III and Publication V.
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3.3.1 Scalar Signals in Noise

Inspired by the compatibility condition [41], which has been introduced to
analyze the Lasso methods for learning sparse signal, we introduce the network
compatibility condition (NCC) for graph signals with small total variation.

It will be convenient to define, for a given partition F , its boundary ∂F ⊆ E

as the set of edges {i, j} ∈ E which connect nodes i∈Ca and j∈Cb from different
clusters, Ca =Cb. For a subset of edges S ⊆ E , it is convenient to use the
shorthand ‖w‖S :=∑{i, j}∈S Ai, j‖w(i)−w( j)‖.

Definition 1. Consider a data graph G = (V ,E ) whose nodes V are partitioned
into disjoint clusters F = {C1, . . . ,C|F |}. A training set M ⊆ V is said to satisfy
the network compatibility condition, with constants K ,L > 0, if for any graph
signal z ∈RV ,

K
∑
i∈M

|z(i)|+‖z‖E \∂F ≥ L‖z‖∂F . (3.28)

It turns out that the network compatibility condition guarantees the accuracy
of the network Lasso on learning a clustered networked model.

Lemma 2. Consider a clustered network w of the form (3.1) defined on the data
graph G whose nodes are partitioned into the clusters F = {C1, . . .} any given
only noisy networked model y(i) (cf. (3.16)) of nodes i in training set M ⊆V . If
the training set M satisfies the network compatibility condition with constants
L > 1,K > 0, then any solution of the network Lasso problem (3.17), for the choice
λ := 1/K, satisfies

‖ŵ−w‖TV≤(K+4/(L−1))
∑
i∈M

|ε(i)|. (3.29)

Our main contribution is the relation of the network compatibility condition to
the network topology, which can be specified using the notion of network flow
with demands. In particular, we introduce the notion of resolving training set.

Definition 3. Consider a data graph G = (V ,E ) with the partition F = {C1, . . . ,C|F |}
and the capacity matrix C ∈ RN×N+ with Ci, j = Wi, j for {i, j}∈E \∂F and Ci, j =
LWi, j for {i, j}∈∂F . A training set M resolves the partition F with constants K
and L if, for any bi, j ∈ {−1,1} with {i, j}∈∂F , there exists a flow h(i, j) on G with
h(i, j)= bi, j ·L ·Wi, j and demands satisfying

|d[i]|≤K for i∈M , and d[i]=0 for every i∈V \M . (3.30)

It turns out that the resolving training set also satisfies the network compati-
bility condition.

Lemma 4. Any training set M which resolves the partition F with parameters
K ,L > 0 satisfies the network compatibility condition with parameters K ,L.
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3.3.2 Vector Signal in Noise

This section considers an extension of the network compatibility condition to
vector-value graph signal.

Definition 5. Consider a data graph G = (V ,E ) with a particular partition F of
its nodes V . A sampling set M ⊆ V is said to satisfy NCC with constants K ,L > 0,
if

K
∑
i∈M

‖z(i)‖2 +‖z‖∂F ≥ (L/
�

p)‖z‖∂F (3.31)

for any graph signal z.

Similar to the result in the scalar setting, the NCC in (3.31) guarantees the
accuracy of learning the networked model using (3.19).

Theorem 6. Consider a data set represented by data graph G and a networked
model w of the form (3.1). If the sampling set M satisfies NCC (3.31) with
parameters L > �p and K > 0, then any solution ŵ of (3.19) with λ := 1/K
satisfies

‖ŵ−w‖TV ≤K(1+4
�

p/(L−�p))
∑
i∈M

‖ε(i)‖1. (3.32)

3.3.3 Networked Linear Regression

This section states a variant of the NCC for the networked linear regression
presented in (3.22).

Definition 7. Consider a networked dataset with data graph G = (V ,E ,A). The
nodes are characterized by feature vectors x(i) ∈Rp and grouped according to a
fixed partition F = {C (1), . . . ,C (F)}. The labels y(i) of nodes are observed only in
the training set M ⊆ V . The training set is said to satisfy NCC, with constants
K ,L > 0, if

K
∑
i∈M

∣∣(x(i))Tw(i)∣∣+‖w‖∂F ≥ (L/
�

p)‖w‖∂F (3.33)

for any graph signal w ∈RV .

The NCC stated in Definition 7 guarantees (3.22) to learn accurate networked
model for the prediction (3.20).

Theorem 8. Consider a partially labeled networked dataset with data graph G

with features x(i) known for all nodes and labels y(i) which are known only for
the nodes i ∈ M . We assume a linear model (3.20) with true networked model
w(i) of piecewise-constant form (3.1). If the sampling set M satisfies NCC with
parameters L >�p and K > 0, then any solution ŵ of network Lasso (3.22) with
the choice λ := 1/K satisfies

‖ŵ−w‖TV≤K(1+4
�

p/(L−�p))
∑
i∈M

|ε(i)|. (3.34)
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The bounds (3.29), (3.32) (3.34) do neither explicitly involve the size M=|M |
of the training set M , nor the overall size N of the data graph (or dataset).
However, the relative size M/N of the training set will influence the probability
that the NCC is satisfied. Indeed, for large M, the NCC in (3.28), (3.31), and
(3.33) is more likely to be satisfied.

We highlight that the network Lasso does not require the partition F used for
the piecewise-constant model (3.1). This partition is only used for the analysis
of the network Lasso. Moreover, if the true underlying networked model has the
form (3.1) and is learned by the network Lasso, we can obtain the partition F

by thresholding the edge-wise differences ‖w(i)−w( j)‖ for {i, j}∈E [44].
To illustrate our theoretical results, we present a numerical experiment for

the networked linear regression on two-cluster dataset from Publication V. The
experiment consider a data graph G with N = 80 nodes consisting two random
graphs C (1) and C (2) which are sparely connected, each of size N/2 and with
average degree 10.

The piecewise-constant weight w and the features x(i) ∈R2 are generated by
i.i.d. random vectors uniformly distributed on the unit sphere {x ∈R2 : ‖x‖ = 1}.
We obtain the labels y(i) by the linear model (3.20) with zero noise ε(i) = 0. The
labels y(i) are known for the nodes in the training set M which includes three
data points from each cluster, i.e., |M ∩C (1)| = |M ∩C (2)| = 3.

According to Lemma 6 of Publication III, the training set M satisfies NCC
(3.33) with L>�p=�

2 if there exists a sufficiently large network flow between
the labeled node i∈M and the boundary edges ∂ := {{i, j} ∈ E : i ∈C (1), j ∈C (2)}
between the two clusters. In particular, let ρ(l) denote the normalized flow value
from the labeled nodes in cluster C (l) and the cluster boundary, normalized by
the boundary size |∂|. The NCC is satisfied with L>�

2 if ρ(l)>�
2 for l=1,2.

Figure 3.1 depicts the normalized mean squared error (NMSE) ε := ‖w−
ŵ‖2

2/‖w‖2
2 incurred by Algorithm 1 (averaged over 10 i.i.d. simulation runs)

as a function of the empirical average ρ̄ of ρ(1) and ρ(2) (having same distribu-
tion). The result plotted in Figure 3.1 agrees with Theorem 8 which predicts
Algorithm 1 is accurate if NCC holds (ρ̄>�

2 ).

× ××
××

×
××

cluster connectivity ρ̄

NMSE ε

0

0.5

1

1.5

2

0 0.5 1 1.5 2

ρ̄=�
2

Figure 3.1. NMSE achieved by Algorithm 1 for a two-cluster graph. Figure reproduced from
Publication V, © 2019 IEEE.
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4. Graphical Model Selection for
Non-stationary Processes

This chapter summarizes our results on the sample size required such that
accurate graphical model selection for non-stationary data is possible. In Section
4.1, we introduce a simple model for non-stationary data requiring the covariance
matrices in (2.9) to be constant over blocks of consecutive samples. Section 4.2
illustrates some properties of the CIG for the block model. Section 4.3 presents
the sparse neighborhood regression which learns the CIG. Section 4.4 states our
main results in the sample complexity of the CIG for the block model.

4.1 Block Model for Non-stationary Processes

We consider a time-varying system which is constituted by p components xi, for
i = 1, . . . , p. Observing the system at time n = {1, . . . , N} yields samples {x(n) =
(x(n)

1 , . . . , x(n)
p )T }N

n=1. The samples are modeled as realizations of uncorrelated
zero-mean Gaussian random vectors, i.e., E{x(n)(x(n′))T }=0 for n = n′, whose
probability distributions are fully specified by the covariance matrices

C[n] :=E{x(n)(x(n))T }.

In contrast to the i.i.d setting (2.6), in which the covariance matrices are
unchanged, the setting in (2.9) allows the covariance matrix C[n] slightly varying
with sample index n, i.e., C[n] = C[n′] for n =n′. Indeed, we consider a block
model for (2.9) where the covariance matrices are constant over blocks of L
consecutive samples x(n), . . . ,x(n+L−1) but varying over the blocks. More formally,
we model the observed samples as blocks of i.i.d. realizations of a Gaussian
random vector, i.e.,

x(1)︷ ︸︸ ︷⎛⎜⎜⎝
x(1)

1
...

x(1)
p

⎞⎟⎟⎠, . . . ,

x(L)︷ ︸︸ ︷⎛⎜⎜⎝
x(L)

1
...

x(L)
p

⎞⎟⎟⎠
︸ ︷︷ ︸

i.i.d.∼N (0,C(b=1))

, . . . , . . . , . . .

x((B−1)L+1)︷ ︸︸ ︷⎛⎜⎜⎝
x((B−1)L+1)

1
...

x((B−1)L+1)
p

⎞⎟⎟⎠, . . . ,

x(N)︷ ︸︸ ︷⎛⎜⎜⎝
x(N)

1
...

x(N)
p

⎞⎟⎟⎠
︸ ︷︷ ︸

i.i.d.∼N (0,C(b=B))

(4.1)
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Without essential loss of generality, we henceforth assume the sample size N to
be a integer multiple of the block length L, i.e., N = BL, with the number B of
data blocks. The process model (4.1) reduces to the i.i.d. setting for B = 1 and
block length L = N. As discussed in Publication II, the model (4.1) can be used
as an approximation for some important classes of random processes, such as
stationary processes [2,14,23], locally stationary processes [30,42], underspread
processes [5,25].

Our main contribution is an upper bound on the required sampled size such
that accurate GMS is possible for processes of the form (4.1).

4.2 Conditional Independence Graph for Block Model

The CIG G of the process (4.1) encodes conditional independence relations
between the components xi.

xi = (x(1)
i , . . . , x(N)

i )T . (4.2)

Each node i of the CIG G represents an individual component i. The absence of
an edge between nodes i, j ∈ V indicates that the corresponding process compo-
nents xi and x j are conditionally independent, given the remaining components
{xr}r∈V \{i, j}.

Since the process (4.1) is Gaussian, the CIG is fully determined by the inverse
covariance (precision) matrices K[n] := (C[n])−1. In particular, xi are x j are
conditionally independent, given {xr}r∈V \{i, j}, if and only if Ki, j[n] = 0 for all
n ∈ {1, . . . , N} [6, Prop. 1.6.6]. Thus, estimating the CIG is equivalent to estimate
the zero pattern of the matrices K[n],

{i, j} ∉ E if and only if Ki, j[n]= 0

for all n = 1, . . . , N. (4.3)

We measure the strength of their connection between process components xi

and x j by the average connection-strength

ρ2
i, j := (1/N)

N∑
n=1

K2
i, j[n]/K2

i,i[n]=(1/B)
B∑

b=1

(
K (b)

i, j
)2/
(
K (b)

i,i
)2 (4.4)

According to (4.3), nodes i, j ∈ V are connected by an edge {i, j}∈E if and only if
ρ2

i, j>0. Intuitively, accurate estimation of the CIG G based on a finite number
of samples N is only possible for sufficiently large average connection-strength
ρ2

i, j for all edges {i, j} ∈ E in the CIG G .

Assumption 1. The average connection-strength is lower bounded

ρ2
i, j ≥ ρ2

min for every {i, j} ∈ E . (4.5)

with some known ρ2
min.
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Our analysis of the GMS is applicable for processes whose CIG G is sparse in
the sense of having a small (bounded) maximum node degree.

Assumption 2. The maximum node degree of the CIG is small relative to the
block length L, i.e.,

max
i∈V

di ≤ s, with sparsity s<(p/3)∧(L/3). (4.6)

The sparsity assumption in (4.6) implies a trade-off between the block length
L and the sparsity s of the underlying CIG. In particular, for a given sample size
N, we can tolerate smaller block length L, if the underlying CIG is more sparse
(having a smaller maximum degree s).

For notational convenience, we assume that the samples x(n) are suitably
scaled such that the eigenvalues of the covariance matrices C[n] are bounded
with known constants.

Assumption 3. The eigenvalues of the covariance matrices C[n] are bounded as

1≤λl(C[n])≤β

for all l ∈ {1, . . . , p} and n ∈ {1, . . . , N},
(4.7)

with some known upper bound β≥1.

4.3 Sparse Neighborhood Regression

Since the CIG is fully specified by the neighborhoods N (i), we can estimate all
of the nodes neighborhoods separately. Thus, without loss of generality, we focus
on the sub-problem of determining the neighborhood N (i) of an arbitrary but
fixed node i ∈ V .

Our approach is similar to [31], which estimates the neighborhood N (i) by
fitting a linear regression model for xi using all other process components as
regressors. The neighborhood is then determined by the non-zero coefficients
of the linear regression model. To this end, we express the component xi by
a linear combination of an arbitrary set of some other components plus noisy
terms.

By the definition of N (i) and elementary properties of multivariate normal
distribution [20, Thm. 3.5.1]

x(n)
i =

∑
j∈N (i)

a jx(n)
j +ε(n)

i , (4.8)

with coefficients a j=−Ki, j[n]/Ki,i[n] and error term ε(n)
i ∼N (0, (1/Ki,i[n])) which

is uncorrelated with x(n)
i .

For any index set T ⊆ {1, . . . , p} with N (i)\T = �, applying [20, Thm. 3.5.1]
to the component

∑
j∈N (i) a jx(b)

j in the decomposition (4.8) yields further

x(n)
i =

∑
j∈T

c jx(n)
j + x̃(n)

i +ε(n)
i , (4.9)
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with the random vectors x̃(n)
i , {x(n)

j } j∈T and ε(n)
i being jointly Gaussian. Moreover,

the random vectors x̃(n)
i (which are the estimation errors incurred by Bayes’

optimal estimation of
∑

j∈N (i) a jx(n)
j using {x(n)

j } j∈T as observations) are uncor-

related with the random vectors {x(n)
j } j∈T , ε(n)

i and distributed according to a

normal distribution x̃(n)
i ∼N (0, σ̃2

b). The variance σ̃2
b is obtained as (cf. [20, Thm.

3.5.1])
σ̃2

b = aTK̃−1a, (4.10)

with the matrix K̃= ((CN (i)∪T [n]
)−1)

N (i)\T
and the vector a ∈R|N (i)\T | whose

entries are given by a j =−Ki, j/Ki,i[n], for j∈N (i)\T .
Denote the ith process component within a block b∈{1, . . . ,B} by

x(b)
i := (x((b−1)L+1)

i , . . . , x(bL)
i
)T ∈RL.

Since the covariance matrices C[n] are constant within a block b, it is straight-
forward to extend the expressions (4.8) and (4.9) to each block as

x(b)
i =

∑
j∈N (i)

a jx(b)
j +ε(b)

i , (4.11)

x(b)
i =

∑
j∈T

c jx(b)
j + x̃(b)

i +ε(b)
i , (4.12)

The decompositions (4.11) and (4.12) naturally suggest a simple strategy
for estimating (selecting) the neighborhood N (i) of the node i ∈ V . To this
end, we denote P(b)

T ∈RL×L the orthogonal projection matrices for the subspace
X (b)

T := span
{

x(b)
j
}

j∈T
⊆RL and P(b)

T ⊥ := I−P(b)
T .

According to (4.11) and (4.12),

‖P(b)
T ⊥x(b)

i ‖2
2 =
{
‖P(b)

T ⊥ε
(b)
i ‖2

2 if N (i)\T =�
‖P(b)

T ⊥(x̃(b)
i +ε(b)

i )‖2
2 if N (i)\T = �.

(4.13)

One can show that

‖P(b)
T ⊥(x̃(b)

i +ε(b)
i )‖2

2 ≈ ‖P(b)
T ⊥ x̃(b)

i ‖2
2 +‖P(b)

T ⊥ε
(b)
i ‖2

2,

such that equation (4.13) implies that, for component x̃(b)
i in (4.12) not too small,

the estimator

N̂ (i):=arg min
|T |≤s

(1/N)
B∑

b=1

‖P(b)
T ⊥x(b)

i ‖2
2 +λ|T |, (4.14)

delivers the true neighborhood, i.e., N̂ (i) = N (i), with high probability. The
penalty term λ|T | forces the estimator (4.14) not to select a strict subset of the
neighborhood. Moreover, by restricting the optimization to |T | ≤ s, the resulting
estimate (4.14) is ensured to have no more than s elements. Thus, combining
the neighbor estimates (4.14) for all nodes will result in a sparse CIG having
maximum node degree bounded by s.

30



Graphical Model Selection for Non-stationary Processes

The estimator (4.14) performs sparse neighborhood regression by approxi-
mating the ith component xi in a sparse manner using the remaining process
components {x j} j∈V \{i}. We highlight that the estimator (4.14) is mainly useful
as a theoretical device which allows for a simple analysis and, in turn, a char-
acterization of the required sample size for accurate GMS. However, a naive
implementation of (4.14) would be intractable since it involves a combinatorial
search over all

(p
s

)
subsets of {1, . . . , p} with size at most s. A tractable convex

optimization method for learning the CIG for the process model (4.1) has been
presented in [15].

Our main result is an upper bound on the probability of the error event

E i := {N (i) = N̂ (i)} (4.15)

when sparse neighborhood regression fails to deliver the correct neighborhood
N (i).

4.4 The Sample Complexity

This section states our main result in the number of required samples such that
the estimator (4.14) delivers a correct neighborhood with high probability for
the samples of form (2.9). The proofs can be found in Publication II.

Theorem 9. Consider the vector samples x(n), for n = 1, . . . , N, conforming to
the process model (4.1) and such that Asspt. 1, 2 and 3 are valid. We estimate
the neighborhood N (i) of an arbitrary but fixed node i ∈ V in the CIG by the
sparse regression method (4.14) using λ = ρ2

min/6. Then, if the average partial
correlations between connected components are sufficiently large, i.e., (cf. (4.5))

ρ2
min ≥ 24β/L (4.16)

for any sample size

N≥864(β/ρ2
min) log(6ps2/η), (4.17)

the probability of the error event E i (cf. (4.15)) is bounded as P{E i}≤ η.

The bound (4.17) in Theorem 9 indicates that the required samples size N is
on the order of (β/ρ2

min) log(ps2), thus feasible in the high dimensional regime
where N � p.

Applying a union bound to the error event (4.15) to all the nodes i ∈ V yields
the following corollary of Theorem 9.

Corollary 10. Consider a process (4.1) satisfying all assumptions of Theorem 9.
Then, for any sample size

N≥864(β/ρ2
min) log(6p2s2/η), (4.18)

there is a CIG estimator Ĝ with P
{
Ĝ =G

}≤ η.
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We illustrate our theoretical results using a numerical experiment on a chain
graph (see Section 4 of Publication II for more details). The experiment considers
a process model of form (4.1) with B=4 blocks. Each b-th block consists of L i.i.d.
random vectors x[n]∼N (0,C(b)) with C(b) chosen such that the marginal CIG
G (b) is a chain (see Figure 4.1) with the edge {b,b+1} missing (see Figure 4.2).
We estimate the neighborhood N (i) using the sparse neighborhood regression
(4.14) with s = 2.

x1 x2 x3 x4 xp

Figure 4.1. The CIG of a process (4.1) with a chain structure.

x(1)
1 x(1)

2 x(1)
3 x(1)

4 x(1)
p

x(2)
1 x(2)

2 x(2)
3 x(2)

4 x(2)
p

...

Figure 4.2. The marginal CIG G (b) underlying the b-th block, constituted by the i.i.d. samples
x[(b−1)L+1], . . . ,x[bL], is a chain with the edge {b,b+1} removed. Figure reprinted
from Publication II, © 2019 IEEE.

We investigate the error event E i for different p and ρ2
min which refer to four

different processes x(+),x(×),x(◦),x(�) generated from the true CIGs as illustrated
in Table 4.1. For each process, we run over K = 100 i.i.d. simulation runs and
compute the average error

P̂{E i} := (1/K)
K∑

j=1

I (N̂ ( j)(i) =N (i))(≈P{E i}) (4.19)

with N̂ ( j)(i) the estimated neighborhood of node i∈V during the j-th simulation
run.

x(+) x(×) x(◦) x(�)

p 64 128 256 512

ρ2
min 8.3·10−2 6.8·10−2 5.3·10−2 12·10−2

Table 4.1. Model parameters for chain-structured CIG. Table reprinted from Publication II,
© 2019 IEEE.

Figure 4.3 depicts the error rate P̂{E i} when estimating the neighborhood or
node i=2 for different processes in Table 4.1. Figure 4.3-(a) plots the error rate
as a function of sample size N, Figure 4.3-(b) plots the error rate as a function of
scaled sample size N ′ := Nρ2

min/ log p. Figure 4.3-(b) shows that the error rate is
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mainly determined by the scaled sample size N ′ which agrees with the sample
size bound of Corollary 10.
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Figure 4.3. Empirical error rate Perr = P̂
{
N̂ (2) = N (2)

}
incurred by (4.14) for processes (4.1)

with chain-structured CIG but different parameters p and ρ2
min (see Table 4.1). (a)

Error rate as function of sample size N. (b) Error rate as function of scaled sample
size N′ = Nρ2

min/ log p. Figure reproduced from Publication II, © 2019 IEEE.
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5. Conclusions and Discussions

The dissertation considers two core problems within machine learning for net-
worked data. The first problem is the analysis of machine learning for networked
data when the network structure is known. The second problem revolves around
learning a reasonable network structure in a data-driven fashion.

We extended the compatibility condition [41] introduced to analyze Lasso
methods to learning graph signals.This extension, which we name network com-
patibility conditions (NCC), guarantees the accuracy of learning the networked
models using network Lasso. can learn an accurate networked model. Different
variants of the NCC are developed for different networked models, scalar signal
in noise, the vector signal in noise and the networked linear regression.

We then connect the NCC with network flows using the notion of resolving
sampling sets. Resolving sampling sets require sufficiently large network flow
between the sampled nodes, with prescribed flow values over boundary edges
which connect different clusters. This suggests to sample the nodes in the
boundary regions between different clusters of the data graph.

A promising direction of follow-up work is developing conditions for networked
model of more complex models, such as the Latent dirichlet allocation [9, 40].
Another direction is to combine network linear models with sparsity constraints
to obtain implicit feature selection [29,45,46]

The second problem studied in this dissertation considers learning the CIG
of non-stationary data. By analyzing a simple sparse neighborhood regression
method, we derive an upper bound on the probability that the proposed method
fails to deliver the correct CIG.

The upper bounds implies that an accurate GMS in high-dimensional regime is
possible. Moreover, the bounds reveal the connection between the required sam-
ple size with the model parameters which are the average connection strength,
the maximum node degree, and the dimension of the data. Indeed, relatively
large average connection strength, or a small maximum node degree and the
logarithm of the number of process components requires a smaller sample size
for an accurate GMS.

Our analysis uses sparse neighborhood regression method, which is intractable
in high-dimensional regime. A promising direction for future research is de-
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signing a computationally efficient methods. Moreover, an extension from the
Gaussian process model to exponential families is another promising line of
future work.
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