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Abstract 
This dissertation belongs to the domain of computational material physics with a focus on theory 
and application of density functional theory (DFT). The main focus is on the semiclassical 
description of atoms, and its use in improving kinetic energy functionals for orbital-free density 
functional theory (OFDFT). The dissertation comprises four publications, three of which are 
targeting the study and improvement of OFDFT. The fourth publication is a density functional 
theory study of wide band-gap semiconductor Ga2O3. 
OFDFT is an approach in which the physical properties of materials are direct functionals of 
electronic density in the spirit of Hohenberg-Kohn theorems. Relying only on the electronic density 
makes even quite large systems computationally tractable. Naturally, there is a trade-off between 
accuracy and speed for realistic orbital-free approximations when compared to the Kohn-Sham 
scheme, which is more accurate but uses computationally more expensive non-interacting orbitals 
to predict the properties of a material. The nature of the orbital-free approximation is semiclassical, 
where the Pauli principle is only roughly taken into account. 
We use the generalized gradient approximation (GGA) to develop a new kinetic energy functional 
form RATIONAL for OFDFT, which unifies previous results on GGA kinetic energy functionals. 
The parameters of the RATIONAL functional are obtained from the semiclassical description of 
atomic systems, resulting in a well-performing functional for simple solids. 
We study the limit of large atomic numbers, large-Z limit, for the ionization potential of atoms 
and lattice constants of simple solids. Remarkably it is found that both Kohn-Sham and orbital-
free models have finite large-Z limit for the lattice constants. 
The Englert-Schwinger (ES) model is an orbital-free model of the atom, which uses potential 
functionals for essential approximations. The model sidesteps a theoretical flaw, which is the 
inadequate description of electrons near the nucleus, found in other orbital-free models. We solve 
the ES model self-consistently and analyze it by comparing it to Kohn-Sham results and other 
orbital-free models. We find that ES model provides a better description of ionization potential in 
the large-Z limit than other orbital-free models. 
As an application of DFT, we perform a defect study of wide band-gap semiconductor Ga2O3. There 
is a growing interest in solid-state neutron detection, e.g. for nuclear safety, to replace the current 
3He detectors, which are expensive and bulky. We study the defect structure of Ga2O3 to assess if 
it is possible to dope it with neutron active element 10B . We find that for a broad range of chemical 
environments, it is feasible to introduce electronically inactive 10B into Ga2O3. 

Keywords orbital-free, density functional theory, semiclassical, gallium oxide 
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1. Introduction

Human-made materials surround us in all aspects of life. We wear them
and live in them. Advancement of materials technology has introduced
massive societal changes. For example, semiconductor physics has given
us computers, smartphones, and the internet. As materials improve, so
does the need to engineer something better, Harder, Better, Faster, Stronger
as the Daft Punk song suggests. An approach to accelerate the search for
better materials is computational materials science, which stands between
theoretical and experimental materials science. The role of computational
materials science is to use theoretical tools to make practical explanations
and predictions to complement and guide the experimental search for new
materials.

Categories of materials are varying in nature: molecules, metals, semi-
conductors, a combination thereof, and many more. The common factor
unifying different types of materials is the interaction of electrons which
largely dictates the behavior of materials. It is, therefore, of importance to
understand what the laws of electromagnetism and quantum mechanics
imply for the electron interaction. In other words, to unveil the properties
of materials, we need to understand the electronic structure of materials.

The study of electronic structure is a formidable task. To resolve the
complete electronic structure of molecules and solids would require solving
the full Schrödinger equation ĤΨ= EΨ [1], which is intractable in all but
the most straightforward cases. Fundamentally the problem is a many-
body problem, which are notoriously difficult to solve exactly due to their
exponential scaling with respect to the number of bodies (here electrons).
As an example: a single atom of silver contains 79 electrons. Assuming
each electron has three spatial degrees of freedom and that we discretize
each degree of freedom with ten grid points, we obtain a Schrödinger
equation with 103·79 unknowns. A solution of such a problem is unrealistic
with classical computers.

As is the case in almost all areas of physics, the full solution contains
more information than we need. The problem can be made computation-
ally tractable while retaining sufficient information in the solution with
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Figure 1.1. DFT is a bag of approximations which we can use to compute material proper-
ties from atomic structures.

appropriate approximations. Restricting the electronic structure problem
to the equilibrium state of matter, we can use the density functional the-
ory. Several other approximations to the Schrödinger equation exist, like
Hartree-Fock and its extensions. Their usefulness depends on the nature
of the problem and on the availability of computational power.

Density functional theory (DFT) [2] is a good compromise between ac-
curacy and efficiency. It builds on the tenet that the electronic density
contains enough relevant information to determine the ground state. Since
the density has only three degrees of freedom, a DFT solution appears
more tractable than the full solution of the Schrödinger equation. In the
case of the silver atom, we would have only 103 unknowns, a trivial amount
of unknowns for a computation even on a modern smartphone.

While DFT is a formally exact theory of the ground state, practical re-
alizations require conceptual choices and approximations (see Fig. 1.1).
These must be judiciously made to obtain physically correct predictions.
The first such conceptual choice is the Kohn-Sham scheme [3]. It intro-
duces a fictitious system of non-interacting electrons, which provides an
analytic expression for the non-interacting kinetic energy. The Kohn-Sham
scheme makes practical DFT calculations tractable and leaves only the
exchange-correlation energy, typically a small part of the total energy, to
be approximated. However, the price to pay in Kohn-Sham DFT is a lack
of elegance and an increase in computational complexity, since the kinetic
energy can no longer be expressed as a direct functional of the density. In-
stead the kinetic energy requires the Kohn-Sham non-interacting electron
orbitals. Our silver atom example would then yield 79 ·103 unknowns.

Orbital-free density functional theory (OFDFT) [4] is an alternative and
complementary approach to Kohn-Sham DFT, which is, as the name im-
plies, free of orbitals. OFDFT does approximate the electronic structure in
the spirit of the Hohenberg-Kohn theorems by modeling also the kinetic
energy as a direct functional of the density. Naturally, there is a speed-
accuracy trade-off compared to the Kohn-Sham scheme as there is no free
lunch. The difference between OFDFT and Kohn-Sham is a fundamentally
different view on how to approximate the Pauli principle, which states that

10
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Figure 1.2. Semiclassical approximation to the Pauli principle versus orbital-based ap-
proach. Weighted radial electronic density of a krypton atom (left) where
filling of Kohn-Sham orbitals induce spatial shell oscillations into Kohn-Sham
density while semiclassical Thomas-Fermi theory predicts smooth density. En-
ergy of an isotropic non-interacting harmonic oscillator (right) where the exact
energy has oscillations due to quantum numbers (orbitals) and semiclassical
Thomas-Fermi model produces smooth energy curve with respect to particle
number.

one quantum mechanical state can be occupied by only one electron. Even
though Kohn-Sham orbitals are fictitious, they obey the Pauli principle
by enforcing that each orbital is occupied by only one electron. In OFDFT,
the principle is enforced in a much more coarse-grained way, semiclas-
sically where the quantum effect is taken into account only partly. The
roots of OFDFT are in semiclassical Thomas-Fermi approximation [5, 6]
where each electron occupies constant volume in a position-momentum
phase-space. The approximation is a perfectly reasonable assumption for
homogeneous electron gas but a flawed approximation for electrons near
the atomic nucleus [7]. Fig. 1.2 illustrates the implications of these two
approaches.

Ideally, they address different levels of material theory: Kohn-Sham
scheme is an accurate realization of DFT where the electronic structure
needs to be detailed, and material models can be limited to contain hun-
dreds to thousands of atoms. OFDFT would then be DFT implementation
for systems larger than that where a more coarse-grained behavior of
electrons is sufficient. An example relevant to this dissertation is defect
structure: The Kohn-Sham scheme is a good approximation for point de-
fects for which accurate description of electronic structure is required,
e.g. defects in semiconductors [8] whereas OFDFT would be suited for
larger-scale defects like dislocations or cracks in solids [9, 10, 11]. Another
highly relevant application field is high-temperature physics, where the
electronic temperature is high enough that the electronic structure will
smear out [12].

The objective of this dissertation is twofold: to study and improve ap-
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proximations in OFDFT and to apply DFT to a materials science problem.
The major part of the dissertation is dedicated to the study of OFDFT. In
particular, the focus is on the orbital-free atom. Some semiclassical and
DFT approximations become exact in the so-called limit of large atomic
numbers, the large-Z limit [13]. Even though only elements with atomic
numbers around and below hundred are stable, it is still educational from
model perspective to study larger atomic numbers. The new density func-
tionals can be designed to satisfy large-Z limits in order to assess the
importance of the limit for density functionals.

As an application of Kohn-Sham DFT, we study defects in wide band
gap material Ga2O3 [14]. Like in other semiconductors, understanding
the defect structure Ga2O3 is critical to manufacture and engineer devices
using it. Our main motivation is to assess the feasibility of Ga2O3 as an
neutron active material. Gallium and oxygen are not intrinsically neutron
active thus we investigate possibility to introduce boron as the neutron
active element.

The rest of the thesis is organized as follows. We discuss the basics of
DFT in Chapter 2. The most important aspects of OFDFT are reviewed in
Chapter 3, and then the connection between DFT and semiclassical results
in the limit of large atomic numbers is explored in Chapter 4. Point defects
and their role in Ga2O3 is discussed in Chapter 5. In chapter 6, we present
a summary of the most important results, after which the main part of the
thesis, the Publications I-IV, follows.

12



2. Density functional theory

We briefly review DFT. For a more comprehensive review, one can refer to
the extensive and quite excellent DFT literature [15, 16, 17]. For consis-
tency we work in atomic units for the whole dissertation unless otherwise
specified.

We use Born-Oppenheimer approximation to separate the nuclei degrees
of freedom from the electronic degrees of freedom [18]. The approximation
is based on the observation that the atomic nuclei are much heavier than
electrons (one proton is approximately a thousand times heavier than
one electron); thus, the timescales of the motion separate. When the
nuclei move, the electrons can be approximated to relax into a new optimal
configuration immediately. In summary, the electrons move in a static
background due to the nuclei. The external potential due to nuclei is then
given by the Coulomb’s law Vext(r) =−∑ j

Z j

|r−R j| , where Rj and Z j are the
positions and charges of the nuclei1.

We start with the most important quantity of DFT: total energy density
functional of the electronic system

E[n]= T[n]+Eint[n]+
∫

dr n(r)Vext(r), (2.1)

where n(r) is the electron density. The T[n] is kinetic energy functional,
Eint[n] is the functional describing electron-electron interaction and Vext(r)
is the external potential due to nuclei. Other external potentials are also
used depending on the physical system studied.

The cornerstone of DFT is the Hohenberg-Kohn theorems [2]. They
provide two fundamental statements: First, the external potential Vext
uniquely (up to a constant) determines the ground state density and vice-
versa. Secondly, they establish that T[n]+Eint[n] is universal functional
independent of the external potential and that the variational principle
applies for DFT. The exact statement of the variational principle is that

1This is the potential the nuclei exert on electrons. For the total energy in Born-
Oppenheimer approximation, we also need to calculate the Coulombic interaction
between each nucleus.
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the ground state density is the density minimizing the total energy E[n].
The theorems establish functional E[n] as formally exact for the electronic
ground-state and that the sum of functionals T[n]+Eint[n] is universal
i.e. independent of the system studied. We do not know the true form of
the universal functional T[n]+Eint[n], and the major part of the disserta-
tion is dedicated to the study of various approximations of the universal
functional.

The common approximations in DFT is to approximate kinetic energy
T[n] with non-interacting kinetic energy Ts[n] and to approximate interac-
tion of electrons with the Hartree term EHa and exchange-correlation term
EXC. The Hartree energy EHa is the electrostatic energy of the electron
density [19]

EHa[n]=
∫ ∫

drdr′
n(r)n(r′)
|r−r′| , (2.2)

and the exchange-correlation functional contains the remainder

EXC[n]= T[n]+Eint[n]−Ts[n]−EHa[n]= EC +EX. (2.3)

The exchange-correlation must be approximated in practical applications
of the theory. The two terms differ quite substantially. The formula for
exact exchange EX is known from Hartree-Fock theory [20] and the first
local approximations to exchange date back to Dirac [21]

ELDA
X [n]=−3

4

(3
π

)1/3∫
dr n(r)4/3. (2.4)

The correlation is, in a rough sense, the difference between exact result
and the rest: All the many-body electron interaction not contained in the
exchange is put into the correlation in addition to the difference between
interacting and non-interacting kinetic energy T[n]−Ts[n]. It is not a
great surprise then that the correlation is much trickier to approximate
[22, 23, 15], but suitable approximations exist due to the parametrization of
accurate quantum Monte Carlo simulations [24]. The simplest approxima-
tions are local density approximation (LDA), like Dirac exchange ELDA[n]
and generalized gradient approximation (GGA). The former depends only
on the density on one spatial point, and the latter also depends on the
density gradients. GGA-type functionals are semilocal approximations
as the gradients contain information from the environment. Even the
reasonably simple approximations to exchange-correlation are accurate
enough to compute the relevant properties of materials, which is the secret
to the success of DFT.

We have now introduced the very basics of DFT, which all the models in
the dissertation share. Now we discuss the Thomas-Fermi theory [5, 6],
which is the most straightforward DFT theory, and it predates the discovery
of the Hohnberg-Kohn theorems. After the Thomas-Fermi theory, we
discuss the most popular model in computational material physics: the
Kohn-Sham model.
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2.1 Thomas-Fermi theory

Thomas-Fermi theory is a very simple, yet fundamental, way to approxi-
mate the functional (2.1). The kinetic energy of the electrons is approxi-
mated with

Ts ∼ TTF[n]= CF

∫
dr n(r)5/3, CF = 3

10
(3π2)2/3 (2.5)

and the electronic interaction is approximated with only the electrostatic
interaction Eint[n] ∼ EHa[n]. The kinetic energy functional (2.5) can be
obtained by assuming that each electron pair occupies a constant volume
in position-momentum phase-space [25, 15]. The assumption roughly
accounts for the Pauli principle, which states that no two electrons can
occupy the same state. The constant volume assumption is what makes
this approximation semiclassical, i.e. some quantum aspects are accounted
but not all of them. The functional (2.5) is exact for homogeneous electron
gas.

Thomas-Fermi theory is a true DFT in the sense that it formulates all the
quantities as explicit functionals of density in the spirit of the Hohenberg-
Kohn theorems. Historically Thomas-Fermi theory began with the work
of Thomas [5] and Fermi [6] who derived the approximations for electrons
moving freely in uniform potential background (homogeneous electron gas).
The approximation was the first step for integrating the Pauli principle
to a many-body model as the Schrödinger equation was solved only for
hydrogen atom. The electron gas model has had multiple fruitful branches
afterward in the search for better functionals in DFT [15]. For solids, the
starting point of the approximation is quite realistic: the valence electrons
in the crystal lattice of metal are almost freely moving electron gas.

At the time it was not known, but the Thomas-Fermi approximation is
quite universal and does apply beyond pure electron gas. The semiclassi-
cal approximation of a constant-volume-per-electron assumption can be
improved, and we will study them in a later chapters 3 and 4.

One of the most relevant results in Thomas-Fermi theory is the Teller’s
theorem [26], which proves that molecules or solids do not bind in the
Thomas-Fermi theory. To put it another way around, the binding of mat-
ter is quite an intricate process, and both kinetic energy and exchange-
correlation approximation must be refined. Lieb and Simon established
rigorous mathematical foundations for Thomas-Fermi theory [27] for atoms,
molecules, and solids.

Thomas-Fermi atom is the application of Thomas-Fermi theory to Coulom-
bic potential Vext(r)=− Z

|r| . It is remarkable that this results in a universal
function FTF(|r|) which describes all the atoms across all possible values of
Z. From the universal function FTF we can derive a prediction for the total
energy of neutral atoms [7, 25]

Eatomic
TF =−0.7687745 Z7/3, (2.6)
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where Z is the atomic number. Lieb and Simon [28] showed that this is an
exact result in the limit of large atomic numbers Z −→∞, which connects
the large-Z limit to semiclassical approximations. For realistic values of
Z (∼ 1-100), the prediction is inadequate but can be drastically improved
as we detail in chapter 4. One of the largest flaws in the Thomas-Fermi
atom is an inadequate model of electrons near the atomic nucleus where
external Coulomb potential is dominating, which has consequences for
improvements of the Thomas-Fermi theory.

2.2 Kohn-Sham approximation

The groundbreaking advance in DFT is the Kohn-Sham scheme, which
is the de facto approximation in day-to-day applications of DFT. While
density is, in theory, all we need, practice has shown we require a bit
more information to get reliable predictions for materials. Kohn and Sham
[3] introduced the auxiliary non-interacting system, which has the same
ground-state density as the real many-body system.

The auxiliary system introduces the Kohn-Sham orbitals {ψi(r)} which
are used to calculate the non-interacting kinetic energy

Ts =−1
2

∑
i

∫
dr ψ∗

i (r)∇2ψi(r)

exactly. The effective Hamiltonian is written ĤKS =−1
2
∑

i ∇2
i +V (r) where

the effective potential is sum of external potential and the functional
derivative of the Hartree and exchange-correlation terms V (r) = Vext(r)+
δ

δn(r)

(
EHa[n]+EXC[n]

)
and the electronic density is calculated from the

orbitals n(r) =∑N
i=1

∣∣ψi(r)
∣∣2. The effective Hamiltonian yields the Kohn-

Sham equations (
−1

2

∑
i

∇2
i +V (r)

)
ψi = εiψi(r). (2.7)

The above equations are in canonical form, in which the orthogonality
condition

∫
dr ψiψ j = δi j is imposed and unitary transformation has been

applied2. Note that after the Kohn-Sham approximation, we have a lot
more information in our use than just the electronic density. We need to
be careful in interpreting it because, a priori, the Kohn-Sham orbitals are
fictitious and do not contain meaningful physical information. Finding the
Kohn-Sham orbitals requires solving the eigensystem (2.7), which becomes
a bottleneck if the number of electrons in the system is high.

A particular detail requires attention: The potential requires knowledge
of the electronic density n(r) but to get density the Kohn-Sham equations
2The orthogonality condition is critical for an accurate approximation of the Pauli
principle. The condition follows quite naturally from the Slater determinant [15].
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(2.7) need to be solved. The Hohenberg-Kohn theorems3 guarantee that
the correct ground-state density can be found variationally by finding the
solution self-consistently. After an initial guess for the density or potential,
we obtain new densities and new potentials, which, if iterated with care,
will yield density and potential that will not change more [29]. At that
point, the potential and the density are consistent, and a self-consistent
solution is found.

In order to solve the Kohn-Sham equations, we need to expand the
Kohn-Sham orbitals and density in some basis. A popular approach is to
use plane waves, which are easy to use, but orbitals show considerable
oscillations near the nucleus due to orthogonality requirements and require
many plane waves in the basis to converge. Then it is useful to replace the
Coulomb potential by pseudopotential that emulate the ionic potential seen
by the valence electrons. Also, the core orbitals deep in the Coulomb well,
which are heavy to model with plane waves, are modeled with frozen core
approximation. Multiple methods exist to generate the pseudopotentials
[30, 31]. They are a numerical tool thus the physical result should be
verified to be independent of the chosen pseudopotentials.

Besides pseudopotentials, other approaches exist. One example is the
projector-augmented wave method (PAW) [32], which is an evolution of
pseudopotentials where the ionic potential varies according to the environ-
ment [33]. Examples of software packages with the PAW method are VASP
and GPAW [34]. Another example is the numerical atomic orbitals, which
use the full Coulomb potential, but the basis is composed of numerical
orbitals, and the grid is atom centered instead of plane-waves, which are
spatially homogeneous. FHI-aims [35] is a software package based on
numerical atomic orbitals.

3Hohenberg-Kohn theorems extended to the Kohn-Sham approximation [15].

17





3. Orbital-free density functional theory

Orbital-free density functional theory (OFDFT) is DFT where we avoid
using the Kohn-Sham orbitals. The most common approach is to approxi-
mate kinetic functional Ts[n] as a functional of density. OFDFT has been
in development since Thomas and Fermi in the 1920s and has accumulated
a vast amount of studies. For general and comprehensive reviews on the
theory and applications, we point the reader to [4, 36, 37, 38, 39].

3.1 Orbital-free framework

We are already familiar with Thomas-Fermi theory which is an orbital-free
theory and a natural starting point for further improvement. A critical
refinement to the Thomas-Fermi model is the addition of von Weizsäcker
term TvW, which accounts for inhomogeneities of electronic density. The
combination yields a well-known TF-vW model

TTF-vW[n]= TTF[n]+λTvW[n]= 3
10

(
3π2)2/3

∫
dr n(r)5/3 + λ

8

∫
dr

|∇n(r)|2
n(r)

,

(3.1)

where multiple values of λ have been considered in vast amount of litera-
ture [15] and in Publications I-III. Three values of λ are noteworthy: λ= 1
which is the value originally found by von Weizsäcker [40], λ= 1

5 which is
found to be energetically the optimal value for atoms [41] and λ= 1

9 which
corresponds to the second order gradient expansion of the kinetic energy
[42]. It is also possible to extend the gradient expansion of kinetic energy
beyond second order [43, 44] but these expansions are not used very often,
since e.g. sixth order gradient expansion diverges for any finite system.

In order to get predictions for a kinetic energy functional, we need a
self-consistent density corresponding to the approximated energy func-
tional (2.1). By incorporating particle number restriction via a Lagrange
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multiplier, which is µ1, the chemical potential, we arrive at a functional

E[n,µ]= T[n]+Eint[n]+
∫

dr n(r)Vext(r)+µ
(

N −
∫

dr n(r)
)

. (3.2)

We apply the variational principle ( δ
δn E[n,µ] = 0) which yields the Euler

equation

δTs[n]
δn(r)

+V (r)−µ= 0, (3.3)

which needs to be solved self-consistently to obtain the orbital-free solution.
By separating the von Weizsäcker term from the non-interacting kinetic

energy, we arrive at the Pauli decomposition

Ts[n]= TvW[n]+Tθ[n], (3.4)

where Tθ[n] is the Pauli term. The von Weizsäcker term is exact for
bosonic systems, and thus the Pauli term contains the fermionic nature
of the system due to the Pauli principle [45]. With this form of the kinetic
functional the Euler equation (3.3) can be formulated as a Schrödinger-like
equation [46] (

−1
2
∇2 + δTθ[n]

δn(r)
+V (r)

)
n(r)1/2 =µn(r)1/2. (3.5)

We now briefly digress to discuss different categories of kinetic approx-
imations. There are two major categories of kinetic energy density func-
tionals: semilocal and non-local. The functionals of the first category
depend only on electronic density and its derivatives at one point. The
Thomas-Fermi and TF-λvW models are examples of this category. In the
second category, the kinetic energy density depends non-locally on the
surrounding electronic density which in general form2 is given by

T = TTF[n]+TvW[n]+
∫ ∫

drdr′ n(r)αw
{|r−r′|,n(r),n(r′)

}
n(r′)β (3.6)

where w is the kernel which depicts the "interaction" between the densities
at different spatial locations r′ and r. The general idea for these functionals
is to reproduce the exact linear response of the non-interacting homoge-
neous electron gas. The non-local functionals have been quite successful in
describing simple metals and some semiconductors with pseudopotentials
(discussed later in this chapter) due to better description of linear response.
The general trend seems to imply that while the non-local functionals
do achieve better performance, improvements do come at the cost of spe-
cialization to a certain type of system [47, 48, 49]. Semilocal functionals

1For Kohn-Sham the corresponding Lagrange multiplier also imposes the orthog-
onality of the orbitals.
2there do exist non-local functionals that do not strictly adhere to this form.
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do have a lower performance if we directly compare the best performing
non-local functional and best performing semilocal on a chosen material
but semilocal functionals are easily applied to any type of system (periodic,
isolated) and have a competitive average performance [50, 51]. However
there are known limitations for performance on solids [52, 53, 54].

3.2 Generalized Gradient Approximation

For kinetic energy functionals, like for exchange-correlation functionals
[55, 56], it has been found that the exact gradient expansion is only of
limited use. In fact the gradient expansion breaks many important theo-
retical constraints, e.g. Pauli term positivity Tθ[n] ≥ 0 [45]. The solution
is the constraint-based development of generalized gradient approxima-
tions (GGA), which has been successfully applied in exchange-correlation
functionals [56].

The general idea is to try and choose the most relevant constraints and
make sure that the functional satisfies them. As the functional will depend
only on the density and its gradients on a single point, all constraints can
not be satisfied simultaneously, and we must make careful decisions which
constraints to include and which to discard.

For a kinetic energy functional the generalized gradient approximation
can be written

Ts ≈
∫

dr τTF(r)F(s(r)), (3.7)

where τTF = 3
10 (3π2)2/3n(r)5/3 is the Thomas-Fermi kinetic energy density

and F(s(r)) is the dimensionless function of the reduced density gradient
s = |∇n|

2(3π2)1/3n4/3 . This form guarantees that the resulting functional automati-
cally satisfies the uniform scaling rules [57]. We applied the generalized
gradient approximation and multiple constraints in Publication III to
arrive at RATIONALp functional form

F(s)= 5
3

s2 +
(

1+ C2

p
s2
)−p

, (3.8)

where the first term is the von Weizsäcker term TvW and the second term
has two parameters C2 and p, which need to be fixed. The RATIONALp

form unifies two previous kinetic energy functionals: Pauli-Gaussian [51]
and LKT [50]. Any positive value of p yields a quite well performing kinetic
functional.

We again consider atomic systems like in Thomas-Fermi theory. Extend-
ing Thomas-Fermi with GGA does not solve the fundamental problem,
which is the description of electrons near the nucleus. One way to view the
problem is to look at the Pauli potential Vθ(r)= δ

δn(r) Tθ[n] near nucleus. In
Fig. 3.1, we show multiple models of Pauli potentials, and the Kohn-Sham
model is the most accurate. It is evident that the orbital-free models are
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Figure 3.1. Pauli potential of Kohn-Sham model and orbital-free models in a krypton atom.
TF-vW models Pauli potential is qualitatively incorrect and has a singularity
at the nucleus (r = 0). ES model has improved Pauli potential although it
contains spurious oscillations. Reprinted from Publication I with permission.

qualitatively incorrect near the nucleus, not just missing the shell oscil-
lations, which is another separate problem. Most of them break also the
fundamental constraint vθ(r)≥ 0 [58, 59].

The problem of the nucleus and, more importantly, the absence of shell
oscillations in the OFDFT solution make OFDFT inapplicable for predic-
tions of realistic properties3. The absence of shell oscillations is due to
inadequate approximation of the Pauli principle and on a more technical
level, the complete absence of quantum numbers (of Coulombic potential)
in the orbital-free theory.

3.3 Local Pseudopotentials

Local pseudopotentials have been developed to deal with the inadequate
description of atoms4 in order to get realistic predictions from OFDFT.
The locality is a reference to the Kohn-Sham pseudopotentials which
have a non-local part due to orbitals with different angular momenta [61].
OFDFT does not a priori have any information about orbitals, and only
local pseudopotentials are usable without non-trivial extensions. This
changes the picture drastically as we are modelling now only the valence
electrons instead of all electrons5. The valence density in solids is usually

3General trends of materials are another matter as discussed in chapter 4.
4Smooth pseudopotentials are also needed for plane-wave-based codes like PRO-
FESS [60] to be efficient.
5Valence electrons are the electrons which are most involved in bonding of matter
and it varies from material to material which electrons are considered to be in
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quite smooth and closer to homogeneous electron gas which makes orbital-
free approximations more valid.

The local pseudopotentials are constructed from Kohn-Sham solutions. A
simple yet well-performing local pseudopotential is the optimized effective
pseudopotential (OEPP), which is constructed from the atomic Kohn-Sham
solution [62]

Vlocal(r)=
lmax∑

l

f l nl(r)
n(r)

vl(r), (3.9)

where f l ,nl ,vl are the occupation number, density, and potential of the
orbital with angular quantum number l. Other types of pseudopotentials
also exist. Bulk derived local pseudopotentials (BLPS) are derived by
inverting of Kohn-Sham equations in bulk environment [63, 64]. The
BLPS perform a bit better than the OEPPs from equation (3.9) in solids,
but in many cases, performance on pseudoatoms is quite similar [62].

Mi et al. [62] created a "periodic table" of local pseudopotentials, which
shows the elements that are amenable to being treated with local pseudopo-
tential. The range of elements is limited, which in addition to the accuracy
of kinetic energy functionals, is one of the critical problems for OFDFT
adoption. Some work is done towards improving the pseudopotentials
by including the angular momentum [65, 66]. The accuracy improves by
separating the electronic systems into qualitatively different subsystems,
which, on conceptual level, is approaching the ideas of subsystem density
functional theory [67].

Even though the theory is missing the shell oscillations, it is interesting
to get a proper solution for orbital-free atom by correcting the problems
of the atomic nucleus. Such an atom could then be used to construct
completely orbital-free/semiclassical theory of matter, and while its use in
real material predictions is questionable, it would potentially yield infor-
mation for the development of OFDFT functionals. Towards this goal an
OFDFT all-electron calculator was implemented[68] in the GPAW software
[34, 69] which uses the PAW method. Note that −Z

r −→ Vlocal introduces
information from Kohn-Sham scheme to the orbital-free calculations and,
as discussed above, improves the description of valence electrons. Thus
the pseudopotentials are certainly not just a numerical tool anymore.

3.4 Englert-Schwinger model

The Englert-Schwinger model is an orbital-free model of the atom [7]. This
quite extensive model is reviewed in [7] while the developments leading to
the model are detailed in series of articles [70, 71, 72, 73, 74]. We review

valence.
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the model on the most critical aspects. The model is solved numerically in
Publication I.

We start from the total energy functional with particle number restriction
(3.2) and apply Legendre transform on the kinetic energy

E1[V −µ]= Ts[n]+
∫

dr
(
V (r)−µ)n(r).

By substituting this back into the total energy functional and treating
effective potential V (r) as independent variable we arrive at

E[V ,n,µ]= E1[V −µ]−
∫

dr [V (r)−Vext(r)]n(r)+EHa[n]+EXC[n]+µN,

where variation with respect to the potential yields n(r) = δ
δV (r) E1[V −µ]

which is not available in the density functional approach. The functional
can be taken also as a starting point of DFT approximations and by elim-
inating potential or density or introducing Kohn-Sham orbitals, we can
arrive to different models [75, 76].

What makes the approach attractive is that the E1[V −µ] is formally the
trace over the single-particle Hamiltonian6 E1[V −µ] = tr(H −µ)η(H −µ),
where the Heaviside function η(x) guarantees that the trace is evaluated
with the particle number restriction. The trace can be evaluated to a high
accuracy with Kohn-Sham orbitals, or we can use semiclassical approxima-
tions like Thomas-Fermi.

Kinetic energy functionals do not describe well the electrons near the
nucleus, and the semiclassical approximations to E1 share a similar fate,
but we can use the trace property of E1 to partition the system into linked
subsystems. We formally split the atomic system into two parts: electrons
near the nucleus, so-called strongly bound electrons, and the rest. The
partition yields a new functional

E1[V −µ]= E1[V −µ]−E1[V −µs]− (µ−µs)N[V −µs]︸ ︷︷ ︸
Eµµs

+ES, (3.10)

where Eµµs contains the bulk of the electrons where semiclassical approxi-
mations, like Thomas-Fermi, can be applied. The strongly bound electrons
ES can be evaluated with the exact solution of non-interacting atom7 or
with Kohn-Sham orbitals. What we need to approximate is the fictitious
chemical potential of strongly bound electrons µs, which is the energy "cut-
off" between exact evaluation and semiclassical evaluation. The canonical
approximation is the original ES formulation where µs is approximated to
be between two quantum mechanical shells8. Naturally, the corrections to
E1[V −µ] induce corrections to the density via the functional derivative.

6Same Hamiltonian we saw in Kohn-Sham equations.
7Also referred as hydrogenic atoms where V (r)=− Z

|r| .
8In practice it is enough to set µs between first and second quantum mechanical
shell to correct for the electrons near the nucleus.

24



Orbital-free density functional theory

We can compare the ES model to the pseudopotential approach, which
also solves the problem of strongly bound electrons. Pseudopotentials solve
the problem by modifying the external potential while the ES model solves
the problem by modifying the energy functional. While pseudopotential
could be extended to a similar direction, the benefit of the ES model is that
it is still wholly self-consistent, even after partitioning, as both parts of
the system can be kept self-consistent with the common effective poten-
tial. On the other hand, pseudopotentials contain a lot more information
from the electronic structure of the atom than just the strongly bound
electrons. From this viewpoint, we can consider the ES model to be a
predecessor to the subsystem density functional theory [67]. On the func-
tional development, we learn that the second-order gradient expansion is
as accurate as possible for orbital-free atom if the strongly bound electrons
are appropriately treated. The statement will be made exact in the next
chapter.

While potential functionals have received less attention historically, there
is potential9 in them. Recently there has been development in this direc-
tion. An unambiguous correction to Thomas-Fermi functional was found
in two dimensions [77] via potential functional formalism, which has not
been possible with density functionals. Even more impressive, there has
been quite rigorous development of non-local potential functionals with
semiclassical methods [78, 77].

9An intentional pun.
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4. Limit of large atomic numbers in DFT

Previously when discussing the Thomas-Fermi theory, we mentioned that
the semiclassical approximations are exact in the limit of large atomic
numbers, the large-Z limit. The Thomas-Fermi kinetic energy functional
and LDA exchange functional were developed from homogeneous electron
gas with semiclassical methods, but it is also possible to derive them from
a large-Z limit without ever mentioning homogeneous electron gas [79,
13]. The large-Z limit is at the fruitful intersection of density functional
theory and semiclassical approximations, and it is approachable with
computational tools. The OFDFT models we discuss in this chapter are
all-electron models, not pseudopotential models1.

4.1 Exact limits

We make our statements of the Thomas-Fermi model and LDA more exact.
For atoms, the Thomas-Fermi total energy ETF(Z) approaches the total
energy E(Z) in the large-Z limit

lim
Z−→∞

E(Z)−ETF(Z)
E(Z)

= 0. (4.1)

Here we focus only on atoms and scaling with respect to Z, but the scaling
relation is actually more general, known as Simon-Lieb [28] or charge-
neutral scaling [79]. Similar relations apply to only parts of the total
energy functional. For LDA exchange (Dirac exchange [21]) it holds that

lim
Z−→∞

EX(Z)−ELDA
X (Z)

EX(Z)
= 0. (4.2)

For the correlation functional the explanation is not that straightforward
[13]. For atoms, the Thomas-Fermi kinetic energy becomes exact in large-Z
limit making the limit relevant also for kinetic energy functional develop-
ment. In general the total energy of atoms is linked to the kinetic energy

1We consider a model which uses the PAW method as all-electron model [68]
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via the virial theorem [80]. Summarizing, the local functionals become
exact in the large-Z limit. This is an important constraint for development
of density functionals in order to achieve generality [79, 81].

These constraints can also serve as useful checks on the implications
of other conditions. In Publication III we verify that imposing condition
lims−→0 TGGA

s [n, s]= TTF[n] implies that the tested functionals are exact in
the Thomas-Fermi sense (4.1) for large particle numbers2. This is the
expected result, but not trivial, as the Pauli decomposition (3.4) presents
quite fundamental departure from strict "corrections to Thomas-Fermi"
approach. However, it is good to keep in mind that generally, the intended
application of GGA kinetic energy functionals is with local pseudopoten-
tials that support low electron counts while Thomas-Fermi becomes better
and better with increasing number of electrons [25].

Carefully applying the Englert-Schwinger model to the universal Thomas-
Fermi function FTF of atoms results in an improved prediction for the total
energy of neutral atoms

Ẽatomic
ES (Z)=−0.7687745Z7/3 +0.5Z2 −0.2699Z5/3, (4.3)

where the first term is the Thomas-Fermi term from (2.6), the second term
is the Scott term due to the electrons near the nucleus, and the third term
is the sum of quantum correction to the Thomas-Fermi term and leading
term of exchange (LDA exchange). In the spirit of Thomas-Fermi result
this is asymptotically exact in the large-Z limit because the oscillations
of the energy (shell oscillations due to the filling of quantum mechanical
shells) are of lower order in the energy O

(
Z4/3

)
.

We now return to the statement from the previous chapter where we
claimed that the ES model is the best possible approximation for atom in
orbital-free sense. The formula (4.3) is the best possible approximation
which does not contain oscillations due to quantum numbers; a better
approximation for energy would have to start incorporating quantum
numbers in some manner, which is not likely for purely semilocal or non-
local approximations. Naturally, it would be highly interesting if this kind
of statement could be made for local pseudopotentials in some context.
Although (4.3) is highly accurate, we should remember that the total
energy differences gives much of the useful physical information about the
properties of elements or materials.

In literature the result (4.3) is used to find kinetic energy functionals for
OFDFT [80] and non-additive kinetic energy functionals in subsystem den-
sity functional theory [82]. In Publication III we explore the performance
of GGA kinetic energy functionals where we use a relaxed version of (4.3)
as a constraint.
2The condition is checked explicitly only for non-interacting harmonic oscillators
where large-N results are available analytically.
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Figure 4.1. Total energies of Kohn-Sham atoms where three semiclassical averages are
shown : series Ẽatomic

ES (4.3), lower and upper bounds. Construction details
are similar to kinetic energy averages in Publication III.

4.2 Semiclassical average

The central concept in Publication II is the semiclassical average, which we
will define followingly: We have quantity, for example total energy, which
is a function of electron count, e.g. atomic number Z in neutral atoms or
just number of electrons in the case of harmonic oscillator. The quantity
can be formally written as

E(N)= Ẽ(N)+δE(N), (4.4)

where Ẽ is the non-oscillatory smooth part, and δE is the oscillating part.
In general, the smooth part gives the trend of the quantity and is a rela-
tively simple function. The oscillating term depends on the exact quantum
effects due to quantum mechanical shells. We define the smooth part Ẽ
to be the semiclassical average, thus the semiclassical average does not
contain "shell oscillations". See Fig 4.1 for examples of the semiclassi-
cal average in neutral atoms. Note that a quantity might have multiple
semiclassical averages.

The series (4.3) is a special case of semiclassical average because it is
asymptotically exact. A different example is the ionization potential of
atoms where the oscillations with respect to Z never decay. It is still
possible to extract large-Z limits of, for example, Kohn-Sham atoms if we
look at only one column of the periodic table [83], see Fig. 4.2. OFDFT
models without pseudopotentials have only one large-Z limit because no
shell oscillations are present.

To develop kinetic energy functionals, we want to compare Kohn-Sham
and OFDFT models but it is not directly possible e.g. in the case ionization
potential as OFDFT is missing the shell oscillations. However, Both Kohn-
Sham and OFDFT models have a semiclassical average which we can
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compare. The OFDFT model has an acceptable semiclassical average of
Kohn-Sham results only if the average stays between the upper and lower
bounds and even then we should tread carefully in low-Z regime where
the oscillations can be dominant. This idea is pursued in Publication II.
Fig. 4.2 shows the ionization potential for low-Z and large-Z regimes.

The Thomas-Fermi approximations are fundamentally linked to the
large-Z exactness results; then, it is natural to study if any of the OFDFT
approximations are semiclassical averages of the more exact Kohn-Sham
model. In the case of ionization potential, we find, perhaps a bit unsatis-
fyingly, that the Thomas-Fermi-von-Weizäscker (TF-vW) model does not
reproduce the semiclassical average of Kohn-Sham model. The result
underlines the importance of studying the large-Z limit. In Fig. 4.2, the
TF-vW looks like a semiclassical average of Kohn-Sham but in fact, fails to
produce the semiclassical average in the large-Z regime. Instead, the ES
model reproduces the semiclassical average (although it struggles in the
low-Z regime), which points to the incorrect description of the nucleus as a
reason for the failure of the TF-vW model.

Extending these results to a more complex system is interesting. In
Publication II, we find that the lattice constant is very similar to the case
of ionization potentials [83] as the lattice constants have large-Z limit if
we limit ourselves to certain columns of the periodic table. Studies in this
direction might be of benefit for exchange-correlation development. This
requires investigation of the large-Z limit with accurate approximations to
both exchange and correlation, such as GW [84].
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Figure 4.2. Ionization potentials for a range of Z predicted by Kohn-Sham model with
LDA exchange. Large-Z results for ionization potential (upper) for the main
columns I-VIII of the periodic table as a function of Z−1/3. Reprinted from [83]
with permission. Ionization potential for low-Z atoms (lower) predicted by
Kohn-Sham model and two orbital-free models: ES and TF-vW.
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5. Point defects in Ga2O3

Our primary motivation for the study of Ga2O3 is to find a material for a
new generation of solid-state neutron detectors. Current neutron detectors
are commonly based on 3He which is rare, expensive to extract and is on
high demand now and in the future. 3He detectors are gas-phase detectors,
and the neutron sensitivity is proportional to the volume of the gas, thus
making 3He detectors bulky and expensive.

A way towards better neutron detectors is to build solid-state devices that
have a neutron active layer. The neutron active material has elements that
react with incoming neutrons, usually by fission, and the reaction creates
electron excitations, which are converted to a measurable electrical signal.
Using a semiconductor as the neutron active material would combine most
of functionality of the detector into a relatively small and inexpensive
device.

This beckons the question how to engineer neutron active semiconduc-
tors? The first requirement is that the material must contain neutron
active elements, which can capture neutrons. The ability to capture neu-
trons is measured by the so-called neutron cross section. Possible isotopes
include 6Li, 9Be and 10B, where 10B has a neutron cross-section of 3840
barns, which is comparable to that of 3He (5330 barns). For a review of
neutron detection, see Refs. [85, 86]. In this dissertation, we investigate
materials, in which the neutron active element is introduced as a defect.

We first review the most important aspects of gallium oxide Ga2O3 and
its defect structure. We then discuss the DFT methodology needed to study
defects, as done in Publication IV.

5.1 Ga2O3

The properties of Ga2O3 have been comprehensively reviewed in Ref. [14].
Here we focus on the β structure (β-Ga2O3), which is the thermodynam-
ically most stable at room temperature. Fig. 5.1 depicts the unit cell of
β-Ga2O3. Another significant structure is the α-structure, which can be
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manufactured from β at high pressures and temperatures. β-Ga2O3 is a
wide band-gap semiconductor with a direct band gap of Eg ∼4.7-4.9 eV
which makes it transparent well into the ultraviolet range.

Possible applications of β-Ga2O3 are gas detection sensors, UV-transparent
electronics and power electronics. For a comprehensive review on exper-
imental results and applications we refer the reader to Ref. [14]. The
appealing qualities of β-Ga2O3 for neutron detection are radiation hard-
ness [87] and the chemical similarity of gallium and boron. The first
quality opens up a possibility of new avenues in neutron detection as the
3He detectors are not radiation hard and cannot work in harsh radiation
environments such as outer space and nuclear reactors. The second quality
is the focus of Publication IV, in which we investigate if and how the highly
neutron active boron isotope can be introduced into β-Ga2O3.

Before implanting boron into β-Ga2O3 it is instructive to revise the
defect structure of β-Ga2O3. There is a considerable literature of DFT
calculations on β-Ga2O3 [88, 89, 90, 91]. β-Ga2O3 is similar to other types
of oxide semiconductors in that it exhibits intrinsic n-type doping [92].
Intrinsic defects have been investigated as a source of n-type doping and
studies have indicated that most of the intrinsic defects introduce deep
level defects and do not contribute to the observed conductivity. Hydrogen
defect complexes and external impurity atoms, e.g., silicon, have been
suggested as an explanation [93, 94]. Recently, some of the theoretically
proposed hydrogen defects were found in experiments [95].

For opto-electronical applications p-type doping is desirable but hard to
achieve. One reason is that for wide band-gap oxides holes tend to self-trap
and thus do not contribute as charge carriers [96]. For boron doping the
adjustment of electrical properties is not a primary concern because we
are interested only in the ability to capture neutrons. In Publication IV
we find that boron defects are electronically inactive in β-Ga2O3, thus the
electronical properties and boron doping are largely separate matters.

5.2 DFT defect calculations

Density functional theory can be used to calculate and assess how point de-
fects affect the behavior of semiconductors. Point defects, which otherwise
break the periodicity of the crystal, are treated with the supercell model.
As the name of the model implies, it explicitly encompasses a larger part of
the solid than just the minimal unit cell. A point defect is then introduced
into the supercell (see Fig. 5.1). An example of a point defect is a vacancy
(cf Fig. 5.1), in which an atom is removed from a crystallographic site. In
Publication IV, we also consider interstitial defects, in which an atom is
added to the crystal, and substitutional defects, in which an intrinsic atom
is replaced with a dopant like boron. In principle, arbitrarily complicated
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Figure 5.1. Supercell model of a defect in β-Ga2O3: (a) 10-atom unit cell and 160-atom
supercell constructed from the unit cell where oxygen atoms are in red and
gallium atoms are in green. We introduce a simple vacancy defect to the lattice
by removing a 3-fold coordinated oxygen from the supercell: (b) the location
of the oxygen atom to be removed marked with black dashed circle, (c) the
vacancy defect after relaxation of the atomic structure where black arrows
indicate the largest deformations of gallium atoms near the defect site.

defect complexes could be treated with the supercell approach, but the
computational effort could become a limiting factor. Also, the supercell
has to be large enough to decouple defects from their periodic images to
simulate dilute defects.

In the zero temperature (0 K) limit, we can calculate the formation energy
of each defect, in different charge states, according to Ref. [8]

Ef(Xq)=E(Xq)−E(0)−
∑

i

∆niµi + q(εVBM +εF)+Ecorr, (5.1)

where E(Xq) is the total energy of the supercell containing a defect in
charge state q, and E(0) the total energy of the defect-free crystal. µi

are the chemical potentials of the defect-related species, which vary by
∆ni when defects are formed. ∆ni is negative for the removal of atoms
(e.g., vacancies) and positive for the addition of atoms (e.g., interstitial
defects). εF is the Fermi energy of Ga2O3, defined with respect to the
valence band maximum (εVBM). The q(εVBM+εF) term therefore accounting
for the energy change upon removal or addition of electrons when charge
defects are formed. The last term Ecorr is the electrostatic correction due
to spurious interaction between charged copies of supercells.

Charged defects pose a particular problem in periodic boundary con-
ditions. The introduction of a charge requires a compensating counter
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charge, otherwise the Hartree energy diverges. Charge and counter charge
create multipoles inside the supercell that interact with the multipoles in
the periodic images of the supercell. This interaction is long-ranged and
difficult to converge by increasing the size of the supercell.

Fortunately, the spurious electrostatic interaction can be converged in
smaller supercells with the correction term Ecorr as a post-calculation cor-
rection. The current standard is the Freysoldt-Neugebauer-Van de Walle
(FNV) correction [97, 98], where we replace the true charge density of
the defect with a simpler model charge. The electrostatic energy due to
the periodically repeated model charge is easily computed and corrected.
The Fermi level of the charged supercell also needs to be corrected. The
correction is accomplished by aligning the electrostatic potentials of the de-
fected and pristine supercells with the help of the model charge. The FNV
correction method is quite reliable as long as the defect charge density is
contained within one supercell [99], i.e., the defect state is not delocalized.

The different chemical potentials in the formation energy (5.1) represent
different particle reservoirs. The Fermi-energy represents the electron
reservoir and how much energy it costs to take/give an electron from/to
the surrounding bulk crystal. The chemical potentials are reservoirs of
atoms and have a thermodynamic origin, which is reviewed in Ref. [8].
They allow us to decouple the temperature and pressure dependence in
the formation energy from the 0K total energies.

The choice of the chemical potential reference ultimately depends on
the experimental conditions we want to simulate, e.g. crystal growth. We
reference the oxygen chemical potential (µO) to the oxygen molecule O2

and gallium potential µGa to gallium metal. For Ga2O3 to be stable, we
then have to obey the constraint

2µGa +3µO =Hf
(
Ga2O3

)
, (5.2)

where the heat of formation is Hf
(
Ga2O3

) = E
(
Ga2O3

)−2E(Ga metal)−
3
2 E
(
O2
)
. This defines limits for the chemical potentials: O-rich limit

where µO = 0 and µGa = 1
2H f

(
Ga2O3

)
and Ga-rich limit where µGa = 0

and µO = 1
3H f

(
-Ga2O3

)
. The actual experimental environments can be

hard to realize, thus it is informative to investigate the defects for large
ranges chemical potential. For an external dopant, additional limits might
ensue. When introducing boron into Ga2O3 as defects we want to avoid
forming B2O3. This introduces a new limit on the boron chemical potential
µB ≤µGa + 1

2 (Hf(B2O3)−Hf(β-Ga2O3)).
The theory so far allows us to calculate the formation energy of defects,

but in order to assess which defects are energetically preferred, we need to
compare multiple defects and their charge states. In Fig. 5.2, we present
an example of a defect diagram for oxygen and gallium defects in Ga2O3.
The defect diagram shows the stable charge state for each defect across
the Fermi energy range from the valence band maximum (εF = 0) to the
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Figure 5.2. Two simple defect formation diagrams for oxygen vacancy (left) in two charge
states and gallium vacancy (right) in five different charge states. Thermo-
dynamic transition levels are indicated with blue vertical lines. The oxygen
vacancy has donor-like behaviour when +2 charge state is preferred. In +2
charge state the oxygen vacancies donate two electrons to the lattice. The
gallium vacancy has acceptor-like behaviour for most of the Fermi energy
range.

conduction band minimum (εF = 4.95 which is the calculated band-gap of
Ga2O3). For each defect the most stable charge state is shown. The most
stable charge state depends on the Fermi energy which, in turn, depends
on e.g. the crystal growth conditions. We can assess which defects are
likely to form by comparing the energies of defects and their charge states
for relevant Fermi energy ranges.

When the Fermi energy varies, the switch from stable charge state to
the next one happens at thermodynamic transition levels (cf. Fig 5.2),
which are measurable with deep-level transient spectroscopy (DLTS) [100].
Assigning the computed transition levels to the measured transition levels
can be quite involved, and for Ga2O3 the assignment is not yet resolved
[101, 91].

5.3 Hybrid functionals

Although semi-local exchange-correlation functionals are typically suffi-
cient for many applications of DFT, they have critical shortcomings that
affect the description of defects in semiconductors. Two are particularly
noteworthy: the band-gap problem [102, 103] and the self-interaction error
[104, 105]. The band-gap problem is related to the absence of the derivative
discontinuity in the exchange-correlation potential and manifests itself in
KS band gaps that are severely underestimated compared to experiment.
Conversely, self-interaction errors are introduced by an incomplete cancel-
lation of the interaction of an electron with itself in the Hartree energy
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by the exchange-correlation energy. It leads to an over-delocalization of
charge, which particularly affects defect states that should be localized
[106].

Hybrid functionals overcome these two short-comings, at least partially,
and provide much improved band gaps in solids. Hybrid functionals mix
Hartree-Fock exchange, which is self-interaction free, and semilocal ex-
change. This "opens" the band-gap, and the mixing can be tuned so that
the predicted band gap matches the experimental band gap. The simplest
hybrid functional assumes the following form

EX =αEHF
X + (1−α)EPBE

X , (5.3)

where EHF
X is the orbital-dependent Hartree-Fock exchange energy, EPBE

X
is the semi-local PBE exchange energy [56] and α the mixing parameter.
The parameter value α= 0.25 corresponds to the PBE0 functional [107]. As
the exchange is orbital-dependent, the scheme is commonly referred to as
generalized Kohn-Sham scheme. Note that due to the exact exchange term,
hybrid functionals are computationally more demanding than semi-local
functionals.

In range-separated hybrid functionals, like the HSE06 functional [108,
109], the exchange is split into short-range and long-range parts. For
solids, exact exchange is more important in the short-range where the
self-interaction is most problematic. HSE06 controls the range separation
with an error function. An additional benefit of limiting the range of
exact exchange is an increase in computational efficiency. The split into
short-ranged and long-ranged parts introduces, unfortunately, another
parameter into the functional, which is usually found by fitting to a set of
test systems [108, 110].

Even with the band gap corrected, it is essential to obtain a good de-
scription of the electronic structure. The spurious self-interaction due to
semilocal functionals can delocalize electrons or holes which, in principle,
should be localized1. The delocalization affects both geometries and forma-
tion energies of defects [111], a fact which we also encounter in Publication
IV. Overall the current consensus is that the hybrid functionals do improve
the defect energetics over the semilocal functionals in the general case [8]
even though they are not accurate in every case [112].

1Whether certain defect state should be localized is a difficult question in itself.
It is possible to use GW [84] or other more accurate methods that are computa-
tionally more demanding to assess what is the correct description.
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6. Summary of Results

This dissertation contributes to fields of computational material science
and density functional theory, especially to the orbital-free density func-
tional theory. The work contained in the dissertation is summarized here.

6.1 Publication I

In Publication I, the focus is on the orbital-free atom. We study the
Englert-Schwinger (ES) model as an alternative to the Thomas-Fermi-
von-Weizsäcker (TF-vW) model in a self-consistent setup. The atomistic
systems are problematic for self-consistent orbital-free models due to the
strong Coulomb potential near the nucleus. Considering TF-vW model as
an alternative to ES is appropriate as the functionals in both models result
from similar theoretical considerations [7, 25].

We show that the self-consistent (ES) model is on par with the best fitted
kinetic energy functional model. While the ES model does not massively
outperform kinetic energy density functionals, it is theoretically more
transparent by performing an explicit correction for electrons near the
nucleus. In TF-vW model, the von Weizsäcker term has two roles: it is
both quantum correction to Thomas-Fermi functional, and it improves
description of electrons near the nucleus. The apparent difference of these
approaches is seen in the Pauli potential (see Fig. 3.1), in which the ES
model has qualitatively better Pauli potential near the nucleus than TF-vW
model. In other aspects, e.g. moments of the density and total energy, the
TF-vW model is surprisingly accurate, considering that it does not have an
explicit correction for electrons near the nucleus.

The partitioning of the electronic system to subsystems is highly attrac-
tive, though there are several unresolved issues. The partition contains a
free parameter, the semiclassical cut-off µs, which can be determined in
multiple ways. Also, adding a correlation density functional makes the
scheme numerically unstable. Unfortunately, this type of partition scheme
does not currently exist for kinetic energy density functionals, although
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it is within the realm of possibility to derive a partition scheme with the
combination of subsystem DFT and kinetic energy density functionals.

The potential functionals themselves do have a promising future due
to recent research where highly accurate non-local potential functionals
are derived [78, 77]. Their relation to the non-local kinetic energy density
functionals and linear response of non-interacting homogeneous electron
gas remains to be studied.

6.2 Publication II

Publication II studies two aspects of OFDFT in atoms and simple solids
with GGA kinetic energy functionals: difference between two different
external potentials and the limit of large atomic numbers Z.

Two different kinds of potentials studied are the Coulombic potential
and local pseudopotentials (BLPS). The local pseudopotentials give quanti-
tatively better results than the Coulomb potential. We find that semilocal
kinetic energy functionals exhibit similar qualitative flaws for both ap-
proaches. We then use only the Coulombic potential (with the PAW method)
to study the limit of large atomic numbers, the large-Z limit.

We study the large-Z limit in two cases: ionization potentials and lattice
constants of simple solids. Ionization potential is studied before in Ref. [83]
and the results are shown in Fig. 4.2. We use the Kohn-Sham large-Z limits
to assess the performance of OFDFT models. In more detail, we study if
any of the OFDFT models produce a semiclassical average of Kohn-Sham
results.

For ionization potential, we find that the applicable OFDFT model for
atoms, which is the TF-vW model, yields semiclassical average for low-Z
but fails to produce semiclassical average in the large-Z limit. Englert-
Schwinger model on the other hand provides a semiclassical average in
the large-Z limit, which indicates that the inadequate description of the
nucleus is problematic in TF-vW model and does not cancel out in energy
differences.

We find that the Kohn-Sham model has a large-Z limit for the lattice
constant for two columns of the periodic table. We use the TF-vW model to
calculate the large-Z limit for the lattice constant and again TF-vW model
produces an average with low-Z, but it is doubtful if the TF-vW model is a
semiclassical average in the large-Z limit. In summary, we establish that
TF-vW model does not produce semiclassical average in large-Z limit. For
ionization potential, the ES model and its possible extension to solids is
an attractive candidate for improvement. It is possible that correcting the
nucleus would restore TF-vW predictions for the ionization potential.

Following the asymptotic exactness of Thomas-Fermi model and LDA
in the large-Z limit, the large-Z limit can be used in the constraint-based
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development of functionals. To this effect, obtaining large-Z limits of
various quantities is a useful endeavor and known large-Z limits have
been extended here from atoms to simple solids. Additionally the ionization
potentials offer useful testing grounds if the problems surrounding the
nucleus can be solved for self-consistent functionals.

6.3 Publication III

We study GGA-type kinetic energy functionals. Following the constraint-
based development of energy functionals, we construct a new family of
functionals: RATIONAL, which has two free parameters C2 and p. The
C2 parameter is related to the gradient expansion of the kinetic energy
via the small-s expansion. The parameter p unifies previously studied
Pauli-Gaussian [51] and LKT functionals [50] into one parametrized family.

We present a method to extract the kinetic energy functional parameters
from semiclassical averages. By using multiple semiclassical averages we
can estimate how much the quantum shell oscillations in data affect the
parameters. We apply a relaxed semiclassical average of neutral atoms
to find the parameters for the kinetic energy functionals. We find that
the method produces functional parameters that perform well on simple
solids with local pseudopotentials (BLPS). Electrons near the nucleus,
which manifest as the Z2 term in the total energy (4.3) (in Section 4.1),
must be treated with care to obtain the functional parameters. We find
that the RATIONAL, Pauli-Gaussian and LKT are unable to reproduce
semiclassical average of harmonic oscillators unlike the TF-vW functional
so some universality is lost using these functionals.

An important characteristic of the studied kinetic energy functionals is
the decay lims −→0 Fθ(s) = 0, where Fθ is defined by Tθ =

∫
dr τTFFθ(s). By

comparing the functionals to each other, we infer that the exact behavior
of the decay is not as important in simple solids as the coefficient of the
fourth-order s4 term in the small-s expansion.

The RATIONAL functional has the aforementioned decay property, and
with the two parameters, C2 and p, both coefficients of s2 and s4 terms
in the small-s expansion are adjustable, hence many of the imaginable
functionals with the Pauli term decay are within RATIONAL family. The
results of the publication clear the way for improving kinetic energy func-
tionals with the decay property lims −→0 Fθ(s) = 0 in simple solids: either
new constraints have to be introduced to change the shape of the decay or
new variables, like reduced laplacian of density q, have to be introduced.

The results show that the atomic reference system can be used to find
parameters for functionals which are used self-consistently. The method
avoids overfitting to the chosen bulk system and quantities with a hint of
promise that the parameter will perform decently for systems not included
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in the test set.
Future improvements include the parameter finding procedure with

a self-consistent methodology. The current methodology uses non-self-
consistent evaluation of the kinetic energy functionals and relaxes the
semiclassical average in order to treat the strongly bound electrons. The
procedure would become more robust if we used the kinetic energy func-
tionals to obtain self-consistent atoms and extract the parameters self-
consistently. A partition scheme like ES in Publication I is required to
improve the method.

6.4 Publication IV

In publication IV we study defects in β-Ga2O3 with density functional
theory. The primary motivation of the work is to assess β-Ga2O3 as a
potential neutron active material for solid-state neutron detection. Boron
has chemically similar properties as gallium, and the 10B isotope is a very
neutron active element.

We use the semi-local PBE functional and a modified HSE06 hybrid
functional (mixing parameter α = 35%). For consistency, we first study
the most relevant intrinsic defects of β-Ga2O3 and find good agreement
with the literature. A charged defect state of a gallium vacancy is not
well reproduced by the PBE functional, which makes it unfeasible to study
this material with only semi-local functionals. PBE functional is still used
to scan neutral boron defects for good geometric configurations as it is
computationally faster, but the most feasible defects are confirmed with
HSE06.

Formation of B2O3 limits the boron chemical potential, which makes it
unlikely to introduce boron without removing equal amounts of gallium.
We find that boron prefers four-fold coordination with neighboring atoms.
Hence the substitutional boron defects on four-folded gallium sites are
preferred. We also find boron defect complexes which have four-fold coordi-
nated boron atoms but the boron chemical potential severely limits their
formation.

In summary, we find that it is possible to dope β-Ga2O3 with 10B in a wide
range of chemical environments. Gallium vacancy competes energetically
with substitutional boron only in an oxygen-rich environment.

The publication is a good starting point for further studies on doped
β-Ga2O3 as a neutron active material or more studies on similar wide-
band gap, radiation hard materials such as In2O3 [113]. For β-Ga2O3 the
next stage is studying how much boron we can introduce to β-Ga2O3 in
order to assess the material-specific neutron cross-section. Investigating
influence of hydrogen to the boron defect formation is also important
next step as the hydrogen defect complexes have been studied and some
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complexes are experimentally confirmed.
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Errata

Publication I

Clarification on comment in section III.C: "The
non-negativity constraint (of Pauli potential)
might be a non-issue for valence density.". The
constraint is quite important in the case of pseu-
dodensities (see Publication III).
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