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1. Introduction

Majority of the global electricity production is done with combustion pro-
cesses, and there is much room for improvement when it comes to effi-
ciency.1 Waste heat is a concern not only from the economic point of view,
but even more importantly from the aspect of sustainability. With the
ever increasing demand for new and improved energy solutions, conver-
sion of waste heat to electric energy with thermoelectric materials has
become a very attractive target of research.2–6 Additionally, thermoelectric
conversion is not limited to just large combustion processes of electricity
production, but it could be applied globally everywhere where there is a
heat gradient, from exhaust pipes of a car to the human skin. The only
hindering factor that remains is the lack of suitable materials with high
thermoelectric efficiency, a problem that has lingered since the discovery
of the thermoelectric effect.7

1.1 Thermoelectricity

Thermoelectricity (TE), or the ’thermoelectric effect’, is the direct conver-
sion of heat to electricity, or more specifically, conversion of differences in
temperature to an electric voltage, or vice versa. The simple explanation
behind the effect is the free movement of charge carriers when there is a
temperature gradient within the material. Charge carriers at the hot side
can diffuse to the cold side, and while doing so, they are misbalanced from
the neutral equilibrium distribution, thus creating a voltage between the
two sides. The charge carriers can be positive holes (p) or negative elec-
trons (n), and materials are called either p- or n-type depending on which
carriers are more abundant. By connecting both p- and n-type materials
in a series and having the same heat gradient in parallel we can harvest
the electromotive force, as is pictured in Figure 1.1. Current commercially
available TE generators are rather small, typical dimensions are a few
centimeters and they have a few hundred ’legs’ connected in series. A
single module can produce a few watts in a 100 K temperature difference.
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I I
np

Figure 1.1. Schematic representation of a single pair of thermoelectric legs inside a
generator. Arrows show the direction of the current I while p and n indicate
the type of carriers in the leg. The brown layers are connectors, e.g. copper.

Practically all materials are thermoelectric. However, almost every-
thing is also abysmally bad when it comes to TE conversion efficiency.
As a machine doing work between two heat reservoirs, the efficiency of
a thermoelectric generator can not exceed that of a Carnot heat engine.
The actual efficiency of a TE generator comprising of both p- and n-type
materials can be written as

η= Th −Tc

Th

√
1+ZT −1√

1+ZT +Tc/Th

, (1.1)

where Z is the figure-of-merit, Th and Tc are the temperature at the hot
and cold sides, respectively, and T is the average temperature of the hot
and cold sides.8,9 The first term is the Carnot efficiency and the second
term is an expression worked from the definition of efficiency as the ratio
of energy supplied to the load and heat energy absorbed at the hot junction.
Thermoelectric materials have the deceptively simple dimensionless figure-
of-merit z (or more often written in the form zT) as a measure of their
performance. It reads as

zT = S2σT
κ

, (1.2)

where S is the Seebeck coefficient and σ and κ are the electrical and
thermal conductivities, respectively. All the discussions in this thesis
regard the figure-of-merit of a single material, but often in literature the
material-specific and device-specific figures-of-merit are distinguished with
lower case z and upper case Z, respectively. The Seebeck coefficient of a
material tells the voltage that forms with a given temperature difference
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and it has the dimension of volts per Kelvin. Typical values for S range
from a few μV/K to hundreds of μV/K.

It should also be noted that when deriving Equation 1.1 we assume that
the Seebeck coefficients and both conductivities are the same for materials
across the whole temperature range. In reality, they have a natural de-
pendence on temperature, which further complicates the optimization of
materials. As the properties change with temperature, a single material
is not expected to be used in many different devices with large variety in
operating temperatures. To put things into perspective, in order to gain a
conversion efficiency of 25% from equation 1.1 at Tc = 300 K and Th = 1000
K one would need a zT value of 2 for the whole temperature range. As an
example, the present high performance p-type alloy (Sb0.8Bi0.2)2Te3 has
a zT of 1.1 with a typical operating temperature between 320 and 370 K.
Similar n-type bismuth-telluride-selenide Bi2(Te0.8Se0.2)3 has a zT of 1
within the same temperature range. On paper, the task is simple: find a
material with a high Seebeck coefficient, high electrical conductivity and
low thermal conductivity. Unfortunately, these properties are connected, a
high σ leads to a high κ, as is in e.g. metallic compounds. The electrical
and thermal conductivities can be decoupled to some degree, but it is not
trivial.10 In later sections we explore the work done in this frontier.

1.2 Band structure-dependent quantities

Increasing the properties found in the nominator of Equation 1.2, S and σ,
will lead to better performing TE materials, but we need something more
concrete to work towards than just S and σ. All material properties are
fundamentally tied to the electronic band structure of the material. Some
are directly related to it, such as the Seebeck coefficient and electrical
conductivity, and others have more of an indirect dependence. A simple
heuristic idea leads us to assume that Seebeck coefficient and electrical
conductivity should have a relation with the amount of carriers in the
material. With some approximations (parabolic band, energy-independent
scattering) we can write the Seebeck coefficient as11

S = 8π2k2
B

3qh2 m∗T
( π

3n

)2/3
, (1.3)

where kB is the Boltzmann’s constant, q is the elementary charge, h is
the Planck’s constant, m∗ is the effective mass of the carrier and n is the
carrier concentration. In addition, the relation between n and electrical
conductivity can be written as

σ= nqμ (1.4)

where μ is the carrier mobility. Comparing these with Equation 1.2 al-
ready poses a contradiction for optimizing the TE efficiency, increasing
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the carrier concentration will result in a better electrical conductivity
while simultaneously lowering the Seebeck coefficient. Additionally, mate-
rials with high effective mass have a high Seebeck coefficient, given that
S ∝ m∗ but high effective mass generally also leads to smaller mobilities
μ, thus reducing electrical conductivity. One should note that these are
rough generalizations and the relations are in reality more complex. For a
more comprehensive discussion, see e.g. Publication II or the textbook by
Ziman.12

With the reciprocal relations of the two key properties mentioned above,
the optimization of band structure-dependent quantities becomes a deli-
cate balancing act. It has been found that the optimal carrier concentration
lies usually between 1019 and 1021 cm−3.4 With the help of computational
methods, the band structure of materials can be studied and tuned effi-
ciently, and it is possible to recognize traits that predict good thermoelectric
performance in band structure related quantities.13–15 The product of the
electrical properties in the nominator of zT, S2σ, is often called the power
factor.

1.3 Thermal conductivity

The last property governing the efficiency of TE devices is the thermal
conductivity. The term κ in Equation 1.2 is the total thermal conductivity,
which is a sum of all the heat conducted by different carriers, can be
expressed as κ =∑

i κi. In solid materials, the main carriers of heat are
electrons and phonons (lattice vibrations). Metals are known to be poor
thermoelectric materials despite their excellent electrical conductivity, and
insulators, while showing large Seebeck coefficients, have far too low σ to
be useful, which leaves us with semiconductors. We can evaluate the heat
conducted by electrons with the help of the empirical Wiedemann-Franz
law

κe

σ
= LT, (1.5)

where L is the Lorenz number, theoretically equal to L = 2.44·10−8 WΩK−2.16

When we are dealing with semiconductors, it is safe to say we need to con-
cern ourselves only with the heat carried by phonons, i.e. lattice thermal
conductivity κl . Figure 1.2 shows the relationship of all the material prop-
erties within certain ranges with respect to carrier concentration. With
the figure-of-merit plotted in the same figure, it is easy to comprehend that
the efficiency of thermoelectric materials can not be improved indefinitely,
but there is a limit.

The methods to reduce lattice thermal conductivity often rely on introduc-
ing some sort of disorder in the structure. Most commonly this is realized
by creating point defects, which can either be interstitials or vacancies,
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Figure 1.2. The different parameters of the figure-of-merit and their relationship. The
numbers on the y-axis are correct for zT, and for other properties it functions
as a relative range from 0 to 10 W m−1 K−1 for thermal conductivity κ, from
0 to 500 μ V K−1 for Seebeck coefficient S and from 0 to 5000 Ω−1 cm−1 for
electrical conductivity σ. Figure adapted with permission from Snyder et al.4
– ©2008 Springer Nature.

alloying, or even manufacturing additional interfaces with nanostructured
composite materials. Alloying in particular has the added benefit of often
improving the electronic properties in addition to lowering lattice thermal
conductivity. As an example, one of the best TE materials, bismuth tel-
luride Bi2Te3, has a long history of alloying studies.17–20 In addition to
alloying, smaller changes in the chemical composition are often enough to
change the behaviour of a material, e.g. whether a sample of Bi2Te3 is n-
or p-type can be purposefully chosen by controlling the exact stoichiome-
try.21,22

1.4 Oxide-based thermoelectrics

If we are ever to apply thermoelectric generators to our advantage on a
global scale, the previous example of Bi2Te3 is out of the question. The
amount of tellurium available in the Earth’s crust is simply too low. Addi-
tionally, if we want to wear thermoelectric materials on our skin to power
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small devices in e.g. some medical applications, we need to make sure
the materials are non-toxic.23–26 As a consequence, in addition to trying
to gain insight on the underlying principles and guidelines for better TE
materials using compounds with rare elements, a lot of focus has been put
to designing and manufacturing oxide-based thermoelectrics. Specifically,
earth-abundant transition metals such as zinc and copper have received
a lot of attention.27–33 In addition to being comprised of abundant and
non-toxic elements, transition metal oxides are generally very stable at
higher temperatures in air, a property that partly mitigates the lower zT
by allowing the Carnot prefactor in Equation 1.1 to be larger.

By exploiting the strategies described in earlier sections, the thermoelec-
tric efficiency of transition metal oxide materials has improved significantly
during the last few decades. The first big steps were taken when Ohtaki
et al. doped zinc oxide ZnO with 2% of aluminum, measuring a zT of
0.30 at 1000 ◦C.34 The addition of Al increased the carrier concentration,
thus improving the electrical conductivity by three orders of magnitude
compared to pure ZnO, although the reduction in thermal conductivity was
rather small.35 This compound was later further improved by inserting
an additional 2% of gallium, which pushed down the thermal conductivity
some more as well as slightly improving the power factor, resulting in a zT
of 0.65 at 974 ◦C temperature.36

Another approach that is used to improve the thermoelectric efficiency of
ZnO-based materials is the introduction of interfaces that scatter phonons,
reducing lattice thermal conductivity. The nanostructuring aspect can
be done to high precision in thin films with the possibility to control
the growth layer by layer with the combination of atomic and molecular
layer deposition techniques.37 With a careful choice of compounds, the
negative impact on the electrical properties can be minimized, and with
an appropriate doping scheme, even improved.38,39 Careful consideration
of different layer thicknesses enables accurate optimization of the lattice
thermal conductivity of the material.40–42

Zinc oxide, as well as the doped and nanostructured phases of it, are
n-type. As was mentioned earlier, to optimize the device performance we
need both n- and p-type materials. The most noteworthy discovery for
p-type materials was the performance of the layered sodium cobalt oxide
NaCo2O4 that has a maximum zT of 0.8 with an operating temperature
between 600 and 700 ◦C.43,44 Layered structures offer a ready platform for
different nanostructuring possibilities through intercalation, and careful
control of the synthesis conditions can lead to rather easy stoichiometry
manipulation and optimization.45,46
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1.5 Scope of this thesis

Design, synthesis and testing of new thermoelectric materials is a very
time-consuming process. Fortunately, all of the different electrical and
thermal properties governing the TE efficiency can be calculated with
minimal to zero prior information about the material. With appropriate
methods we can perform automated screening thousands of compounds
from material databases, and based on the band structure dependent qual-
ities we can select the best performing materials for further development
and optimization.47,48 It is important to keep in mind, however, that none
of the calculations and theoretical predictions hold any value if they are
not accurate. As the number of studied structures increases, so does the
time required to do the calculations. Since computational resources are
always limited, we need to limit the size of our structure pool or use more
approximations and possibly reduce the accuracy.

The approximations carry myriads of different combinations of parame-
ters to tweak and choose from. To this end, proper testing of the different
computational methodologies and approximations against experimental
data is vital to the credibility of the theoretical approach. The focus in
this thesis is on the accuracy of the computational methodology used in
predicting material properties, with special emphasis on lattice thermal
conductivity and other lattice dynamical properties. We concentrate on
oxides that are naturally p-type and where the metal is abundant in earth’s
crust, such as Cu2O, CuO and NiO. These also fall under the definition of
strongly correlated oxides. Some formulations of density functional theory
are notoriously poor in describing the electronic structure of materials
with strong correlation, and we show that hybrid density functionals offer
a better desription of the studied properties with a very manageable cost
in computational time. Chapter 2 contains the theoretical foundation be-
hind the calculations with special focus on the different approximations
that were compared. Chapters 3 – 6 describe the results of the work and
Chapter 7 gives the final conclusions and ideas for future studies.
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2. Theory and computational methods

Computational chemistry and physics at the atomic level has seen massive
growth in popularity and importance in the last 50 years, owing to both
the increase in computational capacity as well as methodological improve-
ments. As such, the literature describing the methods is vast and the
basic theory from Schrödinger through Kohn & Sham and beyond has
been re-written numerous times in theses and dissertations across the
globe. With this in mind, I have tried my best to flesh out only the bare
essentials that are needed to follow the discussion on the results. More
detailed discussions can be found e.g. in the excellent books of Jensen or
Szabo and Ostlund.49,50

2.1 Electronic structure methods

2.1.1 The Schrödinger equation

Chemistry is often called the science of the valence electrons. At the
heart of chemical knowledge and intuition is understanding how electrons
whirl and twirl around the nuclei and each other. The foundation for
solving quantum chemical problems lies in finding a solution to the time-
independent, non-relativistic Schrödinger equation

Ĥ|Ψ〉 = E|Ψ〉 (2.1)

where Ĥ is a Hermitian operator called the Hamiltonian, Ψ is the many-
body wave function and E is the energy of the system. The wave function
|Ψ〉 contains all the information about the system, but we need to specify
the correct Hamiltonian to the problem at hand. For calculating the elec-
tronic energy of a many-body system, such as a molecular one consisting of
multiple moving electrons and static nuclei under the Born–Oppenheimer
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approximation, the Hamiltonian takes the form (written in atomic units)

Ĥ =−1
2

N∑
i=1

∇2
i −

N∑
i=1

M∑
A=1

ZA

|ri −RA|
+

N∑
i=1

N∑
j>1

1
|ri −r j|

. (2.2)

Here we can recognize the first term being responsible for kinetic energy
of electrons i, second being the attraction between the nuclei A at position
R with the charge ZA and electrons at position r, and the final term being
the repulsion between different electrons. Naturally, the expression for
total energy would contain also the nuclear-nuclear repulsion term but we
have omitted it from 2.2 as the energy and the wave function have only a
parametrical dependence on the nuclear coordinates. Being a differential
equation of multiple moving, interacting particles, the complexity of finding
the solution increases vastly with the number of electrons as all the degrees
of freedom are coupled. Analytical solutions are unavailable for anything
but the simplest of systems, the hydrogen atom. In general, the last term
of Equation 2.2 is where the vast majority of a computational chemist’s
time (and that of the computer) is spent.

For any system (even the hydrogen atom), the Schrödinger equation has
an infinite number of exact solutions. Usually we are interested in finding
the lowest energy solution called the ground state, or in algebraic language,
Ĥ|Ψ0〉 = E0|Ψ0〉. Since we know the Hamiltonian, the problem lies in
finding the wave function of the ground state. The standard procedure is
to start with a guess for Ψ, calculate the energy, change Ψ, and see if the
energy is lowered.

Majority of the methods for finding the ground state are variational,
which ensures that no arbitrary trial function can have an energy lower
than the actual ground state. The methods can be divided into two groups:
1) ones that aim for the real wave function with a linear combination of
more approximate wave functions, or 2) methods where the search for the
ground state energy is diverted away from the wave function and main
focus is the electron density. Group 1) contains the familiar Hartree–
Fock methods (HF), Møller–Plesset perturbation theory, configuration
interaction (CI) and coupled-cluster theory, to mention a few.51–56 Group 2)
has a simpler nomenclature where everything falls under the eponymous
density functional theory (DFT).

The greatest benefit of density functional theory compared to molecular-
orbital based wave function methods is the simplification of the problem.
Instead of having to juggle N electrons each with three spatial coordinates,
the problem is reduced to a single variable in the three-dimensional space,
ρ(r). In the idealized case, that is. However, the reduction in complexity
enables the study of larger systems which would be intractable for some of
the more accurate wave function methods. The unfortunate disadvantage
of DFT is that there exists no systematic approach for going towards the
exact solution whereas e.g. with CI there is a clear end result with taking
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all possible configurations.

2.1.2 Expanding the wave function, and a few words about
electron density

The quest for the ground state is all about minimizing the total energy
with respect to the trial wave function containing a number of parameters,
as per the variational principle. As the total energy of the system decreases
with improved trial wave functions, we approach the exact ground state.
Minimizing the energy with respect to the wave function begins with
making a linear expansion of |Ψ〉 as

|Ψ〉 =
∑

a

ψaca, (2.3)

where ca are linear coefficients and ψa are the N-particle basis functions.
The question now becomes how do we form our ψa? The most common
method is to write it as a linear combination of products of one-electron
wave functions, which are a product of the spatial orbital and a spin
function. Such a product is usually obtained from a Slater determinant for
N electrons and N spin-orbitals

ψa = 1�
N!

⎡
⎢⎢⎢⎢⎢⎣

φ11 φ12 . . . φ1N

φ21 φ22 . . . φ2N
...

... . . . ...

φN1 φN2 . . . φNN

⎤
⎥⎥⎥⎥⎥⎦ . (2.4)

Using the Slater determinant ensures the fermionic nature of electrons
is properly taken into account, where the wave function is antisymmetric
with respect to index exchange.57

In order to start evaluating and improving our trial wave function we
need to specify our one-electron orbitals. We can expand them as linear
combinations of known basis functions χb

φmn =
∑

b

χbCb,mn, (2.5)

where Cb,mn is a coefficient, which acts as the variable parameter that al-
lows the refinement of the trial wave function. The choice of χb is arbitrary,
and choosing the basis set is one of the key choices one has to make while
performing actual calculations. This is a natural source of error in the
calculations, as the exact solution would require an essentially infinite
basis, which obviously escapes the realms of possibility. A larger set of
basis functions increases the accuracy of the calculation, but naturally
it becomes more time-consuming. The choice of basis set is discussed in
more detail later in 2.1.3. So far everything about the wave function has
been general, and we have not yet specified any theoretical framework
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that would assist us with the complicated electron correlation. Since all
calculations in this work are done using density functional theory, we will
focus on it more than wave function methods based on molecular orbitals.

It was shown in the 1960’s by Hohenberg and Kohn that in a system,
where electrons move under the influence of an external potential, the
total energy is a unique functional of the ground state electron density
which uniquely determines also the many-body wave function.58 A short
while later Kohn and Sham provided a more practical approach where the
density of a system with interacting electrons could be reproduced with
the help of a non-interacting system that experiences an external potential
V̂s.59 As it happens, the ground state solution for non-interacting electrons
can be expressed as a single Slater determinant, where the single-particle
states are the so-called Kohn–Sham orbitals φi(r, s). The electron density
of the system with N electrons can be written with the Kohn–Sham orbitals
as

ρ(r)=
N∑

i=1

∑
s=↑,↓

|φi(r, s)|2. (2.6)

Without delving too much into details, we introduce the bread and butter
of density functional theory, the Kohn-Sham eigenvalue equations(

−1
2
∇2 +v(r)+vH(r)+vxc(r)

)
φi(r, s)= εiφi(r, s), (2.7)

where v(r) is the external potential and vH(r) is the Hartree potential. The
term vxc(r), the only unknown term in the equation above, is called the
exchange-correlation potential. It contains all the complex many-body
interactions and it is defined as

vxc(r)= ∂Exc[ρ(r)]
∂ρ(r)

. (2.8)

Furthermore, it is customary to write the exchange-correlation functional
as a sum of distinct exchange and correlation contributions, Exc[ρ(r)] =
Ex[ρ(r)]+Ec[ρ(r)]. In addition to the completeness of the used basis set,
the accuracy of the exchange-correlation functional Exc[ρ(r)] in describing
the studied system is what makes or breaks DFT in the end. As such, a
plethora of different formulations have been introduced over the years.
The functional can be as multi-faceted or simple as the system demands,
and while one could manually conjure a private functional optimized for
every separate system they study, the ultimate goal is of course to find a
functional with the largest global applicability.

Concepts of a "Jacob’s ladder" that will lead us to the "heaven of chemical
accuracy" have been suggested, and while climbing up the ladder we gain
accuracy but simultaneously lose in computational efficiency.60 The first
ladder marks where practical DFT began, at the local density approxima-
tion (LDA), where the functional has a density dependence only at the
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coordinate where it is evaluated. This works rather well for systems where
the electron density is as uniform as possible and variations are "slow", like
in simple metals. The formulation of the exchange functional was provided
by Dirac already back in 1930 and correlation part has been calculated to
high accuracy with quantum Monte Carlo methods, later parametrized by
Vosko, Wilk and Nusair.61–63

As many interesting systems do not consist of a homogeneous electron
gas cloud, we need to include some additional dependencies to account for
changes in the density, i.e. go up one step on the ladder. A natural choice
for describing variations of the density is to include a dependence on the
gradient of the density. Such functionals fall under the term ’generalized
gradient approximation’ (GGA), and are often an improvement to LDA
calculations.64,65 The most used functional in the field of solid-state DFT,
the Perdew-Burke-Ernzerhof (PBE) functional, falls under generalized gra-
dient approximations.66,67 PBE is an attractive choice as it is constructed
without any empirical parametrization, bringing an aspect of ab initio back
to DFT.

Two rungs closer to St. Peter (the highest we climb in this thesis) we find
what is called the hybrid density functionals. One great benefit of wave
function methods, even in the simplest Hartree–Fock formulation, is that
in principle the exchange energy is exact. In order to obtain more accurate
energies in DFT, the exchange energy could be split, and taken as a sum of
the exact and DFT exchanges Ex = (1−a)EDFT

x +aEHF
x with x ∈ [0,1]. This

notion was put forward first by Becke in 1993, and it has proven to be
very effective in breaching the accuracy gap of DFT and more accurate
wave function methods.68,69 The amount of exact exchange to be borrowed
from Hartree–Fock was under some scrutiny in the early stages. Quantum
chemists quickly adopted the use of hybrid functionals, and one of them,
the B3LYP, soon became by far the most used functional, according to the
study by Ramos and co-workers.70–72 The main functional used in this
work, PBE0, combines the parameter-free GGA functional PBE with 25%
of the exact HF exchange without any further parametrization.73,74

2.1.3 Basis sets and hybrid functionals in DFT calculations of
periodic solids

For the expansion of the one-electron orbitals in Equation 2.5, there are
choices to be made regarding the basis set, namely the type and size. The
most commonly used basis set types fall into two categories, 1) localized
functions and 2) plane waves.75 When properties of single molecules (or
non-periodic molecular systems in general) are studied, atom-centered local
basis sets are a natural choice. Most commonly they consist of a varying
amount of Gaussian functions with some flexibility added to the valence
electrons to better describe bonding and other interactions. These are
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generally referred to as Gaussian-type orbital (GTO) basis sets. In periodic
solids, where the system is considered to be an infinitely periodic array of
unit cells repeated in all directions, plane waves provide a logical solution
to the one-electron orbitals. Plane waves can easily be made to have the
correct periodicity, and they converge monotonically towards the exact
solution as the basis set grows. These properties are unfortunately lacking
with atom-centered Gaussians. This is not to say localized Gaussian basis
sets could not be used in solid-state systems within DFT, they are just not
naturally periodic.76

One key difference between the two types of basis sets is how they
perform when calculating the exact exchange. A vital factor in the triumph
of hybrid functionals over GGA in molecular calculations was the general
improvement of accuracy with a tolerable increase in computational cost
with GTO basis sets. However, the situation is much more complicated with
plane waves in periodic solids as the exchange integrals diverge and they
need some workarounds to function, inducing a massive, in worst case, up
to a hundredfold increase in computational time.77–79 If we use GTO basis
sets for solid-state systems, the computational cost of hybrid DFT is more
manageable. The formulation of localized basis sets for periodic systems
can be crudely described as a product of the molecular basis function with
a periodic image of it, corresponding to the translational symmetry of the
solid, thus forming Bloch functions.

2.2 Lattice Dynamics

2.2.1 Lattice dynamics at the harmonic level

The fundamentals of lattice dynamics have been re-written in many excel-
lent textbooks over the years starting from the work of Born and Huang in
1954.80–84 We start by considering a perfectly periodic crystal that consists
of repeating unit cells containing atoms. A general position vector of an
atom k in the lth unit cell is denoted by

r(lk)= r(k)+r(l)= r(k)+ l1a1 + l2a2 + l3a3 (2.9)

where l1, l2 and l3 are integers and a1, a2 and a3 are the primitive transla-
tion vectors of the lattice. As nothing at the quantum level is completely
stationary, we need to describe the motions of atoms in the unit cell. We
use the notation u(lk) for a general displacement and the kinetic energy is
assumed to be

T = 1
2

∑
l,k,α

mku̇2
α(lk), (2.10)

where mk is the mass of the kth atom and α in the subscript signifies
the Cartesian component, α = x, y, z. For the total potential energy Φ we
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assume it is an analytical function of the atomic displacements from their
equilibrium positions. Keeping the displacements small, we can expand Φ

as a Taylor’s series
Φ=Φ0 +Φ1 +Φ2 +Φ3 + ..., (2.11)

where Φ0 is the constant potential and the other components are as follows:

Φ1 = 1
1!

∑
lkα

Φα(lk)uα(lk), (2.12)

Φ2 = 1
2!

∑
lkα

∑
l′k′β

Φαβ(lk, l′k′)uα(lk)uβ(l′k′), and (2.13)

Φ3 = 1
3!

∑
lkα

∑
l′k′β

∑
l′′k′′γ

Φαβγ(lk, l′k′, l′′k′′)uα(lk)uβ(l′k′)uγ(l′′k′′). (2.14)

The subscripts β and γ refer to Cartesian coordinates like α above. Al-
though the series could in theory be continued indefinitely, the compu-
tational cost increases vastly with further terms. All the calculations
performed in this work contained only the terms up to third order as
shown in Equation 2.11.

The terms Φα(lk), Φαβ(lk, l′k′) and Φαβγ(lk, l′k′, l′′k′′) are so-called inter-
atomic force constants (IFC). As an example, the 3rd order force constant
reads as

Φαβγ(lk, l′k′, l′′k′′)= ∂3Φ

∂uα(lk)∂uβ(l′k′)∂uγ(l′′k′′)

∣∣∣∣
0

, (2.15)

where the subscript zero means we are evaluating the derivatives in the
equilibrium configuration of atoms. The physical interpretation of Φa(lk) in
2.12 is the negative of the force acting in the direction α at a location x(lk).
Since we are in equilibrium, that means forces on any particle vanish,
and with that, the component 2.12. It naturally follows that the physical
meaning of the second order force constant Φαβ(lk, l′k′) from 2.13 is the
negative of the force that atom (lk) feels in the α direction when the atom
(l′k′) is moved in the β direction, while other atoms of the system lie in
their equilibrium positions, with Φαβγ(lk, l′k′, l′′k′′) being the same, only for
a triplet of atoms and two displacements.

Terms up to the second order together with the kinetic energy term
constitute the harmonic Hamiltonian, and a wealth of different lattice
dynamical properties can already be obtained at this level. The equations
of motion of the lattice can be written as

mküα(lk)=− ∂Φ

∂uα(lk)
=−

∑
l,k,β

Φαβ(lk, l′k′)uβ(l′k′). (2.16)

These form an infinite set of linear differential equations. Fortunately, the
periodic nature of the lattice simplifies the problem. We can describe a
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system with M atoms with 3M normal modes of vibration (phonons) as a
travelling wave of the form

uα(lk)= 1�mk
uα(k)e−iωt+iq·r(l), (2.17)

where q shows the direction of the wave propagation, i.e. the wave vector
and ω is the angular frequency of the wave. Of the 3M phonons in a system
three are called acoustic, and the remaining 3M – 3 are called optical
modes. At q = 0 the frequency of the acoustic modes is zero, meaning they
are simply the translations of the crystal in the three Cartesian directions.
Inserting this to 2.16 we eventually end up with∑

k′β

Dαβ
kk′(q)Wβk′

q j =ω2
q jW

αk
q j , (2.18)

the so-called dynamical matrix eigenvalue problem, where Wqj is the po-
larization vector of a phonon mode for a set of wave vectors q and phonon
indices j and ωq j is the eigenfrequency of the mode. The components
Dαβ

kk′(q) are

Dαβ
kk′(q)=

∑
l′

Φαβ(0k, l′k′)�mkmk′
eiq·[r(l′k′)−r(0k)]. (2.19)

Note that we have dropped the summation over l. This is possible with the
realization that Φa(lk) is independent of l, while Φαβ(lk, l′k′) depends on l
and l′ only through their difference (see e.g.82 pp. 10 - 14).

Lattice dynamics at the harmonic level give access to material properties
such as the constant-volume specific heat and phonon dispersion. The
dynamical stability of a crystal can be predicted by exploring the phonon
dispersion throughout the Brillouin zone. However, the harmonic approx-
imation is a completely non-interacting picture of the lattice vibrations.
Many important properties cannot be properly described with it, such
as thermal expansion or lattice thermal conductivity. In order to obtain
these ab initio, they necessitate the inclusion of anharmonic effects and
phonon-phonon interaction.

2.2.2 Anharmonic effects

In modern day practical calculations, the anharmonic effects are included
in two different ways. The computationally less expensive way is to expand
the range of the harmonic approximation by assuming it is still valid with
varying volume and keeping the practical calculations at the harmonic
level. This method is called the quasi-harmonic approximation (QHA).85–87

The essence of QHA boils down to writing the Helmholtz free energy as

FQHA(T,V )=U0(V )+FQHA
vib (T,V ), (2.20)
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where U0(V ) is the internal energy of the crystal at 0 K. The volume
dependence of the vibrations is introduced in the latter term of 2.20 which
reads

FQHA
vib (T,V )= EZP

0 (V )+kBT
∑
q j

[
ln
(

1− e
�ωq j (V )

kBT

)]
, (2.21)

where EZP
0 is the zero-point energy of the system. The equilibrium volume

for a chosen temperature can be solved by minimizing FQHA(V ;T) with
respect to V and keeping T as a fixed parameter. It follows quite naturally
that we can now study the thermal expansion of our material, with the
volumetric thermal expansion coefficient given by

αV (T)= 1
V (T)

(
∂V (T)
∂T

)
P=0

. (2.22)

In addition to establishing a volume-temperature dependence on the
material, the phonon frequencies now have a volume dependence. This
allows us to examine a surprisingly descriptive attribute of materials, the
change in frequency with respect to changes in volume. The Grüneisen
parameter for a single mode γq j, is defined as

γq j =− V0

ωq j(V0)

(
∂ωq j(V )

∂V

)
V=V0

, (2.23)

where V0 is the equilibrium volume. There are no strict restrictions what
volume is used, but the intuitive choice is to use the unit cell volume. In
one of the earliest implementations the volume per molecule was used.88

The mode-dependent Grüneisen parameter can be seen as a measure of
the anharmonicity of the system and high γq j can be an indication of low
lattice thermal conductivity.89

As one might expect, since the QHA still relies on the harmonic approxi-
mation, we can not yet explicitly describe phonon-phonon interaction. In
order to include it, and obtain e.g. the lattice thermal conductivity κl, we
must use the use the Hamiltonian in 2.11 up to the third order. A quan-
tum mechanical description of the phonons can be obtained with second
quantization, effectively going from classical coordinates and momenta
to description of vibrational states with quasi-particle annihilation and
creation operators âq j and â†

q j, respectively. The derivation is somewhat
lengthy (see e.g. Srivastava84 pp. 93–95) and for continuing with the
formulations, the end result is enough. Eventually, we can re-write the
displacement with the new operators as

uα(lk)=
(

�

2Nmk

) 1
2 ∑

q j

ω
− 1

2
q j (âq j + â†

-q j)e
iq·r(lk)Wαk

q j , (2.24)

where N is the number of unit cells. The harmonic Hamiltonian can now
be written in diagonal form as

HH =
∑
q j

�ωq j

(1
2
+ â†

q j âq j

)
, (2.25)
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and more importantly, the third-order potential 2.14 can be obtained as a
sum of three-phonon collisions

Φ3 =
∑
q j

∑
q′ j′

∑
q′′ j′′

Fq j,q′ j′,q′′ j′′(âq j + â†
−q j)(âq′ j′ + â†

−q′ j′)(âq′′ j′′ + â†
−q′′ j′′). (2.26)

In the equation above, F is the interaction strength, explicitly given by

Fq j,q′ j′,q′′ j′′ = 1
3!
�

N

∑
kk′k′′

∑
αβγ

Wαk
q j Wβk′

q′ j′W
γk′′
q′′ j′′

√
�

2mkωq j

√
�

2mk′ωq′ j′

√
�

2mk′′ωq′′ j′′

×
∑
l′l′′

Φαβγ(0k, l′k′, l′′k′′)eiq′·[r(l′k′)−r(0k)]eiq′′·[r(l′′k′′)−r(0k)]ei(q+q′+q′′)·r(0k)δq+q′+q′′,G .

(2.27)

A three-phonon process cannot violate the preservation of crystal momen-
tum (for further details see e.g. Ziman81 pp. 134–145). The delta function
δq+q′+q′′,G ensures that the wave vectors of the phonons, q, q’ and q” add
up to a reciprocal lattice vector G.

The lattice thermal conductivity can be calculated by solving the lin-
earized Boltzmann transport equation (LBTE). In its simplest form under
the single-mode relaxation time approximation, the heat carried by a group
of phonons in a finite crystal is

κl =
1

NqV0

∑
q j

Cq jvq j ⊗vq jτq j, (2.28)

where Nq is the number of q-points sampled, Cq j is the heat capacity, vq j

is the group velocity and τq j is the relaxation time of the phonon mode
q j. The norm of the product between the relaxation time τq j and group
velocity vq j is called the mean free path of the mode. We will assume that
lifetime of the phonon mode is the same as its relaxation time. Two of the
three factors can be solved already with the harmonic approximation, the
mode-dependent heat capacity is defined as

Cq j = kB

(
�ωq j

kBT

)2 e�ωq j /(kBT)(
e�ωq j /(kBT) −1

)2 (2.29)

and the group velocity is simply the first derivative of the frequency with
respect to the wave vector, i.e. the slope of the phonon dispersion. Phonon
lifetime is the sole reason we need to include anharmonicity through the
third-order term in the series expansion.

But what does anharmonicity mean in terms of our lattice dynamical
picture? The anharmonic terms add a complex shift in each harmonic
eigenmode, Δωq j + iΓq j, where the first term is the change in phonon fre-
quency and the imaginary part is seen as the widening of the experimental
peak, i.e. the linewidth. In fact, Γq j and the phonon lifetime are reciprocal
with

τq j = 1
2Γq j

. (2.30)
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Sparing the reader some algebra, with many-body perturbation theory
up to second order we can write an explicit formula for the linewidth of a
phonon mode {q, j} as

Γq j(ω)= 18π
�2

∑
q′ j′,q′′ j′′

∣∣F−q j,q′ j′,q′′ j′′
∣∣2 {(nq′ j′ +nq′′ j′′ +1)δ(ω−ωq′ j′ −ωq′′ j′′)

+ (nq′ j′ −nq′′ j′′)[δ(ω+ωq′ j′ −ωq′′ j′′)−δ(ω−ωq′ j′ +ωq′′ j′′)]},
(2.31)

where nq j are the phonon occupation numbers of the corresponding modes.90,91

We get the phonon occupations as a function of temperature as

nq j = 1
e(�ωq j /kBT) −1

, (2.32)

where we assume phonons obey Bose-Einstein statistics.

2.3 Practical considerations

Before going into the actual results, let us take a closer look at some
other parameters that are present in the practical implementations of the
theory described above. Quantum chemical calculations are not quite at
the level of a black box, where anyone can pick an arbitrary system and
get reasonable numbers out, so care must be taken at a few steps along
the way. The common parameters and shared features of the calculations
presented in the articles are gathered here.

All DFT-PBE0 and DFT-PBE calculations were done with CRYSTAL14
and CRYSTAL17 software packages.92–103 We used all-electron, Gaussian-
type basis sets of the triple-ζ valence + polarization level, that were de-
rived from the molecular Karslruhe def2 basis sets.104 When creating a
Gaussian-type basis set for solid-state calculations, simply copying the
molecular basis set will be problematic as the space is somewhat filled with
basis functions, and the most diffuse ones are often unnecessary and can
lead to severely handicapped performance.105 The actual basis sets and
their derivations can be found in the Supplementary Information of the
original articles, but the general guideline is as follows: the exponents of
the most diffuse s-functions were significantly increased, the exponents of
the p-type polarization functions were slightly lowered, and the outermost
s and p functions were combined to a single sp-type function.

CRYSTAL uses the standard Monkhorst–Pack type grids for the k-point
selection.106 In all calculations done with the primitive unit cell, such as ge-
ometry optimizations and Γ-point frequency calculations, the convergence
with respect to k-point sampling was first ensured. When the Coulomb and
exchange integrals are evaluated in solid-state, some truncation must be
employed as the system is periodic and infinite in all directions. CRYSTAL

39



Theory and computational methods

has five parameters controlling the truncation criteria, based on the esti-
mated atomic orbital overlap of the so-called adjoined Gaussians.107,108

Each shell is associated with an adjoined Gaussian, which is a normal-
ized s-type Gaussian-type function, where the exponent is taken to be the
smallest of the used basis set for the given shell. The set of five parameters
are coined under the term ’TOLINTEG’, and they were set to 8, 8, 8, 8 and
16 in all calculations.

Lattice dynamical calculations at the harmonic and anharmonic level
were performed with PHONOPY and PHONO3PY software packages, re-
spectively.109,110 Interatomic force constants are calculated with the finite
difference method, where e.g. the second-order force constant is calculated
from

Φαβ(lk, l′k′)−Fβ[l′k′;u(lk)]
uα(lk)

, (2.33)

where Fβ is the force exerted upon atom (l′k′) in the direction β when
the atom at (lk) is displaced in the direction α. In practice this means
displacing an atom in the unit cell and calculating the forces this induces in
other atoms. In order to diagonalize the dynamical matrix, the complete set
of force constants must be constructed. Fortunately, symmetry can simplify
the problem, reducing the number of displacements and subsequent force
calculations significantly. As an example, to construct the full set of 2nd

order force constants for Cu2O with a 2 × 2 × 2 supercell, symmetry reduces
the amount of force calculations from 36 down to two.

In phonon calculations, it is important to make sure the forces caused by
the displacement of the atom(s) inside the unit cell vanish, and with them,
the force constants between distant atoms go to zero. For this reason the
force constants from displacements are calculated with supercells, which is
another parameter where the convergence of the results should be checked.
Using Cu2O again as an example, we have calculated the 2nd order force
constants in 2 × 2 × 2, 3 × 3 × 3 and 4 × 4 × 4 supercells. Although the
phonon dispersion barely changes with increasing supercell size, it has an
effect on some derivative properties, as will be shown later.

Even if the DFT forces and the resulting phonon dispersion would be
accurate, the theoretical lattice thermal conductivity still has a few sources
of error. First of all, our models are (almost always) perfect without any
point defects or impurities, a situation that will never happen in reality.
Point defects and other deviations from perfect stoichiometry are a source
of phonon scattering that our calculations can not reproduce. These effects
are more important in the lower temperatures, where phonon-phonon
scattering is not the dominant mechanism, as is illustrated in Figure
2.1. When the phonon lifetimes are evaluated through equation 2.31, the
collision space for possible three-phonon processes is described on a finite
mesh of q-points. The convergence with respect to the q-mesh is always
checked. We limit our calculations to three-phonon processes, and while
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Phonon-phonon

Figure 2.1. Thermal conductivity of CoSb3. Dashed and dotted lines show the resulting
thermal conductivities if those mechanisms were the only source of phonon
scattering. Figure adapted with permission from Tritt.113 – ©2008 Springer
Nature.

the three-phonon processes explain the thermal conductivity in many cases
adequately, there are of course scattering events that include four or more
phonons. There are some cases where four-phonon processes are necessary
to produce the results seen in experiments, like in the case of high-κ
boron arsenide.111,112 Additionally, the lifetimes and group velocities are
calculated using the harmonic eigenvalues and eigenvectors without any
corrections to the frequencies. The possibility of some fortuitous error
cancellation is hard to rule out, but until we see catastrophic difference
compared to experiments, it is reasonable to assume we see correspondence
between theory and practice for the right reasons.
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3. Lattice thermal conductivity of
diamagnetic copper(I) oxide with
GGA and hybrid density functionals

The performance of different functionals and functional families have
been pitted against each other for various fundamental material proper-
ties in the past. However, given the novelty of the techniques used for
the theoretical prediction of lattice thermal conductivity with third-order
force constants and the combination of high computational cost for hy-
brid functionals with plane waves and the popularity of plane wave codes
in solid-state DFT calculations, hybrid density functionals had not yet
been used for κl. Copper(I) oxide provides a good testing platform for
hybrid functionals, it has a simple structure (Figure 3.1) with a lot of
symmetry, while simultaneously being a strongly correlated oxide.114 Non-
hybrid DFT methods generally tend to delocalize the electron density. In
strongly correlated oxides some electron bands are rather narrow, meaning
they are more localized to some atoms. Hybrid density functionals, with a

Figure 3.1. Unit cell of Cu2O. Red: O, brown: Cu.
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Figure 3.2. Band structure and atom-projected density of states for Cu2O calculated at
PBE/TZVP and PBE0/TZVP levels of theory. The dashed line shows the top of
the valence bands. Adapted with permission from Linnera et al.115 – ©2017
American Physical Society.

percentage of the exact exchange from Hartree-Fock, give a better descrip-
tion of the localized nature of the electrons.

With the known tendencies of GGA functionals to underestimate the
band gaps of semiconductors and insulators while hybrids usually over-
shoot them, it does not come as a surprise to see such trends in Cu2O.
Figure 3.2 shows the band structures calculated with the PBE and PBE0
functionals combined with a TZVP sized basis set. The band gap ob-
tained with PBE/TZVP was 0.53 eV and with PBE0/TZVP it was 2.38 eV
while in experiments the band gap usually is found between 2.0 and 2.2
eV.116,117 The density of states have rather similar shapes, and the contri-
butions from copper and oxygen to the DOS are similar for both methods.
A closer look on the band structure reveals some pronounced differences
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Figure 3.3. Phonon dispersion and phonon density of states of Cu2O at PBE/TZVP and
PBE0/TZVP levels of theory. Green crosses are experimental data points from
Bohnen et al.118 Reprinted with permission from Linnera et al.115 – ©2017
American Physical Society.

apart from the band gap. The bulk of the bands close to the valence band
maximum are at higher energies with PBE than with PBE0. Large peaks
in the density of states reach to energies from −1.5 to −2.8 eV from the
valence band maximum, where as with PBE0 the bulk of valence bands
are seen between −2 and −3.5 eV. The discrepancies can be attributed to
the differing amounts of self-interaction of the d orbitals.28 For PBE the
self-interaction error is larger than for PBE0.

The differences in electronic structure do not seem that significant, but
they manifest clearly in derivative properties, as can be seen when the
lattice dynamics of Cu2O are examined. The phonon dispersions obtained
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Figure 3.4. Lattice thermal conductivity of Cu2O at PBE/TZVP and PBE0/TZVP levels of
theory. Experimental data points are from the CRC Handbook of Chemistry
and Physics.120 Adapted with permission from Linnera et al.115 – ©2017
American Physical Society.

with the different functionals are plotted in Figure 3.3 together with the
experimental data from Bohnen et al.118 Even though the description
obtained with PBE can be said to be in decent agreement with experiments,
the correspondence of experimental measurements and results with PBE0
is very good. The match is not perfect, however, as would be expected. The
largest disparity between experiments and PBE0 is seen in the optical
modes between 500 and 600 cm−1 where the computational frequencies are
shifted down. Comparing the dispersions below 400 cm−1, all the bands
are found at lower frequencies with PBE than with PBE0. It is evident
from the match with experiments, but especially so in the density of states
between 80 and 120 cm−1.

The effect of artificially shifting a portion of the phonon DOS to lower
frequencies was shown to have a negative effect in the calculated lattice
thermal conductivity by Lindroth et al. and we see a similar effect.119 The
theoretical κl is 40% lower with PBE than with PBE0. The values obtained
with the hybrid functional PBE0 are also in better agreement with the
experiments at the higher temperatures, as can be seen in Figure 3.4. The
discrepancy between theory and experiments in the lowest temperature
data point can be at least partly explained with the lack of point defect
scattering in our calculations, as we have a perfect repetition of the unit
cell in all directions without any point defects or impurities.

As we calculate the lattice thermal conductivity in the single-mode re-
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Figure 3.5. Cumulative phonon lifetime of Cu2O at the PBE/TZVP and PBE0/TZVP levels
of theory at 300 K. Adapted with permission from Linnera et al.115 – ©2017
American Physical Society.

laxation approximation with Equation 2.28, we have three quantities to
inspect which can vary between the functionals. The calculated heat ca-
pacities of the phonons do not differ much between the functionals. Even
though we see distinct differences in the phonon frequencies, the disper-
sion is qualitatively similar and even quantitatively there are only very
small differences in the group velocities. The only possible culprit that
is left is the phonon lifetime. Figure 3.5 shows the cumulative phonon
lifetime with respect to phonon frequency. A cumulative property, e.g. the
lifetime τq j is defined as

τcum
q j (ω)=

∫ ω

0

1
N

∑
q j

τq jδ(ωq j −ω′)dω′. (3.1)

As the same eigenmodes are sampled, the distribution of lifetimes is natu-
rally very similar. Also the quick rise in cumulative lifetime happens at
the same modes, but in the case of PBE it is seen earlier due to the lower
eigenfrequencies. The differences in lattice thermal conductivity can be
completely attributed to shorter phonon lifetimes.

To further quantify the reason behind the shorter lifetimes obtained
with the GGA functional, we calculated the joint density of states (JDOS)
and weighted joint density of states (w-JDOS) with respect to frequency,
which are shown in Figure 3.6. The JDOS contains information about
the amount of different types of scattering events in the system at 0 K
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Figure 3.6. a) Joint density of states and b) 300 K temperature weighted joint density of
states of Cu2O at PBE/TZVP and PBE0/TZVP levels of theory. Adapted with
permission from Linnera et al.115 – ©2017 American Physical Society.

at one point in the reciprocal space. We calculated the JDOS at various
different points along three high symmetry paths (ξ,0,0), (ξ,ξ,0) as well as
(ξ,ξ,ξ) and chose the point R [q = (0.5, 0.5, 0.5)] as the representative point.
There are two types of scattering events, and they are called collision and
decay processes. In a collision process two phonons are annihilated and a
third phonon is created. This corresponds to the two delta functions in the
second row of Equation 2.31. In a decay process one phonon is annihilated
and two phonons are created. This corresponds to the first delta function
in Equation 2.31. The w-JDOS includes the effect of temperature, i.e. the
variation it induces in the phonon occupations through the occupation
terms in Γq j. The purely acoustic region contains only collision events
and decay events appear only at higher frequencies. The 0 K processes
are rather similar in magnitude with both functionals, but at the 300 K
temperature we see more events of both types with the GGA-PBE than with
PBE0. Increased scattering from rather small differences in the phonon
dispersion eventually leads to significantly shorter phonon lifetimes and
lattice thermal conductivity in the case of PBE.
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4. Lattice dynamical properties of
thermoelectric Cu2O from
quasi-harmonic approximation

A detail we have not yet discussed in terms of lattice dynamical calculations
is the computational cost, apart from mentioning how symmetry reduces
the number of displacements needed to gather all the interatomic force
constants. Using our workhorse Cu2O again as an example and including
symmetry, two force calculations are needed for the harmonic phonon
dispersion using a 4 × 4 × 4 supercell. For the 3rd order force constants
using a 2 × 2 × 2 supercell, 248 force calculations are needed. Description
of anharmonicity through the 3rd order force constants is a computationally
expensive task, and while some parts of the anharmonic effects, notably κl ,
require this more tedious route, some properties like thermal expansion
and the Grüneisen parameters are obtainable within the quasi-harmonic
approximation at a lower cost. Cu2O provides a good testing platform for
these methods, it has a very simple structure, but it also exhibits peculiar
thermal behaviour, such as negative thermal expansion below 200 K.121–123

The details of quasi-harmonic approximation and how to obtain the
properties mentioned above within the QHA were covered in Chapter 2.2.2.
These properties can be calculated with the third-order force constants
as well. We will categorize these under the "cubic force constant method"
(CFC) from now on. The Grüneisen parameter can be written as the strain
derivative, and from that, an analytic expression can be written:

γq j =− 1
2ω2

q j

∑
l′l′′

∑
kk′k′′

∑
αβγ

Wαk
q∗ jW

βk′
q j�mkmk′

Φαβγ(0k, l′k′, l′′k′′)

× eiq·[r(l′k′)−r(0k)] ×r(l′′k′′γ).

(4.1)

In Eq. 4.1, the Greek alphabet α, β and γ without any subscripts refer to
the Cartesian directions. With the help of the mode-dependent Grüneisen
parameters γq j, we can calculate the volumetric thermal expansion coeffi-
cient (TEC) as

α
gru
V (T)= 1

KV0

∑
q j

γq jCV ,q j(T), (4.2)

where K is the bulk modulus at 0 K and V0 is the equilibrium volume.
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Figure 4.1. Mode-dependent Grüneisen parameters and thermal expansion coefficient of
Cu2O calculated within the QHA. The dashed line marks the zero for easier
distinction between positive and negative γq j . Adapted with permission from
Publication IV – ©2019 American Institute of Physics.

This is a drawback of the cubic force constant method, since both K and V
have a temperature dependence which is not taken into account. However,
in many cases the approximation is rather minor, because K typically
decreases with temperature while V increases and they cancel each other
out to some degree.

First we examined the convergence of the methods with respect to super-
cell size. For the QHA we used the primitive, 2 × 2 × 2, 3 × 3 × 3 and 4 × 4
× 4 supercells for the second order force constants. The phonon dispersions
for the QHA were calculated at seven different volumes, two smaller and
four larger equidistant compared to the the equilibrium volume, ranging
from −3% to +6%. This was all done in the automated QHA module of
CRYSTAL17. For the cubic force constant method both the 2nd and 3rd IFCs
were calculated in 2 × 2 × 2 and 3 × 3 × 3 supercells. Contrary to lattice
thermal conductivity calculations where a larger 4 × 4 × 4 supercell was
used for the calculation of 2nd order force constants, PHONO3PY allows
the calculation of Grüneisen parameters only when the supercell sizes are
same for all force constants.

Figure 4.1 shows the QHA results on the Grüneisen parameters in the
left panel and volumetric thermal expansion coefficient on the right. The
Grüneisen parameters within the QHA module of CRYSTAL17 are calcu-
lated in a q-mesh corresponding to the supercell size, meaning they are
exact. This is the reason why the 2 × 2 × 2 cell results are strictly on top
of the 4 × 4 × 4 results, as the same points are included in the sampling.
The q-points of the 3 × 3 × 3 supercell are thus sampled differently, and
we see points at frequencies that are not part of the even numbered cell
expansions. Similar effects are seen on the volumetric thermal expansion
coefficient in the right panel of Figure 4.1 where the TEC of even numbered
supercells are practically on top of each other and the 3 × 3 × 3 supercell
differs slightly. All three supercells produce very similar values at the
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Figure 4.2. Mode-dependent Grüneisen parameters and thermal expansion coefficient
of Cu2O calculated with the cubic force constant method. Adapted with
permission from Publication IV – ©2019 American Institute of Physics.

lowest temperatures, but the 3 × 3 × 3 starts diverging, and after the
minimum at 75 K there is an almost constant shift in the αV . The odd one
out is the line obtained with just the primitive cell, which demonstrates the
necessity of using larger supercells when the primitive unit cell is small.

Figure 4.2 shows the same results obtained with the cubic force constants
method with the two different supercell sizes. The modes are sampled
on a 10 × 10 × 10 q-mesh, resulting in quite some more data points
than in Figure 4.1 with QHA. The differences between the γq j are rather
small, based on these it would seem the IFCs are converged already at
the smaller supercell. The thermal expansion coefficients however, tell
a slightly different story. The TEC starts to diverge around 50 K, when
the larger supercell results reach the minimum at 75 K similar to QHA,
and the TEC from the smaller supercell finds the minimum at 90 K. The
absolute difference in the minima of the TEC is 1.4 × 10−6 K−1, and
the difference increases up to 2.0 × 10−6 K−1 at the end of the studied
temperature range. Third order IFCs vanish at smaller distances than
second order, and since we are forced to use the force constants from equal
sized supercells, the differences are likely resulting from the second order
IFCs not being completely converged in a 2 × 2 × 2 supercell.

Figure 4.3 shows the mode-dependent Grüneisen parameters and ther-
mal expansion coefficients calculated with the largest used supercells for
both QHA and the cubic force constant method combined with the data
from experimental measurements. First thing to note is the near perfect
agreement of QHA and the cubic force constant method in regard to both
γq j and αV . The only conspicuous discrepancy is a single data point with
QHA around 150 cm−1, that has a higher γq j than the cubic force constant
method. Majority of the experimental data points are in full agreement
with the calculations. The Raman results of Reimann and Syassen indicate
a slightly lower γq j for the mode at 515 cm−1. An interesting feature is the
lowest frequency mode in the experiments which shows a γq j of −3.5. They
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Figure 4.3. Mode-dependent Grüneisen parameters and thermal expansion coefficient of
Cu2O calculated with the largest used supercells with QHA and the cubic
force constants method. Experimental data for γq j is taken from Reimann
and Syassen and for αV from Dapiaggi et al. and Schäfer et al.121,124,125

Adapted with permission from Publication IV – ©2019 American Institute of
Physics.

measured only zone-center phonons, so it corresponds to the lowest-lying
optical mode, while all the larger negative mode-dependent Grüneisen
parameters in our calculations are attributed to the acoustic modes.

The thermal expansion coefficients are also in decent agreement with
experiments at temperatures below 250 K. The results of Dapiaggi et
al. and Schäfer et al. both show a smaller minimum for the TEC than
our calculations. Both computational methods get the region of negative
thermal expansion correct to a good degree. However, the absolute values
of the TEC are smaller than what is seen in the experiments. There is
also quite a large difference in the maxima of the two experimental data
sets, and the theoretical TEC is smaller at higher temperatures then the
experimental. An interesting feature can also be seen in the divergence
of the TEC between QHA and the cubic force constant method. This can
be explained by the drawback regarding Equation 4.2 mentioned earlier,
in the QHA treatment the changes in the bulk modulus are taken into
account. With a smaller K in the denominator with increasing temperature
the value for αV rises. Another feature that our computational methods
can not reproduce, is the plateau seen after 400 K in both experimental
measurements. The computational TEC increases in a monotonic fashion
all the way through the whole studied temperature range. It will be curious
to see if future higher level theoretical approaches can correctly describe
the thermal expansion at higher temperatures.
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5. Thermoelectric properties of p-type
oxides Cu2O, CuO and NiO

Some earlier studies on the thermoelectric capabilities of Cu2O have indi-
cated that with appropriate doping it could prove to be a worthy candidate
for applications.28 Expanding upon this, we studied the TE properties
of three late d-block metal oxides, Cu2O, CuO and NiO. In addition to
probing their suitability for further improvement, we compared two differ-
ent methodologies in calculating the band structure related properties ab
initio.

Further details can be read from Publication II, but the main difference
between the two methods is how the group velocities of electrons are
calculated. The electron group velocities are directly proportional to the
mobility of the electrons, and thus the electrical conductivity of the material
through Equation 1.4. The group velocities can be written as

vi,α(k)= ∂εi,k
∂kα

, (5.1)

where kα is the component of the k-vector in the Cartesian direction α

and εi,k is the energy of the band i at k. Perhaps the most common
used method, as is done in the BoltzTraP program used also here,126 is
to estimate the derivatives with symmetry-based planewaves which are

Cu2O NiO CuO

Figure 5.1. Unit cells of Cu2O and NiO. A larger portion of the structure of CuO is depicted
with the box showing a single unit cell. Nickel atoms lying on blue and red
lanes are of opposite spin. Brown: copper, red: oxygen, green: nickel.127
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Figure 5.2. Band structures and densities of states of antiferromagnetic CuO and NiO.
Left and right sides of the zero point in DOS plots are spin down and spin up
densities. Figure adapted from Linnera et al.127

interpolated from the bands. The other alternative is possible with local-
ized basis functions, for which an analytical formulation of the derivative
can be found.98 This approach will be referred to as simply CRYSTAL17.
Both methods use the constant relaxation time (RTA) approximation,
where the relaxation time of the electrons are assumed to be constant,
independent of the band index i and k. This is of course not true, but
the computational effort needed to explicitly analyze the electron-phonon
scattering to obtain realistic electronic lifetimes is humongous and beyond
the focus of this study.128,129

Nickel(II) and copper(II) oxides have an incomplete d-shell and as a
result they have an antiferromagnetic ground state below their respective
Néel temperatures of 525 and 230 K.130,131 In both cases, the correct spin
structure can not be described within their primitive unit cells. Including
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Figure 5.3. From top to bottom: electrical conductivity, Seebeck coefficient and power fac-
tor of Cu2O as a function of carrier concentration ρ. The electrical relaxation
time τi,k is kept as a free parameter when calculating electrical conductivity.
Figure adapted from Linnera et al.127

the spin structure is paramount to being able to describe the correct ground
state. If the spins are not assigned properly, DFT predicts both NiO and
CuO to be metallic. To enable the correct assignment, we perform an
expansion using the primitive lattice vectors. The new vectors spanning
the lattice for NiO were a’ = b + c, b’ = a + c and c’ = a + b. Similarly for
CuO the new lattice vectors were a’ = a + c, b’ = b and c’ = −a + c. Figure
5.2 shows the calculated band structures and densities of states of CuO
and NiO in their antiferromagnetic unit cells, band structure of Cu2O is
the same as in the previous study, shown in Figure 3.2. The PBE0/TZVP
methodology expectedly overshoots the band gaps a bit, but beyond that
the band structures and magnetic moments are in good agreement with
experimental results and previous calculations.132–137

The two different strategies for evaluating the electron band velocities
yield practically identical results. Figure 5.3 shows the theoretical elec-
trical conductivity, Seebeck coefficient and power factor for Cu2O at a
temperature of 600 K. The temperature was chosen to represent a possible
operating temperature of some mid-range T application for heat harvest-
ing. Red lines correspond to the analytical approach for vi,α(k) and black
lines are from the numerical interpolation. For both types of carriers the
lines run on top of each other throughout the studied carrier concentration
range.

There is quite a bit of variance in the experimental measurements of
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the transport properties. In a single crystal study by Young and Schwartz
they measured an S of 1050 μV/K and estimated the hole concentration to
be between 8.5 × 1016 and 2.5 × 1017 cm−3 at a temperature of 500 K.138

Our calculations at 500 K predict an S = 970 μV/K at 8.5 × 1016 cm−3, a
rather good agreement with the single crystal study. Another good match
is seen with the thin film studies of Figueira et al. who measured an S
of 1000 μV/K and 4 × 1016 cm−3 at 300 K, while our calculations at that
temperature and carrier concentration produce a Seebeck coefficient of 970
μV/K.139 They reported an electrical conductivity of 3 (Ω m)−1, while our
calculations produce a value of 6.0 × 1014 (Ω m s)−1 with the relaxation
time still being a free parameter. If we assume a value of 5 fs for the
τi,k, we are exactly on point with the thin film measurements. This is of
course a crude idealization and should not be accepted at face value as the
triumph of the RT approximation. It serves as an example that the used
methods can produce a good ballpark estimation.

Our results are also in reasonable agreement with the previous computa-
tional study done on Cu2O. The results are not exactly the same though,
as would be expected because the previous computational studies used
the GGA functional PBE and we’ve already seen the effects the different
functionals have on lattice dynamical properties. The p-type conductivities
they obtained with GGA-PBE are twice as large as those of our hybrid
PBE0 results. Their Seebeck coefficients are smaller, however, e.g. at a
hole concentration of 1 × 1019 their Seebeck coefficient is slightly over
500 μV/K while our calculations predict it to be 580 μV/K. The absolute
differences in S are rather small, but they have a larger impact at the
maximum power factor. Despite our σ being only half of what GGA-PBE
predicts, our power factor is 25% higher in calculations at a temperature of
500 K. This is a simple consequence of the Seebeck having relatively more
weight in the power factor at high carrier concentrations.

Since the results between the two different methods for the group veloci-
ties produce identical results, we show only the results from CRYSTAL17
for CuO and NiO in Figure 5.4. The agreement with experiments is slightly
worse with CuO. The pressed CuO pellets of Jeong and Choi show an S
between 500 and 600 μV/K at a temperature of 600 K.140 They estimated
their carrier concentration to be around 1 × 1020 cm−3. Our Seebeck coef-
ficient matches if ρ is between 1 and 3 × 1019 cm−3. However, with such
concentrations our electrical conductivity would be three orders of magni-
tude higher with a relaxation time of 1 fs. Another study, this time on thin
films of CuO by Hartung et al. has similar values of S = 550 μV/K and σ

= 0.3 (Ω m)−1, but with significantly smaller carrier concentation ρ = 2 ×
1017 cm−3.31 Comparing that to our calculations, our σ drops down to 4.1
(Ω m)−1 with the 1 fs relaxation time, much closer to experiments. Even
though the match on electrical conductivity improves with smaller carrier
concentrations, our calculations overshoot the Seebeck coefficient, rising
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Figure 5.4. From top to bottom: electrical conductivity, Seebeck coefficient and power
factor of CuO (left) and NiO (right) as a function of carrier concentratrion ρ.
The electrical relaxation time τi,k is kept as a free parameter when calculating
electrical conductivity. Figure adapted from Linnera et al.127

up to 860 μV/K. Two studies have reported the power factor for CuO, both
on thin films, and at 300 K they are 0.5 and 2.0 μW m−1 K−2. Our maxi-
mum reaches as high as 300 μW m−1 K−2 with higher doping. The large
difference between experiments and theory arises from the disparity of our
perfect single-crystal systems vs the polycrystalline experimental samples,
and the possible overestimations in our σ/τi,k values. Comparisons with
experiments are further complicated by the carrier concentrations in the
experimental studies possibly not being entirely accurate, as Hartung et
al. pointed out in their study, and Jeong and Choi have estimated ρ only
on the atomic density of copper in the samples.31,140

Electrical properties of nickel(II) oxide have been studied immensely, ow-
ing much to its characteristic strongly correlated d-metal oxide behaviour.
The experimental measurements have massive variation with different lev-
els of sample purity, as can be seen in the 6 orders of magnitude difference
in σ at the temperature of 600 K in the comprehensive review of Keem and
Honig.141 Our computational methodology produces similar discrepancies
with experiments for NiO as were seen for CuO. The best match is seen
with the studies of Nachman et al. who determined the hole concentration
of 2.18 × 1018 cm−3 with jodometric titration.142 At 600 K their sample had
a Seebeck coefficient of 600 μV/K while in our calculations we get S = 615
μV/K at a carrier concentration of 2.3 × 1018 cm−3. Similar to CuO albeit
not that drastic, with a 1 fs relaxation time our electrical conductivity is 20
times higher than in the experiments. The larger conductivities we obtain
push the power factor too high, as can be seen by comparing the results of
Shin et al. who measured a power factor of 0.1 μW m−1 K−2, and if we take
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values of σ and ρ that match the Seebeck coefficient in their experiments,
our power factor is a whopping 190 μW m−1 K−2.143

The higher temperatures used in the evaluation of the transport prop-
erties are above the Néel temperatures 525 and 230 K of NiO and CuO,
respectively. Temperature is included in our calculations through the
Fermi–Dirac distribution (for details, see Publication II), but the band
structures are calculated at absolute zero, and thus are always antifer-
romagnetic. This will surely affect our calculations, but it is hard to
quantify to what extent. Additionally, using a constant relaxation time
when comparing against experimental results in different temperatures is
an approximation. Through electron-phonon scattering alone, as the tem-
perature increases, more and more phonon modes become populated, and
thus, the relaxation time is expected to lower with increasing T. That being
said, the three oxides show similar thermoelectric performance within the
RTA approximation, and while they are not among the highest performing
materials and the RTA approximation may push the power factor too high,
they show promise for further development with doping and nanostructur-
ing. An example of this is already seen in NiO, where the power factor was
improved by three orders of magnitude with lithium doping alone.143
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6. Lattice thermal conductivity of
antiferromagnetic nickel(II) oxide

So far we have learned that combining the local TZVP-level basis set and
the hybrid PBE0 functional can provide good predictions for the properties
of strongly correlated oxides, both electronic and lattice dynamical, in cases
that can be problematic for GGA functionals. Another aspect that is yet
to be studied in more detail is the effect of the used symmetry in lattice
dynamics. Take the simple rocksalt structured NiO (Fm3̄m) for example,
the magnetic substructure breaks the cubic symmetry by inducing a rhom-
bohedral distortion below the Néel temperature of 525 K, bringing the
symmetry down to the trigonal space group, R̄3m. The distortion is quite
small, small enough that in experiments, for example inelastic neutron
scattering data for phonon dispersions, the cubic structure is assumed.

As we know, for the electronic structure calculations we must do an ex-
pansion of the primitive unit cell to be able to assign the spins of the nickel
atoms in an antiferromagnetic arrangement, otherwise the ground state
is plain wrong and all predicted properties would be inherently unphys-
ical. Methods for studying phonon dispersions resulting from supercell
expansions have been available for some time. In a nutshell, the force
constants are folded back to the original primitive cell by projecting the
phonon polarization vectors to a group of planewaves and estimating their
unfolding weights, or by averaging the lower symmetry force constants
to represent the higher symmetry structure.144,145 Unfortunately, these
methods are available only for the 2nd order force constants, and not for 3rd

order that are necessary for the calculation of lattice thermal conductivity.
On a heuristic level, we have two perspectives on the problem of lattice

thermal conductivity of, say, NiO calculated under two different symme-
tries: 1) We are describing the same overall periodic structure, the cell
of the antiferromagnetic structure is just a different selection of unit cell
and the lattice thermal conductivity of both choices must be the same.
Alternatively, 2) the number of different vibrational modes the system has
is 3N, where N is the number of atoms in the primitive unit cell. If we have
more modes in the unit cell describing the same structure, we have more
scattering and the resulting lattice thermal conductivity will be lower.

59



Lattice thermal conductivity of antiferromagnetic nickel(II) oxide

Figure 6.1. Phonon dispersion of NiO using the cubic primitive cell. Green crosses are the
experimental data points from Reichardt et al.146 Adapted with permission
from Linnera et al.147 – ©2019 American Physical Society.

We chose NiO as the main focus, although e.g. MnO and CoO share the
similar structural motif of an antiferromagnetic substructure that breaks
the rocksalt symmetry. Out of these three the rhombohedral distortion is
the smallest in NiO, inducing a change of only 0.1◦ in the angle between
the lattice parameters. Additionally, it has the highest Néel temperature,
so when we eventually calculate lattice thermal conductivity at higher
temperatures, our description of the electronic structure should still be
realistic. The new primitive unit cell in space group R3̄m is constructed as
it was done in the study on band structure dependent properties (see 5).

Force calculations in the cubic primitive cell were made possible by the
finite displacement method. We used a 6 × 6 × 6 supercell expansion
for the original cubic primitive cell, and since we displace an atom away
from the equilibrium position, all symmetry is removed and the space
group is effectively P1, which allows us to assign the correct spin structure.
The cubic symmetry is still assumed while constructing the dynamical
matrix and force constants, so that the correct antiferromagnetic ground
state is implicitly included in the calculated phonon dispersions and lattice
thermal conductivities. For the trigonal symmetry, we used a 4 × 4 ×
4 supercell of the trigonal primitive cell. Figure 6.1 shows the phonon
dispersions of NiO under the cubic and symmetry. Our theoretical disper-
sion matches rather well with the experiments (green crosses).146 Larger
discrepancies are mainly seen in the highest energy optical mode, which
has an almost constant shift in all the measured directions. Acoustic modes
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Figure 6.2. Phonon dispersions and atom-projected phonon densities of states of of NiO
using the cubic and trigonal primitive cells. The dispersions of the cubic
primitive cell were made compatible by plotting them in the corresponding
direction of the trigonal primitive cell and folding them. The green and blue
lines mark the nickel and oxygen contributions, respectively. Adapted with
permission from Linnera et al.147 – ©2019 American Physical Society.

are a near perfect match in the Γ–X and Γ–L directions, with some larger
disagreement on the transverse acoustic modes in the direction X–K.

Comparing the phonon dispersions between different choices of primitive
cell is not straightforward as the shape of the Brillouin zone changes.
For some directions in the Brillouin zone of the trigonal primitive cell,
however, it is possible to plot an equivalent path in the reciprocal space
of the cubic primitive cell, which can then be folded to match the trigonal
symmetry path. For the directions Γ–L and Γ–Z of the reciprocal space of
the trigonal primitive cell there are one-to-one corresponding paths in the
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Figure 6.3. Lattice thermal conductivity of NiO calculated using both the trigonal and
cubic primitive cells, shown as red and black lines, respectively. Crosses are
experimental data points.141,148–150 Adapted with permission from Linnera
et al.147 – ©2019 American Physical Society.

cubic symmetry which are labeled similarly, and the points the trigonal
symmetry are L = (0, 1/2, 0) and Z = (1/2, 1/2, 1/2) and in cubic symmetry
they are L = (-1/2, 1/2, 1/2) and Z = (1/2, 1/2, 1/2). Because the direction Γ–F
of the trigonal primitive cell is a lower symmetry path, which is indicated
by the lack of band degeneracy at the zone edge, a corresponding path
in the cubic symmetry cannot be found, and thus, the dispersions show
larger discrepancies in this direction. The point F in the trigonal symmetry
is (1/2, 1/2, 0) and in the cubic symmetry it is (-1/2, 1/2, 0). Despite the
different Brillouin zones, the phonon density of states between the two
primitive cells can be compared directly. The largest differences between
the DOS plots are seen in that the density peaks of the cubic case are at
slightly higher frequencies, and the trigonal case does not have a distinct
gap in the density slightly above 10 THz. The phonon DOS of the trigonal
primitive cell, that has the composition Ni2O2, has two overlapping green
and blue lines. This explains the similar x-axis range in the phonon DOS
plots for the cubic and trigonal primitive cells.

The predicted κl obtained using the cubic and trigonal primitive cells are
shown in Figure 6.3 along with some selected experimental studies. There
are a multitude of measurements available for NiO, and we chose studies
with the best single-crystal quality based on the descriptions in the review
of Keem and Honig. The lattice thermal conductivities calculated with the
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cubic and primitive cells are almost identical. Only at lower temperatures
we see the κl differ a little. In addition to the two symmetries producing
similar lattice thermal conductivities, they are in good agreement with the
experimental measurements. The computational thermal conductivities
match those of Lewis and Saunders at the lower temperatures, however it
is already at the limits where pure phonon-phonon scattering might not
give an accurate description of the system. Interestingly, the four sets of
measurements seem to form two distinct sets, with those of Zhuze et al.
and Lewis et al. agreeing with each other while crossing paths with the
measurements of Shchelkotunov et al. around 250 K. The theoretical lat-
tice thermal conductivity falls neatly between the two sets at temperatures
higher than 300 K.

Calculated lattice thermal conductivities of NiO were similar, regardless
of the symmetry of the primitive cell. Hypothesis number one seems to hold
out, so let’s investigate the lifetimes and scattering. Figure 6.4 a) shows
the cumulative phonon lifetimes calculated with the cubic and trigonal
primitive cells. If the systems were identical in regard to phonon-phonon
scattering, we would assume that the cumulative lifetimes of the modes
should be doubled in the trigonal primitive cell compared to the cubic
one. That is not exactly the case, however, as the total lifetimes add up
to roughly 17.5 picoseconds in the cubic primitive cell and 27.5 ps in the
trigonal primitive cell. More detailed information can be obtained from
plots 6.4 b) and c), which show the lifetimes of the individual modes as
black dots and the contour plot is the density of lifetimes on the frequency-
lifetime plane. The y-axis has been cut so that the plot shows the highest
density of lifetimes. The lifetimes in the cubic primitive cell were calculated
on a 30 × 30 × 30 q-mesh, while for the trigonal we used a 20 × 20 × 20
mesh. We see a pronounced difference in the distribution of lifetimes
of the acoustic modes below 10 THz. The intuitive deduction of "more
modes, mode scattering" seems to also hold true. The smaller lifetimes in
the trigonal cell are compensated by the simple fact that there is twice
the amount of carriers. Also, when the lattice thermal conductivity is
calculated with Equation 2.28 it is normalized with the volume of the
primitive cell.

In the end, both hypotheses contained a bit of the truth. It seems the
small changes in symmetry do not necessarily alter the results when cal-
culating lattice dynamical properties from the third-order force constants.
Both methods produced the same lattice thermal conductivities, which
were also in decent agreement with experimental measurements. How-
ever, this comparison was enabled only because the inherent symmetry
is broken in the force calculations with the finite displacement method.
A more universal approach, e.g. based on unfolding techiques, would be
preferential.
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Figure 6.4. a) Cumulative phonon lifetimes of NiO at 300 K in both cubic and trigo-
nal primitive cells. b) and c) Phonon lifetimes as dots with respect to fre-
quency. The contour plot indicates the density on the frequency-lifetime plane.
Adapted with permission from Linnera et al.147 – ©2019 American Physical
Society.
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7. Conclusions and outlook

The research of thermoelectric materials is a hotter topic than ever. This is
especially true on the theoretical side. The advances in methodology and
computational power have made it easier to study more complex materials
in greater detail than ever before. In addition to detailed studies of new
and exciting compounds, the possibility to re-visit a massive amount of
known materials through database mining might provide extremely useful.
As always, the computational methods must also live up to their promises.

At the moment, density functional theory is the only methodology capable
of combining enough accuracy with a manageable workload. However, DFT
is inherently riddled with varying levels of approximations to choose from,
and establishing a consistent methodology that produces results we can
trust is paramount. In the studies done for this thesis, we have combined
hybrid density functional theory with localized Gaussian-type basis sets
to study the different material properties that define the thermoelectric
efficiency.

Specifically, the hybrid functional PBE0 outperforms its GGA counterpart
PBE significantly at the prediction of lattice thermal conductivity for the
strongly correlated semiconductor oxide Cu2O. Although the study was
done on only one compound, the general problems of pure GGA functionals
in describing the electronic structure of strongly correlated materials
is likely to carry over to the estimation of κl through third-order force
constants of other compounds as well. We also highlighted the capabilites
of the quasi-harmonic approximation in the calculation of some anharmonic
lattice dynamical properties, such as thermal expansion and the Grüneisen
parameters. These properties are described with decent accuracy already
at the quasi-harmonic level without the need to calculate the expensive
3rd order IFCs.

Cu2O, as well as CuO and NiO, show some promise as possible thermo-
electric materials, albeit a lot of work required to optimize the electrical
and lattice dynamical properties through doping and possible nanostruc-
turing. This is a good place for further studies, providing a possibility to
utilize a full ab initio treatment to a new material, starting with minimal
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to no information about the new structure. A novel approach not used
in this study, the prediction of crystal structures, is also feasible with
accurate hybrid DFT methods.151 Strongly correlated oxides should pose
no complications, assuming the other computational parameters are up to
par.

Lastly, we performed the first hybrid DFT calculations on the lattice
thermal conductivity of a material with an antiferromagnetic ground state,
NiO. In addition to just calculating κl, we did the calculations with two
primitive cells under different symmetries. The symmetry had no effect on
the calculated lattice thermal conductivity, despite the phonon dispersion
looking very different at first glance. The phonon densities of states
with respect to frequency, however, were almost identical under both
symmetries. The methodology we used is unfortunately not universal, but
instead it is limited to calculating interatomic force constants with the
finite displacement method. Thus, there is still need for a more widely
applicable method to studying anharmonic lattice dynamics of systems
which require a lowered symmetry for the correct electronic ground state.
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