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1. Superconductivity

In a superfluid, particles flow without kinetic energy losses. Superconduc-
tivity, the most famous form of superfluidity, refers to the phenomenon
in which the transport of electric current becomes dissipationless when
the material is cooled below some critical temperature [1, 2, 3, 4]. Su-
perconductivity was discovered by Kaemmerlingh-Onnes in 1911 with a
sample of mercury cooled down to low temperatures of 4 K. In 1933 the
second defining property of superconductors, namely the Meissner effect
i.e. the expulsion of an external static magnetic field from the bulk of
a superconductor, was discovered by Meissner and Ochsenfeld [1]. As
a purely quantum mechanical phenomenon, the true origin of supercon-
ductivity remained a mystery for a long time. Rigorous foundations of
quantum mechanics were developed in the 1920s but it took almost five
decades after Kaemmerlingh-Onnes’ first observation before the super-
conductivity was given a microscopic quantum mechanical explanation by
Bardeen, Cooper and Schrieffer (BCS) in their seminal BCS-paper in 1957
[5]. For their work the BCS trio eventually went to receive the Nobel prize
(Bardeen’s second Nobel) in 1972. BCS theory remains today a valuable
tool to study the so-called conventional superconductivity, referring to a
family of superconductors whose properties are well understood.

Conventional superconductivity, first described by the BCS theory, can
be understood by considering a normal state metal where the electrons
form, due to Pauli exclusion principle, a rigid Fermi sea. However, if there
exist non-zero attractive interactions between electrons, the Fermi sea
becomes unstable in a sense that electrons in the vicinity of the Fermi
surface can form two-body bound states, called Cooper pairs, to lower the
total energy of the system [1, 6]. This is called Cooper instability. One can
then roughly think that at low enough temperatures the bosonic Cooper
pairs Bose-Einstein condense to a single quantum state, the coherence over
the system is established and the supercurrent is carried by Cooper pairs
condensed to the macroscopically occupied state. This picture is somewhat
qualitative though as a single Cooper pair usually overlaps with a large
number of other Cooper pairs and thus they cannot be thought as a system

1



Superconductivity

of well-defined composite bosons [1, 2]. Instead, one needs to take into
account the Pauli principle and the existence of the Fermi sea which is the
essence of the BCS theory.

The attractive interaction in conventional superconductors originates
from the lattice vibrations, phonons. When an electron moves in the ionic
crystal lattice of a metal, it distorts an ion it passes. Electrons are light
and move at much higher velocities than the distorted ion which slowly
returns to its equilibrium position. Thus, there is a finite chance that
a second electron travels past the distorted ion and in turn changes its
path. Therefore, the first electron can exert an effective force to the second
electron. This phonon-mediated binding energy is at largest for electrons
with opposite momentum [1, 3].

The phenomenon of superconductivity was thought to be well understood
till in 1986 superconductivity in copper oxide materials, cuprates, was
discovered in considerably higher temperatures that was previously es-
timated to be possible [7]. Before discovering this new family of high-Tc

superconductors, the record temperature for superconductivity to occur
was 23 K but in 1994 superconductivity was observed already at 135 K
[8]. Cuprate materials are very unlikely superconducting according to
the conventional BCS theory and thus it was clear that there exists some
new physical mechanism behind high-Tc superconductivity. After over
30 years the possible reason for the existence of high-Tc materials is still
under debate and possesses a serious challenge for theoretical condensed
matter physicists. Instead of a phonon-mediated mechanism, the most
likely explanations are related to the strong correlation effects, caused
by the Coulomb repulsion between the electrons, leading to effectively
attractive interactions and formation of Cooper pairs [9]. After cuprates,
high-Tc superconductivity has also been observed in heavy fermion and
iron superconductors [8].

In recent years lattice systems possessing flat Bloch band energy dis-
persions have gained attention due to their high density of states [10, 11].
As the Cooper pairing is intimately related to the density of states in
the Fermi surface [1], flat band systems have shown to exhibit intriguing
and partially counter-intuitive superconducting properties [12, 13]. An
experimental manifestation of this is twisted bilayer graphene (TBG), re-
alized experimentally in 2018 [14, 15], possessing flat band dispersions
[16]. Even though having a rather small measured critical temperature
Tc of 1-3 K, the ratio of Tc and the charge carrier density is among the
highest ever measured in any system, including high-Tc systems [14]. The
pairing mechanism of TBG is not understood but it has been speculated
that TBG and flat bands could be a key to understanding the high-Tc

superconductivity.
This PhD work consists of Publications I-III. In each of them the supercon-

ductivity is studied theoretically in interesting and exotic two-dimensional

2



Superconductivity

systems. Each of the investigated systems provides intriguing and new
prospects related to the understanding of superconductivity in general.
In the first part of this dissertation, theoretical background of supercon-
ductivity is provided and in the second part the most relevant results of
Publications I-III are presented and discussed.

1.1 Hubbard model

Real condensed matter systems of periodic atomic or molecular lattice
structures are immensely complicated: even the smallest systems consist
of an overwhelmingly large amount of atoms which are comprised of nuclei
and electrons which in turn interact mutually within an atom or with their
counterparts of other atoms, and form complicated many-body quantum
states. Such enormously complex systems are difficult to control system-
atically in experiments and are in practice impossible to describe exactly
with theoretical tools. Therefore, to theoretically study such systems, one
needs to resort to approximation schemes of different degree.

Arguably, a minimum many-body model accounting for the interaction
effects between particles in a periodic lattice geometry is the so-called
Hubbard model which describes a many-body system comprising interact-
ing particles (fermions or bosons) in a simple periodic lattice of discrete
lattice sites [2, 17]. The Hamiltonian of the model consist of two parts:
the hopping (or kinetic) term describing particles hopping from one lattice
site to another, and interaction term accounting for the mutual interac-
tion between the particles. In real systems, atoms form bonds with other
atoms such that valence electrons can move between different atoms but
in the Hubbard model all the complications related to the inter-atomic or-
bitals are discarded by describing the hopping amplitudes from one lattice
site to another with a single parameter. Correspondingly, the immensely
complicated interaction processes are in the Hubbard model reduced to
simplistic on-site interactions parametrized by a single coupling constant.
For example, in case of fermions, the on-site interaction could be taken
as repulsive interaction, describing the Coulomb repulsion of conductance
electrons within a same atom. In the so-called extended Hubbard model
the interactions are finite also between electrons occupying different lattice
sites.

Despite its apparent simplicity, Hubbard model is a highly non-trivial
quantum many-body model, the properties of its ground state and exci-
tations for different hopping or interaction parameters remaining contro-
versial even today. As the Hubbard model takes into account both kinetic
and interaction processes, it has proven to be a valuable platform to study
and describe theoretically exotic quantum phase transitions and strongly
correlated many-body phases such as superconducting, magnetic or Mott
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states [2].
The Hubbard model is routinely used to study many-body bosonic or

fermionic systems. In this work we only deal with fermions, i.e. we study
superconductivity in the framework of Fermi-Hubbard model. To derive the
Hamiltonian one starts from the generic many-body Hamiltonian [2, 18]
expressed in terms of fermionic field operators as

H =
∑
σ

∫
drΨ†

σ(r)
(−∇2

2m
−μσ+V (r)

)
Ψσ(r)

+
∑
σ,σ′

∫
dr
∫

dr′Ψ†
σ(r)Ψ†

σ′(r′)U(r−r′)Ψσ′(r′)Ψσ(r), (1.1)

where Ψ†
σ(r) is the fermionic creation operator of of spin σ ∈ {↑,↓}, μ is the

chemical potential, V (r) is the periodic lattice potential (i.e. V (r+a)=V (r),
where a is the lattice constant) and U(r−r′) accounts for generic two-body
interactions. Higher order interaction potentials, e.g. three-body scattering
processes are ignored. In Eq. (1.1) the first term is the non-interacting
kinetic part and the latter is the many-body interaction term. Now, as the
external potential is periodic, the one-particle eigenstates are the Bloch
waves, i.e. ψnk(r)= unk(r)eik·r [19], where k is the momentum in the first
Brillouin zone (BZ), n ∈ {1,2, ..M} is the band index and unk(r) = unk(r+a)
has the same periodicity as the lattice potential. In continuum there exists
an infinite number of energy bands, i.e. M =∞. Usually, one considers
only a single band problem (M = 1) by assuming the interaction strength
being small enough compared to the band gap separating the lowest and
upper bands and, resulting in the particles occupying the lowest band at
low temperatures. The derivation for the single-band case can be found
in many works [18]: the basic idea is to build from the Bloch functions
the so-called Wannier functions describing roughly the lattice sites and
then expanding the field operators in the basis of the Wannier functions.
The generalization to multiband case is straightforward and it is clearly
presented in [12, 20]. As in this work we are interested in the multiband
models, we go briefly through the multiband derivation (M > 1) and leave
details to be found in Refs. [12, 20].

The Wannier functions can be defined as

wα(r−ri)≡ Vu.c.
4π2

∫
BZ

dke−ik·ri

M∑
n=1

[Uk]α,nψnk(r)

= Vu.c.
4π2

∫
BZ

dkeik·(r−ri)
M∑

n=1

[Uk]α,nunk(r−ri). (1.2)

Here α ∈ {1,2, ...M}, Vu.c. is the volume of the unit cell and Uk is the unitary
matrix mixing the relevant Bloch bands. Furthermore, ri describes the
coordinate vector of the ith lattice site. The Wannier functions wα(r−ri)≡
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wiα(r) are localized around a lattice site at riα ≡ ri +
∫

dr|wα(r)|2r≡ ri +rα.
Therefore, index i can be taken as the unit cell index and α refers to the
αth orbital within the unit cell.

The Bloch states possess gauge freedom in a sense that they can be
rotated in the complex plane with the condition that the rotation preserves
the lattice periodicity of the Bloch states. This gauge freedom propagates
also to the definition of the Wannier functions meaning that there exists
also some freedom to choose the form of the unitary matrix Uk. By choosing
a suitable Uk one can make the Wannier functions more localized around
riα and thus manifest the description of the Hubbard model of discrete
lattice sites.

The fermionic field operators can be now expanded in the basis of the
Bloch functions as Ψ(r)σ =∑iα wiα(r)ciασ, where ciασ annihilates a fermion
at the Wannier state wiα with spin σ. Substituting this to Eq. (1.1) one
eventually obtains the extended Hubbard Hamiltonian:

H =
∑
abσ

tabc†
aσcbσ−μ

∑
aσ

c†
aσcaσ+

∑
abcdσσ′

Uabcd c†
aσc†

bσ′ ccσ′ cdσ, (1.3)

where the indices contain both the unit cell and orbital indices, e.g. a ≡ iα.
Furthermore, the hopping and interaction parameters are given as

tab =
∫

drw∗
a(r)
(−∇2

2m
+V (r)

)
wb(r) (1.4)

Uabcd =
∫

dr
∫

dr′w∗
a(r)w∗

b(r′)U(r−r′)wc(r′)wd(r). (1.5)

and in the chemical potential term we have exploited the orthogonality of
the Wannier functions.

The extended Hubbard Hamiltonian (1.3) is very general that can include
arbitrary hopping processes between the lattice sites and a wide range
of local and non-local interaction schemes. If the Wannier functions are
strongly localized so that they have significant overlap only with the
nearest neighbouring lattice sites and the interaction is on-site, i.e. Uabcd =
Uδabδacδad, one obtains the usual Hubbard Hamiltonian of the form

H =
∑
〈ab〉σ

tabc†
aσcbσ−μ

∑
aσ

c†
aσcaσ+

∑
a

Uc†
a↑c†

a↓ca↓ca↑, (1.6)

where the 〈ab〉 restricts the hopping processes to the nearest neighbour
lattice sites only.

1.1.1 Superconductivity of the Hubbard model in the
framework of the mean-field theory

As mentioned, the form of the Hamiltonian, (1.3) or (1.6), is numerically
challenging because of the many-body interaction term. The kinetic term is
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quadratic and easy to solve exactly but the quartic form of the interaction
calls for approximative approaches if one wants to study interaction-driven
phenomena such as superconductivity. Here we use the simplest possi-
ble approach by applying the BCS mean-field theory originating back to
the ground breaking work conducted by Bardeen, Cooper and Schrieffer
which for the first time was able to microscopically explain the nature of
conventional superconductors. The method is called mean-field theory as
it effectively replaces the interaction processes exerted to a particle by all
the other particles with an averaged mean field so that the interaction
term reduces back to the quadratic form of a one-particle Hamiltonian
[3]. The problem is thus to find such a self-consistent mean field to de-
scribe the ground state of the system. In case of superconductivity this
mean field turns out to be the order parameter of the superconducting
state depicting the pairing correlations of electrons forming Cooper pairs
[1]. Roughly speaking, mean-field theory basically discards the quantum
fluctuations of the order parameter. In later sections we partially recover
these fluctuations when considering the superfluid density.

We start with Eq. (1.3) and for simplicity consider the direct density-
density interaction of the form Uabcd ∝ δadδbc between opposite spin com-
ponents. The following discussion is similar to the general case of Uabcd of
arbitrary orbital indices. For the simplified case the Hamiltonian reads

H =
∑

iα jβσ

tiα jβc†
iασc jβσ−μ

∑
iασ

c†
iασciασ+

∑
iα jβ

Uiα jβc†
iα↑c†

jβ↓c jβ↓ciα↑. (1.7)

Here we have explicitly labelled the unit cells with indices i, j and the
lattice site indices (also called orbitals) within the unit cells as α and β. As
the Cooper pairing requires attractive interaction between electrons, the
coupling strength is taken to be negative: Uiα jβ < 0. We assume periodic
boundary conditions and thus we can exploit the translational invariance
by introducing the Fourier transform ckασ = 1

N

∑
i eik·riα ciασ, where N is

the number of unit cells, to rewrite Eq. (1.7) as

H =
∑
kσ

tαβ(k)c†
kασ

ckβσ+
1
N

∑
k,k′,q,α,β,rαβ

U(rαβ)e−i(k−k′)·rαβ c†
kα↑c†

q−kβ↓cq−k′β↓ck′α↑,

(1.8)

where tαβ(k) =∑rαβ
e−ik·rαβ t(rαβ) is the Fourier transform of the hopping

amplitudes, the vector sum index rαβ (measuring the distance between
the orbitals α and β) runs through all possible ways to connect sublattices
α and β1 and the interaction is taken to depend only on rαβ. Now we
apply the mean field approximation in which we first write an operator
A as A = 〈A〉 +δA, where δA is the fluctuation part. In the mean-field
approximation only the fluctuation terms up to the first order are kept, i.e.

1Due to translational invariance, we have tiα jβ = t(rαβ).
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the product of operators A and B is written as AB = (〈A〉+δA)(〈B〉+δB) ≈
〈A〉〈B〉+ 〈A〉δB+〈B〉δA. By applying this to the interaction term of (1.8)
(with A = c†

kα↑c†
q−kβ↓ and B = cq−k′β↓ck′α↑ ), one obtains the mean-field

Hamiltonian as

HMF =
∑
kσ

tαβ(k)c†
kασ

ckβσ+
∑
αβk

Δαβ(k)c†
kα↑c†

q−kβ↓ +Δ∗
αβ(k)cq−kβ↓ckα↑, (1.9)

where

Δαβ(k)= 1
N

∑
k′qrαβ

U(rαβ)e−i(k−k′)·rαβ〈cq−k′β↓ck′α↑〉. (1.10)

Here Δαβ(k) is the superconducting order parameter in the momentum
space and 〈cq−k′β↓ck′α↑〉 describes formation of a Cooper pair between two
fermions carrying momenta k′ and q−k′ and spin configurations of ↑ and
↓. The momentum index q is related to the center-of-mass momentum of
the Cooper pairs, whereas the exponential term e−i(k−k′)·rαβ describes the
relative motion of the two fermions forming a Cooper pair.

Strictly speaking, in the mean-field level we should also have terms
proportional to 〈c†

kα↑ck′α↑〉c†
q−kβ↓cq−k′β↓ as can be seen if one writes the

proper self-energy with the Feynman diagrams and keeps only the two
first order diagrams, i.e. the mean-field diagrams [3]. One of these two
diagrams corresponds to our mean-field term of (1.9) and the second one
is the discarded one, also called the Hartree shift. In this discussion
we, for simplicity, do not consider the Hartree shift as in the usual case
(k=k′ in the Hartree terms) it only rescales the chemical potential by the
particle densities. In Publication I the Hartree shift was included in the
calculations, whereas in Publications II-III only the pairing terms of (1.9)
were kept.

The form of the mean-field interaction in (1.9) is the same as what
one would obtain by using field integral methods to write the action of the
system and applying an appropriate Hubbard-Stratonovich transformation
to get rid of the fermionic degrees of freedom [2]. However, unlike our
mean-field theory, the Hubbard-Stratonovich transformation is exact as the
field integral is taken over all possible order parameter paths. The mean
field theory corresponds then to the configuration found by extremizing the
action and discarding the quantum fluctuations around this configuration,
i.e. exactly what we did to obtain Eq. (1.9).

In case of local on-site interaction, i.e. the sum over rαβ in Eq. (1.10)
restricted to the term rαβ = 0, one gets

Δαβ(k)=Δαα = Uαα

N

∑
k′,q

〈cq−k′α↓ck′α↑〉. (1.11)

In the simplest possible case, one assumes the Cooper pairs to not to carry
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any center-of-mass momentum, i.e. q= 0, to obtain

Δαα = Uαα

N

∑
k′

〈c−k′α↓ck′α↑〉 (1.12)

so that in the real space the order parameter reads

Δiα ≡Uαα〈ciα↓ciα↑〉 =
Uαα

N

∑
k,k′

ei(k+k′)·riα〈ckα↓ck′α↑〉 =Δαα. (1.13)

Such a local interaction is often studied in the context of superconducting
Hubbard model and especially in Publications I and III the order parameter
of the form of Eq. (1.13) has a prominent role. We call the zero-momentum
pairing state as the BCS state as it was shown already in the original
BCS papers that the binding energy of the Cooper pairs decreases if one
introduces a finite momentum for the Cooper pairs [1, 5].

If one assumes that the Cooper pairs have total momentum of q �= 0, we
obtain from (1.11)

Δiα = eiq·riαΔαα (1.14)

which is called Fulde-Ferrell (FF) order parameter [21]. Closely related
to Fulde-Ferrell phases are also Larkin-Ovchinnikov (LO) states [22]
which have the pairing occurring with q and −q momenta such that
Δiα ∝ cos

(
q ·riα

)
. FF and LO states, usually referred as FFLO in the

literature [23], can be energetically more favourable than normal zero-
momentum BCS states if, for example, there exists a population imbalance
between different spin components, i.e. the chemical potentials are differ-
ent: μ↑ �=μ↓. With such an imbalance, the Fermi surfaces for the two spin
components are not anymore equivalent, and, as the superfluid pairing
occurs mainly near the Fermi surfaces, the mismatch of the Fermi surfaces
can be compensated by a non-zero pairing momentum such that pairing
occurs for fermions with momenta k and q−k, not with k and −k. One
should note that, according to the Bloch’s theorem [19], the total momen-
tum of the system should in thermal equilibrium be zero for the ground
state. Despite finite Cooper pair momenta, the total currents of FF state
are zero as the unpaired fermions carry an opposite current with respect
to the Cooper pairs. For an LO state the fulfillment of the Bloch theorem
is intuitively clear as the LO Cooper pairs carry momenta in two opposite
directions [23].

In addition to spin-imbalance, finite Cooper pairing can be also achieved
with other ways, for example by using spin-orbit coupling and in-plane
Zeeman fields [24, 25] which, instead of deforming the Fermi surface,
modify the single-particle dispersions such that Cooper pairing for finite
momenta becomes favourable, see section 2.4. In Publication II, FF pairing
was studied in the presence of both spin-imbalance and spin-orbit coupling.
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With the local interaction schemes considered above, it is easy to see
a very important property of all superconductors. Namely the original
Hamiltonian (1.7) is gauge invariant with respect to the gauge transforma-
tion ca → ca exp

[
iφ(ra)

]
but the order parameter in e.g. (1.13) transforms as

Δiα →Δiαe2iφ(ra), i.e. the U(1) gauge symmetry is broken. In our case this
is due to the broken gauge symmetry of the mean-field Hamiltonian but
in real superconductors the U(1) symmetry breaks spontaneously which
is characteristic for any kind of ordered state described by a finite order
parameter [2, 3].

Another important property of the Cooper pairs is the commutator nature
of the operators describing pairing. Namely, if we define pk ≡ c−k↓ck↑ (we
ignore the orbital index), one can in a straightforward manner show that[
pk, pk′

]= 0 for any k′,
[
pk, p†

k′
]= 0 for k �=k′ and

[
pk, p†

k
]= 1−nk↓−n−k↑ [1].

Here the first two commutators fulfill the bosonic commutator relations
but the last commutator does not due to the Pauli principle affecting the
single-particle fermionic operators. Therefore, superconductivity cannot
be simply taken as the condensation of well-defined bosons but instead
the Pauli principle and the existence of the Fermi sea, restricting the
scattering events of electrons forming Cooper pairs, have to be taken into
account.

In case of the aforementioned local interaction schemes the relative co-
ordinate of the order parameter is zero, i.e. rαβ = 0. If the interaction is
non-local and rαβ �= 0, the behaviour of the order parameter as a function
rαβ provides an additional way to characterize the superconducting pairing
within the system of interest. More specifically, the momentum depen-
dence of the order parameter, arising from the non-local interactions, can
break the symmetries of the underlying normal state Hamiltonian. Such
superconducting states that, in addition to U(1) gauge symmetry, break
spontaneously other lattice symmetries as well are called unconventional
superconductors [26, 27]. Local on-site interaction discussed above has
always isotropic s-wave symmetry and it thus does not break any other
additional symmetries. However, for example in high-temperature cuprate
superconductors the pairing states are characterized by the d-wave sym-
metry [9]. Recently, experimentally observed intriguing superconducting
states in twisted bilayer graphene have resulted into a huge number of the-
oretical works2 speculating on the possible unconventional nature of the
pairing in TBG systems. In Publication III, where non-local interactions
were studied in case of TBG, unconventional nematic pairing, breaking the
underlying rotational symmetry C3 of the TBG lattice, was obtained for
large enough interactions. Information about such additional symmetry
breaking scheme could be utilized to experimentally deduce the underly-
ing interaction mechanism leading to the Cooper pairing in TBG systems,

2Extensive list of references on theoretical TBG works is provided in Publication
III.
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where the reasons for the observed superconductivity remain under debate.
From Eq. (1.9) one can see that the mean-field Hamiltonian is now of

quadratic form. Therefore, one can collect the hopping integrals tαβ(k)
and pairing fields Δαβ(k) as M ×M matrices and rewrite Eq. (1.9) in an
equivalent matrix form:

HMF =
∑

k
Ψ†

kH (k)Ψk, where (1.15)

Ψk = [ck↑, c†
−k↓]

T , (1.16)

ckσ = [ckα=1,σ, ckα=2,σ, ..., ckα=M,σ]T , and (1.17)

H (k)=
[
H↑(k)−μ↑ Δ(k)

Δ†(k) −H ∗
↓ (−k)+μ↓,

]
, (1.18)

where
[
Hσ(k)

]
αβ

= tαβ(k).
Above we assumed that Uabcd ∝ δadδbc. These kinds of coupling terms

are called direct interaction terms [2] as the interaction Hamiltonian for
them reads Hint =

∑
ab Uabbana↑nb↓ where naσ = c†

aσcaσ are the density op-
erators. The direct terms are intuitively easy to understand: for attractive
interaction the energy is decreased when densities of two spin components
increase within the interaction range, whereas in case of, e.g. Coulomb
repulsion, there exists an energy penalty, in accordance to the classical
Coulomb interaction. However, there can, among other possibilities, exists
also so-called exchange coupling terms such as Uabcd = δacδbd which can in-
duce magnetic spin correlations. For example, in Publication III non-local
nearest-neighbour singlet interaction of the form Hint =

∑
〈ab〉Uh†

abhab,
where hab = ca↑cb↓ − ca↓cb↑, was studied. This kind of interaction can be
decomposed to direct and exchange parts. Even though our equations
written above are for the direct interaction, the interactions involving
also exchange interaction yield the same matrix structure for the mean-
field Hamiltonian (1.15) even though the detailed structure of the order
parameter might be a bit different.

The Hamiltonian (1.15) can be now diagonalized for each k by solving
the eigenproblem H (k)|φi(k)〉 = Ei(k)|φi(k)〉 so one obtains the eigende-
composition H (k) = VkDkV †

k. Here the diagonal matrix Dk contains the
eigenenergies Ei(k), whereas the columns of the unitary matrix Vk are the
eigenstates |φi(k)〉. By defining the quasi-particle operators as γk =V †

kΨk,
HMF can be rewritten as

HMF =
∑

k
γ

†
kDkγk, (1.19)

i.e. the quasi-particles are in the mean-field framework considered as
non-interacting fermions and thus their occupation distribution follows
the Fermi-Dirac statistics. As the chemical potential of the quasi-particles
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is zero, we then have 〈[γ†
k]i[γk]i〉 = nF(Ei(k)) ≡ 1/(eβEi(k)+1). Here nF(E) is

the Fermi-Dirac distribution and β= 1/(kBT), where kB is the Boltzmann
constant T is the temperature. This means that at zero temperature the
ground state of the system has the quasi-particle states of negative energy
fully occupied and states of positive energy correspondingly empty. Thus
the negative states can be thought actually as quasi-holes rather than
quasi-particles. When the temperature increases, thermal fluctuations are
able to excite quasi-particles, and as quasi-particles are superpositions of
particles and holes (as can be seen from Eq. (1.16) and the relation γk =
V †

kΨk), excited quasi-particles imply the destruction of Cooper pairs [1]. At
high enough temperature the Cooper pairs and thus superconductivity is
lost.

If one considers a simple on-site interaction and a simple single-band
square lattice, it is easy to show show that the quasi-particle energies are
of the form Ei(k)=±

√
ε(k)+|Δ|2, where ε(k) is a single-particle dispersion,

and the energy gap to excite quasi-particles is then 2|Δ| [23]. Indeed, the
order parameter can be in general also roughly thought as the excitation
gap which protects the low-temperature states from quasi-particle exci-
tations and thus from the destruction of the Cooper pairs. Equivalently,
large excitation gap means that low-energy scattering events, that would
disrupt the supercurrent, cannot occur and thus larger order parameter
implies more robust superconductivity.

In the framework of BCS mean-field theory one can compute the critical
temperature Tc for the superconducting transition from the relation Δ(Tc)=
0. For a single dispersive band (i.e. the interaction strength |U | much
smaller than the bandwidth W: |U | � W) the BCS result is Tc ∝ e−

1
dF |U |

[12], where dF is the density of states (DOS) of the single-particle energy
spectrum at the Fermi surface, implying that larger DOS at the Fermi
level results in larger Tc. The result is intuitive as the Cooper pairing
essentially takes place in the vicinity of the Fermi surface. Now, a curious
case is the flat band dispersion (|U | � W), for which the single particle
spectrum can be taken as constant, i.e. ε(k) = ε. For such a dispersion
the DOS obviously diverges. It has been shown that in this case the
BCS theory gives Tc ∝ |U | [10, 11] so that in the weak-coupling limit Tc

depends linearly on the interaction strength, instead of being exponentially
suppressed as in case of dispersive bands. Therefore, flat bands should at
the weak-coupling limit provide much larger Tc for the superconductivity
than usual dispersive band systems. However, for a flat band the group
velocity is zero and conversely the effective mass of the fermions is infinite
and therefore the superconductivity of flat bands is not intuitively evident.
In section 2.1.3 we discuss that finite supercurrent in flat band systems
results from the geometric properties and the overlap of the Bloch states,
instead of the Bloch energy dispersions. Flat band superconductivity,
studied in Publications I and III, is further considered in sections 2.2-2.3.
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When studying whether a system of interest can support supercurrent,
the order parameter does not tell the whole truth. The order parameter
in general depends on the momentum and there exists superconducting
systems, e.g. d-wave symmetry in high-Tc cuprates, where the order
parameter actually vanishes in some parts of the momentum space. Con-
versely, finite order parameter does not still strictly mean that the system
is superconducting but instead one needs to inspect the behaviour of the
superfluid density [12] as will be discussed in section 1.2.

To solve the order parameters from Eq. (1.19), one can write explicitly
the self-consistent equations for the order parameters with the aid of
the quasi-particles. As an example, the order parameter for the on-site
interaction of Eq. (1.13) with q= 0 can be written as

Δiα =Uαα〈ciα↓ciα↑〉 =
Uαα

N

∑
k

〈c−kα↓ckα↑〉 =
Uαα

N

∑
k

〈[Ψ†
k
]

M+α
[
Ψk
]
α
〉 (1.20)

= Uαα

N

∑
k,l

〈[γ†
k
]

l

[
γk
]

l〉
[
Vk
]

l,M+α
[
V †

k
]
α,l =

Uαα

N

∑
k

[
VknF (Dk)V †

k

]
α,M+α

,

and correspondingly the densities are

niα↑ = 〈c†
iα↑ciα↑〉 =

1
N

∑
k

[
VknF (Dk)V †

k

]
α,α

,

niα↓ = 〈c†
iα↓ciα↓〉 =

1
N

∑
k

[
Vk
(
I2M −nF (Dk)

)
V †

k

]
M+α,M+α

, (1.21)

where I2M is a unity matrix of size 2M×2M. Therefore, the solving process
with these equations is iterative: one first chooses an initial ansatz for
the order parameter, diagonalizes the Hamiltonian and solves the new
order parameters and densities from Eqs. (1.20)-(1.21), plugs them to
the Hamiltonian, diagonalizes the new Hamiltonian and continues this
iteration until the order parameters and densities are converged to a self-
consistent solution. If one includes the Hartree shift to the calculations,
the densities of Eqs. (1.21) are coupled to the gap equations (1.20) as
then the chemical potential depends on the densities. In Publications I
and III the order parameters were solved by the aforementioned iterative
procedure: in Publication I also the Hartree shifts were included in the
calculations due to the simplicity of the problem.

An alternative way to solve the order parameters in the mean-field level
is to compute the grand canonical potential Ω(Δ)=−kBT log Z, where Z is
the partition function, and minimize it with respect to the order parameters
[23]. This approach was used in Publication II.
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1.1.2 General aspects of superconductivity in the Hubbard
model

Above we assumed negative interaction strength, U < 0, i.e. attractive
interaction between fermions forming Cooper pairs. Had we chosen repul-
sive interaction, U > 0, our BCS mean-field theory would yield vanishing
order parameter, and thus no superconducting ground states. Indeed, BCS
theory has been very successful at explaining superconductivity in conven-
tional superconductors, where electrons of opposite spin form Cooper pairs
of singlet spin symmetry due to attractive interaction mediated by the lat-
tice vibrations [1]. Even though the binding "glue" of phonons is relatively
small compared to the other relevant energy scales of the system, due to
the Pauli principle and the existence of the filled Fermi sea, formation of
Cooper pairs in the vicinity of the Fermi surface is possible [6, 1]. This
is manifested in the attractive Fermi-Hubbard model where solutions of
finite superconducting order parameters can be often found at low enough
temperatures.

From the perspective of superconductivity, Hubbard models of repulsive
interactions are especially interesting. One could naively think that in
such model there cannot exist superconductivity. This only holds in case
of mean-field theory where only the bare direct interaction between the
particles is taken into account. However, particles can interact via indirect
processes e.g. via spin or charge fluctuations [28, 29, 30, 31], which renor-
malize the interaction, and the resulting effective interaction can then
become attractive. In other words, by including to the proper self-energy,
in addition to the first order (mean field) Feynman diagrams, also higher
order diagrams, one can obtain finite pairing correlations which arise only
due to the indirect interaction processes [3, 32].

When the phonon-mediated interaction is too weak to induce attractive
glue between the electrons, one has U > 0 due to the Coulomb repulsion
and the formation of superconductivity becomes more involved. Repulsive
Hubbard model is important as it is widely believed or at least hoped to
explain high-Tc superconductivity in cuprates and other high-Tc materi-
als where phonon-mediated Cooper pairing can be ruled out and strong
repulsive Coulomb interactions lead to strongly correlated physics. For
example, in cuprate materials, that consist of copper-oxide CuO2 layers,
the undoped phase is antiferromagnetic Mott state which upon hole- or
electron-doping at low enough temperature becomes d-wave superconduct-
ing [9, 8]. The Hubbard square lattice model is also at half-filling and with
strong repulsive interactions antiferromagnetic, i.e. each lattice site is
singly occupied with neighbouring sites having an opposite spin component.
There is numerical evidence that upon doping, i.e. changing the chemical
potential away from half-filling, the Hubbard model also exhibits d-wave
superconducting ordering [33, 34, 35, 32], highlighting the potential of the
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Hubbard model to explain high-Tc superconductivity.
The application of the mean-field theory in case of superconductivity

theory is two-folded. It can be applied to purely attractive problems where
it is expected to give at least qualitatively correct answers. Or it can be
applied to more complicated problems of repulsive interactions once the
renormalized attractive interaction potential is known. In the Publications
of this PhD work, I apply only mean-field theory by assuming attractive
interactions and not dwelling into the realm of complicated repulsive
interaction schemes which would require more complicated theoretical
tools. However, in all the Publications, the superfluid weight (topic of
section 1.2) is calculated based on the mean-field theory and especially
in case of Publications I and III there exist strong arguments for the
reliability of the superfluid weight computed from the mean-field order
parameters as argued in section 2.2.

1.1.3 Hubbard model and experimental systems

Optical lattices
Despite being a heavily simplified version of real periodic quantum many-
body systems, the Hubbard and extended Hubbard models are extremely
important instruments for condensed matter physicists as the models
exhibit a wide range of important many-body phenomena from supercon-
ductivity to magnetism and correlated insulators. For accurate numerical
simulations the Hubbard model, however, is still a very demanding prob-
lem to tackle. Fortunately and remarkably, the Hubbard model can be
nowadays routinely realized experimentally without almost any disorder or
defects and with highly tunable system parameters by utilizing ultracold
quantum gases [18, 36, 37, 38, 39, 40]. Such real-life quantum simulations
can be used to overcome computational challenges by simply realizing the
desired problem in the lab. Furthermore, experimental studies can be
used to benchmark and study feasibility of different theoretical models and
methods for a given problem at hand. Because of their intrinsic simplicity
compared with highly complicated real condensed matter systems, quan-
tum gas experiments can be utilized to find new exotic phases of matter and
hopefully in the future give answers to intriguing questions of many-body
physics such as the origin of high-temperature superconductivity.

Ultracold quantum gases are ensembles of atoms or molecules which are
cooled down to sufficiently low temperatures such that the wavefunctions
of individual gas species mutually overlap, i.e. the average distance be-
tween the particles is less than the thermal de Broglie wavelength. Due to
the overlapping wavefunctions, the quantum statistics determine the be-
haviour of the particles and the system is described by quantum many-body
mechanics. The gas is cooled by laser [41] and evaporative cooling methods
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[42] and the gas is held together and decoupled from the environment by
utilizing magnetic and optical potential traps [39]. The research of cold
gases boomed when the Bose-Einstein condensate (BEC) was achieved
in a weakly interacting Bose gases in 1995 [43, 44]. Later degenerate
fermionic gases were successfully created [45]. The phenomena of Fesh-
bach resonances made it possible to tune freely the scattering properties of
particles and thus the collisional interaction strength of particles by chang-
ing an external magnetic field. The Feshbach resonances allowed to reach
strong-coupling regime in dilute quantum gases [46] and in Fermi gases
they made it possible to change interaction strength smoothly from the
weakly interacting Cooper-pair region to strongly interacting regime where
fermions form bounded Bose-Einstein condensed molecules [47, 48, 49].
The superfluidity nature of Fermi gases was later confirmed by the exis-
tence of quantized vortices [50] and anomalous behaviour of the specific
heat in the vicinity of the superfluid transition [51].

The aforementioned experimental achievements were conducted in con-
tinuous media i.e. without a periodic external potential required by the
Hubbard model. Periodic potentials can be created by carefully arranged
standing laser waves in so called optical lattices. The confinement of parti-
cles in an optical lattice is based on the inhomogeneous AC Stark effect in
which an external time-dependent light field induces an oscillating atomic
dipole which interacts back with the external field [39, 40]. If we assume
that the atom has only one significant optical transition of frequency ωa

and the quasi-resonant laser field has frequency ωl, one obtains with the
second order perturbation theory the spatially dependent optical potential
felt by the atom as V (r)∝ I(r)/δ, where I(r) is the time-averaged intensity
of the laser light and δ=ωl −ωa is the detuning. From the relation one can
see that both the sign and the strength of the potential can be tuned with
the detuning and the intensity. Most importantly, the spatially dependent
intensity results in spatially varying periodic potential. For example, the
periodicity of the cubic lattice can be created with three perpendicular
standing laser light waves so that V (r) =∑i=x,y,z V0 sin2(kl ri), where kl is
the wavevector of the laser and the periodicity of the resulting optical lat-
tice is λ=π/kl [39]. By increasing the confining lattice potential in different
spatial directions, also one- or two-dimensional lattices can be realized [52].
Furthermore, by utilizing different geometrical laser arrangements, one
can create more complicated geometries such as hexagonal, triangular [53]
lattices, or lattices supporting flat bands such as Lieb [54] or Kagome lat-
tices [55]. Thus optical lattices can be utilized to study intriguing physical
properties of flat band systems, such as superconductivity and transport
phenomena [12, 13, 56, 57, 58, 59], Bose condensation [60] or magnetism
[61, 62, 63]. With periodically modulated time-dependent trapping laser,
one can create complex hopping parameters to realize e.g. topologically non-
trivial lattice structures [64, 65, 66]. Diverse lattice potential landscapes
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can be also created by holographic masks [67] and by digital-micromirror
devices [68].

The Hubbard parameters, namely the hopping and interaction strengths
can be obtained from Eqs. (1.4)-(1.5). Let us for simplicity consider the
aforementioned cubic lattice potential and assume that the potential is
deep, i.e. V0 is large. In this case, the Wannier functions are strongly local-
ized within the potential minima (lattice sites) and the overlap between the
Wannier states of the other sites is small. Therefore, the hopping integral
can be taken finite only between the neighbouring lattice sites. Due to the
deep potential, we can approximate the potential within a lattice site as a
harmonic confinement and correspondingly the Wannier states as states
of the harmonic oscillator so that atoms occupy only the lowest vibration
state (band). One can then solve exactly from (1.4) the nearest-neighbour
hopping term to be [18, 36]

t = 4
π

ER

( V0

ER

)3/4
e−2


V0/ER, (1.22)

where ER = k2
l /(2m) is the recoil energy, typical energy scale in optical

lattices. The recoil energy describes the kinetic energy gained by an atom
after absorbing a photon. Correspondingly, the interaction term in a deep
potential, approximated by the harmonic confinement, can be restricted to
the on-site processes only so that the interaction potential is reduced to
a delta function. As quantum gases are dilute, the two-body interaction
of Eq. (1.5) is an excellent approximation. One then obtains from (1.5) for
the interaction strength

U =
√

8
π

klasER

( V0

ER

)3/4
, (1.23)

where as is the s-wave scattering length as the atoms at low temperatures
interact essentially via the s-wave scattering potential [18, 36]. From
Eqs. (1.22)-(1.23) we see how the parameters of the optical lattice provide
the possibility to tune the parameters of the Hubbard model. With the
potential depth both the interaction and hopping strengths can be modified
so that deeper potentials result in more localized interaction and more
suppressed tunnelling processes between neighbouring sites. The scatter-
ing length as can be tuned in a wide range via the Feshbach resonances
and the interaction between the atoms can be chosen to be attractive or
repulsive.

In case of the Fermi-Hubbard model, at least two different fermion
species, corresponding to different spin states, are required to form a
superfluid. This can be achieved by preparing atoms to occupy different
hyperfine states of the atoms. Two-component fermion gases are most
commonly studied but gases of up to six components have been also created
[69]. Population imbalance between different spin components can be
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induced for example by coupling different hyperfine states with an external
radio-frequency pulse to move the atoms from one hyperfine state to the
other [40]. A momentum sensitive spin-orbit coupling between different
spin components can be also created by external laser beams [70, 71, 72].
Population imbalance and the effects of spin-orbit coupling on Fulde-Ferrell
states were studied in Publication II and are discussed in section 2.4.

Early measurements on optical lattices were based on switching off the
confinement potential and releasing the quantum gas to measure the
momentum distributions or coherence characteristics of the many-body
state [36, 38]. However, in recent years quantum gas microscopes have
become a popular tool to study the many-body problem in optical lattices.
Quantum gas microscopes utilize high-resolution optical imaging system to
collect photons scattered by the atoms of the optical lattice [67, 73, 74, 75].
With quantum gas microscopes it is possible to observe and manipulate
atoms within the single-site resolution, thus allowing measurements of
particle-particle correlations. First quantum gas microscope experiments
were carried out for bosons but recently also fermions have been utilized
[76, 77, 78, 79, 80, 81]. In these Fermi microscope experiments different
spatial correlations in case of repulsive interactions have been measured
yielding information about the state of matter and the phase transitions
between metallic, band insulating and interaction driven antiferromag-
netic Mott states [82, 83, 84, 85, 81, 86, 87, 88]. For example in Ref. [86]
"long"3 range ordered antiferromagnetic state in a 2D lattice with the
spin correlation length exceeding the size of the lattice was reported with
carefully tailored trap potential landscape that redistributed entropy in a
specific way, allowing low enough temperatures below the antiferromag-
netic transition to be reached. However, fermionic superfluidity in the
optical lattice system remains yet observed, calling for new advances of
cooling schemes which would allow reaching low enough temperatures for
superfluidity to emerge. Reaching superconducting states in optical lat-
tices could provide new insight for understanding the mechanism behind
the high-Tc superconductivity.

Twisted bilayer graphene
Besides artificially engineering Hubbard models in the lab, some inter-
esting systems are sufficiently simple to be actually described at least
qualitatively by the Hubbard models. One such system is graphene that
possesses unusual electronic properties [90]. Graphene consists simply of
a hexagonal two-dimensional lattice of carbon atoms and the motion of the
conductance electrons via the inter-atomic π orbitals, formed by the hy-
bridization of the carbon pz orbitals, can be modelled by the hopping terms
of the Hubbard model. Numeric values for the hopping parameters can

3Real long range order with infinite correlation length is in 2D geometries forbid-
den by the Mermin-Wagner theorem [89].
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be extracted for example from the ab initio density functional calculations
[90, 91].

Recently, twisted bilayer graphene systems, topic of Publication III, have
gained widespread attention due to their intriguing properties related
to superconductivity and other interaction-driven phases [14, 15, 92, 93,
94, 95, 96, 97, 98, 99, 100, 101, 102]. In TBG, as the name suggests, two
stacked graphene layers are twisted with respect to each other by the
twist angle θ. In addition to the intralayer hopping processes of a single
graphene layer, there now exist also interlayer hopping processes from one
layer to the other. Nevertheless, one could assume that the overall lattice
structure could be still very well modelled by the Hubbard lattice models.

As θ is changed, also the interlayer hopping amplitudes are modified
which results into modified one-particle energy band structures. It turns
out that there exists so-called magic angles, θ∗ at which the energy band
structure near the half-filling (also called charge neutrality point, CNP)
exhibits four almost flat bands which are also relatively isolated from
the other, strongly dispersive, bands by a band gap. Due to the reduced
bandwidth of these narrow bands, the interaction effects are assumed
to play a prominent role. Indeed, in the ground-breaking experiments
[14, 15, 92, 93] it has been shown that once the system is doped to the
flat band regime, there can exist superconducting states in the vicinity
of correlated insulating phases driven by the interactions between the
electrons.

The nature and the underlying interaction mechanism resulting in the
correlated phases of TBG systems remain still largely unknown as there
are still a fairly small amount of experimental reports available. Remark-
ably, the phase diagram of the TBG resembles the one of high-Tc cuprates
[9] at which the superconducting phase also flanks the correlated insu-
lating phase4. Therefore, it has been speculated that TBG systems could
provide valuable insight into understanding the mechanism behind high-Tc

superconductors in general. Besides TBG, recently also other twisted mul-
tilayer systems possessing flat bands have been experimentally realized
[103, 104, 105, 106, 107, 108].

It it thus no surprise that TBG systems today are intensively studied,
both theoretically and experimentally. A major theoretical challenge of
TBG, however, is the large unit cell containing thousands of lattice sites
near the experimentally used magic angle θ ∼ 1◦, instead of only two lat-
tice sites in the unit cell of hexagonal graphene. Such a huge unit cell is
computationally difficult to tackle even in the mean-field level described in
section 1.1.1. In many theoretical studies, effective models of few degrees
of freedom are utilized instead of the full lattice model. Some of these
4In cuprates the insulating phase is antiferromagnetic, whereas in case of TBG it
has been shown [96] that at least one of the observed insulating phases exhibits
ferromagnetic correlations.

18



Superconductivity

effective models [109, 110, 111] are based on low-energy expansions near
the Dirac points from which the flat bands emerge, effectively resulting
a continuum Hamiltonian. Some other reduced models [112, 113, 114]
are based on effective Hubbard lattice models with only four lattice sites
per unit cell to reproduce the four flat bands near the CNP such that all
the other dispersive bands are discarded. In these models, the Wannier
functions of the four lattice sites are constructed from the symmetry con-
straints of the original TBG system at the high-symmetry points of the first
Brillouin zone. In Publication III a somewhat more complicated Hubbard
model [115, 116] of few hundred lattice sites per unit cell was deployed
in order to partially preserve the microscopic details of the system, for
further discussion see section 2.3. Another aspect rendering theoretical
modelling of TBG superconductivity challenging is the fact that the form
of the interaction Hamiltonian remains largely unknown. In many studies
different interaction schemes are assumed and correspondingly different
superconducting properties, such as the Cooper pairing symmetry, have
been predicted. In Publication III, two simple but plausible interaction
schemes in the semi-microscopic model were studied and their effects on
the superconductivity compared as discussed in section 2.3.

1.2 Superfluid weight

A non-zero superconducting order parameter implies only finite correla-
tions between electrons forming a bound Cooper pair state but it still does
not imply the emergence of the superconducting phase, namely the dissi-
pationless current and the Meissner effect. In other words, finite pairing
correlation is a necessary but not sufficient condition for superconductivity.
A more fundamental quantity to determine whether a many-body quan-
tum state is superconducting is the so-called superfluid weight Ds (called
also as superfluid density or superfluid phase stiffness in the literature)
[12, 117, 118]. Finite superfluid weight means that the system can support
supercurrent with a non-zero charge carrier density and correspondingly
vanishing Ds implies a normal phase of no superconductivity.

In this section we provide a rather standard derivation [3, 13, 119] for
the superfluid weight in the context of a multiband Fermi-Hubbard model.
We apply the linear response theory to obtain the current-current response
function and we show how this is related to the superfluid weight. We
also show how from the superfluid weight we obtain the famous London
equations [120] describing the Meissner effect and the dissipationless
current. In the end of the section, the connection between Ds, phase
fluctuations of the order parameter and the superconducting transition
temperature are discussed.
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1.2.1 Current-current response function

Our starting point is the multi-orbital Fermi-Hubbard model which reads

H =
∑

iα jβσ

tiα jβc†
iασc jβσ−μ

∑
iασ

c†
iασciασ+Hint. (1.24)

We are interested in the current response of a two-dimensional system
in the presence of the external vector potential A(r, t) which we take to
be slowly varying both in space and time: A(r, t) = Aamp exp

(
iq ·r− iωt

)
.

By using the standard Peierls substitution [118] one can implement A
by rewriting the hopping amplitude tiα jβ ≡ tab (a ≡ iα, b ≡ jβ) as tab(A) =
tabe−i

∫ ra
rb

A(r,t)·dr ≈ tabe−iA(rCM
ab ,t)·rrel

ab (we set the Planck constant and the el-
ementary charge to unity, i.e. � = e = 1), where rCM

ab = (ra + rb)/2 and
rrel

ab = ra −rb. As the vector potential varies slowly in space, we can ex-
pand the exponents up to second order so that our Hamiltonian becomes

H(A)= H+
∑
μ

∑
ab

Aμ(rCM
ab , t) jp

μ(a,b)+ 1
2

∑
μν

∑
ab

Aμ(rCM
ab , t)Tμν(a,b)Aν(rCM

ab , t),

(1.25)

where μ,ν ∈ {x, y} are spatial dimensions,
Tμν(a,b)Aν(rCM

ab , t)=−∑σ tabrrel
ab,μrrel

ab,νc†
aσcbσAν(rCM

ab , t) is called the diamag-
netic and jp

μ(a,b) = −i
∑

σ tabrrel
ab,μc†

aσcbσ is the paramagnetic current con-
tribution. By using the expression for the total induced current density,
jμ(rCM

ab , t)=−δH(A)/δAμ(rCM
ab , t) [3], one obtains

〈 jμ(rCM
ab , t)〉 =−〈Tμν(a,b)〉Aν(rCM

ab , t)−〈 jp
μ(a,b)〉. (1.26)

We want to find what is the linear current response with respect to the
vector potential, i.e. we want to find the current-current response function
Kμν(q,ω) such that

jμ(q,ω)=−Kμν(q,ω)Aν(q,ω). (1.27)

As the vector potential varies slowly both in space and time, we can assume
that the induced current has the same spatial and temporal dependence,
i.e.

j(r, t)= jamp exp
(
iq ·r− iωt

)
. (1.28)

Fourier transforming (1.26) to momentum space yields

〈 jμ(q, t)〉 =−〈Tμν〉Aν(q, t)−〈 jp
μ(q)〉, where (1.29)

Tμν =
∑
k,σ

c†
kσ

∂μ∂νHσ(k)ckσ, (1.30)

jp
μ(q)=

∑
k,σ

c†
kσ

∂μHσ(k+q/2)ck+qσ, (1.31)
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and A(q, t) = Aamp exp(−iωt). Here ∂μ ≡ ∂
∂kμ

and Hσ(k) is the one-particle
Hamiltonian of spin σ [see Eq. (1.18)]. The diamagnetic part is readily lin-
ear in Aν, thus being trivial to transform to the frequency space. However,
the paramagnetic term has to be computed by applying the linear response
theory which, according to the general Kubo formula [3], states that

〈 jp
μ(q, t)〉 =−i

∑
ν

∫ t

−∞
dt′〈[ jp

μ(q, t), jp
ν (−q, t′)

]〉Aν(q, t), (1.32)

where the current elements inside the commutator and the expectation
value of the commutator are to be evaluated in the Heisenberg picture of
the original Hamiltonian H (i.e in the absence of the vector potential). By
using (1.28) and the fact that 〈[ jp

μ(q, t), jp
ν (−q, t′)

]〉 = 〈[ jp
μ(q, t− t′), jp

ν (−q,0)
]〉

[3] it is then straightforward from (1.32) to obtain

〈 jp
μ(q, t)〉 =−i

∑
ν

∫ ∞

0
dteiωt〈[ jp

μ(q, t), jp
ν (−q,0)

]〉Aν(q,ω). (1.33)

so we finally can write the current-current response function in the form

Kμν(q,ω)= 〈Tμν〉− i
∫ ∞

0
dteiωt〈[ jp

μ(q, t), jp
ν (−q,0)]〉. (1.34)

As already mentioned earlier and explained extensively later, one can
solve the superfluid weight from Kμν(q,ω) and therefore we want to bring
Eq.(1.34) to a solvable form. To do this we invoke mean-field theory as one
shall see shortly. The most difficult part of (1.34) is the latter, paramagnetic,
term which we compute here explicitly in the framework of the mean-field
theory and just provide the results for the diamagnetic term in the end.

The paramagnetic term includes the retarded current-current correlation
function which we evaluate by using the standard method of computing the
correlation function in the Matsubara space instead and then in the end
of the calculation invoke the analytic continuation to obtain the original
retarded correlation function [121]. More specifically, we want to compute

Πμν(q,ωn)≡−
∫ β

0
dτeiωnτ〈T[ jp

μ(q,τ) jp
ν (−q,0]〉 ≡−

∫ β

0
dτeiωnτΠμν(q,τ), (1.35)

where τ represents imaginary time, T is time-ordering operator and ωn =
2nπ/β (n ∈ Z) are the bosonic Matsubara frequencies. To proceed, let us
write Πμν(q,τ) explicitly:

Πμν(q,τ)=
∑

k,k′,σ,σ′,α,β,γ,δ

[
∂μHσ(k+q/2)

]
αβ

[
∂νHσ′(k′ −q/2)

]
γδ
×

×〈T[c†
kασ

(τ)c†
k+qβσ

(τ)ck′γσ′(0)ck′−qδσ′(0)]〉. (1.36)
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To evaluate the four-point correlator we only keep the one-loop diagrams
and ignore the disconnected diagram so that we obtain

〈T[c†
kασ

(τ)c†
k+qβσ

(τ)ck′γσ′(0)ck′−qδσ′(0)]〉 =−〈T[c†
kασ

(τ)c†
k′γσ′(0)]〉

×〈T[ck+qβσ(τ)ck′−qδσ′(0)]〉+〈T[c†
kασ

(τ)ck′−qδσ′(0)]〉〈T[ck+qβσ(τ)c†
k′γσ′(0)]〉.

(1.37)

The first term describes the pairing fields, whereas the latter kinetic
hopping processes. Therefore, we can write

〈T[c†
kασ

(τ)c†
k+qβσ

(τ)ck′γσ′(0)ck′−qδσ′(0)]〉 =−〈T[c†
kασ

(τ)c†
−kγ−σ(0)]〉

×〈T[ck+qβσ(τ)c−k−q−qδ−σ(0)]〉+〈T[c†
kασ

(τ)ckδσ(0)]〉〈T[ck+qβσ(τ)c†
k+qγσ

(0)]〉.
(1.38)

Here we consider only the Cooper pairing of zero center-of-mass momen-
tum, i.e. the fermions pair with momenta k and −k but considering
Fulde-Ferrell states is equally easy, see Publication II.

Let us now we define the Green’s function for each k as follows

G(τ,k)≡−〈T[Ψk(τ)Ψ†
k(0)]〉 =−〈T

[
ck↑(τ)

c†
−k↓(τ)

][
c†

k↑(0) c−k↓(0)
]
〉

=−
[
〈T[ck↑(τ)c†

k↑(0)]〉 〈T[ck↑(τ)c−k↓(0)]〉
T[c†

−k↓(τ)c†
k↑(0)]〉 〈T[c†

−k↓(τ)c−k↓(0)]〉

]
(1.39)

By deploying the definition of (1.39) in (1.38) we, after lengthy but straight-
forward algebra, obtain

Πμν(q,τ)=−
∑

k
Tr
[
G(−τ,k)∂μH̃ (k+q/2)γzG(τ,k+q)∂νH̃ (k+q/2)γz

]
,

(1.40)

where

H̃ (k)=
[
H↑(k)−μ↑ 0

0 −H ∗
↓ (−k)+μ↓,

]
, (1.41)

i.e. the Hamiltonian with the kinetic hopping parts only and γz is the Pauli
matrix acting in the particle-hole space. By substituting (1.40) to (1.35)
and using the Fourier transform G(τ,k) = 1

β

∑
Ωm

e−iΩmτG(iΩm,k), where
Ωm = 2πm/β are fermionic Matsubara frequencies, we finally get

Πμν(q,ωn)= 1
β

∑
k

∑
Ωm

Tr
[
G(iΩm,k)∂μH̃ (k+q/2)γz×

×G(iωn + iΩm,k+q)∂νH̃ (k+q/2)γz
]
. (1.42)
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It is straightforward to write the diamagnetic part in (1.34) in terms of the
Green’s function and therefore one can derive the following result for the
current-current response function in the Matsubara frequency space:

Kμν(q,ωn)=1
β

∑
k

∑
Ωm

Tr
[
∂μ∂νH̃ (k)G(iΩm,k)

+G(iΩm,k)∂μH̃ (k+q/2)γzG(iωn + iΩm,k+q)∂νH̃ (k+q/2)γz
]
.

(1.43)

The double derivative in the diamagnetic term can be treated by integrat-
ing by parts such that

Kμν,dia(q,ωn)≡ 1
β

∑
k,Ωm

Tr
[
∂μ∂νH̃ (k)G(iΩm,k)

]

=−1
β

∑
k,Ωm

Tr
[
∂μH̃ (k)∂νG(iΩm,k)

]
. (1.44)

As G(iΩm,k)= 1/(iΩm−H (k)), one has ∂νG−1 =−∂νH and because ∂ν(GG−1)=
0 one also has ∂νG =−G∂νG−1G so that (1.44) can be rewritten as

Kμν,dia(q,ωn)=−1
β

∑
k,Ωm

Tr
[
∂μH̃ (k)G(iΩm,k)∂νH (k)G(iΩm,k)

]
. (1.45)

We now see that dia- and paramagnetic terms have a very similar form.
The only differences are the momentum and frequency dependence of the
paramagnetic part and the opposite sign, which plays an important role in
case of superconductors as we shall see shortly.

To proceed with Eqs. (1.43)-(1.45) one can exploit the quadratic form of
the mean-field Hamiltonian to rewrite the Green’s function:

G(iΩm,k)=
∑
l=1

|φl(k)〉〈φl(k)|
iΩm −El(k)

. (1.46)

Here El(k) (|φl(k)〉) are the eigenenergies (eigenvectors) of H (k). By further
utilizing the completeness relation

∑
j |φ j(k)〉〈φ j(k)| = 1 one obtains

Kμν(q, iωn)= Kμν,dia +Kμν,para(q, iωn), where (1.47)

Kμν,dia =
∑
k,i, j

nF (E j(k))−nF (Ei(k))
Ei(k)−E j(k)

〈φi(k)|∂μH̃ (k)|φ j(k)〉〈φ j(k)|∂νH (k)|φi(k)〉

(1.48)

Kμν,para(q, iωn)=−
∑
k,i, j

(−1)
nF (E j(k+q))−nF (Ei(k))

E j(k+q)−Ei(k)− iωn
×

×〈φi(k)|∂μH̃ (k+q/2)γz|φ j(k+q)〉〈φ j(k+q)|∂νH̃ (k+q/2)γz|φi(k)〉. (1.49)
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The current-current response function Kμν(q,ω) is then given via the ana-
lytic continuation: Kμν(q,ω)= Kμν(q, iωn →ω). Therefore, we have obtained
the general form for the current-current response function in the frame-
work of the mean-field theory for arbitrary frequency ω and momentum q.
Let us now remind ourselves that the starting point for our calculation was
to investigate the effect of an external vector potential A. The Meissner
effect of superconductors involves a static, time independent magnetic field,
i.e. time independent vector potential so that ω= 0. Thus, it is natural to
define the superfluid weight Ds

μν at the zero-frequency limit of Kμν. We
further are interested only in low energy excitations, i.e. long-wavelength
limit of the external vector potential, thus we also take the zero momentum
limit of Kμν(q,ω) but only after taking the zero-frequency limit first, for
reasons described below. Actually, taking the zero momentum limit is
rather subtle as the Meissner effect is usually derived in the London gauge,
i.e. ∇·A= 0⇔q⊥A so that we in principle should first set the longitudinal
component of q to zero. However, one can see that in case of our one-loop
result (1.49), the ordering of limits of different components of q does not
affect the end result. Therefore, the general definition in our case for the
superfluid weight is

Ds
μν = lim

q→0

[
lim
ω→0

Kμν(q, iω)
]
. (1.50)

We have written here explicitly the order of the momentum and frequency
limits. Had we taken the limits in the opposite order, i.e. first the zero
momentum limit, the result would be different in case of gapless systems,
i.e. Ei(k)= E j(k), as one can readily see from the paramagnetic term (1.49):

lim
ω→0

lim
q→0

nF (E j(k+q))−nF (E j(k))
E j(k+q)−E j(k)− iωn

= 0 �= lim
q→0

lim
ω→0

nF (E j(k+q))−nF (E j(k))
E j(k+q)−E j(k)− iωn

= lim
q→0

nF (E j(k+q))−nF (E j(k))
E j(k+q)−E j(k)

= ∂nF (E j(k))
∂E j(k)

(1.51)

The alternative ordering of the limits corresponds to the calculation of
the quantity called Drude weight D which measures effective electron
density taking part to DC conductivity and it is used to distinguish between
insulators and metals [118, 122]. Superfluid weight, in contrast, measures
the effective superfluid density, describing whether the system can support
supercurrent or not. In general, for gapped systems D = Ds, the result
which can be sometimes exploited by calculating Ds via the Drude weight
[123]. For example, in exact diagonalization computations of Publication I,
the Drude weight was computed to deduce the superfluid weight in case of
the gapped superconducting state of the Lieb lattice geometry.

With the definition of Eq. (1.51) we finally acquire the final expression
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for the superfluid weight [13]:

Ds
μν =

∑
k,i, j

n(E j(k))−n(Ei(k))
Ei(k)−E j(k)

(
〈φi(k)|∂μH̃k|φ j(k)〉〈φ j(k)|∂νHk|φi(k)〉

−〈φi(k)|∂μH̃kγ
z|φ j(k)〉〈φ j(k)|γz∂νH̃k|φi(k)〉

)
,

(1.52)

where the prefactor is to be deduced as the derivative of the Fermi-Dirac
distribution in case of degeneracies Ei(k)= E j(k). The result of Eq. (1.52)
is derived for the Hamiltonian of Eq. (1.24) with zero Cooper pair momenta
but generalizations to the Hamiltonian involving spin-flipping terms of
the form c†

aσcb−σ (due to e.g. spin-orbit coupling) and cases of finite Cooper
pair momenta are straightforward as shown in Publication II.

What we have derived so far is the linear response of the induced cur-
rent to the external vector potential such that j(q,ω) = −DsA(q,ω). But
this form for the current is not gauge invariant under the transforma-
tion A → A+Ag, where Ag = ∇ψ and ψ is an arbitrary potential. Un-
der this gauge transformation the magnetic field B remains invariant as
B = ∇×A →∇× (A+∇ψ) = ∇×A (as the curl of any gradient field is zero)
but the current does not: j →−Ds(A+∇ψ). Therefore, one can conclude
that j(q,ω) = −DsA(q,ω) is not the total current density. To understand
what is the missing current part, let us consider the aforementioned gauge
transformation more carefully. Under the transformation the exact Hamil-
tonian must remain invariant as well but under the transformation the
kinetic hopping integrals are transformed as tab → tab exp

[
iAg · (ra −rb)

]
.

Therefore, we have to also transform the fermionic operators and the
transformation must then read

A→A+Ag

ca → ca exp
[
iAg ·ra

]
. (1.53)

Under this transformation the exact Hamiltonian remains invariant5.
However, the order parameter describing the Cooper pairing is not gauge
invariant and it, e.g. in case of the local pairing, transforms as Δ(ra) →
Δ(ra)exp

[
2iAg ·ra

]
, highlighting the spontaneously broken U(1) gauge sym-

metry of the superconducting state.
We can now deduce that the correct form for the gauge invariant total

current density must be [4]:

j= Ds(1
2
∇θ(r)−A

)
, (1.54)

where θ(r) is the phase of the order parameter: Δ(r)= |Δ(r)|eiθ(r) 6. One can
5Obviously, the approximative mean-field Hamiltonian is not gauge-invariant.
6In general case of non-local order parameter, we would have Δ(rCM) →
Δ(rCM)exp

[
2iAg ×rCM

]
, where rCM is the center-of-mass coordinate of a Cooper

pair, and θ = θ(rCM).
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easily check that this form is invariant under the gauge transformation
(1.53).

So what does Eq. (1.54) mean, what is the physical meaning of the gradi-
ent of the order parameter phase? Heuristically, this can be understood by
considering the order parameter Δ(r) for a moment as the wavefunction
of the Cooper pairs. With this simplistic picture it is easy to see that
∇θ(r) represents then the momentum of the Cooper pairs. Actually θ(r)
can be used to define the superfluid weight Ds in an alternative way [12].
Consider a system which for which the ground state minimizes the free
energy F such that ∇θ = 0. Now, by applying a slowly varying phase twist,
i.e. Δ(r) →Δ(r)e2q·r [so that 2q =∇θ(r)], one obtains a new free energy F ′

and if the phase twist is sufficiently small, one can think that the free
energy difference ΔF = F ′ −F is due to finite Cooper pair momenta, i.e.
ΔF/V = 1

2 Dsq2. This form has an intuitive form of the usual kinetic energy
and it implies Ds being the current carrier density. It turns out that with
this definition one can write the superfluid weight in the form

Ds
μν =

1
V

∂2Ω

∂qμ∂qν

∣∣∣
q=0

. (1.55)

Eq. (1.55) for Ds is equivalent to the definition of Eq. (1.50) [13] and it is
used to compute Ds in Publication I, whereas the definition of Eq. (1.50) is
used in Publications II-III.

1.2.2 Geometric superfluid contribution

As discussed already earlier, finite superfluid weight of flat band systems is
partially counter-intuitive as flat dispersion implies infinite effective mass
and on the other hand strong localization. To understand the origin of
superconductivity in flat band systems, it is highly instructive to decompose
Ds into the contributions of different one-particle Bloch states. We do
this by using the method presented in Ref. [13], namely we expand the
eigenstates |ψi(k)〉 in the basis of Bloch functions by writing

|ψi(k)〉 =
M∑

m=1

(
w+,im |+〉⊗ |m〉↑ +w−,im |−〉⊗

∣∣m∗
−
〉
↓
)
, (1.56)

where |m〉↑ (
∣∣m∗−

〉
↓) is the eigenstate of H↑(k) (H ∗

↓ (−k)) with the eigenen-
ergy ε↑,m,k (ε↓,m,−k) and |±〉 are the eigenstates of σz with eigenvalues ±1.
For simplicity, let us assume that ∂μHk = ∂μHk(Δ= 0), which holds e.g. in
case of local pairing 7. It is then straightforward to rewrite Ds of Eq. (1.52)

7In case of momentum dependent order parameters, the discussion would still
hold. The only difference would be the additional superfluid weight terms depend-
ing on the derivatives of the order parameters.
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in the following form:

Ds = 2
∑
k,i, j

f (E jk)− f (Eik)
Eik−E jk

[ ∑
m1,m2

w∗
+,im1

w+, jm2↑ 〈m1|∂μH↑(k) |m2〉↑

×
∑

m3,m4

w∗
−, jm3

w−,im4↓
〈
m∗

−3
∣∣∂νH ∗

↓ (−k)
∣∣m∗

−4
〉
↓ + (μ↔ ν)

]
. (1.57)

The matrix elements of the current operator can be further written as
follows

[ jμ,σ(k)]mn = σ 〈m|∂μHσ(k) |n〉σ = ∂μεσ,m,kδmn + (εσ,m,k−εσ,n,k)σ
〈
∂μm

∣∣n〉σ.
(1.58)

From Eqs. (1.57) and (1.58) we see that there exist two different kinds
of terms: the diagonal matrix elements of the current operator depend
only on derivatives of the one-particle energy dispersions while the off-
diagonal elements depend on the overlap between the Bloch states and
their momentum derivatives. Thus Ds can be split into two terms: the
conventional part Ds

conv that includes only the diagonal current operator
matrix elements (m1 = m2 and m3 = m4), and the geometric part Ds

geom
so that Ds = Ds

conv +Ds
geom. The conventional part consists purely of the

intraband current terms and is thus zero for a single exactly flat band.
Therefore non-zero superconductivity of a flat band is always a multiband
property involving interband current processes between the flat band and
other bands, i.e. finite Ds

geom. The superconductivity of flat band systems
is extensively discussed in sections 2.1.3-2.3.

1.2.3 London equations and the superfluid weight

From Eq. (1.54) it is possible to derive the Meissner effect. By taking
the curl on both the sides of Eq. (1.54) and using the Maxwell equation
∇×B = μ0j we get ∇×∇×B = −Dsμ0B. However, as ∇ ·B = 0, one obtains
with the identity ∇×∇×B=∇(∇·B)−∇2B=−∇2B the London equation [4]:

∇2B=λ−2B, (1.59)

where λ= 1/
√

μ0Ds is the London penetration length which describes how
far an external magnetic field can penetrate from the surface into the bulk
of a superconductor before falling to zero. For example, if the (infinite)
surface of a superconductor is the yz-plane, then B = B(x) and due to
∇·B= 0 one can deduce from (1.59) that Bz = 0, i.e. B(x) is parallel to the
surface. One can then easily solve from (1.59) that B(x)= e−x/λ [4].

The London equation (1.59) shows that finite superfluid weight Ds im-
plies the Meissner effect. The reason for the expulsion of the magnetic
field from the bulk of a superconductor is the induced current densities
near the surface which then in turn induce new magnetic fields that cancel
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the external field inside the superconductor. This diamagnetic response
is representend by the positive first term in Eq. (1.52), whereas the latter
term, which is always negative, represents the paramagnetic response and
tries to reinforce the magnetic field. In case of the single band Hubbard
model, at T = 0 the paramagnetic term is zero and the diamagnetic is the
only contribution, equalling the total particle density of the system. When
temperature becomes higher, the paramagnetic term becomes nonzero
and at the critical temperature, where the superconductivity is lost, the
paramagnetic term is large enough to counteract the diamagnetic response.
However, as long as the diamagnetic contribution overcomes the para-
magnetic term, there exists Meissner effect. For example in multiband
superconductors the paramagnetic term can be considerable even at T = 0.

From Eq. (1.54) we also get the second London equation by taking the
time derivative ∂t on both the sides and choosing a gauge for which the
electric field E=−∂A/∂t so that

∂j
∂t

= DsE. (1.60)

This second London equation implies the dissipationaless current as in
the absence of external electric fields the current remains constant. From
the London equations (1.59)-(1.60) we see that finite Ds means both the
Meissner effect and the absence of resistivity. Thus, one can really consider
the superfluid weight as the defining quantity of superconductivity.

1.2.4 Berezinskii-Kosterlitz-Thouless transition

As we have discussed, the superconducting state is characterized by fi-
nite order parameter Δ(r) which breaks spontaneously continuous U(1)-
symmetry, i.e. assumes a definite complex phase behaviour. On the other
hand, according to the famous Mermin-Wagner theorem [89], in a two
(or lower) dimensional system a continuous symmetry cannot be sponta-
neously broken at finite temperature for short enough interactions. In
our case, this means that the spatial coherence of the phase of the order
parameter does not exist but instead the phase of the order parameter is
governed by random fluctuations. In other words, there does not exists long
range order. This result should imply that in a 2D system there cannot
be quantum coherence and thus no superconductivity. It seems that our
discussion about 2D superconductors has been in vain.

Obviously, this is not the whole truth. While Mermin-Wagner theorem
prevents the long range order with pairing correlations not decaying at
infinitely large distances, there still can be quasi long range order of corre-
lation length decaying according to some power laws. By lowering temper-
ature, the transition from a normal uncorrelated state to quasi-long range
ordered state occurs at some critical temperature. This transition is the
so called Berezinskii-Kosterlitz-Thouless (BKT) transition [124, 125, 126]
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and correspondingly the critical temperature is called BKT-temperature
TBKT. It turns out, as we will discuss below, that in superconducting
systems TBKT can be directly determined from the superfluid weight Ds,
making Ds a relevant quantity to compute when studying the occurrence
of superconducting states at finite temperatures.

To give a clear intuitive physical picture about the BKT transition, we
consider first two dimensional XY model, the usual prototype model to
describe the BKT transition. The model consists of two-dimensional unit
vectors Si [∼ exp(iθi)] arranged in a periodic lattice. The action can be
thus written as S = βJ

∑
〈i, j〉Si ·S j = βJ

∑
〈i, j〉 cos

(
θi −θ j

)
, where J is the

coupling constant. It is straightforward to show that at high-temperature
limit (where βJ → 0) the correlation function has the form 〈S(r) ·S(0)〉 ∼
exp[−|r| log(2/J)] [2] which implies that the correlations decay exponentially
fast. At the low-temperature phase, where large fluctuations of the phase
θ are penalized, one can take the phase to vary smoothly and thus write
the action in the continuum limit as S = 1

2βJ
∫

dr(∇θ)2. Now the correlation
function behaves as 〈S(r) ·S(0)〉 ∼ ( a

|r|
)1/(2πβJ) [2, 127], so the correlations

decay (to zero) with a power law, i.e. one can talk about quasi-long range
ordered state.

To treat the transition between these two regimes, from low temperature
state of quasi-long range order to disordered state of exponentially decaying
correlations, one needs to consider topological (non-perturbative) defects.
By finding the stationary condition for the action, one gets ∇2θ(r)= 0. This
condition includes, in addition to a uniform solution, solutions with vortex
excitations. More specifically, as the value of the phase field θ(r) is defined
only modulo 2π, the phase field can be arranged in such way that along the
closed path θ changes by 2πn, where n is integer, i.e.

∮ ∇θ(r) ·dl = 2πn so
that the integral path encircles the vortex. If the path is chosen being far
enough from the vortex core, we can assume, due to the spherical symmetry,
that ∇θ(r)= [∇θ](r)êφ, where r is the distance from the vortex core and φ is
the azimuthal direction. Thus

∮ ∇θ(r) ·dl= |∇θ|2πr = 2πn ⇔|∇φ| = n/r. With
this one obtains for the action of a single vortex of charge n

Sn = Score
n (a)+ βJ

2

∫
a

dr(θ∇)2 = Score
n (a)+πβJn2 log

(R
a

)
, (1.61)

where a (R) is the size of the vortex (system). One can place a single vortex
of size a2 to the system of size R2 roughly in R2/a2 different ways, thus the
partition function for the vortex is Zn ∝ (R2/a2

)
exp
[−πβJn2 log

(
R
a

)]
. One

can then obtain for the free energy (n = 1):

F1 =−1
β

log Z1 ∝−1
β

[
2log

(R
a

)
−πβJ log

(R
a

)]
, (1.62)

i.e. both the entropy (first term) and the energy (latter) of the vortex are
proportional to the logarithm of R/a. We see that at low temperatures
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(β→∞) forming a single vortex costs an infinitely large amount of energy,
whereas for temperatures T > πJ

2 the entropy compensates the energy
penalty and single vortices can exist within the system. Actually, vortices
exist also at low temperatures but they are bound to vortex-anti-vortex
pairs, i.e. to bound pairs of opposite charge [2]. For a a vortex-anti-vortex
bound pair the energy penalty is not infinite due to opposite winding
numbers. When the temperature increases, the density and sizes of the
bound pairs become larger and eventually unbind to single vortices at
TBKT ≡ πJ

2 . The unbound vortices distort the phase field so that the spatial
phase coherence and the quasi-long range order is lost and the correlation
function decays exponentially fast [2].

With these heuristic arguments one obtains the BKT-transition temper-
ature of TBKT = πJ

2 which is miraculously accurate to describe the BKT-
transition even if the interactions between the vortices are ignored. One
can ensure with more rigorous renormalization group techniques [128]
the accuracy of the arguments shown above. The result here is shown
for the XY model, or more generally for a system with action of the form
S = βJ

2

∫
dr(∇θ)2. Now, if one considers the long-wavelength phase fluctu-

ations of the superconducting order parameter, i.e. Δ(r) = |Δ(r)|eiθ+iδθ(r),
and expands the resulting action up to second order of ∇θ(r), the resulting
effective action containing the phase fluctuations has the form [13]:

Seff =β

∫
dr

Ds
μν

8
∂μθ∂νθ, (1.63)

i.e. apart from the possible anisotropy, the same form as the XY model. As
Ds

xy = Ds
yx we can apply a change of coordinates such that in the new basis

the superfluid weight is diagonal and Seff =β
∫

dr̃1
8

[
D̃s

x̃x̃
(
∂x̃θ
)2 + D̃s

ỹ ỹ
(
∂ ỹθ
)2].

By further utilizing a second change of variables of the form x̃ → x̃/D̃x̃x̃

( ỹ → ỹ/D̃ ỹ ỹ), Eq. (1.63) can be written as Seff = β
8


detDs

∫
dr̃(∇̃θ)2. Thus,

the universal relation between TBKT and the superfluid weight Ds in case
of 2D superconductors can be cast in the form

TBKT = π

8

√
det[Ds(TBKT)]. (1.64)

This transition temperature is usually much smaller than the BCS critical
temperature Tc obtained by using simply the condition Δ(Tc) = 0. The
reason for this is that the computation of Ds takes into account the phase
fluctuations of the order parameters, whereas in case of Tc the fluctuations
are neglected. Our linear response method to compute Ds and TBKT is one
of the simplest beyond-mean-field methods to study superconductivity and
especially in case of flat band systems it has been shown to be in good
agreement with more sophisticated numerical methods such as dynamical
mean field theory or exact diagonalization methods, see Ref. [13] and
Publication I.

The result (1.64) was used in all the publications of this PhD work. Es-
pecially in Publications II-III it was important to use the correct form
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of Eq. (1.64) with the possibility for anisotropic superfluid weight. In
Publication II Cooper pair momenta were allowed to be finite which results
in different superfluid response in the longitudinal and tranverse direc-
tions. In Publication III, at large enough pairing interaction strengths, the
nematic superfluid pairing pattern was observed, thus giving a rise to the
anisotropic superfluid weight.
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2. Studies of superconductivity on
non-trivial lattice models

In the current chapter, the most important results of this PhD work are pre-
sented. However, first in section 2.1 a brief discussion related to geometric
properties of the quantum states and topological superconductors is pro-
vided. The superconductivity of the flat band systems, topic of Publication
I and III, is intimately connected to the geometric properties of the Bloch
states [12, 13]. Furthermore, the Fulde-Ferrell states in the presence of
spin imbalance and spin-orbit coupling, the topics of Publication II, feature
topologically non-trivial features which further calls for understanding of
the basic topological aspects of quantum states. Thus, the discussion about
the geomectric properties of matter is beneficial in case of all Publications
I-III.

2.1 Geometry of quantum states

2.1.1 Topological aspects

Ordered states of matter can be in general characterized by the broken
symmetries of the system ground state. For example, a periodic lattice
crystal has translational symmetry, magnets have the rotational symmetry
and superconductors have the U(1) gauge symmetry spontaneously broken.
The breaking of a certain symmetry can be related to a symmetry-specific
order parameter which is finite only in the ordered state [2, 3].

A somewhat different classification of the state of matter is related to
the topological order [129, 130, 131, 132, 133, 134, 66]. In contrast to
aforementioned ordered states, the phase transitions between different
topological states are not due to spontaneous symmetry breaking of a
quantum state but rather deformation of the system Hamiltonian via some
control parameters. More specifically, topological description of a quan-
tum system considers the ground state being isolated from the excited
states by an energy gap. Such systems are for example band insulators
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of non-interacting electrons or superconductors of gapped quasi-particle
energy spectrum [130]. Topological properties are physical quantities that
are robust to smooth deformations of the Hamiltonian, i.e. robust against
deformations that do not close the energy gap between the ground and
excited states. On the contrary, if one then applies a drastic enough per-
turbation to the Hamiltonian, in such a way that the energy gap is closed
an reopened, the system can evolve to a state of different fundamental
physical quantities characterized by different topological order. Topological
order of a quantum state is represented by different topological invariants
whose value is quantized and does not change under smooth deformations.

First experimental evidence of topological order was found in 1980 when
the integer quantum Hall effect (IQHE) was discovered [135] in two-
dimensional electron gases subjected to a strong perpendicular magnetic
field. In IQHE, a voltage Vx in the x-direction induces an electric current
Ix in x-direction which in turn induces, due to the Lorentz force, a Hall
voltage Vy in the transverse y-direction. The Hall conductance σxy = Ix/Vy

in IQHE is then quantized as σxy = e2

h ν, where ν is an integer, a topolog-
ical invariant [129, 131]. The quantization of σxy manifests as discrete
plateaus when the strength of the applied magnetic field is changed. On
plateaus, the current is carried (without dissipation) only on the edges on
the sample whereas the bulk is insulating [129, 131].

The quantum Hall insulator is a prime example of topologically non-
trivial quantum state. The quantization of the transverse conductance is
due to the energy level structure which consists of the Landau levels of
the form εn = ωc(n+1/2), where the cyclotron frequency is ωc = eB/m and
m is the mass of an electron [131]. One can thus see that if the Fermi
energy remains fixed but the magnetic field strength is increased, the
Fermi level crosses more and more Landau levels. This Landau level
crossing changes the topology of the system (as the energy gap closes
and re-opens) and thus the topological invariant, in this case σxy. The
conductance plateaus correspond then to the Fermi level being between
two Landau levels. Another important topological aspect of IQHE is the
existence of robust current-carrying edge states which are necessarily
gapless states. Gapless edge or surface states are defining properties of
topological insulators and superconductors [129, 130, 131, 132, 133, 134].

The existence of topological invariants and gapless edge states are
a consequence of non-trivial geometric structure of the related quan-
tum states. To understand this, let us consider a system which is sub-
jected to an adiabatic change of its control parameters. More specifi-
cally, we take our Hamiltonian H(k) to depend in general on parameters
k = [k1,k2, ...kN ] which are time-dependent, i.e. ki = ki(t). The parame-
ters k can be anything and the parameter space can have any size but
for our purposes it is enough to choose a three-dimensional parameter
space, i.e. N = 3. The complete set of eigenstates at each k are denoted
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as
∣∣n(k)

〉
such that H(k)

∣∣n(k)
〉= En(k)

∣∣n(k)
〉
. We prepare our initial state

to be |Φ(0)〉 =
∣∣n(k(0))

〉
and adiabatically change the control parameters

along the path P such that the system stays at the same eigenstate, i.e.
|Φ(t)〉 = eiθ(t)

∣∣n(k(t))
〉

[136, 132]. The phase θ can be solved by inserting
|Φ(t)〉 to the time-dependent Schrödinger equation. After straightforward
algebra, one obtains

|Φ(t)〉 = e−i
∫ t

0 En(k(t′))dt′ eiγn
∣∣n(k(t))

〉
, (2.1)

γn = i
∫ t

0

〈
n(k(t′))

∣∣ d
dt

∣∣n(k(t′))
〉

dt′ = i
∫

P

〈
n(k)

∣∣∇k
∣∣n(k)

〉 ·dk (2.2)

where the first phase term in (2.1) accounts for the usual dynamical time
evolution of an eigenstate of the Hamiltonian and (2.2) is called the Berry
phase which desribes the geometric evolution of the quantum states un-
der adiabatic deformations. One can introduce the quantity called Berry
connection An(k)= i

〈
n(k)

∣∣∇k
∣∣n(k)

〉
such that γn = ∫P An ·dk. The Berry con-

nection measures the rate of change of the eigenstate
∣∣n(k)

〉
with respect

to k and it is zero if
∣∣n(k)

〉
is k-independent. It is noteworthy to mention

that the Berry connection is not U(1) gauge invariant as under the trans-
formation

∣∣n(k)
〉→ eiφn(k)

∣∣n(k)
〉
, one has An(k)→An(k)−∇kφn(k). From the

Berry connection one can construct the gauge invariant quantity, the Berry
curvature Ωn(k), as the curl of the Berry connection, i.e. Ωn(k)=∇k×An(k).
One can also show that eiγn is gauge-invariant along the closed paths as
γn,closed = ∮P An(k)·dk gauge transforms γn,closed → γn,closed−

∮ ∇kφn(k)·dk=
γn,closed+2πm, where m is an integer, as φn(k) is single-valued up to integer
multiples of 2π.

Now, an important geometrical aspect [134] is related to the closed sur-
face integral of the Berry curvature, i.e. to the flux of Ωn(k) through
surface S: Fn = ∮S Ωn(k) ·ndS(k), where n is the normal of the surface. If
Ωn(k) is a smooth, differentiable function within the volume the surface
S encloses, one can use the divergence theorem to show that F = 0 as
the divergence of any curl is zero. Equivalently, the same result can be
obtained with the Stokes theorem by choosing a closed path, ∂S, bounding
S and writing Fn = ∮∂S An(k) · dk− ∮∂S An(k) · dk = 0 as the closed surface
S must necessarily be constructed from two separate surfaces bounded
by the path ∂S with opposite path integration directions, required by the
Stokes theorem. However, Fn = 0 holds only if there exists a gauge in which
An(k) is a single-valued function and

∣∣n(k)
〉

are differentiable around the
whole surface S. It turns out, that in general such a global gauge cannot be
always found [132]. In this case, the geometric structure of the quantum
states is non-trivial and the Berry connection can be defined as a single-
valued function only on patches of S. Suppose that there exists two such
patches, S and S′ with An(k) and A′

n(k), so that, by the Stokes theorem,
one has Fn = ∮∂S An(k) ·dk−∮∂S A′

n(k) ·dk = ∮∂S ∇kφn(k) ·dk = 2πCn, where
Cn is an integer and φn(k) is the phase related to the gauge transformation
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between An and A′
n [134]. Therefore, the flux of the Berry curvature over a

closed surface is quantized and the integer Cn is the Chern number, one
of the many different topological invariants. One can see that the Chern
number is non-zero only when the wavefunctions have non-trivial geometry.
The non-trivial geometric nature manifests as a singular behaviour of the
Berry curvature within the volume enclosed by S and equivalently as an
absence of a single smooth gauge in which the wavefunctions would be
single-valued and differentiable.

Let us now consider a two-dimensional periodic lattice with the parame-
ter space to be the momentum space and let us focus on nth energy band.
The Berry connection is now within the (kx,ky)-plane and the Berry cur-
vature is parallel to the z-direction. The first Brillouin zone (BZ) can be
thought as a surface of a torus and thus the integral of the Berry curvature
over the BZ can be taken as a surface integral over the torus [132], i.e. we
have Fn = ∫BZ dkxdkyΩn(k)= 2πCn. But because the torus has no boundary,
one is tempted to think that Cn = 0. Again, in case of the presence of a
smooth gauge, i.e. when one can choose a gauge for which the states

∣∣n(k)
〉

are single-valued and differentiable, one has Cn = 0. However, in case of
non-trivial geometric structure of the quantum states, one cannot find a
smooth gauge and one has to define the Berry connection piece-wise in
distinct patches within the Brillouin zone. Let us assume that there exist
a momentum, ks, in which An(k) is singular. Let us then choose a small
region R around ks where we use another gauge with the Berry connection
A′

n(k) = An(k)−∇kφn(k) and outside R we use the gauge with An(k). The
gauges are chosen such that An(k) (A′

n(k)) is single-valued outside (within)
R. Now, by applying the Stokes theorem, one has

Fn =
∮
∂BZ−∂R

An(k) ·dk+
∮
∂R

A′
n(k) ·dk=

∮
∂R

[
A′

n(k)−An(k)
] ·dk (2.3)

=−
∮
∂R

∇kφn(k)= 2πCn.

Therefore, the integral of the Berry curvature over the Brillouin zone
can also be non-zero in the presence of non-trivial quantum geometry
[132]. In a 2D band insulator, the Chern number C defined as a sum
over the occupied bands, i.e. C =∑En(k)<EF

Cn, where EF is the Fermi
energy, is a particularly important topological invariant as it is related
to the transverse Hall conductance through σxy = e2

h C [137, 133]. The
Hall conductance plateaus of the quantum Hall insulator can then be
understood via the filled Landau levels: as the magnetic field is increased,
the conductance and thus the Chern number can only change when the
Fermi level crosses a Landau level, which becomes occupied, and otherwise
remains constant. Thus, the Hall conductance is quantized due to the
quantized flux of the Berry curvature over the Brillouin zone, or in other
words, due to the non-trivial geometric structure of the wavefunctions.
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The key point of the topological quantized invariants and classification
of the materials is the concept of smooth deformations [131, 130]. In the
discussion above, the Berry connection and Berry curvature were related
to an adiabatic change that retained the system in the same energy band∣∣n(k)

〉
. Therefore, as long as the deformations do not close the energy gap

between the occupied and empty states, the topological invariants of the
system remain the same. Only by closing and re-opening the energy gap,
one can change the topological properties of the system. An important
consequence of this argument is the existence of gapless edge states in
the boundary of two topologically distinct materials: without the gapless
states the topology could not change at the boundary. This is called bulk-
boundary correspondence and it explains why in topological insulators
there can exist a finite current even though the bulk is gapped: the current
is transported by the gapless edge states. The number of edge states is
given as the difference of the Chern numbers across the boundary. The
edge states are chiral in a sense that their group velocity is positive to a
certain direction. Thus the current transported by the edge states is robust
against disorder or impurities as there does not exist states available
for backscattering [129] -the property that makes topological systems
application-wise extremely attractive.

The Chern number defined above can be non-zero only when the time
reversal symmetry (TRS) is broken [133], e.g. by the presence of an exter-
nal magnetic field. Topological insulators defined by the Chern number
are called Chern insulators but there exists also other kinds of topological
states of matter. If the TRS is preserved, topologically interesting effects
can be found in the so called quantum spin Hall phase in which two spin
components are spin-orbit coupled and whose edge states propagate to
opposite directions with quantized conductance [138, 139, 140, 141]. Such
systems with C = 0 can be characterized by an other topological invari-
ant, Z2 [129, 138], which tells whether the number of edge state pairs is
odd (stable state) or even (unstable state) [130]. Also three dimensional
topological insulators exist, characterized with more complex invariants.
In addition to insulators, topological properties of superconductors with
gapped quasi-particle spectrum [130, 133] can be considered in equal foot-
ing as discussed in the next section. Different topological insulating and
superconducting states have been classified and listed according to their
dimensionality and symmetry properties [142, 143]. Topological properties
of time-dependent systems in non-equilibrium can be also classified and
form an interesting research topic of its own [144]. Another interesting
direction of research is the study of topological properties of systems with
interactions 1 where the interplay and competition of topological order and
interaction-driven phases have led to interesting physics [145, 146, 147].

1The usual BCS mean-field treatment of superconductors treats quasi-particles
as non-interacting species.
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2.1.2 Topological superconductivity

In BCS superconductors the particle-hole symmetry is always present as
could be understood from the quasiparticle and -hole picture described in
section 1.1.1: eigenstates of H (k) characterized by the positive (negative)
energy are taken as quasi-particle (-hole) states. Thus, for both negative
and positive eigenstates there must exist also the corresponding states of
opposite energies. For example, for the hole branches the corresponding
states are quasi-particle states which are excited when the hole states
are annihilated. Therefore, topological properties of superconductors can
be treated in equal footing as in case of topological insulators with the
additional particle-hole symmetry being always present. Thus, topologi-
cally non-trivial superconducting state implies the existence of zero-energy
eigenstates of H (k) at the boundary between topologically non-trivial and
trivial systems. Due to the particle-hole symmetry, such a topological zero-
energy state can be identified both as a quasi-particle and quasi-hole, i.e.
its creation operator γ

†
k equals its annihilation operator, i.e. γ†

k = γk. Such
a peculiar entity is called Majorana fermion 2 [133, 148]. However, not all
superconductors can be topologically non-trivial, i.e. support Majorana
fermions, due to, e.g. spin degeneracy, as will be clarified later.

As the simplest example of Majorana fermions, let us consider a one-
dimensional toy model describing a spinless superconductor, first consid-
ered by Kitaev [149]. The model has the mean-field Hamiltonian of the
form:

H =
N∑
i

[− t(c†
i ci+1 + c†

i+1ci)−μc†
i ci +|Δ|(c†

i+1c†
i + ci ci+1)

]
, (2.4)

where ci is the annihilation operator for the ith lattice site and open
boundary conditions are assumed. One can rewrite the Hamiltonian by
splitting each fermion operator to real and imaginary part as ci = 1

2 (γi,1 +
iγi,2) such that γi,1 = c†

i + ci and γi,2 = i(c†
i − ci). Evidently for these half-

fermion operators one has γi,α = γ
†
i,α. Now, with this purely mathematical

construction one can write (2.4) in case of Δ= t = 0 as

H =−μ

2
i

N∑
i

γi,1γi,2, (2.5)

whereas in case of Δ= t �= 0 and μ= 0 one obtains

H = it
N−1∑

i

γi,2γi+1,1. (2.6)

2The definition of the Majorana fermion includes also the necessity of being a
solution to the Dirac equation. For details, one can consult Ref. [133], for example.
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The Hamiltonian of (2.5) simply describes the decoupled fermionic states
localized on each lattice site, i.e. the atomic limit, whereas in (2.6) the
neighbouring states have finite overlap. However, in (2.6) the states γ1,1

and γN,2 are missing entirely, meaning that the energy of these states is
zero. That is, the Majorana fermions are localized to both edges of the
chain. It turns out that the existence of these edge modes can be identified
with a topological invariant. An important property of these two edge
states is that they are well separated from each other. Indeed, the splitting
of the original fermionic operators to the Majorana operators is a purely
mathematical construction and it does not have any physical consequences
when an electron is well localized such that the two constituent Majorana
fermions are indistinguishable due to the large overlap. However, in (2.6)
this is not the case as the chain can be taken arbitrarily long, meaning
that the two Majorana fermions are physically distinct and the fermionic
state one can build from them is highly delocalized [148]. The two Ma-
jorana fermion states are robust against local perturbations due to the
non-localized nature of the fermion which is an alternative way of say-
ing that Majorana fermions are topologically protected against any small
deformations.

From the toy model result it is also easy to comprehend that Majorana
fermions exist always in (delocalized) pairs. Due to the delocalization, there
exist peculiar quantum correlations between the Majorana fermions which
are non-abelian, meaning that the collective many-body quantum state
changes under the exchange of Majorana fermions and the change depends
on the order of the Majorana exchange operators [133, 148, 132]. The non-
abelian nature of Majorana fermions makes them extremely interesting
and they have been expected to find applications in fault-tolerant quantum
computing [148]. Due to their inriguing properties, there has been serious
experimental efforts to realize Majorana fermions in various systems [133,
150]. Experimental signatures for the existence of Majorana fermions has
been achieved in hybrid superconductor-semiconductor nanowire devices
and other similar hybrid structures [151, 152, 153, 154, 155]. Systems
that consist of magnetic atoms placed on a surface of a superconductor
have also been argued, both experimentally [156] and theoretically [157,
158], to support Majorana states. Recently strong experimental evidence
for the existence of Majorana fermions has been obtained in quantum
anomalous Hall insulator–superconductor structures [159] and in iron-
based superconductors [160].

In the above 1D toy model example the pairing scheme was taken to
be p-wave, i.e. triplet pairing. Indeed, time-reversal breaking p-wave
superconductors have for long time been strong candidates to realize topo-
logically non-trivial superconductors and Majorana fermions. For example,
2D spinless superconductor with p+ ip pairing symmetry is known to sup-
port Majorana fermion states within the edges and other defects such as
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vortices [161]. In contrast, simple s-wave singlet superconductors cannot
be topologically non-trivial [133]. Heuristically, this can be understood
via the quasi-particle picture: in a singlet superconductor the quasi parti-
cles constitute of electrons and holes of opposite spin, which prevents the
zero-energy excitation being its own hole, i.e. a Majorana fermion [148].
However, by introducing the spin-orbit coupling, non-trivial topological
properties of a spin-triplet superconductor can be imprinted to the s-wave
superconductor [162, 163] as discussed in section 2.4 where topological
Fulde-Ferrell states, topic of Publication II, are considered.

2.1.3 Quantum geometry and flat band superconductivity

In this section we consider the relationship between the geometric aspects
of the Bloch functions and the superconductivity of flat bands. To this end,
let us introduce the infinitesimal distance between the quantum states of
the nth energy band as follows

D2
n(k,k+dk)= 1−|〈n(k)|n(k+dk)〉|2, (2.7)

which reaches its maximum value of unity when the states are not over-
lapping at all. One can define a quantity called quantum metric gn

μν(k) by
expanding (2.7) as

D2
n,μν(k,k+dk)=

∑
μν

1
2

gn
μν(k)dkμdkν. (2.8)

Here the higher order terms are ignored. It is easy to show that gn
μν(k)=

2Re
〈
∂μn(k)

∣∣(1−
∣∣n(k)

〉〈
n(k)

∣∣)∣∣∂νn(k)
〉

[134]. Quantum metric relates, for
example, to the theory of polarization [134, 164] and current noise spec-
trum of the band insulators [165]. Furthermore, from the relation Ωn(k)=
∇k×An one can easily show that the Berry curvature can be written as

[Ωn(k)]λ =−
∑
μν

ελμνIm〈∂μn(k)|∂νn(k)〉

=−
∑
μν

ελμνIm〈∂μn(k)|(1− ∣∣n(k)
〉〈

n(k)
∣∣)|∂νn(k)〉 ≡−

∑
μν

ελμνΩ
n
μν(k)

(2.9)

as 〈∂μn(k)|n(k)〉 is imaginary due to the normalization constraint 〈n(k)|n(k)〉 =
1 so that ∂μ〈n(k)|n(k)〉 = 0. In (2.9) ελμν is the Levi-Civita symbol and
in the last line we have defined the Berry curvature tensor Ωn

μν(k) =
Im〈∂μn(k)|(1−

∣∣n(k)
〉〈

n(k)
∣∣)|∂νn(k)〉. We therefore see that the defining

geometric properties of the quantum states, i.e. the Berry curvature and
quantum metric, are encoded to a single quantity, called quantum geomet-
ric tensor [166, 167] which reads

Bn
μν(k)= 2〈∂μn(k)|(1− ∣∣n(k)

〉〈
n(k)

∣∣)|∂νn(k)〉 = gn
μν(k)+ i2Ωn

μν(k). (2.10)
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Quantum metric, quantum geometric tensor and the Berry curvature of the
Bloch states are intimately related to flat band superconductivity [12, 13]
as will be discussed below.

The explanation for the flat band superconductivity was given for the
first time in in Ref. [12] where a generic multiband system was considered
at the mean-field level in the presence of on-site Hubbard interaction
and time reversal symmetry. As the conventional superfluid weight of
a single flat band is necessarily zero, a multiband approach is required.
More specifically, the authors of Ref. [12] considered an isolated flat band
limit, i.e. the case where the Fermi surface lies within the flat band and
interaction U much smaller than the band gap Egap between the flat and
other bands, i.e. U � Egap. As the other bands are well separated from the
flat band and the interaction is weak enough not to considerably mix the
bands, the Cooper pairing in practice occurs only within the flat band. One
is then tempted to consider this limit as a single-band problem for which
the superfluid weight would be zero as the conventional superfluid weight
is zero for a flat band. However, from Eq. (1.58), one can see that the
geometric superfluid weight actually scales as a function of Egap and one
has to be careful when taking the isolated flat band limit. It was shown
in Ref. [12] that, indeed, the superconductivity of an isolated flat band is
caused by the geometric term which, in case of orbital-independent pairing,
is proportional to the Brillouin zone integral of the quantum metric of the
flat band, gf.b.

μν (k) , and interaction strength U, i.e. at low temperatures:

Ds
μν ∝U

∫
B.Z.

gf.b.
μν (k)dk≡URe[Mf.b.

μν ], where

Mf.b.
μν ≡

∫
B.Z.

Bf.b.
μν (k)dk. (2.11)

An intriguing property of this relation is the fact that it can be evaluated
with the Bloch states of the flat band only, even if the geometric contri-
bution is a multiband process involving the interband matrix elements of
the current operator as was discussed in section 1.2.2. This is because the
influence of the other bands arises implicitly from the form of the flat band
Bloch states which are defined by the geometric properties of the quantum
states of the whole lattice structure.

The matrix Mf.b.
μν is positive semi-definite [12] and, on the other hand,

Im[Mf.b.
μν ]= εμνCf.b., where Cf.b. is the Chern number of the flat band. There-

fore, one can show [12] that det
[
ReMf.b.

μν (k)
]
�Cf.b.. In case of an isotropic

system, this implies that in appropriate units Ds �Cf.b., i.e. the superfluid
weight is always finite for a topologically non-trivial flat band. A similar
lower bound was also found for some one-dimensional flat band systems
in Ref. [57]. This result is intuitive as finite Chern number for a given
band implies that the Bloch functions of the band cannot be constructed in
such a way that the corresponding Wannier functions would be maximally
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localized with exponentially decaying amplitude [12, 168]. Therefore, fi-
nite Chern number implies finite delocalization and thus finite overlap
between the Wannier functions, making it more intuitive why topologically
non-trivial flat bands can support finite supercurrent.

In Ref. [13] it was further shown that also without TRS the superfluid
weight of an isolated flat band depends on the momentum space integral
of a function involving the quantum metric, and in case of TRS, Ds can be
bounded below by the integral over the Brillouin zone of the Berry curva-
ture so that at low temperatures it reads Ds

μν �minDs
μν ∝

∫
B.Z. |Ωf.b.

xy (k)|2dk.
This bound is stronger than the Chern number result as the Berry curva-
ture of a topologically trivial flat band integrates to zero but |Ωf.b.

xy (k)| can
still be finite. For example, the Lieb lattice geometry possesses a trivial
flat band but its superfluid weight in the flat band limit is finite as will be
discussed in the next section.

According to the above discussion, the superfluid weight of a flat band can
be understood by finite quantum metric that describes the overlap of the
quantum states. In Ref. [59] flat band superconductivity was approached
from a different angle, namely via the two-body problem. Usually, in a
non-flat band system, the Fermi sea is unstable towards the formation of
bound pairs. In a flat band there does not exist a well-defined Fermi surface
due to the degenerate states of the flat band. Because of this degeneracy,
the existence of a bound state is not enough for superconductivity if the
degeneracy is preserved as then the condensation of Cooper pairs to a
certain momentum state and the formation of a coherent superconducting
state is not probable. In other words, in the presence of degenerate bound
states, the effective mass of the Cooper pairs is infinite. The authors of
Ref. [59] showed that the degeneracy can be lifted and the mass of the
Cooper pairs can be finite when the Bloch states of the flat band have finite
overlap and when their spatial derivatives are non-zero. Importantly, in
case of the uniform pairing the condition of overlapping quantum states
reduces to the quantum metric results of [12] which relates directly the
quantum metric to finite overlapping of the wavefunctions of the flat band.
Moreover, the quantum metric is also present in a localization functional
that describes the spread of the Wannier functions [12]. Finite quantum
metric integral bounds the functional from below and thus implies finite
spread and hence finite overlap between the Wannier functions.

We have so far discussed general properties of superconductivity in the
isolated flat band limit. In the next section we will consider the Lieb lattice
geometry, featuring a topologically trivial flat band and two dispersive
bands, which provides an opportunity to study how the superfluidity be-
haves also in the non-isolated flat band limit and how the superfluidity of
a flat band differs from the one of the dispersive bands of the same model.
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Figure 2.1. (a) Lieb lattice geometry and its unit cell (grey box). The orbitals in the unit
cell are labelled by α= A,B,C. The thick lines represent nearest-neighbour
hoppings with energy (1+δ)J, while the hopping energy corresponding to the
thin lines is (1−δ)J with 0≤ δ≤ 1 parametrizing the staggered hopping. (b)-(c)
The energy dispersion as a function of k for δ= 0 (b) and δ= 0.3 (c), respectively.
The middle band is strictly flat ε0k = 0 for any value of δ while the upper and

lower band have dispersions ε±,k = ±2J
√

1+δ2 + (1−δ2)(coskxa+coskya)/2,
where a is the lattice constant.

2.2 Lieb lattice

Two dimensional Lieb geometry consists of unit cells of three orbitals,
labelled as α ∈ {A,B,C} and correspondingly the energy band structure of
two dispersive and one exactly flat band, see Fig. 2.1. All three bands
touch at k= [π,π]: this degeneracy can be lifted by introducing a staggered
hopping [see Fig. 2.1(a)] which breaks the C4 rotational symmetry and
thus introduces an energy gap Egap between the flat and dispersive bands,
see Figs. 2.1(b)-(c). With the staggering, one can systematically study
the influence of the dispersive bands when the Fermi surface lies within
the flat band. In the calculations only the nearest-neighbour hopping
processes are considered and the attractive Hubbard interaction is taken
to be on-site, i.e. we consider the usual Hubbard Hamiltonian (1.6) in the
Lieb lattice geometry.

Lieb lattice is bipartite, meaning it can be divided to two sublattices such
that finite hopping amplitudes exist only between the distinct sublattices
and not within a sublattice. In the Lieb geometry the A and C orbitals
form one sublattice and the B-orbitals the other. The flat band of the Lieb
lattice is supported by the localized states on the A and C-orbitals whose
destructive interference in the B-site makes the flat band state vanish
at the B-orbital. Such geometric cancellation scheme of bipartite lattice
can be used in general to realize flat Bloch bands, Lieb lattice being one
of the simplest examples and thus an attractive platform to study flat
band physics. Recently, theoretical studies on the Lieb geometry have
considered e.g. magnetic, topological and non-Fermi liquid properties [169,
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170, 171, 172, 173, 174, 175], while superconductivity has been studied
in Refs. [176, 175]. Experimentally, the Lieb geometry has been realized
with ultracold atoms [54]. Intriguingly, the CuO2 planes of high-Tc cuprate
superconductors have the Lieb lattice structure [9].

A very important implication of the bipartite nature of the lattice is
the exactness of the BCS wavefunction in the isolated flat band limit, i.e.
when |U | � Egap and the chemical potential is within the flat band. The
proof, shown in Publication I, holds for any bipartite lattice. We start by
considering the repulsive on-site Hubbard interaction of the form Hint =
U
∑

iα niα↑niα↓ with U > 0. The Lieb theorem [177] states that in such case
the total spin of the ground state at half-filling is S = 1

2 (|L1|− |L2|), where
|L1| (|L2|) is the total number of lattice sites in sublattice 1 (sublattice 2). In
case of the Lieb lattice the sublattice 1 (2) is taken to consist of sublattices
A and C (B). Furthermore, by the particle-hole symmetry, one can show
that the number of dispersive bands of negative energy is |L2|/Nc, where
Nc is the number of unit cells. Thus the number of flat bands at the zero
energy is (|L1|+|L2|−2|L2|)/Nc as the number of dipsersive bands of positive
energy is the same of those of negative energy. In the Lieb lattice |L2| = Nc,
thus the number of dispersive bands of negative energy is |L2|/Nc = 1 and
the number of flat bands (|L1|+|L2|−2|L2|)/Nc = 1 as expected. Now, at half-
filling, the total particle number is N = |L2|+ |L1|, and as lowest dispersive
bands are completely filled with the occupation number 2|L2|, one has the
filling of the flat bands Nf.b. = |L1|− |L2|. As we assume that U � Egap, one
can ignore the effects of the particles accommodating the lowest bands
and thus the vacuum state |0〉 can be taken as the state with the negative
energy bands completely filled. Now, as the total spin of the ground state
is S = 1

2 Nf.b., the system must be completely spin-polarized ferromagnetic
system, i.e. the ground state is

∣∣Ferro
〉=∏k(uc†

f.b.,k↓+vc†
f.b.,k↑) |0〉, where the

normalization condition is |u|2 +|v|2 = 1 and c†
f.b.,kσ

is the creation operator
of the Bloch state of momentum k and spin σ at one of the flat bands. The
state

∣∣Ferro
〉

can have the total polarization in any direction (which is
dictated by the chosen values of u and v) due to the spin-rotation symmetry
of the Hamiltonian.

Now specializing to the Lieb lattice case, one can map the repulsive
system to the attractive side by utilizing the following particle-hole trans-
formation [178]:

ciα↓ → s(α)ciα↓

ciα↑ → ciα↑, (2.12)

where s(A)= s(C)= 1 and s(B)=−1. It is straightforward to show that under
this transformation the repulsive interaction maps to attractive interaction
and the ferromagnetic state maps to the BCS wavefunction:

∣∣Ferro
〉→∏

k(u+ vc†
f.b.,k↑c†

f.b.,−k↓) |0〉 ≡
∣∣BCS

〉
. This ground state is equivalent to the
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mean-field description discussed in section 1.1.1 [1]. The spin operator
along the z−axis Sz

iα = 1
2 (niα↑ −niα↓) maps into the operator Δz

iα = 1
2 (niα↑ +

niα↓ − 1) whose expectation value 〈∑αΔ
z
iα〉 = ν− 3/2 gives the filling ν =

(ν = 0− 3). Thus, the rotation of the magnetization vector (changing u
and v) on the repulsive side corresponds to changing the filling on the
attractive site. Therefore, the BCS wavefunction is the exact ground
state for arbitrary flat band filling which stems from the invariance of the
original repulsive Hamiltonian under the rotations of the magnetization.
This result is easily extended to any bipartite lattice. The proof shown
here guarantees the validity of BCS theory in the limit of isolated flat
band but it turns out that the results for the superfluid weight obtained
from the mean field theory are actually in a good agreement with exact
diagonalization results even in the non-isolated flat band limit, see Fig.
2.3 below.

The proof described above shows that bipartite lattice models featuring
flat bands exhibit ferromagnetic ground states in the presence of repulsive
interactions. Also more general flat band systems have shown to exhibit
ferromagnetic states with repulsive Hubbard interactions [61, 62, 63]. Flat
band magnetism in the repulsive and superconductivity in the attractive
side are intuitive as these states are driven by the interactions and in
flat band systems interaction effects play a prominent role due to reduced
kinetic energy.

The superfluid weight as a function of the filling ν and interaction
strength |U | at zero temperature is shown in Fig. 2.2(a). Here only the
diagonal superfluid terms, Ds

xx = Ds
yy ≡ Ds are shown as the off-diagonal el-

ements, even though being finite due to the small finite staggered hopping,
are negligible compared to the diagonal elements. From Fig. 2.2(a) one can
distinguish two qualitatively different regimes: when dispersive bands are
partially filled, i.e. when ν< 1 and ν> 2, Ds is more or less constant as a
function of the interaction, whereas in the flat band regime, i.e. 1< ν< 2,
Ds depends strongly on the interaction strength. The constant behaviour of
the dispersive bands is consistent with the conventional superconductivity,
where Ds is proportional to the hopping, i.e. to the inverse of the effective
mass. It can be seen from Fig. 2.2(a) that the superfluid weight of the
dispersive bands is finite when U → 0, consistent with the fact that at zero
temperature this limit gives the Drude weight [118] which is finite for a
metallic state of the non-interacting dispersive Hubbard model [117, 118].
In contrast, in the flat band regime Ds vanishes when U → 0 as a flat band
system in the absence of interactions is, due to the infinite effective mass
of the non-interacting particles, insulating [134]. It should be emphasized
that even though Ds in case of dispersive bands does not vanish at U = 0,
the dispersive bands do not support supercurrent at U = 0. This can be
seen in Fig. 2.2(b) where TBKT is plotted as a function of the interac-
tion strength for the half-filled flat band and half-filled lower dispersive
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Figure 2.2. Diagonal components of the superfluid weight tensor Ds
xx = Ds

yy ≈ Ds for the
Lieb lattice as a function of interaction |U |/J and filling ν for δ = 10−3 and
at zero temperature, given in the units of the hopping parameter J. The
superfluid weight for partially filled flat band (1≤ ν≤ 2) depends strongly on
U in contrast to the other bands. Figure adapted from Publication I with
permission.
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Figure 2.3. Conventional superfluid weight Ds,conv (blue area) compared with the geo-
metric one Ds,geom (red area) for ν = 1.5 (a) and ν = 2.5 (b). Here T = 0 and
δ= 10−3. Also the Drude weight D obtained from ED is shown. Squares and
circles correspond to the 12 sites and 18 sites clusters, respectively. All the
quantities are given in the units of the hopping parameter J. Figure adapted
from Publication I with permission.

band (which is, due to the particle-hole symmetry of the bipartite lattices,
equivalent to the half-filled upper dispersive band). We see that at the
weak-coupling regime TBKT is much higher for the flat band, implying that
in case of the dispersive bands, Ds decreases much faster as a function
of the temperature than in case of the flat band. From Fig. 2.2 we also
see that the flat band allows one to optimize the critical temperature in
ultracold gas experiments, where the interaction is a tunable parameter,
yielding roughly twice higher TBKT than the dispersive bands.

To gain insight to the flat band superconductivity and its strong depen-
dence on the interaction strength, the superfluid weight can be divided
to conventional and geometric parts, Ds = Ds

conv +Ds
geom as described in

section 1.2.2. In Figs. 2.3(a)-(b) these two contributions are plotted for
half-filled flat band [Fig. 2.3(a)] and half-filled dispersive band [Fig. 2.3(b)]
as a function of the interaction strength. One can see that in case of the
flat band the geometric part (red area) dominates over the conventional
term (blue area) in the weak coupling regime. This is understandable as at
small interaction strengths the bands are not considerably mixed and the
conventional term arising from the dispersive bands is necessarily small
due to their small density of states in the proximity of the flat band. There-
fore, the Cooper pairing in practice takes place only within the flat band.
Only when the interaction becomes larger, the pairing takes place also
within the dispersive bands and consequently then also the conventional
term gives a notable contribution. Similar behaviour has been recently
revealed also in case of the Mielke checkerboard lattice geometry featuring
a single flat and dispersive band [179].

The behaviour of Ds in case of the half-filled dispersive band could not be
more different. In the weak-coupling regime of the half-filled dispersive
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band, the only contribution in practice comes from the conventional term
as shown in Fig. 2.3(b). When the interaction becomes larger, also the
geometric term gives finite contribution, again due to the band mixing.
These results highlight the different nature of superfluidity of different
bands: in case of dispersive bands, Ds is characterized by Ds

conv and in case
of the flat bands by Ds

geom.
From Fig. 2.3(a) it can be observed that Ds of the flat band grows as a

function of |U | till it reaches its maximum value near |U | ∼ 4J (J is the
hopping parameter) and then for very strong interaction decreases ap-
proaching zero. The maximum of Ds roughly coincides with the maximum
of TBKT depicted in Fig. 2.2(b). Similar decay for Ds in the strong-coupling
limit can be also seen for the half-filled dispersive band in Fig. 2.3(b).
This decreasing Ds is reminiscent of the BCS-BEC crossover: when the
attractive on-site interaction becomes larger, strongly localized bound pairs
go through a Bose-Einstein condensation, with the critical temperature
decreasing as ∼ J2/|U | as the inter-site tunneling between the pairs scales
as J2/U [37, 40] and the lattice sites become decoupled. Indeed, by fitting a
function of the form 1/|U |α to the values of Ds in the strong coupling regime,
one obtains α= 0.92 and α= 0.93 for the flat and dispersive bands, respec-
tively, which relates the strong-coupling behaviour of Ds to the formation
of strongly bound bosonic pairs of negligible mutual overlap. It should
be emphasized that such decreasing behaviour for the strong-coupling
limit cannot be achieved by computing the critical temperature from the
condition of the vanishing mean-field order parameter, Δ(Tc)= 0, as in this
case the critical temperature would increase infinitely as a function of the
interaction.

The results for Ds are further confirmed by computing the Drude weight
D with the exact diagonalization method (ED) as in the gapped supercon-
ductors, like the s-wave pairing state considered here, the Drude weight
equals the superfluid weight as discussed in section 1.2.1. The ED results,
plotted in Fig 2.3 as squares and circles, confirm the non-monotonic be-
haviour of Ds in the flat band regime and especially in the strong-coupling
regime match rather well with Ds results obtained from the mean-field
theory. Similar outstanding agreement of mean-field Ds with ED and
dynamical mean field theory in the strong-coupling regime was found in
Ref. [13] where it was shown by an analytical argument that this indeed
should be the case at least with the lattice models studied in Ref. [13].

The staggering parameter allows increasing the energy gap Egap. At
half-filling of the flat band and in the limit of 0 <U /J � δ< 1, i.e. at the
isolated flat band limit, it is possible to derive the result of Eq. (2.11)
for Ds which in case of the Lieb lattice reads as Ds ≈ |U |

4π�2 Re[Mf.b.
μν ]. In

other words, when the flat band is sufficiently isolated from the dispersive
bands and the pairing takes mostly place only within the flat band, the
superfluid weight is linearly proportional to the interaction strength and
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Figure 2.4. (a)-(b) Various superfluid weight contributions, given in the units of J, for
half-filled flat band, small U ≤ 0.2J, δ = 5 ·10−3 (a), δ = 0.1 (b). (c) Brillouin-
zone integral of the flat-band quantum metric integral MR

μν ≡ Re[Mf.b.
μν ] as a

function of δ. The diagonal components have a logarithmic singularity at δ= 0.
Adapted from Publication I with permission.
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the quantum metric of the flat band gives, via Re[Mf.b.
μν ], the slope of Ds.

More generally, we call this term as Ds
geom, f.b. and write the total geometric

contribution as Ds
geom = Ds

geom, f.b.+Ds
geom, o.b., where Ds

geom, o.b. is finite when
the pairing occurs also in the other bands. It is important to note that
Ds

geom, f.b. is just an isolated flat band limit of Ds
geom. It is also noteworthy to

mention that, even though the geometric superfluid contribution consists
of the interband current terms, as discussed in section 1.2.2, the interband
Cooper pairing does not necessarily need to be finite. Actually, in the Lieb
lattice the interband pairing turns out to be always vanishigly small and
Ds

geom, f.b. (Ds
geom, o.b.) arises primarily from the intraband pairing within

the flat (dispersive) band(s). This is an intriguing property of the flat
band superconductivity: in the isolated flat band limit the pairing takes
primarily place only within the flat band and the interband pairing is zero
but the superfluid weight, described by Ds

geom, f.b., can be only obtained by
taking properly into account also the dispersive bands even though their
participation to the Cooper pairing is negligible compared to the intraband
pairing within the flat band.

In Figs. 2.4(a)-(b) various superfluid weight terms, namely Ds
conv, Ds

geom, f.b.
and Ds

geom, o.b., at half-filling ν= 1.5 and for small |U | ≤ 0.2J are depicted
for two values of staggering: δ = 5 ·10−3 and δ = 0.1. In both cases Ds

conv
is negligible, while Ds

geom, f.b. gives the dominant contribution, linear in
|U |. The term Ds

geom, o.b. is negative and, as expected, less relevant when
the flat band becomes more isolated for larger δ. When |U | increases, the
negative contribution of Ds

geom, o.b. becomes more prominent and for very
large |U | it cancels the positive term Ds

geom, f.b. [see Fig. 2.4(a)]. This im-
plies that the Cooper pairing must occur in a subset of all the bands for
Ds

geom to manifest, and it provides an alternative way to understand the
decreasing trend of Ds at the strong-coupling limit. As shown in Fig. 2.4(c),
the quantum metric integral Re[Mf.b.

μμ ] diverges at δ= 0. Therefore, as one
can interpret Ds

geom, f.b. as the U → 0 limit of Ds at δ = 0, the slope of Ds

as a function of U is infinite at U = 0. However for any nonzero |U | this
divergence is cured by Ds

geom, o.b.. Thus for δ= 0 superfluidity has a truly
multiband character which is easy to understand as the dispersive bands
touch the flat band at δ= 0. In the opposite limit δ→ 1 one eigenvalue of
Re[Mf.b.

μν ] becomes zero and superfluidity is lost, consistently with the fact
that the unit cells in this limit become decoupled, see Fig. 2.1.

Results presented in Figs. 2.2-2.4 show the Lieb lattice geometry being
an ideal platform to study experimentally the superfluidity of a flat band
which depends strongly on the interaction strength. The Lieb lattice
geometry has been realized with ultracold gases in optical lattices [54]
which provide a way to tune interaction strengths, the population densities
and hopping parameters. Therefore it is, in principle, possible to scan
system parameters similarly as in Figs. 2.2-2.4. Unfortunately, the lowest
temperatures reached in ultracold gas experiments are still too high for
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the superfluidity in optical lattices to emerge and thus further advances on
cooling techniques are required. However, flat band superconductivity has
already been studied experimentally in a totally different system, namely
twisted bilayer graphene, which is the topic of Publication III and the next
section.

2.3 Twisted bilayer graphene

Twisted bilayer graphene has two layers of graphene twisted with respect
to each other by a twist angle θ, see Fig. 2.5(d). When the twist is small,
a long-wavelength moiré pattern is formed. The situation is somewhat
analogous to the beat interference pattern which is formed when two sound
waves of slightly different frequencies interfere: the resulting envelope
pattern has longer wavelength than the original wave components. If the
twist is commensurate, i.e. the lattice structure is periodic,3 the angle can
be parametrized by a positive integer m such that cosθ = m2+m+1/6

m2+m+1/3 and the
number of lattice sites within a unit cell is M = 12(m2 +m+1/3). Therefore,
as θ decreases, M becomes larger and the problem becomes more involved.
There exists magic twist angles, θ∗ at which the Bloch band structure
becomes increasingly narrower near the charge neutrality point. This is
demonstrated in Figs. 2.5(a)-(c) where θ approaches the experimentally
accessed magic angle of θ∗ ∼ 1◦. One can see that for example at θ = 1.018◦

the unit cell contains 12676 carbon atoms which makes the flat band regime
of TBG an extremely challenging system to describe theoretically.

In Publication III, TBG was treated via the Hubbard Hamiltonian of Eq.
(1.24), where the kinetic hopping amplitudes tiα jβ are the parametrized
according to the Slater-Koster table of interatomic matrix elements [180]
for pz orbitals of the carbon atoms:

tiα jβ = t(r)= t0 exp
[
−β

r−b
b

] x2 + y2

r2 + t1 exp
[
−β

r− c0

b

] z2

r2 , (2.13)

where for simplicity we have denoted the distance between riα and r jβ as
r= [x, y, z]. Here the z-axis is perpendicular with respect to the graphene
layers. The first term in Eq. (2.13) describes the intralayer hopping pro-
cesses (z = 0), whereas the interlayer processes are mainly described by the
latter term. Amplitudes t0 and t1 =−0.11t0 describe the strengths of these
hopping processes. Furthermore, b = a0/


3 is the distance between the

nearest-neighbour carbon atoms, a0 is the lattice constant of graphene, c0

is the interlayer distance and β is the decay parameter. The interlayer hop-
ping is restricted to the terms with r < 4b and only the nearest-neighbour
intralayer hopping terms are considered.
3For arbitrary twist angle, TBG in general is only quasi-periodic i.e. θ is incom-
mensurate. However, the physical properties of TBG are not sensitive to the
commensurability of the twist.
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Figure 2.5. (a)-(c) Energy band dispersions near the charge neutrality point plotted within
the moiré Brillouin zone along the path connecting the high symmetry points
shown in the inset of (e) for three different twist angles. (d) The moiré
superlattice of TBG depicted with an arbitrary commensurate twist angle θ
and the choice of the x and y-axes. Black parallelogram represent the moiré
unit cell. (e) Band structure near the CNP used in the RM computations.
The unscaled twist angle was chosen θ = 1.013◦ and the rescaled as θ′ = 4.41◦.
Subfigure (e) is adapted from Publication III with permission.
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As near the experimentally used magic angle of θ∗ ≈ 1◦ the unit cell con-
sists of around 12000-13000 lattice sites, in the calculations of Publication
III the number of lattice sites per unit cell, M, was decreased by applying
a rescaling trick which keeps invariant two important observables, namely
the Fermi velocity of a single graphene sheet vF and the moiré lattice
periodicity a while increasing the twist angle θ and thus decreasing M.
More specifically, the Fermi velocity is proportional to a0 and t0, so that
vF ∝ a0t0. On the other hand, the moiré periodicity is a = a0/2sin(θ/2). With
this information, one can introduce the following rescaling under which a
and vF remain invariant [115, 116]:

t′0 =
t0

λ
, a′

0 =λa0, c′0 =λc0, λ= sinθ′/2
sinθ/2

, (2.14)

where the primed quantites are the ones used in computations. With this
trick one can apply much larger twist angles θ′ than the usual magic angle
θ ∼ 1° and thus have much less lattice sites per moiré unit cell than at θ ∼ 1◦.
The rescaling is characterized by the rescaling parameter λ� 1: larger λ

means more aggressive rescaling and larger θ′, whereas λ= 1 corresponds
to the unscaled model. The approximation can be qualitatively understood
by noting that under the rescaling the intralayer hopping becomes smaller,
i.e. the interlayer hopping terms become relatively more prominent and
therefore one does not need to apply such a small twist angle to obtain the
flat band structures. In Publication the unscaled twist angle was θ = 1.013◦

and for the numerical computations the rescaling was chosen such that
the rescaled angle was θ′ = 4.41° and M = 676 instead of ∼ 13000 of the
unscaled problem. This so-called renormalized moiré (RM) approach is
able to reproduce the four narrow bands of the bandwidth of 10meV 4 [see
Fig. 2.5(e)] found experimentally at θ ∼ 1°.

The detailed form of the interaction Hamiltonian in TBG remains un-
known. Here two different singlet pairing potentials are separately consid-
ered, namely the local pairing Hint =U

∑
iα c†

iα↑c†
iα↓ciα↓ciα↑ ≡ Hloc and the

nearest-neighbour (NN) pairing Hint = U
2
∑

〈iα jβ〉 h†
iα jβhiα jβ ≡ HRVB, where

h = (ciα↑c jβ↓ − ciα↓c jβ↑) and U < 0 is the attractive interaction strength.
While the local interaction scheme is the simplest possible choice aris-
ing possibly e.g. from the phonon-electron coupling, the non-local, also
called resonance valence bond (RVB) interaction [181, 9], effectively aris-
ing from the repulsive electron-electron interactions, has been earlier
applied to study superconductivity both in monolayer graphene [182,
183, 27] and in TBG [115]. We keep only the pairing channels by ap-
plying mean-field theory to approximate Hloc ≈

∑
iαΔiαc†

iα↑c†
iα↓ +H.c. and

HRVB ≈∑〈iα jβ〉Δiα jβh†
iα jβ+H.c., where Δiα =U〈ciα↓ciα↑〉 and Δiα jβ = U

2 〈hiαβ〉
are the superconducting order parameters, respectively, which are solved
from the mean-field gap equations.

4Even if the four narrow bands are not exactly dispersionless, here terms "flat"
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Figure 2.6. (a)-(b) Spatial profiles of the order parameter for local and RVB interaction
schemes, respectively. In case of RVB, Δiα jβ are plotted at riα. Red paral-
lelograms represent the moiré unit cell. The maximum order parameter in
the both cases is max |Δ| ≈ 3.4meV. (c) Spatial components of Ds as a func-
tion of max |Δ| at ν ≈ −2 for local and RVB pairing. For local interaction
Ds

xx = Ds
yy = Ds. The black curve is for the local interaction computed with

the Dirac point (DP) method. Inset shows the total density of states (DOS)
for RVB (blue curve) and local interaction (red) at max |Δ| ≈ 3.4meV computed
with RM. The dashed curve is the DOS for local interaction obtained with
DP at max |Δ| ≈ 3.5meV. From the DOS we see the nematic phase being gap-
less, while the s wave state is gapped. The RM results are evaluated at
T ≈ 0.1K, whereas the DP results at T = 0. Adapted from Publication III with
permission.
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In experimental studies [14, 92, 93] superconducting and correlated
insulating states have been observed with the magic angle twist such that
insulating states emerge for the flat band fillings ν ∈ {0,±1,±2,±3} and the
superconducting states surround the insulating states in the vicinity of
ν ∈ {0,±1,±2} [93]. Here ν is the electron density per moiré unit cell so that
the charge neutrality point corresponds to ν= 0 and flat bands are empty
(full) when ν=−4 (ν= 4). In experiments, the superconducting phase near
ν=−2 has been observed at temperature as high as ∼ 3K [92, 93].

In Figs. 2.6(a)-(b) the computed spatial profiles of the order parameters
for the local and RVB interactions at ν≈−2 are shown. Here U is chosen
such that the maximum value of the order parameter is max |Δ| ≈ 3.4meV.
Correspondingly, in Fig. 2.6(c) various spatial components of Ds at ν≈−2
are presented as a function of max |Δ|. Figs. 2.6(a)-(c) depict a striking dis-
tinction between the local and RVB pairing schemes related to the pairing
symmetry and the resulting form of Ds. The local pairing, which results in
an s-wave pairing symmetry, conserves the underlying C3-symmetry of the
TBG lattice [see Fig. 2.5(d)] and thus leads to isotropic Ds, i.e. Ds

xx = Ds
yy

and Ds
xy = Ds

yx = 0. By contrast, the RVB pairing with strong enough in-
teraction breaks the C3-rotational symmetry and yields nematic pairing
pattern in real space, as seen in Fig. 2.6(b) which results in an anisotropic
response, i.e. Ds

xx �= Ds
yy and Ds

xy = Ds
yx �= 0. The s-wave state is gapped,

whereas the nematic phase has nodal points in the moiré Brillouin zone.
Anisotropic Ds yields an anisotropic kinetic inductance of TBG which could
in principle be measured experimentally by deploying radio frequency
impedance spectroscopy [184]. The gapped and gapless natures of the
s-wave and nematic pairing states are furthermore highlighted in the inset
of Fig. 2.6(c), where typical total densities of states (DOS) are plotted for
the s-wave and nematic phases. From the DOS it can be seen that the
nematic state is gapless.

From Fig. 2.6(c) it can be also seen that in case of RVB interaction
the superfluid weight for weak enough interaction strengths is isotropic.
Indeed, at the weak-coupling regime, also RVB interaction preserves the
C3 symmetry of the lattice and the spatial pairing pattern is similar as the
one of the local interaction depicted in Fig. 2.6(a). However, the isotropic
phase in case of the RVB interaction has a mixed (d+ id)+ (p+ ip) pairing
symmetry with a full energy gap, whereas the nematic phase is identified
to be a mixture of s, p and d wave components [115], with the d wave
being the dominant symmetry. The phase transition to the nematic phase
takes place for some critical interaction strength which can be observed
as an emergence of the anisotropic superfluid weight as shown in Fig.
2.6(c). This phase transition is also accompanied by the change of flat band
occupation densities: for the isotropic weak-coupling phase only the lowest

and "narrow" bands are used interchangeably.
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Figure 2.8. Various superfluid components as a function of max |Δ| at ν ≈ −2 and T =
1.5K for the (a) RVB and (b) local interaction obtained from the RM model.
Blue curve is Ds and blue (pink) area depicts Ds

geom (Ds
conv). Results for

Ds and Ds
conv computed by considering only 4 and 8 Bloch bands are also

shown, labeled as Ds
4, Ds

8 and Ds
4/8,conv. It has been numerically checked that

considering more than 4 bands does not change Ds
conv. Figure reproduced

from Publication III with permission.

or larger than the effective density of states of the non-interacting flat
bands. Because of this, the regime with max |Δ|� 2meV is here called as
the flat band limit.

The difference of the two interaction schemes is further highlighted in
Fig. 2.7(b) which presents the ratio kBTBKT/max |Δ(T = 0)|. At the flat band
limit this ratio approaches a constant whose value depends on the pairing
potential. In experiments one can measure TBKT and in principle also
deduce Δ (from the local density of states) and therefore the ratio of these
two quantities could be of relevance to characterize the superconducting
pairing observed in experiments.

In Figs. 2.7(c)-(d) TBKT as a function of ν is presented. The weak-
coupling regime shows a dome-shaped structure of TBKT which reaches
its maxima near the half-fillings of the hole- and electron-doped regimes,
due to smaller density of states at ν= 0. In the RM model, the hole-doped
region is much stronger due to higher density of states at negative energies
[see Fig. 2.5(d)], while the DP model exhibits approximate electron-hole
symmetry. Strong asymmetry of the RM model is due to the applied
rescaling approximation which amplifies the finite but small asymmetry
of the unscaled model. In general, the difference between RM and DP
methods in weak-coupling regime can be explained by different energy
band structures of the two models as the narrow band dispersions of TBG
are very sensitive to the details of the used microscopic models. In the
flat band limit the shape and the features of the one-particle dispersions
are, except for the pronounced particle-hole asymmetry of the RM model,
completely dissolved, and therefore the agreement between RM and DP
methods is much better.
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In many previous theoretical studies considering TBG, the utilized effec-
tive models have taken into account the band structures of four narrow
bands only and all the other, strongly dispersive, bands have been often dis-
carded. However, as discussed earlier, the superconductivity of (exact) flat
bands is governed by the geometric superfluid weight contribution, Ds

geom
which is a multiband effect depending on the overlap of the Bloch states
and their momentum derivatives as shown in section 1.2.2. This raises an
interesting question: how significantly the interband terms between disper-
sive and narrow bands affect Ds via Ds

geom? As our RM approach takes into
account other bands as well, this question can be addressed as shown in
Fig. 2.8 where Ds and its various components are presented as a function
of the pairing strength at ν ≈ −2 for both the RVB and local interaction
schemes. Furthermore, the results obtained by taking into account either
only the 4 flat bands or the 8 lowest bands, i.e., 4 flat and 4 dispersive
bands, labeled as Ds

4 and Ds
8, respectively, are also depicted in Fig. 2.8. In

both pairing cases, the contribution stemming from the 4 flat bands only
is relatively small at larger interaction strengths. The contribution of 8
bands is larger due to a larger Ds

geom and it has been checked that this is
caused by the interband terms between dispersive and flat bands as the
terms between the dispersive bands only are negligible. The slight disper-
sion of the narrow bands results in a finite Ds

conv. Note that Ds
conv ≈ Ds

4,conv
as the pairing in the dispersive bands is negligible. Thus, Ds−Ds

4,conv gives
the total Ds

geom. From Fig. 2.8 we see that at max |Δ| ∼ 1. . .2meV, i.e. when
the system enters the flat band regime, Ds

geom surpasses Ds
conv for local

pairing and becomes significant in the RVB case. An important implication
of the results of Fig. 2.8 is the importance of the existence of the dispersive
bands when computing Ds and thus the insufficiency of effective four band
models when the interaction strength is large. For example, in [190] an
upper limit for Ds of TBG was derived by using a four band model [114]
with assumptions that essentially hold only in the non-interacting limit
U → 0. Because of these reasons, the results for Ds shown here exceed
the "upper limit" computed in Ref. [190]. It is important to note that in
the considered interaction regime the contribution of the dispersive bands
to formation of Cooper pairs via intra- or interband pairing processes is
negligible compared to the narrow bands but still their existence has to be
taken into account when evaluating the total geometric contribution Ds

geom.
Thus, the dispersive bands cannot be discarded based on the fact that the
Cooper pairing takes place primarily only within the narrow bands.

Large geometric contribution in the flat band regime relates the super-
conductivity of the narrow bands to earlier considerations of exact flat
bands, where Ds

geom and thus non-trivial geometry of the quantum states
is the dominant contribution, as for example in case of the Lieb lattice. In
particular, as can be seen from Fig. 2.8, Ds in case of the local interaction
grows linearly when max |Δ|� 2meV, implying that Ds in this limit is dic-
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Figure 2.9. Ds, Ds
geom and Ds

conv computed with RM method for two twist angles, θ = 0.98◦
(red lines) and θ = 1.013◦ (purple lines) at ν≈−2 as a function of the pairing
strength in case of the local interaction. The results for θ = 1.013◦ are the
same as those presented in Fig. 2.8(b).

tated by the quantum metric in the same way as the linearly U-dependent
Ds

geom,f.b. of the Lieb lattice depicted in Figs. 2.4(a)-(b). This interpretation
is reinforced by the fact that in this interaction regime the dispersive
bands do not take part into the Cooper pairing. As max |Δ| is smaller than
the energy gap between the dispersive and narrow bands, one can relate
these results to the weak-coupling regime of the Lieb lattice in which
the superfluid weight is still a monotonic function. It is expected that if
one applies larger interaction strengths than used here, the band mixing
would eventually result in decreasing Ds as a function of the interaction,
similarly as in case of the Lieb lattice.

The role of the geometric superfluid weight in case of TBG was also
highlighted in Ref. [191] by using a TBG continuum model developed in
Ref. [16] where also other dispersive bands are taken into account. The
main finding of [191] was that when the bandwidth of the narrow bands
are minimized at the magic twist angle, the geometric contribution Ds

geom
is larger than the conventional term Ds

conv for the interaction strength
used in Ref. [191]. Correspondingly, by tuning the twist slightly off from
the magic angle, the conventional term emerges as the main contribution,
i.e. Ds

conv > Ds
geom. The conventional term was shown to depend heavily on

the twist angle, whereas the geometric part was shown to be less sensitive
to the twist. This is understandable as Ds

conv depends strongly on the
bandwidth of the narrow bands, decreasing as the bandwidth becomes
smaller. Furthermore, as the interaction strength in Ref. [191] was rather
small, TBKT being around 0-2 K, it is easy to comprehend that conventional
term can dominate over the geometric one, as can be also seen e.g. from
Figs. 2.7(a) and 2.8(b) where, at the regime of TBKT ∼ 0-2 K, Ds

conv indeed
is prominent. To see whether the RM method of Publication III yields
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similar behavior, Ds, Ds
geom and Ds

conv computed with RM are plotted in
Fig. 2.9 for two different twist angles, namely θ = 1.013◦ and θ = 0.98◦ as a
function of the pairing strength at ν≈−2 in case of the local interaction.
The bandwidth of the narrow band structure is slightly smaller for θ = 0.98◦

and, indeed, one can see from Fig. 2.9 that Ds
conv is considerably smaller for

θ = 0.98◦, whereas Ds
geom is more or less the same for both angles. One can

further see that there exists a weak-coupling regime where Ds
geom > Ds

conv
at θ = 0.98◦ but Ds

geom < Ds
conv at θ = 1.013◦, reflecting the weak-coupling

results of [191].
In Ref. [192] a geometric lower bound for Ds of TBG was derived in

the absence of the dispersive bands and by assuming exactly flat bands.
This lower bound was given to be proportional to the so-called Wilson loop
winding number of the flat bands, a result that can be taken as yet another
way to bound Ds from below by the geometric properties of the quantum
states, in addition to the bounds defined by the Chern number [12] and the
Berry curvature [13]. As the dispersive bands were ignored, the results
of [192] cannot directly be related to the results presented in Publication
III and in Ref. [191] but all three works present strong arguments that
geometric properties of the quantum states play a significant role in su-
perconductivity of TBG. Therefore, being realizable in experiments, TBG
can be potentially very important in terms of accessing and measuring the
geometric contribution experimentally.

The results shown in Fig. 2.6-2.8 were obtained by assuming two dif-
ferent kinds of interaction schemes. Importantly, the results show how
experimentally observable physical quantities depend qualitatively on the
interaction scheme. For example, the superfluid weight is anisotropic in
the presence of strong enough RVB interaction. As in the computations
only two different kind of simple interaction schemes were considered, it
is probable that the real interaction Hamiltonian is somewhat different.
However, the results shown here imply that, regardless of the chosen in-
teraction, the geometric contribution plays a major role, at least when the
interactions are strong enough. This is relevant as experiments imply that
the pairing interaction in TBG is among the highest ever measured in any
superconductor [14]. This could imply that the experiments are carried
out in the regime where Ds

geom is prominent.
So far, the discussion has focused on the superconductivity of the flat

band systems. In the next section the topic of Publication II, namely exotic
Fulde-Ferrell states with non-trivial topological order in the presence of
the spin-orbit coupling and spin-imbalance, is discussed.
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2.4 Fulde-Ferrell states

FFLO states, characterized by non-zero Cooper pair momenta even without
an external vector potential or phase twists, have remained an attractive
research topic in different physical contexts [23, 193] since their existence
was predicted in 1964. Especially, after the realization of Fermi super-
fluids in ultracold gas systems, considerable effort has been invested to
realize FFLO phases experimentally. However, so far only ambiguous evi-
dence of such superfluid correlations have been observed in heavy-fermion
[194, 195] and organic superconductors [196, 197], as well as in quasi-one-
dimensional ultracold Fermi gases [198]. Decisive proof for the existence
of FFLO states is still missing.

Traditionally, FFLO states have been studied in the context of spin-
imbalanced degenerate Fermi gases where finite momenta of condensed
Cooper pairs originate from the mismatch between the Fermi surfaces
of two pairing Fermion species [199, 23]. In such spin-polarized systems
magnetism and superfluidity, usually thought to be incompatible with
each other, co-exist. FFLO states emerging via the spin-imbalance is
schematically illustrated in Fig. 2.10, where the Fermi surfaces of two
spin components are depicted both in case of the population-balanced BCS
state and FFLO state. In the BCS state the Fermi surfaces for both spin
components are the same and thus the pairing occurs between momenta
k and −k, whereas in case of FFLO the mismatch between the Fermi
surfaces can be compensated with a finite Cooper pair momentum q̃ such
that the pairing exists between momenta k and q̃−k. From this schematic
picture it is also easy to understand why the superconductivity of FFLO
states of large q̃ is more fragile than of BCS states: in case of a BCS state,
for each momentum k within the Fermi surface there exists a state with
−k lying also within the Fermi surface and thus all the Fermi momenta
can take part to the formation of the Cooper pairs. However in case of
FFLO, for an arbitrary Fermi momentum k there does not necessarily
exist a counterpart state of q̃−k within the Fermi surface. Therefore, all
the Fermi momenta do not necessarily take part to the Cooper pairing
and the resulting superfluid state is thus less robust than in case of q̃= 0.
Fig. 2.10 with spherical Fermi surface of a continuum system is an over-
simplification: in lattice systems the shapes of the Fermi surfaces are more
complicated but the basic idea is the same. Finite Cooper pair momenta
usually obstruct the formation of the Cooper pairs for some states within
the Fermi surface.

From the picture given above, it is easy to understand that the role of the
energy dispersion and thus the shape of the Fermi surface is crucial in case
of spin-imbalanced FFLO states. It turns out that lattice structures provide
more favourable energy dispersions than continuous media as, in case of
lattices, Fermi surfaces can be "nested" such that more Fermi momenta can
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Figure 2.10. Schematics of the Fermi surfaces and the momentum vectors of two pairing
fermions forming a Cooper pair in case of the usual BCS state (a) and FFLO
(b). In case of FFLO, mismatch between the Fermi surfaces is compensated
by finite Cooper pair momentum q̃.

take part to the pairing [200, 201]. It has been argued that FFLO states are
especially favored in low-dimensional systems [202, 201, 203]. However,
in two and lower dimensional systems strong phase fluctuations prevent
the formation of the long-range superfluid order as stated by the Mermin-
Wagner theorem and discussed in section 1.2.4. Therefore, when studying
the stability and the possibility for the existence of the FFLO states, one
should consider the BKT transition temperature. An excessive number of
theoretical works predict the existence of spin-imbalance-induced FFLO
states [23] but only few of them [204] actually consider the BKT transition
of FFLO states. In [204] it was shown that in a two-dimensional continuum
system the FF states, induced by the spin-imbalance, are unstable against
the phase fluctuations in any finite temperature and thus it was concluded
that in a such system TBKT = 0. However, the stability of FFLO states in
case of lattice systems is barely studied in the literature.

A fundamental challenge of the spin-imbalanced FFLO states is the
necessity of rather large population imbalance which in turn yields large
Cooper pair momenta q which, as discussed above, are detrimental to
formation of robust superfluid states. In addition to spin-imbalance, based
on distinct Fermi surfaces of different spin components, FFLO states have
been proposed to be accessible via a very different physical mechanism,
namely the combination of the spin-orbit coupling (SOC) and Zeeman fields
[205, 24, 25, 206, 207, 208, 209, 210, 211]. The advantage of SOC-induced
FFLO states is the absence of large spin polarizations as finite Cooper
pairing momenta originate from the deformation of single-particle band
dispersions and not from the mismatch of Fermi surfaces. As large po-
larizations are not needed, SOC-induced FFLO states might have higher
critical temperatures than conventional imbalance-induced FFLO phases.
Indeed, in [209, 210, 211] it was shown that in 2D continuum SOC can
stabilize FF states in such a way that TBKT could be non-zero. As synthetic
SOC has been also realized in ultracold gases [70, 71, 72], SOC provides
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a tempting platform to study FFLO physics. However, stability and BKT
transitions of FFLO phases, induced by the spin-imbalance or SOC, against
the BKT transition in two-dimensional lattice systems had not been inves-
tigated before Publication II, where Ds (and thus TBKT) was derived for an
arbitrary lattice geometry in the presence of SOC and Zeeman fields.

To give an intuitive picture of SOC-induced FFLO phases, let us consider
the square lattice geometry. SOC induces the spin-scattering terms of the
form c†

↑c↓ not present in lattice models considered above. In the presence
of Rashba SOC and an in-plane Zeeman field in the x-direction, the non-
interacting part of the Hamiltonian reads as

Hkin =
∑

k

[
c†

k↑ c†
k↓
][ εk−μ↑ hx −2λ(sinky + isinkx)

hx −2λ(sinky − isinkx) εk−μ↓

][
ck↑
ck↓

]
,

(2.15)

where εk = −2t(coskx + cosky) is the usual one-particle dispersion of the
square lattice, λ describes the strength of the SOC and hx is the in-plane
Zeeman field. From (2.15) one can see that the usual single band structure
is due to the off-diagonal elements split into two bands (called helicity
branches) as shown in Fig. 2.11 from which one can see that without
SOC the single particle dispersions for spin up and down components are
degenerate [Fig. 2.11(a)-(b)]. By turning on the spin-orbit coupling, this
degeneracy is lifted [Fig. 2.11(c)-(d)] and when also finite hx is applied, the
dispersion becomes deformed in a non-centrosymmetric way with respect
to ky = 0 [Fig. 2.11(e)-(f)]. This deformation of the dispersions results
in the intraband pairing of finite momentum in the y-direction when hx

is large enough as there exists a momentum mismatch of q̃ yêy between
the pairing fermions. If in addition the interband pairing occurs, the
momentum mismatch can exist also in the x-direction and consequently
the Cooper pair momentum is not necessarily in the y-direction. However,
in the computations of Publication II, q̃ has been numerically checked to
be always in the y-direction.

In general, the mean-field Hamiltonian in the presence of the interactions
and spin-orbit coupling can be written as

HMF = 1
2

∑
k

Ψ†
kHkΨk. (2.16)

Here the spinor is Ψk =
[

ck↑ ck↓ c†
q̃−k↓ −c†

q̃−k↑
]

whose elements are
vectors in case of a general multiband model. The diagonal blocks of Hk
include the hopping and spin scattering terms, whereas the off-diaongal
blocks contain the superfluid order parameters. Thus, the size of the spinor
space is doubled compared to the form of (1.15). Deriving the superfluid
weight Ds for (2.16) is straightforward and follows the general procedure
outlined in section 1.2.1. The details are shown in Publication II where Ds

is derived for an arbitrary lattice geometry.
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Figure 2.11. Schematics of single-particle dispersions in case of λ = 0, hx = 0 [(a)-(b)],
λ �= 0, hx = 0 [(c)-(d)] and λ �= 0, hx �= 0 [(e)-(f)]. The hopping is taken unity, i.e.
t = 1. The upper panels show the dispersions across the first Brillouin zone
and the lower ones at kx = 0. Finite SOC splits the degenerate spin-up and
spin-down dispersions to two branches and finite hx deforms the dispersions
non-symmetrically with respect to ky = 0. In the lower panels the solid blue
and dash-dotted red lines depict the dispersions, the black and red arrows
depict the intraband pairing momenta and the blue dotted lines the Fermi
surfaces. Here only the pairing within one band is depicted but in general,
depending on the Fermi level and the Zeeman fields, pairing within both
bands can occur. In the presence of the interband pairing, the Cooper pair
momentum can in general deviate from the y-direction. Figure reproduced
from Publication II with permission.

In Publication II the square lattice geometry, for which Ψk is a four
component spinor and Hk is a 4×4 matrix, was studied. SOC and the
in-plane Zeeman fields were chosen as shown in (2.15) and additionally,
to study the topological properties, the spin-imbalance was also utilized,
i.e. the chemical potentials were distinct for both the spin components:
μ↑ =μ+hz and μ↓ =μ−hz, where μ is the average chemical potential and hz

is the out-of-plane Zeeman field. In Publication II, only the on-site attrac-
tive Hubbard interaction was considered and the on-site order parameter
was of the simple Fulde-Ferrell form: Δ(r) =Δeq̃·r. The amplitude Δ and
the momentum q̃= q̃ yêy were solved by minimizing the grand canonical
potential. For simplicity, only the Fulde-Ferrell states were considered as
in the momentum space the formulation for the LO states, which break the
translational invariance of the lattice, render the calculations considerably
more complicated and call for an extended unit cell due to the sinusoidal
structure of the LO order parameter. Ignoring LO states, however, is not an
issue when considering the stability and BKT transition temperatures of
the FFLO states: if there exists more stable LO states than FF states found
in computations, it implies TBKT for these LO states being higher than
the temperatures one obtains for the FF ansatz. Therefore, the results of
Publication II can be considered as conservative estimates. Furthermore,
FF and LO states yield, at least in case of spin-imbalanced square lattice
[212], very similar values for the minimum of the grand canonical potential
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and therefore one could expect the superfluid weights for the two pairing
schemes being similar to each other.

In the presence of the spin-orbit coupling, one can realize topologically
nontrivial superconducting states even with the local s-wave pairing only.
To understand this, let us write Hk explicitly for the square lattice geome-
try and for simplicity set q̃= 0:

Hk =

⎡
⎢⎢⎢⎢⎢⎣
εk−μ↑ hx +Λk Δ 0

hx +Λ∗
k εk−μ↓ 0 Δ

Δ 0 −εk+μ↓ hx +Λ∗
k

0 Δ hx +Λk −εk−μ↑.

⎤
⎥⎥⎥⎥⎥⎦ (2.17)

Here Λk =−2λ(sinky − isinkx). Let us now introduce a unitary basis trans-
formation of the form

Dk = 1
2

[
I2 I2

−I2 I2

]
(2.18)

By applying this transformation to (2.17), one obtains

H ′
k = DkHkD†

k =

⎡
⎢⎢⎢⎢⎢⎣
−hz +Δ hx −εk+μ −Λk

hx hz +Δ −Λ∗
k −εk+μ

−εk+μ −Λk −hz −Δ hx

−Λ∗
k −εk+μ hx hz −Δ.

⎤
⎥⎥⎥⎥⎥⎦ (2.19)

We see that the k-dependent SOC term, Λk, has been transformed to
the interaction block where it couples fermions species of the same spin,
i.e. the fermions created by c†

kσ
and c†

−kσ
form a spin-triplet pairing state.

Moreover, the momentum dependence of this coupling is sinky + isinkx

which corresponds to the p+ ip-wave pairing symmetry. As already dis-
cussed in section 2.1.2, such p-wave pairing state can be topologically
non-trivial. On the other hand, the topological invariant, in this case the
Chern number as the TRS is broken, does not depend on the chosen basis
and thus the Hamiltonians (2.17) and (2.19) are topologically equivalent
[162]. The terms that pair also with the opposite spins in (2.19) somewhat
complicate the simple picture of the p-wave pairing and consequently the
real pairing symmetry of the Hamiltonian (2.19) is in general a mixture
of p-wave and other pairing channels, such as s-wave. Nevertheless, with
these qualitative arguments it is easy to comprehend that SOC enables the
pursuit of topological superconducting phases even with the singlet s-wave
pairing. Indeed, many theoretical works have considered the presence of
topological superconducting order by using SOC and out-of-plane Zeeman
fields [162, 213, 214, 215, 216, 217, 206]. A finite out-of-plane Zeeman field
is needed to open the gap in the eigenenergy spectrum and thus to protect
the topological states by the band gap. An out-of-plane Zeeman field also
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breaks the time reversal symmetry, allowing the existence of chiral edge
modes identified by a finite Chern number. Reaching topological order
with a pure s-wave pairing is beneficial as the order parameters of p-wave
superconductors in solid state systems are usually relatively small [162].
Our example shown here was written for the BCS state, i.e q̃= 0. However,
the same logic applies also for the FF states, i.e. SOC allows the existence
of topological FF states [25, 24].

In the presence of SOC and an out-of-plane Zeeman field, TRS and spin
rotation invariances are broken and the topological order of the system
is characterized by the Chern number, in a similar way as in case of
topological insulators of broken TRS [133]. As in case of Chern insulators,
the Chern number is computed by summing the Chern numbers of the
completely filled bands. In case of superconductors, filled bands are the
quasi-hole energy bands, obtained by diagonalizing Hk. In case of square
lattice, Hk is a 4×4 matrix and thus we obtain the Chern number C by
integrating the Berry curvatures of the two lowest eigenvalue bands over
the Brillouin zone, i.e.

C = 1
2π

2∑
ν=1

∫ π

−π

∫ π

−π
dkxdkyΩn(k), (2.20)

where the Berry curvature for the nth band, Ωn(k), reads

Ωn(k)= i
∑
n′ �=n

〈φn(k)|∂xHk|φn′(k)〉〈φn′(k)|∂yHk|φn(k)〉− (x ↔ y)(
En(k)−E′

n(k)
)2 . (2.21)

The Chern number describes the number of chiral Majorana modes existing
within a boundary between topologically trivial and non-trivial systems.

The phase diagrams for the spin-orbit-coupled square lattice in terms of
the magnitude of q̃ y are shown in Figs. 2.12(a)-(b) as a function of hx and
hz at μ= 0.95 for λ= 0 and λ= 0.75 (the hopping parameter is set to unity,
i.e. t = 1), respectively, and the corresponding BKT transition temperatures
TBKT are depicted in Figs. 2.12(c)-(d). One can see that without SOC the
phase diagram is symmetric with respect to the direction of the Zeeman
field. This can be understood via the SO(2) symmetry as under the rotation
U [ci↑, ci↓]TU −1 = 1

2
[ci↑+ci↓, ci↑−ci↓]T ≡ [di↑,di↓]T the Hamiltonian remains

invariant except hx → hz and hz → hx. Without SOC, the BCS phase is the
ground state for small and moderate Zeeman field strengths and becomes
only unstable against the FF states at stronger Zeeman fields. One can
see from Fig. 2.12(c) that TBKT ≈ 0.25t for the BCS and roughly TBKT ≈ 0.1t
for the FF phase. This implies that conventional imbalance-induced FF
phases without SOC could be observed in lattice systems, in contrast to
continuum systems where it is shown that TBKT = 0 [204].

In contrast to the case without SOC, the phase diagram shown in Fig. 2.12(b)
for finite SOC of λ= 0.75 depends on the direction of the Zeeman field as
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Figure 2.12. (a)-(d) Cooper pair momentum q̃ y and the corresponding BKT temperature
TBKT as a function of the Zeeman fields hx and hz for the spin-orbit couplings
λ = 0 [(a) and (c)] and for λ = 0.75 [(b) and (d)] at μ = 0.95. In (a)-(b) the
colors depict the magnitude of q̃ y and in (c)-(d) the BKT temperature. For
λ = 0 all the phases are topologically trivial whereas for finite SOC there
exists topologically non-trivial BCS and FF phases. Black lines depict the
topological phase transitions. Labels tFF−1, tFF−2 and tBCS−2 correspond to
topologically non-trivial FF and BCS phases of Chern numbers −1 and −2. In
case of λ= 0.75 there exists two different FF regions, one with small Cooper
pair momentum but large TBKT and one with larger q̃ y but small TBKT.
(e) TBKT and q̃ y as a function of hx at hz = 0 for λ = 0 (purple lines) and
λ= 0.75 (blue lines). Behaviour of TBKT and q̃ y for hz > 0 is similar. Three
red squares correspond to cases considered in Fig. 2.13. Figure reproduced
from Publication II with permission.
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SOC breaks the SO(2) symmetry. As without SOC, the BCS states ap-
pear for small Zeeman fields 5 but the interplay of SOC and the Zeeman
fields stabilize FF states in larger parameter regions than without SOC.
Furthermore, by introducing SOC one is able realize topologically distinct
BCS and FF phases. As with λ = 0, at small Zeeman fields there exist
topologically trivial BCS states. When hx is increased, the system enters
non-topological FF phase and eventually for large enough hx topological
FF states of C =−1 (tFF−1) and C =−2 (tFF−2). It should be noted, though,
that at exactly hz = 0 the Chern number is always zero, consistent with
earlier studies demanding finite hz for the topological order to manifest
[162, 213, 214, 215, 216, 217]. By applying large hz, one is able to reach
topological BCS and FF phases, tBCS−2 and tFF−2, characterized by C =−2.
With too strong Zeeman fields the superfluidity is lost and the system en-
ters the normal (N) state.

It is curious that, in addition to the topological phase of |C| = 1, one can
also find the phase of |C| = 2. Such FF states of |C| > 1 in lattice systems
were also found in Refs. [218, 219]. Whereas the phase of |C| = 1 supports
a single chiral Majorana fermion within an edge of the system, |C| = 2
has two Majorana fermions localized within the boundary. As these two
Majorana modes are spatially close to each other and overlapping, the
physical picture corresponds rather to a single fermion localized within
the edge than to two Majorana fermions which due to strong overlap are
indistinguishable from each other and thus do not follow non-Abelian
statistics [148, 220, 133]. Therefore, one can deduce that the phase of
|C| = 1 is physically more interesting as it allows to access the non-abelian
nature of Majorana fermions. The transition from the trivial |C| = 0 BCS
phase to trivial |C| = 2 phase, depicted in Fig. 2.12(b) and (d), takes place at
hx = 0 when h2

z =μ2+Δ2 which is consistent with the results of Ref. [220] in
which topological phases within the square lattice geometry were studied
in the absence of the in-plane Zeeman field, i.e. with hx = 0.

Topological phase transitions occur when the energy gap of the eigen-
value spectrum of Hk closes and reopens. As the system exhibits particle-
hole symmetry, the eigenvalues exhibit extrema in particle-hole sym-
metric points [221] which in case of the square lattice are k1 = (0, q̃ y/2),
k2 = (0,−π+ q̃ y/2), k3 = (π, q̃ y/2) and k4 = (π,−π+ q̃ y/2). As the energy spec-
trum is determined by the low harmonics, i.e. coskμ and sinkμ, topological
phase transitions, accompanied by the gap closings and re-openings, take
place at the particle-hole symmetric points [221]. Therefore, topological
transitions can be experimentally accessed by observing how physical

5This is actually a finite size effect. For an infinite lattice, the possible values of q̃
could be infinitesimally small and thus any non-zero hx (which in the presence of
SOC renders the dispersion non-centrosymmetric) would yield a FF state of finite
q̃. In the computations of Publication II, the lattice size was 104×104 sites (with
periodic boundary conditions) which yields the minimum finite value for |q̃| being
min |q̃| =π/104.

68



Studies of superconductivity on non-trivial lattice models

quantites change near the particle-hole symmetric momenta. In case of the
considered square lattice geometry, the total momentum density distribu-
tions, nk = n↑k+n↓k = 〈c†

↑kc↑k〉+〈c†
↓kc↓k〉, change qualitatively in the vicinity

of particle-hole symmetric momenta by developing peaks or dips when the
system goes through a topological phase transition. Such changes in the
momentum distributions imply that one could experimentally measure
and distinguish different topological phases and phase transitions in ul-
tracold gas systems by investigating the total density distributions with
time-of-flight measurements. A similar idea to measure topological phase
transitions was proposed in [25] in case of a simpler continuum system.
Our findings show that density measurements could be applied also in
lattice systems to resolve different topological phases.

In addition to the topological classification, FF phases induced by SOC
can be distinguished by the magnitude of q̃ y: for intermediate Zeeman
fields the FF states are characterized by a rather small q̃ y, in contrast to the
region of large Zeeman fields where the pairing momenta are comparable
to those of FF states at λ= 0. From Fig. 2.12(d) one can see that for the
small-q̃ y region TBKT is around 0.3t and for the large-q̃ y region at largest
roughly TBKT ≈ 0.17t. By deploying SOC, one is therefore able to stabilize
FF phases considerably against thermal phase fluctuations and increase
TBKT. This is similar to continuum studies of Refs. [209, 210, 211] where
it was proposed that FF states could be observed with the aid of SOC.
The difference of λ= 0 and λ= 0.75 is further demonstrated in Fig. 2.12(e),
where TBKT and q̃ y for both cases are plotted as a function of hx at hz = 0.
We see that TBKT is increased when SOC is deployed.

To gain insight to the existence of distinct FF regions of considerably dif-
ferent BKT temperatures, it is instructive to study the inter- and intraband
pairing functions 〈ck,ncq̃−k,n′ 〉, where n ∈ {1,2} and ck,n is the annihilation
operator for the state within the nth single-particle band. These are plot-
ted in Fig. 2.13 where |〈ck,1cq̃−k,1〉|, |〈ck,1cq̃−k,2〉| and |〈ck,2cq̃−k,2〉| for hx = 0
[(a)-(c)], hx = 0.8 [(d)-(f)] and hx = 0.9 [(g)-(i)] in case of λ= 0.75, μ= 0.95 and
hz = 0 are depicted. These three cases correspond to three red squares
in Fig. 2.12(e). For clarity, also the non-interacting Fermi surfaces are
depicted as red (blue) contours for the upper (lower) branch. The case
of hx = 0 presented in Fig. 2.13(a)-(c) corresponds to the BCS phase for
which intraband pairing takes place within both the bands and interband
pairing is vanishingly small. When hx is finite, the system enters first to
the small-q̃ y region [Figs. 2.13 (d)-(f)] where both intraband pairing contri-
butions are still prominent and the interband pairing is finite but small.
Due to the contribution of both bands, TBKT is more or less the same as
for the BCS phase of hx = 0, as shown in Fig. 2.13(e). The only qualitative
difference is the asymmetric pairing profiles of hx = 0.8 which causes the
finite momentum pairing to be more stable than the zero-momentum BCS
pairing.
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Figure 2.13. Inter- and intraband pairing functions |〈ck,ncq̃−k,n′ 〉| for hx = 0 [(a)-(c)], hx =
0.8 [(d)-(f)] and hx = 0.9 [(g)-(i)] in case of λ= 0.75, μ= 0.95 and hz = 0. These
three cases correspond to the three red squares in figure 2.12(e). The non-
interacting Fermi surfaces are depicted as red (blue) contours for the upper
(lower) dispersion band. Adapted from Publication II with permission.

The situation is drastically different when the system enters to the large-
q̃ y region at hx = 0.9 [Figs. 2.13 (g)-(i)]. In contrast to cases with smaller
hx, the prominent intraband pairing contribution comes now from the
upper band alone. As the pairing occurs only in one of the bands instead of
both bands, TBKT is significantly lower for the large-q̃ y region than for the
small-q̃ y phase, as seen in Fig. 2.13(e).

It should be recalled that here only the FF states are considered and
LO states are ignored. It was pointed out in recent real-space mean field
studies of Refs. [208, 219] that LO pairing is related to the finite pairing
amplitudes within both bands and correspondingly a FF state emerges
due to the pairing taking place within a single helicity band only. This
is intuitively easy to comprehend as the in-plane Zeeman field shifts the
other helicity band to +ky and the other to −ky direction, as can be seen
e.g. from Fig. 2.11(e)-(f). Thus when the pairing takes place within both
bands, Cooper pairing occurs with momenta +q̃ y and −q̃ y which results
in an LO phase. Therefore, the small-q̃ y region of large TBKT most likely
represents the LO phase and hence one can deduce that, in the presence
of SOC, LO states have considerably higher TBKT than the FF states of
large-q̃ y region.

As SOC splits the one-particle dispersion to two helicity branches, one
could anticipate that the geometric superfluid contribution, arising from
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the multiband current terms, would play a role. In Publication II, it was
shown that in case of the square lattice geometry Ds

geom is notable only
within the BCS states and FFLO phases of small Cooper pair momenta.
At largest, the geometric contribution is responsible up to 18 percent of the
total superfluid weight which is fairly similar to what was reported in [222],
where the geometric part was found to contribute up to a quarter of the
total superfluid weight in case of a spin-orbit-coupled 2D BCS continuum
model. In more complicated multiband lattices, the geometric contribution
in the presence of SOC might be more important than in the square lattice
geometry.
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3. Conclusions and outlook

Flat band lattice models studied in Publications I and III in case of Lieb
lattice and TBG geometries possess interesting features with superfluidity
originating from the geometric properties of the Bloch functions, in contrast
to conventional single-band models where superconductivity is determined
by the effective mass i.e. from the dispersion relation of the Bloch bands
and not from the Bloch states. As the superfluid weight of the flat bands
depends strongly on the interaction strength, the investigation of supercon-
ducting properties of flat band systems should be experimentally possible
with ultracold gas systems where the interaction strengths can be freely
tuned at will and flat band geometries are readily available. Moreover,
especially interesting are experimentally realized TBG and other twisted
multilayer systems in which intriguing superconducting properties can be
associated with the emergence of flat bands at magic twist angles. The
results of Publication III imply that taking into account the multiband
nature of TBG might be crucial to theoretically understand the TBG su-
perconductivity, highlighting the necessity of microscopic models such as
the RM method deployed in Publication III. As the geometric contribution
of TBG flat bands arises with sufficiently large interaction strengths, and
as it has been speculated that the pairing interaction in TBG is among
the strongest of any material, our findings related to the significance of
Ds

geom can be relevant for understanding the superconductivity in TBG
and similar twisted multilayer systems exhibiting flat bands. The phase
diagrams of twisted multilayer systems are rich, featuring both correlated
insulating and superconducting phases, and therefore an important exten-
sion of the work presented in Publication III would be the inclusion of other
interaction channels which would lead to e.g. magnetic ordering observed
in TBG experiments and which would allow to probe how the quantum
geometry affects the correlated phases other than superconducting states.

The results of Publication II imply that exotic FFLO phases, both topo-
logical and non-topological, should be realizable in lattice systems at finite
temperature and that TBKT could be greatly optimized by deploying spin-
orbit coupling. In future studies it would be interesting to see how stable
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FF states are in multiband models in the presence of SOC. This could
be studied in a straightforward manner with the superfluid weight equa-
tions derived in Publication II which hold for an arbitrary multiband
lattice model in the presence of SOC and Zeeman fields. Especially in-
teresting could be systems which possess both dispersive and flat bands
such as kagome or Lieb lattices. In these systems the conventional spin-
imbalanced FF states were recently shown to exhibit exotic deformation of
Fermi surfaces due to the presence of a flat band [223, 224]. In multiband
systems one could also expect the geometric superfluid contribution to play
a role, in contrast to the spin-orbit-coupled square lattice system where
the geometric contribution is considerably smaller than the conventional
term. Due to their enhanced TBKT in the weak-coupling regime, flat bands
could provide a way to experimentally realize exotic FFLO phases at high
temperatures.
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