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1. Introduction

Topological defects and textures connect various otherwise distant branches
of physics together through their universal properties. They are nontrivial
structures in an ordered field and their robustness against weak perturbations
render them typically long lasting. High-energy physics predicts the appear-
ance of topological structures in the early stages of the universe as a result of
symmetry-breaking phase transitions [1]. However, they remain to some extent
hypothetical in the cosmological context. Various condensed-matter systems,
on the other hand, display observable topological defects, analogous to those
predicted by the cosmological theories [2]. The defects can be created through
a spontaneous process due to the changing symmetries of the system or even
deterministically due to the finite extent of the system.

In condensed-matter physics, the specific environments in which topological
structures have been observed include crystalline liquids [3], magnetic mate-
rials [4], superfluid helium [5], and Bose–Einstein condensates (BECs) [6–8].
These systems act as remarkable simulators of the various phenomena asso-
ciated with cosmology and high-energy physics. Topological phenomena can
also play a part in possible future technologies. For example, two-dimensional
magnetic skyrmions are topological structures which due to their topological
stability and controllability are candidates for a novel computing paradigm [9].

In a dilute gaseous BEC, a macroscopically significant amount, typically be-
tween hundreds of thousands to millions, of composite bosonic atoms occupy
a single quantum state. This exotic state of matter is available with atomic
gases at nanokelvin temperatures with extremely low atomic densities, with the
density typically at least four orders of magnitude lower than that of typical air.

The work towards the theory of Bose–Einstein condensation began with the
pioneering studies by S. N. Bose in 1924 with the first derivation of the famous
black-body energy spectrum using quantum-statistical methods for a gas of
noninteracting photons [10]. Soon afterwards, A. Einstein, recognizing the
potential in that work, found that a gas of noninteracting atoms obeying the
quantum-statistical rules laid out by Bose would condense into a single ground
state at sufficiently low temperatures [11, 12].

Bose–Einstein condensation was initially thought to be an artifact arising
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from the ideal-gas approximation. However, already in the 1930s the discovery
of superfluidity in 4He [13, 14] was initially interpreted as a manifestation of
Bose–Einstein condensation by F. London [15, 16]. This turned out to be an
incomplete interpretation, as the strong interactions between the helium atoms,
even near absolute zero temperature, greatly reduce the number of atoms in the
ground state, thus preventing the classification of superfluid 4He as a pure BEC.

Pure BECs in dilute alkali-atom gases were finally observed in 1995 [17–19].
In gaseous BECs, the interactions are weak and the existence of a condensate
can be established [20]. These observations have since precipitated an avalanche
of theoretical and experimental studies of BECs. Currently, over a hundred labo-
ratories in the world routinely observe and study BECs. Recently condensates
have even been produced in space [21].

An important early advance in experimental BEC research was the purely
optically trapped condensate, achieved in 1998 [22]. Optical trapping makes
available the spin degrees of freedom in the condensate, in contrast to the
magnetic traps, in which the spin must be parallel to the external magnetic field.
The internal degrees of freedom, in turn, make the broken symmetries associated
with the system Hamiltonian diverse and accordingly give rise to a wide range of
topological structures. Many such structures have been experimentally observed
in these so-called spinor BECs, including various types of vortices [23–27],
monopoles [28–30], knots [31], and skyrmions [32, 33].

One of the more fascinating avenues of BEC research today is to use them as a
vehicle for quantum simulation which is interlinked with the study of topological
structures. The intricate internal structures of spinor BECs have given rise to so-
phisticated experiments of synthetic gauge fields [34–42]. In addition to various
particle analogues, such as the Dirac monopole [28], condensates have recently
been used as a platform to simulate phenomena such as superradiance [43, 44],
early-universe expansion [45], and ultra-fast dynamics [46].

1.1 Objectives of this thesis

The objective of this thesis is to study various topological structures appearing in
dilute BECs with spin degrees of freedom. We focus on BECs with hyperfine spin
F = 1 or F = 2, enabling a rich variety of available order parameter spaces, and
accordingly, topological structures. In addition to using the creation methods
available in the existing literature, we also utilize a set of nonconventional
techniques, such as counterdiabatic protocols and decay dynamics, as tools for
topological state engineering. Using these tools, we create and study the prop-
erties of multi-quantum vortices, SO(3) vortices, two-dimensional skyrmions,
quantum knots, and Shankar skyrmions in the case of spin-1 BECs, and also in-
vestigate three-dimensional skyrmions appearing in spin-2 BECs. Furthermore,
we experimentally observe the dynamics associated with isolated monopoles
and quantum knots. Below we list the objectives of this dissertation in detail by
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citing to the publications included in this thesis.
First, we study the decay dynamics of topological structures in spinor BECs.

In Publication III, we show that an isolated monopole will evolve into a spin
configuration correspond to a Dirac monopole in the presence of a quadrupole
magnetic field. We observe the spontaneously emerging nodal lines in the thus-
formed Dirac monopole. In Publication VIII, we observe that quantum knots
are unstable into decaying into polar-core spin vortices for long evolution times
in the presence of a uniform magnetic field. Both topological transitions are
accompanied by the polar-to-ferromagnetic phase transition in the condensate.
In Publication VII, we show experimentally that the decay of the coreless-vortex
spin texture gives rise to a pair of singular SO(3) vortices.

Second, we utilize the counterdiabatic protocol in the context of topological
structures in BECs. In this approach, the requirement of the slow control of
the magnetic field is bypassed by introducing a correcting magnetic field. In
Publication II, we apply the counterdiabatic protocol in the vortex pumping
scheme. Our method provides higher fidelity for rapid pumping compared to
that without the counterdiabatic fields. In Publication IV, we apply the protocol
in the creation of quantum knots.

Third, we characterize various skyrmion structures available in different
magnetic phases of spinor BECs. In Publication I, we numerically study the
creation and dynamics of two-dimensional skyrmions and find a quantitative
agreement with the experiments of Ref. [33]. The experimentally observed
skyrmion decay is explained. In Publication V, we make the first observation of a
three-dimensional skyrmion in a quantum system. We also provide a theoretical
analysis of synthetic electromagnetism in the skyrmion. In Publication VI, we
simulate the creation of three-dimensional skyrmions in the biaxial nematic and
cyclic phases of spin-2 BECs. We show that the lifetimes of these skyrmions
should allow for experimental detection.

1.2 Organization of this thesis

This thesis is organized as follows. In Chapter 2, we describe the physical
system and the relevant theoretical framework. In Chapter 3, we describe the
topological structures studied and review the results of Publications I–VIII. In
Chapter 4, we provide a summary and discuss our results.
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2. Theoretical background and methods

In this chapter, we introduce the relevant theory and methods used in the simu-
lations and experiments detailed in this dissertation. In Sec. 2.1, we provide a
definition of Bose–Einstein condensation based on the Penrose–Onsager crite-
rion. In Sec. 2.2, we write the system Hamiltonian for both spin-1 and spin-2
BECs, and in Sec. 2.3, we construct the corresponding mean-field theories. In
Sec. 2.4, we introduce the Bogoliubov theory. In Sec. 2.5, we provide the order
parameter spaces and symmetries for the magnetic phases present in spin-1 and
spin-2 condensates and introduce the topological tools for classifying various
topological structures. In Sec. 2.6, we review the counterdiabatic theory and
in Sec. 2.7, the synthetic electromagnetism in spinor BECs. Finally, Sec. 2.8
introduces the employed numerical and experimental methods.

2.1 Bose–Einstein condensation

Bose–Einstein condensation is closely related to the concept of off-diagonal
long-range order (ODLRO). In combining these two concepts we employ the
single-particle density operator ρ̂(F)

1 =Tr2...N
[
ρ̂(F)

]
for N spin-F bosons, where

ρ̂(F) is the full density operator. Since we focus on indistinguishable bosons, we
have traced out all except a single boson labeled as 1. The single-particle density
operator in the position space gives rise to the single-particle density matrix [47]

ρ(F)
1 (r,r′;α,β; t)=

⟨
ψ̂(F)

α (r, t)†ψ̂(F)
β (r′, t)

⟩
, (2.1)

where ψ̂(F)
α (r, t) is the field operator for a bosonic particle at location r with

spin state α ∈ {F,F −1, ...,−F} at time instance t. The field operators satisfy the
canonical bosonic equal-time commutation relations

[
ψ̂(F)

α (r, t),ψ̂(F)
β (r′, t)†

]
= δαβδ(r−r′) and

[
ψ̂(F)

α (r, t),ψ̂(F)
β (r′, t)

]
= 0. (2.2)
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The instantaneous eigenvalue equation for the single-particle density matrix
reads

F∑

β=−F

∫
dr′ρ(F)

1 (r,r′;α,β; t)Ψ(F)
β (r′, t)= NcΨ

(F)
α (r, t), (2.3)

which gives rise to the components Ψ(F)
α of the (2F +1)-component condensate

order parameter. Here, Nc is the largest eigenvalue which is a real number
guaranteed by the hermiticity of ρ(F)

1 .
Bose–Einstein condensation occurs if and only if there exists ODLRO in the

system, that is, if there is a single eigenvalue Nc which is of the order of total
number of particles N. This is called the Penrose–Onsager criterion for Bose–
Einstein condensation [48] which can be written succinctly as

lim
N→∞

Nc/N > 0⇔BEC, (2.4)

where Nc/N is the condensate fraction. If there is exactly one eigenvalue of the
order of N, the BEC is referred to as nonfragmented. If two or more eigenvalues
are of the order of N, the BEC is fragmented, and if there are no eigenvalues of
the order of N, there is no BEC at all.

2.2 System Hamiltonian

The noninteracting Hamiltonian for the spin-F BEC reads [6]

̂(F)
0 (t)=

∫
dr

F∑

α,β=−F

ψ̂(F)
α (r, t)†ĥ(F)

αβ (r, t)ψ̂(F)
β (r, t), (2.5)

where

ĥ(F)
αβ (r, t)=

[
− ~2

2m
∇2 +Vtrap(r)

]
δαβ+ gFµB

[
B(r, t) ·F(F)]

αβ
+ q
[
B(r, t) ·F(F)]2

αβ
,

(2.6)
where ~ is the reduced Planck constant, m is the atomic mass, Vtrap = m[ω2

r (x2+
y2)+ωzz2]/2 is the harmonic optical trapping potential with the radial and axial
trapping frequencies ωr and ωz, respectively, B is the external magnetic field,
gF is the Landé g-factor, µB is the Bohr magneton, q is the quadratic Zeeman
shift, and F(F) = (F (F)

x ,F (F)
y ,F (F)

z ) is a vector of the dimensionless spin-F matrices
given in the F = 1 case by

F (1)
x = 1p

2

⎛
⎜⎜⎝

0 1 0

1 0 1

0 1 0

⎞
⎟⎟⎠, F (1)

y = ip
2

⎛
⎜⎜⎝

0 −1 0

1 0 −1

0 1 0

⎞
⎟⎟⎠, F (1)

z =

⎛
⎜⎜⎝

1 0 0

0 0 0

0 0 −1

⎞
⎟⎟⎠, (2.7)
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and for F = 2 by

F (2)
x =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0

1 0
√

3
2 0 0

0
√

3
2 0

√
3
2 0

0 0
√

3
2 0 1

0 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, F (2)
y = i

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −1 0 0 0

1 0 −
√

3
2 0 0

0
√

3
2 0 −

√
3
2 0

0 0
√

3
2 0 −1

0 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

F (2)
z =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 −1 0

0 0 0 0 −2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (2.8)

The interaction Hamiltonian in the spin-1 case is [49, 50]

̂ (1)
αβ(t)=

∫
dr

1∑

α′=−1

c(1)
0
2

ψ̂(1)
α (r, t)†ψ̂(1)

α′ (r, t)†ψ̂(1)
α′ (r, t)ψ̂(1)

α (r, t)δαβ

+
∫

dr
1∑

α′,β′=−1

c(1)
2
2

ψ̂(1)
α (r, t)†ψ̂(1)

α′ (r, t)†F(1)
αβ ·F(1)

α′β′ψ̂
(1)
β′ (r, t)ψ̂(1)

β (r, t), (2.9)

where c(1)
0 = 4π~2(a0+2a2)/(3m) and c(1)

2 = 4π~2(a2−a0)/(3m) are the spin-1 cou-
pling constants for the density–density and spin–spin interactions, respectively,
and a0 and a2 are the s-wave scattering lengths for the spin channels 0 and 2,
respectively.

For spin-2 BECs, the interaction Hamiltonian includes an additional term
arising from the spin-singlet pair formation and it reads [51]

̂ (2)
αβ(t)=

∫
dr

2∑

α′=−2

c(2)
0
2

ψ̂(2)
α (r, t)†ψ̂(2)

α′ (r, t)†ψ̂(2)
α′ (r, t)ψ̂(2)

α (r, t)δαβ

+
∫

dr
2∑

α′,β′=−2

c(2)
2
2

ψ̂(2)
α (r, t)†ψ̂(2)

α′ (r, t)†F(2)
αβ ·F(2)

α′β′ψ̂
(2)
β′ (r, t)ψ̂(2)

β (r, t)

+
∫

dr
2∑

α′,β′=−2

c(2)
4
2

ψ̂(2)
α (r, t)†ψ̂(2)

α′ (r, t)† ⟨2α;2α′⏐⏐00
⟩

×⟨00
⏐⏐2β;2β′⟩ψ̂(2)

β′ (r, t)ψ̂(2)
β (r, t), (2.10)

where c(2)
0 = 4π~2(4a2+3a4)/(7m), c(2)

2 = 4π~2(a4−a2)/(7m), and c(2)
4 = 4π~2(7a0−

10a2+3a4)/(7m) are the density–density, spin–spin, and spin-singlet pair interac-
tion constants, respectively, for spin-2 atoms, and

⟨
00
⏐⏐2α;2β

⟩= δα+β,0(−1)2−α/
p

5
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is a Clebsch–Gordan coefficient. In the derivations of the interaction Hamilto-
nians (2.9) and (2.10) the BEC is assumed to be dilute such that the range of
interactions is negligible compared to the average distance between the atoms.

In general, the evolution of the field operator can be obtained from the Heisen-
berg equation of motion

i~∂tψ̂
(F)
α (r, t)=

⎡
⎣ψ̂(F)

α (r, t),̂(F)
0 (t)+

F∑

α′,β′=−F

̂ (F)
α′β′(t)

⎤
⎦ . (2.11)

Using the commutation relations of Eq. (2.2) for the field operator, in the spin-1
case we arrive at

i~∂tψ̂
(1)
α (r, t)=

1∑

α′=−1

[
ĥ(1)

αα′(r, t)ψ̂(1)
α′ (r, t)+ c(1)

0 ψ̂(1)
α′ (r, t)†ψ̂(1)

α′ (r, t)ψ̂(1)
α (r, t)

]

+
1∑

α′,β′,β=−1

c(1)
2 ψ̂(1)

α′ (r, t)†F(1)
α′β′ψ̂

(1)
β′ (r, t) ·F(1)

αβψ̂
(1)
β (r, t), (2.12)

and for spin-2,

i~∂tψ̂
(2)
α (r, t)=

2∑

α′=−2

[
ĥ(2)

αα′(r, t)ψ̂(2)
α′ (r, t)+ c(2)

0 ψ̂(2)
α′ (r, t)†ψ̂(2)

α′ (r, t)ψ̂(2)
α (r, t)

]

+
2∑

α′,β′,β=−2

[
c(2)

2 ψ̂(2)
α′ (r, t)†F(2)

α′β′ψ̂
(2)
β′ (r, t) ·F(2)

αβψ̂
(2)
β (r, t)

+ c(2)
4 ψ̂(2)

α′ (r, t)† ⟨2α;2α′⏐⏐00
⟩⟨

00
⏐⏐2β;2β′⟩ψ̂(2)

β (r, t)ψ̂(2)
β′ (r, t)

]
. (2.13)

2.3 Gross–Pitaevskii equations

The mean-field theory for BECs can be constructed by assuming a nonvanishing
expectation value for the field operator, the value of which is subsequently taken
as the order parameter of the condensate. This poses a problem of unconserved
particle number N. In order to construct a number-conserving mean-field
theory [52, 53], we instead begin by expanding the field operator in terms of the
spatial excitation modes as

ψ̂(F)
α (r, t)=

∑

i

ϕ(F)
αi (r, t)â(F)

αi , (2.14)

where
{
ϕ(F)

αi
}

forms a complete orthonormal set of basis functions with the label
i ∈ Z denoting the spatial mode and α ∈ {F,F −1, ...,−F} the spin state. The
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creation and annihilation operators satisfy the bosonic commutation relations

[
â(F)

αi ,
[
â(F)

β j

]†
]
= δαβδi j and

[
â(F)

αi , â(F)
β j

]
= 0. (2.15)

We assume that N bosons are condensed into a single spatial-excitation state
i = 0, giving rise to the quantum state

⏐⏐ψ(F)⟩= 1p
N!

{
F∑

α=−F

ξ(F)
α

[
â(F)

α0
]†
}N

|vac〉 , (2.16)

where ξ(F) = (ξF ,ξF−1, ...,ξ−F )T is a (2F + 1)-component normalized complex-
valued vector with ξ†ξ = 1 and |vac〉 is the particle vacuum state. Using this
condensed state, the expectation values for the equal-time correlation functions
become

⟨
ψ(F)⏐⏐ψ̂(F)

α (r, t)
⏐⏐ψ(F)⟩= ⟨ψ(F)⏐⏐ψ̂(F)

α (r, t)† ⏐⏐ψ(F)⟩= 0, (2.17)
⟨
ψ(F)⏐⏐ψ̂(F)

α (r, t)†ψ̂(F)
β (r′, t)

⏐⏐ψ(F)⟩=Ψ(F)
α (r, t)∗Ψ(F)

β (r′, t), (2.18)
⟨
ψ(F)⏐⏐ψ̂(F)

α (r, t)†ψ̂(F)
β (r′, t)†ψ̂(F)

γ (r′′, t)ψ̂(F)
δ (r′′′, t)

⏐⏐ψ(F)⟩

=
(

1− 1
N

)
Ψ(F)

α (r, t)∗Ψ(F)
β (r′, t)∗Ψ(F)

γ (r′′, t)Ψ(F)
δ (r′′′, t), (2.19)

where Ψ(F)
α (r, t) = p

Nξ(F)
α (r, t)ϕ(F)

α0 (r, t) is a single component of the vectorial

condensate order parameter Ψ(F)(r, t) = (Ψ(F)
F (r, t),Ψ(F)

F−1(r, t), ...,Ψ(F)
−F (r, t)

)T =√
n(r, t)ζ(F)(r, t), where n(F) = [Ψ(F)

]†
Ψ(F) is the particle density and ζ(F) is

a normalized complex-valued spinor with
[
ζ(F)
]†

ζ(F) = 1. This definition of
the order parameter is in accordance with the Penrose–Onsager criterion and
Eq. (2.3). The (1/N) contribution in the second-order correlation function (2.19)
can be taken as negligible since the typical atom numbers in the experiments is
large (N ∼ 105 −106).

The expectation value of the Hamiltonian in the spin-1 case becomes

 (1) [Ψ(1)]= ⟨ψ(1)⏐⏐̂(1)
0 (t)+

1∑

α,β=−1

̂ (1)
α,β(t)

⏐⏐ψ(1)⟩=
∫

dr
(
Ψ(1)(r, t)†

{
− ~2

2m
∇2

+Vtrap(r)+ gFµBB(r, t) ·F(1) + q
[
B(r, t) ·F(1)]2

}
Ψ(1)(r, t)

+n(1)(r, t)2
[

c(1)
0
2

+ c(1)
2
2

⏐⏐s(1)(r, t)
⏐⏐2
])

, (2.20)

where s(F) = [ζ(F)
]† F(F)ζ(F) is the local spin. In the spin-2 case, the expectation

value reads
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 (2) [Ψ(2)]= ⟨ψ(2)⏐⏐̂(2)
0 (t)+

2∑

α,β=−2

̂ (2)
α,β(t)

⏐⏐ψ(2)⟩=
∫

dr
(
Ψ(2)(r, t)†

{
− ~2

2m
∇2

+Vtrap(r)+ gFµBB(r, t) ·F(2) + q
[
B(r, t) ·F(2)]2

}
Ψ(2)(r, t)

+n(2)(r, t)2
[

c(2)
0
2

+ c(2)
2
2

⏐⏐s(2)(r, t)
⏐⏐2 + c(2)

4
2

|a(r, t)|2
])

, (2.21)

where a =∑2
α=−2 (−1)α ζ(2)

α ζ(2)−α/
p

5 is the local spin-singlet pair formation ampli-
tude.

The temporal evolution of the order parameter is governed by

i~∂tΨ
(F)(r, t)= δ (F)[Ψ(F)]

δΨ(F)(r, t)† . (2.22)

Substitution of the mean-field energies to the functional derivative on the right
side of the above equation leads to the spin-F Gross–Pitaevskii (GP) equations

i~∂tΨ
(F)(r, t)=(F)(r, t)Ψ(F)(r, t), (2.23)

where

(1)(r, t)=− ~2

2m
∇2 +Vtrap(r, t)+ gFµBB(r, t) ·F(1) + q

[
B(r, t) ·F(1)]2

+n(1)(r, t)
[
c(1)

0 + c(1)
2 s(1)(r, t) ·F(1)] , (2.24)

and

(2)(r, t)=− ~2

2m
∇2 +Vtrap(r, t)+ gFµBB(r, t) ·F(2) + q

[
B(r, t) ·F(2)]2

+n(2)(r, t)
[

c(2)
0 + c(2)

2 s(2)(r, t) ·F(2) + 1p
5

c(2)
4 a(r, t)Θ

]
, (2.25)

where Θ is the time-reversal operator acting as

ΘΨ(2)
α (r, t)= (−1)α

[
Ψ(2)

−α(r, t)
]∗

. (2.26)

If we decompose the order parameter as Ψ(F)(r, t)=Ψ(F)(r)e−iµt/~ and substitute
it in Eq. (2.23), we obtain the stationary GP equation,

(F)(r, t)Ψ(F)(r)=µΨ(F)(r). (2.27)

Thus, Ψ(F)(r) is a solution of the stationary GP equation.
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2.4 Bogoliubov theory

The small-amplitude excitations of a stationary condensate state can be probed
by first substituting the decomposition ψ̂(F)

α =Ψ(F)
α + χ̂(F)

α into the equation of
motion for the field operator. Here, χ̂(F)

α is the fluctuation operator describing
the noncondensed atoms. The resulting zeroth-order equation with respect to
χ̂(F)

α recovers the GP equations consistent with (2.24) and (2.25). The first-order
equation, describing the dynamics of the noncondensed field, is given by

i~∂tχ̂
(F)
α (r, t)=

F∑

β=−F

{[
ĥ(F)

αβ (r, t)+(F)
αβ (r, t)

]
χ̂(F)

β (r, t)+αβ(r, t)χ̂(F)
β (r, t)†

}
,

(2.28)

where we define the spin-1 self-energies

(1)
αβ(r, t)=c(1)

0 Ψ(1)
α (r, t)Ψ(1)

β (r, t)+ c(1)
2

1∑

α′,β′=−1

F(1)
αα′ ·F(1)

ββ′Ψ
(1)
α′ (r, t)Ψ(1)

β′ (r, t), (2.29)

(1)
αβ(r, t)=c(1)

0

[
1∑

α′=−1

Ψ(1)
α′ (r, t)∗Ψ(1)

α′ (r, t)δαβ+Ψ(1)
α (r, t)Ψ(1)

β (r, t)∗
]

+ c(1)
2

1∑

α′,β′=−1

[
F(1)

αβ ·F(1)
α′β′ +F(1)

αβ′ ·F(1)
α′β

]
Ψ(1)

α′ (r, t)∗Ψ(1)
β′ (r, t). (2.30)

In the spin-2 case, we obtain the self-energies

(2)
αβ(r, t)=c(2)

0 Ψ(2)
α (r, t)Ψ(2)

β (r, t)+
2∑

α′,β′=−2

[
c(2)

2 F(2)
αα′ ·F(2)

ββ′Ψ
(2)
α′ (r, t)Ψ(2)

β′ (r, t)+

+c(2)
4
⟨
2α;2α′⏐⏐00

⟩⟨
00
⏐⏐2β;2β′⟩Ψ(2)

α′ (r, t)Ψ(2)
β′ (r, t)

]
, (2.31)

(2)
αβ(r, t)=c(2)

0

[
2∑

α′=−2

Ψ(2)
α′ (r, t)∗Ψ(2)

α′ (r, t)δαβ+Ψ(2)
α (r, t)Ψ(2)

β (r, t)∗
]

+
2∑

α′,β′=−2

{
c(2)

2

[
F(2)

αβ ·F(2)
α′β′ +F(2)

αβ′ ·F(2)
α′β

]
Ψ(2)

α′ (r, t)∗Ψ(2)
β′ (r, t)

+2c(2)
4
⟨
2α;2α′⏐⏐00

⟩⟨
00
⏐⏐2β;2β′⟩Ψ(2)

α′ (r, t)∗Ψ(2)
β′ (r, t)

}
. (2.32)

We are interested in the small-amplitude oscillations in the vicinity of a given
stationary state, i.e., states with

⏐⏐χ̂(F)
⏐⏐2 ≪ 1. We continue by solving Eq. (2.28)

with the Bogoliubov transformation

χ̂(F)
α (r, t)= e−iµt/~

∑

q

{
u(F)

q,α(r)e−iωq t b̂(F)
q,α−

[
v(F)

q,α(r)
]∗

eiω∗
q t [b̂(F)

q,α
]†}

, (2.33)
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where b̂(F)
q,α is the annihilation operator for the Bogoliubov quasiparticle labeled

with q and energy ~ωq, and u(F)
q,α and v(F)

q,α are the quasiparticle amplitudes
satisfying the orthonormality condition

∫
dr
{[

u(F)
q,α(r)

]∗
u(F)

q′,α(r)−[v(F)
q,α(r)

]∗
v(F)

q′,α(r)
}
= δqq′ . (2.34)

Substituting Eq. (2.33) into Eq. (2.28) leads to the Bogoliubov eigenvalue equa-
tion

F∑

β=−F

⎛
⎝ (F)

αβ (F)
αβ

−
[
(F)

αβ

]∗
−
[
(F)

αβ

]∗

⎞
⎠
(

u(F)
q,β(r)

v(F)
q,β(r)

)
= ~ωq

(
u(F)

q,α(r)

v(F)
q,α(r)

)
, (2.35)

where (F)
αβ =(F)

αβ −µδαβ+(F)
αβ .

The eigenvalue spectrum obtained from the above Bogoliubov equation is
used in the stability analysis of the stationary states in the BEC. If the state
is a local minimum of energy, we have ~ωq > 0 for all q; if on the other hand
there exists an excitation energy ~ωq < 0 for some q, the stationary state is
not energetically stable and it can lower its energies by the introduction of
quasiparticle excitations. Since the matrix associated with the Bogoliubov
equation is in general non-Hermitian, there is a possibility for complex-valued
quasiparticle energies. These correspond to dynamical instabilities, causing a
small perturbation around the stationary state to grow exponentially in time.

2.5 Order parameter spaces

In this section, we take the spinor ζ(F) =Ψ(F)/
√

[Ψ(F)]†Ψ(F) as the topological
order parameter, which is mathematically defined as a mapping ζ(F) : Rn → M(F),
where Rn is the n-dimensional spatial coordinate space and M(F) =C2F+1 is the
(2F +1)-dimensional complex order parameter space.

The form of the system Hamiltonian [see Eqs. (2.24) and (2.25) for F = 1 and
F = 2, respectively] determines the symmetries of the order parameter. The
symmetry of the general spinor BEC is given by G =U(1)φ×SO(3)s, where the
subscripts φ and s denote the gauge and spin-rotation symmetries, respectively.
The related topologically important concepts are those of isotropy groups H = {g ∈
G|gζ= ζ}, defining such subsets of G that leave the order parameter invariant,
and the order parameter manifold  = G/H = {gH|g ∈ G}, which defines all
physically unique elements of the order parameter.

The general spinor can be obtained by operating on the reference spinor with

eiφ (F)(α,β,γ)= eiφe−iF (F)
z αe−iF (F)

y βe−iF (F)
z γ, (2.36)

where φ is the gauge angle, and α, β, and γ are the Euler angles describing the
successive rotations about z, y, and z axes.
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2.5.1 Majorana representation

The symmetries of the spinor can be readily visualized with the Majorana
representation, which reveals the associated spin-space symmetries [54]. The
general idea in the method is to geometrically represent the spin-F state as
totally symmetrized 2F spin-1/2 states. These spin-1/2 states are represented
with Bloch vectors on the unit sphere, and their polar coordinates (θi,φi) are
obtained from the stereographic mapping ui = tan(θi/2)eiφi , where ui ’s are the
roots of the polynomial [55]

 (F)[ζ(F)](z)=
2F∑

α=0

√(
2F
α

)[
ζ(F)

F−α

]∗
zα. (2.37)

If the polynomial degree is 2F− l, where 0≤ l ≤ 2F, then l points lie at the south
pole of the unit sphere [56].

2.5.2 Spin-1 Bose–Einstein condensate

Ferromagnetic phase
The sign of the interaction constant c(1)

2 determines the ground-state magnetic
phases for the spin-1 BEC in the absence of external magnetic fields. If c(1)

2 <
0 it is energetically favorable to maximize the local spin, giving rise to the
ferromagnetic phase. The reference ferromagnetic spinor is (1,0,0)T

z , and the
general ferromagnetic spinor reads

ζ(1)
f = eiφ (1)(α,β,γ)

⎛
⎜⎜⎝

1

0

0

⎞
⎟⎟⎠

z

= ei(φ−γ)

⎛
⎜⎜⎝

e−iα cos2 β
2p

2cos β
2 sin β

2

eiα sin2 β
2

⎞
⎟⎟⎠

z

. (2.38)

The spin–gauge symmetry is manifested in the linear combination of φ−γ,
implying a link between the spin rotations and the gauge angle. The order
parameter manifold for the spin-1 ferromagnetic phase is SO(3)s,φ, the subscript
of which denotes the composite symmetry [50].

Polar phase
If c(1)

2 > 0, the magnitude of the local spin vanishes, giving rise to the polar
reference spinor (0,1,0)T

z . The general polar spinor becomes

ζ(1)
p = eiφ (1)(α,β,γ)

⎛
⎜⎜⎝

0

1

0

⎞
⎟⎟⎠

z

= eiφ
p

2

⎛
⎜⎜⎝

−e−iα sinβ
p

2cosβ

eiα sinβ

⎞
⎟⎟⎠

z

. (2.39)

Alternatively, one can write the polar spinor as ζ(1)
p = exp

(
iφ
)
(−dx+idy,

p
2dz,dx+

idy)T
z /
p

2, where d̂= (dx,dy,dz)T = (cosαsinβ,sinαsinβ,cosβ)T is a real-valued
unit vector referred to as the nematic vector. Thus, the polar spinor can be
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ŝ d̂

−d̂

2x

1x

1x
(a) (b)

Figure 2.1. Majorana representation of the (a) ferromagnetic and (b) polar spin-1 order parame-
ters. The number associated with the points indicates the number of overlapping
points.

written in the Cartesian basis as ζ(1)
p = eiφd̂. From this form one can observe

that the polar spinor is invariant under the transformation (φ, d̂)→ (φ+π,−d̂).
The order parameter manifold in the polar phase is [U(1)φ×S2

s ]/(Z2)s,φ [57].
In the Majorana representation, the spin-1 spinors take the form of two points

located on the Bloch sphere as shown in Fig. 2.1. In the ferromagnetic phase, the
points are overlapping and in the polar phase they are at the antipodal points
on the Bloch sphere. Furthermore, the orientation of these points coincide with
the direction of spin and nematic vectors in the ferromagnetic and polar phases,
respectively.

2.5.3 Spin-2 Bose–Einstein condensate

In the case of spin-2 BECs, the constants c(2)
2 and c(2)

4 determine the related
magnetic phases in the absence of magnetic fields. The relevant physical quanti-
ties related to these constants are the local spin magnitude for c(2)

2 , similar to
the spin-1 case, and the magnitude of the spin-singlet pair amplitude for c(2)

4 ,
characteristic to the spin-2 case.

Ferromagnetic phase
If c(2)

2 < 0 and c(2)
4 > 0, it is favorable to maximize the local spin magnitude

and minimize the magnitude of the spin-singlet pair amplitude. Such a state
is ferromagnetic with the reference spinor (1,0,0,0,0)T

z . The general spinor
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becomes

ζ(2)
f = eiφ (2)(α,β,γ)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

z

= ei(φ−2γ)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

e−2iα cos4 β
2

2e−iα cos3 β
2 sin β

2p
6cos2 β

2 sin2 β
2

2eiα cos β
2 sin3 β

2

e2iα sin4 β
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

z

. (2.40)

Spin-2 ferromagnetic phase manifests spin–gauge symmetry, similar to the
spin-1 ferromagnetic phase. Moreover, the order parameter is invariant under a
transformation (α,β,γ)→ (α,β,γ+π). Thus, the order parameter space deviates
from the spin-1 case and assumes the form [SO(3)/Z2]s,φ [57].

Uniaxial nematic phase
If c(2)

2 > 0 and c(2)
4 < 0, the energetically favorable spinor minimizes the local spin

but maximizes the spin-singlet pair amplitude. In this case, the order parameter
takes one of the two possible nematic phases, uniaxial or biaxial. These phases
are degenerate on the mean-field level, but the degeneracy can be lifted by the
quantum and thermal fluctuations [58, 59]. In the presence of these fluctuations,
the chosen magnetic phase depends on the atomic s-wave scattering lengths,
such that the case a2 < a4 correspond to the uniaxial and a2 > a4 to the biaxial
nematic phases [59]. In the uniaxial nematic phase, the reference spinor is
(0,0,1,0,0)T

z , and the general spinor becomes

ζ(2)
u = eiφ (2)(α,β,γ)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0

0

1

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

z

= eiφ

√
3
8

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

e−2iα sin2 β

−2e−iα cosβsinβ
p

2/3(3cos2 β−1)

2eiα cosβsinβ

e2iα sin2 β

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

z

. (2.41)

In this phase, the order parameter can be written in terms of d̂ vector similar
to the spin-1 polar phase. However, by doing so one observes that the scalar
phase and the nematic vector are completely uncoupled, unlike in the spin-1
polar phase. The nematic vector d̂ has thus intrinsic nematic symmetry in the
spin-2 case, such that the order parameter is invariant under the transformation
d̂→−d̂, i.e., (α,β)→ (α+π,β+π), without any additional gauge transformations.
Thus, the order parameter manifold is described by U(1)φ× (S2/Z2)s [58].

Biaxial nematic phase
The reference spinor for the biaxial nematic phase is (1,0,0,0,1)T

z /
p

2, which
has unique symmetries despite being energetically degenerate with the uniaxial
nematic phase on the mean-field level. The general biaxial nematic spinor

25



Theoretical background and methods

becomes

ζ(2)
b = eiφ (2)(α,β,γ)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1/
p

2

0

0

0

1/
p

2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

z

= eiφ
p

2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

e−2iα [(1− 1
2 sin2 β

)
cos
(
2γ
)− i cosβsin

(
2γ
)]

e−iα sinβ
[
cosβcos

(
2γ
)− isin

(
2γ
)]

√
3
2 sin2 βcos

(
2γ
)

−eiα sinβ
[
cosβcos

(
2γ
)+ isin

(
2γ
)]

e2iα [(1− 1
2 sin2 β

)
cos
(
2γ
)+ i cosβsin

(
2γ
)]

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

z

. (2.42)

In the Majorana representation, we obtain four points on the Bloch sphere. The
Majorana representation of the biaxial nematic order parameter together with
the related symmetry axes are shown in Fig. 2.2(a)–(c). One can readily observe
the four-fold symmetry related to the biaxial nematic about the axis C4. This
is coupled with the gauge angle, giving rise to the order parameter manifold
[U(1)φ×SO(3)s]/(D4)φ,s in the biaxial nematic phase. Here, D4 is the dihedral
group of order 4 [58].

Cyclic phase
Finally, if both c(2)

2 > 0 and c(2)
4 > 0, the order parameter assumes the cyclic phase

as its ground state, which has no close analogue in the spin-1 case. The reference
cyclic spinor is (1/2,0, i/

p
2,0,1/2)T

z and the general spinor becomes

ζ(2)
c = eiφ (2)(α,β,γ)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1/2

0

i/
p

2

0

1/2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

z

= eiφ

8

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

e−2iα{[3+cos
(
2β
)]

cos
(
2γ
)+2i

[p
3sin2 β−2cosβsin

(
2γ
)]}

4e−iα sinβ
{

cosβ
[
cos
(
2γ
)− i

p
3
]− isin

(
2γ
)}

p
2
{

2
p

3cos
(
2γ
)

sin2 β+ i
[
1+3cos

(
2β
)]}

4eiα sinβ
{

cosβ
[−cos

(
2γ
)+ i

p
3
]− isin

(
2γ
)}

e2iα{[3+cos
(
2β
)]

cos
(
2γ
)+2i

[p
3sin2 β+2cosβsin

(
2γ
)]}

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

z

.

(2.43)

The symmetries of the cyclic spinor take the form of a tetrahedron, revealed
by the Majorana representation [see Fig. 2.2(d)–(f)]. The above reference cyclic

26



Theoretical background and methods

(a) (b) (c)

(d) (e) (f)

C4 C2

C′
2
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C2
C′

2

C3

C′′
2

C3

C′′
2

x y

z

x y

z

Figure 2.2. Majorana representation of the (a) biaxial nematic and (d) cyclic order parameters.
Horizontal and vertical orientations of the biaxial nematic spinor are shown in (b) and
(c), respectively, and north-pole and south-pole orientations of the cyclic spinor are
shown in (e) and (f), respectively. The Ck axes show the associated k-fold symmetries
with possible primes to differentiate between the axes with same symmetry. The
figure is adapted from Publication VI.

spinor has two of its edges perpendicular with the z axis. Another useful ref-
erence cyclic spinor is obtained through the transformation −iexp

[
iF (2)

z π/4
]×

exp
[
i(F (2)

x −F (2)
y )/

p
2arccos

(
1/
p

3
)]

(1/2,0, i/
p

2,0,1/2)T
z = (1,0,0,

p
2,0)T

z /
p

3, which
has one of its faces parallel with the xy plane as shown in Fig. 2.2(e),(f). The
order parameter in the cyclic state is [U(1)φ ×SO(3)s]/Tφ,s, where Tφ,s is the
tetrahedral group [57].

2.5.4 Classification of topological defects

The types of possible topological defects and textures are determined by the
topology of the order parameter manifold [2, 60]. For this purpose, introduc-
ing the concept of homotopy groups is important. The first homotopy group
π1() of a topological space  provides information whether any two closed one-
dimensional loops in  can be continuously deformed into each other. The higher-
dimensional homotopy groups are generalizations of this, such that instead of
one-dimensional loops, the nth homotopy group describes if any n-dimensional
closed surfaces can be continuously deformed into another.

An m-dimensional singular topological defect in d-dimensional medium is
classified by the (d−m−1)th homotopy group [60]. In this context, defects refer
to m-dimensional singularities in the order parameter. Examples of topological
defects are quantized vortices and isolated monopoles, described by the π1 and
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magnetic phase  π1 π2 π3

F = 1 ferromagnetic SO(3)s,φ [50] Z2 0 Z

F = 1 polar [U(1)φ×S2
s ]/(Z2)s,φ [65] Z×h Z2 Z Z

F = 2 ferromagnetic [SO(3)/Z2]s,φ [57] Z4 0 Z

F = 2 uniaxial nematic U(1)φ× (S2/Z2)s [58] Z×Z2 Z Z

F = 2 biaxial nematic [U(1)φ×SO(3)s]/(D4)s,φ [58] Z×h D∗
4 0 Z

F = 2 cyclic [U(1)φ×SO(3)s]/(T)s,φ [57] Z×h T∗ 0 Z

Table 2.1. Homotopy groups and order parameter manifolds of F = 1 and 2 spinor BECs. Here,
Zi is the cyclic group of order i, D4 is the dihedral group of order 4, and T is
the tetrahedral group. The groups D∗

4 and T∗ are the lifted dihedral and binary
tetrahedral groups resulting from the lift of U(1)×SO(3) to U(1)×SU(2). The h-
product Z×h K is defined for any i, j ∈ Z and g = (eiθ , gn), g′ = (eiθ′ , g′n) ∈ K as
(i, g) · ( j, g′)= (i+ j+h(g, g′), (ei[θ+θ′−2πh(g,g′)], gn g′n)), where h(g, g′)= 0, if θ+θ′ < 2π
and 1, if θ+θ′ ≥ 2π. [66]

π2 homotopy groups in a three-dimensional medium, respectively. Homotopy
groups also provide information on continuous topological textures, such as
skyrmions and quantum knots, distinct from singular defects in the sense that
they contain no points where the order parameter must vanish to be single
valued. A topological texture is such a nontrivial configuration in which the
order parameter covers all its possible values at least once. In general, d-
dimensional topological textures are classified by the dth homotopy group. In the
nomenclature of this thesis, both topological defects and textures are referred to
as topological structures. The homotopy groups and order parameter manifolds
available in spinor BECs with F = 1 or 2 are listed in Table 2.1. The elements of
the first homotopy groups of biaxial nematic and cyclic phases do not necessarily
commute and thus they can describe non-Abelian vortices [61–64].

2.6 Counterdiabatic theory

Many of the deterministic topological-defect-creation methods rely on adiabatic
control of the system parameters. Counterdiabatic theory provides a shortcut to
adiabatic population transfer by generating the same state as the corresponding
adiabatic dynamics on shorter time [67–71].

Here we introduce the general approach of counterdiabatic quantum control.
Let us consider a temporally-dependent Hamiltonian ̂a(t) with a set of eigen-
states {|n(t)〉} such that ̂a(t) |n(t)〉 = En(t) |n(t)〉 with eigenenergies En. The
solutions to the time-dependent Schrödinger equation are given in the adiabatic
regime by [72]

⏐⏐φn(t)
⟩= e−i[γd

n(t)−γB
n (t)] |n(t)〉 , (2.44)

where γd
n(t)= ∫ t

t0
dt′En(t′)/~ and γB

n (t)= i
∫ t

t0
dt′
⟨
n(t′)

⏐⏐∂t′n(t′)
⟩

are the dynamical
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and Berry phases, respectively. The aim of the counterdiabatic driving is to
design a counterdiabatic Hamiltonian ̂CD(t) by reverse engineering the adia-
batic evolution provided by ̂a(t). To this end, we define a temporal-evolution
operator Û(t)=∑n

⏐⏐φn(t)
⟩⟨

n(0)
⏐⏐ which gives rise to the Hamiltonian

̂(t)= i~
[
∂tÛ(t)

]
Û(t)†

=
∑

n
En |n(t)〉〈n(t)|+ i~

∑

n
[|∂tn(t)〉〈n(t)|−〈n(t)|∂tn(t)〉 |n(t)〉〈n(t)|] .

(2.45)

Here, the first term on the right side of the equation is identified with ̂0 and
the latter term is referred to as the counterdiabatic Hamiltonian which takes
the form

̂CD = i~
∑

n

|∂tn(t)〉〈n(t)| , (2.46)

where we have assumed that the term
∑

n 〈n(t)|∂tn(t)〉 vanishes, which can be

satisfied by choosing a gauge
⏐⏐φ′

n(t)
⟩=
⏐⏐φn(t)

⟩
e
∫ t

t0
dt′〈n(t′)|∂t′ n(t′)〉.

The adiabatic spin rotations of spinor BECs are effectively described by the
Zeeman Hamiltonian H(F)

Z = gFµBB(r, t)·F(F). We choose the reference adiabatic
spin dynamics to correspond to the 2F +1 instantaneous eigenstates of the
Zeeman Hamiltonian. The auxiliary Hamiltonian provided by the CD scheme is
given by (F)

CD(r, t)= gFµBBCD(r, t) ·F(F), where

BCD(r, t)= ~B(r, t)×∂tB(r, t)
gFµB |B(r, t)|2 , (2.47)

is the so-called CD magnetic field [72]. This magnetic field forms the basis of
Publications II and IV, in which we apply the counterdiabatic theory in the
vortex pumping scheme and in the creation of quantum knots.

2.7 Synthetic electromagnetism

Superfluidity in conjunction with the spin degrees of freedom gives rise to
artificial gauge potentials in spinor BECs. Abelian gauge potentials can be
created with local spin rotations, thus establishing BEC as a platform to simulate
classical electromagnetic fields [6]. More complicated non-Abelian fields may
be simulated by driving transitions between the internal states of ultracold
atoms [42].

In order to justify how synthetic electromagnetism arises in spinor BECs,
we first decompose the order parameter as Ψ(F) = ψ(F)ζ(F) ≡ ψζ, where ψ =p

neiφ and ζ are the scalar and spinor parts of the mean-field order parameter,
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respectively. Substituting this decomposition into the GP equation (2.23) leads
to

i~∂tψ(r, t)=
{ 1

2m
[
i~∇+ q∗~A∗(r, t)

]2 + q∗~Φ∗(r, t)
}

ψ(r, t), (2.48)

where we have neglected the nonlinear as well as the magnetic-field contribu-
tions and recognized the synthetic vector and scalar potentials A∗ = iζ†∇ζ/q∗ and
Φ∗ =−iζ†∂tζ/q∗, respectively. In this form, Eq. (2.48) is equivalent to the Hamil-
tonian of a charged spin-0 particle in the presence of electromagnetic potentials
and we can interpret the scalar part ψ as the analogue wavefunction of the
charged particle. The potentials are gauge-dependent, which is evident by choos-
ing ψ̃=ψe−iη and ζ̃= eiηζ for a scalar function η. The mean-field order parame-
ter remains unchanged under this transformation, Ψ̃= ψ̃ζ̃=ψe−iηeiηζ=ψζ=Ψ,
and hence also all physical observables are unaffected. However, in this gauge
the synthetic electromagnetic potentials may change to Ã∗ = A∗−∇η/q∗ and
Φ̃∗ =Φ∗+∂tη/q∗.

The synthetic electric and magnetic fields can be defined with the help of the
above-defined potentials as

E∗(r, t)=−~[∇Φ∗(r, t)+∂tA∗(r, t)
]
, (2.49)

and
B∗(r, t)= ~

[∇×A∗(r, t)
]
, (2.50)

respectively. These fields are related to the physically observable superfluid
velocity and superfluid vorticity as

vs(r, t)= ~
m
[∇φ(r, t)− q∗A(r, t)

]
, (2.51)

and
Ωs(r, t)=∇×vs, (2.52)

respectively. We observe that the superfluid vorticity is identical to B∗ almost
everywhere. The exceptions are the locations of possible singularities in the
phase φ or vector potential A∗ which are carried over to the vorticity Ωs. In
contrast, one can make the synthetic magnetic field B∗ singularity-free by
choosing a suitable gauge η [28].

The synthetic vector potential and the local Berry connection can be identified
as follows. Consider a closed path  in spatial coordinate space in the condensate
region. The accumulated Berry phase due to the spatially-dependent spinor is
given by [72]

γB = i
∮


ζ(r, t)†∇ζ(r, t) ·dr= i

∫


∇×[ζ(r, t)†∇ζ(r, t)

] ·dS

= q∗
∫


∇×A∗(r, t) ·dS= q∗

~

∫


B∗(r, t) ·dS, (2.53)
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where we have used the Stokes’ theorem and  is the area enclosed by the path
. Thus, the above Berry phase is equivalent to the Aharonov–Bohm phase
accumulated by a charged particle with charge q∗ as it moves along  in a
magnetic field coinciding with B∗. We can thus interpret the behavior of the
scalar part ψ to simulate the behavior of a charged particle.

2.8 Methods

Numerical methods
The simulations presented in this thesis are based on the stationary and time-
dependent GP equations, presented in Eqs. (2.27) and (2.23), respectively. We
employ a three-dimensional grid with a typical grid size of 2003. In the calcula-
tion of the stationary states, we use relaxation methods, typically the successive-
overrelaxation algorithm, to find the minimum energy state with the order
parameter Ψ(F) subject to the normalization constraint.

In computing the temporal evolution, we discretize the temporal-evolution
operator giving rise to an iterative scheme for the order parameter at each time
instance. The potential- and kinetic-energy terms in the temporal-evolution
operator are separated using a split-operator method. The potential-energy
term is computed directly in real-space, but for the kinetic term we employ
fast-Fourier transformations. The computations are accelerated using graphics
processing units.

Experimental setup
Here, we briefly overview the experimental apparatus used in Publications IV,
VII, and VIII. The schematics of the experimental setup is shown in Fig. 2.3. The
experiments begin by first collecting 87Rb atoms in a magneto-optical trap (MOT)
in a vacuum chamber. They are subsequently transferred to a high-vacuum MOT
in order to further isolate the collected 87Rb atoms. We then transfer the atoms
to the time-averaged orbital-potential trap, in which the atoms in the weak-field-
seeking state |F = 2,m = 2〉 are trapped due to the spatially dependent magnetic
field.

The resulting atomic gas is cooled to nanokelvin temperatures by the appli-
cation of evaporative cooling. In this technique, a radiofrequency (RF) field in
conjunction with the magnetic-field gradient selectively drives the atoms with
high potential energy to the untrapped states, thus removing them from the
trap. Finally, the cooled gas of atoms is transferred into a far-off-resonance
optical dipole trap with typical radial and axial frequencies ωr = 2π×130 Hz and
ωz = 2π×170 Hz, respectively. The typical number of optically trapped atoms in
the BEC in the beginning of the experiments is 2×105. As a final optional step,
the spin state of the atoms is rotated as desired using Landau–Zener sweeps or
RF pulses.
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Figure 2.3. Schematic of the experimental setup. The red sphere in the center depicts the
condensate cloud. The magnetic quadrupole (Q) coils are in the anti-Helmholtz
configuration, and the bias field (BX, BY, and BZ) coils in the Helmholtz configuration.
The red arrows (OT) show the beam paths of the optical dipole trap and the blue
arrows indicate the horizontal (H) and vertical (V) imaging axes. This figure is
adapted from Ref. [28].

We utilize spatially varying magnetic fields to manipulate the spin textures
of the optically trapped atomic cloud. Specifically, a pair of coils in the anti-
Helmholtz configuration gives rise to the three-dimensional quadrupole magnetic
field, which is moved in space using three orthogonal pairs of Helmholtz coils
creating the uniform bias magnetic field (see Fig. 2.3). Topological structures are
created in the condensate spin or nematic fields using adiabatic and nonadiabatic
steering of the quadrupole magnetic field.

After the main experiment, the quadrupole magnetic field is turned off and
simultaneously a large bias field is applied in a desired direction. This direction
defines the projection direction, such that the spinor components are projected to
approximate the eigenstates of the Zeeman Hamiltonian. Finally, the condensate
is released from the optical trap. As the condensate expands during the time of
flight, a brief pulse of magnetic field gradient is applied, spatially separating
the spin states. The spinor cloud is then simultaneously imaged along two
orthogonal axes using absorptive imaging.
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3. Topological structures in spinor
Bose–Einstein condensates

In this chapter, we present the main results of this dissertation. In Sec. 3.1, we
begin with the introduction of quantized vortices and present the simulation
results on counterdiabatic vortex pumping and the experimental observations
of SO(3) vortices. In Sec. 3.2, we provide an introduction to monopoles and
present observations of the decay of an isolated monopole into a Dirac monopole.
Section 3.3 focuses on quantum knots, first presenting a counterdiabatic-field-
based creation method and subsequently experimental observations of the decay
dynamics of quantum knots. Finally, in Sec. 3.4, we introduce skyrmions. We
present simulation results on the creation and dynamics of two-dimensional
skyrmions in polar spin-1 BECs. Importantly, we provide experimental ob-
servations of Shankar skyrmions in spin-1 BEC and analyze their synthetic
electromagnetic properties. We also present simulation results on the creation
and stability of three-dimensional skyrmions in cyclic and biaxial magnetic
phases of spin-2 BECs.

3.1 Quantized vortices

Quantized vortices are one of the most striking manifestations of the quantum-
coherent and superfluid nature of BECs. In a singly quantized vortex, the
macroscopic phase of the condensate covers all possible values over any closed
loop  encircling the vortex core once. At the vortex core, the phase is not well
defined, and hence the condensate density must vanish. Mathematically, an
example of a BEC order parameter with a vortex along the z axis can be written
in the cylindrical coordinate system as ψv(ρ,ϕ, z)= eiκvϕ

√
nv(ρ,ϕ, z), where κv

is the winding number of the vortex, also acting as the topological invariant, and
nv is the associated particle density which has to vanish along z axis for κv ̸= 0.
The winding number is also related to the mass circulation Γs =

∮
 dr ·vs, which

in a quantum vortex is quantized in the units of h/m. In scalar BECs, κv ∈Z,
but in spinor BECs with more nuanced order parameter spaces also fractionally
quantized vortices are topologically allowed [73].

The first realization of a quantum vortex was achieved by means of moving
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laser beams and coherently driving the transitions in a two-component BEC [23].
Vortices can also be created by using laser beams to stir the condensate [74–76],
moving a laser beam through the BEC [77], rotating magnetic trap potentials [78,
79], imprinting through tailored Laguerre–Gauss beams [80–85], or merging
multiple uncorrelated BECs [86].

A convenient way to imprint quantized vortices in a spinor BEC utilizes the
manipulation of the spin degrees of freedom with a technique called topological
phase imprinting (TPI) [87–91]. The technique has been previously experi-
mentally demonstrated by several research groups [24, 25, 92–95]. Using this
method, the location of the vortex can be chosen deterministically and essentially
all atoms acquire the desired angular momentum.

In TPI, spin rotations lead to accumulation of the Berry phase in the sys-
tem due to local spin–gauge symmetry [96]. These rotations are induced by a
spatiotemporally varying magnetic field. Several different magnetic field config-
urations can be used to create the desired rotations, but due to the relevance to
the experiments detailed later, here we choose a three-dimensional quadrupole
field

Bq(r, t)= bq(t) (xx̂+ yŷ−2zẑ) , (3.1)

where bq is the strength of the magnetic field gradient. This type of magnetic
field can be created with a single pair of coils in the anti-Helmholtz configuration
as discussed in Sec. 2.8. The magnetic field zero point can be moved in space
using a bias magnetic field, giving rise to the total magnetic field

BTPI(r, t)=Bq(r, t)+Bbias(t), (3.2)

where Bbias(t)= Bx
bias(t)x̂+By

bias(t)ŷ+Bz
bias(t)ẑ is the uniform magnetic bias field.

In this section we assume a constant bq and Bx
bias(t)= By

bias(t)= 0, as is typical
in the experimental conditions during the vortex creation process. The magnetic
field zero point is thus located on the z axis at z0(t)= Bz

bias(t)/(2bq).
Initially, we assume that the bias field is strong enough to coincide the local

atomic spin state with the instantaneous eigenstate of the Zeeman Hamiltonian
(F)

Z (t) = gFµBB(r, t) ·F(F) with 2F +1 eigenstates. In a purely magnetic trap,
the confinement is available only for the atoms in the weak-field-seeking state
(WFSS) which have the highest energy, but optically trapping the atoms enables
the confinement of atoms in the neutral state (NS) and in the strong-field-seeking
state (SFSS). As an exemplary case, let us choose F = 1 and SFSS as the initial
state. The local atomic SFSS state in the presence of the magnetic field of
Eq. (3.2) is given in terms of the z-quantized spin basis {|+1〉 , |0〉 , |−1〉} as

|SFSS(t)〉 = 1
2B(ρ, z, t)

{[
B(ρ, z, t)+Bz(z, t)

] |+1〉+
p

2bqρeiϕ |0〉

+[B(ρ, z, t)−Bz(z, t)
]

e2iϕ |−1〉} , (3.3)
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where B(ρ, z, t)=
√

b2
qρ

2 +Bz(z, t)2, Bz(z, t)= Bz
bias(t)−2bq(t)z, and we have as-

sumed that |+1〉 does not contain a vortex. Initially the condensate is in the
presence of a strong bias field, B ≈ Bz, and consequently the local spin state is
to a great precision |+1〉. Subsequently, the bias field is adiabatically ramped to
a large negative value, Bz ≈−B, while the system remains in its instantaneous
eigenstate. The local state thus transforms into approximately e2iϕ |−1〉. The
appearance of the azimuthally dependent phase is attributed to the magnetic-
field-change-induced spatially dependent accumulation of the Berry phase. The
resulting condensate state is interpreted as a quantized vortex with κv = 2, i.e.,
a doubly quantized vortex. In general, if this protocol is applied to a spin-F
BEC in the SFSS, the TPI results in a quantized vortex with a winding number
κv = 2F.

3.1.1 Counterdiabatic vortex pump

In a vortex pump, the TPI protocol is applied sequentially to accumulate angular
momentum in the BEC giving rise to multiply quantized vortices [97]. In an
optimal vortex pump employing the quadrupole field, each pumping cycle in-
creases the vortex winding number by 2F. Typical vortex pumping methods rely
on the adiabatic control of the external magnetic field in order to imprint the
local Berry phase [97–100]. However, multiply quantized vortices are dynami-
cally unstable into splitting into singly quantized vortices [101–104]. Repulsive
Gaussian potentials along the vortex core can be used to introduce a stabiliza-
tion mechanism against this splitting, but the adiabaticity condition is still
required [105]. A fast vortex pump would allow the creation of a highly quan-
tized vortex before it splits, but with the cost of inducing undesired nonadiabatic
transitions eventually leading to deterioration of the vortex pump.

In Publication II, we apply the CD theory to vortex pumping in spin-1 BECs.
Counterdiabatic methods were applied to TPI in the context of creating a single
vortex in Ref. [106] using the Ioffe–Pritchard magnetic trap. Here, we use the
biased three-dimensional quadrupole field, described by Eq. (3.2), where the
bias field Bbias(t) is either a linear ramp Bl

bias(t)= B0(1−2t/T)ẑ or a nonlinear
ramp Bnl

bias(t)= g(t)B0(1−2t/T)ẑ, B0 is the initial strength of the magnetic field,
T is the duration of the ramp, and g = {1−cos[2π(t−T/2)/T]}/2 is the nonlinear
ramping function. Substituting this magnetic field to Eq. (2.47), we obtain the
so-called CD magnetic field

B̃CD(r, t)= ~bq∂tBbias(t)
gFµB|BTPI(ρ,0, t)|2 (yx̂− xŷ), (3.4)

where we have set z = 0 for simplicity and Bbias(t) is the z-component of either
the linear or nonlinear ramping function as introduced above. We make a further
approximation ρ = ρ0 in the denominator of the above equation in order to satisfy
∇ · (BTPI + B̃CD) = 0 imposed by the Maxwell’s equations. As a result of these
approximations, the CD scheme works ideally only along on a ring of radius ρ0
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Figure 3.1. (a) and (b) Particle number Nγ for the Zeeman eigenstate γ ∈ {WFSS,NS,SFSS} as a
function of time (a) with and (b) without the CD field. (c) Average orbital angular
momentum along z as a function of time. Initially the condensate is in the SFSS and
time is presented in the units of a single vortex pumping cycle, Tcycle. The figure is
adapted from Publication II.

in the z = 0 plane. As discussed in Publications II and IV, in order to make the
scheme realizable with a single set of anti-Helmholtz coils, we apply a unitary
transformation which rotates the Zeeman Hamiltonian for the thus transformed
order parameter by the angle α(t)= arctan[|B̃CD|/(bqρ)]. This rotation effectively
rotates the CD magnetic field to coincide with the original magnetic field and
gives rise to an additional time-dependent magnetic field along z. As a result,
the total CD magnetic field used in the vortex pumping, which is applied in
conjunction with the original TPI field, is given by

BCD(r, t)= bCD
q (t)(xx̂+ yŷ−2zẑ)+BCD

0 (t)ẑ, (3.5)

where

bCD
q (t)= bq

√
1+
[

~∂tBbias(t)
gFµB|BTPI(ρ0,0, t)|2

]2

(3.6)

and

BCD
bias(t)= Bbias(t)+

~
gFµB

∂tα(t). (3.7)

In the CD vortex pumping scheme, each pumping cycle consists of adiabati-
cally turning on the quadrupole field, applying the creation ramp according
to Eqs. (3.5)–(3.7), adiabatically turning off the quadrupole field, and finally
homogeneously rotating the bias field back to its initial state, while keeping
its magnitude constant. In Fig. 3.1, we show the z component of the average
orbital angular momentum, Lz =−i~

∫
dr[Ψ(1)]†(x∂y − y∂x)Ψ(1), and the particle

numbers in each Zeeman eigenstate during a 20-cycle vortex pumping operation.
Here, the length of each cycle is Tcycle = 1.79 ms. Figure 3.2 shows the integrated
particle density distributions and the phase profiles during the same vortex
pumping process for various instances of time. The phase profile suggests an
increase of the angular momentum by 2N~ per cycle. The nonvanishing particle
numbers in the NS and WFSS explain why the orbital angular momentum does
not reach the theoretical value of 40N~ after 20 cycles.
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Figure 3.2. Column particle densities of the SFSS, NS, and WFSS integrated along the z axis.
The rightmost column shows the phase of SFSS in the z = 0 plane. The figure is
adapted from Publication II.

3.1.2 Creation of SO(3) vortices

The topology of the ferromagnetic order parameter supports the so-called SO(3)
vortex due its first homotopy group being the cyclic group Z2. In contrast to
scalar vortices, where the integer-valued winding number describes the topologi-
cally different vortices, in the case of SO(3) vortices, the even and odd-winding-
number states form the only two topologically distinct classes of vortices. Within
these two classes, each vortex can be continuously transformed into another
with suitable spin rotations. Importantly, any SO(3) vortex with an even wind-
ing number can be continuously transformed into the trivial state, while odd-
winding-number vortices do not have this property. Curiously, the vortex pump
demonstrates this property in practice since it can be utilized to continuously
change the phase winding in the condensate by any even integer multiple of 2π.
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Figure 3.3. Formation of singular SO(3) vortices from a nonsingular vortex. (a) Spinor compo-
nents of an analytically constructed nonsingular vortex corresponding to the state
immediately after imprinting. (b) The corresponding fountain-like spin texture with
unit spin magnitude everywhere. (c) A pair of singular SO(3) vortices as obtained
from the numerically simulated energy relaxation of the nonsingular vortex in (a).
(d) Spin texture of the pair of singular SO(3) vortices corresponding to (c). In (a)
and (c), the background color indicates the particle density, and in (b) and (d), the
spin magnitude, such that blue correspond to zero and red to the maximum value.
(e) Experimental images showing the atomic density in each spinor component of a
condensate containing two SO(3) vortices. (f) Densities in (e) represented as a color
composite image. The figure is adapted from Publication VII.

In Publication VII, we experimentally create singular SO(3) vortices belong-
ing to the odd-winding-number class. Initially, a nonsingular coreless vortex,
described by an even winding number, is created through a nonadiabatic cre-
ation ramp. The coreless vortex is unstable into splitting into a pair of singly
quantized SO(3) vortices if the longitudinal magnetization in the coreless vortex
is strong enough [107]. Here, longitudinal refers to the direction defined by the
direction of spin at the center of the coreless vortex, which is along z axis in our
experiments. We observe this splitting resulting in two singular SO(3) vortices
that cannot be individually unwound to the trivial texture by themselves.

Figure 3.3 shows the simulated particle densities and spin textures of the
initial coreless vortex and the resulting two singular SO(3) vortices. It also
presents the experimental observation of a pair of singular SO(3) vortices. The
cores are filled with nonrotating polar atoms while the other parts of the con-
densate are ferromagnetic. Thus the created SO(3) vortex exhibits an example
of a structure with two topologically distinct magnetic phases.

3.2 Monopoles

The first theoretical formulation of magnetic monopoles consistent with the
theory of quantum mechanics was published by Dirac in his seminal work in
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1931 [108]. Later, the theoretical progress in the monopole research lead to
the discoveries of monopole solutions in the non-Abelian gauge theories [109–
113], the results of which implied the possibility of the creation of magnetic
monopoles in the early stages of the universe. Motivated by the theoretical
progress, there have been many experimental searches of magnetic monopoles
since, but natural magnetic monopoles have, as of the time of writing of this
thesis, remained elusive in nature [114].

In addition to the fundamental research on and the experimental quests
for finding natural magnetic monopoles, artificial magnetic monopoles have
become available for research in many analogue systems, such as nematic liquid
crystals [115] and spin ice systems [116]. Spinor BECs offer another platform
to simulate these monopoles. In a ferromagnetic BEC, a Dirac monopole was
created in the associated synthetic magnetic field by using an extension of
the TPI method to imprint the monopole with nontrivial three-dimensional
structure [28]. Isolated monopoles were created soon afterwards in the polar
magnetic phase [29]. Isolated monopoles, in contrast to Dirac monopoles which
appear at the end points of vortex lines, are true topological point defects
belonging to the second homotopy group. The control scheme for the magnetic
field giving rise to the Dirac and isolated monopoles is illustrated in Fig. 3.4(a)–
(c).

The spin configuration giving rise to the Dirac monopole is given in Fig. 3.4(d),
the structure of which also can be used to describe the nematic vector field
associated with the isolated monopole. The mapping from spatial coordinate
space to spin space of this configuration is shown in Fig. 3.4(e). A solid angle Ω

enclosed by a closed path on the surface of a sphere in spatial coordinate space
maps to an equal-area solid angle, but with an opposite direction of traversing,
in spin space. A solid angle in spin space traversed in the negative direction
turns out to be, in general for spin-1 atoms, equal to the Berry phase, i.e.,
γB = Ω [24, 72]. Recalling the connection between the Berry phase and the
magnetic flux [see Eq. (2.53)], we find that γB = q∗ ∫

ΩB∗ ·dS/~= q∗Θ∗
B/~, where

Θ∗
B is the synthetic magnetic flux through Ω. Thus, the Berry phase associated

with the Dirac monopole spin configuration gives rise to the synthetic magnetic
flux of a synthetic magnetic monopole, i.e., the flux through a closed surface
enclosing the zero point of the magnetic field equals 4π~/q∗.

3.2.1 Decay of an isolated monopole

In Publication III, we experimentally study the decay process of the isolated
monopole in the presence of a quadrupole magnetic field. This problem was
previously computationally studied in Ref. [117]. In accordance with the com-
putational predictions, we find that the isolated monopole in the initially polar
magnetic phase evolves into the ferromagnetic phase with a spin configuration
corresponding to the Dirac monopole.

Our experimental protocol for the creation of the isolated monopole follows
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Figure 3.4. (a)–(c) Field lines of the external quadrupole magnetic field (thin blue arrows) during
the creation process of a Dirac monopole (isolated monopole) in the ferromagnetic
(polar) phase of spin-1 BEC and (d) the theoretical spin (nematic vector) configuration
of a Dirac monopole (isolated monopole). The zero point of the quadrupole magnetic
field (black dot), is (a) above, (b) approaching, and (c) in the middle of the condensate
(shaded ellipse). The dashed black arrow in (b)–(d) shows the path traced by the zero
point as it is adiabatically brought into the condensate. In (d), the directions of the
thick blue arrows indicate the direction of local spin (nematic vector), aligned with
the quadrupole field, at selected points in space, for the Dirac monopole (isolated
monopole). (e) Mapping of a closed path on a spherical surface enclosing a solid angle
Ω from the spatial coordinate space to the spin space in the Dirac monopole spin
configuration. In the spin space, we illustrate how an operation −Rz(π) can be used
to implement the mapping. The figure is adapted from Publication III.

that of Ref. [29]. Once the monopole is adiabatically created, the zero point
of the quadrupole field is held in the middle of the condensate for a varying
hold time thold. The particle densities at various instances during the decay
process are shown in Fig. 3.5. At thold = 0 ms the structure is consistent with
the isolated monopole [29]. In the early evolution, at thold ≤ 25 ms, the isolated
monopole is distinguishable. As the ψ(1)

±1 components continue to displace and
the ψ(1)

0 component moves towards the center at 50 ms ≤ thold ≤ 100 ms, the
isolated monopole becomes ill-defined and the condensate is in a mixture of
ferromagnetic and polar phases. The condensate is almost completely in the
ferromagnetic phase for 125 ms≤ thold ≤ 175 ms. Finally, at thold = 200 ms, the
spin structure is identified as that of the Dirac monopole [28]. Throughout the
decay process we find a good quantitative agreement between the simulations
and the experiments. In Publication III, we further observed that the process of
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Figure 3.5. Column particle densities in the three spinor components in −z quantized basis
during the decay of an isolated monopole in (a)–(e), (k)–(o) experiments and (f)–(j),
(p)–(q) simulations. The figure is adapted from Publication III.

monopole decay accelerates at weaker magnetic-field gradients.
As originally formulated by Dirac in his theory, the wavefunction of a scalar

charged particle extending over a magnetic monopole must have at least a
single nodal line terminating at the monopole [108]. In our case, the 4π Berry
phase gives rise to either a single doubly quantized or two singly quantized
vortices terminating at the monopole. In Ref. [28], the doubly quantized nodal
line appeared deterministically on the line traced by the magnetic field zero
point as it was moved into the center of the condensate. Here, in contrast, we
observe the nodal lines forming spontaneously as the Dirac monopole replaces
the isolated monopole during the decay process. The particle and spin densities
in Fig. 3.6 show the density depletion lines associated with the nodal lines. We
find that the nodal lines tend to minimize their length by connecting to the
nearest condensate boundary.
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Figure 3.6. (a)–(d), (f)–(i), (k)–(n), and (p)–(w) Experimental column particle densities in the three
spinor components in −z quantized basis showing the nodal lines associated with the
Dirac monopole. In (a)–(o), the first, second, and third columns correspond to the top
images of ψ(1)

−1, ψ(1)
0 , and ψ(1)

1 components, respectively, the fourth column shows the
corresponding composite side images, and the fifth column shows cropped isosurfaces
of the corresponding numerically obtained spin densities before the projection ramp.
In (a)–(e), the monopole is located in the upper half of the condensate, in (f)–(j) in
the middle, and in (k)–(o) in the lower half. The solid red arrows in (c), (g), and (k)
indicate the locations of the nodal lines, and the dashed red arrows in (e), (j), and
(o) indicate the direction of the vorticity of the nodal line. In (p)–(w), each set of two
adjacent images is extracted from an individual experiment in which the monopole
is located in the middle of the condensate, such that (p), (r), (t), and (v) show the
column particle density of the ψ(1)

0 spinor component. The figure is adapted from
Publication III.

3.3 Quantum knots

Knots are mathematical objects defined as closed curves with possible links
and crossings. In addition to appearing in familiar settings in everyday life,
knots have been used to model various physical phenomena ranging from an
early atomic model [118], to stable solutions in electromagnetism [119] and
three-dimensional classical field theory [120]. As physical entities, they have
been observed at least in water [121], light [122], nematic liquid crystals [123],
DNA nanostructures [124], and recently in the order-parameter fields of spinor
BECs [31].

Knots appear in spin-1 polar BECs as nonsingular topological textures. Topo-
logically, they correspond to nontrivial elements of the third homotopy group.
Knots are distinct from the three-dimensional skyrmions since instead of a
winding number they are topologically characterized by their linking number.
In a quantum knot, the preimages of d̂ form closed loops, each of which is linked
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Figure 3.7. (a) Schematic spinor isosurfaces and densities in the quantum knot in the scaled co-
ordinate system (x′, y′, z′)= (x, y,2z). The densities are revealed by partially cutting
regions in the spin components. The red-colored isosurfaces and the minimum color-
gradient correspond to the value |ζ(1)

α |2min = 0.29 and the maximum color-gradient to

the value |ζ(1)
α |2max = 1, assuming a Thomas–Fermi density profile. (b) The nematic

vector structure of the quantum knot of (a). The arrows represent the planar pro-
jection and the color the out-of-plane component of the d̂ vector. (c) Quantum knot
in spatial coordinate space R3 ∼ S3 and its relation to nematic vector in S2. The
white, grey, and colored rings correspond to the preimages of dz =−1, dz ≈ 1, and
dz = 0, respectively. The colors of the preimage rings of dz = 0 are determined by the
azimuthal angle of d̂. The figure is adapted from Publication VIII and Ref. [31].

with each other exactly H times. Mathematically, the linking number H,
sometimes referred to as the Hopf charge, is defined as

H = 1
16π2

∫
dr
∑

α,β,γ

ϵαβγαβγ(r), (3.8)

where αβ = d̂ · (∂αd̂×∂βd̂) and α is implicitly defined through αβ = ∂αβ−
∂βα. Due to the gauge freedom of α, we can choose a computationally
convenient gauge such that one of the components α vanishes.

In the previous scheme to create quantum knots in spinor BECs, proposed
in Ref. [125] and later experimentally demonstrated in Ref. [31], the three-
dimensional quadrupole magnetic field is suddenly introduced in the mid-
dle of the condensate. The condensate initially has a uniform nematic vec-
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ρ0 = R ρ0 = R/2

ρ0 = R/4

ρ0 = R/10

ρ0 = R/6

ρ0 = R/8

(a) (b)

(c) (d)

(e) (f)

Figure 3.8. Preimages of d̂ = x̂ (red region), d̂ = −x̂ (blue region), and d̂ = ẑ (green region) in
a created quantum knot for (a) ρ0 = R, (b) ρ0 = R/2, (c) ρ0 = R/4, (d) ρ0 = R/6,
(e) ρ0 = R/8, and (f) ρ0 = R/10. The shown surfaces enclose volumes inside which
|dx| > 0.95 or dz > 0.95. The green region is not shown for x > 0. The figure is adapted
from Publication IV.

tor field such that d̂ = ẑ everywhere. The spin rotations leading to the knot
structure are produced by a linearly increasing Larmor angular frequency
ωL = gFµBbq

√
x2 + y2 +4z2/~. A quantum knot with H = 1 is created after the

Larmor time TL = 2π~/(gFµBbqR), where R is the effective extent of the conden-
sate. Using this scheme, the nematic vector experiences a linearly increasing
amount of rotation such that at the boundary it would acquire a full 2π rotation,
thus creating a quantum knot. Figure 3.7 schematically shows the particle
density distributions and the associated d̂ vector structure of a quantum knot
together with its preimages with H = 1.
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3.3.1 Quantum knots created by counterdiabatic control

In Publication IV, we apply a dynamic magnetic-field control obtained from the
CD scheme [see Eqs. (3.5)–(3.7)] to create quantum knots in the condensate.
In the derivation of these fields, we set z = 0 and introduced a parameter ρ0

such that the employed magnetic field coincides with the full CD field only along
a ring with radius ρ0 in the z = 0 plane. The full π-rotation for the nematic
vector occurs only along this ring. On the condensate boundary, the nematic
vector rotates by 2π due to the linearly increasing Larmor precession and along
z axis it retains its initial orientation. The nematic vector field changes smoothly
between these values.

A quantum knot with the linking number H = 1 can be created by setting
ρ0 = R/2, where R is the effective extent of the condensate. A multiply charged
knot with a desired charge H can be created by setting ρ0 = R/(2H). The
calculated preimages of knots with several choices of H are shown in Fig. 3.8,
each exhibiting H-fold nested Hopf links.

3.3.2 Decay of a quantum knot

The quantum-knot structure inherently gives rise to an instability of the polar
phase towards decaying into the ferromagnetic phase of the condensate [125].
This is expected to give rise to the decay of the quantum knot, since it is well-
defined only in the pure polar phase. However, earlier experimental studies of
quantum knots investigate only their creation [31].

In Publication VIII, we experimentally study the dynamics of quantum knots
in spin-1 BECs in a uniform magnetic field. The knot is observed to decay while
inducing the formation of ferromagnetic domains during the first milliseconds
of evolution. During the subsequent several hundred milliseconds of evolution,
we observe complicated interplay between the polar and ferromagnetic phases.
Interestingly, after five hundred milliseconds, we observe that a spontaneously
emerging polar-core spin vortex has replaced the quantum knot. Figure 3.9(a)–
(c) shows the experimental observations of the resulting spin structure and
Fig. 3.9(e),(f) shows the corresponding simulations together with the phase
information.

The numerically obtained spin textures shown in Fig. 3.9(g),(h) display a 2π
rotation in the spin vector as one traverses around the core, which is filled with
polar atoms. Figure 3.9(i) shows the triad representation associated with the
ferromagnetic order parameter space. Here, the spin vector and one of the legs of
the triad undergo quadrupolar 2π rotations about the other nonwinding triad leg
along a path enclosing the core. Thus, the structure is identified as a polar-core
spin vortex, belonging to the family of singly quantized singular SO(3) vortices,
similar to the structure studied in Publication VII.

The spinor components of the emergent polar-core vortex are shown in a π/2-
rotated basis in Fig. 3.9(d),(j). In the rotated basis, the region occupied by the ψ(1)

0
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Figure 3.9. (a)–(c) Experimental column particle densities of the three spinor components of
the polar-core spin vortex emerging from the evolution of the quantum knot with
the evolution time (a) T = 1.0 s and (b),(c) 1.5 s. (e),(f) Simulated column particle
densities and phases in the z = 0 plane of different spinor components with T = 0.5 s
evolution time. The dashed circular shapes are guides for the eye towards the regions
with high particle densities. (g),(h) Expectation value of spin, s= [ζ(1)]†Fζ(1), in the
(g) z = 0 and (h) x = 0 planes, with the arrows depicting its planar projection and the
color denoting the magnitude |s|. (i) Triad representation of the order parameter,
where s is represented with green arrow and the other two legs of the triad, m
and n, with red and blue colors, respectively. The column particle density of ψ(1)

0 is
shown for reference. (d) Experimental and (j) simulated column particle densities
in a π/2-rotated spinor basis with evolution times 1.0 s in experiments and 0.5 s in
simulations. The particle densities in (j) are obtained by expressing the spinor in (e)
in x-quantized basis. The figure is adapted from Publication VIII.

component indicates where, prior to the rotation, the spin pointed approximately
perpendicular to the new quantization axis, while the ψ(1)

+1 [ψ(1)
−1] component

indicates the region where the spin was roughly parallel (antiparallel) to the
new quantization axis.

Spontaneously emerging polar-core spin vortices have been predicted in the
long-time evolutions of an isolated monopole [126] and in the absence of any
topological excitation in the polar phase [127]. These correspondences suggest a
possible universality in the observed topological transition.

3.4 Skyrmions

Skyrmions are nonsingular topological structures that are described by the
second or third homotopy group for two- and three-dimensional skyrmions,
respectively. Originally predicted by T. H. R. Skyrme as solutions to the nonlinear
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Figure 3.10. (a)–(c) Direction of the nematic vector axis and (d)–(f) the phase of ψ(1)
1 /ψ(1)

−1 right
after the bias field Bz

bias is inverted and the quadrupole field bq is ramped down.
The ramp rate of the bias field is 12 G/ms in panels (a) and (d), 32 G/ms in (b)
and (e), and 80 G/ms in (c) and (f). The field gradient during the creation ramp is
bq = 8.1 G/cm. In panels (a)–(c), the arrows represent the projection of the nematic
vector to the xy plane and the z component is presented with the color map. The
top color map corresponds to the value of dz in panels (a)–(c), and the bottom one
to the condensate phase in panels (d)–(f). The figure is adapted from Publication I.

field theory for pions [128], skyrmions have in recent years been adapted to many
other context, such as various condensed matter systems. The so-called magnetic
skyrmions have gained interest in recent years, for example as candidates for
alternative computing paradigms [9]. In these contexts, skyrmions typically
refer to two-dimensional surface structures. Such lower-dimensional skyrmions
are also referred to as baby skyrmions.

3.4.1 Creation and dynamics of two-dimensional skyrmions

Two-dimensional skyrmions are textures on a two-dimensional surface, thus
described by the second homotopy group. This group is nontrivial for the polar
magnetic phase of spin-1 BEC. In this case, the nematic vector of the ideal
two-dimensional skyrmion is written as

d̂s(ρ,ϕ)= cos
[
β(ρ)

]
ẑ+sin

[
β(ρ)

]
ρ̂, (3.9)

where we employ the polar coordinate system and β is a monotonically increasing
function with the boundary conditions β(0)=0 and β(∞)=π. In the case of two-
dimensional half-skyrmions, merons, the latter boundary condition is changed
to β(∞)=π/2. Merons are not topologically protected since they do not assume a
constant value at the boundary.

In Publication I, we numerically reproduce the experiments of Ref. [33] in
which two-dimensional skyrmions are created and their dynamics are analyzed
in 23Na BECs. The creation scheme is based on exposing the two-dimensional
BEC in the polar phase to the biased three-dimensional quadrupole field of
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Eq. (3.2). The bias field Bz
bias is inverted with a variable ramp rate |∂tBz

bias|
giving rise to controllably incomplete spin rotations. In the full two-dimensional
skyrmion texture, the ramp rate is chosen such that the nematic vector is fully
inverted at the boundary, while at the origin it does not experience any rotation.
Our simulations quantitatively agree with the experiments without any fitting
parameters.

The nematic vector texture and the phases related to skyrmion and half-
skyrmion are shown in Fig. 3.10 for a varying ramp rate |∂tBz

bias|. The phase
difference in the ψ(1)

±1 components show clearly the 4π winding as expected for the
skyrmion texture. Figure 3.10(a),(d) corresponds to the full skyrmion as d̂=−ẑ
at the boundary, while in Fig. 3.10(b),(e) the structure is in a state halfway
between the skyrmion and the half-skyrmion, and finally Fig. 3.10(c),(f) describe
the half-skyrmion texture, with d̂ being approximately planar at the boundary.

It was found experimentally that the skyrmion decays into a uniform d̂ = ẑ
field indicated by the dominating ψ(1)

0 component [33]. The authors speculated
that the quadratic Zeeman term is the driving force behind this decay process. In
Ref. [129], the skyrmion structure was analyzed numerically. They observed that
the skyrmion in the initially polar magnetic phase decays into a mixture of polar
and ferromagnetic phases. Another numerical work found that the quadratic
Zeeman term is not sufficient to explain the experimentally observed decay
process and dissipation was suggested as the possible cause for the decay [130].
In Publication I, we were able to reproduce the experimentally observed decay
dynamics by including both the dissipation and the quadratic Zeeman term.

3.4.2 Shankar skyrmions

The third homotopy group is nontrivial for the spin-1 ferromagnetic phase,
topologically allowing three-dimensional skyrmions. In 1977, G. Volovik and
R. Shankar independently predicted a nontrivial mapping S3 → S3 appearing
in 3He A-phase [131, 132]. Even though the predicted structure was originally
referred to as the Shankar monopole, the structure is in fact a three-dimensional
skyrmion. These Volovik–Shankar skyrmions, commonly referred to as sim-
ply Shankar skyrmions, are generated through spatially dependent rotations
[r̂,wf (r)] applied to a uniform field, where the first and second arguments in
the rotation function define the direction and the angle of rotation, respectively.
For the original Shankar skyrmion, the rotation axis r̂ is the radial unit vector,
w is an integer-valued topological charge, and f (r) is a monotonically decreasing
function of radial distance, such that f (0)= 2π and f (∞)= 0.

In the experiments described in Publication V, we employ a three-dimensional
quadrupole field instead of a radial field to generate a Shankar skyrmion in
ferromagnetic spin-1 BECs. The creation method is essentially identical to that
used to create quantum knots in Ref. [29]. The quadrupole magnetic field is sud-
denly brought into the middle of the condensate, as illustrated in Fig. 3.11(a),(b).
The initially uniform spin field experiences subsequent Larmor precession, with
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Figure 3.11. (a),(b) External magnetic field (white field lines) applied to the condensate (blue
ellipsoid) (a) just before and (b) after the commencement of the creation process.
The field has a continuous rotational symmetry about the z axis. The spin vectors
are initially aligned with the magnetic field depicted in (a) but are reoriented
as they precess about the new field lines (b) at their local Larmor frequency. (c)
Cutaway octant of the created Shankar skyrmion texture exhibiting its continuous
and topologically nontrivial triad texture. The inset shows a triad, for which the
local spin direction S is marked by a green-tipped arrow. The blue- and red-tipped
arms define the rotation angle of the triad about its spin vector. The colored curves
are example contours, for which the spin vector points in a common direction, and
along which the rotation angle winds about the direction of the spin by 4π. (d) and
(e) Examples of the (d) synthetic magnetic and (e) electric field lines arising from
the spin texture in (c). The colors are only provided to guide the eye. The figure is
adapted from Publication V.

the rotation direction B̂q = (x′x̂+ y′ŷ−z′ẑ)/r′, where we have employed the scaled
coordinate system (x′, y′, z′)= (x, y,2z) and r′ =

√
(x′)2 + (y′)2 + (z′)2. The rotation

angle depends on the Larmor frequency ωL = gFµBbqr′/~. Thus, we can define
the rotation angle as a linearly decreasing function Ω(r′). If we let the rotation
evolve for TL = 2π~/(|gF |µBbqR), we obtain Ω(0) = 0 and Ω(R) = −2π, where
R is the effective extent of the condensate. The resulting texture is shown in
Fig. 3.11(c). Here, the ferromagnetic SO(3) order parameter is represented by
a rigid triad, where one of the legs is the spin direction and the two other legs
describe the rotation angle about it.

To match our description of the skyrmion with the original Shankar skyrmion,
we add a redundant 2π to Ω and continuously stretch the boundary at r′ = R
to infinity. Topologically, this operation is equivalent to compactifying the
three-dimensional ball of radius R into S3. Furthermore, we apply the simi-
larity transformation −1(ẑ,π)(B̂q,Ω)(ẑ,π)=(−r̂,Ω)=(r̂,−Ω)=(r̂,− f ).
Since scaling and similarity transformations preserve topology, we observe that
our experiment creates a Shankar skyrmion with charge w =−1.

Figure 3.12 shows the particle density distributions of the spinor components
in the Shankar skyrmion. The in-trap simulation images in Fig. 3.12(a),(b)
show the skyrmionic particle densities: ψ(1)

+1 component occupies the regions
at the boundary and near the z axis, whereas ψ(1)

−1 is located at the core of the
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Figure 3.12. Side (a) and top (b) column particle densities of the three spin states in the trap
508 µs after the nonadiabatic ramp initiating the skyrmion creation process, cal-
culated using the experimental parameters. (c),(d) Calculated and (e),(f) experi-
mentally measured post-expansion density profiles for an in-trap evolution time of
508 µs. The figure is adapted from Publication V.

skyrmion and ψ(1)
0 occupies the toroidal region in between. The skyrmion in the

experimental images in Fig. 3.12(e),(f) is subject to the expansion process after
being released from the trap, distorting the skyrmion texture. However, this
distortion process is fully captured by our numerical simulations including the
expansion process as shown in Fig. 3.12(c),(d), verifying the creation of Shankar
skyrmion in the experiments.

The Shankar skyrmion exhibits interesting synthetic electromagnetic prop-
erties. Applying a rotation exp

[−iωLTLF(1) · B̂q
]

to the reference ferromagnetic
spinor (1,0,0)T

z , and using Eqs. (2.49) and (2.50), we can analytically evaluate
the spin texture and obtain the synthetic electric and magnetic fields, which in
the scaled spherical coordinate system read

E∗
s (r′,θ′,ϕ′)= 2gFµBbq

q∗ sin2(πξ′)
[
θ̂
′−cot

(
πξ′
)
ϕ̂′
]

sinθ′, (3.10)

and

B∗
s (r′,θ′,ϕ′)=− 4π2~

q∗R2
sin2(πξ′)

(πξ′)2

[
cosθ′r̂′−πξ′ sinθ′ cot

(
πξ′
)
θ̂
′−πξ′ sinθ′ϕ̂′

]
,

(3.11)
respectively, where we have defined ξ′ = r′/R. The field lines are presented
in Fig. 3.11(d),(e). We observe that the synthetic magnetic field consists of
knotted field lines. In fact, these constitute the Hopf fibration with charge
H = 1. The field lines of the synthetic electric field, on the other hand, lie on
spherical surfaces and twist about the z axis. The twisting reverses at the radius
corresponding to the skyrmion core at r′ = R/2.
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(a) (b) (c)

(d) (e)

(f) (g) (h)

(i) (j)

Figure 3.13. Skyrmion in (a)–(e) biaxial nematic phase and (f)–(j) cyclic phase. Panels (a) and
(f) schematically show the orientations of the order parameter along the three
coordinate axes and the ring formed by the π rotation of the initial state in the
xy plane. Preimages of horizontal and vertical biaxial nematics are shown in (b)
and (d), respectively, where the color shows the rotation angle about the symmetry
axes (b) C4 and (d) C2. Panels (c) and (e) show the isosurfaces |ψ(2)

2 |2 = 0.4 and
|ψ(2)

−2|2 = 0.4, respectively, for the biaxial nematic skyrmion. Panels (g) and (i) show
the preimages of the south-pole and north-pole cyclic states, respectively, and the
color represents the rotation angle about the axis C3. Panels (h) and (j) show the
isosurfaces |ψ(2)

1 |2 = 0.4 and |ψ(2)
−1|2 = 0.4, respectively, for the cyclic skyrmion. The

figure is adapted from Publication VI.

3.4.3 Three-dimensional spin-2 skyrmions

In Publication VI, we theoretically and numerically study three-dimensional
skyrmions in the biaxial nematic and cyclic phases of F = 2 BECs. For this
purpose, we introduce several reference order parameters. Using the Majorana
representation of the spin-2 order parameters, shown in Fig. 2.2, as a basis for
naming various spinors, we define the horizontal and vertical biaxial nematic
reference spinors as ζ(2)

b,h = (1,0,0,0,1)T /z
p

2 and ζ(2)
b,v = (0,1,0,1,0)T

z /
p

2, respec-
tively. Furthermore, we define the north-pole and south-pole cyclic spinors as
ζ(2)

c,n = (1,0,0,
p

2,0)T
z /
p

3 and ζ(2)
c,s = (0,

p
2,0,0,1)T

z /
p

3, respectively.
To imprint the skyrmion textures, we follow the method that was used to

create quantum knots in Ref. [31] and Shankar skyrmions in Publication V.
The condensate is initially in one of the biaxial or cyclic reference spinor states
listed above. Subsequently, the quadrupole-magnetic field [see Eq. (3.1)] is
suddenly brought into the middle of the condensate using a highly nonadiabatic
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creation ramp. In the resulting temporal evolution, the spinor rotates in spin
space such that ideally ζ(2)(r, t) = exp

[−itωL(r)B̂q ·F(2)
]
ζ(2)(r,0), where ωL =

gFµB|Bq|/~ and B̂q =Bq/|Bq|. These spin rotations correspond to the rotations
of the Majorana configurations about the local magnetic field. The duration
of this Larmor precession is chosen such that the spinor assumes its initial
orientation at the boundary of the condensate, and hence we can compactify the
volume containing the texture into S3. We classify these skyrmions with the
integer-valued mapping degree map, which is identified with the number of
times the order parameter space is covered inside the volume.

In Fig. 3.13 we show the analytically obtained Majorana representations of the
skyrmion structures for horizontal biaxial nematic and south-pole cyclic states.
Furthermore, the numerically obtained preimages of horizontal and vertical
biaxial nematic states as well as the south-pole and north-pole cyclic states are
shown. The mapping degree in each case is equal to the number of preimage
loops multiplied with the number of times the order parameter rotates about its
symmetry axis along a loop. In the biaxial skyrmion, we obtain b

map = 16 and
in the cyclic skyrmion, c

map = 24. The particle densities in Fig. 3.13(c),(e),(h),(j)
could be used as an experimental signal for the F = 2 skyrmions. In Publication
VI, we further observe that the skyrmions are unstable against the decay of the
underlying magnetic phase during temporal evolution. However, their lifetimes
are estimated to be long enough to allow for possible experimental detection.
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The objective of this dissertation was to study novel creation mechanisms for
topological defects and textures and their dynamical properties in spinor BECs
using both numerical and experimental methods. We have analyzed a wide
spectrum of topological structures, including quantized vortices, SO(3) vortices,
monopoles, quantum knots, and various types of skyrmions.

In Publication I, motivated by the experiments of Ref. [33], we simulated
the creation and dynamics of two-dimensional skyrmions in polar spin-1 BECs.
Our simulations quantitatively agreed with the experiments. We explained the
experimentally observed instabilities by introducing both dissipation and the
quadratic Zeeman term in the simulations.

In Publication II, we applied a counterdiabatic protocol in a vortex pumping
scheme in spin-1 BECs. Our results showed that the requirement of adiabaticity
in vortex pumping can be relaxed by employing the counterdiabatic scheme.
The counterdiabatic method suppressed the nonadiabatic losses related to rapid
pumping compared with the case without the counterdiabatic fields and demon-
strated the highest angular momentum per particle reported to date for a vortex
pump.

In Publication III, we studied the decay dynamics of the isolated monopole
in the presence of a quadrupole magnetic field. We experimentally observed
that the condensate evolves from the polar to the ferromagnetic phase, and
the monopole is replaced with a Dirac monopole as a result of the magnetic-
phase transition. The Dirac monopole was observed to be connected to two
spontaneously emerging nodal lines which appeared as two singly quantized
vortices terminating at the monopole. We characterized the emergent Dirac
monopole by measuring the particle densities of the spin states projected along
three orthogonal quantization axes. Furthermore, the monopole decay was
shown to accelerate at weaker magnetic-field gradients. Our experimental
observations were in quantitative agreement with simulations.

In Publication IV, we applied the counterdiabatic protocol in a novel fashion
in the creation of quantum knots in the polar spin-1 BECs. We provided an
analytic solution to the magnetic-field control scheme and showed by numerical
calculations that the method can be used to create multiply charged nested
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quantum knots.
In Publication V, we experimentally observed Shankar skyrmions in ferro-

magnetic spin-1 BECs and theoretically analyzed the synthetic electromagnetic
properties of this structure. This experiment marked the first instance of a
topological three-dimensional skyrmion experimentally imaged in a quantum
system. The associated synthetic magnetic field is analogous to the topological
theory of ball lightning, displaying a set of closed magnetic field lines that are
linked with each other exactly once.

In Publication VI, we numerically studied the creation and stability of three-
dimensional skyrmions appearing in spin-2 BECs. We focused on the magnetic
phases not available in spin-1 BECs, the biaxial nematic and cyclic phases.
We analyzed the resulting skyrmions and observed that they have high map-
ping degrees. The skyrmions are observed to be unstable against the decay of
the underlying phase, but their lifetime was estimated to be long enough for
experimental observation.

In Publication VII, we experimentally studied the creation of singular SO(3)
vortices in spin-1 BECs. These vortices were deterministically created from
the decay of an initially nonsingular coreless-vortex structure. The core of the
resulting vortices was filled with polar magnetic phase forming an interface
between the polar core and ferromagnetic boundary of the condensate.

In Publication VIII, we experimentally studied the dynamics of quantum knots
in a uniform magnetic field. The knot structure was observed to give rise to the
decay of the polar magnetic phase to the ferromagnetic phase of the condensate.
For long evolution times, we observed the emergence of a polar-core spin vortex.
The final structure is similar to that observed in the decay of isolated monopole
in a uniform magnetic field in Ref. [126], suggesting a possible underlying
universal property in the observed topological transitions.

This dissertation provides a solid foundation on studies of topological defects
and their dynamics in spinor BECs. It further focuses on novel creation mecha-
nisms, utilizing methods such as counterdiabatic protocol and magnetic-phase
decay in the creation of various structures. These methods can motivate future
topological experiments in spinor BECs.

In the future, a detailed characterization of the dynamical instabilities related
to the monopole and knot structures is an important theoretical goal. On the
experimental side, interesting future research that is approaching experimental
attainability includes studies of topology in the spin-2 regime. The cyclic and ne-
matic phases in spin-2 BECs support non-Abelian vortices which in turn can give
rise to phenomena such as non-Abelian superfluid turbulence [133] and topologi-
cal backaction [134]. Furthermore, magnetic dipole–dipole interactions, while
negligibly small in rubidium and sodium condensates, can play an important
role in condensates of other atomic species such as chromium [135] and dyspro-
sium [136]. These interactions can give rise to phenomena such as Einstein–de
Haas effect [137] and spontaneous demagnetization of the condensate [138]
which can have topologically interesting consequences.
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Today, BECs have established their place in the research of fundamental
physics as versatile and ever-capable platforms for the study of quantum physics.
The pace of research in this field has shown no signs of slowing down. Thus, we
can expect that both condensates and the quantum simulations they provide
of the various physical phenomena will continue to be relevant and provide us
with new scientific knowledge for years to come.
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[41] J. Dalibard, F. Gerbier, G. Juzeliūnas, and P. Öhberg, Rev. Mod. Phys. 83, 1523
(2011).
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