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1. Introduction 

Landslides cause significant damage to the infrastructure and loss of lives 
around the world each year. From 2004 to 2010, 2620 fatal landslides were rec-
orded, causing a total of 32,322 recorded fatalities [10]. Another report con-
cluded that 500 lives have been lost in landslides associated with dams and res-
ervoirs in 37 separate events due to human cause from 2003 t0 2012 [11]. There-
fore, to protect people and constructions against the negative impacts of land-
slide hazards, it is important to study the landslide to address these key ques-
tions: In which condition, do landslides occur? How fast and far will landslides 
move? 

To address these questions, one needs to have proper numerical tools that can 
predict the failure and post-failure of landslides. Material Point Method (MPM), 
proposed by Sulsky et al. [12], appears to be an attractive method for this pur-
pose. Indeed, MPM has been used extensively to simulate the landslides in the 
past ten years. However, there is very little research to access the reliability of 
the MPM for landslide modelling especially when there is no strong theoretical 
underpinning behind the MPM. In this study, this research examines the capa-
bility of the MPM for modelling landslides. Our research questions are: what are 
the advantages and limitations of the MPM and how to improve the MPM algo-
rithmic performance for landslide modelling? Our goal is to validate the capa-
bility of the MPM with various benchmarks before replicating a landslide case 
study: the spread failure of the Sainte-Monique sensitive clay landslide in Que-
bec in 1994. Furthermore, the improvement of the MPM algorithm is proposed 
to make this method more attractive and more reliable in practical applications 
and for landslide modelling. 

1.1 Main contributions 

The references of my own contribution are listed in the reference list with Ro-
man numerals [i-ix].  

1.1.1 Validation of the existing MPM algorithm for the landslide model-
ling 

A simple soil model is adopted considering strain-rate effects, shear strength 
degradations and water content dependencies to capture the mechanical prop-
erties of sensitive clays. Then, the MPM model is validated with the theoretical 
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and experimental results of fall cone penetration tests and sensitive clays quick-
ness tests before simulating a case study: the Sainte-Monique sensitive clay 
landslide. This research focuses on analysing the numerical stability and accu-
racy of the MPM. The validation aims to have a better understanding of the ad-
vantages and limitations in the landslide modelling. 

1.1.2 A new formulation to enhance the stability of the MPM 

Based on the previous validation, non-physical pressure oscillation was ob-
served in the explicit MPM solution. This oscillation is found not only in the 1-
phase MPM but also in the 2-phase explicit MPM solution. Therefore, a tem-
poral and a null-space filter is developed for the MPM. Some numerical exam-
ples have been demonstrated to show the capability of the new formulation in 
both 1-phase and 2-phase formulation. 

1.1.3 A new interpolation technique to improve the accuracy of the 
MPM 

In literature, the MPM commonly shows a low-order spatial convergence rate 
or non-convergent solutions [13, 14, 15, 16]. Consequently, it is required to have 
excessive number of material points to obtain the required numerical accuracy, 
for example in the validation in section 1.1.1. Hence, it is not efficient to model 
the large-scale landslide model. In this section, a new interpolation method is 
developed, referred as  Convected Particle Least Squares Interpolation Material 
Point Method (CPLS). The proposed method is shown to improve the conver-
gence rate and accuracy of the numerical solutions in simulations involving the 
large deformation. 

1.2 Outline of the dissertation 

The thesis is organized into 6 Chapters as follows: 
- Chapter 2: this chapter presents the detailed algorithm of the Material 

Point Method; different versions of the MPM; the state-of-the-art in the 
stability and accuracy of the MPM and overview of the MPM applications. 

- Chapter 3: The strain-rate softening constitutive model is presented and 
validated with the fall cone tests and the quickness tests. Finally, the Sainte-
Monique sensitive clay landslide was simulated and analysed. 

- Chapter 4: The temporal filter and the null-space filter are presented. Then, 
the detailed implementation of the formulation is also described and fol-
lowed by the numerical examples. 

- Chapter 5: This chapter presents a mathematical development of the new 
MPM algorithm: Convected Particle Least Squares Interpolation Material 
Point Method. The capability of the new formulation to improve the accu-
racy for the MPM is shown by using the Methods of Manufactured Solu-
tions. 

- Chapter 6: The main findings from the work presented in this thesis and 
the recommendations for the future research are given.
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2.Overview of the Material Point 
Method 

The Material Point Method is the extension of the Particle-in-Cell (PIC) 
method which was proposed by Harlow [17] in 1964 at Los Alamos National La-
boratory. However, the original PIC exhibited significant energy dissipation. 
This drawback was overcome by the introduction of Fluid Implicit Particle 
method (FLIP) by Brackbill and Ruppel [18] in 1986. Both PIC and FLIP are 
mainly applied to fluid dynamics. In 1994, Sulsky et al. [12, 19] modified the PIC 
method to solid mechanics by calculating the stress and strain on material 
points using a constitutive model rather than solving fluid pressure at the cell 
centroid as in PIC and FLIP. Later, Sulsky and Schreyer [20] introduced the 
axisymmetric formulation of this method and for the first time named the 
method the Material Point Method (MPM). This chapter summarizes the MPM 
formulation in section 2.1 and introduces different versions of the MPM in sec-
tion 2.2. It is followed by the discussion of the accuracy and stability of the MPM 
in section 2.3, and the application of the MPM in section 0.  

2.1 Material Point Method formulation 

2.1.1 Governing equations 

The dynamic governing equations can be written as: 

 
d
dt

= . +    for  (1) 

where  is the Cauchy stress tensor,  is the density,  is the body acceleration, 
  is the velocity vector and  is the coordinate vector. The Dirichlet and Neu-

mann boundary conditions are: 

 =   for  (2) 

 . =   for  (3) 

where  is the pre-described displacement vector of the boundary ,  is the 
normal vector of the boundary  and  is the pre-described traction. The weak 
form of the governing equations can be written as: 
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d
dt

. d = − ∶ d +  . d  + .  d   (4) 

where  is a test function. Denoting the acceleration vector =  and the terms 

in the right-hand side of the equation (4) respectively as ,  and , the 
discrete equations can be written in a simple form as follows: 

 = + +  (5) 

The subscript i denotes the nodes of the background grid while the subscript p 
denotes the material points.  

2.1.2 Time discretization 

The numerical solution of the momentum balance in equation (5) is obtained at 
discrete time steps using the semi-implicit Euler time integration where dt is 
the time step. The solution in both nodes and material points in the current time 
step is denoted by a superscript t and the next time step is: 

 t = t + dt (6) 

At the first of each time step, the nodal mass m , the velocity  and the internal 
force ,  are mapped from the material point mass m , the material point ve-
lociy  and the material stress  and volume V  as follows: 

 m = S m  (7) 

 =
∑ S m

m
 (8) 

 , = − ∇S V  (9) 

where S  and ∇S  are respectively the nodal value of the weighting function and 
the gradient of the weighting function evaluated at the material point p. Then, 
the nodal external force ,  is calculated by: 

, =  d =  S
V
L

 (10) 
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where  is the value of the traction forces of the material points,  is the normal 
vector of the traction area and V L⁄  is the current traction area for the structure 
grid. Another approach to impose more accurately the general boundary condi-
tion for the implicit MPM such as by Cortis et al. [21] and by Bing et al. [22]. 
After the mapping from the material points to the grid nodes, the nodal acceler-
ation  and velocity in the next time step  are calculated as: 

 =
, + ,

m
+ − c  (11) 

 = + dt (12) 

where  is the gravitational acceleration, c is the damping coefficient. After solv-
ing the motion equation, the boundary condition (symmetry or Dirichlet) is ap-
plied to nodal velocity  and then the acceleration at the boundary is updated 
as: 

 =
−

dt
 (13) 

Next, the positions and velocities of material points are updated using the 
semi-implicit Euler time integration: 

 = + S dt (14) 

 = + S dt (15) 

The gradient velocity is updated using the gradient mapping: 

 = ∇S  (16) 

Other quantities such as the deformation gradients , the volumes of the 
material points are updated in this step: 

 = ( + dt)  (17) 

 
V = det V  (18) 

Finally, the constitutive model is solved to update the stress  before reset-
ting the grid configuration. 
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2.2 General form of the weighting functions  

Figure 1 Citations of the MPM and the GIMP (google scholar) 

Although Sulsky et al. [12] firstly introduced the algorithm of the Material 
Point Method, Bardenhagen and Kober [13] generalized the interpolation tech-
nique for the MPM, referred as Generalized Interpolation Material Point 
(GIMP) Method. Since then, the MPM and the GIMP are commonly cited and 
used in literature (see Figure 1). The key point of GIMP is how to define the 
weighting function. Considering an entire domain of the background grid, the 
GIMP weighting function is defined as a convolution of a grid shape function 

( ) in a nodal domain Ω  and a characteristic function ( ) in a particle do-
main  Ω  as follows: 

 S =
1

V
( ) ( )d

 ∩ 
 (19) 

where V  is the volume of the material point p, which can be calculated as: 

 V = ( )d  (20) 

Equation (19) is the general form of the weighting functions and different 
MPM variants are distinguished by the choice of the characteristic functions and 
the grid shape function. In this integral form, if the characteristic function is the 
Dirac delta function, the material point is considered as a discrete point. If the 
material point is considered as a domain, the characteristic function is the Heav-
iside function as: 

 (x) = 1            if x ϵ Ω
0        otherwise

 (21) 

Depending on whether the characteristic function is the Dirac delta function 
or the Heaviside function, GIMP distinguishes the MPM formulation into two 
categories depending on whether the material point is a discrete point or a do-
main (see Figure 2).  
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Figure 2 Timeline of Material Point Method evolvement 

Notations Name of the methods 
MPM Material Point Method (Sulsky et al 1994) [12] 
GIMP Generalized Interpolation Material Point Method (Bardenha-

gen and Kober 2004) [13] 
B-spline 

MPM 
B-spline Material Point Method (Steffen et al. 2008) [15] 

WLS Weighted Least Square (Wallstedt and Guilkey 2009) [23] 
CPDI Convected Particle Domain Interpolation (Sadeghirad et al. 

2011) [24] 
DDMP Dual Domain Material Point Method (Zhang et al. 2011) [25] 
CPDI2 Convected Particle Domain Interpolation 2 (Sadeghirad et al. 

2013) [26] 
iMPM Improving Material Point Method (Sulsky and Gong 2016) [27] 
CMPM Composite Material Point Method (Acosta et al. 2017) [28] 
iMLS Improved Moving Least Squares MPM (Tran et al. 2019) [ii] 
TLS Taylor Least Squares MPM (Wobbes et al. 2019) [29] 

CPLS Convected Particle Least Squares Interpolation (Tran et al. 
2019) [vi] 

The first category is to consider the material point as a discrete point. In this 
path, the MPM development trend is to employ higher order grid shape function 
rather than linear basis function such as B-spline functions [15], higher order 
gradient of the weighting function [25] or using Lagrange basis function [28].  
The second category is to consider the material point as a domain. In this path, 
the MPM development trend is to improve the evolvement of the material point 
domain while still using the linear grid basis function such cpGIMP [13], CPDI1 
[24] and CPDI2 [26].  
In addition, a function reconstruction can be used to improve the accuracy of 
the MPM. This approach applies a least squares method to reconstruct the func-
tion (density, velocity or stress) from the material point data. Then the function 
is integrated in the background grid using quadrature rules in a similar way to 
Finite Element Method. In this trend, Wallstedt and Guilkey [23] firstly intro-
duced the function reconstruction by combining GIMP and weighted least 
squares method. Later, Sulsky and Gong [27] proposed the moving least squares 
for the MPM; Wobbes et al. [29] presented Taylor least squares for the B-spline 
MPM and we introduced the improved moving least squares [ii] for the MPM. 
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In this research (in Chapter 5), the improved moving least squares method is 
combined with CPDI to improve the accuracy and stability of the function re-
construction method, refer as Convected Particle Least Squares Interpolation 
Material Point Method (CPLS) [vi]. 

2.2.1 Material Point Method (MPM) 

The original MPM formulation of Sulsky et al. [12] can be retrieved by select-
ing the grid shape function as the linear basis function and the characteristic 
function as the Dirac delta function. The form of the linear basis function for a 
node x , written in 1D as: 

 S (x) = 1 − sign(x − x )(x − x ) L⁄ ;    0 < (x − x ) ≤ L
0                                                        otherwise            

 (22) 

where L  is the size of the grid cell. 

2.2.2 Generalized Interpolation Material Point Method (GIMP)     

GIMP method [13], denoted as cpGIMP, selected the grid shape function as 
linear basis function and the characteristic function as the Heaviside function. 

Figure 3. cpGIMP weighting functions (red) as a convolution of the linear basis 
shape function (green) and the Heaviside characteristic function (blue) 

Figure 3 shows the schematic of the calculation of GIMP weighting functions 
in one dimension. The integral domain (red dash area) is the overlap of the grid 
shape function ( ) (green) and the characteristic function ( ) (blue) and the 

net results of the integral in equation (19) can be calculated analytically, with 
the current volume of the particle domain V = 2l , resulting in: 
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S =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧1 −

(x − x ) + l
2L l

;                               |x − x | ≤ l                             

1 −
sign(x − x ) x − x

L
;                l < |x − x | ≤ L − l           

L + l − sign(x − x ) x − x

4L l
;  L − l < |x − x | ≤ L + l

0                                                                 otherwise                              

 (23) 

And the gradient of the weighting functions ∇S  can be calculated by: 

∇S =

⎩
⎪
⎪
⎨

⎪
⎪
⎧−sign(x − x ) x − x

L l
;               |x − x | ≤ l                             

−
sign(x − x )

L
;                                 l < |x − x | ≤ L − l           

L + l − sign(x − x ) x − x
2L l

;  L − l < |x − x | ≤ L + l

0                                                           otherwise                                

 (24) 

Figure 4 Material point domain evolvement in the GIMP 
GIMP tracks the  particle domain by controlling two vectors , . Since the 

GIMP weighting functions depend on the particle domain which evolves in time, 
tracking the particle domain Ω  is crucial for solving the integral in equation 
(19). Different GIMP methods differ from how to evaluate the evolvement of the 
particle domain. For example, the uGIMP (undeformed GIMP) considers that 
the particle domain remains unchanged, therefore, the integral of weighting 
functions can be solved analytically. cpGIMP (contiguous particle GIMP), on the 
other hand, allows the particle domain to be stretched in the axial deformation. 
As such, two vectors ,  at the current time step t can be updated by using the 
current deformation gradient  as follows: 

 = F  (25) 

However, when the rotation deformation is large, the diagonal values of the 
deformation gradient does not represent the pure sketch deformation. There-
fore, Charlton et al. [30] suggests updating the particle domain of the cpGIMP 
from the pure stretch tensor  as follows: 

 = U  (26) 
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where the current stretch tensor  and the current rotation tensor  is com-
puted from the polar decomposition of the current deformation gradient  as 
follows: 

 =  (27) 

2.2.3 Convected Particle Domain Interpolation (CPDI1, CPDI2)    

The  uGIMP and the cpGIMP  neglect shear distortions of the material point 
domains. To consider the shearing deformation, Andersen [31] applied Gauss-
ian quadrature to the integral in equation (19) but this method is computation-
ally expensive. Convected Particle Domain Interpolation Method (CPDI1) [24] 
introduces a parallelogram particle domain in 2D to consider the shearing de-
formation and approximates the integral in equation (19) by an interpolation at 
the parallelograms’ corners using 4-node quadrilateral finite element. Then, at 
the current time step t, the CPDI particle domain is updated by: 

 =  (28) 

Figure 5 Particle domain in different MPM variants 
As particle domains are prescribed as a parallelogram, the corner coordinates 
could be calculated from the particle coordinate  and two vectors  and  as: 

 

= − −  

= + −  

= + +  

= − +  

(29) 

The CPDI1 weighting function and the gradient of the weighting function can be 
calculated using the linear basis function  [24] as follows: 

S = S =
1
4

( ) + ( ) + ( ) + ( )  (30) 

S = S =
1

2V

⎩
⎪
⎨

⎪
⎧ ( ) − ( )

−
−

 

+ ( ) − ( )
+

− − ⎭
⎪
⎬

⎪
⎫

 (31) 
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On the other hand, CPDI2 enhances the flexibility of material point domain 
by introducing a quadrilateral particle domain in 2D by tracking the domain 
corner individually. The alternative CPDI2 weighting function is: 

S = S =
1

24V
6V 1 − a − b ( ) + 6V − a + b ( )

+ 6V + a + b ( ) + 6V + a − b ( )  

(32) 

where:     a = (x − x )(y − y ) − (x − x )(y − y ) 

b = (x − x )(y − y ) − (x − x )(y − y ) 

(33) 

The gradient of the CPDI2 weighting function is: 

S = S =
1

2V

⎩
⎪
⎨

⎪
⎧ ( ) y − y

x − x
+ ( ) y − y

x − x

+ ( ) y − y
x − x

+ ( ) y − y
x − x ⎭

⎪
⎬

⎪
⎫

 (34) 

Figure 6 Schematic of an elastic ring 
under loading at inner boundary  

Figure 7 Initial condition  

Figure 8 GIMP solution leading ma-
terial point separation (extension in-

stability) 

Figure 9 CPDI1 solution with no ma-
terial point separation 

Apart from considering the shear distortion of the material point domain, CPDI 
also avoid the extension instability in the MPM. For example, an elastic ring 

                                                           
1 In the CPDI2 paper [26], it was written as (1-a-b) but then corrected by 6V − a − b  
by Brannon 
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under loading at the inner boundary (Figure 6 and Figure 7 for initial condition) 
can separate the material points connection by using GIMP (Figure 8), referred 
as the extension instability while CPDI can keep the material points connected 
(Figure 9). Furthermore, apart from the quadrilateral particle domain, CPDI 
can be extended to a triangular domain in 2D; a polygonal (Voronoi) domain in 
2D [32] or a tetrahedron domain in 3D [33] referred as CPTI, with the similar 
construction of the weighting function of the CPDI. However, some issues of 
CPDI2 are reported that CPDI2 with quadrilaterals and triangular domain ex-
hibit non-physical solution under a very large rotation [34]. 

2.2.4 Dual Domain Material Point Method (DDMP) 

DDMP [25] only modifies the gradient form to be continuous between the grid 
cells. DDMP enlarges the influence domain of material points through dual do-
mains - a cell contains the material points (grey cell in Figure 10) and neigh-
bour-node cells (blue dash cell in Figure 10). The weighting function gradient in 
the cell which contains the material points is the linear basis ∇S , while the 
weighting function gradient in the neighbour-node cells is the node-based func-
tion ∇S . 

Figure 10 Schematic of different mapping scheme in the MPM 

In DDMP, the nodal gradient of the weighting function at a node i is modified 
from the original gradient of the linear shape function ∇S  to: 

 ∇S ( ) = ( )∇S + [1 − ( )]∇S  (35) 

where ( ) is the bounded function and the node-based function ∇S  being: 

 ∇S ( ) =
S ( )

V
S ∇S dv (36) 

where N  is the total number of the nodes and V = ∫ S dv is the nodal volume 

at node j. The integral  ∫ S ∇S dv can be solved analytically, as the background 

grid remains unchanged during the calculation. The integral in equation (36) is 
a convolution of the gradient of the grid shape function and the characteristic 
function of the neighbour nodes. In principal, the gradient of the DDMP 
weighting function is weighted by the convolution in equation (19) and the con-
volution in equation (36). 
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Figure 11 Gradient of the weighting function in 1D 

Figure 11 shows the gradient of the shape function in a one-dimensional case. 
The gradient of the shape function is continuous only if  is continuous and  = 
0 at cell boundaries. The choice of  can retrieve the gradient of the shape func-
tion of other versions of the MPM as follows: 

 S =
∇S  for MPM, = 1
∇Si for DDMP, =

∇Si for cpGIMP, =
 (37) 

The function , for DDMP  can be written as: 

( ) = 0.5 n S ( )  ( )  (38) 

where n  is the total number of nodes in a cell and  S ( ) is the linear basis 
shape function of the node i and n  = 1, 2, 3 is the number of the di-
mension of the problem. For the cpGIMP,  is set as: 

(x)  =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ 1 −

2|∆x|
l

∆x
∆x − 2sign(∆x)|∆x|            , |∆x| ≤ l

1 +
|∆x|

l
(∆x − sign(∆x)L )

∆x − sign(∆x)(L + |∆x|)
, L − l < |∆x| ≤

1 −
|∆x|

l
.

∆x − sign(∆x) L + l

∆x − sign(∆x)(L + |∆x|)
   , L < |∆x| ≤ L

1                                                                       , else

(39) 

where the gradient of the shape function in the cpGIMP depends on the 
interval length ∆x = x − x , cell spacing L  and the current material point’s 
domain 2l  which evolves with the deformation of the material point, cor-
responding to the cpGIMP.  Figure 12 shows the function  for both the 
GIMP and the DDMP. 
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 Figure 12   function for GIMP and DDMP 

2.2.5 B-spline Material Point Method (B-spline MPM) 

The construction of B-spline basis functions base on a knot vector, denoted by 
 = { 1, 2, … n+j, n+j+1}, where 1  2 …  n+j  n+j+1 are knots with n and j 

being number of the basis functions and polynomial order respectively. If knots 
are distributed equidistantly, the knot vector is uniform. Otherwise, it is non-
uniform. A Knot vector is open if the first and last knots are repeated j + 1 times. 
Polynomial order j = 0, 1, 2, 3 are referred to constant, linear, quadratic, cubic 
B-spline shape function. Given a knot vector, the B-spline basis function at i-th 
knot is denoted as Si,j. The zeroth order basis are constant (j = 0): 

 S , =
   0,     

1, otherwise
 (40) 

For j  1, the basis functions are defined by: 

 S , ( ) =
−
−

S , ( ) +
−

−
S , ( ) (41) 

B-spline basis functions satisfy the partition of unity and are non-negative. 
The derivative of the basis functions in one-dimensional S , ( ) can be calcu-
lated as: 

 S , ( ) =
j
−

S , ( ) +
j
−

S , ( ) (42) 

 

Figure 13 Quadratic B-spline for an open, uniform knot vector  = 
{0,0,0,1/3,2/3,1,1,1}  
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2.2.6 Least squares function reconstruction for the MPM 

The least squares approximation of an unknown function u( ) is: 

 u ( ) = p ( ) a ( ) = ( ) ( ) (43) 

in which ( ) is the polynomial basis vector, ( ) is the unknown coefficient 
vector and n  is number of basis functions. Given a set of N data points with 
position {x}  and values of these points {u} , the coefficient vector can be com-
puted by minimizing the weighted least square error J given by: 

 J = w − ( ) ( ) − u  (44) 

where w − ≥ 0 is a positive weighting function. Then, after differentiating 
the weighted least squares error J with respect to ( ) and setting it to zero to 
obtain: 

  J
 a

= 2 w − ( ) ( ) ( ) − u = 0 (45) 

Equation (45) can be rewritten in matrix form as: 

 ( ) ( ) = ( )  (46) 

where  is the moment matrix and  and  can be written as: 

 ( ) = w −  (47) 

 
( ) = [w( − ) ( )     w( − ) ( )    …      w( − ) ( )] (48) 

 
=  [u  u … u ]  (49) 

The function of density, velocity or stress is reconstructed in the background 
grid by solving equation (46). Then the function is integrated to the background 
grid using quadrature rules. Different versions of the least squares MPMs can 
be distinguished by the choice of the interpolation function, the weighting func-
tion and the polynomial sets. Table 1 summarizes different versions of the least 
squares MPMs. Several interpolators can be used such as MPM, GIMP, B-spline 
MPM, affine Particle-in-cell and CPDI. The traditional moving least squares 
method was introduced by Sulsky and Gong 2016 [27] for the MPM and was 
used elsewhere [35, 36]. Others adopted the MLS to the affine Particle-in-Cell 
(APIC) [37] such as by Fu et al. (PolyPIC) [38] and by Hu et al. (MLS-MPM) 
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[39]. Other methods improve the conservative properties of least squares 
method such as TLS [29]. In this research, we proposed using the orthogonal 
polynomials [ii,vi] to avoid the instability of moving least squares. Overall, the 
least squares method can improve the spatial accuracy but it becomes difficult 
to get the optimal convergence rate in the general boundary condition as 
reported by Sulsky and Gong [27]. 
 Table 1 Summary of least squares reconstruction used for the MPM 

Method Interpolator 
based on 

Weighted least 
squares func-

tion w( ) 

Polynomial 
sets ( ) 

Weighted Least Squares 
[23] 

GIMP [13] Quadratic spline Monomials 

High-order PIC [40] PIC [17] splines Monomials 

Improved MPM [27] MPM [12] B-splines Monomials 

PolyPIC [38] APIC [37] B-splines Monomials 

MLS-MPM [39]  APIC [37]/ 
PolyPIC [38] 

B-splines Monomials 

Taylor least squares [29]  B-spline [14] - Taylor basis 

Improved MLS [ii] MPM [12] B-splines Orthogonal 

MLS B-spline [iii] B-spline [14] B-splines Monomials 

CPLS [vi] CPDI [24] B-splines Orthogonal 

2.3 The accuracy and the stability of the MPM 

2.3.1 Cell-crossing errors 

Figure 14 cell-crossing instability in the MPM 
The cell-crossing instability reduces the accuracy of the original MPM. Figure 

14 demonstrates the phenomenon. Considering a  1D example, with 2 material 
points per cell, with the same stresses at all material points, the system reaches 
equilibrium as the nodal internal force, computed from equation (9), is zero. 
However, when a material point moves to a new cell, the system suddenly turns 
into non-equilibrium condition with non-zero nodal internal forces, leading a 
sudden jump of the grid acceleration field [41]. That cell-crossing error is caused 
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by the discontinuous gradient of the weighting functions. The discontinuity in 
the weighting function gradient results in a sudden change of the stress when a 
material-point crosses to a new cell. It can be mitigated by using a smooth gra-
dient of the weighting function such as in the GIMP, the DDMP, the B-spline 
MPM. 

2.3.2 Quadrature and projection errors 

Steffen et al. [14] indicates that quadrature errors in the MPM are due to the 
first-order integration of the field quantities such as the integration of the den-
sity and the stress in the background grid. Therefore, the MPM integration is 
less accurate than FEM which uses Gauss integration. The quadrature errors 
reduce the accuracy, leading to the reduction of the spatial convergence rate for 
the numerical solution. Steffen et al. [14] also demonstrate that this error can 
be reduced by using higher order weighting functions such as the GIMP and the 
B-spline MPM. 

Apart from quadrature errors, the MPM uses first-order Shepard interpola-
tion [27] to project the velocity from material points to grid nodes. Different 
methods have been used to improve the accuracy in the velocity projection in 
the MPM. For example, Wallstedt and Guilkey [42] showed that in some cir-
cumstances, the velocity gradient enhancement can reduce the velocity projec-
tion errors. The velocity gradient enhancement can be applied to the MPM al-
gorithm by replacing the velocity update in equation (8) by: 

 =
∑ S m − −

m
 (50) 

Similarly , Jiang et al. [43, 37] suggested updating the velocity by: 

 =
∑ S m + S m

m
 (51) 

where the tensor  is calculated by: 

 = S − −  (52) 

 While both approaches above consider velocity gradient in the velocity projec-
tion, the difference between equation (50) and equation (51) is that the former 
only considers a linear velocity field (by 3 components in ) while the latter 
considers both a linear and a rotated velocity field (by 9 components in ) in 
order to obtain the conservation of angular momentum. 

Apart from the velocity gradient enhancement, a least squares interpolation, 
presented in section 2.2.6 is applied to achieve higher order of polynomials for 
the velocity projection. In Chapter 5, a new least squares interpolation tech-
nique is proposed for the MPM to avoid the instability of the traditional least 
squares interpolation due to the singular matrix. 
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2.3.3 Conservation errors 

Ideally, in a physical-based dynamic simulation system, linear momentum, 
angular momentum and energy should be conserved. In the MPM algorithm, 
linear momentum is conserved in the transfer between material points and grid 
nodes as well as in the balance equations. The former is satisfied because of the 
partition of unity of the weighting function and the latter is enforced by govern-
ing equation. The other quantities (angular momentum and energy) are not al-
ways conserved for M the PM. 

Bardenhagen [44] investigated the energy conservation errors with different 
stress update schemes for the MPM including Update-Stress-Last (USL) and 
Update-Stress-First (USF). The former updates the stress at the end of the time 
step while the latter updates the stress at the beginning of the time step. Barden-
hagen showed that the USL is energy-dissipative while USF is energy-conserva-
tive for the vibration example. However, he suggested the USL and it is com-
monly used in the MPM community. Another scheme is the modified USL 
(MUSL) presented by Sulsky [19]. This method remaps particle velocity to the 
grid nodes at the end of the time step before computing the particle velocity 
gradient for stress computation. Nairn [45] proposed the Update-Stress-Aver-
age (USAVG) as the stresses of material points are weighted from USF and USL. 

To conserve angular momentum, Jiang et al. [43, 37] proposed a locally affine 
transfer and an implicit solver in the framework of PIC. The new method, re-
ferred as affine PIC, shows conservation of linear and angular momentum but 
no energy conservation due to the dissipative properties of PIC. 
Love and Sulsky [46, 47] demonstrated a MPM formulation to achieve an exact 
conservation of linear momentum, angular momentum and energy by using an 
implicit solver and a consistent mass matrix. Although full conservation is ob-
tained, this approach is not preferable in practice as the consistent mass matrix 
may be singular for certain material point configurations. 

2.3.4 Null-space errors (Ringing instability) 

The null-space error (ringing instability) was firstly introduced by Brackbill 
[48] in 1988. Brackbill define that “the null-space/ringing instability occur be-
cause of a mismatch between the material points and grid nodes as the Fourier 
modes in material points with wavelengths shorter than the grid spacing are 
indistinguishable at the grid nodes”. For example, if we solve a wave propaga-
tion problem using the MPM, we can describe the velocity of the material points 
in a waveform. This velocity waveform can be decomposed into different fre-
quency uniformed waves (sinusoidal waves) by using the Fourier transform 
analysis. The maximum number of uniformed waves will be equal to the number 
of the degree of freedoms (or number of material points). When transferring 
these uniformed waves to the grid, some high frequency waves which their 
wavelength is longer than the grid spacing cannot be captured in the grid. When 
updating the velocity of material points, these high frequency waves will be ac-
cumulated leading to the null-space/ringing instability. This error was further 
examined and eliminated by a null-space filter proposed by Gritton et al. [49, 
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50] for the MPM. Other works suggested reducing the ringing instability and 
null-space errors by a PIC interpolation (Jiang et al. [43, 37]).  PIC interpolation 
replaces equation (14) by:  

 = S dt (53) 

The PIC scheme overwrites the velocity of material points by the nodal veloc-
ities. This scheme leads to strong numerical dissipations and diffusions; there-
fore, it is not preferable. To reduce the numerical dissipation of PIC, Jiang et al. 
[43, 37] proposed affine PIC to retain the PIC filter but conserve the angular 
momentum (see Figure 15). 

Figure 15 Ringing instability demonstration. An elastic cube hits an elastic wall 
leading to a velocity oscillation (magenta lines) of material points 
(Reproduced from Jiang et al. [37] with permission from Elsevier) 

Alternatively, XPIC(m) [51] can also filter the velocity oscillations with less 
dissipation. This method replaces current transpose mapping in the MPM by 
the Moore-Penrose inverse mapping while retaining the filter properties of the 
PIC scheme. Then the update of the velocity and the position of the material 
points in equation (14) and equation (15) are replaced by using, for example 
XPIC(2): 

 = 2 ∗ − S ∗ + S dt (54) 

 = + S dt −
dt
2

− 2 ∗ + S ∗ + S dt  (55) 

where ∗ and ∗ are calculated by: 

 ∗ = S  (56) 
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 ∗ = S ∗ (57) 

Tran et al. [viii] investigated the influence of the interpolators in the null-
space filter and found that the B-spline MPM can reduce the null-space errors 
compared to other interpolators. In Chapter 4, the null-space errors are dis-
cussed, and a new null-space filter is proposed [v] which can filter the null-space 
errors but avoid strong dissipation from PIC variants (PIC, aPIC and XPIC(m)). 

2.3.5 Non-linear instability 

In the explicit MPM formulation, the Courant-Friedrichs-Lewy (CFL) condi-
tion is commonly used to determine the critical time step for numerical solu-
tions. However, the CFL condition, which was used for the linear stability anal-
ysis, does not always ensure a stable non-linear solution for the MPM. Some 
detailed investigations were performed by Brannon [52] who demonstrated an 
unstable solution in the MPM, referred it as kinematic anomaly. Indeed, Jiang 
et al. [37] selected the critical time step considering the maximum velocity of 
material points. On the other hand, Berzins [53] proposed a critical time step 
using the non-linear stability analysis for the MPM and the GIMP. 

2.3.6 Volumetric locking and shear locking 

Some instabilities in the Finite Element Method, also occur in the MPM.  Mast 
et al. [54] demonstrated a kinematic locking including a volumetric locking for 
incompressible materials and a shear locking which induced fictitious shear 
strain and shear stresses of low order element during bending. Different anti-
locking strategies can be used such as a cell-based algorithm and a node-based 
algorithm proposed by Mast et al. [54] for the MPM, by Yang et al. [55] for the 
solid-fluid interaction in the MPM. The cell-based algorithm averages the strain 
rate of the material points in a cell which is equivalent to the use of one-point 
quadrature element. Then, the filtered strain rate ,  will be calculated as: 

, =     and    =
∑ m
∑ m

 (58) 

The node-based algorithm, on the other hand, calculates the filtered strain 
rate by a nodal interpolation as follows: 

, =  S    and    =
1

m
S m  (59) 

Another method averages the deformation gradient proposed by Coombs et 
al. [56] based on the average deformation gradient technique of the Finite Ele-
ment Method [57]. This method can be used to model the nearly incompressible 
solid material. The filtered deformation gradient ,  is calculated as follows: 
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, =
J
J

⁄

 (60) 

where J = det  is the determinant of the updated deformation gradient 
and J = det( ) is the determinant of the updated deformation gradient at 
the centroid of the cell, which is approximated by ratio of current volume  V  
and initial volume V  of all material points n  in that cell as:  

J =
∑ V

∑ V
 (61) 

Then, the velocity gradient is modified to be consistent with the modified de-
formation gradient as follows: 

  , = +
log J

J
3dt

 (62) 

where  is the identity matrix and dt is the time step. 

2.4 Application of Material Point Method 

2.4.1 Granular materials 

The Material Point Method has been applied to study granular materials since 
1999 by Wieckowski et al. [58] and Bardenhagen et al. [59]. Other researchers 
investigated granular behaviour under a silo discharge by Wieckowski [60, 61] 
and Coetzee [61]; bucket filling by Coetzee et al. [62]; impact force of granular 
materials into structure [63, 64, 65]; granular column collapses [66, 67, 68] or 
the gas-solid phase transition of the dense granular flow by Dunatunga and 
Kamrin [69, 70]. 

2.4.2 Geomechanics and Geoengineering 

The Material point method has been adopted in large deformation in geome-
chanics and geo-engineering including landslides [71, 72]; slope failure with a 
random field [73, 74] and for back analysis of the case study including Aznalcol-
lar dam [75], Hongshiyan landslide [76], Oso landslide [77], Sainte-Monique 
landslide [iv] or to simulate the slab failure of snow avalanches [78, 79]. Also, 
the Material Point Method has been used to study  penetration of foundation 
[66], fall cone tests [4, 1], quickness tests [vii] and cone penetration [80, 81]. 

2.4.3 Modelling membranes 

In 1997, York [82] modified the material point method to simulate thin mem-
branes and studied fluid-membrane interaction [83]. Ionescu et al. [84] applied 
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the MPM to study the soft tissues during penetrating trauma. The MPM was 
also used to model the behaviour of geomembranes [85, 86]; fluid-membrane 
interaction [87] and thin-walled tubes [88]. 

2.4.4 Implicit MPM 

First implementation of the implicit time integration for the MPM was pre-
sented by Cummins and Brackbill [89] in 2002. In this research, the matrix-free 
Newton Krylov was used for the implicit integration, in similar way in the work 
of Sulsky and Kaul [90]. Later, Love and Sulsky [46, 47] used consistent mass 
matrix with the implicit MPM to achieve the conservation of energy for the 
MPM. 

Guilkey and Weiss [91] applied Newton’s method to solve the increment nodal 
displacement in a linear system with a tangent stiffness matrix. This approach 
allows larger time step (limit by a strain of 50% per time step) than matrix-free 
Newton Krylov (limit by a strain of 1% per time step). Similar formulation was 
developed by Wang et al. [92] for geotechnical applications. Other works used 
the quasi-static formulation with the implicit solver such as Beuth et al. [93] 
[94] and the implicit GIMP by Charlton et al. [30], the implicit CPDI2 by 
Coombs et al. [95] on the new Lagrangian framework, namely previously con-
verged Lagrangian approach. 

Others applied the projection method to the implicit MPM for the analysis of 
incompressible materials such as Kularathna and Soga [96], Iaconeta et al. [97] 
or combining with level set method to capture the free surface flow by Zhang et 
al. [35]. 

2.4.5 Fracture, crack and material failure in the MPM 

Material Point Method was applied to modelling of the fracture and crack 
propagation by Tan and Nairn [98], Gilabert et al. [99], Nairn [45], Wang  et al. 
[100]. These approaches adopt a multi-velocity field to consider the discontinu-
ities. However, the use of the multi-velocity field is computationally expensive. 
Therefore, alternative approaches were proposed to model the cracking consid-
ering a single velocity field such as using a cohesive zone models by Daphalapur-
kar  et al. [101]; Guiamatsia and Nguyen [102]; Bardenhagen et al. [103]; using 
a kernel-based damage field model by Homel and Herbold [104, 105, 106] and 
Moutsanidis et al. [107] or an anisotropic damage model by Nairn  et al [108]; 
using the enrichment by Homel et al. [109], Liang  et al. [110] or using a phase-
field model by Kakouris and Triantafyllou [111, 112]. 

2.4.6 Contact algorithm in the MPM 

Although MPM algorithms can handle the non-slip contact, many engineering 
problems often require different physical contact interactions between bodies. 
Bardenhagen et al. [59] introduced a friction contact for the MPM in 2000. It 
was further improved and applied to stress propagation of granular materials 
[113]. This friction contact was extended to the implicit MPM [114] or friction 
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contact considering heating [115]. Other contact algorithms were proposed 
based on multi-mesh [116] and multi-material method [117]; or different nu-
merical treatment [118]; or for the adhesive contact [119]. 

2.4.7 Multi-phase coupling 

The MPM can be used to model coupled solid-fluid interaction problems. The 
one-layer material point formulation uses only a single set of material points to 
represent both the solid and liquid phases. For example, Zhang et al. [120] pro-
posed a solid velocity – fluid pressure (vs-pw) formulation [121] in the one-layer 
MPM framework and used it to solve a problem involving impact of solid bodies 
in a saturated porous media. Similarly, Zabala and Alonso [75] applied the vs-
pw MPM formulation with the strain softening Mohr-Coulomb to model the pro-
gressive failure of Aznalcollar dam. Zheng et al. [122] implemented the vs-pw 
MPM formulation for the CPDI. Pinyol et al. [123, 124] extended velocity - pres-
sure (vs-pw) formulation to the velocity – pressure - temperature (vs-pw-T) for-
mulation to study the thermal effects on landslide mobility. Other works studied 
the thermal coupling using the GIMP [125, 126]; or chemical coupling using the 
CPDI [127]. 

Apart from the velocity - pressure (vs-pw) formulation, Jassim et al. [128] ap-
plied a solid velocity – fluid velocity (vs-vw) MPM formulation [129] and mod-
elled a wave attack on a sea dike. Compared with the vs-pw scheme, the velocity 
vs-vw scheme brings several advantages such as (i) simpler imposing of imper-
vious boundary condition, (ii) no need for zero pressure detection and (iii) being 
suitable for large deformation at failure when the separations between liquid 
and solid phases may occur. Later, the vs-vw formulation was extended into 
three-phase formulation for modelling unsaturated soils by using three momen-
tum balance equations (vs-vw-va) by Higo et al. [130] with the coupled MPM–
FDM and Yerro et al. [131, 132]. Alternative approach is to adopt the degree of 
saturation into the effective stress tensor with only two momentum balance 
equations (vs-vw) to model the rainfall-induced slope failure by Bandara et al. 
[133] and Wang  et al. [134]. 

Apart from the one-layer formulation for multi-phase coupling, another alter-
native way to model the soil-water interaction is to use a two-layer Material 
Point Method formulation. The two-layer formulation provides opportunities to 
solve dynamic flow problems in Geomechanics such as internal and external 
erosions as well as fluid flow failures (seepage failures). The two-layer approach 
was adopted to (a) study different strategies of modelling dragging interactions 
by Mackenzie-Helnwein et al. [135]; (b) model seepage failures of river bank 
embankments by Abe et al. [136] and Bandara and Soga [137]; (c) for solid-fluid 
interaction in animation [138, 139]; (d) combine with the DDMP by Tran and 
Solowski [8, 9] to model the large strain consolidation; (e) combine with the 
GIMP to model submerged slope collapse by Liu  et al. [140], high-rate injection 
by Homel  et al. [141] and to model a saturated slope under impact by Muller 
and Vargas [142] and (f) use the B-spline shape function to model the wave 
collision to sandpile [143] and combine with a thermodynamic constitutive 
model [144]. 
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2.4.8 Multi-scale coupling 

Different strategies for multi-scale coupling have been investigated including 
a coupling MPM with molecular dynamics [145, 146, 147, 148, 149, 150]; cou-
pling MPM with dissipative particle dynamics [151] or a coupling MPM with the 
Discrete Element method (DEM) in a surface approach [152] (the MPM and the 
DEM interacts each other in body interfaces); a hierarchy approach [153] (see 
Figure 16: DEM is used to computed stress-strain behaviour at material points 
while the balance equations are solved in the background grid using MPM)  or 
a hybrid approach [154] (see Figure 17: both DEM and MPM are solved to model 
the flow regime to consider the discontinuous flow (DEM) - continuous solid 
behaviour (MPM) transition of granular flows). 

Figure 16 Illustration of the hierarchical DEM/MPM coupling (Reproduced 
from Liang & Zhang [153] with permission from John Wiley and Sons) 

 

Figure 17 Illustration of the hybrid DEM/MPM coupling (Reproduced from 
Yue et al. [154] with permission from association for computing machinery) 

2.5 Conclusion 

Overall, the literature shows the capability of the MPM in a wide range of ap-
plications involving large deformation and dynamic problems. This chapter 
summarizes different versions of Material Point Method including GIMP. CPDI, 
DDMP, B-spline MPM and least squares MPM variants. Several limitations of 
the MPM have been discussed including (i) cell-crossing errors; (ii) quadrature 
and projection errors ; (iii) conservative errors; (iv) null-space errors and (v) 
non-linear instability and (vi) the volumetric and shear locking instability.  
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It is necessary to understand the advantages and disadvantages of different 
MPM versions. For example, CPDI can avoid the extension instability in the 
MPM. However, similar to cpGIMP, CPDI adopt the deformation gradient to 
control the evolvement of the particle domain, therefore, these methods are 
more suitable for modelling the solid behaviour rather than liquid-like behav-
iour. B-spline MPM is less prone to the null-space instability but does not totally 
eliminate the null-space errors. The least squares function reconstruction can 
increase the spatial numerical accuracy, but it may need to tackle some instabil-
ity issues. Some numerical strategies are presented to mitigate some limitations 
of the MPM but do not totally remove it. This poses challenges to improve the 
stability and accuracy of the method to become more reliable for practical ap-
plications. 
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3. Material Point Method: Applica-
tion to modelling the undrained be-
haviour of clay materials 

This chapter summarizes the main findings in Publication 1 [i] and Publica-
tion 4 [iv]. In this chapter, the MPM is used to model the undrained behaviour 
of the clay material. The Generalized Interpolation Material Point Method 
(uGIMP) is used in this study. An elasto-plastic model, to capture the undrained 
behaviour of clay especially sensitive clays, is presented and validated with fall 
cone tests and the quickness tests. Finally, a sensitive clay landslide in Quebec 
in 1994 is simulated.  

3.1 Soil models 

The undrained behaviour of clay is described by an elasto-plastic Tresca ma-
terial model with a non-associated flow rule. Some important mechanical be-
haviours of clay are supplemented in the model, including the strain-rate effect, 
the shear strength degradation effect on the sensitive clays and the dependence 
of water content into the undrained shear strength. 

Effect of the strain rate 

To capture the effect of the strain rate ( ) on the undrained shear strength 
( ). Two approaches can be used, the first approach presents the effect of the 
strain rate in semi-logarithmic law [155, 156] as follows: 

s
s ,

= 1 +  log  (63) 

where s ,  is a reference undrained shear strength at a reference strain rate 
 and  is the strain-rate parameter. The second approach considers the ef-

fect of the strain rate by using a power law with the strain rate parameter  pro-
posed by Einav and Randolph [157]: 

s
s ,

=

 

 (64) 
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The latter is applied because the power law (64) can capture the increase of 
the parameter  with the change of the strain rate which inherits in many clays 
[158, 159, 160] (Figure 18). However, Jeong et al.  [161] argued that the strain 
rate parameter  should be different for intact and remoulded low-activity clays 
because of the difference in the fabrics and micro-structures. Nevertheless, this 
study assumes that the strain rate parameter  is constant in shown simulations. 

Figure 18 Comparison between logarithmic law and power law 
Also, the dynamic shear modulus depends on the shear strain rate [162] as: 

G ( ) = G ,  (65) 

The same parameter  keeps the elastic shear strain value constant when the 
shearing rate changes. In the numerical model, the shear strain rate  is com-
puted from the strain rate tensor as: 

=
1
2

2 − + 3  (66) 

Effect of the shear strength degradation 

Apart from strain rate effects, clays show a shear strength degradation, for ex-
ample sensitive clays after the maximum shear strength is mobilized. Therefore, 
the model degrades the undrained shear strength with the increase of the shear 
strain [157] as follows. 

s ( , S ) = s , [
1
S

+ (1 −
1
S

)e / ] (67) 

where  is the current accumulated shear strain,  is the accumulated shear 
strains required to obtain 95% reduction of shear strength and the sensitivity S  
is the ratio of undisturbed to remoulded undrained shear strength s , : 

S =
s ,

s ,
 (68) 
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Effect of the water content 

The reference undrained shear strength depends on the water content as: 

s , (w) = a w  (69) 

where, a  (kPa) is the undrained shear strength at w = 100% and at a reference 
strain rate ref (kPa), w (%) is the water content and  b  is the model parameter. 
The presented model has been validated by Boukpeti et al. [163, 164]. 

Constitutive model 

Combining all effects above, the final equation for the undrained shear 
strength of the material is described as: 

s (w, , , S ) = a w
1
S

+ 1 −
1
S

e , >  (70) 

G ( ) = G , ,    
(71) 

Figure 19 shows the schematic of the model. 

Figure 19 Stress-strain relation of the constitutive model 

3.2 Penetration modelling: fall cone tests 

3.2.1 Problem definition 

The fall cone is a typical laboratory penetration experiment to determine the 
undrained shear strength and the sensitivity of soft clays. This study aims to 
validate GIMP and the proposed soil model with the theoretical and experi-
mental solutions of fall cone test. Two different types of cones include 30o – 
100g cone and 60o – 10g cone (see Figure 20). 



Material Point Method: Application to modelling the undrained behaviour of clay materials

40 

Figure 20 Schematic of cone 30o and cone 60o 

The theoretical solution based on the study of Koumoto and Houlsby [165] in 
which the calculated undrained shear strength s ,  is computed by: 

s , =
KQ
d

 (72) 

where Q is the weight of the fall cone, Q = mg with m is the mass of the cone and 
g is the gravitational acceleration, d  is the penetration depth obtained from the 
simulation and K is the cone factor. In this study, the cone is rough surface, cor-
responding to the cone factor K=1.03 for 30-degree cone and K=0.25 for 60-
degree cone. 

Figure 21 Schematic of the fall cone experiment [166] 
(Reproduced from Hazell  [166] with permission from Edmund Hazell) 
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The 30o – 100g fall cone experiment was conducted by Hazell [166] who per-
formed a series of fall cone experiments on the remoulded kaolin clays. In the 
experiment, the cone was assumed to be a rough cone and free-falling into the 
kaolin clay body, reaching the maximum penetration depth of 19.5mm during 
approximately 0.1s. Based on the penetration depth, the undrained shear 
strength calculated from equation (72) is 2.75kPa. The experimental results in-
clude the evolvement of the vertical displacement and the velocity in time ob-
tained from a high-speed camera and force measurement using the electromag-
net (Figure 21).In the numerical simulation, the cone was modelled by a rigid 
material interacting with clay materials by a friction contact [113]. The geometry 
and the boundary conditions are shown in Figure 20. 

3.2.2 Numerical parameters 

Table 2 Parameters used in the fall cone simulations 
a  

(kPa) 

b  w 

(%) 

ref 

(s-1) 

 Gu,ref 

(kPa) 
u 

0.205 3.86 45-120% 0.5 0.06 167su,ref 0.49 
The numerical parameter of the kaolin clays stemmed from the published data 

for these clays. As the clay is remoulded, the shear strength degradation is not 
considered in this simulation. Boukpeti et al [163] investigated the solid-fluid 
transition of the remoulded undrained shear strength of kaolin clay at different 
water contents. The parameters related to the influence of water content re-
trieved from those experimental data gave =0.205 and =3.86. The strain 
rate parameter  was measured from different laboratory experiments (T-bar, 
ball penetrometer and vane shear test) for the kaolin clay, giving  = 0.06 (see 
Figure 22) with the reference strain rate of 0.5s-1 (corresponding to the rotation 
rate 1%/s in the vane shear test [159]).  = 0.06 is also the median  value of 
these clays in literature [167, 168, 169]. For undrained behaviour, the undrained 
shear modulus is set to be 167su,ref and Poisson’s ratio of 0.49 as suggested by 
Moavenian et al. [170]. 

Figure 22 Strain rate parameters of kaolin clay from experiment [163] 
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3.2.3 Convergence rate of the numerical solutions 

In the fall cone tests simulations, the theoretical undrained shear strength is 
defined by: 

s , (w) = 0.205w .  (73) 

A series of fall cone tests were conducted with different theoretical undrained 
shear strengths computed from equation (73) and then compared with the cal-
culated undrained shear strength, computed from equation  (72). Figure 23 and 
Figure 24 shows the convergence of the 30-degree cone and 60-degree cone re-
spectively. Visually, the calculated undrained shear strength approaches to the 
theoretical undrained shear strength when refining a structured mesh. Ideally, 
the mesh size 0.16 x 0.16 mm show less than 0.5% for the kaolin clay of 2.75 
kPa, therefore, this mesh size with 4 material points per cell is selected for the 
validation of the numerical model with the experiment in next section. This 
mesh sizes corresponds to 211500 material points and 46874 elements. 

Figure 23 Convergence analysis of 30-degree cone 

Figure 24 Convergence analysis of 60-degree cone 
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3.2.4 Numerical results vs Experimental results 

Figure 25, Figure 26 and Figure 27 show the comparison between the numer-
ical results and fall cone experiments conducted by Hazell [166]. Overall, there 
is a good agreement between numerical model and experiment in terms of pen-
etration depth, penetration velocity and force into clay during the penetration 
process. Some oscillations occurred due to the dynamic effect as there is no ex-
tra numerical damping applied to the simulation. 
 

Figure 25 Cone acceleration during the penetration 

Figure 26 Cone penetration depth vs. time 
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Figure 27 Cone penetration velocity vs. time 

Figure 28 Fall cone force during the penetration 

3.3 Failure of clay material: quickness tests 

3.3.1 Problem definition 

The quickness test, proposed by Thakur and Degago [171], is a simple labora-
tory test to study the flow susceptibility of sensitive clays. Figure 29 presents the 
schematic of the quickness test. A cylinder (H0 x D0 = 120mm x 100mm) is filled 
with a remoulded sensitive clay. Then, the cylinder is slowly lifted upward, and 
the clay column is deformed by its own weight. The final height of the remoulded 
material Hf is recorded and the quickness value Q is computed as: 

Q =
H − H

H
 (74) 

Thakur & Degago [172] suggested that Q = 15% could be the threshold limit 
which the sensitive clay landslides with Q > 15%  with may not lead to excessive 
run-out distances. This assumption is examined by mean of the numerical 
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methods. The quickness values and the run-out distance of the sensitive clay 
columns [172] are used to compare with the numerical results. 

3.3.2 Numerical parameters and simulation 

The numerical parameters for the remoulded sensitive clays in the undrained 
condition were similar for the remoulded kaolin clay in the fall cone test (see  
Table 3) apart from the water content parameters (a , b ) which are calibrated 
from the sensitive clays from the Lersbakken landslide [171] (see Figure 29). The 
strain rate parameter  is set to be 0.06, a median value for the sensitive clays 
in Scandinavia [173]. The saturated density of the clay, which is important for 
the gravity-driven failure, is a water-content-dependent parameter [174] and 
calculated as: 

=
w + 1

w⁄ + 1
G

 (75) 

where w is the water content. If w = 0 then the bulk density is equal to the grain 
particle density Gs (  = 2.65 T/m3 for clays) and if w approaches infinity, the 
bulk density is equal to the water density w (   = 1T/m3). These computed den-
sity values are similar to the density of Norwegian sensitive clays Lersbakken 
slide (w=25-35% and  = 1.9 -2.0 T/m3) [172]. 
 
Table 3 Parameters used in the quickness test simulations 

a  

(Pa) 

b  w 

(%) 

ref 

(s-1) 

 Gu,ref 

(kPa) 
u 

0.05 7.48 24-35% 0.5 0.06 167su,ref 0.49 

Figure 29 Schematic of the numerical model  
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The numerical model adopts the axisym-
metric form of the uGIMP formulation (see 
Figure 34). The cylinder and the ground are 
modelled by a rigid material interacting with 
the sensitive clays by a friction contact. In the 
simulation, the rigid cylinder was lifted up 
with a constant velocity of 0.06m/s. With 
that velocity, it took  2 seconds to totally lift 
up the cylinder, replicating roughly the lift-
ing time in the experiments. Series of numer-
ical simulations were performed with vary-
ing the water content of clay from 24% to 
35% so that the remoulded undrained shear 
strength was between 0 to 2kPa. Mesh sensi-
tivity was performed prior to the numerical 
analysis, similar to the fall cone test simula-
tions, and showed that the mesh size of 1 x 
1mm can minimize the influence of the mesh 
dependence. Therefore, all simulations were 
carried out with this mesh 1 x 1mm. This 
mesh corresponds to 61440 material points 
in the simulation. 

Figure 30 Empirical relation-
ship between water content 

and remoulded shear strength 

3.3.3 Numerical results vs experiments 

Figure 31 shows the numerical results and the quickness values obtained from 
three different landslide areas in Norway: Lersbakken, Byneset and Olsoy. The 
fit is worse for stiffer clays with quickness lower than 20% or those with re-
moulded undrained shear strength sur > 1kPa. In those cases, the deformations 
were negligible, and it resulted in low quickness values (Q < 15%). And it could 
give some insights on why no large retrogression landslides occurred with sur > 
1kPa. For the clays with undrained shear strength sur < 1kPa, the quickness value 
increased sharply with the decrease of the undrained shear strength and that is 
well captured in the numerical results. 

Figure 31 Numerical results of the quickness test 
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Figure 32 Influence of strain rate on the run-out distances 

For large retrogression landslides, a post-failure occurs, and the flow-slide is 
similar to a fluid flow. In the fluid mechanics framework, the strain rate param-
eters could also link to the viscosity effects of a non-Newtonian flow and it in-
fluences considerably the run-out distance of such materials. Strain rate param-
eter β = 0 describes no strain rate effects and it significantly overestimates the 
run-out distance (see Figure 32). Increasing β results in shorter spreading dis-
tance. Thus, the strain rates affect the prediction of the run-out distance signif-
icantly and should be considered in the landslides prediction. 

3.4 Modelling of progressive failure of a sensitive clay land-
slide 

3.4.1 Problem definition 

In 1994, a sensitive clay landslide occurred in Sainte-Monique, Quebec. The 
landslide was characterized as a spread failure (see Figure 33), according the 
2014-updated Varnes classification of landslides [175] with horsts and grabens 
observed on site (see Figure 34). The spreads could be classified as an upward 
progressive failure because the trigger mechanism (e.g., erosion, excavation) 
causes a horizontal failure surface propagating upward. This failure includes 
two processes: (i) the propagation of a horizontal quasi-static failure surface 
(shear band) and (ii) the extension and dislocation of the soil mass above the 
remoulded shear surface, forming hosts and grabens. This research aims to rep-
licate the failure and post-failure of the Sainte-Monique sensitive clay landslide. 
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Figure 33 Illustration of spread failure with horsts and grabens (Reproduced 
from Locat  et al. [176] with permission from Canadian Science Publishing) 

 

Figure 34 Photo of the horsts in Sainte Monique landslides (Reproduced from 
Locat et al. [177] with permission from Canadian Science Publishing) 

Figure 35 Schematic of the slope 

Figure 35 shows the schematic of a 2D plane strain numerical model. The ini-
tial height of the slope was about 16.7m with the inclination of approximately 
24 degrees. The unit weight of the clay is 16 kN/m3. In the numerical model, the 
square grid resolution is 0.2 x 0.2m with 4 material points per cell. The left and 
the right boundary are fixed in the horizontal direction while the bottom bound-
ary is fixed in the vertical direction. The initial stress condition was generated 
in the drained condition with typical drained shear strength of Canadian sensi-
tive clays (cohesion (c’) and friction angle ( ’) of 10 kPa and 25-40° [178]). Be-
cause the spread failure occurs rapidly, the soils are modelled in the undrained 
condition with undrained shear strength obtained from soil investigations [177]. 
The erosion at the toe of the slope triggered the failure of the slope. The progres-
sive failure simulation represents the erosion as a small amount of soil exca-
vated on the toe of the slope. 
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3.4.2  Soil investigation and initial condition 

Canadian sensitive clays, in drained condition, have typical value of cohesion 
(c’) and friction angle ( ’) of 10 kPa and 25-40°, respectively [178]. These values 
are obtained based on drained triaxial compression tests with the range of re-
consolidation pressure of 5-30 kPa and pre-consolidation pressure from 100 – 
400 kPa. Therefore, the initial condition is generated with Mohr-Coulomb 
model with the drained parameters of the materials (cohesion of 10kPa, friction 
angle of 30o and zero dilatancy angle). After the initial condition is generated, 
the constitutive model is switched to the undrained parameters of the materials 
(using the undrained shear strength) to study the onset of the failure and the 
post-failure of the landslides. Figure 36 and Figure 37 present the initial stress 
of the slope. 

Figure 36 Initial stress condition along the slope 
(Vertical stress sy,o and horizontal stress sx,o) 

Figure 37 Vertical stress of slope 

The soil investigation found a thick brown sand reaching 2m from the ground 
surface. The undrained shear strength for this layer is assumed to be constant. 
Below the sand layer, there is a sensitive, normally consolidated clay reaching 
the depth of 44m. The undrained shear strength of that sensitive clays was de-
termined by the fall cone tests, the vane shear test and the CPTUs. The un-
drained shear strength profile determined from these in-situ tests are used here 
to calibrate the numerical parameters of the constitutive model (see Figure 38).  

Also, stress-strain behaviour is calibrated from the direct shear test, leading 
to parameter  being 120% to replicate the softening behaviour (see Figure 
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39). For the strain rate effects, the reference strain rate is 0.05s-1 which corre-
sponds to the shear strain rate of the standard van shear tests at the rotation 
rate of 0.1deg/s [163]. The strain rate parameters  ranging from 0.06 (median 
value for undisturbed sensitive clays [179, 156, 180] to 0.17 (maximum value for 
disturbed sensitive clays [161]). Therefore, several numerical analyses were per-
formed with clay having the strain rate parameter  within the established 
range, that is between 0 (no strain rate) and 0.17. Similar to the fall cone test, 
the dynamic shear modulus used was equal to 167 su, ref while the Poisson’s ratio 
was taken as 0.49 due to undrained conditions. The shear band is embedded in 
the numerical model and scaled with strain to keep strain energy independent 
from the mesh size, leading to mesh independency [iv]. The shear zone was se-
lected as 0.2m (median value in the literature [181, 182]). Table 4 summarizes 
the numerical parameters of the model. 

Figure 38 Undrained shear 
strength with depth 

 

Figure 39 Stress-strain behaviour in 
direct shear test 

Table 4 Parameters used in the Sainte-Monique landslide simulations 

Layer 
s ,   
(kPa) 

St  ref 
(s-1) 

 
Gu, ref 
(kPa) u 

tshear 
(m) 

s  
(kPa) 

Crust Figure 38 - - - - 8350 0.49 - - 
Sensitive 

clay 
Figure 38 4-55 1.2 0.05 0-0.17 

167su, 

ref 
0.49 0.2 

s ,

S
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3.4.3 Numerical results 

Figure 40  Influence of strain rate parameter  on the retrogression distances 
Figure 40 shows the influence of the strain rate parameter  on the retrogres-

sion distance of the sensitive clay landslide. The retrogression distance could be 
larger with the remoulded shear strength s  < 2kPa if there were no debris of 
the 1979 landslide (dark grey on the right in Figure 41) acting as a barrier to 
block the debris flow of the 1994 landslide. Without the barrier, the retrogres-
sion distance could be very high such as for the case   of 0.17 (dot line marked 
without barrier in Figure 40). Because the Canadian sensitive clays typically 
have a high value of sensitivity (St > 25) and low value of remoulded undrained 
shear strength (s  < 2kPa), the reference case with s  = 1.6kPa, St = 25 and  
= 0.17 was selected to analyse the global dynamic behaviour of the landslide. 

Figure 41 Illustration of  the sensitive clay landslides 
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Figure 42 Dynamic motion of the sensitive clay landslides 
Figure 41 presents the shear strain and Figure 42 presents the dynamic veloc-

ity of the Sainte-Monique landslides. Initially, a small amount of soil mass was 
excavated on the toe of the slope, representing the erosion of the river, to trigger 
the landslide. After 5s, the erosion induced a thin horizontal shear band propa-
gating from the toe of the slope upward. It was followed by the first failure with 
a curved shear band propagating from the horizontal failure surface to the 
ground surface. 

This first failure triggered the progressive failure afterwards. The horizontal 
failure surface kept propagating while above, the neighbouring blocks were 
moving and dislocating, leading to inclined shear bands between blocks. The 
propagations of the inclined shear bands formed the horsts and grabens which 
are made from relatively undisturbed materials characterised by a high un-
drained shear strength. Regarding the dynamic motion, each horsts and grabens 
had a similar lateral displacement rate (same colours of each blocks in Figure 
42), with the velocity increasing dramatically to approximately 4m/s and reach-
ing the equilibrium after 34s.   

Overall, a full process of the sensitive clay landslide including propagation, 
formation of shear bands and dislocation of soil blocks is simulated, under as-
sumption that the landslide was triggered by erosion near the toe of the slope. 
The simulation captures known features of the landslide as well as the final 
spread well. The numerical analysis showed that the large retrogression land-
slide can occur with the clays with a high value of sensitivity (St > 25) and low 
value of remoulded undrained shear strength (sur < 2kPa). Apart from the re-
moulded undrained shear strength and the degradation rate of the shear 
strength, the strain rate dependency of the undrained shear strength is a crucial 
factor for the prediction of retrogression and run-out distances. 
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3.5 Numerical issues 

Figure 43 Stress oscillation in the Sainte-Monique landslide simulation 
During the Sainte-Monique landslide simulation, some numerical issues have 

been noted. Because of the undrained condition, the material behaves like 
nearly incompressible materials which need an anti-locking technique as de-
scribed in section 2.3.6. Some non-physical oscillations in the velocity and stress 
of material points are observed during the post-failure stage (red for the positive 
vertical stress and blue for the negative vertical stress in Figure 43). This error 
referred to null space instability of the MPM as described in section 2.3.4.  

3.6 Conclusion 

In this chapter, the MPM framework is used to study the dynamic and large 
deformation of undrained clays. The developed elasto-plastic model captures 
the mechanical properties of the clay materials in the undrained behaviour such 
as strain-rate effect, shear strength degradation effect and the influence of water 
content on the undrained shear strength. The model using the uGIMP interpo-
lation is validated successfully with fall cone tests and quickness tests. In the fall 
cone tests, the model also demonstrates a clear convergence to the theoretical 
solution. Then, the model is used to replicate the complicated mechanism of a 
spread in a sensitive clay landslide. 

During the validation, the null space errors have been noted leading to a stress 
oscillation in the numerical simulations. Therefore, one needs to identify a new 
formulation to address this problem without sacrificing the numerical dissipa-
tion in the existing solution.
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4.Temporal and null-space filter for 
enhancing the stability of the Ma-
terial Point Method 

This chapter summarizes the main findings of and Publication 5 [v]. In the last 
chapter, a non-physical oscillation was observed in the numerical solution in the 
static state without any numerical damping. This oscillation can partially stem 
from the high-frequency noise of the dynamic system and the null space insta-
bility of the MPM. In this chapter, this instability is addressed by applying a 
high-frequency filter time integration (temporal filter) in section 4.1 and a null 
space filter in section 0. The outcome of this chapter is to improve the stability 
and adopts the new formulation into the hydro-mechanical coupling MPM. 

4.1 Temporal filter using the generalized-  time integration 
scheme for the MPM 

In section 2.3.4, different strategies were presented to overcome the null-
space instability by using PIC variants such as XPIC(m) method [51] or APIC 
method [43, 37]. The PIC scheme can filter the spurious modes but exhibits an 
excessive energy dissipation. In contrast, the FLIP scheme used in the MPM is 
energy conservative, but the spurious modes are preserved and accumulated. 
Stomakhin et al. [183] and Nairn [184] updated the velocity by combining the 
PIC and FLIP scheme velocity update, with PIC component as a damping factor. 
In this chapter, the explicit generalized-  time integration scheme [185] is ap-
plied. This approach is shown to be able to damp out the high frequency modes 
only without causing excessive numerical dissipation for structural engineering 
[186]. Kontoe [187] has shown that the generalized-  algorithm is more accu-
rate and has better numerical dissipation characteristics than other dissipated 
time integration schemes. Additionally, it allows controlling the numerical dis-
sipation with a single parameter, which is more appropriate than damping re-
lated to the numerical time step size [186]. 

4.1.1 General form of the generalized-  integration scheme 

The general form of the generalized-  time integration scheme is: 
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m =  (76) 

= (1 − ) +  (77) 

= (1 − ) +  (78) 

where  and  are time integration parameters,   is the nodal acceler-
ation evaluated at t = (1 − )t + t  and = +  is the sum of in-
ternal and external forces and evaluated at t = (1 − )t + t . For the up-
date of displacements and velocities, the original Newmark’s equations are: 

= + (1 − ) + dt (79) 

= + dt +
1
2
− β + β dt  (80) 

where  and β are time integration parameters. Chung and Hulbert [33] showed 
that the generalized-  method is second-order accurate, provided: 

=
1
2
− −  (81) 

And the generalized-  method is unconditionally stable, provided: 

≤ ≤
1
2

;    β ≥
1
4

+
1
2

( − ) (82) 

Figure 44 Evolution of spectral radius for explicit generalized-   method [185] 

To derive the explicit generalized-  method, Hulbert and Chung [185] selected 
= 1,  and rederived the numerical algorithmic parameters. Because = 1, 

the explicit scheme becomes conditionally stable and the equation (5) becomes: 

= m  (83) 
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Hilbert and Hughes [186] showed that the stability of a time integration 
scheme depends on the natural frequency = K M⁄  where K and M are stiff-
ness and mass respectively and the time step dt. Therefore, = dt is consid-
ered to evaluate the stability of the scheme. The explicit generalized-  integra-
tion [185] is stable with   [0, ], where  is the critical limit. The maximum 
dissipation is obtained at a bifurcation limit . The spectral radius at bifurca-
tion limit  is user-specified parameter to control the algorithmic dissipation. 
If  is equal to 1, there is no dissipation. When the spectral radius  reduces, 
the numerical damping increases and gets to maximum values at = 0 (see 
Figure 44). The bifurcation limit  and the critical limit  are the function of 

 as follows: 

= 1 + 2 −  (84) 

=
12 1 + 2 −

10 + 15 − + −
 (85) 

Other algorithm parameters can link to  as follows: 

=
2 − 1
1 +

 (86) 

β =
5 − 3

1 + 2 −
 (87) 

=
3
2
−  (88) 

4.1.2 Implementation of generalized-  integration scheme into the MPM 

Overall, the generalized-  method computes the nodal accelerations twice, 
first at the beginning  and then at the end of the time step . This scheme 
doubles the computation cost; hence, another approach is applied for the MPM 
based on tracking the acceleration  at material points. Therefore, each mate-
rial point has two kinetic variables: velocity  and acceleration  which are 
mapped to the grid as follows: 

= S m m  (89) 
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= S m m  (90) 

The nodal accelerations  and  and nodal velocities are now 
computed explicitly as follows: 

= m⁄  (91) 

= − (1 − ) (92) 

v = v + (1 − ) + dt (93) 

Finally, the velocity, position and acceleration of material points are updated: 

 = + S (1 − ) + dt (94) 

 = + S dt + S
1
2
− β + β dt  (95) 

 = S  (96) 

The performance of the algorithm is controlled by only a single parameter , 
as all the other parameters m, ,  are automatically updated (see equation (86), 
equation (87), equation (88)). In all numerical examples,  was set to be 0.818 
as recommended by Kontoe [188]. 

4.1.3 Numerical examples 

Impact force 

The first numerical example is a simulation of an elastic bar under compres-
sion. Figure 45 presents the boundaries and the loading conditions of the nu-
merical model. The length of the bar L = 1m, Young’s modulus E = 10e6 Pa and 
the density  = 1000 kg/m3. The elastic wave velocity is calculated as c = E⁄  
= 100 m/s. The 1m long bar is discretized by 1000 equally distributed material 
points located in 500 equal-sized grid cells. That leads to the cell size of 0.002m 
(l = 0.002m). Because we want to examine the spatial errors of the numerical 
solution, the time step is set to be equal to 5% of the Courant-Friedrichs-Lewy 
(CFL) critical time step ( t = 0.05 l c⁄ = 10e s) to minimize the temporal er-
rors so that the spatial errors will be dominated [41]. The compression force f is 
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applied to the material points at the right boundary to replicate the square stress 
wave in the elastic bar as follows: 

f =
1, t < 0.5 L c⁄  (s)
0, t ≥ 0.5 L c⁄  (s) (97) 

Figure 45 Compression impact of an elastic bar 

 
Figure 46 Stress wave along the bar 
using the MPM with PIC scheme 

Figure 47 Stress wave along the bar 
using the MPM with FLIP scheme 

The numerical solutions are compared with the analytical solutions at t =
0.75 L c⁄ = 0.0075s. Figure 46 shows that the MPM, using PIC scheme can filter 
the velocity oscillations while the original MPM using FLIP scheme has stress 
oscillations (see red line in Figure 47). Similar oscillations were reported in the 
literature [189, 190]. In contrast, the generalized-  scheme can remove the os-
cillations for the MPM (see dashed blue line in Figure 47). In this example, the 
spurious noises are mainly stemming from high-frequency mode. To check the 
energy conservation, the total energy E is the sum of the strain U and the kinetic 
energy K are computed in each time step as: 

K =
1
2

m  (98) 

U =
1
2 , , V  (99) 

E = U + K (100) 
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Figure 48 Total energy evolution 

Figure 48 shows the total energy after releasing the compression forces at 
0.005s. The oscillations in the MPM using FLIP scheme induces the increase of 
the total energy while both MPM using PIC schemes and the generalized-  
scheme demonstrate approximately constant total energy after releasing the 
compression force. 

Disks Collision 

The second example is the colliding impact of two elastic disks, replicating the 
simulation by Sulsky et al. [12] with the geometry and parameters in Figure 49. 
The background grid is discretized with the cell size of 0.05m in plane strain 
condition and there are totally 896 material points and no contact laws are ap-
plied. The time step is 0.005s equal to 10% of the CFL critical time step. Figure 
50, Figure 51, Figure 52 show the visualization of the disk impact with the ve-
locity colour bar at initial condition, 1.05s and 2.5s. Figure 53, Figure 54 and 
Figure 55 present the evolution of the kinetic, strain and total energy for the 
cpGIMP using the PIC scheme, FLIP scheme and generalized-  scheme respec-
tively. As can be seen, cpGIMP using PIC update scheme shows a strong energy 
dissipation although it can filter the velocity oscillations in the previous exam-
ple. In contrast, cpGIMP (with the originally used FLIP update scheme) im-
proves the energy conservation but leads to oscillations under compression im-
pact on the previous example. Some other PIC variants (aPIC [43] and xPIC(m) 
[51]) are developed to retain the filter property and improve the energy conser-
vation but the total energy are lower compared with the MPM (with the origi-
nally used FLIP update scheme). The cpGIMP using the -generalized scheme 
can filter the velocity and stress noise due to high-frequency oscillations in the 
previous example and preserve similar total energy conservation with the 
cpGIMP without excessive dissipation (see Figure 56). 
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Figure 49 Colliding disks problem 

Figure 50 Initial condition 

Figure 51 Colliding Impact (t=1.7s) Figure 52 Releasing disks (t=3.5s) 

 
Figure 53 cpGIMP with PIC scheme 

 
Figure 54 cpGIMP with -generalized 

scheme 

 
Figure 55 cpGIMP with FLIP scheme 

 
Figure 56 Comparison of total energy be-

tween different schemes 
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Bearing capacity problem 

Figure 57 Schematic of the numerical model 
 

Figure 58 Velocity for bearing capacity problem using 
uGIMP 

 

Figure 59 velocity for bearing capacity problem using GIMP with 
generalized-  scheme 

The third example is the loading into a Mohr-Coulomb material. Figure 57 
presents the geometry and numerical parameters of the model. Young’s modu-
lus is 10e6Pa with Poisson’s ratio of 0.3. The friction angle is 30 degrees, the 
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cohesion is 5kPa and the dilation angle is 0 degrees. The numerical solutions 
are performed in the Uintah software [191] to capture the velocity wave propa-
gation under a static loading of 1kPa. Figure 58 shows the results of uGIMP in 
the first 0.008s to avoid the reflection of the boundary. An oscillation of velocity 
is observed in both results with a peak velocity (red colour) near the bottom 
boundary. This peak velocity (noise) is generated because of the impact of the 
static loading. This noise can be reduced by using the generalized-  scheme (see 
Figure 59). 

4.2 A Null-space filter for the MPM 

4.2.1 What is null-space? 

The term “null-space” stems from linear algebra. A null-space is a subspace 
that turns into zero under a given linear transformation. The mathematical def-
inition of the null-space of a matrix A, written null(A) is the set of vectors x that 
satisfy: 

 null( ) = { , ≠ 0| = 0} (101) 

Figure 60 A rank-deficient mapping 

Figure 61 A full rank mapping 

If matrix A has a nontrivial null-space, A is a rank-deficient mapping and if 
matrix A does not have a null-space, A is a full-rank mapping. Figure 60 shows 
a simple example of a rank-deficient mapping. The light source is a mapping 
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which transfers the movement of the ball on the floor to the movement of the 
shadow on the wall. In this case, the movement in y-direction of the ball is the 
null-space of the mapping light source. Consequently, there are infinite posi-
tions of the ball giving the same position of the shadow. In other words, this 
mapping does not give a unique solution. 

In another case in Figure 61, another light source transfers the movement of 
the ball on the floor to the movement of the shadow in the ceiling. Visually, this 
mapping is a full ranking mapping as there is no single movement of the ball 
staying on the floor leading to zero movement of the shadow in the ceiling. 
Therefore, this mapping gives a unique solution. 

Overall, the light source in the example above, transfers information from one 
space to another. If these two spaces have a different number of degrees of free-
dom (DOF), the mapping is a rank-deficient mapping. For example, the floor 
has two DOF while the wall has only one. In contrast, the mapping will be full-
rank if these two spaces have the same number of DOF such as two DOF for the 
floor and the ceiling. 

4.2.2 Null-space filter for the Material Point Method 

Considering a mapping from a material point stress p to a grid node force i, 
the mapping in equation (9) can be rewritten as: 

[f , f , f , ] = [ S , ( ) S , ( ) S , ( )] V  (102) 

For a global mapping from all N  material point’s stresses to all N  grid node’s 
internal force, the global mapping can be written as: 

 ⋮
 

=

⎣
⎢
⎢
⎢
⎡ ( )

( )
⋮
( )

( )
( )
⋮
( )

⋯
⋯
⋱
⋯

( )
( )
⋮
( )⎦

⎥
⎥
⎥
⎤

  

V
V
⋮

V
 (103) 

where  is the nodal internal force of the node i, ( ) is the nodal gradient 
of the shape function of the node i evaluated at the position of the material point 
p, V  are the multiplication of the volume and the stress of the material point  
p, N  and N  are the total number of the nodes and particles, respectively. Equa-
tion (103) can be written in the matrix form: 

 =   V  (104) 

where   is the vector of the nodal internal forces and  V  is the multipli-
cation of the stress tensor with the volume for all material points. The gradient 
mapping matrix  depends on the value of the weighting function gradient 

S , with the size of the matrix  being N  x N   in the one-dimensional case, 
where N  and N  are the total number of the nodes and particles, respectively. 
In reverse, the velocity gradient vector at material points is computed by the 
transpose of  as follows: 
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 =     (105) 

where  is the velocity gradient vector of all material points and   is the 
nodal velocity vectors of all grid nodes. The null-space of the gradient mapping 
matrix , written as null( ), is the set of all non-zero independent vectors 

  which satisfy    = 0. 

 null( ) =  R ,  ≠ 0|    = 0  (106) 

To detect the null-space component, the transpose of the gradient mapping 
matrix needs to be decomposed in the QR form first:  
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 (107) 

                         =                                                  

where  is the gradient mapping matrix and sp is the column p of the gradient 
mapping matrix,  is the upper triangular matrix with r  are non-zero if  is 
full rank. If  is rank-deficient, the zero rows will develop from the bottom of 
the matrix  and contribute to the left null-space.  is the unitary matrix, in 
which the columns  are orthonormal vectors which satisfy =   and 
span in the space R . Figure 62 shows the QR decomposition for the gradient 
mapping matrix. The unitary matrix  is divided into the column space ∗

   

and the null-space. The null-space includes the left null-space, null =
N − rank( ), and the right null-space null( ) = N − N . The velocity gradi-
ent vector of all the material points   R , can be expressed as a linear com-
bination of the orthonormal vector  with the coefficients a : 

 = a + ⋯+ a
( )  

+ a +. . a
( )  

+ a + ⋯+ a
( )

(108) 

Figure 62 QR decomposition of gradient mapping  (Np > Nn) 



Temporal and null-space filter for enhancing the stability of the Material Point Method

66 

In equation  (108), the solution of the velocity gradient vector of the material 
points consists of a linear combination of column spaces and null-spaces. The 
left null-space, null , represents the loss of information due to rank-defi-
cient mapping while the remaining components, null( ) − null = N −
N , represents the loss of information due to the difference between the number 
of material points and the number of nodes. The non-null-space component, 
after removing the null-space errors is: 

 
∗ = a + ⋯+ a  (109) 

To remove the null-space errors, firstly, the orthonormal basis of column 
space { , , … , } is computed. Then, we project the velocity gradients to the 
orthonormal basis of the column space. 

Compute the orthonormal basis of column space { , , … , } 

Although equation (107) is written for the global case, i.e. for    , where 
N  and N  are the total number of material points and nodes respectively, in 
practice, the null-space filter can be used locally with the use of the local QR 
algorithm. In that case, the size of the gradient mapping for each cell is denoted 
as . The size of  is n  by n , with n  being the number of the nodes of the 
cell and n  the number of the material points inside this cell. Note that in this 
case the values of the gradient  depend on the position of the material points. 
Three different approaches can be used to compute the orthonormal basis of 
column space such as using Single-Value-Decomposition method [49], QR de-
composition [viii] or using a House Holder formulation [v]. 

Projecting the velocity gradients to the orthonormal basis of column space 

Considering a cell which contains n  nodes and n  material points with the 
gradient mapping matrix , the velocity gradient is computed by: 

 =     (110) 

Afterwards, the non-null-space components of velocity gradients,  
∗ , could 

be extracted by a projection with the orthonormal basis of column spaces 
{ , , … , } [192] by: 

 
∗ = Proj ∗  = ∗ ( ∗

 ) (111) 

Finally, the velocity gradient is weighted between  
∗  and the velocity gradi-

ent using the node-based mapping , based on equation (35) as: 

( ) = ( )  
∗ ( ) + [1 − ( )] ( ) (112) 

The selection of  in equation  (49) leads to replication of the weighting func-
tion gradient of different Material Point Method formulations. Setting ( = 1) 
recovers the original formulation of the MPM, GIMP is obtained with ( = )  
and DDMP with ( = ) with the choice of  described in section 2.2.4. 
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4.2.3 Application of null-space filter to the hydro-coupling MPM 

Figure 63 Schematic of the double-point MPM 
The two-phase formulation is a double-point MPM formulation, in which each 

phase is represented by a set of two material points, one for the liquid phase and 
one for the solid phase. The information from the material points is projected 
to the grid separately for the solid and liquid phases (see Figure 63). The algo-
rithms mapping the data from the material points to the grid and back are the 
same for both liquid and solid phases. The solid and liquid phases are interact-
ing with each other via dragging forces. The governing and time discretization 
equations are presented in detail by Bandara and Soga [137] and Tran and 
Sołowski [iv] and summarized in Figure 64. To implement the null-space filter 
to the two-phase double-point formulation, the calculation of the nodal internal 
forces and the material point’s strain is modified using the dual domain tech-
nique and the null-space filter and presented in detail in the Publication 5. 
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Figure 64 the double Point MPM formulation for a sing time step 
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4.2.4 Numerical examples 

One-dimensional one-phase wave propagation 

The following example is the wave propagation in an elastic bar due to a non-
linear pre-described displacement. The length of the bar is 2m, the Young’s 
modulus is E = 10e6 Pa and the density  = 1000 kg/m3. Assuming the magni-
tude of displacement is A = 0.001m, the initial displacement and strain are gen-
erated as follows: 

d(x, t = 0) = Ae ( )  (113) 

(x, t = 0) = −100A. x e ( )  (114) 

Figure 65 Pre-described displacement of an elastic bar 
Figure 65 presents the schematic of the numerical model. Because each MPM 

variants require different boundary treatment, the initial condition (strain) was 
put in the middle of the bar to avoid possible errors associated with the bound-
ary conditions. The initial strain induces 2 identical waves propagating in oppo-
site directions. Because of the symmetry condition, only half of the bar is con-
sidered. The dimension of the considered domain is L = 1m. 

The given initial condition leads to the analytical solution: 

d (x, t) = 0.5A e ( . ) + e ( . )  (115) 

(x, t) = −50A (x − L − tc)e ( ) + (x − L + tc)e ( )  (116) 

The cell length is 0.01m (l = 0.01m). The time step is fixed at t =
0.05 l c =⁄ 5e s. With those parameters, the compression wave amplitude is 
small, the cell-crossing errors do not occur and the original MPM can solve this 
problem without any cell-crossing errors.  

To demonstrate the null-space oscillations, the bar is discretized into 200 grid 
cells with 2 material points per cell. It corresponds to a total of 201 nodes and 
400 material points (N = 400). Because the gradient of the weighting function 
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in the original MPM is constant in the cell, the rank of this mapping, rank( ), 
can be determined analytically and it is equal to number of grid cells 
(rank( ) = 200). Then, the number of the null-spaces is  N −  rank( ) = 200 
null-space. Figure 66 and  Figure 67 present the numerical model using PIC 
scheme and FLIP scheme (MPM) at time t = 0.005s corresponding to 1000 time 
steps. The PIC shows a diffusive solution, as reported by Hammerquist and 
Nairn [51] and both the PIC and the MPM show numerical noises in the middle 
of the bar due to the null-space errors. This noise can be filtered by using the 
null-space filter (see Figure 68, Figure 69). If there is only 1 material point per 
cell, leading to 200 material points in total (N = 200), the null-space errors in 
material points will be eliminated as N =  rank( ). Figure 70 demonstrates 
that there is no oscillation for 1 particle per cell because of no null-space errors.  

Figure 66 Strain wave in the PIC 
scheme (2 material points per cell, 

no cell-crossing) 

Figure 67 Strain wave in the MPM 
(2 material points per cell, no cell-

crossing) 

Figure 68 Strain wave in the PIC 
scheme (2 material points per cell, 

no cell-crossing) 

Figure 69 Strain wave in the MPM 
with null-space filter (2 material 
points per cell, no cell-crossing) 

Figure 70 Strain wave in the MPM (1 material point per cell, no cell-
crossing) 



Temporal and null-space filter for enhancing the stability of the Material Point Method

71 

Two-phase consolidation 

In the previous section, the results of the simulation of wave propagation have 
indicated that the null-space filter can help in removing the numerical oscilla-
tions. This section shows that in a two-phase quasi-static problem under large 
deformations, the null-space errors can grow significantly in time and result in 
non-convergence.  

The simulations of the large-strain consolidation use the double-point MPM 
with DDMP interpolation. The calculation considers a 1D, 1 meter high, fully 
saturated elastic soil column, discretized into 50 grid cells. Each cell contains 2 
solid material points and 2 water material points. In total, 100 solid material 
points and 100 water material points are distributed equally in the column. Soil 
is modelled as a linear elastic material with Young’s modulus of 10 MPa, the 
solid density is equal to 2143 kg/m3 and the initial porosity and permeability 
equal to 0.3 and 10-3 m/s respectively. For the liquid phase, the water density is 
taken as 1000 kg/m3 and the bulk modulus is equal to 2.2 GPa. The time step is 
set to be t = 10e s which satisfies the Courant-Friedrichs-Lewy (CFL) condi-
tion and permeability-dependent criterion [193]. Table 5 summarizes the pa-
rameters of the numerical model. 

Table 5 Input parameters for the geostatic problem 
 Parameter Symbol Values 

Model 

Column height H (m) 1 
Number of solid particles Nsp 100 
Number of water parti-
cles Nwp 100 

Particle interval 2lp (m) 0.01 
Mesh interval l (m) 0.02 
Time step t (s) 10-6 

Solid 
Young’s modulus E  (mPa) 10 
Solid density s (kg/m3) 2143 
Initial Porosity no 0.3 
Initial Permeability ko (m/s) 10-3 

Water Density w (kg/m3) 1000 
Bulk modulus Kw (mPa) 2200 

The simulations of the large strain consolidation are validated with an 
analytical solution given by Xie et al. [194]. The governing equation for the ex-
cess pore water pressure is: 

c
u

z
(H, t) =

u
t
 (117) 

where c  is the coefficient of consolidation. The coefficient of consolidation can 
be written as: 

c =
k

m
 (118) 

where k is the permeability and m  is the large strain compressibility as: 
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m = −
′

= −
1

1 + e
e
′
 (119) 

The excess pore water pressure along the depth z = [0, H] can be written as: 

u =
1

m
ln 1 + (exp (m q) − 1)

2
M

sin
Mz
H

exp(−M T )
  

 (120) 

where M = (m − 0.5)  and q is traction forces and the time factor is given by: 

T =
c t
H

 (121) 

The average degree of consolidation defined by strain (U ) is given by: 

U = 1 −
2

M
exp(−M T )

  

 (122) 

The settlement at the top surface (S ) is given by: 

S = H(1 − exp(−m q)) 1 −
2

M
exp(−M T )

  

 (123) 

The final top surface settlement when Us  1 is equal to: 

S = H (1 − exp(−m q)) (124) 

Considering the motion of the soil skeleton (v ), the velocities of the soil skel-
eton are: 

v =
2c
H

(1 − exp(−m q)) cos
Mz
H

exp(−M T )
  

 (125) 

In the numerical model, the compression force on top of the layer is equal to 
2GPa which is enough to create approximately 20% of engineering strain. 
Therefore, initial pore pressure is set to 2GPa, leading to a zero effective stress 
(no gravity is considered). The top boundary layer is drained while the bottom 
boundary layer is undrained. Therefore, the water material points can freely 
move outside the solid domain through the top of the solid column. The numer-
ical results (see Figure 71), obtained with DDMP using the null-space filter, are 
compared with the analytical solution for the average degrees of consolidation 
defined by strain in equation (122). The numerical solutions show a very good 
agreement with the analytical solution (see equation (120)) and the calculated 
settlements (see Figure 72) are almost identical to the analytical solution (see 
equation (123)). The dynamic motion of the soil phase is captured in the numer-
ical model and compared with the analytical model in Figure 73. Overall, the 
results show an acceptable correlation between the numerical and analytical so-
lutions for approximately 20% of engineering strain. 
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Figure 71 Excess pore water pressure 

for large strain consolidation 

 
Figure 72 Settlement for large strain 

consolidation 

 
Figure 73 Velocity for large strain consolidation 

Figure 75 and Figure 76 give the comparison between the numerical model 
and the analytical solution for the average consolidation degree defined by 
strain of 0.5 for DDMP and DDMP with null-space filter respectively. The result 
shows that null-space filter removes the pore water pressure instability and 
leads to a good agreement between the numerical and analytical solutions.  

Figure 74 Excess pore water pressure using DDMP for small deformation 
(traction 1Pa) 
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Figure 75 Excess pore water pressure 

using DDMP for large deformation  
(traction 2GPa) 

Figure 76 Excess pore water pressure 
using DDMP with null-space filter for 

large deformation (traction 2GPa) 

4.3 Conclusion 

This chapter shows the implementation of the explicit generalized-  integra-
tion scheme in the Material Point Method. The generalized-  integration 
scheme suppresses the high-frequency spurious oscillations and controls the 
dissipation with just a single parameter. Numerical examples show that the 
scheme can reduce the oscillations in the impact and the wave propagation 
problems for the MPM formulation. Furthermore, the chapter gives a null-space 
filter algorithm which improves simulation accuracy and stability. Several sim-
ulations demonstrated the improvement in stability in calculations with the 
null-space filter, for both single phase and two-phase material. 

The proposed formulation was demonstrated to filter the oscillations and can 
be a potential solution to deal with the numerical issues of the landslide simu-
lation described in section 3.5. Future research is required to investigate the ca-
pability of the proposed coupled hydro-mechanical formulation in modelling 
the landslides.
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5. Improved Moving Least Squares 
interpolation for enhancing the ac-
curacy of the Material Point 
Method 

This chapter summarizes the main findings in Publication 2 [ii], Publication 3 
[iii] and Publication 6 [vi]. The motivation of this chapter is to improve the ac-
curacy of the Material Point Method to have a better convergence rate in large 
deformation. This will avoid an excessive number of material points for large-
scale simulations such as in landslide modelling. An Improved Moving Least 
Squares (IMLS) interpolation is applied to the CPDI, referred as Convected Par-
ticle Least Squares Interpolation (CPLS) Material Point Method, to increase the 
accuracy and avoid the instability of the conventional Moving least squares 
method due to a singular matrix.  

5.1 Improved Moving least square reconstruction 

In the conventional moving least squares method for the MPM, described in 
section 2.2.6, functions such as density, velocity or stress are reconstructed by 
solving a linear system. Solving this equation is expensive as it requires the in-
version of a matrix, while it may also be numerically difficult when the matrix is 
singular. Therefore, instead of solving the linear equation, the Improved Moving 
Least Squares is adopted, which uses the orthogonal polynomials as basis. 

5.1.1 Improved moving least square shape function 

For 2 arbitrary polynomials  f( ) in a domain  and g( ) in a domain , an 
inner product of two polynomials f and g is defined as: 

                             f( ), g( )     〈f, g〉 = ∫ w( )f( )g( )dx ∩               (126) 

For the set of N material points with positions , the inner product could 

be approximated by a quadrature rule with a weighting function w − ≥ 0 
as: 
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 〈f, g〉 ≈ w − f g  (127) 

A structured grid with the size of l  is used for the numerical simulations. 
Then, a cubic spline is selected as a weighting function, suggested by Steffen et 
al. [14], for the function reconstruction as: 

 w(x) =
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 (128) 

The cubic spline gives a smoother reconstructed function compared with the 
linear basis function. Furthermore, the wider domain captures more material 
points in order to reconstruct a higher order function and because the domain 
of the cubic spline is divisible to the size of the grid cell, it is numerically more 
convenient to find the material points in the support of the nodal weighting 
function when a structured grid is used. After considering equation (127), equa-
tion (46) becomes: 
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 (129) 

in which ( ) = p  is the polynomial basis vector and n  is number of basis 
functions. If the basis function set p ( ) consists of weighted orthogonal func-
tion, the orthogonality condition ensures that: 

 〈p , p 〉 = 0,   for j ≠ k (130) 

That means equation (129) becomes: 
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Then, the coefficients a ( ) are: 

 a ( ) =  
〈p , u 〉
〈p , p 〉 ; j = [1, n ] (132) 

Substituting equation (132) to equation (43): 
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 u ( ) = p ( )
〈p , u 〉
〈p , p 〉 = p ( )

∑ w − p u
〈p , p 〉  (133) 

and 

 u ( ) =
w − p ( )p u

〈p , p 〉 = ( ) = ( ) u  (134) 

where ( ) is the vector of IMLS shape function, with the IMLS shape function 
( ) being: 

 ( ) =
w − p ( )p

〈p , p 〉  (135) 

5.1.2 Orthogonal polynomials 

In the Moving Least Squares method, the monomials, denoted by q , construct 
the polynomial basis vector. For example, the 2D quadratic monomial basis 
functions are: 

 q = {1, x, y, x , xy, y } (136) 

In the Improved Moving Least Squares method, the orthogonal polynomials 
are used instead of monomial polynomials. However, in all MPM variants, the 
positions of the material points are arbitrary and may not coincide with quad-
rature points, leading to inaccuracies. Therefore, the adoption of certain orthog-
onal polynomials such as Legendre polynomials may not be preferred, as it does 
not ensure that the integration in equation (126) always satisfies the orthogo-
nality condition given by equation (130). Instead, in order to use a set of poly-
nomials which always satisfy the orthogonality condition, the set of polynomials 
is updated in every time step and depends on the material points coordinates 
using the Gram- Schmidt orthogonalization method. For example, the 2D poly-
nomials p satisfying the orthogonality condition, referred to as the orthogonal 
basis function, can be computed from the q in equation (136) as follows: 

 
p = q −

〈q , p 〉
〈p , p 〉 p  (137) 
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5.1.3 Accuracy and efficiency of the Improved Moving Least Squares 

Figure 77 Reconstruction of sin(x) using improved least squares interpolation 

Figure 78 Convergence rate of MLS 
interpolations  

Figure 79 Computational efficiency 
of MSL interpolations  

In this section, we examine the accuracy and efficiency of the Improved Mov-
ing least squares interpolation. Firstly, a function f(x) = sin(x) is considered on 
the interval [1, 4]. Then, we reconstruct the material point data by setting f =
f x  on the domain with 20 cells and 2 material point equally distributed in 
each cell. Figure 77 shows the reconstructed nodal values using IMLS with 3 
orthogonal polynomials [p , p , p ] determined in equation (137). The recon-
struction is not exact but the root mean square (RMS) error (see equation(147)) 
reduces when refining grid. We also compare the IMLS reconstruction with 
MPM interpolation and original MLS with the monomials [1, x, x ]. Compared 
to original MLS, IMLS is demonstrated to obtain high convergence rate (see Fig-
ure 78) while become more efficient in terms of computational cost (see Figure 
79). The high computational cost of the original MLS stems from solving the 
linear system by using the Cholesky decomposition for the symmetric positive-
diagonal A (recall by the backslash operator in MATLAB). 

5.2 Convected Particle Least Square interpolation (CPLS): 
Combination of CPDI and IMLS function reconstruction 

In CPDI, the material points’ velocities  are interpolated to the grid nodes 
using the CPDI shape function given in equation (8). The CPDI weighting func-
tion implies that the velocity is locally constant in the material point domain, 
then distributed evenly to the material point’s corners (by the weight of 0.25 in 
a quadrilateral particle domain) and interpolated from the material point’s cor-
ners to the grid nodes using linear basis function . In CPLS, the velocity is 
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approximated as a linear function [42], which is a first order approximation, in 
the material point domain using the velocity gradient  as follows: 

( ) = + −  (138) 

As such, it does not require extra material point variable because the velocity 
gradient  is already available within the MPM algorithm. Therefore, no extra 
step is required to compute the velocity gradient. However, the velocity gradi-
ents need to be stored as a state variable at material points. When the velocity 
is prescribed as a velocity field, the velocities at material point corners can be 
calculated using equation  (138). Then, each material point domain consists of 
5 velocity data points including the velocity at material points and four corners, 
( , , , , ). These data points can be used to reconstruct the velocity 
function at the background grid using the Improved Moving Least Squares 
method. In the original CPDI method, the nodal velocity is updated by using the 
CPDI shape function as: 

=
∑ S m

m
 (139) 

However, our method modifies the nodal velocity projection using the IMLS 
shape function as follows: 

 

= +  (140) 

where  is the nodal velocity,  is the material point’s velocity,  is the velocity 
at the corners of the material point.  and  are the IMLS nodal shape func-

tions. An extra step is required to compute the velocities at material point do-
main corners as follows: 

= + −  (141) 

5.3 Method of Manufactured Solutions 

The Method of Manufactured Solutions (MMS) has been used for the verifica-
tion and validation for the MPM solution. The advantage of the MMS is to test 
codes with boundaries or nonlinearities where the exact solution is difficult to 
obtain. Furthermore, in the MMS, the magnitude of the displacement in the so-
lution can be controlled by a single parameter. It is convenient to study the cell-
crossing errors in the MPM because the displacement magnitude can be modi-
fied ranging from small to large deformation. Steffen et al. [15] applied MMS for 
a 2D axis-aligned vibration problem; Wallstedt and Guilkey [16] adopted MMS 
to study the convergence rate of the GIMP by simulating a large deformation 
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radial expansion of a ring. Later, Kamojjala et al. [195] presented a serial of ver-
ification tests for solid mechanics including a MMS generalized vortex problem. 
The axis-aligned vibration [15], the radial expansion of a ring [16] and the MMS 
generalized vortex of a ring [195] were used to study the convergence rate of 
CPDI and CPLS. This section summarizes the general derivation of the method 
of manufacture solution for hyper-elastic materials. Firstly, the linear momen-
tum balance equation can be written in the total Lagrangian form and updated 
Lagrangian form as follows: 

 = . +  (142) 

 = . +  (143) 

where 
 Density in reference configuration, 
 Density in current configuration, 
 Acceleration vector, 
 1st Piola-Kichhoff Stress, 
 Cauchy Stress, 
 Body force vector. 

To manufacture the solution, a non-linear time-dependent displacement solu-
tion  is defined. Then the deformation gradient is computed as: 

= +  (144) 

After that, the 1st Piola-Kichhoff stress of the hyper-elastic neo-Hookean model 
to the reference configuration, denoted as , can be written as: 

= lnJ + ( − ) (145) 

where J is the determinant of deformation gradient ,  and  are the shear 
modulus and Lame constant. The Cauchy stress to the current configuration, 
denoted as ,  is: 

=
J

=
lnJ
J

+
J

( − ) (146) 

The acceleration is computed by twice differentiating the displacement  with 
respect to time. Then, substituting the given stress and acceleration to the gov-
ern equation eq.(142), the body force can be found. The body forces are used as 
the source term. The source term (body force) is manufactured as the input for 
the model. The Root Mean Square (RMS) errors for numerical simulations are 
defined as: 

RMS =
∑ −

N
 (147) 
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5.4 Numerical examples 

5.4.1 Axis-aligned vibration 

The first numerical example is a 1D vibration problem which the displace-
ments and velocities are: 

(X, t) = A sin 2
 X
L

sin
c  t

L
 (148) 

(X, t) =
d
dt

= Ac sin 2
 X
L

cos
c  t

L
 (149) 

where A is the maximum amplitude of displacement, L is size of the unit 
square (L=1m), X is the position of material points in the reference configura-

tion, c is the wave speed (c = ). The deformation gradient is: 

(X, t) = 1 + 2
A  
L

cos 2
 X
L

sin
c  t

L
 (150) 

The body forces required to obtain the displacement and velocity field are: 

(X, Y, t) =
 (X, t)

L
4 − c − 4

ln (X, t) − 1 −
(X, t)

 (151) 

Table 6 Numerical parameters for 1D vibration 

Parameters Symbol Value 
Young’s modulus E 10e7 Pa 
Poisson’s ratio  0 
Shear modulus  3.85e6 Pa 
Lamé constant  5.77e6 Pa 
Initial density  1000 kg/m3 
Final time T 0.02s 

Time step dt 0.4
h
c

 

Displacement amplitude A 0.0001m and 0.1m 

A 1m-length bar is discretized into 8, 16, 32, 64,128, 256, 512 cells with 4 ma-
terial points per cell, labeled “PPC” in the figure’s legend. This discretization 
corresponds to cell size (h) of 0.125m, (0.125/2)m, (0.125/4)m, (0.125/8)m, 
(0.125/16)m, (0.125/32)m and (0.125/64)m respectively. Table 6 summarizes 
the numerical parameters. The time step is dt = 0.4 . The final time of the sim-

ulation is 0.02s corresponding to 1 cycle motion of material points. The Convec-
ted Particle Least Square Interpolation Method simulation, denoted as CPLS, is 
compared with the CPDI [24] and the MPM [12]  in small deformation A = 
0.0001m and large deformation A = 0.1m. All the algorithms show similar ac-
curacy and 2nd order convergence rate for displacements (Figure 80), velocities 
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(Figure 82) and stresses (Figure 84) when the deformation is small and cell-
crossing does not occur.  

 
Figure 80 Displacement Convergence 
rate at small deformation, A=0.0001m

 
Figure 81 Displacement Convergence 

rate at large deformation, A=0.1m 

 
Figure 82 Velocity Convergence rate 
at small deformation, A=0.0001m 

 
Figure 83 Velocity Convergence rate 

at large deformation, A=0.1m 

 
Figure 84 Stress Convergence rate 
at small deformation, A=0.0001m 

 
Figure 85 Stress Convergence rate 

at large deformation, A=0.1m 

Figure 86 Computational cost of the CPLS  
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However, when the deformations are large, the MPM and the CPDI does not 
retain the 2nd order convergence rate. Furthermore, increasing the initial num-
ber of material points per cell (1 PPC, 4 PPC and 9PPC equally distributed in a 
square grid cell) increases slightly the convergence rate for the CPDI. The CPLS 
retains 2nd order convergence rate for displacements (Figure 81), velocities 
(Figure 83) and stresses (Figure 85). Figure 86 shows the computational cost of 
the CPLS-1PPC and the CPDI with different PPC. Visually, the CPLS with 1PPC 
has a slightly less computational cost with the CPDI with 9PPC in 2D but can 
lead to a higher accuracy. As the accuracy of the CPLS is independent from the 
number of the material points per cells, it is advised to avoid the excessive num-
ber of material points per cell in CPDI to achieve high order of accuracy in CPDI. 
Furthermore, another reason for avoiding the excessive number of material 
points per cell is that they may contribute to the ringing instability/null-space 
instability.  

5.4.2 2D Ring expansion 

 
Figure 87 Schematic of 2D Ring expansion 

The displacement and velocity field are prescribed with a polar coordinate for 
a ring as: 

 (r, t) = A sin
c t
2r̅

(c r + c r + c r ) (152) 

 

(r, t) =
d
dt

=
Ac
2r̅

cos
c t
2r̅

(c r + c r + c r ) (153) 

where A is the maximum amplitude of displacement, r and  are radial and an-
gular coordinates in the reference configuration, t is the time, c is the wave speed 

(c = ). The inner and outer radius of the ring are r  and r  respectively and r̅ 

is the mean radius of the ring r̅ = (r + r )/2. The constants c , c , c  are: 

 c =
−6r

r (r − 3r ) ; c =
3(r + r )

r (r − 3r )
; c =

−2
r (r − 3r )

 (154) 
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The body forces and stresses are calculated based on the Method of Manufac-
tured Solutions. Because of the symmetric condition, only a quarter of a ring is 
considered with the symmetric boundary condition. Five different cell sizes (l ) 
including 0.1m, (0.1/2)m, (0.1/4)m, (0.1/8)m and (0.1/16)m are used to calcu-
late the spatial convergence rate. The number of material points increase pro-
portionally to the grid size. There are N = 0.4/l  material points distributed 
equally in the radial direction (r=0.2m) and N = 1.6/l  material points distrib-
uted equally in the angular coordinate (see Figure 88 for the discretization of 
material points domain and background grid). Table 7 shows the numerical pa-
rameters for the 2D ring expanding examples. Two algorithms are compared 
(CPDI and CPLS) in small deformation A = 0.0001m and large deformation A 
= 0.1m. For small deformation, both CPDI and CPLS show a 2nd order conver-
gence rate for displacement (Figure 89), velocity (Figure 91) and 1st order con-
vergence rate for stress (Figure 93). However, in large deformation, CPDI can-
not retain the 2nd order convergence rate for the displacement and the velocity 
and 1st order convergence rate for the stress. In contrast, CPLS remains 2nd 
order convergence rate for the displacement (Figure 90), the velocity (Figure 
92) and 1st order convergence rate for the stress (Figure 94). 

Table 7 Numerical parameters for the ring expansion problem 

Parameters Symbol Value 

Young modulus E 10e7 Pa 

Poisson’s ratio  0 

Shear modulus  3.85e6 Pa 

Lame constant  5.77e6 Pa 

Initial density  1000 kg/m3 

Final time T 0.02s 

Time step dt 0.4
h
c

 

Displacement amplitude A 0.0001m and 0.1m 

 

 
Cell size 0.1 

 
Cell size 0.05 
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Cell size 0.05 

 
Cell size 0.0025 

Figure 88 Grid and material point domain discretization for the 2D Ring 
Expanding 

Figure 89 Displacement 
Convergence rate at small 
deformation, A=0.0001m 

 
Figure 90 Displacement 

Convergence rate at large 
deformation, A=0.1m 

Figure 91 Velocity Convergence rate 
at small deformation, A=0.0001m 

 
Figure 92 Velocity Convergence rate 

at large deformation, A=0.1m 

Figure 93 Stress Convergence rate at 
small deformation, A=0.0001m 

 
Figure 94 Stress Convergence rate 

at large deformation, A=0.1m 
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5.4.3 2D generalized vortex 

 
Figure 95 Polar coordinates for the ring 

This example demonstrates the capability of CPDI and CPLS in extreme large 
distortion. Firstly, a ring with inner radius of r  and outer radius of r  is consid-
ered with the radius of each material points at the reference configuration is: 

R = X + Y  (155) 

The initial angle of each material point is calculated by: 

= arctan(X, Y) (156) 

And a constant is defined as: 

h(R) = 1 − 32(R − 1) + 256(R − 1)  (157) 

The induced rotation angle is: 

= A sin(c t) h(R) (158) 

where A is the maximum rotation angle and c is the wave speed (c = ). The 

angles of each material point at the current configuration are: 

= +  (159) 

The induced rotation angle corresponds to the displacement and velocity field 
as follows: 

(X, Y, t) =
A(X cos −Y sin )
A(X sin +Y cos )  (160) 

(X, Y, t) =
d
dt

=
A ch(R)cos( ct)(−X sin −Y cos )
A ch(R)cos( ct)(X cos −Y sin )  (161) 
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The Cauchy stress in the polar coordinate ∗ [196] is computed using the 
Method of Manufactured Solutions, leading to: 

∗ =  (162) 

where: 

= 0 

= = AR sin(c t) (−64(−1 − R) + 1024(−1 + R) ) 

= (AR) sin (c t) (−64(−1 − R) + 1024(−1 + R) )  

(163) 

Then, the Cauchy stress in the Cartesian coordinate  is converted from the 
Cauchy stress in the polar coordinate using a transformation tensor  to the 
current configuration by: 

= ∗  (164) 

where the transformation tensor  to the current configuration is: 

=
cos − sin
sin cos  (165) 

Solving equation (164), the Cauchy stress components are: 

= sin sin − 2 cos  

= = (cos − sin ) − sin cos  

= cos 2 sin + cos  

(166) 

The body forces required to obtain the displacement and velocity field above 
are: 

(X, Y, t) =
b cos − b sin
b sin + b cos

 (167) 

where radial body forces and angle body forces are calculated as: 

b = −RA (4R − 5) (4R − 3) −c cos (c t) (4R − 3) (4R − 5)

+
4096

(R − 1) sin (c t)  

(168) 

b = −RAc sin(c t) (4R − 3) (4R − 5)

+
64 (96R − 240R + 188R − 45)

 

(169) 
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Cell size 0.25 

 
Cell size 0.125 

 
Cell size 0.0625 

 
Cell size 0.03125 

Figure 96 Grid and material point domain discretization  
Table 8 Numerical parameters for generalized vortex problem 

Parameters Symbol Value 

Young’s modulus E 10e3 Pa 

Poisson’s ratio  0.3 

Shear modulus  3.85e2 Pa 

Lamé constant  5.77e2 Pa 

Initial density  1000 kg/m3 

Final time T 1s 

Time step dt 0.1
h
c

 

Displacement amplitude A 1 rad 

In this example, the material point domains are distributed equally in the ra-
dial direction and the background grid is structured. Five different cell sizes in-
cluding 0.25m, 0.125m, 0.0625m, 0.03125m, 0.015625m are used to calculate 
the spatial convergence rate. Similar to the previous example, the number of 
material points increase proportionally to the number of grid cells. There are 
N = 1/l  material points distributed equally in the radial direction (r = 0.5m) 
and N = 45 4l⁄  material points distributing equally in the angular coordinate 
(see Figure 96 for the discretization of material points domain and background 
grid). The numerical parameters for the generalized vortex problem are shown 
in Table 8. The maximum rotation angles A = 1 radian. In this example, The 
MPM performs poorly as the ring is broken under excessive rotation (see Figure 
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97). Both the CPDI and the CPLS perform better as the ring keeps the similar 
shape with the initial configuration at the final configuration (see Figure 98 and 
Figure 99). Figure 100, Figure 101 and Figure 102 show the convergence rate of 
displacement, velocity and stress. The CPLS shows approximately 2nd order 
convergence while CPDI, at a very fine mesh, loses convergence. 

 
Figure 97 Final configuration using the MPM for cell size 0.125 

 
Figure 98 Final configuration 

using the CPDI for cell size 0.125 

 
Figure 99 Final configuration 

using the CPLS for cell size 0.125 

 
Figure 100 Convergence rate of  

the displacement 

 
Figure 101 Convergence rate of the 

velocity 

 
Figure 102 Convergence rate of the stress 
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5.5 Conclusion 

In this chapter, the formulation of the Convected Particle Least Squares Inter-
polation (CPLS) is presented. The proposed formulation is improved from the 
Convected Particle Domain Interpolation (CPDI) method. The novelty of the 
new method is to enhance the accuracy in the large deformation by using the 
Improved Moving Least Squares (IMLS) method. The IMLS overcomes the lim-
itation of the traditional Moving Least Squares method by using the orthogonal 
polynomials to avoid the inversion of the moment matrix. Furthermore, by us-
ing the velocity gradient, the velocity in the CPLS is considered as the linear 
function rather than being locally constant in the CPDI within the material point 
domains. Three verification examples using the Method of Manufactured Solu-
tions demonstrate the improved capabilities of the CPLS compared with the 
CPDI and the MPM. The work presented here is not only limited to the CPDI 
with the quadrilateral particle domain but also is able to be extended to the other 
CPDI variants such as using the tetrahedron particle domain [32, 33]. 
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6.Conclusions and Recommenda-
tions for future works 

6.1 Conclusion 

This research aims to identify the pros and cons of the Material Point Method 
to simulate the landslides and to propose strategies improving the numerical 
performances of the Material Point Method. Based on the validation of the 
method, the MPM has been shown to capture the complex mechanism of a 
spread failure in the sensitive clay landslide. However, the method shows some 
limitations in the landslide modelling. Firstly, non-physical oscillations of the 
pressure and the velocity of the material points are observed when the soil mass 
reaches the steady state at the final deposition. Secondly, the numerical solu-
tions show a low-order convergence rate which results in non-efficiency in the 
landslide modelling because it requires an excessive number of material points 
in a large-scale simulation to obtain a reasonable numerical solution. 

Based on this observation, the potential instability leading to this oscillation 
is investigated. Therefore, a temporal and null-space filter were proposed to fil-
ter the velocity and pressure oscillation in the MPM. The former filters the os-
cillation due to the high-frequency mode of the dynamic system while the latter 
filters the oscillation stemming from the null-space instability which was docu-
mented in the literature. The proposed formulation, then, extended to the hy-
dro-mechanical coupling MPM considering two sets of material points for the 
solid and liquid phase. 

Furthermore, a new least squares interpolation method for the MPM is pro-
posed, referred as Convected Particle Least Squares Interpolation to overcome 
the low-order convergence solution in the MPM. The new method shows some 
advantages compared with the other least squares MPM method such as avoid 
the inversion of the matrix, coupled with the CPDI to avoid the extension insta-
bility. With the new interpolation, the number of material points required to 
obtain the desired numerical accuracy would be less, leading to more efficient 
computations. 
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6.2 Recommendations for future work 

This thesis presents the validation and the proposed algorithm development for 
the landslide modelling under the undrained analysis. However, different mech-
anisms of the landslides involve the liquid phase such as in rainfall-induced 
landslides or submarine landslides. Therefore, a hydro-mechanical formulation 
can be implemented to simulate the landslides under the effective stress analy-
sis. Several enhancements in this thesis can be included such as the generalized-

 time integration scheme, the null-space filter or the least squares interpola-
tion technique. Furthermore, the mechanical properties of the soil materials can 
be well understood by using a critical state soil model such as SCLAY-1S model 
[197] or EVP-SCLAY [198] for the sensitive clays. The critical state model and 
the effective stress analysis can reveal the influence of anisotropy and destruc-
turation of the sensitive clays in the sensitive clay landslides. 
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