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1. Introduction

Mathematics in biology has a long history. One curious early example is a
sequence for describing the ideal growth of a rabbit population, introduced by
Leonardo Pisano in his book Liber Abaci [1] in year 1202. It was the same book
that introduced the Hindu-Arabic numerical system 0, 1, 2, ..., 9 to Europe. In
modern times, Pisano is better known by his posthumous name Fibonacci, and
his famous sequence is commonly recognized as appearing in various settings in
biology, such as in phyllotaxis (the arrangement of lateral organs in plants) [2].

It took well into the 20th century before mathematics started to play a signif-
icant role in the understanding of morphogenesis, or the shaping of biological
forms. While D’Arcy Thompson’s On Growth and Form [3], first published in
1917, could be mentioned as a founding text in the area, the progress was decid-
edly slow until the early 1970s, when modern computer technology started to
become available. This contrasts with the progress of mathematical models in
physics ever since Isaac Newton published his theory of gravitation in 1687 [4].
At least one reason for the paucity of comparable progress in biology is obvious:
The complexity of biological systems at nearly all levels, from subcellular struc-
tures to the formation of complete multicellular organisms, is far beyond the
typical systems studied in physics. While the complexity of biological systems in
itself does not mean that the mathematical models describing them have to be
complex, it makes it very challenging to find and to focus on the relevant parts of
the system - to see the forest for the trees - and to formulate the understanding
into mathematical models. Computers can provide a way around this problem by
making it possible to just accept the complexity and, within limits, to simulate
it all, rather than having to try to summarize everything in a few solvable
equations on a paper.

In 1952, Alan Turing, who is often primarily remembered as a pioneering
computer scientist, published a seminal paper The Chemical Basis of Morpho-
genesis [5], where he proposed a model of biochemical pattern formation based
on a system of reaction-diffusion equations. The equations of the model describe
an interplay between diffusing chemical substances that he called morphogens,
the term that has since become commonplace. The central idea of the model was
that with a suitable activator-inhibitor loop between the morphogens, the sys-
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tem is capable of producing distinct spatial patterns, such as spots and stripes.
But Turing was two decades ahead of his time, as the computer technology of
the time was not sufficient to solve the model and, consequently, although he
was able to approximate the solutions manually in his paper, the work initially
had limited impact. The idea was revisited by Gierer and Meinhardt in 1972,
this time accompanied by simple computer simulations [6]. Their version of
Turing’s model has since become known as the Gierer-Meinhardt model and,
despite being very general, it is still commonly used especially in cases where
experimental evidence is not sufficient to suggest more specific reaction kinetics,
or where the objective is to propose the presence of Turing patterns in general
(see, e.g., [7, 8, 9]). While classical Turing models only consider the emergence
of spatial patterns without considering structural changes in the tissue, such as
growth or cell migration, they have been successfully applied in qualitatively
highly convincing simulations, for example in predicting the healing process
of fish stripes [8]. However, inevitably the models of morphogenesis have to
consider a wider range of phenomena than just patterning, and so the Turing
models are only one small piece of the puzzle.

Unlike the Turing models in patterning, which despite their limitations have
essentially reached a status of an “industry standard”, no general model of
growth has been suggested to date that would have attained similar adoption
and acceptance. Some of the proposed general-purpose models or frameworks of
growth include the Cellular Potts model by Graner and Glazier [10], published in
1992, which has been applied for example in the modeling of tumor growth [11].
More recent examples include LBIBCell by Tanaka et at. (2015) [12], Embry-
oMaker by Marin-Riera et al. (2015) [13] and yalla by Germann et al. (2019) [14].
But despite the existence of such general-purpose frameworks, the majority of
growth models are still organ-specific. To mention two successful examples of
organ-specific models, Salazar-Ciudad and Jernvall published in 2002 a com-
putational model of tooth development, which together with a 2010 version
represents one of the most complete simulations of an organ to date [9]. In 2013,
Shyer et al. demonstrated using a 3D finite element model how the formation of
intestinal structures could be a purely mechanically driven process [15]. While
both of these models are capable of simulating the main aspects of growth in
their specific systems very convincingly, neither is generalizable as a universal
model of growth.

The overarching theme of Publications I–IV of this thesis is to understand
morphogenesis with the help of computational modeling. Two of the publica-
tions, I and III, consider the morphogenesis of teeth. Publication II considers
the patterning of the taste papillae in the mouse tongue. Publication IV is a
more technical study that focuses on developing a computational framework for
simulating generalized tissue growth in 3D. The models developed in Publica-
tions III and IV could be categorized as continuum models of growth, as opposed
to the cell-based models of Publications I and II. From the point of view of the
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author’s main contributions in each study, the publications represent a growth
process (pun intended): In Publication I, the author constructed software tools
to perform the modeling experiments based on an existing cell-based model;
in Publication II a simple extended version of a classical Turing model was
designed; in Publication III a 2D continuum model of a specific biological growth
process was developed. Finally, in Publication IV a computational framework
for simulating generalized tissue growth in 3D using the continuum approach
was developed. The progression of the projects thus represents not just growth
in ambition, but moving towards more general principles, from system-specific
cell-based modeling to considering generalized continuum tissue growth.

To briefly address the motivations for building models of morphogenesis, the
immediate objective of understanding a given specific aspect of an organ under
study is only a small part of the bigger picture. Ultimately, the author’s objective
is to understand the evolutionary processes that shape the biological forms over
evolutionary timescales. One well-known challenge is the difficulty of building
reliable phylogenetic trees of organisms based on the fossil evidence [16, 17].
Taxonomic classifications of extinct species necessarily depend mainly on the
observed similarity of the shapes, but such analysis is fraud with difficulties due
to not considering the developmental mechanisms that produce those shapes.
One intriguing example of how the superficial similarity can deceive is the con-
vergent evolution of the camera eye [18]. Models of morphogenesis could, at least
in principle, provide an insight into understanding how the similarity of the
shapes is correlated with the evolutionary relatedness of the organisms. These
questions are also at the core of Publication I. Further, developing such mod-
els presents an exciting array of challenges, requiring highly interdisciplinary
collaborations not just between mathematics and biology, but also computer
sciences to tackle the computational challenges involved.

The thesis is organized as follows. Section 2 provides a brief introduction to
biochemical pattern formation using a simple reaction-diffusion system, which
is relevant with respect to the models in Publications I, II and IV. Section 3 in-
troduces the principle of continuum modeling of biological growth in the context
of Publications III and IV. Section 4 overviews the main numerical methods
applied in Publications II, III and IV. Finally, a summary of the main results
from Publications I–IV is presented in Section 5. For the reader interested
in more detailed treatment of the topics in Sections 2–4, references to review
articles and textbooks are provided in each section.
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2. Biochemical Pattern Formation

In this chapter the Turing’s principle of biochemical pattern formation through
reaction-diffusion is briefly introduced. To demonstrate the formation of so-called
Turing patterns, the reaction-diffusion model proposed by Gierer and Meinhart
is used [6]. The Gierer-Meinhardt model relies on a simple activator-inhibitor
loop, where a slow-diffusing activator molecule promotes the production of a
fast-diffusing inhibitor molecule, which in turn slows down the production of
the activator. Variants of the Gierer-Meinhardt model are applied in Publi-
cations I, II and IV. Other notable general-purpose reaction-diffusion models
capable of similar pattern generation include the Gray-Scott model, which dif-
fers from the Gierer-Meinhardt model by relying on different form of reaction
kinetics [19]. For an example of a more specified, experimentally-informed
reaction-diffusion model, see [20]. For accessible reviews of Turing models,
see [21, 22], and for more detailed treatment [23].

While Turing models arguable represent the most important family of mod-
els of patterning in biological systems, alternative mechanisms have also been
considered in the literature, from example patterning resulting from the mechan-
ical interactions between cells [24]. For discussion on distinguishing between
different models of periodic patterning, see [25].

2.1 Reaction-diffusion

Denote the patterning domain by Ω, which is (typically) a subset of R2 or R3.
The Gierer-Meinhardt system can be written for concentrations c1(x, t), c2(x, t) :
Ω× (0,T]→R of two morphogens as

∂c1(x, t)
∂t

=μ1∇2c1(x, t)+ αc1(x, t)2

[1+βc2(x, t)][1+γc1(x, t)2]
−λ1c1(x, t)+ρ, (2.1a)

∂c2(x, t)
∂t

=μ2∇2c2(x, t)−λ2c2(x, t), (2.1b)

where c1(x, t) and c2(x, t) are called the activator and the inhibitor, respectively.
In practical applications, the time endpoint T is typically chosen as any suffi-
ciently large number to obtain a (near) steady state solution. Boundary and

13



Biochemical Pattern Formation

initial conditions, as well as the parameter values μi,α, ...,λi ∈ R+ are chosen
depending on the situation. Only a small subset of the parameter space can pro-
duce Turing patterns, such as spots and stripes. To obtain stable, non-oscillating
patterns some general rules apply, most importantly, in the classical case it
is necessary to have μ2 > μ1. A simplified form of Eq. (2.1) has the activator
saturation parameter γ is fixed to zero, in which case the model typically pro-
duces spot patterns, while for values γ> 0 the emergence of stripe patterns can
be observed. For theoretical analysis of feature selection between spots and
stripes, see [26]. Examples of basic patterns produced by solving this system
starting from low noisy activator concentration and zero inhibitor concentration
are shown in Fig. 2.1.

Classical Turing models such as system (2.1) only consider biochemical pat-
terning, and do not take into account other important phenomena such as cell
movement and clustering that are associated with spatial patterning in many
systems (e.g., the intestinal villus formation [7]). If patterning takes place si-
multaneous to non-negligible changes in tissue structure, the effect of those
changes on the morphogen concentrations need to be considered, e.g., by adding
an appropriate advective term to Eqs. (2.1) [27]. The advective effect of tissue
growth on morphogen concentrations is also briefly discussed in Publication IV,
though not implemented there, as the patterning in the model is assumed to
happen fast relative to the growth. For detailed discussion of the effect of growth
on Turing patterning, see [29] and references therein, and [28] for discussion
on the wider implications of simultaneity of patterning and growth in biological
development.

Another aspect not directly captured with the classical models is the potential
irregularity of the observed (real) patterning: In the absence of strong back-
ground sources, solving system (2.1) to a steady state on a regular discretization
always results in a regular or symmetrical outcome. While many biological
patterns exhibit striking regularity, with hair and feather follicles representing
a prime example [22], other systems such as the taste papillae in mouse tongue
considered in Publication II exhibit more irregularity. One option to capture the
irregularity in the model is to stop the patterning process at a convenient time
point. Another approach, also implemented in the models of Publications I, II
and IV, is to simulate cellular differentiation. A simple way to do this is to set
a differentiation threshold for one of the morphogens, then after surpassing
the threshold value to establish secondary inhibitor sources at those compu-
tational nodes to locally shutdown the patterning. Under such a scheme the
relevant readout of the model is no longer the morphogen concentration itself,
but rather a “differentiation state” of the system (see Publication II). One curious
aspect of such differentiation mechanisms is that with appropriate choice of
parameters they turn the patterning mechanism into a highly chaotic system,
as demonstrated in Fig. 2.2.

Augmenting a Turing model with a differentiation mechanism becomes even
more important when simulating not just patterning but tissue growth specifi-
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cally. For example, in teeth the growth of the cusps (the main features of the
crown) are controlled by differentiated enamel knots (signaling centers) that
stay horizontally fixed in the epithelium where they form [30]. The spatial pat-
terning of enamel knots has been suggested to result from a Turing mechanism,
but only when incorporating the differentiation of the enamel knots [9], as a
simple Turing model without differentiation would predict that the enamel knots
keep moving over the epithelium as a response to the tissue growth, which is
demonstrably not the case. See Publication IV for an example of using a Turing
mechanism to establish signaling centers for controlling tissue growth.

Figure 2.1. Something out of (almost) nothing. Examples of basic Turing patterns obtained
by solving Eqs. (2.1) starting from a weak noisy activator concentration and zero
inhibitor concentration (top image). Colors indicate the activator concentration level.
Different runs demonstrate the effect of varying parameter γ in Eq. (2.1a) from 0.0
to 0.075 with increments of 0.025, while all other parameters kept constant: μ1 =
2.5·10−6, μ2 = 2.5·10−5, λ1 =λ2 = 0.02, α= 1.5, β= 1.0, ρ = 5.0·10−5. Computational
domain is set as Ω = [0,1]2 with periodic boundary conditions, discretized as a
grid of 2002 nodes. Top image shows the initial condition at t = 0 with activator
c1(x,0)∝U (0,10−4). Middle row shows the patterning at time t = 480 and bottom
row at t = 2 ·104. The final patterns are not the steady-state, but the patterning has
slowed down significantly by that time, giving a good idea of the steady-state.
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Figure 2.2. Chaotic patterns. Examples of (A) chaotic patterns emerging from a vertical
row of four point concentrations obtained by solving Eqs. (2.1) augmented with a
differentiation mechanism, compared with the corresponding patterning (B) without
differentiation. Colors indicate the inhibitor concentration level with white low, black
high. Common reaction-diffusion parameters: μ1 = 0.08/2002, μ2 = 0.63/2002, β= 0.8,
ρ = 5.0 ·10−5. Simulation specific parameters: For run #1, λ1 = 0.05, λ2 = 0.03,
α = 1.3, γ = 0.5; for #2, λ1 = 0.05, λ2 = 0.03, α = 1.3, γ = 0.3; for #3, λ1 = 0.05,
λ2 = 0.03, α= 1.5, γ= 0.1; for #4, λ1 = 0.04, λ2 = 0.02, α= 1.5, γ= 0.5. Computational
domain is set as Ω= [0,1]2 with periodic boundary conditions, discretized as a grid
of 2002 nodes. For chaotic patterns (A) the differentiation rule is: If c1(x,τ) > 1.0
for any τ ∈ [0,T], then the node corresponding to x becomes a constant inhibitor
source of strength 2.0. For each parameter set the simulation time endpoint T is
chosen so that the patterning in (A) has no activator left in the system, indicating
the steady-state for the chaotic pattern, while the corresponding Turing patterns (B)
may not represent the steady-state.
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3. Continuum Models of Growth

In this chapter, the continuum models presented in Publications III and IV are
briefly discussed. Both models are solved with custom finite element method
(FEM) implementations, described in detail in the respective publications. The
source codes of the implementations are freely available, with links given in the
publications. A brief introduction to FEM is given in Section 4.2. For the present
purposes, the models in Publications I–IV are divided into two categories: cell-
based (I, II) and continuum models (III, IV). More refined categories are also
discussed in literature, in particular distinguishing between different types of
models that presently are all categorized as cell-based models (see, e.g., [31, 32]).

The central idea of the continuum approach in the present context is to assume
that modeling can be taken directly to the tissue level, without the need to
consider individual cells and their interactions in the system. As long as the
tissue growth process is not dependent the full number of degrees of freedom that
the tissue’s constituent cells imply, it should in principle be possible to construct
a reduced model that includes only the relevant subset of variation present in
the growing tissue. As an example, consider teeth: The total amount of variation
that the thousands of cells forming a tooth conceivably are capable of producing
is not observed, but rather only a very finely tuned subset of it, implying tissue-
level rules that control the growth process. It is those tissue-level rules that
continuum models attempt to capture. From a philosophical point of view, the
continuum approach views the cells simply as a nature’s discretization for the
developmental problem, an implementation detail.

There are obviously cases where the continuum approach as described would
be invalid, such as whenever the number of cells is small, or where the sys-
tem consists of sufficiently large number of specialized cell types with distinct
behaviors and roles that making a continuum assumption over them becomes
untenable. Moreover, cell-based models have the inherent benefit of being capa-
ble of capturing details of the system at a level that, by definition, is unreachable
with continuum models. On the other hand, the continuum models have the
inherent scaling benefit in large systems consisting of thousands (or millions)
of cells. Cell-based and continuum models should not be seen so much as being
competing approaches, as being complementary: Both modeling approaches
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should in appropriate conditions lead to the same predictions, thus serving as
validation references to each other. A cell-based model giving correct predictions
indicates that the cell-level phenomena have been correctly understood, while
a continuum model giving correct predictions indicates that the tissue-level
phenomena have been correctly understood.

For further discussion on the continuum approach see, e.g., [33]. For an
accessible textbook on the physics of growing tissues, see [34].

3.1 Diffusion-limited growth

In Publication III, a model of diffusion-limited secretion of enamel matrix is
developed. The model is motivated by the classical Stefan problem that considers
the diffusion-limited nature of the solidification of undercooled liquids [35].
Examples of the pattern generation in the Stefan problem are shown in Fig. 3.2.

The enamel matrix, secreted on top of the enamel-dentin-junction (EDJ), later
mineralizes into the enamel, so the model in essence is a model of enamel for-
mation. The problem is non-trivial because even though the enamel shape is
derived from the shape of the EDJ, it is not a simple extrapolation of it, as
demonstrated in the study and in Fig. 3.1. The matrix is secreted by a layer
of cells, the ameloblasts, but in the model we make the continuum assumption
that the individual cells and their interactions are not relevant to understand
the process, and that the aggregate behavior of the ameloblasts can be described
as a diffusion-limited free boundary problem. The diffusing substance in the
model is a nutrient, by which we refer collectively to all the external factors that
ameloblasts require for the secretion of the matrix.

Figure 3.1. The enamel challenge. Enamel matrix is secreted on top of the enamel-dentin-
junction (EDJ), but the process is highly non-linear.

We denote the full model domain containing both the EDJ and the space
exterior to EDJ by Ω. At time t = 0, the matrix secretion front, denoted by Γ(t),
coincides with the EDJ. Within Ω, the interior area enclosed by Γ(t) is denoted
by Ω2(t), and the rest of Ω or the area into which the matrix secretion front
advances is denoted by Ω1(t). The diffusion-limited aspect in the model follows
from the assumption that the growing interface consumes a nutrient diffusing
from the exterior to interface. The nutrient is constantly replenished at the rate
of f := f (x, t) in the exterior Ω1. The problem is: Find nutrient distribution u
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and interface Γ such that

∂u
∂t

=α∇2u+ f in Ω, (3.1a)

dΓ
dt

L =α

[
∂u1

∂n
− ∂u2

∂n

]
on Γ, (3.1b)

u(x,0)= C0 in Ω1, (3.1c)

u(x,0)= 0 in Ω2, (3.1d)

u(x, t)= εcκ(t) on Γ, (3.1e)

∂u
∂n

(x, t)= 0 on ∂Ω1 and u(x, t)= B on ∂Ω2, (3.1f)

where ∂Ω1∪∂Ω2 = ∂Ω with ∂Ω1∩∂Ω2 =�. The brackets in (3.1b) denote a jump
condition of u over the interface and κ(t) is the mean interface curvature. The
model parameters control the nutrient diffusion rate (α), the amount of nutrient
required for growth (L), the initial nutrient concentration (C0) and the interface
tension (εc). Boundary conditions (3.1f) are set as needed to simulate different
surrounding scenarios; for example, setting B = 0 on parts of the boundary can
be used to simulate restricted nutrient availability from the given direction.

The system of Eqs. (3.1) differs from the classical Stefan problem by the
introduction of the background source term f in Eq. (3.1a), and the sign of
the diffusion process has been reversed to better account for the nature of
matrix secretion: Whereas in the Stefan problem the flux of u is away from the
interface (from zero temperature to negative), in the matrix model we assume
that the flux of u is towards the interface (from positive concentration to zero
concentration). In practice, the sign reverse does not affect the model dynamics,
and it is done solely for the sake of consistency. We set mixed domain boundary
conditions in Eq. (3.1f) to account for different environments within which the
enamel is secreted, and also to mimic the temporal control of matrix secretion.
Relatively high values of surface tension εc in Eq. (3.1e) are used to account for
the presumed stiffness of the ameloblast layer, resulting in interface shapes that
generally are smoother than the ones shown in Fig. 3.2.

The model is solved using a custom finite element method implementation first
presented in the author’s MSc thesis [36] for the purpose of solving the classical
Stefan problem, then revisited in Publication III for the specific biological ap-
plication. The interface position Γ is tracked with the level set method [37, 38].
For computational reasons the process is simulated in 2D, but as demonstrated
in the study, this simplification is justified in many cases, as long as the compu-
tational plane is chosen appropriately.
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Figure 3.2. Diffusion-limited solidification. Examples of solidification of an idealized super-
cooled liquid in the Stefan problem at different time points. Both the interface (the
black outline) and the interior are at temperature T = 0, whereas the exterior is
at temperature T = −1. Colors indicate the temperature: In (A) yellow indicates
temperature T = 0 and blue temperature T =−1. In (B) white indicates temperature
T = 0 and black temperature T =−1. In (A) the underlying mesh has irregular trian-
gulation, in (B) the mesh consists of triangulated regular hexagons. Both simulations
are without surface tension (εc = 0) or background source ( f = 0).

3.2 Tissue as viscous fluid

Publication IV considers the application of the Stokes equation for simulating
generalized bulk tissue growth. The focus of the study is on developing a
computational framework for tackling the problem, rather than on specific
biological applications. The Stokes equation, also referred to as Stokes flow
or creeping flow, is a linearization of the more general Navier-Stokes equation
for cases where the flow rates are slow and viscosities high. Flows for which
the Stokes equation is suitable are characterized by low Reynolds numbers.
The Reynolds number represents the ratio of inertial forces to viscous forces
in the flow, with low values indicating the flow is viscous (e.g., honey), and
high values indicating the flow is non-viscous and potentially turbulent (e.g.,
water). It has been estimated that the embryonic tissues have very low Reynolds
numbers, suggesting the suitability of the Stokes equation for the modeling
purposes [27, 39].

The model combines a three-morphogen patterning mechanism extended from
the Gierer-Meinhardt system (2.1) with differentiation, where the third mor-
phogen denotes a growth factor produced by signaling centers established on the
tissue interface as a result of differentiation. The system is roughly motivated
by the establishment of signaling centers in teeth [9, 30]. The growth factor
indicates the areas of growth within the tissue, which are modeled as mass
sources in the Stokes equation. A version of the Stokes equation with vari-
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able viscosity is used to account for non-homogeneous tissue/cell adhesion [40].
Tissue boundary is tracked with the level set method [37, 38] within a static
computational domain Ω that is a closed subset of R3.

Denote the total growth or simulation time by T. The problem is: At time
tn ∈ [0,T], given a source term s(x, tn) obtained from the growth factor, find the
growth velocity field u(x, tn) :Ω→R3 and pressure p(x, tn) :Ω→R with variable
viscosity μ(x, tn) :Ω→R such that

−∇· (2μD(u))+∇p = f − 2
3
μ∇s in Ω, (3.2a)

∇·u = s in Ω, (3.2b)

u = 0 on ∂Ω, (3.2c)

where D(u) is the rate-of-strain tensor defined as

D(u)= 1
2

(∇u+∇uT ).

The load term f (x, tn) in Eq. (3.2a) can be used to encode the forces affecting the
tissue, such as the normal force resulting from the surface tension. The velocity
field u(x, tn) obtained by solving the system is then used to update the tissue
boundary. Within the new tissue volume, the patterning is then solved again,
followed by solving the system (3.2), and so on, until the desired end time T. A
single step of the process in 2D is demonstrated in Fig. 3.3.

Finding a numerical solution to system (3.2) in 3D poses computational chal-
lenges. In general, when solving any Stokes system, care is required in construct-
ing the solver to obtain a stable pressure solution p (see Section 4 and Publication
IV). Regardless of whether a stable or stabilized solver is used, the system is
expensive to solve computationally, and it is necessary to rely on iterative rather
than direct solvers.

Note that in the special case of constant viscosity, Eq. (3.2a) reduces to a more
familiar form of

−μ∇2u+∇p = f + 1
3
μ∇s,

which follows directly from having ∇μ= 0 and recalling that ∇·∇uT =∇(∇·u).
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Figure 3.3. Stokes with mass sources. (A) Solving a reaction-diffusion system within the inte-
rior space enclosed by the interface (red line), a polarity of morphogen concentrations
is obtained. Colors indicate the concentration level, with blue low, yellow high. (B)
The morphogen concentration is set in Eqs. (3.2a) and (3.2b) as the source term s,
and solving the resulting system gives a velocity field as a solution (indicated by the
arrows). The velocity field is then used to update the interface position.

22



4. Numerical Methods

In this chapter, a brief introduction to the main numerical methods used in
Publications II, III and IV is presented. In Publication II the model equations
are solved using the finite difference method (FDM); for further reading on
FDM, see [48]. Publications III and IV use the finite element method (FEM);
for further reading, see [49, 50] for practical applications, or [51] for a more
theory-oriented approach. For a general-purpose textbook on partial differential
equations, see [52].

4.1 Finite difference method

Consider a simple reaction-diffusion equation for morphogen concentration
c(x, t) :Ω× (0,T]→R

∂c
∂t

=μi∇2c+R(c, t), x in Ω, (4.1a)

c = f , x on ∂Ω, (4.1b)

where Ω is for example the unit square and T a suitable time endpoint. For
simplicity, consider a case where the condition implies a sink, or f = 0. Set
the computational domain as a regular grid in 2D, where each node has four
neighbors. The discretization of the Laplacian in Eq. (4.1a) is obtained by writing
the Taylor expansion of the term in two directions along each dimension (here x
for example):

c(x±h, y, t)= c(x, y, t)± cx(x, y, t)h+ 1
2

cxx(x, y, t)h2 +O(h3),

and so the discrete approximation of the Laplacian along x (in the domain
interior) reads

cxx(x, y, t)≈ 1
h2

[
c(x+h, y, t)−2c(x, y, t)+ c(x−h, y, t)

]
. (4.2)

Repeating the same with respect to y we obtain the stencils (without rotations)
for computing the diffusion at non-boundary nodes, boundary nodes with three
neighbors, and boundary nodes with two neighbors, respectively:
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0 1 0

1 -4 1

0 1 0

,

0 1 0

0 -4 1

0 1 0

,

0 0 0

0 -4 1

0 1 0

.

In practice, the stencils are combined into a sparse matrix with −4 at the
diagonal elements and 1 at the elements corresponding to the neighbor nodes.

Consider an alternative scenario where the boundary ∂Ω acts as a “wall”, that
is, replace 4.1b with the Neumann condition

∂c
∂n

= 0, x on ∂Ω,

then the stencils in the interior nodes and the two boundary node scenarios,
respectively, become

0 1 0

1 -4 1

0 1 0

,

0 1 0

0 -3 1

0 1 0

,

0 0 0

0 -2 1

0 1 0

.

The stencils are straightforward to extend to other cases, such as higher dimen-
sions or grids with a different number of neighbors, such as the hexagonal grid
used in Publication II.

Using the Taylor expansion on the time derivative in Eq. (4.1a), we obtain the
explicit Euler method for solving the system:

cn+1 = cn +δ
[
μM+R(c, t)

]
,

where M is now the discretized Laplacian and δ the time step. In many biology-
related applications, such as in Publication IV, the time spent on solving the
reaction-diffusion system even with the explicit Euler method is negligible
compared to the time spent on other parts of the model. Thus, while higher
order explicit or implicit methods might give performance benefits, the obtained
benefit may not be worth the trouble of the more complex implementation,
especially in the case of implicit methods.

4.2 Finite element method

In FEM the computational domain is decomposed into to a set of (in principle)
arbitrarily shaped elements [50]. In practice, a common element choice in 2D
is the triangle, and in 3D the tetrahedron. Compared to FDM, FEM is a more
general and mathematically more sophisticated technique for solving partial
differential equations. In fact, FDM can be interpreted as simply being a special
case of FEM on a suitable regularly discretized mesh.
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A FEM solver is generally more complicated to implement than an FDM solver,
and might be an overkill in simple scenarios. On the other hand, due to compu-
tation taking place within a polygonal or a polyhedral mesh, FEM is the natural
choice when a customizable mesh structure or shape is needed.

Instead of finding the solution of the problem directly as in FDM, in FEM
the solution of a so-called weak form of the problem is solved. As an example,
consider the classical Poisson problem: Find u such that

−∇2u = f in Ω, (4.3a)

u = g on ∂Ω. (4.3b)

The weak form of the problem is obtained by first multiplying both sides of (4.3a)
with a suitable test function v and integrating the left-hand side by parts. Then
the new problem is: Find u ∈U such that∫

Ω
∇u :∇v dx =

∫
Ω

f ·v dx, ∀v ∈V , (4.4)

where “:” denotes the generalization of the dot product to matrices (Frobenius
product) and the V is the space of test functions. More specifically, here U ={

u | u− g ∈ H1
0(Ω)

}
and V = H1

0(Ω), where

H1
0(Ω)={

u ∈ L2(Ω) | ∇u ∈ L2(Ω), u = 0 on ∂Ω
}

is a Sobolev space. System (4.4) is insensitive to variations of singular points
of ∇u, hence the name “weak form”. Finding the solution through solving the
weak form is based on the principle of energy minimization in the variational
form of the original system (see [36]).

For numerical implementations, the spaces U and V are replaced with suitable
finite-dimensional subspaces, which is known as the Galerkin method. As an
example, consider the decomposition of a (sufficiently well-defined) domain Ω

into a set of triangles Th. Then the subspaces Uh, Vh could be chosen as

Uh ={
u | u− g ∈ H1

0(Ω), u ∈P1(K), ∀K ∈Th
}

,

Vh ={
v ∈ H1

0(Ω) | v ∈P1(K), ∀K ∈Th
}

,

where P1 denotes the piecewise linear polynomials over the elements K ∈Th.
With such subspaces Uh, Vh, an algorithm for solving the system (4.4) can be
written. For details of implementing a FEM algorithm in 2D, see [36].

While P1 elements are suitable for many problems, for some systems it is not
sufficient. For the sake of generality, consider the abstract saddle point problem:
Find (u, p) ∈ (V ,Q) such that

a(u,v)+b(v, p)= 〈 f ,v〉, ∀v ∈V , (4.5a)

b(u, q)= 〈g, q〉, ∀q ∈Q, (4.5b)
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where a : V ×V → R and b : V ×Q → R are continuous bilinear forms, and 〈·, ·〉
denotes the dual pairing. The Stokes system (3.2), also considered in Publication
IV, is an example of this problem type. A sufficient condition for system (4.5) to
have a unique solution (u, p) that depends continuously on the initial conditions
is

sup
v∈V

b(v, q)
‖v‖V

≥ C‖q‖Q , C > 0, ∀q ∈Q, (4.6)

which is known as the inf-sup (or Babuška-Brezzi) condition. It can be shown
that for the saddle point problem (4.5) this condition fails if V and Q consist of
P1 polynomials only. For instance, in the case of the Stokes equation this results
in an unstable pressure solution p, which in practice is commonly observed as a
checkerboard pattern of the pressure [50, 54]. Choosing P2 and P1 for V and Q,
respectively, satisfies condition (4.6), but as demonstrated in Publication IV, it
comes with a heavy computational cost.

If the computational cost of P2 −P1 element is considered prohibitive, the
stability issues can also be avoided (at least partially) by using techniques such
as the MINI element, or stabilization through regularization while staying on
P1 −P1 element [54]. Briefly, the simplest form of regularization is to augment
Eq. (4.5b) with a suitable term d : Q×Q →R such that

b(u, q)+βd(p, q)= 〈g, q〉, ∀q ∈Q, (4.7)

where β > 0 is a stabilization parameter. For further discussion, see [50, 55]
and Publication IV where such a stabilization method is implemented. Note
that the addition of a new term d(p, q) to the left-hand side of Eq. (4.7) without
compensating for it on the right-hand side affects the consistency of the system,
producing an additional error. However, as noted in [53, 54] and also indicated by
the results in Publication IV, the consistency error may not be significant enough
to be considered an issue, if the accuracy of the numerical solution is mainly
limited by other factors, such as the spatial resolution. Further stabilization
techniques that take the consistency into account have been considered for
example in [55].

4.3 Level set method

Whereas the model implemented in Publication II is solved in a static compu-
tational domain, both the models of Publications III and IV involve a moving
boundary (interface) that needs to tracked. A common technique for interface
tracking is to adaptively remesh the computational domain to fit the interface
at each time point (see, e.g., [39, 41]). An upside of remeshing is that it allows
for a very accurate interface representation. On the other hand, remeshing
necessarily complicates the numerical implementation and potentially increases
the computational cost significantly if an accurate interface reconstruction is
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required. Another approach is to represent the interface implicitly based on the
positional information stored in the nodes of a static computational domain, such
as in the level set method [37, 38], which is also used in Publications III and IV.
Other common interface-tracking techniques include the immersed boundary
method [42] and the phase field method [43].

In the level set method, the position of interface Γ separating the disjoint
subdomains Ω1 and Ω2 of Ω is given by the zero of a signed distance function

φ(x, t)=

⎧⎪⎪⎨
⎪⎪⎩
+dist(x,Γ), x ∈Ω1,

0, x ∈Γ,

−dist(x,Γ), x ∈Ω2.

(4.8)

Given a velocity field u over Ω, for example obtained as a solution of the Stokes
system (3.2), the interface position is then implicitly updated by solving

∂φ

∂t
+u ·∇φ= 0 in Ω. (4.9)

The interface reconstruction for visualization is straightforward and requires
only interpolating the positions x such that φ(x, t)= 0 along the mesh edges.

An elegant aspect of the level set method is that the mean interface curvature
κ is obtained by simply computing

n= ∇φ
|∇φ| , κ=−∇·n.

The curvature is needed for example to simulate the effect of surface tension, as
in Publications III and IV.

The main challenge of the level set method is keeping the level set function
φ as a true distance function, which is required to avoid the interface becom-
ing degenerate over time. In Publications III and IV the level set function is
periodically reset to a distance function simply by looping over all the mesh
and interface nodes, and finding the minimum Euclidean distances, which is
straightforward to implement but can be computationally expensive. Given the
highly parallelizable nature of the problem, however, the distance computations
can be efficiently offloaded to a GPU, which is also done in Publication IV. For
other techniques on keeping φ as a distance function, see, e.g., [35].

Another potential challenge with the level set method are the cases where the
velocity u is initially defined only on the interface Γ, as in Publication III. In
such cases, before solving Eq. (4.9), u is first extended over the whole domain Ω

by solving another system. For discussion on constructing velocity extensions,
see [44]. The velocity solution of the Stokes system in Publication IV is defined
over the whole domain, hence no separate velocity extension step is needed.
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5. Summary of Results

5.1 Publication I

Publication I considers the evolutionary transitions in mammalian dentition by
investigating how gradual modifications of developmental processes can produce
gradual changes in the phenotype. The study helps to understand the connection
between morphological changes and evolutionary relationships, which is crucial
for successful phylogenetic analysis of extinct species, of which only fossils exist.
The experiments demonstrate an unprecedentedly smooth transition in tooth
morphology when controlling the presence of a single signaling molecule (EDA)
during development. The experimental results are plausibly recapitulated in
a computational model of tooth development by modifying, likewise, a single
model parameter.

The computational model is implemented in a user-friendly graphical user
interface, intended to bridge the traditional gap between modelers and non-
modelers in interdisciplinary projects such as the present study. The interface
was successful in that it allowed the collaborators with main background in
biology to perform the majority of the simulations presented in the publication,
while helping to innovate the role of the model in the study and its application
to the experimental data.

5.2 Publication II

Publication II considers the developmental mechanisms of the formation of
fungiform papillae in the mouse tongue. The fungiform papillae house the
taste buds in the tongues of most vertebrates, hence the understanding of the
developmental mechanisms has potential clinical significance. In the study
it is observed that controlling FGF signaling during the development affects
the size but not the spacing of the papillae. The classical view of the actions
of morphogens such as FGF in these types of systems is that the effects are
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through changes in gene transcription. However, the results of the study suggest
that while FGF signaling affects the extent of canonical Wnt signaling, a central
activation pathway, this effect is not at the level of gene transcription. To test
the hypothesis a computational model of papilla patterning is constructed, using
an extended form of the classical Gierer-Meinhardt model where the diffusion
constant of the patterning activator is replaced by a non-linear function. Further,
a simple differentiation mechanism is implemented to account for the observed
randomness in the papillae patterning. Based on the experimental results,
supported by the computer simulations, it is suggested that the changes in the
papilla size while keeping the spacing intact could be due to local changes in the
diffusion of Wnt signaling.

5.3 Publication III

In Publication III, a computational model of enamel matrix secretion is developed
and applied to the simulation enamel formation in mammalian teeth. In the
model the secretion of the enamel matrix is assumed to be limited by the diffusion
of a nutrient substance from the environment surrounding the matrix secreting
layer of cells. Through simulations of the enamel shape of molars in three
mammalian species, pigs, humans and orangutans, it is demonstrated that
the model realistically captures the main features of the enamel shape in each
species, while only a very limited set of model parameters are varied to account
for the differences between the species. Notably, the model is shown to capture
not just the end state of the matrix secretion, but also the progression of the
secretion front, further strengthening the case for the model. To quantify the
similarity of the simulated enamel shapes to the real enamel, the boxcount
(fractal) dimensions of the shapes are computed. The model output is compared
to an alternative hypothesis assuming that the enamel shape is a geometric
extrapolation of the underlying enamel-dentin-junction, which is shown not to
be the case.

The our knowledge, no models explaining how the enamel obtains its shape
have been proposed prior to this study. The study therefore has the potential of
opening new directions in dental research.

5.4 Publication IV

In Publication IV, a cell-free continuum model for simulating generalized bulk
tissue growth in 3D is developed. The model describes the tissue mechanism
using the Stokes equation with mass sources that are obtained from a reaction-
diffusion patterning mechanism augmented with differentiation. In numerical
validation tests it is shown that even at relatively low levels of spatial resolutions,
and despite using a stabilized Stokes solver, the framework is capable of reaching
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a reasonable numerical accuracy. In simulations of idealized tissue growth, the
effects of variable viscosity and surface tension on the growth are demonstrated,
to our knowledge for the first time in 3D. It is proposed that the presented
techniques could be useful for simulating and exploring mechanistic principles
of tissue growth in various developing organs.

31





References

[1] Sigler L. Fibonacci’s Liber Abaci: a translation into modern English of
Leonardo Pisano’s book of calculation. Springer Science & Business Media;
2003 Nov 11.

[2] Prusinkiewicz P, Lindenmayer A. The algorithmic beauty of plants.
Springer Science & Business Media; 2012 Dec 6.

[3] Thompson DW. On growth and form. On growth and form. 1942.

[4] Newton I. Philosophiæ naturalis principia mathematica (Mathematical
principles of natural philosophy). London (1687). 1987; 1687.

[5] Turing AM. The chemical basis of morphogenesis. Bulletin of mathematical
biology. 1990 Jan 1; 52(1-2):153-97.

[6] Gierer A, Meinhardt H. A theory of biological pattern formation. Kybernetik.
1972 Dec 1; 12(1):30-9.

[7] Walton KD, Whidden M, Kolterud Å, Shoffner SK, Czerwinski MJ, Kush-
waha J, Parmar N, Chandhrasekhar D, Freddo AM, Schnell S, Gumucio DL.
Villification in the mouse: Bmp signals control intestinal villus patterning.
Development. 2016 Feb 1;143(3):427-36.

[8] Yamaguchi M, Yoshimoto E, Kondo S. Pattern regulation in the stripe of ze-
brafish suggests an underlying dynamic and autonomous mechanism. Pro-
ceedings of the National Academy of Sciences. 2007 Mar 20; 104(12):4790-3.

[9] Salazar-Ciudad I, Jernvall J. A computational model of teeth and the
developmental origins of morphological variation. Nature. 2010 Mar;
464(7288):583.

[10] Graner F, Glazier JA. Simulation of biological cell sorting using a two-
dimensional extended Potts model. Physical review letters. 1992 Sep 28;
69(13):2013.

33



References

[11] Shirinifard A, Gens JS, Zaitlen BL, Popławski NJ, Swat M, Glazier JA. 3D
multi-cell simulation of tumor growth and angiogenesis. PloS one. 2009 Oct
16; 4(10):e7190.

[12] Tanaka S, Sichau D, Iber D. LBIBCell: a cell-based simulation environment
for morphogenetic problems. Bioinformatics. 2015 Mar 13; 31(14):2340-7.

[13] Marin-Riera M, Brun-Usan M, Zimm R, Välikangas T, Salazar-Ciudad I.
Computational modeling of development by epithelia, mesenchyme and
their interactions: a unified model. Bioinformatics. 2015 Sep 5; 32(2):219-
25.

[14] Germann P, Marin-Riera M, Sharpe J. ya||a: GPU-powered Spheroid
Models for Mesenchyme and Epithelium. Cell systems. 2019 Mar 20.

[15] Shyer AE, Tallinen T, Nerurkar NL, Wei Z, Gil ES, Kaplan DL, Tabin CJ,
Mahadevan L. Villification: how the gut gets its villi. Science. 2013 Oct 11;
342(6155):212-8.

[16] Donoghue MJ, Doyle JA, Gauthier J, Kluge AG, Rowe T. The importance of
fossils in phylogeny reconstruction. Annual review of Ecology and System-
atics. 1989 Nov; 20(1):431-60.

[17] Wiens JJ. The role of morphological data in phylogeny reconstruction.
Systematic biology. 2004 Aug 1; 53(4):653-61.

[18] Ogura A, Ikeo K, Gojobori T. Comparative analysis of gene expression for
convergent evolution of camera eye between octopus and human. Genome
Research. 2004 Aug 1; 14(8):1555-61.

[19] Gray P, Scott SK. Autocatalytic reactions in the isothermal, continuous
stirred tank reactor: Oscillations and instabilities in the system A + 2B →
3B; B → C. Chemical Engineering Science. 1984 Jan 1; 39(6):1087-97.

[20] Glimm T, Bhat R, Newman SA. Modeling the morphodynamic galectin
patterning network of the developing avian limb skeleton. Journal of theo-
retical biology. 2014 Apr 7; 346:86-108.

[21] Kondo S, Miura T. Reaction-diffusion model as a framework for understand-
ing biological pattern formation. science. 2010 Sep 24; 329(5999):1616-20.

[22] Painter KJ, Hunt GS, Wells KL, Johansson JA, Headon DJ. Towards an
integrated experimental–theoretical approach for assessing the mechanistic
basis of hair and feather morphogenesis. Interface focus. 2012 Feb 15;
2(4):433-50.

[23] Murray JD. Mathematical Biology II: Spatial Models and Biomedical Appli-
cations. 3rd. ed., Springer; 2003.

34



References

[24] Oster GF, Murray JD, Harris AK. Mechanical aspects of mesenchymal
morphogenesis. Development. 1983 Dec 1; 78(1):83-125.

[25] Hiscock TW, Megason SG. Mathematically guided approaches to distinguish
models of periodic patterning. Development. 2015 Feb 1; 142(3):409-19.

[26] Ermentrout B. Stripes or spots? Nonlinear effects in bifurcation of reac-
tion—diffusion equations on the square. Proceedings of the Royal Society
of London. Series A: Mathematical and Physical Sciences. 1991 Aug 8;
434(1891):413-7.

[27] Iber D, Tanaka S, Fried P, Germann P, Menshykau D. Simulating tissue
morphogenesis and signaling. Tissue Morphogenesis 2015 (pp. 323-338).
Humana Press, New York, NY.

[28] Salazar-Ciudad I, Jernvall J. How different types of pattern formation
mechanisms affect the evolution of form and development. Evolution &
development. 2004 Jan; 6(1):6-16.

[29] Madzvamuse A, Gaffney EA, Maini PK. Stability analysis of non-
autonomous reaction-diffusion systems: the effects of growing domains.
Journal of mathematical biology. 2010 Jul 1; 61(1):133-64.

[30] Jernvall J, Thesleff I. Reiterative signaling and patterning during mam-
malian tooth morphogenesis. Mechanisms of development. 2000 Mar 15;
92(1):19-29.

[31] Sharpe J. Computer modeling in developmental biology: growing today,
essential tomorrow. Development. 2017 Dec 1; 144(23):4214-25.

[32] Fletcher AG, Cooper F, Baker RE. Mechanocellular models of epithelial mor-
phogenesis. Philosophical Transactions of the Royal Society B: Biological
Sciences. 2017 Mar 27; 372(1720):20150519.

[33] Byrne H, Drasdo D. Individual-based and continuum models of growing
cell populations: a comparison. Journal of mathematical biology. 2009 Apr
1; 58(4-5):657.

[34] Forgacs G, Newman SA. Biological physics of the developing embryo. Cam-
bridge University Press; 2005 Nov 24.

[35] Chen H, Min C, Gibou F. A numerical scheme for the Stefan problem on
adaptive Cartesian grids with supralinear convergence rate. Journal of
Computational Physics. 2009 Sep 1; 228(16):5803-18.

[36] Häkkinen T. On Free Boundary Problems. MSc thesis, Aalto University;
2016.

35



References

[37] Osher S, Sethian JA. Fronts propagating with curvature-dependent speed:
algorithms based on Hamilton-Jacobi formulations. Journal of computa-
tional physics. 1988 Nov 1; 79(1):12-49.

[38] Osher S, Fedkiw R. Level set methods and dynamic implicit surfaces.
Springer Science & Business Media; 2006 Apr 6.

[39] Murea C, Hentschel H. A finite element method for growth in biologi-
cal development. Mathematical Biosciences and Engineering. 2007 Feb 1;
4(2):339.

[40] Batchelor CK, Batchelor GK. An introduction to fluid dynamics. Cambridge
university press; 1967.

[41] Boehm B, Westerberg H, Lesnicar-Pucko G, Raja S, Rautschka M, Cotterell
J, Swoger J, Sharpe J. The role of spatially controlled cell proliferation in
limb bud morphogenesis. PLOS biology. 2010 Jul 13; 8(7):e1000420.

[42] Peskin CS. The immersed boundary method. Acta numerica. 2002
Jan;11:479-517.

[43] Chen LQ. Phase-field models for microstructure evolution. Annual review
of materials research. 2002 Aug;32(1):113-40.

[44] Adalsteinsson D, Sethian JA. A fast level set method for propagating inter-
faces. Journal of computational physics. 1995 May 1; 118(2):269-77.

[45] Chindapol N, Kaandorp JA, Cronemberger C, Mass T, Genin A. Modelling
growth and form of the scleractinian coral Pocillopora verrucosa and the
influence of hydrodynamics. PLoS computational biology. 2013 Jan 10;
9(1):e1002849.

[46] Tronnolone H, Tam A, Szenczi Z, Green JE, Balasuriya S, Tek EL, Gardner
JM, Sundstrom JF, Jiranek V, Oliver SG, Binder BJ. Diffusion-limited
growth of microbial colonies. Scientific reports. 2018 Apr 16; 8(1):5992.

[47] Okuda S, Miura T, Inoue Y, Adachi T, Eiraku M. Combining Turing and
3D vertex models reproduces autonomous multicellular morphogenesis
with undulation, tubulation, and branching. Scientific reports. 2018 Feb 5;
8(1):2386.

[48] Griffiths DF, Higham DJ. Numerical methods for ordinary differential
equations: initial value problems. Springer Science & Business Media;
2010 Nov 11.

[49] Johnson C. Numerical solution of partial differential equations by the finite
element method. Courier Corporation; 2012 May 23.

[50] Braess D. Finite elements: Theory, fast solvers, and applications in solid
mechanics. Cambridge University Press; 2007 Apr 12.

36



References

[51] Brenner S, Scott R. The mathematical theory of finite element methods.
Springer Science & Business Media; 2007 Dec 14.

[52] Evans L. Partial Differential Equations. 1st. ed., American Mathematical
Society; 1998.

[53] Brezzi F, Pitkäranta J. On the stabilization of finite element approximations
of the Stokes equations. Efficient solutions of elliptic systems 1984 (pp. 11-
19). Vieweg+ Teubner Verlag, Wiesbaden.

[54] Pierre R. Simple C0 approximations for the computation of incompressible
flows. Computer Methods in Applied Mechanics and Engineering. 1988
May 1; 68(2):205-27.

[55] Franca LP, Hughes TJ, Stenberg R. Stabilized finite element methods for
the Stokes problem. Teknillinen korkeakoulu; 1991.

37



 

-o
tl

a
A

D
D

 
0

71
/

 9
10

2

 +c
fchi

a*GM
FTSH

9  NBSI 2-5278-06-259-879  )detnirp( 
 NBSI 9-6278-06-259-879  )fdp( 
 NSSI 4394-9971  )detnirp( 
 NSSI 2494-9971  )fdp( 

 
ytisrevinU otlaA  

ecneicS fo loohcS  
sisylanA smetsyS dna scitamehtaM fo tnemtrapeD  

 if.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 n
en

ik
kä

H .
J 

u
me

eT
 t

ne
mp

ol
ev

e
D l

ac
ig

ol
oi

B f
o 

gn
il

ed
o

M l
an

oi
ta

tu
p

mo
C 

n
O

 y
ti

sr
ev

i
n

U 
otl

a
A

 9102

 sisylanA smetsyS dna scitamehtaM fo tnemtrapeD

lanoitatupmoC nO  
lacigoloiB fo gniledoM  

 tnempoleveD

 nenikkäH .J umeeT

 LAROTCOD
 SNOITATRESSID

 

-o
tl

a
A

D
D

 
0

71
/

 9
10

2

 +c
fchi

a*GM
FTSH

9  NBSI 2-5278-06-259-879  )detnirp( 
 NBSI 9-6278-06-259-879  )fdp( 
 NSSI 4394-9971  )detnirp( 
 NSSI 2494-9971  )fdp( 

 
ytisrevinU otlaA  

ecneicS fo loohcS  
sisylanA smetsyS dna scitamehtaM fo tnemtrapeD  

 if.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 n
en

ik
kä

H .
J 

u
me

eT
 t

ne
mp

ol
ev

e
D l

ac
ig

ol
oi

B f
o 

gn
il

ed
o

M l
an

oi
ta

tu
p

mo
C 

n
O

 y
ti

sr
ev

i
n

U 
otl

a
A

 9102

 sisylanA smetsyS dna scitamehtaM fo tnemtrapeD

lanoitatupmoC nO  
lacigoloiB fo gniledoM  

 tnempoleveD

 nenikkäH .J umeeT

 LAROTCOD
 SNOITATRESSID

 

-o
tl

a
A

D
D

 
0

71
/

 9
10

2

 +c
fchi

a*GM
FTSH

9  NBSI 2-5278-06-259-879  )detnirp( 
 NBSI 9-6278-06-259-879  )fdp( 
 NSSI 4394-9971  )detnirp( 
 NSSI 2494-9971  )fdp( 

 
ytisrevinU otlaA  

ecneicS fo loohcS  
sisylanA smetsyS dna scitamehtaM fo tnemtrapeD  

 if.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 n
en

ik
kä

H .
J 

u
me

eT
 t

ne
mp

ol
ev

e
D l

ac
ig

ol
oi

B f
o 

gn
il

ed
o

M l
an

oi
ta

tu
p

mo
C 

n
O

 y
ti

sr
ev

i
n

U 
otl

a
A

 9102

 sisylanA smetsyS dna scitamehtaM fo tnemtrapeD

lanoitatupmoC nO  
lacigoloiB fo gniledoM  

 tnempoleveD

 nenikkäH .J umeeT

 LAROTCOD
 SNOITATRESSID


	Aalto_DD_2019_170_Häkkinen_verkkoversio



