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1. Introduction

In the past few years, the development of web services and social media

content has generated an astronomical quantity of digital data. From the

point of view of a single user, cloud storage allows for a constant and re-

mote access to the data without overwhelming their own storage capacity.

The same benefits apply to companies as well, on a much larger scale.

According to [28], it was estimated in 2018 that 2.5 exabytes, which is

2.5 billion gigabytes, were created every day. Therefore, it appears as

no surprise that the largest information technology companies have ex-

panded and diversified their offer for cloud storage and cloud computing.

To mention the biggest two, Amazon offers Amazon S3 for object storage

and more generally Amazon Web Service for cloud computing, Microsoft

proposing Microsoft Azure for client storage and services.

In practice, this led to the construction of huge data centers spread over

different locations. Each of these data centers consists of a network of

storage disks or servers where the data is distributed among the servers.

The overall system is referred to as a distributed storage system (DSS).

Given the size of a data center, the main challenge to maintain such a stor-

age system is to deal with server failures. Disks, servers or racks can be

temporarily unavailable due to power shortages or system updates. More-

over, the stored data can be corrupted or lost due to technical failures. As

an example, in 2013, a Facebook cluster with 3000 servers typically en-

counters 20 server failures per day with a peak reaching over 100 server

failures in one day [44].

To protect the data against server failures, it is necessary to generate

and store redundant data in the storage system. A simple solution, known

as replication, is to store copies of the data. It guarantees that when a

server fails, the data can still be retrieved by accessing another server.

However, it means that only a small fraction of the system is allocated to

9



Introduction

actual data while the rest protects against server failures. For example,

in a system that protects against one server failure by storing a copy of

the data, only 50% of entire capacity of the system can be used for storage.

The part of a DSS that is allocated to redundant data is called the storage

overhead.

Another strategy is to take advantage of the representation of the data

to encode the redundant part. The encoding codes, known as erasure-

correcting codes, can achieve a better tradeoff between the storage over-

head and the failure tolerance. To continue the previous example, a sys-

tem using a code called an [3, 2]-MDS code can tolerate one server failure

while allowing 66% of the storage capacity to be used for storing data com-

pared to 50% when using replication. Thus, erasure-correcting codes can

induce cost savings by reducing the amount of hardware needed, the data

center footprint, and the power usage.

However, the major drawback of using erasure codes is the fact that

repairing a server is more complex than with replication. If the system

uses replication, repairing a server consists simply of downloading the

data from another server. On the other hand, a naive use of an erasure

code may imply contacting more servers and downloading more data than

the size of the lost data for repairing a failed server. Therefore, it can

induce a higher bandwidth and latency in the system network due to slow

servers and network congestion.

The work done in [9] focuses on reducing the repair bandwidth. The au-

thors obtain the tradeoff curve between the storage overhead, failure tol-

erance, and repair bandwidth. Furthermore, they give a class of erasure-

correcting codes, known as regenerating codes, that achieve the tradeoff

curve. On the other hand, [18, 26, 35, 37] introduce the notion of local-

ity for a code in order to reduce the number of servers contacted during

the repair of a few failures. Codes achieving the locality requirement are

called locally repairable codes (LRCs). The notion of locality for storage

codes constitutes the main underlying topic of this thesis.

More specifically, one of our research interests resides in finding a trade-

off between the storage overhead, failure tolerance, and the locality when

the alphabet of the code is fixed. Without fixing the alphabet, the tradeoff

between these parameters is derived in [18,37] in the form of a bound on

the maximal value of the failure tolerance when the other parameters are

assumed to be fixed. For a practical point of view, a bound on the failure

tolerance means that there is no system with a better failure tolerance

10
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than the value described by the bound. The bound for codes with locality

is proven to be tight with constructions provided in [27, 35, 37, 41, 51, 56].

Notably, a construction of optimal codes with locality is given in [50] over

relatively small alphabets.

In fact, obtaining a small alphabet for a storage code is of great interest

since the alphabet affects the complexity of the repair process. In a coded

DSS, repairing a server not only consists of downloading the correct data

but also requires to perform arithmetic operations on them. These op-

erations are defined by the alphabet of the code, which is a Galois field.

While XOR operations can be performed really fast, arithmetic operations

on larger alphabets need to be further optimized. To achieve the best per-

formance, it is therefore necessary to use pre-computing and addition and

multiplication tables.

On the other hand, even if a small alphabet facilitates the repair pro-

cess, it influences the tradeoff between the storage overhead and the fail-

ure tolerance. It was shown since 1960 [22, 36], that smaller alphabets

might reduce the maximal failure tolerance for a fixed storage overhead.

However, obtaining the exact tradeoff when the alphabet is fixed is a dif-

ficult problem and some conjectures are still open. In addition, it is not

straightforward to add the locality requirement in the tradeoff between

the failure tolerance and the storage overhead. A novel approach to ob-

tain an alphabet-dependent bound was presented recently in [5] under

the form of an optimization problem. In Publication III and Publication

IV, we extend this approach to more general locality requirements and

derive new alphabet-dependent bounds for these storage codes.

In an implicitly related topic, this thesis also focus on understanding

the effect of the alphabet on the internal substructures of a storage code.

For this more theoretical aspect, we use and develop some tools in ma-

troid theory. Matroids were introduced by Whitney in [58] to capture and

generalize the notion of linear dependence in matrices and graphs. By as-

sociating a matroid to a code, the combinatorial setting of the matroid can

help us rephrase and study the intrinsic properties of the restriction of

the code to subsets of coordinates. This association is already used in [56]

to derive bounds and constructions of optimal codes via matroidal proper-

ties. Furthermore, various criteria have been derived on matroidal objects

that relate the matroid to its underlying alphabet. Thus, matroid theory

gives us useful tools to understand the tradeoff between the alphabet size

and the storage parameters and to dive into the substructures of a code

11
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on a fixed alphabet.

This thesis is composed of six articles related to matroids and differ-

ent locality assumptions for storage codes. We introduce these different

concepts and give an overview of the main results of the articles. The

summary part of the thesis is organized as follows. In Chapter 2, we intro-

duce the necessary preliminaries on coding theory under the point of view

of storage codes for distributed storage systems. We define the important

objects and explain the main problematics of studying the alphabet size

of a code. In Section 2.2, we consider locally repairable codes and present

the known bounds on the tradeoff between storage overhead, failure toler-

ance, and locality. In Chapter 3, we introduce the basics of matroid theory

and define the relevant objects such as flats and cyclic flats. Throughout

this chapter, we also explain the link between concepts in matroid the-

ory and concepts in coding theory. We conclude this chapter by discussing

how the underlying alphabet affects a matroid. In Chapter 4, we present

the results of Publications I–VI. This chapter is divided into five sections.

The first section aims to understand how the alphabet constraints the

cyclic flats of a representable matroid. The next three sections deal with

different locality assumptions and obtaining alphabet-dependent bounds

for locally repairable codes. Moreover, in Section 4.3, we analyze the lo-

cality of one particular construction of optimal codes. Finally, Section 4.5

considers nonlinear locally repairable codes over mixed alphabets.

12



2. Distributed Data Storage and Erasure
Codes

The increased demand for storing and accessing huge amount of data re-

motely has led to the design of large and reliable data centers. A dis-

tributed data storage system (DSS) is a system that stores data on a net-

work of storage servers or nodes. One of the challenges to build such sys-

tems is that these storage servers can go offline for a short period of time,

due to updates or power shortages, or may even fail completely. There-

fore, a key requirement for a DSS is to ensure the reliability of the stored

data. This is usually done by adding redundancy to the data to prevent

its complete loss in case of a server failure. One method is, of course, to

store copies of the data in the DSS. While this solution is likely to pre-

vent loss of the data, it diminishes drastically the storage capacity of the

system. The work done notably in [9] makes use of erasure-correcting

codes to reduce the storage overhead while preserving a high failure toler-

ance. In this chapter, we introduce the basics of erasure-correcting codes

and explain their application to distributed storage systems. After that,

we present one particular subclass of erasure-correcting codes, called lo-

cally repairable codes, that reduces the repair complexity of a few failed

servers. The main references for this chapter are [25,54].

2.1 Preliminaries on coding theory

The set {1, . . . , n} is denoted by [n] and the set of all subsets of [n] is 2[n].

The set of all non-negative integers including 0 is denoted by Z≥0. The

finite field of q elements, with q a prime power, is denoted by Fq. For

a length-n vector v in Fn
q and a set I ⊆ [n], the vector vI denotes the

restriction of v to the coordinates in the set I.

Since storage servers are prompt to failures, an extra amount of redun-

dancy needs to be stored alongside the initial data. This redundancy is

13
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then used to repair and reconstruct the data in case of a failed node. To

create the redundancy, a file is first split into k pieces. Then, n pieces are

created from the k pieces. Finally, the n pieces are stored in the DSS, each

on a different storage server. In this setting, a linear encoding is defined

a linear injective map from Fk
q to Fn

q . The image of this mapping is called

a linear erasure-correcting code C or simply a linear code. Thus C is a

sub-vector space of Fn
q of dimension k.

A linear code C, as defined above, is said to have length n and dimension

k. The vectors in C are called codewords and their components are called

codewords symbols. The number of codewords in C is the cardinality of C,

|C| = qk. The support of a codeword c ∈ C is defined as

supp(c) = {i ∈ [n] : ci �= 0}

and the weight of c is wt(c) = | supp(c)|. The redundancy of a code or the

storage overhead is the quantity n−k and the rate isR = k/n. A generator

matrix of a linear code C is a k × n matrix over Fq for which the rows are

a basis of C. The encoding of a file f ∈ Fk
q into a codeword c ∈ C is then

c = fG. We present two methods to obtain new codes from a given code C
of length n.

1. The restriction of the code C to the set of coordinates I ⊆ [n] is de-

fined by C|I = {cI : c ∈ C}.

2. The shortening of C to the set I ⊆ [n] is defined by

C/I = {c[n]\I : c ∈ C such that ci = 0 for all i ∈ I}.

In the literature, the restriction to I is also called puncturing on the set

[n] − I. For convenience, we call restricted codes the codes obtained by a

restriction.

The main motivation to introduce erasure-correcting codes is to allow a

certain number of failures in the distributed storage system without com-

promising the data. A file can no longer be retrieved when too many code-

words symbols have been erased and two originally different codewords

are now equal. This motivates the following definition.

Definition 1. For a code C and two codewords x and y, the Hamming-

distance or shortly distance of x and y is

d(x,y) = {i ∈ [n] : xi �= yi}.

The minimum distance of C, denoted by d, is min
x,y∈C
x�=y

d(x,y).
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A linear code of length n, dimension k and minimum distance d is re-

ferred to as an [n, k, d] linear code. Following from the definition, a dis-

tributed storage system using a code C with minimum distance d can tol-

erate up to d− 1 failures without losing any file. In the next example, we

compare two storage systems where the first system uses replication and

the second uses an erasure-correcting code.

Example 1. In this example, we want to store two files A and B on a

distributed storage system where each server can store at most one file.

The system is also required to tolerate one failure.

One solution is to store A and B on the first two servers, respectively.

Then, the files are replicated and two other servers store a copy of A and

B. This yields a storage system with 4 servers that can tolerate at most one

arbitrary failure. If we write the files A and B as a row vector (A,B), the

generator matrix of this code is

1 0 1 0

0 1 0 1

( )
G1 = .

Each server i ∈ [4] is associated to the column gi of G1 and stores (A,B)gi.

On the other hand, we can use an erasure-correcting code to achieve the

same requirements on the storage system but with one fewer server. The

solution is the following. The first two servers store the files A and B as

before. The third server stores now A + B. If the third server fails, then

no files are lost. If the first server fails, then we can obtain the file B from

the second server and subtract it from A + B to get the file A and vice-

versa if the second server fails. Thus, this yields a storage system with 3

servers that can tolerate at most one failure. The generator matrix of the

erasure-correcting code is

1 0 1

0 1 1

( )
G2 = .

This example illustrates the possible gain in the storage overhead when

an erasure-correcting code is used instead of replication.

The minimum distance of a code is highly dependent on the redundancy.

The next bound, known as the Singleton bound, gives an upper bound on

the minimum distance when the length and the dimension of a code are

fixed.

Theorem 1 (Singleton bound). Any [n, k, d] linear code satisfies

d ≤ n− k + 1.
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In other words, this bound states that the maximum number of erasures

tolerated by a code is always less than or equal to the redundancy. A code

C such that d = n − k + 1 is called a maximum distance separable (MDS)

code and is referred to as an [n, k]-MDS code. An important property of

an MDS code is that any set of k columns in its generator matrix has

full rank. Perhaps the most famous subclass of MDS codes are the Reed–

Solomon codes [42].

An important fact about the Singleton bound is that the bound is in-

dependent of the code alphabet Fq. However, the alphabet of a code re-

stricts even more its minimum distance. In fact, over a fixed alphabet Fq,

[n, k]-MDS codes exist only for certain parameters n and k. The minimum

q such that there exists an [n, k]-MDS code over Fq has been a topic of

great interest. In particular, the following conjecture, known as the MDS

conjecture, remains unproven.

Conjecture 1 ([45]). If k ≤ q then a linear [n, k]-MDS code over Fq has

length n ≤ q + 1 unless q = 2m and k = 3 or k = q − 1, in which case

n ≤ q + 2.

The conjecture is proven in some particular cases, notably when q is a

prime or when k ≤ 2p − 2 for q = pm in [2]. In order to have a bound on

the parameters n, k, and d that takes into account the alphabet q, we look

at specific restricted codes called residual codes. Residual codes are codes

obtained by restricting a code to the zero coordinates of a codeword.

Definition 2. Let C be an [n, k, d] code over Fq and c a codeword. The

residual code of C with respect to c is the code C|[n]−supp(c).

The next proposition gives the parameters of a residual code with a

lower bound on its minimum distance.

Proposition 1 ([23], Lemma 2.13). Let C be an [n, k, d] code over Fq and c

a codeword of weight w < q
q−1d. Then the residual code of C with respect to

c is an [n− w, k − 1, d′] code, where d′ ≥ d− w + �w/q�.

By successive iterations of the previous proposition on codewords of min-

imal weight, [22] obtained an alphabet-dependent bound for binary linear

codes known as the Griesmer bound. This bound was later extended to

linear codes over Fq in [48]. We present the most general form.

Theorem 2 ([48]). Any [n, k, d] linear code over Fq satisfies

n ≥
k−1∑
i=0

⌈
d

qi

⌉
=: Gq(k, d).
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We introduce one particular class of linear codes. The Simplex code

S(m), or sometimes Sq(m), is a linear code over Fq obtained via the gen-

erator matrix Gm, whose columns are a maximal set of pairwise linearly

independent vectors in Fm
q . The Simplex code is therefore the code with

the largest length for a fixed dimension where no two columns in the gen-

erator matrix is repeated up to a factor in Fq. It is easy to see that the code

does not depend on the choice of the generator matrix. The parameters of

S(m) are [(qm − 1)/(q − 1),m, qm−1]. Therefore, the Simplex code achieves

the Griesmer bound with equality and is thus an optimal code.

We conclude this part by introducing an entropy function on the sub-

sets I ⊆ [n] where n is the length of a code. The idea of this function is

to measure the amount of information contained in the restriction of an

arbitrary code. This entropy function can be defined for very large classes

of codes including classes of nonlinear codes. However, to maintain a cer-

tain clarity, we define it here for linear codes only. For linear codes, the

entropy function measures exactly the dimension of the restricted codes.

Definition 3. Let C be a linear code of length n and I ⊆ [n]. The entropy

associated to C is the function HC : [n]→ Z with HC(I) = dim(C|I).

For ease of notation, if the underlying code of HC is clear, we drop the

specification to C. For a subset I ⊆ [n], HC(I) is equivalent to the rank

of the submatrix of the generator matrix of C formed by the columns gi

with i ∈ I or to the rank function of I in the associated matroid of C. More

details on matroids is given in Chapter 3. The entropy function has the

following matroidal properties as shown in [14].

Proposition 2 ([14]). Let C be a linear code of length n and H the entropy

function associated to C. For I, J ⊆ [n], we have

1. H(I) ∈ Z≥0,

2. H(I) ≤ |I|,

3. If I ⊆ J then H(I) ≤ H(J),

4. H(I ∪ J) +H(I ∩ J) ≤ H(I) +H(J).

The entropy function also behaves nicely for restricted codes. Let I ⊆ [n]

and C|I the restriction of C to I. Then for J ⊆ I, we have HC|I (J) = HC(J).

Finally, we define a closure operation on the subsets of [n] for linear codes.

Definition 4. Let C be a linear code of length n and I ⊆ [n]. The closure

operator cl : 2[n] → 2[n] is cl(I) = {e ∈ [n] : H(I ∪ e) = H(I)}. A set I ⊆ [n]

is a closed set if cl(I) = I.
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One can think of the closure operator via the generator matrix G of C,

where cl(I) is the set of all columns in G contained in the linear span of

the columns indexed by I.

2.2 Locally repairable codes

In Example 1, we saw that erasure codes can reduce the storage overhead

compared to replication for a fixed failure tolerance and server capacity.

However, the repair of a failed server becomes more complex when us-

ing erasure codes. For the replicated system in Example 1, repairing the

first server consists of simply downloading the content of the third server.

While for the coded system, repairing the first server requires to access

and download the content of the second and the third server. Therefore,

on top of the storage overhead and the failure tolerance, two metrics are

of particular interest for storage codes. The first metric is the repair band-

width, which is defined as the number of symbols downloaded for repair-

ing a single failed server. The second metric is the locality, which counts

the number of servers contacted during the repair process.

In [9], the authors give the tradeoff between the repair bandwidth and

the storage overhead. A family of codes, known as regenerating codes, was

introduced in [9] and achieve the tradeoff curve. Regenerating codes can

also enable efficient repair of failed servers. Nevertheless, the number of

servers contacted for repair is a bottleneck for the system efficiency due

to network congestion.

In this thesis, we focus mainly on the notion of locality. For an [n, k, d]

linear storage code, the locality r was introduced in [18,35] to allow the re-

pair of a single failed server by contacting only r other servers with r � k.

Erasure codes satisfying this requirement are called locally repairable (or

recoverable) codes (LRCs). A natural extension was presented in [26, 37]

to allow δ−1 erasures to be corrected locally by contacting at most r other

servers. A code satisfying this is said to be an LRC with locality (r, δ). The

definition in [37] is the following.

Definition 5. An [n, k, d] linear code C has all-symbol locality (r, δ) if for

all coordinates i ∈ [n] there exists a set R ⊆ [n] containing i, such that

1. |R| ≤ r + δ − 1,

2. The minimum distance of C|R is at least δ.

We refer to C as an (n, k, d, r, δ)-LRC.
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For a given coordinate i ∈ [n], the set R associated to it is called a repair

set. With this definition, any δ − 1 code symbols with coordinates in a

repair set R are determined by the code symbols with coordinates in the

remaining |R| − δ + 1 ≤ r coordinates. Thus, it enables a local repair by

contacting at most r other servers. We give an example of an LRC.

Example 2. Let C be the [6, 3, 3] binary linear code generated by the fol-

lowing matrix

1 0 0 1 1 0

0 1 0 1 0 1

0 0 1 0 1 1

⎛
⎜⎝

⎞
⎟⎠G = .

1 2 3 4 5 6

Since the minimum distance of C is 3 and its dimension is 3, C can tolerate

up to two erasures and repair them by contacting at most three nodes.

Furthermore, C is also a locally repairable code as demonstrated next.

Define the three repair sets to be R1 = {1, 2, 4}, R2 = {1, 3, 5} and R3 =

{2, 3, 6}. First, each coordinate i ∈ [6] is contained in at least one repair set.

Secondly, to see that the restricted codes have a certain minimum distance,

we label the columns of G from 1 to 6. Then, the restriction of C to R1

corresponds to the code generated by GR1 , the submatrix of G formed by

the column 1, 2, and 4, which is

1 0 1

0 1 1

0 0 0

⎛
⎜⎝

⎞
⎟⎠GR1 = .

As seen in Example 1, the restricted code C|R1 is a code of length 3, di-

mension 2 and minimum distance 2. One can check that C|R2 and C|R3

yield the same code parameters as C|R1 . Therefore, the smallest minimum

distance of a local code is δ = 2. Since the maximal size of a repair set is 3,

we have that r = 2. Hence, the code C is a (6, 3, 3, 2, 2)-LRC that can repair

up to one failure locally by contacting at most two other nodes.

Other extensions of the notion of locality were considered in the litera-

ture including codes with availability [55], hierarchical locality [43], se-

quential repair of several erasures [38], cooperative repair [40], local re-

pair on graphs [30], and many others.

Since having locality (r, δ) is an extra requirement for a code, it naturally

constrains its feasible parameters [n, k, d]. In [37], the authors give the

first tradeoff between the parameters n, k, d, r, and δ by showing that the
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minimum distance d of an (n, k, d, r, δ)-LRC is bounded as follows:

d ≤ n− k + 1−
(⌈

k

r

⌉
− 1

)
(δ − 1). (2.1)

The bound is of the form of the Singleton bound with an extra penalty

term coming from the locality (r, δ). As such, it is independent on the al-

phabet size. This bound is tight for large alphabet size with constructions

provided in [11, 19, 24, 26, 27, 35, 37, 39, 41, 50, 51, 56]. In particular, the

authors of [50] give a construction of LRCs achieving the previous bound

with an alphabet size linear in the length n.

Similarly to linear codes, fixing the alphabet Fq of an LRC restricts even

more the minimum distance. The pioneering work done in [5] gives the

first alphabet–dependent bound on LRCs with locality (r, δ = 2). The

bound is a bound on the dimension k of an LRC of the form of an opti-

misation problem. Furthermore, it contains another bound k
(q)
opt(n, d) on

the maximal dimension of a code over Fq with length n and minimum dis-

tance d. In addition, the bound k
(q)
opt(n, d) can be replaced by any bound

on the dimension k given n, d, and Fq. For example, it can be replaced by

the Singleton bound on k or a slight modification of the Griesmer bound.

This intrinsic bound k
(q)
opt(n, d) gives therefore the dependence on the al-

phabet Fq of the global bound. The bound in [5] is the following. Any

(n, k, d, r, δ)-LRC over Fq with δ = 2 satisfies

k ≤ min
0≤t≤n/(r+1)

{
tr + k

(q)
opt(n− t(r + 1), d)

}
. (2.2)

In [5], the authors show that the bound (2.2) is at least as good as the

bound (2.1). Moreover, the bound (2.2) approaches the bound (2.1) when

we let q → ∞. This bound has led to further constructions of alphabet-

optimal LRCs as in [46,59].

The authors of [1] give an alphabet-dependent bound on (n, k, d, r, δ)-

LRCs over Fq. As in the bound (2.2), this bound uses an intrinsic bound

B(n, d) on the maximal dimension of a code with the extra requirement

that B(n, d) is convex on the length n. Regarding the alphabet-dependent

bound, [1] shows that any (n, k, d, r, δ)-LRC over Fq satisfies

k ≤
(⌈

n− d+ 1

r + δ − 1

⌉
+ 1

)
B(r + δ − 1, δ), (2.3)

where B(n, d) is an upper bound on the dimension of a code over Fq of

length n and minimum distance d that is convex on n. Further extensions

of the notion of locality and corresponding bounds will be discussed in

Chapter 4.

20



3. Matroids

Matroids were first introduced by Whitney in 1935 [58]. His idea was to

abstract and generalize in purely combinatorial terms the notion of lin-

ear dependence in matrices and graphs. In fact, the combinatorial setting

turns out to be general enough to capture many other notions of depen-

dence such as non-transversality of algebraic varieties or algebraic depen-

dence of field extensions. The main references for this chapter are [13,34].

3.1 Preliminary definitions

A particularity of matroids is that they can be defined in many different

but equivalent ways. The most relevant way for us is to define matroids

via their rank function.

Definition 6. A matroid M = (E, ρ) is a finite set E together with a rank

function ρ : 2E → Z such that for all subsets X,Y ⊆ E,
(R.1) 0 ≤ ρ(X) ≤ |X|,
(R.2) If X ⊆ Y then ρ(X) ≤ ρ(Y ),

(R.3) ρ(X ∪ Y ) + ρ(X ∩ Y ) ≤ ρ(X) + ρ(Y ).

Throughout this chapter, M always denotes a matroid with a ground set

E and a rank function ρ. Associated to the rank function is the nullity

function η : 2E → Z, defined by η(X) = |X| − ρ(X) for X ⊆ E. A subset

X ⊆ E is called independent if ρ(X) = |X| and the collection of indepen-

dent sets is denoted by I. Matroids can be equivalently defined by the

collection of independent sets.

Definition 7. A matroid M = (E, I) is a finite set E together with I, a

collection of subsets of E, satisfying
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(I.1) I �= ∅,
(I.2) If Y ∈ I and X ⊆ Y , then X ∈ I,
(I.3) If X,Y ∈ I and |Y | > |X|, then there exists y ∈ Y −X

such that X ∪ {y} ∈ I.

Next, we introduce a bit of vocabulary regarding matroids. If X is inde-

pendent and ρ(X) = ρ(E), then X is called a basis. If X is not indepen-

dent, then X is called dependent. X is a circuit if X is dependent and every

subset of X is independent. An element e ∈ E is a loop if ρ(e) = 0 and an

isthmus if e belongs to every basis. If a two-element set {e, f} is a circuit,

then e and f are parallel. A matroid M is called simple if it contains no

loops and no parallel elements. A matroid M is called non-degenerate if

it contains no loops and no isthmuses. Two matroids M1 = (E1, ρ1) and

M2 = (E2, ρ2) are isomorphic if there exists a bijection ψ : E1 → E2 such

that ρ2(ψ(X)) = ρ1(X) for all subsets X ⊆ E1. Two isomorphic matroids

are denoted by M1
∼= M2.

Matroids have a strong relation with matrices. In fact, any matrix G

over a field F generates a matroid MG = (E, ρ), where E is the set of

columns of G and ρ(X) is the rank of the submatrix G(X) formed by the

columns indexed by X. Furthermore, any two row equivalent matrices

generate the same matroid since elementary row operations preserve the

row space of G(X). This implies that there is a unique matroid associated

to a linear code. Equivalently, as the entropy function HC satisfies the

three axioms of the rank function, the matroid associated to an [n, k, d]

linear code is MC = ([n], HC).

Because of this association between matroids and linear codes, it is nat-

ural to get the correspondents of the length, dimension, and minimum

distance of linear codes for matroids. The first two are quite straight-

forward as they correspond to |E| and ρ(E) respectively. The minimum

distance is given in the next proposition.

Proposition 3. If MC = (E, ρ) is the matroid associated to an [n, k, d]

linear code C, then the minimum distance d satisfies

d = min{|X| : X ⊆ E, ρ(E −X) < ρ(E)}.

The first class of matroids that we present here has a rather simple but

quite important structure. The idea of these matroids is to declare as

independent sets all sets of size less than or equal to a certain threshold

k. The remaining sets are therefore dependent and of maximal rank. This

can be equivalently defined via the rank function as follows.
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Definition 8. The uniform matroid Uk
n = ([n], ρ) is a matroid with a

ground set [n] = {1, 2, . . . , n} and a rank function ρ(X) = min{|X|, k} for

X ⊆ [n].

Given the structure of the independent sets, it comes as no surprise that

the uniform matroids are linked to MDS codes.

Proposition 4. A linear code C is an [n, k]-MDS code if and only if the

associated matroid M is the uniform matroid Uk
n .

In the next example, we present the matroid associated to the binary

[3, 2]-MDS code.

Example 3. Let C be the binary [3, 2, 2] linear code generated by the matrix

1 0 1

0 1 1

( )
G = .

1 2 3

The associated matroid is MC = ([3], ρ), where the rank function is such

that ρ(∅) = 0, ρ({1}) = ρ({2}) = ρ({3}) = 1, ρ({1, 2}) = ρ({1, 3}) =

ρ({2, 3}) = 2, and ρ({1, 2, 3}) = 2. The matroid MC is isomorphic to the

uniform matroid U2
3 . The set {1, 2, 3} is the only dependent set and is also

a circuit of M . The bases of MC are the sets {1, 2}, {1, 3}, and {2, 3}. Notice

that if the columns of G are indexed from 1 to 3, then the bases of MC are

exactly the maximal linearly independent column vectors of G.

In the next definition, we present a few operations to construct new

matroids from a given existing matroid M = (E, ρ).

Definition 9. Let X,Y ⊆ E.

1. The restriction of M to Y is the matroid M |Y = (Y, ρ|Y ), where

ρ|Y (A) = ρ(A) for A ⊆ Y . The restriction operation to Y is also re-

ferred to as deletion of the set E − Y .

2. The contraction of M by X is the matroid M/X = (E−X, ρ/X), where

ρ/X(A) = ρ(A ∪X)− ρ(X) for A ⊆ E −X.

3. For X ⊆ Y , a minor of M is the matroid M |Y/X = (Y − X, ρ|Y/X)

obtained from M by restriction to Y and contraction by X. Observe

that this does not depend on the order in which the restriction and

contraction are performed.

4. The dual of M is the matroid M∗ = (E, ρ∗), where for A ⊆ E,

ρ∗(A) = |A|+ ρ(E −A)− ρ(E) = η(E)− η(E −A).
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Restriction and contraction correspond to restriction and shortening of

codes, respectively.

3.2 Flats, cyclic sets, and cyclic flats

In this section, we are interested in three particular objects in matroids,

which are the flats, cyclic sets, and cyclic flats. We start by presenting a

minimal background on poset and lattice theory. For further information,

we refer the reader to [49].

A partially ordered set P (or poset, for short) is a set together with a

binary relation denoted by ≤ that is reflexive, antisymmetric and transi-

tive. For x, y ∈ P , we use the notation x < y to say that x ≤ y but x �= y.

We say that y covers x or x is covered by y, denoted by x � y, if x < y

and no element z ∈ P satisfies x < z < y. The Hasse diagram of a finite

poset P is the graph whose vertices are the elements of P , whose edges

are the cover relations, and such that if x < y then y is drawn above x.

A chain in P from x0 to xn is a subset {x0, x1, x2, . . . , xn} of P such that

x0 < x1 < . . . < xn. The length of the chain is n. The chain is maximal if

xi covers xi−1 for all i ∈ [n].

An upper bound of x and y is an element u ∈ P satisfying x ≤ u and

y ≤ u. The join (or least upper bound) of x and y, denoted by x ∨ y if it

exists, is an upper bound u of x and y such that every upper bound v of x

and y satisfies u ≤ v. Dually, the meet x∧ y is the greatest lower bound. If

P has an element 0P such that 0P ≤ x for all x ∈ P , then 0P is called the

bottom element of P . Similarly, if P has an element 1P such that x ≤ 1P

for all x ∈ P , then 1P is called the top element of P .

A lattice is a poset L for which every pair of elements has a meet and

join. It is not difficult to see that every finite lattice has a bottom element

and top element. For a lattice L and x ∈ L, x is an atom of L if x covers 0L.

A lattice L is said to be atomic if every element of L is the join of atoms.

Dually, x ∈ L is a coatom if x�1L, and L is coatomic if every element of L is

the meet of coatoms. The height h(x) of an element x ∈ L is the maximum

length of a chain from 0L to x. A finite lattice L is called semimodular if

for every x, y ∈ P with x < y, all maximal chains from x to y have the

same length and if for all a, b ∈ P , we have h(a)+h(b) ≥ h(a∨ b)+h(a∧ b).

Finally, a geometric lattice is a finite atomic and semimodular lattice.

Before we define the main three matroid objects of this section, let us

first present two operators on the subsets of E. The closure operator cl :
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∅

1 2 3 ρ = 1

123 ρ = 2

Figure 3.1. Lattice of flats of the U2
3 matroid.

2E → 2E and the cyclic core operator cyc : 2E → 2E are defined by

cl(X) = {e ∈ E : ρ(X ∪ e) = ρ(X)},

cyc(X) = {e ∈ X : ρ(X − e) = ρ(X)}.

The first object of this section is the following.

Definition 10. For a matroid M = (E, ρ), a subset F ⊆ E is a flat if

cl(F ) = F . The collection of flats is denoted by F(M).

The flats play an important role in the study of matroids and their ap-

plication to coding theory. First, we can equivalently define a matroid via

a set of axioms on the collection of flats. Secondly, the collection of flats

forms a lattice under the inclusion as stated next.

Proposition 5. The set of flats F(M) is a geometric lattice under inclusion

with X ∨ Y = cl(X ∪ Y ) and X ∧ Y = X ∩ Y for X,Y ∈ F(M). The bottom

and top elements of F(M) are 0F = cl(∅) and 1F = E.

In Figure 3.1, we display the Hasse diagram of the lattice of flats of the

uniform matroid U2
3 . For an arbitrary uniform matroid Uk

n , the collection

of flats is given by F(Uk
n) = {F : F ⊆ [n], |F | < k} ∪ [n].

The next proposition, proved in Publication I, relates the flats of a minor

of M to the flats of the initial matroid M .

Proposition 6 (Publication I, Lemma 3). For X ⊆ Y ⊆ E, we have

F(M |Y/X) = {Y ∩ F −X : F ∈ F(M), X ⊆ F}.

A hyperplane is a flat of rank ρ(E)− 1 and the collection of hyperplanes

is denoted by H(M). The collection of flats can actually be reconstructed

from the collection of hyperplanes.

Proposition 7 ([34], Proposition 1.7.8). A set F is a flat if and only if it is

an intersection of hyperplanes, i.e., F(M) =
{⋂

H∈ΥH : Υ ⊆ H(M)
}

, where

the empty intersection is defined to be E.
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We give a glimpse of the relation between flats and linear codes. Let MC

be the matroid associated to a code C of length n. Then, a flat F is a set

of coordinates such that no code symbols with coordinates in [n] − F can

be expressed by the code symbols with coordinates in F . This fact is of

particular interest regarding the repair sets of a locally repairable code C
as maximal repair sets under the inclusion are therefore flats of MC . A

third important application of the flats in the study of LRCs resides in

estimating bounds on the parameters (n, k, d, r, δ). This is presented in

more detail in Chapter 4.

The second object of this section are cyclic sets. A subset C ⊆ E is a

cyclic set if cyc(C) = C and the collection of cyclic sets is denoted by U(M).

The following proposition relates the cyclic sets and the flats.

Proposition 8. U ∈ U(M) if and only if E − U ∈ F(M∗).

Therefore, the collection of cyclic sets inherits some of the properties of

the collection of flats. In particular, U(M) is an atomic lattice. In other

words, since the complement of a hyperplane H ∈ H(M) is a circuit of M∗,

every cyclic set can be expressed as a union of circuits.

The third and final object of this section are the cyclic flats. Z is a cyclic

flat if Z is a flat and a cyclic set. The collection of cyclic flats is denoted by

Z(M). In [4], the authors show that the closure of a cyclic set is a cyclic

flat and applying the cyclic operator to a flat gives also a cyclic flat. Thus,

we can write

cl :

⎧⎨
⎩

2E → F(M)

U(M)→ Z(M),
and cyc :

⎧⎨
⎩

2E → U(M)

F(M)→ Z(M).

In particular, this proves that the collection of cyclic flats is not an empty

set. Furthermore, the collection of cyclic flats of the dual matroid M∗ can

be determined easily from the cyclic flats of the matroid M via the relation

Z(M∗) = {E − Z : Z ∈ Z(M)}. It was shown independently in [4, 47]

that the collection of cyclic flats together with their rank is enough to

reconstruct the matroid M , i.e., matroids can be equivalently defined via a

set of axioms on the collection of cyclic flats and their rank. The collection

of cyclic flats also forms a lattice.
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Proposition 9 ([4, 47]). The set of cyclic flats Z(M) is a lattice under

inclusion with X∨Y = cl(X∪Y ) and X∧Y = cyc(X∩Y ) for X,Y ∈ Z(M).

The bottom and top elements are 0Z = cl(∅) and 1Z = cyc(E).

For storage codes, a cyclic flat Z is a set of nodes such that every node

inside Z can be repaired by the other nodes in Z, whereas no node outside

Z can be repaired by the nodes in Z. Futhermore, [56] prove that we can

derive the minimum distance of a linear code in terms of the cyclic flats

when the associated matroid is non-degenerate.

Proposition 10 ([56], Theorem 9). Let MC = (E, ρ) be the matroid associ-

ated to an [n, k, d] linear code C. If MC is non-degenerate, then

d = η(E) + 1−max{η(Z) : Z ∈ Z(M)− E}.

In the next example, we derive the cyclic flats of the [6, 3, 3] binary code

from Example 2.

Example 4. In Example 2, we presented a [6, 3, 3] binary linear code C
with the following generator matrix

1 0 0 1 1 0

0 1 0 1 0 1

0 0 1 0 1 1

⎛
⎜⎝

⎞
⎟⎠G = .

1 2 3 4 5 6

By defining the repair sets to be R1 = {1, 2, 4}, R2 = {1, 3, 5} and R3 =

{2, 3, 6}, we concluded that C is an (6, 3, 3, 2, 2)-LRC.

Let MC be the matroid associated to C. We sketch how to obtain the cyclic

flats. Since the matroid MC is simple and contains no isthmuses, we have

0Z = ∅ and 1Z = [6]. Furthermore, each circuit has a rank of at least 2,

meaning that there is no cyclic flat of rank less than 2 different from 0Z .

Finally, we have only one flat of rank 3, which is [6]. It remains to check

the rank 2 sets to complete the cyclic flats.

Figure 3.2 displays the Hasse diagram of the lattice of cyclic flats Z(MC).

We can recognize the three repair sets as three atoms in the lattice of cyclic

flats. Since MC is non-degenerate, the minimum distance can be computed

directly from the Z(MC) as follows. The nullity of the ground set [6] is

η([6]) = |[6]| − ρ([6]) = 3 and the maximal nullity of a cyclic flat different

from [6] is equal to 1. Therefore, by Proposition 10, the minimum distance

of C is d = 3 + 1− 1 = 3.
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∅

124 135 236 456 ρ = 2

123456 ρ = 3

Figure 3.2. Lattice of cyclic flats of the associated matroid to the [6, 3, 3] binary linear
code from Example 2.

3.3 Representability

We conclude this chapter by discussing the notion of representability. A

matroid that is isomorphic to MG for some matrix G over a field F is said

to be representable over F. A binary matroid is a matroid that is repre-

sentable over F2. This notion of representability is of particular interest

when matroids are used to obtain alphabet-dependent bounds. In general,

there is no simple criterion to determine if a matroid is representable.

However, there is a simple criterion for binary matroids.

Theorem 3 ([53]). The following two conditions are equivalent.

1. M is representable over F2.

2. There are no sets X ⊆ Y ⊆ E such that M |Y/X is isomorphic to the

uniform matroid U2
4 .

The second condition in the previous theorem deals with minors. If M

is representable over Fq, then so are all its minors. The following result,

which extends the previous theorem, was first conjectured by Gian-Carlo

Rota in 1970. A proof of this conjecture was announced by Geelen, Ger-

ards, and Whittle in 2014, but the details of the proof remain to be written

up [16].

Theorem 4 ([16]). For any finite field Fq, there is a finite set L(Fq) of

matroids such that any matroid M is representable over Fq if and only if it

contains no element from L(Fq) as a minor.

Since the 1970’s, it has been known that a matroid is representable over

F3 if and only if it avoids the uniform matroids U2
5 , U3

5 , the Fano plane

P2(F2), and its dual P2(F2)
∗ as minors. The list L(F4) was given explicitly

in 2000 and contains seven elements. For larger fields, the explicit list is
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A
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G IH

E

B

D
F

Figure 3.3. Geometric representation of the non-Pappus matroid.

not known, and there is little hope to even find its size. When assuming

the MDS conjecture, it will only give the uniform matroids contained in

the list. The following theorem by Higgs is known as the scum theorem. It

significantly restricts the sets A ⊆ B ⊆ E that one must consider in order

to find all minors of M as M |B/A.

Theorem 5 ([8], Proposition 3.3.7). Let N = (EN , ρN ) be a minor of a

matroid M = (E, ρ). Then there is a pair of sets A ⊆ B ⊆ E with

ρ(A) = ρ(E) − ρN (EN ) and ρ(B) = ρ(E) such that M |B/A ∼= N . Fur-

ther, if N has no loops, then A can be chosen to be a flat of M .

Finally, if we do not fix the field Fq and compare the set of matroids that

are representable to all the matroids, it turns out that almost all matroids

are not representable. This has been a conjecture for a long time until a

proof was given recently in [33].

Theorem 6 ([33]).

lim
n→∞

#Representable matroids on n elements
#Matroids on n elements

= 0.

An example of a non-representable matroid is the non-Pappus matroid.

The geometric representation of the non-Pappus matroid is displayed in

Figure 3.3. The ground set of the matroid is the set of points {A,B, . . . , I}
and the matroid has rank 3. The dependencies are given by the lines

in Figure 3.3, i.e., any three points not collinear are independent. The

non-representability of this matroid follows from a theorem attributed to

Pappus, which states that in a projective plane over any finite field, the

points D,E, and F are collinear.
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4. Impact of the Alphabet on Codes and
Matroids

In this chapter, we summarize the publications composing this thesis.

Our overall research interest resides in the relation between matroids

and erasure-correcting codes for distributed storage systems. In particu-

lar, we focus on understanding how the underlying alphabet affects the

structure and parameters of the code or the associated matroid. The pub-

lications are separated into five sections, each corresponding to a specific

class of matroids or storage codes with a particular locality assumption.

In every section, the context of the related publications is explained and

the main results are highlighted. To keep a certain consistency, some of

the notation used in this chapter differs from the notation in the related

publications.

4.1 Lattice of cyclic flats of a representable matroid

The notion of representability plays an important role both in coding the-

ory and in matroid theory. We saw in Chapter 2 that the alphabet Fq re-

stricts the maximal minimum distance of a code. In Chapter 3, we hinted

that the alphabet is linked to some substructures of a matroid. More

precisely, a method that conditions the representability of a matroid was

presented in Theorem 4 and relies on the avoidance of specific matroids

as minors of the original matroid. Therefore, understanding the essential

components of a minor from the perspective of the original matroid is of

particular interest. In Publication I, we focus on the lattice of cyclic flats

Z(M) of a representable matroid M . Our objective is to understand how

the alphabet Fq affects the structure of the lattice Z(M) when M is rep-

resentable over Fq. We start our study by deriving a map from the cyclic

flats of M to the cyclic flats of a minor of M .
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Theorem 7 (Publication I, Theorem 6). For X ⊆ Y ⊆ E, we have

1. Z(M |Y ) = {cyc(Z ∩ Y ) : Z ∈ Z(M)}

2. Z(M/X) = {cl(X ∪ Z)−X : Z ∈ Z(M)}

3. Z(M |Y/X) =
{
cl(X ∪ cyc(Z ∩ Y )) ∩ (Y −X) : Z ∈ Z(M)

}
=
{
cyc(cl(X ∪ Z) ∩ Y )−X : Z ∈ Z(M)

}
.

To get the map from Z(M) to Z(M |Y/X), it is enough to apply the map

Z �→ cl(X∪Z)−X obtained from the contraction to the cyclic flats obtained

after the restriction. Since we can interchange the order in which the

contraction and restriction are performed, we get a second equivalent map

that corresponds to applying the map Z �→ cyc(Z ∩Y ) from the restriction

to the cyclic flats obtained after the contraction.

Even if, in Theorem 4, the exact list of the excluded matroids is un-

known, one subclass of matroids distinguishes itself by always appearing

in the list. This subclass consists of the uniform matroids. By assum-

ing the MDS conjecture, we would know exactly the sizes and rank of the

excluded uniform matroids. Without assuming the MDS conjecture, we

can use the following theorem, which states that the uniform matroid U2
n

must be avoided if q < n− 1.

Theorem 8 ([34], Theorem 6.5.2). The uniform matroid U2
n is representable

over Fq if and only if q ≥ n− 1.

This shows the importance of the uniform matroids in terms of repre-

sentability. Furthermore, due to the simple structure of uniform matroids,

they can be used to get necessary conditions for a matroid to be repre-

sentable over Fq. In what follows (cf. Publication I), we consider pairs

X ⊆ Y such that the minor M |Y/X is uniform. By using the maps from

Theorem 7, we derive some conditions on the two sets X and Y , and most

importantly, on the cyclic flats of Z(M). As an example, let Z1, Z2 ∈ Z(M)

with Z1 � Z2. By the minor map, we get that Z(M |Z2/Z1) = {∅, Z2 − Z1}.
Therefore, M |Z2/Z1 is isomorphic to the uniform matroid Uk

n with k =

ρ(Z2) − ρ(Z1) and n = |Z2 − Z1|. Thus, avoiding a uniform minor con-

straints every covering relation in the lattice of cyclic flats of the original

matroid.

To obtain more precise conditions on the lattice of cyclic flats of a rep-

resentable matroid, we focus next on excluding the uniform matroid U2
n.

Since this uniform matroid has rank 2, the collection of flats consists of

the empty set, n flats of rank 1, and the flat [n]. This leads us to the next
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part of Publication I where we explicitly reconstruct the lattice of flats

from the lattice of cyclic flats. Then, using Theorem 5, we prove that U2
n is

a minor of a matroid M if and only if there exists a flat of rank ρ(1Z) − 2

such that the number of flats in the open interval (F, 1Z)F is greater than

n. Combining this result with the reconstruction of the flats from the

cyclic flats, we obtain necessary conditions on the top level of the lattice

of cyclic flats for a matroid to be representable over Fq.

In the second half of Publication I, we focus our study on the cyclic flats

of a binary matroid. By Theorem 3, a matroid is binary if and only if it

avoids U2
4 as a minor. It implies that for two cyclic flats Z1 and Z2 such

that Z1�Z2, then the rank difference ρ(Z2)−ρ(Z1) or the nullity difference

η(Z2)− η(Z1) is equal to 1. The first and really interesting consequence of

the previous remark is the fact that the lattice of cyclic flats of a binary

matroid is an atomic lattice. This result appears first in Publication II

and is presented in more detail in Publication I.

Theorem 9 (Publication I, Theorem 13). Let M = (E, ρ) be a simple bi-

nary matroid that contains no isthmuses. Then the lattice of cyclic flats

Z(M) is atomic.

The next consequence of considering binary matroids deals with the

height of the lattice of cyclic flats. In fact, we can classify all the binary

simple matroids that have a lattice of cyclic flats of height 3. Under this

hypothesis, every atom of Z(M) is also a coatom, i.e., a set that is covered

by the ground set. By using the condition on the number of flats and some

relations between the circuits of a binary matroid, we prove that a binary

simple matroid M with a height-three lattice of cyclic flats has nullity of

at most 4. Furthermore, if M = (E, ρ) has rank ρ(E) ≥ 5, then η(E) = 2.

Thus, it remains to study the binary simple matroids with rank and nul-

lity lower than or equal to 4. We prove that the parameters size, rank,

and minimum distance determine a unique matroid up to isomorphism.

The next theorem gives the summary of the complete classification of bi-

nary simple matroids with height-three lattice of cyclic flats. Notice that

the binary (6, 3, 3)-matroid mentioned in the theorem below is the matroid

presented in Example 4.
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Theorem 10 (Publication I, Theorem 14). Let M = (E, ρ) be a binary

simple (n, k, d)-matroid with no isthmuses. If Z(M) has height 3, then

either η(E) = 2 or M is isomorphic to one of the matroids listed below:

• The (6, 3, 3)-matroid with 4 atoms in the lattice of cyclic flats.

• The (7, 3, 4)-matroid with 7 atoms in the lattice of cyclic flats.

• The (7, 4, 3)-matroid with 7 atoms in the lattice of cyclic flats.

• The (8, 4, 4)-matroid with 14 atoms in the lattice of cyclic flats.

In the final part of Publication I, we are interested in the relation be-

tween the minimum distance of a binary matroid and its lattice of cyclic

flats. Remember that the minimum distance of a non-degenerate matroid

M satisfies

d = η(E) + 1−max{η(Z) : Z ∈ Z(M)− E}.

Now, the nullity of a cyclic flat Z different from E is maximized when Z

is a coatom of Z(M). Let Zc be a coatom of Z(M) for M a binary non-

degenerate matroid. If ρ(E) − ρ(Zc) > 1, then it forces the nullity differ-

ence η(E)− η(Zc) = 1 and therefore the minimum distance of M is d = 2.

Thus, if d > 2, then all the coatoms of Z(M) have a rank equal to ρ(E)−1.

We give a name to this property for an arbitrary cyclic flat Z.

Definition 11. A cyclic flat Z of a binary matroid M is blunt if for all

Z ′ ∈ Z(M) such that Z ′ � Z, we have ρ(Z ′) = ρ(Z)− 1.

This gives the first link between the structure of the lattice of cyclic flats

and the minimum distance of a matroid. As a consequence of the classi-

fication of the binary simple matroid with height-three lattice of cyclic

flats, the minimum distance affects also the property of being blunt for

the coatom with maximal nullity.

Proposition 11 (Publication I, Proposition 12). Let M = (E, ρ) be a bi-

nary non-degenerate (n, k, d)-matroid and let Zd ∈ Z(M) be a coatom with

maximal nullity. If Zd is not blunt, then d ≤ 4.

The previous result can be extended to smaller coatoms of Z(M) as fol-

lows.

Proposition 12 (Publication I, Proposition 13). Let M = (E, ρ) be a bi-

nary non-degenerate (n, k, d)-matroid with d ≥ 3 and Zd ∈ Z(M) be such
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that |Zd| = n − d. If there exists a coatom Zc ∈ Z(M) not blunt with

|Zc| < |Zd| then

d ≤ 2(η(Zd)− η(Zc) + 1) = 2(|Zd| − |Zc|+ 1).

The contrapositive of this proposition guarantees therefore that large

coatoms of Z(M) are blunt. On the other hand, the following result shows

that if a coatom of Z(M) is blunt, then the minimum distance of the re-

stricted matroid to this coatom is lower bounded by a fraction of the min-

imum distance subtracted by the nullity difference between the largest

coatom Zd and this blunt coatom.

Proposition 13 (Publication I, Proposition 14). Let M = (E, ρ) be a bi-

nary non-degenerate (n, k, d)-matroid and Zd ∈ Z(M) a cyclic flat with

maximal nullity. If Zc ∈ Z(M) is a blunt coatom of rank k − 1, then

dM |Zc ≥ d− (η(Zd)− η(Zc))

2
.

The two propositions combined yield a recursive structure of blunt cyclic

flats in Z(M) depending on the value of the minimum distance of the ma-

troid M . More precisely, the contrapositive of Proposition 12 gives a suf-

ficient condition for a coatom Zc to be blunt. Then, applying Proposition

13 to the blunt coatom Zc found previously gives a lower bound on its

minimum distance. Next, we can use the same two propositions on the

restricted matroid M |Zc. Since the lattice of cyclic flats of M |Zc is the

sublattice [∅, Zc]Z of Z(M), we obtain further information on the struc-

ture of Z(M). In summary, the two propositions yield decreasing chains

of blunt cyclic flats with upper bounded nullity in Z(M).

By only considering the cyclic flat of maximal nullity Zd ∈ Z(M) and

extending the previous results when d ≤ 2, we obtain the following result.

Theorem 11 (Publication I, Theorem 15). Let M = (E, ρ) be a binary

(n, k, d)-matroid. Then, there exists a subset A ⊂ E such that M |A is a

binary (n− d, k − 1, d′)-matroid with d′ ≥ d/2.

This theorem is the correspondent for matroids of the existence of resid-

ual codes for binary linear codes. Therefore, as a corollary, we get the

Griesmer bound for binary matroids.

Corollary 1 (Publication I, Corollary 10). For a binary (n, k, d)-matroid,

we have

n ≥
k−1∑
i=0

⌈
d

2i

⌉
.
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In particular, this shows how the Griesmer bound can be understood as

an evaluation of the parameters of a chain contained almost entirely in

the lattice of cyclic flats. Indeed, the constructed set A in Theorem 11 is a

cyclic flat when d ≥ 3 and a flat if d ≤ 2. Furthermore, Z(M |F ) is a sub-

lattice of Z(M) when F is a flat. Thus, the recursive step of the restriction

to residual codes can be viewed as taking a decreasing chain in the lattice

of cyclic flats completed by the lattice of flats when the minimum distance

gets too small. In the next example, we present a small illustration of this

fact.

Example 5. Consider the binary simple (12, 4, 6)-matroid M = (E, ρ) with

no isthmuses, associated to the matrix

1 0 1 1 1 0 0 1 1 1 0 1

0 1 1 0 0 1 1 1 1 0 1 1

0 0 0 1 0 1 0 1 0 1 1 1

0 0 0 0 1 0 1 0 1 1 1 1

⎛
⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎠G = .

1 2 3 4 5 6 7 8 9 10 11 12

Since the minimum distance is greater than 2, every coatom of Z(M)

has rank 3. Now the maximum nullity of a coatom is given by η(Zd) =

η(E) + 1 − d = 3. Since d > 4, by the contrapositive of Proposition 11, we

know that Zd is a blunt coatom. Therefore, applying Proposition 13 to Zd,

we obtain that dM |Zd ≥ 3. By the Griesmer bound, the maximal minimum

distance of a matroid of size 6 and rank 3 is already 3, so dM |Zd = 3. This

implies that Zd is also blunt. Thus, if a cyclic flat Z1 is such that Z1 � Zd,

then Z1 has size 3, rank 2 and minimum distance 2. Otherwise, it would

contradict the fact that dM |Zd = 3.

Now, M achieves the Griesmer bound since we have 12 =
∑3

i=0

⌈
6/2i

⌉
=

6 + 3 + 2 + 1. Consider the decreasing chain in Z(M) given by E � Zd �

Z1 � ∅. By labelling the columns of G from 1 to 12, one such chain is

[12] � {1, 2, 3, 4, 6, 8} � {1, 2, 3} � ∅. Since the minimum distance of M |Z1

is dM |Z1
= 2, we complete the chain by adding the flat {e} ∈ F(M) with

e ∈ Z1. Hence we have n = d+ dM |Zd + dM |Z1
+ dM |{e} = 6 + 3 + 2 + 1.

Part of the lattice of cyclic flats is displayed in Figure 4.1. The cyclic flats

are given by their elements in lexicographic order. For example, the atom

7810 is the cyclic flat {7, 8, 10}. The dotted horizontal lines represent the

cyclic flats that are not displayed in the figure and the dashed lines sketch

the multiple missing relations. The chain yielding the Griesmer bound is

depicted in blue.
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∅

123 168 248 346 . . . 7810 ρ = 2

123468 . . . 35781011 ρ = 3

[12] ρ = 4

Figure 4.1. Partial lattice of cyclic flats of the (12, 4, 6)-matroid from Example 8.

We conclude with Publication I by showing that the proof of the Gries-

mer bound using the residual codes and the proof obtained here using the

cyclic flats are equivalent. This is done by demonstrating the relation be-

tween the coatoms of Z(M) and the codeword supports of the binary code

associated to M .

4.2 Alphabet-dependent bounds for locally repairable codes

In this section, we focus on locally repairable codes and the tradeoff be-

tween their parameters. As defined in Section 2.2, (linear) locally re-

pairable codes are [n, k, d] linear codes such that up to δ − 1 failed servers

can be repaired locally by contacting at most r other servers. The main

goal in Publications II and III is to understand how the alphabet Fq affects

the parameters (n, k, d, r, δ) and to derive alphabet-dependent bounds for

LRCs.

4.2.1 Relation between the parameter r and the number of
nodes needed for a local repair

The starting point of this study is the relation between the alphabet Fq

and the locality parameters (r, δ). Recall from Definition 5 that a repair

set R of an (n, k, d, r, δ)-LRC C has size |R| ≤ r + δ − 1 and dC|R ≥ δ. This

implies that any δ−1 code symbols of a codeword in C|R are determined by

the remaining code symbols of this codeword. The number of code symbols

needed for repairing any δ − 1 erasures is exactly the dimension of C|R.

By applying the Singleton bound to C|R, we obtain that the dimension of

C|R is less than or equal to r. In particular, the dimension of C|R is equal

to r if and only if C|R is an MDS code. With a slight abuse of language, we
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say that a repair set R is MDS if C|R is an MDS code. Similarly, we say

that a repair set has dimension κ and minimum distance δ if the code C|R
has dimension κ and minimum distance δ.

Usually, it is preferable to have MDS repair sets to keep the redundancy

of an LRC relatively low and to facilitate the repair of erasures. However,

when the field size is fixed, it might be impossible to have MDS repair

sets depending on the desired parameters (r, δ). For example, there exists

no MDS repair sets for binary LRCs with δ > 2. This also means that the

parameter r is only a loose upper bound on the number of nodes required

for local repair when considering non-MDS repair sets. This is illustrated

in the following example.

Example 6. Let C be the binary linear [10, 4, 4]-code given by the generator

matrix

1 0 0 0 1 0 1 1 1 1

0 1 0 0 1 1 0 1 1 1

0 0 1 0 0 1 0 1 0 1

0 0 0 1 0 0 1 0 1 1

⎛
⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎠G = .

1 2 3 4 5 6 7 8 9 10

We define the three repair sets by their corresponding columns in G to be

R1 = {1, 2, 3, 5, 6, 8}, R2 = {2, 3, 6, 7, 9, 10}, and R3 = {1, 4, 6, 7, 8, 10}. Every

repair set has size 6, minimum distance dC|Ri
= 3, and entropy H(Ri) = 3.

Thus, according to Definition 5, we get r = |Ri| − δ + 1 = 4 and hence C is

a binary linear (10, 4, 4, 4, 3)-LRC. However, even though r = k = 4, we can

repair up to two failures by contacting at most 3 nodes, as shown by the

entropy.

The previous example shows how Definition 5 diverges from the initial

motivation of introducing the notion of locality when the alphabet is fixed.

In Publication III, we introduce another definition of locality to keep track

of the precise number of nodes required for a local repair.

Definition 12 (Publication III, Definition 4). An [n, k, d] linear code C has

all-symbol dimension-locality (κ, δ) if for all code symbol indices i ∈ [n],

there exists a set R ⊆ [n] containing i such that

1. H(R) ≤ κ,

2. The minimum distance of the restriction of C to the set R is at least δ.

We refer to C as an (n, k, d)(κ, δ)-LRC.
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By replacing the condition on the size by a condition on the entropy of a

repair set, i.e., a condition on the dimension of the restricted code C|R, we

regain the fact that any δ − 1 erasures can be repaired by contacting at

most κ nodes, independently on the alphabet size. Notice that Definition

5 and Definition 12 are equivalent when the repair sets are MDS. Another

possible approach is to use a different bound than the Singleton bound on

the code C|R with length r + δ − 1 and minimum distance δ. This gives a

more accurate value for the maximal dimension of a local code. However,

we show in Publication III Example 2 that this value can still be loose

compared to the exact maximal dimension of a repair set. Nonetheless,

this approach is useful when deriving bounds on (n, k, d, r, δ)-LRCs.

4.2.2 Bounds for locally repairable codes

One of the main techniques to obtain a Singleton-type bound on the min-

imum distance of C, an (n, k, d, r, δ)-LRC over Fq, is to construct a large

set F such that C|F has dimension k − 1. Then the minimum distance d

is upper bounded by d ≤ n − |F |. The construction of this large set F is

done by considering the union of a certain number of repair sets. If the

dimension of the restriction of C to this union is less than k − 1, then ar-

bitrary elements are added to correct the dimension. This technique is

equivalently defined in [56] in terms of a chain in the lattice of cyclic flats

of the matroid associated to C. Indeed, let MC be the matroid associated to

C. Each repair set is a cyclic set in MC . By taking the closure of the repair

sets, we obtain cyclic flats in MC . Finally, instead of taking the union of

the repair sets, we can take the join of them to get a chain in the lattice of

cyclic flats. Now, it remains to carefully evaluate the rank difference and

nullity difference at each step of the chain and sum them up to obtain the

desired bound.

In Publication II, we focus on binary LRCs with δ > 2 and use a similar

technique as in [56] to construct a large set. Notice that the proofs of

Publication II are available in the extended version [21]. The difference

to [56] is the fact that we know the repair sets are not MDS. Therefore, the

first improvement is to consider κ, the upper bound on the dimension of a

repair set, instead of r. The second improvement comes from the fact that,

for two cyclic flats X,Y in a binary matroid with X�Y , the nullity and the

rank cannot both increase by more than 1. This leads us to distinguishing

when the intersection of the closure of a repair set with a cyclic flat is a

coatom of the former. This distinction allows us to be more precise when
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evaluating the rank and nullity difference at each step of the chain. As

a result, we obtain a bound on the minimum distance that depends on

the parameter α, which counts the number of times the intersection is a

coatom of the closure of a repair set. Thus, we can optimize α and derive

a bound that depends only on n, k, d, r, δ and κ.

Proposition 14 (Publication II, Theorem 5). Any binary (n, k, d, r, δ)-LRC

with δ > 2, without replication, and where the local dimension of all repair

sets is less than or equal to κ, must satisfy

d ≤ n− k + 1−
(⌈

k

κ

⌉
− 1

)
δ + �κ|(k−1) and κ�=k−1, (4.1)

where � is the indicator function.

In Publication III, we use a technique developed in [5] to obtain an

alphabet-dependent bound for LRCs over Fq. In order to get the bound

(2.2), the authors of [5] prove two lemmas. The first lemma is the con-

struction of a large set I with an entropy bounded by tr for t a non-

negative integer. The second lemma is reformulated here.

Lemma 1 ([5], Lemma 2). Let C be an [n, k, d] linear code over Fq and

I ⊆ [n] such that H(I) < k. Then the shortened code C/I has parameters

[n− |I|, k −H(I), d′ ≥ d].

Therefore, the dimension k of an LRC with δ = 2 is upper bounded by

the entropy of the large set I added to the maximal dimension of a code

with size n − |I| and minimum distance d. The bound is dependent on

the code alphabet Fq since the maximal dimension of the shortened code,

denoted by k
(q)
opt, depends on the alphabet Fq.

In order to generalize this bound to LRCs with δ > 2, we need to con-

struct a large set for every value λ of the entropy that takes advantage

of the locality (r, δ). Furthermore, the bound should reflect the maximal

dimension κ of a repair set instead of using the parameter r. The problem

when considering non-MDS repair sets is the fact that two repair sets can

have an intersection whose size is larger than its entropy. Take for exam-

ple the repair sets R1 and R2 in Example 6. We have that R1∩R2 = {2, 3, 6}
with size 3 but H({2, 3, 6}) = 2. Therefore, as opposed to the construction

in [5], it is not enough to correct the intersection by adding random coor-

dinates to the union of repair sets as it might exceed the desired entropy.

To obtain the appropriate correction, the idea in Publication III is to add

a set constructed from consecutive residual codes of minimal weight of the

restricted code C| cl(R). This allows us to keep the entropy of the large
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set below the desired threshold. Furthermore, it exploits the structure

of non-MDS repair sets to add a set the size of which is bigger than its

entropy. This naturally leads to an estimation of the size that relies on

the Griesmer bound Gq. Finally, after applying Lemma 1, we obtain the

following bound.

Theorem 12 (Publication III, Theorem 2). Any linear (n, k, d, r, δ)-LRC

over Fq, where the local dimension of all repair sets is less than or equal to

κ, must satisfy

k ≤ min
λ∈Z≥0

{
λ+ k

(q)
opt(n− μ, d)

}
(4.2)

where a, b ∈ Z are such that λ = aκ+ b, 0 ≤ b < κ and μ = (a+ 1)Gq(κ, δ)−
Gq(κ− b, δ).

If we let λ = k − 1 and use our construction of a large set, we obtain the

following Singleton-type bound.

Theorem 13 (Publication III, Theorem 3). Any linear (n, k, d, r, δ)-LRC

over Fq, where the local dimension of all repair sets is less than or equal to

κ, must satisfy

d ≤ n−
⌈
k

κ

⌉
Gq(κ, δ) + Gq(κ− b, δ) (4.3)

where b = k − 1−
(⌈

k
κ

⌉
− 1

)
κ.

This Singleton-type bound can be viewed as an extension of the bound

(4.1) since we have the same improvement on the ceiling function �k/κ�,
but the size is now larger as it uses the Griesmer bound. In fact, the

two Singleton-type bounds (2.1) and (4.1) can be derived from the bound

(4.3) since the Griesmer bound is at least as good as the Singleton bound.

The two new bounds perform the best when κ < r or when δ > q, which

guarantees that the repair sets are not MDS. Finally, the bound (4.2) has

an interesting interpretation when we let λ = 0. In this case, the bound

simplifies as follows:

k ≤ k
(q)
opt(n, d).

Hence, if an LRC is already an optimal [n, k, d] erasure code without tak-

ing into account the locality property, it will automatically be an optimal

LRC by the bound (4.2) for its locality parameters.

The bound (4.2) can be used to analyse the rate–distance tradeoff of

LRCs. For a fixed locality (r, δ), the rate–distance tradeoff is the maximal

rate R = k/n given the relative minimum distance δn = d/n when n tends

to infinity. Define Ropt(δn) = lim
n→∞

k
(q)
opt(n,δnn)

n . The asymptotic formula of

the bound (4.2) is the following,
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Figure 4.2. Comparison of the upper bounds on the tradeoff between the rate k/n and
the relative minimum distance d/n from [1, 32, 37], and the bound (4.4) over
the binary field for large values of n and fixed locality (r = 4, δ = 3).

R ≤ min
0≤x< κ

G(κ,δ)

{
x+

(
1− x

G(κ, δ)
κ

)
Ropt

(
δn

1− xG(κ,δ)
κ

)}
. (4.4)

As for k
(q)
opt, we can replace Ropt by any asymptotic rate–distance bound

on [n, k, d] codes. For binary codes, the best known rate–distance bound is

the McEliece–Rodemich–Rumsey–Welch (MRRW) bound given in [32] as

follows:

R(δn) ≤ h(1/2−
√
δn(1− δn) + o(1)), (4.5)

where h(x) := −x log2 x− (1−x) log2(1−x) is the binary entropy function.

By manually solving the optimization problem, we obtain a bound on

the rate–distance tradeoff for LRCs. The result is displayed in Figure 4.2

together with the MRRW bound and the asymptotic version of the bounds

(2.3) and (2.1). As we can see, the bound (4.4) gives the tightest bound

on the rate–distance tradeoff. A precise comparison between the different

bounds is explained in detail in Publication III.

We conclude Publication III by deriving the locality of the Simplex codes

for every dimension of the local codes. Since Simplex codes achieve the

Griesmer bound, they are alphabet-optimal codes by the bound (4.2). This

also shows that the bound (4.2) is tight for every field size for certain code

parameters.
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4.3 Codes with hierarchical locality

The notion of locality for a storage code, presented in Sections 2.2 and

4.2, allows a small number of failed servers δ − 1 to be repaired locally by

contacting only r other servers. Numerous works have been dedicated to

get the tradeoff between the parameters n, k, d, r, and δ and to construct

optimal locally repairable codes. In [43], the authors extend the concept

of locality by introducing codes with hierarchical locality (H-LRCs). The

particularity of these codes is to have multiple layers of locality in order

to optimize further the number of servers contacted for repair according

to the number of failures. An H-LRC with 2-level hierarchical locality and

locality parameters [(r1, δ1), (r2, δ2)] with δ1 > δ2 is such that up to δ2 − 1

failures can be repaired by contacting at most r2 servers. Furthermore,

if the number of failures is between δ2 and δ1 − 1, then the failed servers

can be repaired by accessing at most r1 other servers. In other words, a

2-level H-LRC is an LRC where the local codes are themselves LRCs. The

formal definition of an H-LRC with h-level hierarchical locality, presented

in [43], is the following.

Definition 13. An [n, k, d] linear code C is an H-LRC with h-level hi-

erarchical locality having locality parameters [(r1, δ1), (r2, δ2), . . . , (rh, δh)]

if for all code symbols indices i ∈ [n], there exists a collection of sets

{L1i , L2i , . . . , Lhi
} such that for every j ∈ [h], we have

1. i ∈ Lji ⊆ [n],

2. H(Lji) ≤ rj ,

3. the minimum distance of C|Lji
is at least δj ,

4. C|Lji
is a code with (h − j)-level hierarchical locality having locality

parameters [(rj+1, δj+1), (rj+2, δj+2), . . . , (rh, δh)].

Each repair set of an H-LRCs is indexed by the locality level and subin-

dexed by a counting parameter i. A repair set Lji for j ∈ [h] is referred to

as a level-j set. Notice that for a 1-level H-LRC, Definition 13 corresponds

to the definition of locality in Definition 12 and not Definition 5 as the

second condition is on the entropy of the repair sets and not on their size.

To illustrate the concept of codes with hierarchical locality, we continue

Example 6 under this new perspective.
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Example 7. In Example 6, we were interested in the binary [10, 4, 4] linear

code C given by the generator matrix

1 0 0 0 1 0 1 1 1 1

0 1 0 0 1 1 0 1 1 1

0 0 1 0 0 1 0 1 0 1

0 0 0 1 0 0 1 0 1 1

⎛
⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎠G = .

1 2 3 4 5 6 7 8 9 10

By defining the repair sets to be R1 = {1, 2, 3, 5, 6, 8}, R2 = {2, 3, 6, 7, 9, 10},
and R3 = {1, 4, 6, 7, 8, 10}, we showed that C is a (10, 4, 4, 4, 3)-LRC. A prop-

erty of this code is that every restricted code C|Ri for i ∈ [3] is in fact isomor-

phic to the [6, 3, 3] linear code presented in Example 2, which turned out to

be a (6, 3, 3, 2, 2)-LRC. Therefore, every code symbols index e ∈ [10] is con-

tained in a repair set of size 6, dimension 3, and minimum distance 3 and

also in a repair set of size 3, dimension 2, and minimum distance 2. For

example, the coordinate 1 is contained in the repair set R1 = {1, 2, 3, 5, 6, 8}
and in the repair set L21 = {1, 2, 5}. Hence, the code C is a 2-level H-LRC

with locality parameters [(3, 3), (2, 2)].

For a storage system, this means that if one server fails, then we can

repair it by contacting two other servers in a level-2 set. With the level-

1 sets, we can repair two failed servers by contacting at most three other

servers. Finally, if three servers fail, then the global code C is used and four

servers are contacted to repair the failed servers up to d − 1 failures. We

observe here that C yields a complete optimization of the number of servers

contacted for repair, i.e., if the number of failures increases by one, then at

most one extra server is needed for repair.

In [43], the authors derive a Singleton-type bound for H-LRCs and con-

struct codes achieving the bound. Further constructions of optimal H-

LRCs are given in [3]. The Singleton-type bound is the following.

Theorem 14 ([43], Theorem 3.1). Any [n, k, d] H-LRC with hierarchical

locality [(r1, δ1), . . . , (rh, δh)] satisfies

d ≤ n− k + 1−
⌊
k − 1

rh

⌋
(δh − 1)−

h−1∑
l=1

⌊
k − 1

rl

⌋
(δl − δl+1). (4.6)

In Publication IV, we first derive a bound of the type of the bound (2.2)

from [5]. Following the general framework explained in Section 4.2, we

construct a large set for every fixed upper bounded entropy λ. This large

set is obtained by a modification of the construction algorithm used in [43]

to stop at a given entropy λ instead of k − 1. The idea of the algorithm,
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which is described in detail in Publication IV Section 3, is the following.

First, the level-h sets contained in a level-(h − 1) set are added to the

empty set. When level-h sets can no longer be added, the level-(h− 1) set

is added. Then, a new level-(h− 1) set is identified inside the level-(h− 2)

set containing the first level-(h − 1) set and the level-h sets contained in

the second level-(h − 1) set are added following the same method. The

algorithm continues and visits recursively different level-j sets for j ∈ [h]

until the bound on the entropy is reached. In the end, using the estima-

tion on the size and the entropy provided by the algorithm, we obtain the

following bound for H-LRCs.

Theorem 15 (Publication IV, Theorem 2). Any linear [n, k, d] H-LRC over

Fq with locality [(r1, δ1), . . . , (rh, δh)] satisfies

k ≤ min
λ∈Z≥0

{
λ+ k

(q)
opt(n− ν, d)

}
(4.7)

where ν = λ+
⌊

λ
rh

⌋
(δh − 1) +

h−1∑
l=1

⌊
λ
rl

⌋
(δl − δl+1).

In the second part of Publication IV, we study the locality of one par-

ticular code construction given in [46]. The idea of this construction is to

remove a Simplex code from another Simplex code of higher dimension.

This is done by using a method developed in [12] where the generator ma-

trix of a code is obtained by deleting specific columns from the generator

matrix of a Simplex code.

Construction 1 ([46], Construction IV). Let Gm be an m× qm−1
q−1 generator

matrix of the Simplex code S(m) and Gs an s × qs−1
q−1 generator matrix of

the Simplex code S(s) with s ≤ m. Let G′
s be the generator matrix obtained

by prepending m− s zeros to every column of Gs. Let GC be the m× qm−qs

q−1

matrix obtained by deleting the qs−1
q−1 columns of G′

s from Gm. Then GC

generates a linear code C over Fq denoted by S(m)− S(s).

It was proven in [46, Theorem 14] that the code S(m)− S(s) with m ≥ 3

and s ∈ [2,m − 1] is a [ q
m−qs

q−1 ,m, qm−1 − qs−1] linear LRC over Fq with lo-

cality (r = 2, δ = 2) if q > 2, or if q = 2 and s < m − 1, and with locality

(r = 3, δ = 2) when q = 2 and s = m − 1. Moreover, S(m) − S(s) achieves

both the Griesmer bound and the bound (2.2) for the aforementioned lo-

cality, making it an optimal LRC. Notice that the code S(m)− S(m− 1) is

isomorphic to the Reed–Muller code RM(1,m− 1). The following example

illustrates Construction 1.
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Example 8. Let G4 and G2 be the generator matrices of the binary Simplex

codes S2(4) and S2(2), respectively. Then C = S2(4) − S2(2) is a binary

[12, 4, 6] code generated by the matrix

1 0 0 0 1 1 1 0 0 0 1 1 1 0 1

0 1 0 0 1 0 0 1 1 0 1 1 0 1 1

0 0 1 0 0 1 0 1 0 1 1 0 1 1 1

0 0 0 1 0 0 1 0 1 1 0 1 1 1 1

⎛
⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎠G =

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

where the shadowed columns 3, 4, and 10 are deleted.

Our goal with this construction is to derive the locality with higher local

dimension and local minimum distance. These localities are then used to

show that the construction yields H-LRCs. Since this construction relies

on the Simplex code, it contains a lot of useful combinatorial properties.

Furthermore, this construction can be rephrased as deletion in matroid

terms. The starting point of our analysis of the substructure of the code

S(m) − S(s) is the bijection between the hyperplanes of the Simplex code

S(m) and the hyperplanes of the code S(m)− S(s).

Proposition 15 (Publication IV, Proposition 2). Let MS = (ES , ρS) be

the matroid associated to the Simplex code S(m) and MC = (EC , ρC) the

matroid associated to the code C = S(m) − S(s). Let also Y ⊆ ES be such

that MS \ Y = MC . Then, the map

φ : H(MS)− {Y } → H(MC)

H �→ H − Y

is a bijection.

This shows that the hyperplanes of the code S(m) − S(s) are related to

the hyperplanes of S(m). Moreover, some of the properties of the hyper-

planes of S(m) can be transferred to the hyperplanes of S(m) − S(s) by

the map φ. In particular, by using the association between hyperplanes

and minimal codeword supports, we derive the weight enumerator of the

code S(m)− S(s). To obtain the locality of the constructed code, we prove

the following result using the hyperplanes and the lattice of flats of the

matroid associated to S(m).
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Theorem 16 (Publication IV, Theorem 3). Let C be the linear code C =

S(m)−S(s) of length n with m ≥ 2 and s ≥ 0. Then, for all e ∈ [n] we have

the following.

• If s = 0, there is a set H ⊆ [n] containing e such that C|H is isomorphic

to S(m− 1).

• If s = m − 1, there is a set H ⊆ [n] containing e such that C|H is

isomorphic to S(m− 1)− S(m− 2).

• If 1 ≤ s ≤ m−2, there exist two sets H1, H2 containing e with H1 � H2

such that C|H1 is isomorphic to S(m−1)−S(s) and C|H2 is isomorphic

to S(m− 1)− S(s− 1).

This theorem is the first step towards obtaining the list of possible local-

ities of the code S(m) − S(s). The theorem shows that every code symbol

index is contained in a restriction to a hyperplane of S(m)−S(s). In other

words, all indices are contained in local codes of dimension m− 1. The re-

ally interesting consequence of this theorem is the fact that restrictions to

hyperplanes are isomorphic to codes obtained by the same construction.

Therefore, we can iterate Theorem 16 on the codes isomorphic to the re-

strictions to obtain the local codes of smaller dimensions. The following

theorem gives the list of the possible localities sorted by the local dimen-

sion κ. We give the length, dimension, and minimum distance of the local

level-κ codes to avoid the confusion between the parameters r and r1 in

Definitions 5 and 13.

Theorem 17 (Publication IV, Corollary 1). Let C = S(m)−S(s) with m ≥ 3

and 0 ≤ s ≤ m − 1. Let κ ∈ [3,m − 1] and i be an integer such that

max{0, s −m + κ} ≤ i ≤ min{s, κ − 1}. Then C is an LRC with local code

parameters ⎧⎪⎨
⎪⎩
[
qκ−qi

q−1 , κ, qκ−1 − qi−1
]

if i > 0,[
qκ−1
q−1 , κ, qκ−1

]
if i = 0.

Furthermore, for κ = 2, we have the following local parameters:

• If 0 ≤ s ≤ m− 2, then C is an LRC with local parameters [q + 1, 2, q].

• If q > 2 and 1 ≤ s ≤ m − 1 then C is an LRC with local parameters

[q, 2, q − 1].

As a consequence of our analysis, we obtain that the code S(m) − S(s)
is an optimal H-LRC with maximal level of hierarchical locality by the

bound (4.7).

47



Impact of the Alphabet on Codes and Matroids

S2(m)

[3, 2, 2]

[7, 3, 4]

[15, 4, 8]

[31, 5, 16]

[63, 6, 32]

S2(m)− S2(1)

[6, 3, 3]

[14, 4, 7]

[30, 5, 15]

[62, 6, 31]

S2(m)− S2(2)

[4, 3, 2]

RM(1,m− 1)

[12, 4, 6]

[28, 5, 14]

[60, 6, 30]

S2(m)− S2(3)

∅

[8, 4, 4]

[24, 5, 12]

[56, 6, 28]

S2(m)− S2(4)

∅

∅

[16, 5, 8]

[48, 6, 24]

Figure 4.3. Table of the complete hierarchical locality for binary codes S2(m)−S2(s) with
m ∈ [2, 6] and s ∈ [0, 4].

Theorem 18 (Publication IV, Theorem 7). Let C = S(m)−S(s) with m ≥ 3

and 0 ≤ s ≤ m − 1. Then C is an optimal LRC for every locality described

in Theorem 17. Moreover, C is an optimal H-LRC with⎧⎪⎨
⎪⎩
(m− 2)-level hierarchical locality when q > 2, or q = 2 and s < m− 1,

(m− 3)-level hierarchical locality when q = 2 and s = m− 1.

Figure 4.3 displays the binary linear codes obtained by the construction

S2(m)−S2(s). The columns are sorted by s ∈ [0, 4] and the rows are sorted

by m ∈ [2, 6]. Furthermore, a path in the figure represents the hierar-

chical locality where the length, dimension, and minimum distance of the

local codes are given. The codes in blue are the binary Reed–Muller codes

RM(1,m−1). For example, we can see that the code S2(4)−S2(2) with pa-

rameters [12, 4, 6] is a 2-level H-LRC with locality parameters [(3, 3), (2, 2)]

since every coordinate is contained in a [6, 3, 3] local code and also in a

[3, 2, 2] local code. Moreover, every coordinate is contained in a [4, 3, 2] lo-

cal code isomorphic to the Reed–Muller code RM(1, 2).

4.4 Maximally recoverable codes

In an [n, k]-MDS code, every dependent set has size at least k+1, i.e., any

set of size k is an information set. In an arbitrary LRC, the repair sets

induce small dependent sets. However, extra dependencies not related to

the repair sets may also occur. In order to avoid these extra dependencies,

LRCs with maximal recoverability (MR-LRCs) or maximally recoverable

codes (also known as partial MDS or PMDS) have been introduced in [7].

MR-LRCs are a subclass of distance-optimal LRCs achieving the bound

(2.1) that can correct any erasure pattern that is information-theoretically

correctable. We only consider in Publication V the case δ = 2 as it illus-
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trates more clearly our techniques. However, our results generalize easily

for an arbitrary δ. The formal definition of an MR-LRC is the following.

Definition 14. An (n, k, r) MR-LRC is an (n, k, d, r, 2)-LRC whose code-

word symbol indices are partitioned into g := n/(r+ 1) disjoint repair sets

Ri and such that any set S of k symbols with Ri � S is an information set.

The number of heavy parity check is defined as h := n− k − g = gr − k.

Since MR-LRCs achieve the bound (2.1), we already know the relation

between the parameters (n, k, r) and the minimum distance d. Therefore,

one of the interesting questions about these codes is to study the neces-

sary field size for the existence of such codes. While a field size linear in

n is sufficient for optimal LRCs [50], known constructions of MR-LRCs

for any parameters (n, k, r) are generally exponential in r or h. The con-

structions of MR-LRCs with the best field size were given in [15, 17, 29].

However, only a few works were dedicated to obtain a lower bound on

the field size. The authors of [17] show that by puncturing one element

per repair set, the resulting code is an [n − g, k]-MDS code and therefore

q ≥ k + 1. In [20], the authors give the first asymptotic superlinear lower

bound for MR-LRCs with arbitrary δ when h is constant and r may grow

with n. The bound is the following:

q ≥ Ω(nrα) where α =
min{δ − 1, h− 2�h/g�}

�h/g� .

In Publication V, we extend the idea developed in [17] and classify the

MDS codes resulting from puncturing and shortening of an MR-LRC. We

use the associated matroid to an MR-LRC and the lattice of flats to ob-

tain all the possible uniform minors Uk′
n′ . In this section, an (n, k, r)-MR

matroid denotes the matroid associated to an (n, k, r) MR-LRC. The next

three propositions give the largest length of a uniform minor with a fixed

rank. This is enough to classify all the uniform minors in an MR matroid

since we can take again a minor of these largest uniform matroids. The

first proposition rephrases the MDS code obtained in [17] in terms of a

uniform minor.

Proposition 16 ([17], Theorem 19). Let M be an (n, k, r)-MR matroid.

Then M contains a Uk
n′ minor where

n′ = n− g. (4.8)

The next two propositions describe the uniform minors with smaller

rank.
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Proposition 17 (Publication V, Proposition 5). Let M be an (n, k, r)-MR

matroid. Then M contains a U r
n′ minor where

n′ = n− k + r −
⌈
k

r

⌉
+ 1. (4.9)

Proposition 18 (Publication V, Proposition 6). Let M be an (n, k, r)-MR

matroid and 2 ≤ k′ ≤ r − 1. Then M contains a Uk′
n′ minor where

n′ = n− k + k′ −max{j, 0} with j =

⌊−h
k′

⌋
+ g. (4.10)

When the rank of the uniform minor is greater than r, it is necessary

to delete one element per repair set from the MR matroid before doing

the contraction. Therefore, the uniform minors with k′ > r are minors of

the uniform minor of Proposition 16 and do not yield new uniform minors.

Thus, the classification of all the uniform minors is complete.

Now we can use these uniform minors to improve the non-asymptotic

lower bound on the field size Fq. When assuming the MDS conjecture,

only the length of the MDS code and not its dimension matters in the

bound on q. By comparing the largest size of the uniform minors obtained

in the previous proposition, we obtain the following theorem. Notice that

with this formulation, the following theorem does not require to assume

the MDS conjecture.

Theorem 19 (Publication V, Theorem 2). Let M be an (n, k, r)-MR ma-

troid with g = n
r+1 . The largest size of a uniform minor is

n′ =

⎧⎨
⎩ n−min

{
g, k − r +

⌈
k
r

⌉
− 1

}
if r = 2,

n−min{g, k − r + 1} if r ≥ 3.

Without assuming the MDS conjecture, we can use the following lemma

from [2] to get a bound on the field size.

Lemma 2 ([2] Lemma 1.2). Any [n, k]-MDS code over Fq satisfies n ≤ q +

k − 1.

Therefore, using the classification of the uniform minors of an MR-LRC,

we obtain in Publication V the best possible bound based on these uniform

minors and improve the bound from [17]. Nonetheless, the gap between

the field size of the constructions and the lower bound is still important

and new techniques are required to close it.

4.5 L-polymatroids and nonlinear storage codes

Linear codes are widely used in practice for storage codes due to their ease

of implementation. However, the linearity property constrains the length,
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number of codewords, and minimum distance of a code. For example, the

number of codewords of a binary linear code with length 16 and minimum

distance 6 is at most 27, while the binary nonlinear Nordstrom–Robinson

code [25, Section 2.3.4] of the same length and minimum distance has 28

codewords. In Publication VI, we relax on linearity and focus on nonlin-

ear locally repairable codes and their associated combinatorial structure

called an L-polymatroid.

Let E = {i1, . . . , in′} and let Ai be a finite set for each i ∈ E. Define AE

as the cartesian product AE = Ai1 × . . . × Ain′ . A code in AE is defined as

a subset C of AE . The set AE is called the ambient space of C. Notice that

if Ai = Fq for all i ∈ E and the code C is linear over Fn′
q , then we obtain

a linear code of length n′ and dimension logq(|C|). In that regard, n′ will

denote the number of coordinates while we reserve n for another length

concept that relates to the amount of information of a code. For a storage

purpose, the alphabet AE means that the servers are storing data over

possible different alphabets. This can be useful in peer-to-peer and device-

to-device networks, where the storage capability and the bandwidth might

be different for each user.

Since the code may be defined over multiple alphabets of different size,

we can no longer use the base q logarithm of the number of codewords to

get the quantity of information of a code. To measure this quantity, we

extend the notion of entropy presented in Section 2.1. Let pC = {pc}c∈C
be a probability distribution on C, i.e., pc > 0 for c ∈ C and

∑
c∈C pc =

1. Further, let X = {Xi}i∈E be a random vector governed by pC and fix

q ∈ R+. The joint entropy of C on A ⊆ E is defined as

H(A) =
∑

x∈C|A
Pr(XA = x) logq

(
1

Pr(XA = x)

)
,

where H(∅) = 0 and XA = {Xi}i∈A. We can now define the corresponding

parameters n, k, and the minimum distance d.

Definition 15. Let C be a code in AE with probability distribution pC .

Then n = logq(|AE |), k = H(E), R = k/n, and

d = |E| −max{|A| : A ⊆ E and H(A) < k}.

As we can see, both the parameters n and k depend on the choice of

the base of the logarithm. On the other hand, the rate and the minimum

distance are independent of the base q. Therefore, the rate is preferred to

n and k when comparing the performance of different codes. We can now
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state the definition of locally repairable codes with availability under this

setting.

Definition 16. An (n, k, d)-code C in AE has all-symbol locality (r, δ) and

availability t if for all coordinates e ∈ E, there exist t subsets R1, . . . , Rt of

E, called the repair sets of e, such that for i, j ∈ [t],

1. e ∈ Ri,

2. |Ri| ≤ r + δ − 1,

3. dC|Ri
≥ δ,

4. if i �= j, then Ri ∩Rj = {e}.

We refer to C as an (n, k, d, r, δ, t)-LRC.

In this context, the minimum distance dC|Ri
being at least δ guarantees

that any δ−1 code symbols ci with i ∈ Ri can be recovered by contacting at

most r remaining code symbols indexed in Ri. Since C might be nonlinear,

recovering a code symbol should be understood here as computing a func-

tion of the other code symbols and not anymore as a linear combination of

the code symbols.

To study the internal structure of a possibly nonlinear LRC, we would

like to associate a combinatorial object to this code that reflects the in-

trinsic dependencies. However, as a coordinate of a nonlinear code can

be dependent on a set of coordinates without being determined by that

set, matroids are not sufficient to capture the structure of the code. Be-

cause of this fact, we need to extend the matroid to a more general object

called a polymatroid. The concept of polymatroids was introduced in [10].

A polymatroid can equivalently be defined as a set together with a rank

function or as a special class of convex polytopes. We present here the first

definition.

Definition 17. A polymatroid P = (E, ρ) is a finite set E together with a

rank function ρ : 2E → R such that for all subsets X,Y ⊆ E,
(P.1) ρ(∅) = 0,

(P.2) If X ⊆ Y then ρ(X) ≤ ρ(Y ),

(P.3) ρ(X ∪ Y ) + ρ(X ∩ Y ) ≤ ρ(X) + ρ(Y ).

A matroid is therefore a polymatroid which additionally satisfies the

following two conditions for all X ⊆ E:
(P.4) ρ(X) ∈ Z,

(P.5) ρ(X) ≤ |X|.
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We now introduce L-polymatroids, which are polymatroids with a length

function. This concept is inspired by [31], where a function, which is in-

deed a length function, is used in order to define a dual of a polymatroid.

Definition 18. An L-polymatroid is a triple P = (E, ρ, ‖·‖) where (E, ρ)

is a polymatroid and the length function ‖·‖ : 2E → R is such that for all

e ∈ E and A ⊆ E,
(L.1) ‖e‖ > 0,

(L.2) ‖e‖ ≥ ρ(e),

(L.3) ‖A‖ = ∑
e∈A‖e‖.

In [14], Fujishige shows that for any code C ⊆ AE with probability dis-

tribution pC , by letting ρ(A) = H(A) for all subsets A ⊆ E, the pair (E, ρ)

is a polymatroid. This is naturally extended to L-polymatroids as follows.

Definition 19. Let C ⊆ AE be a code with probability distribution pC .

Then PC = (E, ρ, ‖·‖) denotes the associated L-polymatroid of C, where

ρ(A) = H(A) and ‖A‖ = logq(|AA|) for A ⊆ E.

Therefore, LRCs in AE can be analysed via their corresponding L-poly-

matroids by the above result. In particular, the length function corre-

sponds to the entropy of the codes where each coordinate of a codeword is

uniformly distributed over its alphabet. Polymatroids have already been

used in [57] to study nonlinear LRCs over non-mixed alphabets, i.e., the

ambient space is An′ . The first step towards understanding the struc-

ture of LRCs is to reformulate the parameters (n, k, d, r, δ, t) in terms of

the associated L-polymatroid. Let C be an (n, k, d, r, δ, t)-LRC in AE and

P = (E, ρ, ‖·‖) be the associated L-polymatroid. We obtain that n = ‖E‖,
k = ρ(E), and

d = |E| −max{|A| : A ⊆ E and ρ(A) < k}.

A subset R ⊆ E is an (r, δ)-recovering set if |R| ≤ r+ δ−1 and ρ(A) = ρ(R)

for all A ⊆ R with |A| ≥ |R| − δ + 1.

The second step is to study a property of certain sets in E related to

their amount of information. Using the length function, we can extend

the notion of flats, cyclic sets, and cyclic flats to L-polymatroids.

Definition 20. Let P = (E, ρ, ‖·‖) be an L-polymatroid and A ⊆ E. Then,

(i) A is a flat if ρ(A) < ρ(A ∪ {e}) for e ∈ E −A,

(ii) A is a cyclic set if ρ(A)− ρ(A− a) < ‖a‖ for a ∈ A,
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(iii) A is a cyclic flat if A is a flat and a cyclic set.

An alternative definition of a cyclic set would be to define a set A as a

cyclic set if ρ(A) = ρ(A − a) for all a ∈ A. This definition, while more

natural, would give in fact too few cyclic flats to capture the structure of

an L-polymatroid. It is not too difficult to see that most of the properties

of flats and cyclic flats are conserved with Definition 20. In particular, we

obtain that the collection of cyclic flats of an L-polymatroid forms a lattice

under inclusion. Furthermore, we can define the parameters n, k, and d

via the cyclic flats.

Regarding LRCs in AE , the main result of Publication VI is a Singleton-

type bound on the minimum distance d of an (n, k, d, r, δ, t)-LRC or equiv-

alently of an (n, k, d, r, δ, t)-L-polymatroid. An upper bound on the rate R
is also derived. The Singleton-type bound generalizes the bound obtained

in [57]. Then, some necessary conditions on the union of repair sets for

optimal codes are given.

In the last section of Publication VI, we focus our study on one particular

class of nonlinear codes and specialize our results to it. This class is the

class of quasi-uniform codes introduced in [6].

Definition 21. A code C in AE is quasi-uniform if H(A) = logq(|C|A|) for

each subset A ⊆ E.

Quasi-uniform codes are general enough to include linear codes over

finite fields and finite rings, almost affine codes, and group codes, which

are subgroups of a direct sum of finite groups. Construction of quasi-

uniform codes using group theory were considered in [6, 52]. We present

here the construction.

Construction 2. Let G be a finite group, and let G1, . . . , Gn′ be some (not

necessarily distinct) subgroups of G. We denote the left cosets by G/Gi =

{gGi : g ∈ G} for i ∈ [n′], and the intersection GA =
⋂

i∈AGi for A ⊆ [n′].

Then, assuming uniform probability distibution,

(i) C = {(gG1, . . . , gGn′) : g ∈ G} is a quasi-uniform code in the ambient

space A[n′] with Ai = G/Gi and |Ai| = |G|/|Gi| for i ∈ [n′],

(ii) |C|A| = |G|
|GA| for A ⊆ [n′].

The above code construction also works for right cosets. If G1, . . . , Gn′ are

normal subgroups, then A1, . . . ,An′ are quotient groups and C is a group

code of the group A[n′].
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We conclude Publication VI by studying the locality of a family of group

codes and showing that this family achieves the new Singleton-type bound.

The family of codes considered here are the codes obtained by taking all

the subgroups of order p, for p a prime, in the group (Cp)
v with v ≥ 2 and

Cp the abelian group Cp = {0, . . . , p− 1}. In addition, we prove that some

of the codes in this family also achieve the new bound on the rate at the

expense of the locality.
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5. Conclusion

In the last few years, we have seen an explosion in the demand for cloud

computing and storage services. This demand has led to the design of

large distributed storage systems that reliably store the generated digital

data. Since a distributed storage system consists of a network of numer-

ous storage servers, server failures happen on a daily basis. It is therefore

necessary to store redundant data alongside the original data to prevent

data loss in the event of a failure. To keep a low storage overhead while

maintaining a high failure tolerance, erasure codes have been applied to

such storage systems. However, the drawback of using coded data com-

pared to replicated data is a more complex repair process of the failed

servers.

The main underlying topic of this thesis is a subclass of erasure codes

called locally repairable codes. This subclass of codes aims to reduce the

number of servers contacted for repairing a few failed servers. In par-

ticular, we were interested in finding the tradeoff between the failure

tolerance, storage overhead, and the locality for a fixed alphabet. Un-

derstanding the effect of the alphabet on the performance of a code has

been the subject of several recent works and new techniques were pro-

posed to approach this difficult problem. By using a method based on the

restrictions of a locally repairable code, we derived various bounds on the

code’s parameters. These bounds yield thus a better comprehension of the

alphabet-optimal codes. Moreover, they allow for a comparison between

the maximal performance of codes over a fixed alphabet and over an un-

restricted alphabet.

To analyze the structure of restrictions of codes and their relations with

the alphabet, we associated a matroid to a linear code. Matroids are in-

teresting mathematical objects on their own as they generalize the notion

of dependencies in matrices and graphs. We saw how the notion of rep-
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resentability over a fixed alphabet conditions the lattice of cyclic flats,

which, in return, constrains the parameters of the matroid. By using the

link between matroids and codes, we were able to transfer some prop-

erties on matroids to the associated codes. Notably, the lattice of flats

helped us deriving the hierarchical locality of a particular class of locally

repairable codes. Furthermore, the uniform minors allowed us to improve

the bound on the necessary alphabet size for maximally recoverable codes.

Finally, we extended our study to nonlinear codes over mixed alphabets

and L-polymatroids and derived the tradeoff between their parameters.

Given the new bounds for locally repairable codes, a natural future re-

search direction would be to construct families of alphabet-optimal codes

with the highest possible rate. While we already presented some families

of codes achieving the bounds, their low rate makes them less suitable

in practice for distributed storage systems. A second research direction

would be to strengthen the relation between matroids and codes from the

perspective of the alphabet. Many different criteria have been derived for

representable matroids and it would be interesting to see how they can be

applied to codes. These are only two of the many open problems that arise

from this interdisciplinary field that combines the applied challenges of

reliably storing digital data and the abstract mathematical objects con-

sisting of matroids and erasure codes.
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Errata

Publication II

Proposition 6 is wrongly stated with a maximal rank l instead of the pa-

rameter r. The subsequent comparison is therefore invalid and it turns

out that the bound (2) is better in some cases than the corrected version

of the bound (4).
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