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1. Introduction 

1.1 Background 

High energy efficiency has always been an essential target of the International 
Energy Agency (IEA). The role of high energy efficiency has become even more 
pronounced after the introduction of climate and energy policy regulations to 
encourage replacing fossil fuels by renewable energy resources. The intermit-
tency of many renewable energy forms is creating additional challenges on 
load balancing in energy systems. For environmental emission reduction, the 
European Commission adopted a climate and energy framework presented by 
European Commission. The framework has three targets for year 2030 and is 
in line with a long-term perspective by year 2050. The targets are cutting the 
emissions by 40% compared to 1990 levels, increasing share of renewable en-
ergy by 32%, and improvement in energy efficiency by 32.5% [1]. 

Combined heat and power (CHP) production is a sustainable way to reduce 
greenhouse gases. Combined generation utilizes almost 90% of fuel energy and 
saves energy by 15-40% compared to power-only plants and heat-only boilers 
(HOBs). Different types of fuel, such as waste and renewables can in addition 
to fossil fuels be used in CHP combustion technology. The seasonality of elec-
tricity demand is balanced by CHP regarding the intermittent production of 
renewable energies [2], [3]. While generating electric power using CHP pro-
duction, the heat obtained as a byproduct can be used as steam in industrial 
processes, or for heating up water in a district heating network that supplies 
heating for buildings. Today, CHP provides 15% of heat and 10.5% of power 
production in Europe [4]. CHP saves 200 million tons of carbon emission per 
year. Studies show that least 20% of electricity and 25% of heat can be pro-
duced by CHP in Europe by 2030 [5]. In Finland, CHP produced 32% of do-
mestic power production and 64% of district heat in 2017. The domestic power 
production covered 76% of power consumption and the remaining 24% was 
supplied by import from Nordic countries, Estonia and Russia [6]. 

Power market development and integration is in focus at both EU and na-
tional levels. The Nordic day-ahead market is one of the largest power markets 
in the world. The market trades power daily for delivery. The power is trans-
mitted from surplus areas with lower production price, e.g. Norway and north-
ern Sweden to deficit areas with higher prices and higher demand, e.g. south-
ern Sweden and Finland through transmission grids with cross-border connec-
tions [7], [8]. The power market is encountering a tremendous change due to 
the European Commission targets. In national energy strategies, the focus is 
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mainly on climate target. However, a well-functioning power market and secu-
rity of supply are challenging [9]. The intermittency of solar and wind power, 
and yearly variations in hydropower make it difficult to predict the availability 
of power. Promoting renewable electricity may have consequences related to 
adequacy of electricity and risks on security of power supply. In the Nordic 
electricity market, subsidizing renewable production causes low electricity 
price in the market that can lead to unprofitability of conventional generation 
capacity. 

Decommissioning thermal power plants may cause insufficiency of produc-
tion capacity and inability to respond to rapid variations in the balance be-
tween supply and demand. Thus, the flexibility of the power system may be 
lost. Security of supply must be considered in parallel to the growth of inter-
mittent generation that leads to higher demand for regulating generation ca-
pacity. Reduced thermal production capacity also causes reduction in power 
system inertia, which increases the risk of large electricity system failures. If 
the energy system is not flexible enough to react fast to any inbalance between 
supply and demand, this imbalance is absorbed by the inertia of the system 
leading to change in the frequency of the power. Too large frequency change 
will cause a blackout. The need of flexibility increases by increasing wind pow-
er production. Based on the plan, there will be 22 GW wind power in the Nor-
dic region by 2050. Decommissioning of condensing power plants in Finland 
and Denmark and nuclear power plants in Sweden increases the risk of power 
shortages. If this trend continues, it will affect the adequacy of supply during 
peak demand in the region as shown in Figure 1 [9]. Out of the Nordic coun-
tries, Finland has the most diverse production capacity with 29% nuclear pow-
er, 31% hydro and biomass, and 40% fossil fuels [10]. When the power price or 
demand is low, HOB plants produce heat instead of CHP plants. The low and 
volatile power price in Finland may lead to replacing some CHP plants with 
HOB plants by 2040 [7]. 

 

 

Figure 1. Forecast changes in power generation capacity in Nordic power markets [9] 
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1.2 Research problem 

Fluctuating power production results from increasing intermittent renewa-
ble sources of power production. There are also high fluctuations in power 
demand in Scandinavian countries, such as Finland [10]. Energy storages and 
extension of power transmission are among technologies to improve the flexi-
bility between power supply and demand. Condensing power generation is a 
main source of flexibility in the Finnish power market. Lack of flexibility in an 
imbalanced power system has its cost. CHP plants with heat storages can ad-
just heat production level to improve the flexibility of the power system. More-
over, the power market requires solutions for efficient power generation and 
transmission. An optimization model of day-ahead market simulates the elec-
tricity generation and transmission between areas using hourly supply and 
demand curves. Day-ahead optimization models determine short-term opera-
tion of power systems. However, the climate and energy framework addresses 
security of supply problems on medium or long-term. Optimization and plan-
ning models for medium or long-term simulate behavior and interactions of 
energy systems. 

The heat and power production are coupled in a CHP plant, which is one 
source of complexity in the optimization problems. The utilization of the ener-
gy storages and power transmission between areas can improve the profitabil-
ity of CHP plants. Storages enhance the flexibility of systems and save costs. 
During high power price and low heat demand, a heat storage allows a CHP 
plant to produce more power and store the obtained excess heat for later use. 
During high heat demand and low power price, CHP can decrease power pro-
duction or shut down. The lacking heat can be produced by a HOB or alterna-
tively heat can be drawn from storage. In both cases, coupling CHP with heat 
storages gives benefit [11]. A power storage also can improve the flexibility and 
efficiency of an energy system by storing power during low demand periods 
and discharging during peak demand periods and high power price. Power 
storages save costs and lower overall operational cost. Power transmission 
between market areas minimizes total production costs. Power can be pro-
duced in the area where marginal production costs are lower and transferred 
to the area with higher production costs.    

The dynamic behavior of storages is another source of complexity, because 
storage operation at any time step may affect operation in the far future. For 
planning problems, the optimal operation of storages can be a challenging 
problem due to uncertainty about the future conditions. In addition to the im-
provement of efficiency by storage units, power transmission constraints also 
increase the complexity. Dependency between components requires solving 
operation of all units together. The objective in CHP system optimization is to 
minimize total production cost of the energy system with power transmission 
lines and storage units. The time horizon can be short-term, i.e. several hours 
or days, to medium and long-term, i.e. several months and a year or even long-
er. The long-term planning models include thousands of hourly models having 
a large number of variables. Large-scale problems require fast methods and 
efficient solvers to find the optimal solution in a reasonable time. In short term 
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problems, when the market situation changes rapid re-optimization is neces-
sary. Long-term problems need to be solved fast, because sensitivity and ro-
bustness analyses require solving many different variants of the problem. 

1.3 Earlier Studies 

The complexity of the optimization problem depends on the shape of con-
straints and objective function. Minimizing convex objective function subject 
to convex constraints is easier than finding the optimal of non-convex prob-
lems. Assuming convex CHP model allows applying linear programming (LP) 
models and algorithms to minimize objective function [12]. The LP formula-
tion can easily be extended to implement various kinds of analyses [13]. Study 
[13] represents an LP model for optimizing the capacity of a 100% renewable 
energy system of a building. A linear Power Simplex algorithm was developed 
to optimize long-term CHP operation [12]. The long-term model was decom-
posed into thousands of hourly models. The algorithm optimized the hourly 
model on average 52 times faster than tabular Simplex. An uncertainly analy-
sis method was presented for non-linear systems [14]. They developed a linear 
model to reduce the computational time. The linear model could estimate good 
accuracy the performance of gas turbine system 200 times faster than the non-
linear model. 

Non-convex CHP problems arise from non-convex operating regions or con-
sidering unit commitment (off/on states of the plants). Non-convex problems 
are difficult to solve and have high computational time, and the optimal solu-
tion is also difficult to achieve [14], [15]. The non-convex CHP operating region 
can be divided into convex multi-regions and formulated and solved as a 
mixed integer linear programming (MILP) [15–21], by Lagrangian relaxation 
methods [21–24], or by heuristic techniques [25], [26]. A MILP model was 
developed for optimization of a power system [15]. They proposed a three-step 
iterative algorithm to solve multi-objective function to utilize clean energy 
maximally, to get higher economic benefit, and to control risks of the opera-
tion. The algorithm solved the problem faster than other algorithms and found 
better global optimum. Economic optimization of a multi-timescale power 
system was performed by a MILP model [16]. They considered costs of opera-
tion, power ramping and unit commitment, and formed piecewise linear costs 
curves. They estimated the ramping requirement in the power system using a 
multi-objective function including both reliability and economic benefits of the 
system. A MILP model was used to find optimal design of renewable power 
system for a remote island [17]. They compared a binary variable model with 
an iterative process without binary variables and the results indicated that the 
iterative process could solve faster with a near-optimal solution. The authors 
in [18] developed a MILP model to solve a non-convex CHP problem. The 
problem was decomposed into thousands of single hour sub-problems, and a 
merging algorithm was developed to simulate the multi-period problem. Nu-
merical results using real data demonstrated the efficiency and accuracy of the 
method for medium-term problems. A MILP model was proposed for robust 
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optimization of CHP with heat storage with uncertainty of heat demand [19]. 
The simulation results for 24 hours managed the uncertainty and found a 
near-optimal solution. A mixed-integer nonlinear programming problem was 
reformulated into a sequence of MILP problems in study [20] to minimize 
levelized cost of heat and cooling production of a hybrid system. A MILP de-
mand response model was formulated for optimal planning of an air separa-
tion unit considering day-ahead power prices [21]. They used a Lagrangian 
relaxation technique to reduce the computational time and to improve the op-
erating costs. Results were reported for a three-day ahead time horizon.  

A Lagrangian relaxation model was proposed for unit commitment of large-
scale hydro-thermal problems [22]. They compared the results with a MILP 
model, and showed that the MILP model is competitive with Lagrangian relax-
ation on small to mid-size instances, while Lagrangian relaxation approach is 
preferable for large-scale instances when fast solution time is important. Eco-
nomic optimization of CHP was solved by Lagrangian relaxation in [23]. They 
tested the model with three benchmark problems, and the result showed that 
the method can give global optimum for non-convex problems. Lagrangian 
relaxation was applied also for short-term production of a power system with 
transmission and environmental constraints considering unit commitment 
[24]. The problem was decomposed into sub-problems, and transmission and 
environmental constraints were solved by network programming algorithm. 
Numerical results proved the efficiency and high speed of the approach. 

The unit commitment of a multi-period CHP problem was modeled by a heu-
ristic method utilizing both Lagrangian relaxation and a linear relaxation [25]. 
The method improved the solution in both quality and time. A heuristic algo-
rithm was applied to address CHP production planning with power ramp con-
straints [26]. Numerical results with realistic data indicated that the heuristic 
could produce an acceptable solution fast. Integration of renewable production 
in a market based multi-region model was investigated to estimate the impact 
of Germany’s energy transition on electricity price in the power market [27]. 
The model considered power transmission between regions and was solved 
using historical data for one year with different scenarios.  

A review study classified optimization of short-term CHP planning problems 
based on different aspects [28]. A review and a thorough comparison between 
37 software tools for models of energy systems was presented in [29]. Many 
tools (such as EnergyPLAN, energyPRO, COMPOSE, BALMOREL, BCHP 
Screening, SIVAEL, etc.) can analyze CHP systems. EnergyPLAN [30] and 
energyPRO [31] have been used to validate LP models with energy storages 
[32], [33]. The software scales are different, ranging from a building to inter-
national energy systems. EnergyPLAN and energyPRO were used to assess the 
business and economic feasibility of a small distric heating system of an island 
based on 100% renewable energy and including a heat pump with heat storage 
[34]. The tools were categorized based on different applications including 
planning optimization and scenario analysis. Some tools such as OSeMOSYS 
[35] are based on LP methods, and have been employed for medium to long-
term energy scenarios [36]. For solution of long-term problems, both quality 
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and time are critical, since there are thousands of variables in the model. A 
MILP model was developed for long-term power production optimization with 
transmission expansion planning in national level [37].  

Based on literature, few studies address optimization of long-term problems 
for both heat and power sectors considering energy storages and transmission 
network together. The long-term optimization models provide efficient deci-
sion making tools and useful information for producers, investors, and market 
planners. The models are applicable to compare flexibility solutions for exten-
sion of energy systems by storage units and power exchange capacity. Different 
approaches studied benefits of heat and power storages [38–42]. 
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2. Research objective and structure 

2.1 Research scope and objective  

Optimization of long-term models to ensure cost-efficient operation of ener-
gy systems and provide security of supply to consumers is the aim of this re-
search. The models can optimize operational planning and investment deci-
sions. Participants of the integrated power market can optimize the plant op-
erations and power trade and balance their portfolios.  

The main objective of this thesis is to develop models and optimization 
methods that can be used for solving complex CHP optimization problems 
fast. The main objective is divided into sub-tasks by considering different CHP 
system configurations of gradually increasing complexity. All considered mod-
els are convex in this study. This means that for example non-convex CHP 
plant characteristics and unit commitment of production plants are outside 
the scope of this study. Also, hydropower modelling has been excluded from 
this study. 

2.2 Research structure  

The models in this thesis determine optimal operation of heat and power 
production with minimal cost. All models minimize the production cost for 
both heat and power sectors and include different energy production units. 
Time steps of the models are hourly and can solve problems with different 
time horizons. The models can be applied for optimization of real life energy 
system, i.e. planning optimal local or multi-area CHP operation. Table 1 repre-
sents some aspects of the papers. The scale and duration time of the case stud-
ies, the analysis method, and the results are summarized in the table.   
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Table 1. Summary of the publications 

 Paper 1 Paper 2 Paper 3 Paper 4 

Scale  Local 
 

Multi-area 
 

Multi-area 
 

Multi-area 
 

Time 
horizon 

Weekly Hourly Yearly Yearly 

Case 
study 

A Finnish city Sample case Sample case Finish cities 

Software LP2 LP2 and Network 
power simplex 

LP2 LP2 

Analysis CHP optimization 
with heat storage 
with different 
capacities and 
power sale reve-
nue  

Decomposition 
method for large-
scale problems to 
optimize multi-area 
CHP system 

Decomposition meth-
od for long-term prob-
lems to optimize multi-
area CHP system with 
power storage 

Decomposition meth-
od based an iterative 
optimization of long-
term multi-area CHP 
system with heat and 
power storages based 
on heat demand 
forecast  

Results  - Improvement of 
the CHP produc-
tion planning 
model with heat 
storage to provide 
detailed results 
e.g. fuel consump-
tion. 
 
- Validation with 
EnergyPLAN and 
energyPRO. 
 
- Flexibility of the 
model to apply 
different kinds of 
technologies. 

- A decomposition 
method to solve 
large number of 
hourly production 
and transmission 
problems efficiently.  
 
- Fast solution of the 
model is applicable 
using network model 
for long-term CHP 
planning problems 
with thousands of 
hourly models. 

- Validation of the 
method by an inte-
grated model. 
 
- Comparison of the 
solution time and 
optimal values with 
integrated model for 
different time horizons 
shows the accuracy 
and speed of the 
developed method. 
 

- Validation of the 
decomposition meth-
od shows the accura-
cy of a sub-optimal 
solution by 0.02% 
difference from the 
true optimum. 
  
- The method can 
solve much larger 
problems than an 
integrated model and 
speed advantage of 
the method improves 
dramatically with 
model size. 

 
Paper 1: A model for optimization of heat and power production with a heat 

storage was developed. The revenue was maximized through selling power 
production to the market. It solved one city in Finland for one week using real 
heat demand data for different capacities of heat storages, and the results 
demonstrated the high efficiency of the model using two optimizers for energy 
problems.  

Paper 2: A decomposition method was proposed to optimize energy systems 
for multi-area heat and power production. The power transmission was con-
sidered in the model, and the problem was decomposed into two optimization 
models: a local energy production model, and a network flow model. The mod-
el was solved for a four-region sample case for one hour. Moreover, solution 
time of large transshipment network flow problems with different sizes were 
tested using a network simplex algorithm against a sparse simplex algorithm.     

Paper 3: The multi-area decomposition model was integrated with power 
storages to optimize long-term energy production. An integrated model was 
developed to validate the results. Both optimal production and solution time of 
the method were validated and compared by the integrated model for different 
time horizons. Numerical results showed that the solution speed of decompo-
sition model with power storages is considerably faster than the integrated 
model. The global optimum has high accuracy in comparison with integrated 
model. 

Paper 4: A three-phase iterative optimization method was developed to op-
timize the previous multi-area CHP production and power transmission model 
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extended with heat storages. In addition, a linear regression model was devel-
oped to forecast hourly heat demand based on temperature and social cycle, 
and this model was used to generate realistic demand data for multiple areas. 
The iterative algorithm can give sub-optimal solutions much faster than the 
integrated model and can also solve much larger models in terms of number of 
areas and length of time horizon.   

Figure 2 illustrates the structure and connections between the papers and 
developed model applications.   

 

 

Figure 2. An overview of paper structure and connections 

Two types of models were developed: integrated models optimizing heat and 
power production as a single model, and decomposition models where the 
solution is obtained by solving multiple smaller models in separate phases. 
Paper 1 optimized CHP production with heat storage for a short-time horizon, 
one week. The LP model was validated by EnergyPLAN and energyPRO soft-
ware. In parallel, the decomposition method was proposed to optimize multi-
ple area energy production with power transmission in paper 2. Dynamic con-
straints were considered in paper 3. We included power storages to the model. 
The decomposition method was extended to optimize multi-period multi-area 
problem with power storages. The developed integrated model was used to 
validate the results for optimal total production costs and to assess the speed 
of optimization. Paper 4 considers heat storage in the decomposition model. 
The decomposition model optimized the CHP system usig a three-phase itera-
tive method. Both numerical result and solution time were compared with the 
integrated model for different size problems. 
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3. Methods 

3.1 Target energy system 

This study considers both local single-area and multi-area CHP system opti-
mization. Figure 3 illustrates the general structure of the target energy system 
in each area. Different models may lack one or more of the components illus-
trated in the figure. For example, a single-area model does not include power 
transmission, but power transmission is an essential part of a multi-area mod-
el. 

The system can include different kinds of production technology. CHP with 
heat pump can balance the power production. CHP plants, HOBs and heat 
pumps produce heat. Power is produced by CHP and power-only plants. Heat 
pumps and electric boilers also affect the power balance. During power short-
age, CHP supplies power, and during excess power production, power is con-
sumed by heat pump and possible electric heat boiler [43]. The power-only 
plants can include non-thermal power plants, such as solar power, wind pow-
er, and non-controllable hydropower, or thermal power plants, such as nuclear 
power, or combustion of fossil and bio-fuels. Controllable hydropower with 
water reservoir can in principle be modelled as a power storage filled sponta-
neously by rainfall, but we have not included in this study. Power can be 
transmitted between other areas, stored during low demand and discharged 
from the storage during peak demand. Heat cannot be distributed between 
areas, it is distributed only locally through a district heating network for resi-
dential use, or used by some industrial process as steam. This means that heat 
must be balanced locally. Besides adjusting the heat production using CHP, 
HOBs and heat pumps, storages store heat during low demand and discharge 
heat during high demand.  
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Figure 3. General CHP system configuration in each area. 

3.2 Convex CHP optimization model 

The following convex CHP model is used for modelling power and heat pro-
duction in all subsequent models. The CHP operating region is formed by co-
ordinates for power and heat production with corresponding costs. Costs con-
sist mainly of fuel costs, but can also include fixed and variable operations and 
maintenance costs. The region can be considered as a surface in 3D space cor-
responding and it is defined by extreme characteristic points ( ). Figure 
4 introduces a convex CHP operating region with the projection of power and 
heat on plane. The projected  plane is a convex region, and the op-
erating costs  is a convex function of  and . Convexity of a region means 
that any line segment between two arbitrary points in the region is inside the 
region. Many types of CHP plants can be assumed convex. Convexity allows 
expressing an arbitrary point of the characteristic region as a convex combina-
tion (weighted average) of the extreme points. Such a convex combination is 
defined by linear constraints (1): 
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Figure 4. Convex operating region of a CHP plant. 

 

 

 (1) 

  

  

  

  
 
The index set  is used for the extreme characteristic points of the plant . 

Non-negative variables  are applied to form the convex combination. Based 
on the formulation, the plant can run every point inside the 3D polyhedron 
spanned by the extreme points. However, the optimal solution with minimum 
cost is always at lower envelope surface of Figure 4. The lower envelope de-
fines the minimum operating cost for each combination of power and heat 
production, including part-load operation. The characteristic point with max-
imum heat and power corresponds to maximum load operation. 

Separate heat and power production plants can also be modelled by this 
technique. For power-only plants each  and for HOBs . Heat 
pumps consuming power and producing heat are represented by characteristic 
points where power is consumed and heat is produced ( ). Also 
demand side management componets for heat or power can be represented by 
this formulation. 
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Because all constraints of the convex CHP model (1) are linear, this model 
can be embedded as part of any LP model. In the following, different LP mod-
els are developed for optimizing the operation of different CHP system config-
urations. Dynamic CHP planning models are formulated as a multi-period LP 
model including a sequence of hourly models linked by different kinds of dy-
namic constraints. When the convex CHP model is embedded in multiperiod 
models, the characteristic points may remain constant over the planning hori-
zon, or depend on the time index, e.g. to represent hourly changing fuel price, 
efficiency ratios, or maximum capacity. Also, switching a plant off for some 
hours can be represented operating at point (0,0,0), or alternatively setting the 
right hand side of the convexity constraint to zero. 

3.3 Local CHP optimization with heat storage 

This section presents an LP model to minimize net acquisition costs of a lo-
cal CHP system with heat storage. This model was presented in Paper 1. A sim-
ilar model was applied in [44] and for multi-criteria optimization of district 
heating system in [45]. The schematic of the model is introduced in Figure 5. 
This model is a subset of the general CHP system configuration in Figure 3 
where the power storage and transmission are excluded and only one CHP 
production plant is included. 

 

 

Figure 5. Schematic of the CHP plant by energyPRO [31] 

The heat storage relaxes the connection between heat and power constraints. 
The CHP planning model composed out of hourly models, since the power 
market operates on hourly basis. The multi-period LP model is as follows:  

  

 
(2) 

 
 

sbject to  

 (3) 
 
 

 (4) 
 
 

 (5) 
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 (6) 
 
 

 (7) 
 

 (8) 
 

 (9) 
 
Here objective function (2) minimizes the total net acquisition costs consist-

ing of fuel costs  subtracted by revenue from power power sales  to 
the spot market. Indices  and  correspond to time step and characteristic 
point of the CHP plant. Constraint (3) balances the heat production to satisfy 
heat demand  using CHP heat production  with heat stored to storage 
( ) and discharged from storage ( ) with discharge efficiency ( ). The 
power sales (  to the market is determined by power balance (4) at price  
at each hour. The storage level ( ) at the end of time step  in constraint (5) 
includes storage charge and discharge  variables. The losses during 
storage is considered by the hourly storage efficiency factor . Equations (6) 
and (7) represent convexity constraints for  variables. The capacity of storage 
is limited in (8).  

The above formulation contains one CHP plant. The model can be easily ex-
tended to include multiple plants of different types. The model can be used for 
different purposes and solved for different planning horizons from short-term, 
to medium or long-term. The model can also be applied in investment plan-
ning for finding the ideal size of a heat storage, or for evaluating the benefit of 
a heat storage of given size. 

3.4 Integrated multi-area multi-period CHP model 

The most general CHP system considered in this study is obtained by com-
posing a multi-area multi-period model from the CHP system presented in 
Figure 3. This model can contain different kinds of CHP, heat-only and power-
only production plants, heat and power storages in different areas, and power 
transmission lines between areas. The system must be modelled as an inte-
grated model, because CHP links power and heat together, storages links sub-
sequent time steps (hour) together, and transmission network links multiple 
areas together. 

The model optimizes energy production and storage in each area and power 
transmission between them. The model is an integrated general LP model 
minimizing total production and power transmission costs over the planning 
horizon. The problem is formulated as follows:  

 

 
(10) 

 

s.t.  
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 (11) 

 (12) 

 (13) 

 (14) 

 

 

(15) 

 

 

 

 

  

(16) 

The objective function (10) minimizes total operative costs including produc-
tion cost  at extreme points  and transmission costs  along all 

transmission lines in each hour . Index  refers to production units and the 
characteristic points of the units are indexed by . Vector  contains the 
hourly decision variables for unit . Transmission costs depend on the power 
transmission  from area  to area  in time step  with price . Surplus 
variables  allow disposal of excess heat production with price  ( , if 
excess heat production can be freely disposed). Slack variables allow pro-
ducing extra production with price . The price of excess power production 
is higher than other unit productions. It means that it applies when other units 
cannot produce enough power. 

In constraints (11)-(16), the free indices are implicitly quantified: time index 
 (periods in the time horizon),  (set of areas), and  (set of 

procution units in area i). The heat balance (11) states that heat production 
, minus charging the storage by   plus discharge from storage  

with an efficiency  must match the local heat demand . The surplus 
variable allows disposal of excess heat production  Power balance constraints 
(12) state that the power production together with power transmission and 
storage operation must meet power demand  in each hour  and area . Vari-
ables  denote power transmission from area  to area  in hour t. Variable 

 denote discharge of power from the storage with efficiency  and  

denotes charging the storage. Constraints (13) and (14) determine the level of 
heat and power storages  and  at hour  in area . Hourly heat and power 
storage efficiencies are defined by parameters  and . Charge efficiencies 
for heat and power correspond to  and . Convexity constraints for all 
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production units are defined in (15). Constraints (16) define bounds for all 
other variables. The initial level of heat storage is set to the level of storage in 
the last time step and power storage to zero. The transmission line capacities 
are defined by parameters .  

The integrated model becomes very large and slow to solve with many areas, 
production units, and time periods. For example, consider an 8-area yearly 
(8760 h) model where each area has one CHP plant with 3 characteristic 
points and one HOB with 2 characteristic points, a power and heat storage, 
transmission to the other 7 areas. Including the power slack and heat surplus 
variables, the number of of decision variables is 8760×8×(3+2+7+6+2) = 
1 401 600. The number of constraints is 420 488 plus 911 040 upper bounds 
for variables. Zero lower bounds for variables are handled implicitly by LP 
software, but upper bounds are treated either as constraints, or more efficient-
ly using the upper bound technique. The large size of long-term multi-area 
CHP models is the reason why we have developed various decomposition 
methods such models faster.  

3.5 Decomposition model with power storages 

In this section, we consider the multi-area CHP problem without heat stor-
ages. We decompose the integrated model with power storages and power 
transmission into sub-models, and solve them in sequence. The decomposition 
method optimizes long-term models faster than the integrated model. The 
decomposition method includes two sub-models: 

1. Hourly local CHP models 
2. Multi-period multi-area power production, storage and transmission net-

work model 
Figure 6 shows the two-phase solution technique of the method. In the first 

phase, hourly local CHP optimization models consider a single area  and an 
hour  at a time. The models are obtained by removing power transmission 
and storages from the integrated model. Given local heat demand, the hourly 
models are analyzed using parametric LP analysis. Parametric analysis deter-
mines the optimal production cost as a function of power production for each 
hour and each area. Then, in the second phase, the functions are combined 
with power transmission and storage constraints and encoded into a multi-
period multi-area network model. The network model is a power-only model, 
since the heat production has been solved in the first phase. The model defines 
optimal power production, transmission, and storage operation.  
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Figure 6. Flowchart of the two-phase decomposition model   

3.5.1 Hourly local CHP models 

Hourly local CHP models optimize production of power and heat production 
for a single area and a single hour, without storages or power transmission. 
The production cost is minimized based on given heat demand. Power produc-
tion is a variable parameter in this model. The results of the following model 
are production costs as a function of power production for the area and hour. 
For each hour t and area i we have the model: 

 

  
 (17) 

   
s.t.    

 (18) 

 (19) 

 

 

 
 (20) 

 

 
The objective function (17) minimizes the total production costs of all units  

in the area. In the objective function, terms  refer production costs of 
unit . As in the integrated model, surplus and slack variables contribute to 
costs  and . Constraints (18) balance the local heat demand  
with heat production in the area by production at plants  and disposal 
of possible extra heat . Constraints (19) balance power production by pro-
duction  and slack variable with local power production . Con-
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straints (20) are the convexity constraints for all plants and non-negativity 
constraints for surplus and slack variables.  

3.5.2 Parametric analysis of the local model  

Parametric LP analysis of the model (17)-(20) defines the optimal production 
cost as a function of power production  for the area. The production cost 
function is a piecewise linear convex function , since the model 
is an LP model. The function is represented by a sequence of  points 

. The points are the corner points the piecewise 

linear convex function, and the line segments between them correspond to 
different basic LP solutions. The minimum possible of power production is 

 and the maximum possible production is . The slope of each line 

segment determines the marginal production cost for the corresponding range 
of power production. The marginal production cost in area  for line segment  
is: 

 
(21) 

  
Piecewise linear cost functions are illustrated in Figure 11 (section 4.2). The 

the line segments are encoded as arcs in the network model described in the 
next section. Substituting local power production  in (19) into (12) and 
considering power transmission gives:  

 

 

 

(22) 

The hourly local optimization models link to the network model by equation 
(22). The network model described in the following sections. 

3.5.3 Generic network flow problem  

We present the general network flow problem, which is used later in de-
composition modelling. A network flow model connects a set of nodes  by a 
set of directed arcs . Non-negative amounts of a commodity can flow between 
the nodes along the arcs. Each arc  is associated with a unit cost  per 
amount of flow . The network flow model minimizes the total cost of all 
flows while balancing the supply or demand at each node. Each node has a 
local supply or demand . Supply is represented by a positive value  and 
demand by a negative value. The supply (demand) of each node must match 
the sum of outflows minus the sum of inflows. There can be capacity limits  
for arcs, and gains or losses  for the flows. The general network flow model 
is formulated as [46]: 

 
min  

s.t. 
(23) 
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This model is a special case of an LP model. If all gains/losses , the 

model simplifies into the standard transshipment flow model with capacity 
limits. Then the problem is also called a pure network flow problem. Because 
no commodity is lost or gained in the pure network problem, the sum of all 
supplies and demands must equal zero, i.e. . This makes the set of 
constraints linearly dependent, and one of the constraints (for an arbitrary 
node) can be removed. When the network contains gains or losses, to guaran-
tee the existence of a solution one of the nodes is defined as an open node, and 
corresponding constraint is removed. 

The advantage with network problem formulations is that there are very effi-
cient algorithms for solving them; e.g. the Generalized Network Simplex algo-
rithm [46] for the general network flow problem, and the Network Simplex 
algorithm [47] for capacitated transshipment flow problems. 

3.5.4 Encoding the hourly local production and transmission problem  

Here we present how to encode the parametric cost functions from the hour-
ly local CHP models into a network flow problem for optimizing multi-area 
power production and transmission for a single hour. Each production area 
corresponds to a node with power demand or supply. Transmission lines be-
tween areas corresponds to transmission arcs with a capacity  and cost  
Transmission costs can represent the small losses in transmission lines, i.e. 
cost for extra power production to compensate the loss. Thus, the transmission 
problem follows the capacitated transshipment flow model. 

Then, the piecewise linear cost functions representing local power produc-
tion in each area are combined with the hourly transmission problem. The 
local power demand in each area  and is defined as a sink node with negative 
demand  in which  is the demand. For supply, we create an artifi-
cial production node  with supply . Next, we define production 

arcs from production node to the area nodes. The lengths of parametric line 
segments determine the capacities of the production arcs equal to (

) and the slopes of line segments ( ) determine the costs of production 

arcs. The network flow model is then formulated as: 

 
 

(24) 

 
 

(25) 

 
(26) 

(redundant) 
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 (27) 

  
  

The minimum possible power production of each area and corresponding 
minimum production cost ( , ) are constants and must be factored out 

of the model and considered after solving the model. Because the set of con-
straints is linearly dependent, one of the constraints can be removed. We re-
move constraint (26), which is the balance constraint for the production node.  

3.5.5 Multi-period multi-area power production, storage, and transmis-
sion model  

In the absence of storages, the hourly models (24)-(27) can be solved inde-
pendently. Including storages links the hourly models together by dynamic 
constraints. Here, we formulate a multi-period multi-area model with power 
storages as extension of the previous network model by combining the differ-
ent hourly models together with power storage constraints. The model deter-
mines optimal production with power storages and transmission between are-
as. 

The set of nodes  is formed from the area nodes for each hour. To simplify 
notation, we also include the production nodes  the set of nodes . Similarly, 
we form the set of arcs A as the union of all transmission and production arcs 
for each hour. Correspondingly, the arc costs  include both production costs 
and transmission costs, and similarly capacities  include the maximum ca-
pacities for production arcs and transmission arcs. After adding storage con-
straints, we obtain the multi-period multi-area power transmission problem 
with storages: 

 

s.t. 

(28) 
 

 

 

(29) 

 
 

(30) 

 
 
 

 
 

 

(31) 
 

Objective function (28) minimizes total production and transmission costs 
for the selected time horizon. The total costs consist of a constant term for the 
minimum production  in each area and power production and transmis-
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sion costs . Power flow through transmission line or production arcs is 
represented by decision variables  with prices  and capacities . Power 
flow is balanced in constraint (29) for each area. The difference between  

and the local demand equals to net amount of outflow from the area plus stor-
age charge minus power discharge from storage with discharge efficiency 

. Constraint (30) determine the level of power storage in each time step 
with storage efficiency  and charge efficiency . Constraints (31) defines 

initial power storage level and the upper bounds for all variables. 
This network model is power-only. Because heat production was already op-

timized when computing the parametric cost curves included in this model, 
the network model solves the overall multi-period multi-area CHP system with 
power transmission and power storages (but without heat storages). 

3.6 Decomposition model with power and heat storages  

The previous model was unable to handle heat storages. In the following, we 
extend the model with heat storages and develop a decomposition method for 
solving the model. In addition to the two models in the previous section, we 
use local multi-period CHP models to optimize the heat storage operation in 
each area. The model (28)-(31) outputs optimal power production , 
power transmission and storage. Based on the network model, we compute for 
each area the combined power production and storage operation : 

 

 (32) 

 
Alternatively, this quanitity represents local demand subtracted by optimal 

power transmission determined by the network model. These quantities are 
provided as input for the local multi-period CHP models. This gives flexibility 
for the local multi-period models to re-optimize between power production 
and operation of power and heat storages. 

The decomposition method for solving the problem with heat storages is ap-
plied iteratively. In each iteration, three kinds of sub-models are solved in se-
quence:  

1. Hourly local CHP models 
2. Multi-period multi-area power production, storage and transmission 

model (network flow model) 
3. Local multi-period CHP production and storage models   
The first two sub-models were explained earlier. Figure 7 outlines the itera-

tion loop of the process. In each iteration, three sub-models are solved in se-
quence, and they provide input for each other. Dashed lines show output from 
each phase. 

In the first phase, the hourly local models (17)-(20) determine optimal power 
production costs as a function of power production in areas  to  for se-
lected time horizon  to . The functions are based on hourly local heat 
demand. The cost functions are input for the second phase.  
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In the second phase, the multi-period multi-area model with power storages 
combine the cost functions for all areas and hours with power transmission 
and storages. The network model defines optimal power production, storage 
and transmission in each area. The model determines power production and 
transmission. The hourly combined power production and storage  from 
(32) for the area is used in the third phase. 

In the third phase, the multi-period local models optimize the power and 
heat production with storage operation using the results of network model. 
The optimal heat storage operation is used to provide input for the first phase 
model. The hourly heat storage discharge and charge modifies the hourly local 
heat demand of the models in the first phase. 

The solution improves monotonically in each iteration by the three models. 
The algorithm stops, when the improvement is zero or small enough after the 
second or third model. The result is a sub-optimal total cost. In the second 
iteration, the hourly local model updates the power production cost functions 
and re-optimizes the multi-area model results. When the improvement is zero 
or small enough after the second or third phase models, the algorithm stops 
with a sub-optimal total production cost. In the following, the third phase local 
multi-period model is explained.  
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Figure 7. Flowchart of the iteration for decomposition model with power and heat storages 

3.6.1 Local multi-period CHP production and storage model 

The local multi-period CHP production and storage model optimizes heat 
storage operation using the combined power production and storage . 
This model is obtained from the integrated model (10)-(16) by excluding pow-
er transmission constraints, whereby independent local models are obtained 
for each area. The local multi-period model formulation is 
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 (33) 
   

s.t.  
  

 

 

(34) 

 

 

(35) 

 
 

(36) 

 
 

(37) 

 

 
 

 
 (38) 

 

 
 
 

 

(39) 

 
Objective function (33) minimizes total costs including production costs 

, surplus variable cost , and slack variable cost . Heat 
balance constraint (34) supplies local heat demand  with heat production 

 and discharge of the heat from storage  minus heat charge into the 
storage  and heat disposal . Power balance constraint (35) includes 
power production , power slack , and power discharge from stor-
age  minus the power charge into the storage . This is equal to the 
combined power production and storage operation . The storage levels 
are defined in constraints (36) and (37). Constraints (38) are the convexity 
constraints for production plants. Constraints (39) determine initial heat and 
power storage levels and the maximum capacities for storage variables.  

The model determines power and heat production with storage operation for 
each area with fixed power transmission from the network model. The value of 
objective function (33) for all areas plus the total power transmission cost 

 from (28) gives the total cost. When the total cost improvement after 
solving this model is zero or small between iterations, the algorithm termi-
nates. Otherwise, the optimal heat storage operation determined by this model 
is used in the first phase to re-optimize the parametric cost functions. The 
production of each unit can be computed from the solution of the local multi-
period model by: 
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 (40) 

 (41) 

 

3.7 Heat demand forecast model 

To test the efficiency of the multi-period multi-area CHP models, it is neces-
sary to use realistic test data. While yearly overall district heat demand data is 
available for all Finnish cities, unfortunately we obatained hourly demand data 
only for three cities. For this reason, we had to generate hourly heat demand 
data artificially. To make the heat demand data as realistic as possible, the 
heat demand of different cities should exhibit appropriate dependency of out-
door temperature, follow the social cycle, and show realistic random variation 
with proper coincidence across cities. For this reason, we present a method to 
generate realistic heat demand data for different geographical locations by 
using a heat demand forecasting model. 

We apply a simple forecasting model that explains the heat demand by out-
door temperature and social cycle. There is a linear dependency between out-
door temperature and heat demand when the temperature is lower than 17oC, 
but no dependency at higher temperatures. When outdoor temperature is over 
this limit, no space heating is needed. Figure 8 displays the dependency be-
tween historical heat demand with outdoor temperature of a Finnish city in 
2017. We use a linear regression model to estimate this dependency based on 
one year historical temperature information and heat demand for three cities.  

 
 

 

Figure 8. Historical hourly heat demand of a city with outdoor temperature 

The social cycle is mainly due to hot water usage in buildings. There is a daily 
cycle depending on when people wake up, wash, cook, and go to bed, and a 
weekly cycle, due to different schedules on weekdays and weekends. To repre-
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sent the social cycle we form a 72 h weekly rhythm model. The week is divided 
into three kinds of days: working days, Saturdays, and Sundays. Every hour t 
within the year is then classified by an index h(t) such that the hour within the 
day (1-24) is given for working days, Saturdays use indices 25-48, and Sundays 
49-72. Special mid-week holidays are classified either as Saturdays or Sun-
days, because their social cycle differs from working days. The two different 
social cycles of 72 h and 168 h were compared in [48], and they were found to 
yield almost identical results. To prevent overfitting, we decided to use the 72 
hour cycle. The linear regression model to forecast the heat demand is in the 
form of  

 
 (42) 

 
where  is the heat demand,  is the outdoor temperature,  is the coefficient 
for temperature dependency,  are the constants depending on the hour 
classification (1-72), and  is hourly error (noise) in the equation. Instead of 
the actual outdoor temperature,  is the minimum of the actual temperature 
and 17oC. Linear regression determines the regression parameters  so 
that the square sum of the noise  is minimized. 

Figure 9 comparing the forecast model with real data in January 2017 for a 
Finnish city shows good accuracy. The relative standard deviation of  is 
about 10% for all cities.  

To apply the forecast model to generate hourly heat demand data for a city 
and year, historical hourly temperature data is obtained from [49]. After clas-
sifying the hours using weekly rhythm, formula (42) is used to estimate the 
heat demand. The three linear regression models are applied for different cit-
ies based on their sizes. Annual heat demand for the cities are used in order to 
scale hourly heat demand. It is important to add also proper random noise to 
the forecast. Without noise, different cities will obtain too coincident heat de-
mand. The random noise is generated so that it has the same relative standard 
deviation and autocorrelation as the error vectors in the forecasting models 
fitted for cities. Also, noise for different cities is generated to have the same 
correlation coefficient as the error vectors between cities. 
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Figure 9. Hourly heat demand forecast model and historical data of a city in January 2017. 
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4. Results and discussion 

In the following, the main results of all models are presented. All models are 
solved by LP2 software, an efficient solver for large sparse LP problems [12]. 
The analysis of the results is implemented in Excel. First, the numerical results 
of the local CHP optimization model with heat storage are compared with two 
energy optimization software packages, EnergyPLAN and energyPRO to vali-
date the accuracy of the LP2 solution. Then, the decomposition method devel-
oped for long-term problems is illustrated using a small example. After that, 
the decomposition model is validated by comparison with the integrated mod-
el. Finally, the performance of the decomposition method is evaluated by solv-
ing different size multi-period models with time horizons ranging from one 
week (168 hours) to one year (8760 hours) and comparing the solution time 
with the integrated model. 

The input data for each model are introduced at beginning of corresponding 
seqtion. 

4.1 Local optimization solution  

A one-week (168 hours) problem is solved using model (2)-(9). The key input 
parameters are listed in detail in Paper 1. Slightly modified real-life heat de-
mand of a Finnish city is used in the model. For hourly power price, available 
data from Nordpool [8] is used for Finland in year 2013. Different storage ca-
pacities are tested to evaluate the benefit of a heat storage. We also have vali-
dated the case study using EnergyPlan and energyPRO.  

A 406 MWh heat storage capacity gives outputs displayed in Figure 10. The 
figure shows the hourly heat storage level. CHP plant produces heat based on 
heat demand variations to provide heat and after that as much power as can be 
sold to the market. There are differences in the early time periods for Ener-
gyPLAN, since the software considers initial heat storage level equal to the 
total capacity. However, fluctuations of LP and energyPRO are similar. The LP 
model has also the potential to include several heat storage units with different 
initial levels, which is crucial when the CHP system contains multiple heat 
storages with different capacities and other parameters. Table 2 presents the 
optimal values for power and heat production and the objective function by the 
three models demonstrating the validity of the LP model.  
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Figure 10. Heat storage level in a week 

Table 2. The validation of decision variables 

Decision variables LP energyPRO EnergyPLAN 

Power production (MW) 5 392 5 392 5 338 

Fuel consumption (MW) 19 607 19 607 20 000 

Total cost (€) 101 716 101 765 110 000 

 
By using a smaller heat storage equal to 90 MWh, the total cost is 101 994 €, 

which is only 278€ higher than using the larger storage. This proves the prodi-
gality of the large storage. In investment planning, yearly simulation of the 
operation is necessary to assess the yearly or lifetime operating costs. The op-
erating costs must then be combined with the investment costs to assess the 
profitability of a storage of given size or to find out the optimal storage size.  

 

4.2 Hourly decomposition model solution  

The decomposition model is illustrated here by a small example. A single 
hour four-area model is solved by minimizing the combined heat and power 
production and power transmission costs. The model contains CHP units, one 
power-only and one HOB unit without storages. Table 3 presents the data used 
to solve the model. The production units of each area are identical for simplici-
ty. One of the CHP plants has 3 characteristic points and the other two have 2 
characteristic points each. Other technical input data include heat and power 
demand, transmission line capacities and transmission costs. 
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Table 3. Input data of the plants for each area 

Plant CHP1 CHP2 CHP3 
p (MWh) 3 9.4 12.5 3 11 2 8.4 
q (MWh) 10 24.2 38 13 36 6 17 
c (€) 315 753.9 1092 420 1155 400 1200 
Plant Power-only HOB 
Capacity (MW) 150 2695.2 
Efficiency 0.4 0.89 
Fuel price (€/MWh) 21 40 

Table 4. Input data of the plants for each area 

Area 1 2 3 4 
Power demand (MWh) 5 10 15 20 
 Heat demand (MWh) 50 60 70 80 
Transmission capacity (MW) 10 10 10 10 
Transmission cost (€/MWh) 1 1 1 1 

 
Applying parametric analysis on the local hourly model (17)-(20) for each ar-

ea gives the piecewise linear convex curves determining the optimal cost func-
tions displayed in Figure 11. The curves for different areas are on different lev-
els due to different heat demand in each area. Note that also the number of 
line segments in the curves differ. The curve of the area with highest heat de-
mand is at highest level, because higher heat production implies higher fuel 
consumption. The negative slope at the beginning of the cost curves is due to 
the non-flexible coupling of heat and power in CHP. Low level of power pro-
duction implies low level of heat production, which means that to satisfy the 
heat demand the more expensive HOB must also run. For example, in area 4 at 
point A, CHP produces 8 MWh power which does not allow heat production to 
cover the 80 MWh heat demand. Thus, the HOB plant must produce 51 MWh 
heat. At point B, power production is larger and CHP can satisfy the heat de-
mand without the HOB. Therefore, the production cost in point B is lower than 
at point A. By increasing power production to 175.5 MWh at point C, produc-
tion costs increase due to maximal 25.5 MWh CHP power production and 150 
MWh power-only production. 
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Figure 11. Optimal production cost as a function of power production in each area 

The piecewise linear convex costs functions are then encoded into a network 
flow problem as described in section 3.5.4. Each line segment results in a pro-
duction arc from the production node to corresponding area node. The mini-
mum power production in each area , which is 8MWh for each area, is 

subtracted from the local power demand and these adjusted demands are set 
as demand for the area nodes and added as supply to the production node 
(25). The resulting network flow problem is shown in Figure 12. The figure 
includes production and transmission arcs with corresponding capacities and 
costs. 

 

 

Figure 12. Network flow problem for a single hour. 

The optimal solution for the network model is shown in Figure 13. To obtain 
the actual production at each area, the minimal power production (  is 

added to the network solution (production arc flows). As defined in (24) corre-



Results and discussion 

41 

sponding minimal costs are added to the objective function value of the net-
work problem. The network model gives the objective function value 10102.31 
€. Correspondig integrated model gives objective function value 10102.39 €, 
i.e. the accuracy is six decimal places. Because an optimization model can have 
multiple (equally good) optimal solutions, the two models may yield different 
solutions in terms of production in areas and transmission between them, but 
the objective function value is the same within numerical accuracy.  

 

 

Figure 13. Solution to the network flow problem. 

 

4.3 Decomposition model validation with integrated model  

4.3.1 Decomposition model with power storages 

To validate the decomposition model with power storages, it is solved for 
longer time horizons in Paper 3, and the results are compared with the inte-
grated model (10)-(16) without heat storages. The plant data in Table 3 is used  
for three areas. Hourly heat and power demand data are scaled to be compati-
ble with the plant capacities in each area. We include a power storage in area 2 
with storage capacity 1000 MWh and charge and discharge limits 500 MW. 
The transmission line capacities are 100 MW with cost 1 €/MWh. The decom-
position and integrated models are solved for time horizons from one week 
(168 hours) to one year (8760 hours). Table 5 reports the objective function 
values for the two models. The optimal solutions are almost identical with 7 
decimal accuracy. We also include for one CHP plant in area 2 ramp con-
straints for 10% of nominal capacity in both models. Similar accuracy was 
reached also with ramp constraints. The detailed model specification can be 
found in Paper 3. 
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Table 5. Optimal solutions of long-term decomposition and integrated models. 

Time horizon (h) Decomposition (€) Integrated (€) 
168 2155486.8 2155486.9 
336 4506361.1 4506361.3 
720 10351210 10351210 

1440 20225953 20225954 
2000 27691057 27691059 
2500 34468316 34468318 
3600 50561894 50561896 
3800 53693839 53693841 
4000 56843384 56843387 
5000 72570428 72570432 
6000 88621237 88621241 
7000 102981420 102981420 
8760 126451890 126451890 

4.3.2 Decomposition model with power and heat storages 

Here we add heat storage to both decomposition and integrated models. 
Based on formulation (33)-(39) and the iterative process (Figure 7), the de-
composition method converges to a sub-optimal solution close to the opti-
mum. The details of the verification are presented in Paper 4. Aggregate dis-
trict heating data for 8 Finnish cities are used for CHP and HOB plants [50]. 
The forecast model (42) is used to generate simulated hourly heat demand of 
2017 for the cities. Hourly power demand from NordPool [8] is scaled down to 
match the production unit capacities of the cities. Each city corresponds to one 
area in the model. The models are solved for different size problems including 
3, 5, and 8 areas. The selected time horizon of the models is from one week up 
to one year. For 8 areas, the maximum time horizon that the integrated model 
can solve is 2100 hours. Figure 14 shows how the solution of the decomposi-
tion model improves in each iteration in comparison with integrated optimal 
solution displayed as a constant line. Each iteration of the decomposition 
model is shown as two points: the solution after the network model (28)-(31) 
and after the local multi-period models (33)-(39). The improvement in the 
first iteration from power transmission model to multi-period local model is 
higher than during other iterations. The difference between third and fourth 
iterations is small. Therefore, we consider reaching sufficiently good sub-
optimal solution after three iterations. With all problem sizes and small stor-
ages, three iterations of the decomposition method made the objective func-
tion value converge within 0.02% from the integrated model solution. With 
large seasonal storages the difference in objective function was 0.1%. Storage 
size did not affect solution speed or number of iterations needed. 
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Figure 14. Solutions of the models for 2100 hours for 8 areas (Iteration: nw=after network mod-
el, mp=after local multi-period model). 

4.4 Solution time for long-term problems 

The decomposition methods are developed to speed up optimization and to 
allow larger models to be solved. The solution time is compared with the inte-
grated model. All test runs are performed in a 64-bit Windows 10 PC with 2.5 
GHz Intel Core(TMI)-7300U. 

4.4.1 Decomposition model with power storages 

This decomposition method solves multi-period multi-area problems with 
power storages and power transmission, but without heat storages. The same 
three-area problem is solved for different time horizons presented Table 5. To 
compute the solution time of the decomposition method, the CPU times of the 
local parametric models (17)-(20) for all areas and for the network model (28)-
(31) are added together. To reduce the effect of random random variations in 
CPU time, each test run is performed twice and the average time was reported. 
Figure 15 shows the solution times of the two models by time horizon. For the 
decomposition model, the solution time grows by time horizon length much 
slower than for the integrated model. Up to 720 hours (one month), the inte-
grated model solution is a little faster than decomposition model. With longer 
time horizons, the decomposition model is faster. For 5 months (3600 hours) 
and one year (8760 hours) problems, decomposition model respectively is 9 
and 30 times faster than integrated model. The solution speed is also tested 
with ramp constraints included (Paper 3). Ramp constraints are formulated as 
side-constraints to the network model. With ramp-constraints, the results are 
similar to the CPU times in Figure 15 without ramp constraints. 
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Figure 15. Solution time comparison of the two models by time horizon. 

4.4.2 Decomposition model with power and heat storages 

This decomposition method solves multi-period multi-area problems with 
power and heat storages and power transmission. Table 6 reports the CPU 
time for solving different size problem. As with the previous method, short-
term problems solve faster by the integrated model, and the decomposition 
method is faster for longer time horizons. For example, with 8 areas, the inte-
grated model solves the 168 h model faster, for the monthly model and for 
larger models the decomposition method is increasingly faster, and can solve 
larger models. With the 3 area model, the integrated model is still faster for 
the monthly model, but increasingly slower for larger models. Also with 3 and 
5 areas, the decomposition method can solve larger models than the integrated 
model. 

Table 6. CPU time (s) for decomposition method and integrated model with different time hori-
zons 

size 3 areas 5 areas 8 areas 
T (h) Decomposition  Integrated  Decomposition  Integrated  Decomposition  Integrated  
168 6.91 1.33 12.5 3.88 20.71 11.32 
720 38.95 27.9 80.74 111.29 164.57 303 
2100 187.52 321.05 461.97 1651.97 1098.53 4784 
3600 485.68 1554.23 1501.82 8165.93 2722.38 - 
3750 543.08 1958.53 1386.51 - 2985.8 - 
6400 1541.11 9435.53 3321.63 -   
6700 1742.11 - 3597.13 -   
8760 3280.98 -     

 
Figure 16 shows the CPU time for the decomposition method and integrated 

model as function of the number of areas, using the 2100 h model. This was 
the longest time horizon that could be solved by the integrated model with 8 
areas. 
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Figure 16. Solution time comparison of the two models by number of areas 

Numerical results show that decomposition model solves the different size 
problems for 3 areas 1.7 times, for 5 areas 3.5 times, and for 8 areas 4.3 times 
faster than integrated model. Figure 17 represents the solution time of models 
by time horizons for each size problem. Similar to the model without heat 
storages, by increasing time horizon the decomposition method solves the 
problem faster than the integrated model. The speed advantage of the decom-
position method increases rapidly by the number of periods in each case. This 
demonstrates the applicability of the decomposition method for longer-term 
problems. 
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Figure 17. Solution time comparison by time horizon for different size problems. 

4.5 Solution time of network model with simplex algorithm 

In the long-term decomposition models, the network model is the largest 
submodel to solve. Therefore, with large models the network model contrib-
utes most to the solution time, and sets limit for how large models can be 
solved. For this reason, in Paper 2, we compare the speed of solving network 
models with LP2 sparse simplex algorithm against an efficient Network Sim-
plex algorithm NP2 [47], [51] . NP2 can solve only pure network flow prob-
lems. This means that to apply it in the decomposition methods, storages must 
be assumed to operate without losses. To handle storage losses properly, a 
generalized network solver would be necessary. Still, tests with pure network 
problems indicate if a special network solver could benefit the solution of large 
general network flow problems. 

We create artificially power production and transmission network problems 
of different size. The size of the problems is expressed as  where  is the 
number of nodes and  is the number of production arcs per nodes. The 
number of nodes and arcs varies from 1 to 50. We produce two sets of prob-
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lems: a set where , and andother set with  nodes and 
. The 30-node problems resemble the number of price 

areas in Europe. The number of production arcs corresponds to different levels 
of aggregation of local production capacities. To decrease the effect of random 
variations in CPU time, we run each test three times and reported the average 
CPU time.  

Figure 18 presents the CPU time of network model by NP2 and LP2. When 
problem size increases, NP2 is increasingly faster than LP2. For larger prob-
lems, NP2 is almost 7 times faster than LP2. In addition, with the 30-node 
problems, NP2 solution time increases more slowly than LP2 by the number of 
production arcs. This indicates that the number of areas has more impact on 
the solution time than the number of production arcs. In practice, NP2 can 
solve any number of production arcs. Both solvers give the same global opti-
mum validating the network solver solution. 

 

 

Figure 18. Solution time comparison of the network model by size of the problem 

4.6 Unit productions 

The extreme point formulation and the network model do not contain the 
power and heat production of individual production units explicitly as decision 
variables. However, the hourly power and heat production can be computed 
after optimization using (40) and (41). Hourly power transmission is obtained 
by (28)-(31). Here, some sample unit productions are presented for the 3-area 
problem. Figures 19 and 20 display the power and heat production in one area 
for the fourth week of January. Dashed lines show the level of local power and 
heat demand.  

In figure 19, local CHP with maximum power capacity 22 MW operates both 
on full and part loads during the week. When power import from the other two 
areas is cheaper, CHP operates on part load. During low power demand, excess 
power production is charged into the storage and discharged during high de-
mand. A little power is exported to the other areas.  
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Figure 19. Power productions of units for one week in one area 

 

Figure 20. Heat productions of units for one week in one area 

In figure 20, CHP supplies the main heat demand during the week, while 
HOB operates during peak time. During low heat demand, excess heat produc-
tion of CHP is charged into the heat storage, and is discharged to replace either 
more expensive HOB production, or sometimes CHP production. When the 
power demand is low in Figure 19, it is beneficial to operate CHP on part load, 
to import power, and to use the heat storage to balance heat demand.  
 

 
 
 
 

 
 
 
 
 

0

10

20

30

40

50

60

1 7 13 19 25 31 37 43 49 55 61 67 73 79 85 91 97 10
3

10
9

11
5

12
1

12
7

13
3

13
9

14
5

15
1

15
7

16
3

Po
w

er
 p

ro
du

ct
io

n 
(M

W
h)

Hour

CHP Import P-only Discharge Export Charge Demand

0

10

20

30

40

50

60

70

1 7 13 19 25 31 37 43 49 55 61 67 73 79 85 91 97 10
3

10
9

11
5

12
1

12
7

13
3

13
9

14
5

15
1

15
7

16
3

He
at

 p
ro

du
cit

on
 (M

W
h)

Hour

CHP HOB Discharge Charge Demand



Conclusions and future research 

49 

5. Conclusions and future research 

5.1 Conclusions  

CHP producing combined heat and power is a sustainable method to pro-
duce energy, since it can utilize diverse energy sources efficiently. While heat 
and power production in pure CHP plants is coupled together, the flexibility a 
a CHP system can be improved by including separate power and heat produc-
tion units, heat and power storages, and power transmission between different 
areas. Such additional units can relax the connection between power and heat 
production in order to respond to fluctuating and non-coincident demand of 
heat and power. Such a versatile CHP system is quite complex to operate op-
timally. 

An optimization model is necessary to determine cost-efficient operation of a 
complex CHP system. The optimization model minimizes total operation costs 
while satisfying heat and power demand. Depending on the number of produc-
tion units, storages, number of production areas, and length of planning hori-
zon, the CHP system model can become very large and slow to solve. 

This dissertation presented models for economic optimization of long-term 
multi-area heat and power production with energy storages. While solving the 
different problems as a single optimization model using a generic solver is in 
principle possible, many large-scale models do in practice require dedicated 
modelling and solution techniques. Different modelling and solution tech-
niques were necessary for different CHP system configurations. 

A short-term single-area CHP model with heat storage and power trade on 
the market was formulated as an integrated multi-period model. Different 
solvers were used to validate the results. Results show that the flexibility of the 
CHP system is improved by the heat storage relaxing the connection between 
power and heat production. 

Solving longer-term models requires either simplifying assumptions, or vari-
ous decomposition techniques. Without dynamic constraints (caused by stor-
ages or ramping constraints), hourly submodels can be solved separately to 
obtain the solution for a long-term model. For the separate hourly models, we 
developed a decomposition method for optimization of combined multi-area 
power transmission and CHP production production. The method includes 
two phases. In the first phase, parametric analysis is used to determine the 
hourly production cost as a function of power production. In the second phase, 
the parametric information is encoded as a network model and solved effi-
ciently using the Network Simplex algorithm. Comparison with the LP2 sparse 
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simplex algorithm [12] showed that for large problems the Network Simplex is 
7 times faster. 

Solving complex long-term models with dynamic constraints efficiently re-
quires decomposition techiques. The idea is that solving several smaller sub-
models is faster than solving one large model. Sometimes also memory requi-
rements or numerical inaccuracies may prevent solving a large-scale model as 
an integrated model. For the long-term multi-area CHP production and power 
transmission problem with power storages, we developed a decomposition 
technique as extension of the previous parametric decomposition and network 
encoding method. Here, the network model includes also the storage cons-
traints and possible ramping constraints. Time horizons up to one year could 
be solved efficiently and with good accuracy, as validated by comparison with 
an integrated LP model. For smaller problems, the solution time improvement 
is not significant, but with longer time horizons, the decomposition model 
solves much faster than the integrated model. For a yearly problem (8760 
hours) with 3 areas, the decomposition method is 30 times faster. 

The previous decomposition model could not handle heat storages. To solve 
long-term multi-area CHP problems with power transmission and power and 
heat storages, a three-phase iterative decomposition method was developed. 
The first two phases are similar to the previous decomposition model without 
heat storages. The third phase included local multi-period CHP models to op-
timize heat storage operation. The method converges rapidly (within 3 itera-
tions) to a sub-optimal solution closer than 0.02% from the true optimum. 
Comparison between the decomposition method and the integrated model 
shows that the decomposition model can solve much larger problems than the 
integrated model. Speedup is also significant for larger problems.  

To obtain realistic test data, we applied a forecasting model for heat demand 
based historical outdoor temperature and social weekly rhythm. Random noise 
with proper variation and correlation was generated and added to the forecasts 
for different areas. 

To sum up, the presented decomposition methods are fast and applicable for 
large long-term problems. The solution time tests show that when the problem 
size increases, the solution time becomes more critical and the integrated 
model solution time grows much faster than the decomposition method. 

5.2 Future research  

A generic LP algorithm and a Network Simplex algorithm were used in this 
study. Future research can involve speeding up optimization time using differ-
ent special algorithms. The hourly local production models can be solved by 
Power Simplex algorithm, which is an efficient special algorithm for local CHP 
production planning problems [12]. The Generalized Network Simplex algo-
rithm [46] can be used for solving the network model when some of the arcs 
contain losses due to power storages or power transmission. The local long-
term CHP problems with power and heat storages could be solved more effi-
ciently using Lagrangian relaxation or related algorithms [52]. 
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The developed methods can be applied for different kinds of analyses. Be-
cause the models are based on minimizing the operating costs, they determine 
the optimal operation of a complex CHP system, which can be compared with 
the current operation and how it could be altered. Long-term models make it 
also possible to make projections into the future. Particularly important is to 
analyse how the increasing amounts of intermittent renewables in the energy 
system affect CHP systems, and how CHP systems can react to temporally and 
spatially non-coincident fluctuations in heat and power demand. The models 
can also can be used in investment planning computing the economic benefits 
of different new technologies, and comparing those to the investment costs. 
Optimal operative planning can also improve the flexibility of the CHP systems 
to operate better in a more volatile environment, and to support transition to 
low-carbon energy systems.  

Unit commitment and hydropower optimization were not included in this 
study. Future research could consider extending the methods to cover these 
important topics. This research assumed fixed unit commitment. The method 
should be combined with some algorithm to determine the unit commitment 
of the plants either heuristically, or using some optimization method. This 
would allow using the model as a subroutine in unit commitment optimiza-
tion. 
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