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1. Introduction

1.1 Motivation and scope

The last three decades can be characterized by the exponential growth of digital

technologies and computers. During this time, the computational power of

computer processors, hard drive capacity, RAM size, has increased by several

orders of magnitude. Mobile phones these days are more powerful than personal

computers back in the 1990s. Large technological corporations have build data

centers where the data from social networks of millions of users is stored and

processed.

Communication channels have also expanded tremendously. Nowadays, in

many countries, watching a high-quality video on a personal smartphone is a

usual thing. There are many more examples of such rapid expansion of digi-

talization in other domains. For instance, in the scientific domain, genomic or

astronomical data require huge storage capacity and processing power. This

digitalization trend demands intelligent understanding and utilization of accu-

mulated information. The field of science which deals with such tasks is called

Machine Learning. It also became the most successful approach to the Artificial

Intelligence today.

Machine Learning is a field which emerged as an intersection of three other

fields: statistics, computer science and optimization. Its main purpose is to

make the past data useful for humans. For examples, it addresses the problem

of summarizing the previous data and extracting useful knowledge, using the

past data to predict the future, and making optimal decisions and planning. In

this dissertation, machine learning is used to solve real world problems. Besides,

certain machine learning models are extended and compared.

The field of machine learning is very broad. It solves many different tasks.

There exist plenty of models even for a single machine learning task. Models
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can be classified in several different ways. For instance, one way to classify

machine learning models is inherited from statistics. There is a frequentist and

Bayesian approach to machine learning. Furthermore, models can be divided

into probabilistic and deterministic. These and other model characteristics are

described in Chapter 2. There are pros and cons of different models and in a

practical situation, the most suitable model must be chosen. In this dissertation,

several types of models from different categories have been considered.

The dissertation consists of three main parts. In the first part, the existing

machine learning methods are applied to real world environmental and astro-

nomical data. The focus of the second part is the randomly-weighted random

networks which are also called Extreme Learning Machines and the third part

deals with temporal Gaussian processes and state-space models. Approaches

and methods in this dissertation have been mostly developed with time series

modeling and forecasting tasks in mind. However, some algorithms e.g. (Inc)-

OP-ELM are applicable more broadly, since it is a general purpose regression

algorithm.

Time series data is ubiquitous in science and engineering. Sometimes it is

beneficial to take into account the time dimensionality of the data even though

the problem can be solved without doing it. For example, recommender systems

can take into account the exact time of previous purchases to recommend new

items to buy [Wu et al., 2017]. Temporal models can be used as building blocks

in more complex tasks e.g. in spatio-temporal models, system identification,

reinforcement learning. Hence, the improvements in time series models proposed

in this thesis can be used in other domains as well.

In publication I the problem of missing values estimation for Pyhäjärvi lake

(Finland) data has been considered. This problem has been addressed by two

different tasks: regression task and missing values imputation task. These

approaches have been compared and the optimal ensemble has been built. In

publication II, the correlations between geomagnetic storms strengths and solar

cycle activities have been studied. The significance of the observed correlations

has been estimated by the bootstrap method. It has been shown that moderate

storms correlate positively with solar activity while super storms have no such

correlation.

Publications III and IV are dealing with Extreme Learning Machine (ELM)

models. Vanilla ELM provides good generalization accuracy with simple and fast

optimization method - least squares algorithm. In publication III the application

of ELM for time series forecasting has been studied. It has been concluded

that using ELM with DirRec prediction strategy provides higher accuracy than

2
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the baseline method while keeping the training complexity on almost the same

level. In publication IV the approach to reduce the overfitting of ELM has been

proposed. The idea is based on using leave-one-out cross-validation (LOO) and

Singular Value Decomposition update algorithm to compute it in a fast way.

Publication V develops an approach to predict the photometric outbursts of the

variable star using ELMs.

Finally, in publications VI and VII temporal Gaussian processes (GPs) and

structural time series models are investigated. These types of models are

advantageous because of their probabilistic nature, flexibility, interpretability,

applicability to unevenly sampled data and linear inference time with respect

to the number of data points. In publication VI connection between popular

structural time series models and Gaussian processes are studied. New GP

kernels which correspond to the popular state-space time series models have

been derived, and the approach to their derivation has been elucidated.

In publication VII the way to parallelize the inference for temporal Gaussian

process models have been considered. By expressing a temporal GP in a stochas-

tic differential equation (SDE) form the inference time can be made linear with

respect to the number of data points. However, by exploiting the sparseness

of the inverse covariance matrix the problem can be reformulated in terms of

computational primitives involving operations with sparse matrices. If these

primitives are solved by subroutines which take advantage of parallelization

then total computational time can be sublinear.

1.2 Structure of the disseration

The remainder of the dissertation consists of three chapters. Chapter 2 presents

an overview and highlights certain parts of machine learning which are relevant

for understanding the methods in other chapters. It also includes the results of

publications I and II. Chapter 3 introduces extreme learning machines and sum-

marizes publications III, IV and V. Chapter 4 presents the connections between

state-space models and Gaussian process and describes publications VI and VII.

Finally, chapter 5 includes a brief discussion on possible future directions and

links to other related research.

3



Introduction

4



2. Machine Learning Background and

Examples of Applications

2.1 Chapter scope

In this chapter we overview the key concepts of Machine Learning (ML) which

are relevant to this dissertation. Machine Learning is a field of science which

studies knowledge extraction from the observed data. Machine Learning is a

broad field which can be divided and classified in various ways depending on the

view angle. In this chapter, several such ways are considered. They are relevant

as an introduction to the subsequent parts of the dissertation. Since the size of

the text is rather small, it can be considered as a short introduction to machine

learning. Good general and comprehensive introductions can be found in the

following books: [Bishop, 2006], [Hastie et al., 2009], [Murphy, 2012], [Barber,

2012].

Machine Learning has been a rapidly developing field in the past several

decades. During this time the transition from modest perceptron model [Rosen-

blatt, 1958] to the large deep neural networks which are widely used in in-

dustry [van den Oord et al., 2016] has happened. Applications of machine

learning are encountered in many industries: robotics, finance, forecasting,

manufacturing, natural language processing , and so forth. The practical work

of machine learning specialists has also changed noticeably in the past several

years. The large industrially supported software toolboxes and cloud services

have appeared [Abadi et al., 2016], [Chen et al., 2015] which automate many

routine tasks.

There are several reasons for the fast progress in the filed. The amount

of available data has been growing exponentially, and the need to analyze

this data has been increasing as well. This need encouraged larger research

efforts. Moreover, the computer hardware has been improved significantly: the

processors’ speed and hard drives storage capacity has been rapidly advancing.
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Considering the large and diverse amount of available datasets, it is not

surprising that there exist also many tasks which are possible to do with this

data. First, there is a division between supervised and unsupervised learning.

These are considered in Section 2.2. Then, in the same section, follows the

introduction to missing values problem and the description of Singular Value

Decomposition (SVD) which is widely used method in machine learning. In

particular, it can be applied for missing values problem and for unsupervised

learning.

Model selection is one of the central topics in machine learning. It is addressed

in Section 2.3. There several different methods of model selection are described.

They are also related to the types of models in use. For example, for probabilistic

models, the marginal likelihood (or evidence) optimization can be used, while

for non-probabilistic models cross-validation or bootstrap procedure are usually

exploited.

Theoretical foundations of machine learning lie in statistics, computer science,

and optimization. In statistics there is a fundamental division between Bayesian

and frequentist frameworks. This division spreads also to machine learning.

In Section 2.4, these two approaches are described and compared. In this

dissertation, both approaches have been successfully applied.

Finally, in Section 2.5 other ways to discriminate models are defined. For

instance, there exist generative and discriminative models for classification.

Models can also be divided in parametric and non-parametric. Latent variable

models as a subclass of unsupervised models are also described.

2.2 Machine Learning tasks

2.2.1 Terminology and data modeling workflow

In this section, the basic terminology used in machine learning is explained and

the data modeling workflow is briefly described. Machine Learning (ML) is a

relatively new discipline, which is formed in the intersection of other disciplines,

hence the terminology is not well settled yet. Moreover, in the field of Statistics

there are two approaches to modeling: Bayesian and frequentist (Sec. 2.4), so

their terminologies and conceptual differences are also transferred to Machine

Learning.

The goal of this section is not to give an exhaustive overview of statistical

modeling, but to give some high-level framework and intuitions which may be
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relevant for the readers. The diagram presented on the Figure 2.1 is quite rough

and simple, however it presents the main blocks of the modeling and relations

between them. Hopefully, it allows to understand the terminology better. The

deficiencies of this diagram for the frequentist statistical modeling are also

mentioned below.

Figure 2.1. High-level diagram of the statistical modeling, inference and decision making.

The data modeling may start from the probabilistic model. This model de-

scribes the relationships between observed variables in the data and may also

include unobserved latent variables. In the Bayesian approach to statistics

the probabilistic model is a compulsory component, however, in frequentist ap-

proach, the probabilistic model is not a prerequisite and one can directly design

algorithms for computing values of interest (estimators). If the probabilistic

model is provided it may also help to build better algorithms to compute the

desired quantities. If the probabilistic model of the data is not provided some

assumptions (e.g about moments of data distribution) are still necessary to prove

estimator’s optimality regarding a desired property.

In the Bayesian statistics, the procedure of computing beliefs about quanti-

ties of interest is called inference. Inference typically means estimating the

probabilistic properties of these values. In the Bayesian statistics, probabilistic

properties are typically computed simultaneously with computing the values

itself (during posterior computation Sec.2.4.3). However, in frequentist statistics

computing the values (estimators) is done separately by some algorithm. The

inference or calculation of the probabilistic properties of estimators is done

separately and denoted by the most bottom rectangle.

In the Bayesian statistics, the inference is separated from the decision making.

First, the inference is performed, and after that, the optimal actions can be

computed provided the loss function is available (Sec. 2.4). For instance, an

e-mail can be classified as being spam or not spam if the corresponding prob-

abilities and a loss function are available. In the frequentist statistics, the

decision theory is not clearly decoupled from the algorithms which compute the

estimators. The frequentist decision theory provides a way to design algorithm:
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Empirical Risk Minimization (ERM) framework (Sec. 2.3.2). So, the Decision

block on the diagram on Figure 2.1 is not applicable to the frequentist statistical

approach.

The description in this section is very brief. For example, there should be

backward connections (or cycles) on the diagram because, in practice, the results

obtained on one step of data analysis workflow often allow to improve the

previous step. For the subsequent reading it beneficial to distinguish and

understand the terms like model, algorithm, inference, decision.

2.2.2 Supervised learning

In the supervised learning scenario we have a dataset:

D =
{

x(i),y(i)
}N

i=1
,

where: xi ∈R
D , and yi ∈S.

(2.1)

It consist of input variables x(i) and output variables y(i). The task is to learn

the dependency between inputs and outputs which predicts the corresponding

output y for any new input observation x. The output set S can be almost any

set, but the two most typical cases in supervised learning are classification and

regression. In the classification task the output variables are y(i) ∈ {C1 · · ·CH}.

So, the set S is a finite set of distinct classes1. In the regression task yi ∈ R
H .

Hence, the output takes real, possibly multidimensional, values.

The measurements in the dataset D can be noisy, and the methods which

learn the dependency may take this into account. One way to incorporate this

noisiness into the mapping between inputs and outputs is to build a probabilistic

model:

p(y,x|θ)= p(y|x,θ)p(x|θ)

Thus, the mapping can be expressed in terms of probabilities and θ is the

vector of parameters which defines a mapping and which is learned. Probabilistic

models are mentioned in the Section 2.5.1.

2.2.3 Unsupervised learning

In the unsupervised learning the dataset consist only of one set of variables:

1Sometimes this set is called categorical values, which means that there is no order

between values
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D =
{

x(i)
}N

i=1
,

where: xi ∈R
D

(2.2)

The purpose of this task is to find some hidden structure or pattern in the data.

For instance, in clustering the aim is to map each data point to some cluster Ck

selected from predefined set of clusters {C1 · · ·CH}. Thus, the clustering problem

is similar to the classification, except that clustering is completely unsupervised.

The assumption is that the points in one cluster are close to each other in some

sense. In the probabilistic clustering the values of interest are probabilities

p(Ck|xi) ∀k, i.

In contrast to clustering where the data points are mapped to a finite set of

clusters R
D → {C1 · · ·CH}, there is a different approach where the inputs are

mapped to a latent space. The latent space is a real space of dimensionality

L, so in latent variable modeling we look for a mapping: (xi ∈ R
D) → (zi ∈ R

L).

In the probabilistic view the probabilities p(zi|xi) are of interest. The detailed

overview of latent variable modeling can be found in [Lee and Verleysen, 2007].

Some novel models and algorithms can be found e.g. in [Kingma and Welling,

2013], [Lawrence, 2012].

The most known latent variable model is Principal Component Analysis

(PCA) [Jolliffe, 1986]. Usually, PCA is thought more like an algorithm, and

several different optimization criteria lead to the same algorithm. For example

there are: direction of largest data variance formulation, minimum reconstruc-

tion error formulation, and others [Bishop, 2006, Chap. 12]. One formulation is

the latent variable model formulation:

x(i) =Wz(i) +µ+ǫ (2.3)

It is assumed that each data sample x(i) ∈R
D is the sum of some mean vector

µ ∈R
D , noise ǫ∼N (0,σ2I), and a linear transformation of a lower dimensional

latent vector z(i) ∈R
L, L < D.

Singular value decomposition

The PCA algorithm solves the task of finding all the unknown parameters and

latent variables in Eq. (2.3). The computationally efficient and stable way to

compute PCA is via Singular Value Decomposition (SVD). The data matrix
(N×D)

X

where samples are represented row-wise is decomposed as:

(N×D)

X =
(N×D)

U
(D×D)

S

(D×D)

V⊤ (2.4)
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Thus, the matrix is decomposed into three matrices, two of which: U and V are

orthogonal and the matrix in the middle - S is diagonal with positive elements

sorted in a decreasing order. There are many useful properties of SVD [Golub

and Van Loan, 1996], in particular, the optimal low-rank reconstruction property.

To be more precise, only the L first elements of the matrix S are left intact

and the rest are nullified, rendering the decomposition an approximation. The

approximation matrix U SL V⊤ has the rank L and has minimum reconstruction

error with respect to Frobenius-norm among all the matrices of rank L. SVD is

also useful in computing the pseudo-inverse and solving least-squares problems.

Algorithm 1: PCA through SVD

Input :1) Dimensionality of latent space L

2) Dataset matrix
(N×D)

X where samples are rows

Output : Latent variable matrix
(N×L)

Z , projection matrix W .

1 X̄ = (IN −11⊤)X ; // Subtract the mean from the data. Equivalent to

estimating µ in 2.3 as data mean. Denote the resulting matrix as

X̄

2 X̄ =U S V⊤; // do SVD of X̄

3 V̄ = [v1,v2, · · · ,vL]; // Take only first L columns of matrix V

4 Z = X̄ V̄ ; // Compute the latent variables. Consequently, the

projection matrix W in the problem formulation becomes W = V̄⊤

/* Comment: It can be shown that PCA through SVD is equivalent to a

more standard formulation when latent space is obtained by

projecting the datapoints on the empirical covariance matrix of the

data */

The algorithm for solving PCA problem via the SVD is shown above. This

solution is mathematically equivalent to a more standard PCA algorithm where

the projection directions (columns of the matrix W) are obtained as eigenvectors

of the empirical covariance matrix of the data.

2.2.4 Missing values problem

There are other types of tasks which are encountered in machine learning

besides supervised and unsupervised learning. In the famous NetFlix competi-

tion [Bennett et al., 2007] the task was to infer how would certain users grade

movies which they have not seen before. This task can be represented as a

matrix where columns correspond to users and rows to movies. Some values

of the matrix are filled - the users explicitly evaluated the movies. There are

many empty values which correspond to the movies not evaluated by users. This
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problem is called Missing Values Problem.

Table 2.1. Scheme of a supervised learning problem represented as a missing value problem.

X y

Also, supervised learning problem with real inputs and outputs can be written

as a matrix completion problem by concatenating inputs and outputs in one

matrix as shown in Table 2.1. The missing value problem may seem like some

intermediate task between supervised and unsupervised tasks. On one hand,

we need to estimate missing values which is more similar to the supervised task.

On the other hand, if we devise an algorithm which is able to perform latent

variable model with missing data, then projecting back from the latent space we

can fill the missing data.

The latter approach has a wide adoption in the field of climate research where

the missing values problem has been addressed by the Empirical Orthogonal

Functions (EOF) method. This simple method is based on SVD. It has been used

in Publication I and is presented in Algorithm 2.

Algorithm 2: Empirical Orthogonal Functions

Input : 1) Incomplete matrix X ∈R
M,N

2) K ∈ [1..D] - hyperparameter which controls the level of

denoising. Larger values correspond to larger denoising.

Output : Complete matrix X

1 Make initial imputation X0, for example, impute column means;

2 i = 0 (iteration number);

3 repeat

4 Perform SVD: X i =U iD i(V i)T to obtain U i,D iand(V i)T ;

5 Nullify K smallest singular values of D i. Denote this modified matrix

as D i
0;

6 Do inverse transformation: X i
0 =U iD i

0(V i)T ;

7 Restore known values exactly: known(X i
0)= known(X0); // known

denotes the values which are not missing in the original matrix

8 i = i + 1 (iteration number);

9 until Convergence;

A comprehensive description of the missing values problem and its solutions

are given in [Little and Rubin, 2002]. For instance, the approach which is used
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for the probabilistic models is based on the EM-algorithm. The missing values

are treated as extra latent variables and marginalized out during the E-step.

2.2.5 Time series prediction

Another common machine learning task is Time series (TS) prediction and

modeling. Time series is a sequential data where the order of samples plays an

important role. This type of data is frequently encountered in the real world. For

instance, economic data, weather data, video data are the examples where the

sequential modeling is essential. TS models are considered in detail in Chapter 3

zk = f (zk−1)+ν; ν−state noise

yk = g(zk)+ε; ε−measurement noise

(2.5)

Quite general type of time series models is demonstrated in Eq. (2.5). It

consists of two type of variables: zk and yk. The first component models the

latent/non-observed process. The second component models the observations

of the time series and is linked with the first component. There are also noise

terms which allow taking into account the uncertainty. Uncertainty is important

for time series prediction because it facilitates the decision making based on

future observations.

2.3 Model evaluation, selection and combination

Regardless of the task solved by a machine learning method there arises the

problem of model selection and/or model combination. For example, in PCA,

described previously in Sec. 2.2.3, one needs to choose the number of latent

components. As another example, consider the supervised learning problem.

We can select several different models for predicting the output given an input:

y⋆ = M1(x⋆), y⋆ = M2(x⋆), . . . . Instead of selecting the best model, we can take

as the output an average of the outputs of all the models. This is an example of

model combination or model averaging. The basics of the model selection are

described and the model combination is only briefly mentioned, because it has

only been used in one publication in this dissertation.

The need for using model selection and/or averaging is often dictated by

the various modeling goals. One of such goals is the interpretsability of the

model. In this case, the human expert is supposed to understand the decisions

produced by the model. Usually, interpretability implies that the structure of

the model is simple and that size of the model is small in terms of the number
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of parameters. Variable selection is a type of model selection which selects only

a small number of input variables used in the model and ignores all the rest.

Performance considerations can also motivate variable selection. Alternatively,

if the focus is limited to only predictive accuracy, we would rather consider the

model combination. Its predictive power is better than the predictive powers of

individual models [Bishop, 2006, Ch. 14].

Model selection is also directly related to model complexity. The best perform-

ing model has an optimal complexity. If an overly complex model is used in

a certain task, overfitting occurs. In contrast, underfitting occurs if the model

is overly small. For example, by increasing the number of layers in a neural

network, the number of parameters grows as well as the model complexity. Thus,

it is important to optimally choose the model complexity.

For a given machine learning problem the choice of the class of methods to be

used is stipulated by many criteria, among which are the researcher’s familiarity

with a particular method class, ease of optimization, training and prediction

speed and ease of uncertainty estimation. For instance, given a dataset for

supervised learning, possible method classes include (deep) neural networks,

decision trees, Gaussian processes, and others. Once the method class is se-

lected, the particular method usually depends on several hyperparameters. For

Gaussian processes, the hyperparameters are the kernel type and parameters of

the kernel. For a neural network, those are learning rate, the number of hidden

layers, their types, and the number of neurons of each layer. Usually, a model

implies or assumes a certain learning algorithm to train model parameters, but

the hyperparameters selection is usually the task of a researcher.

Model class selection and model hyperparameters selection are introduced as

two distinct steps, however, they both are usually referred as model selection.

The reason is that the computational approaches for performing these two steps

are the same. They are considered further in this section.

The two main criteria which are exploited in hyperparameters selection (or

model selection) are model predictive performance and marginal likelihood

(evidence) [Bishop, 2006, Ch. 3]. Each of these two criteria can not be applicable

to all machine learning tasks and models. The model predictive performance

criteria is applicable to the supervised machine learning tasks. In this task, the

goal is to optimize the model predictions for the previously unseen data. The

synonym term for model predictive performance is estimation of generalization

error (next section). Generalization error criteria can be exploited in two ways.

Firstly, the model error computed on the training data can be penalized in a

certain way to take into account possible overfitting on the training data. The
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second way is to evaluate the model predictions on samples artificially excluded

from the training set. This technique is called cross-validation and is discussed

in Section 2.3.4

For the probabilistic models the second criteria - evidence for hyperparameters

selection is applicable. It is discussed further in the section 2.3.7.

2.3.1 Generalization error

In machine learning we are interested not only in how our model performs on

the training data but also, more importantly, in its performance on previously

unseen data. Consider, for example a supervised learning problem for which we

have an available training dataset D =
{

x(i),y(i)
}N

i=1
. The goal is to build a model

which predicts a new output y⋆ given the new input point x⋆. Imagine that a

model is built, which predicts an output y⋆ = M(x⋆)2. To be able to evaluate the

"quality" of prediction, a loss function L(ytrue,y⋆) has to be defined. It receives

two arguments: the true output from the unknown data generation model, and

the output predicted by the model. The loss function computes the discrepancy

between the true and predicted outputs.

The goal of the supervised learning is to minimize the generalization error.

The generalization error is defined as:

Egen = Ep(x,y)[L(y,y⋆)]= Ep(x,y)[L(y, M(x))]. (2.6)

This is the average of the loss function across the true data generative distri-

bution p(x,y). In practise, the true data generative distribution is not known. If

we insert instead the empirical distribution pemp(x,y)= 1
N

N∑
i=1

δ[x= x(i),y= y(i)]

(which is the training data) in this formula, we obtain the training error, not

generalization error:

E train =
1

N

N∑
i=1

L(y(i), M(x(i)))]. (2.7)

2.3.2 Empirical risk minimization

Actually, the equation (2.7) can be used to train the model with respect to the

parameters of M. This approach is called Empirical Risk Minimization (ERM),

and empirical risk is exactly Remp(D, M)= E train. Typically, the empirical risk

is regularized with some measure of the complexity of the model M, so the

2The output can also be a probability distribution.
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function to optimize becomes:

Remp(D, M)+λC(M) (2.8)

The Support Vector Machine (SVM) model in (2.21) is an example of ERM

framework. Empirical Risk is monotonically connected with the generalization

error, but is not equal to it [Murphy, 2012, p. 206]. Therefore, it can also be used

as a criteria for model selection, but can not be used to measure the uncertainty

of predictions. Finally, if the loss in (2.7) is the negative log-likelihood, then

complexity penalty (2.8) can be interpreted as log prior, and the Empirical Risk

Minimization is equivalent to maximum (MAP) estimate.

2.3.3 Covariance penalties

For the sake of completeness it is worth to mention another class of methods for

generalization error estimation. This class is called covariance penalties [Efron

and Hastie, 2016, Ch. 12]. The expressions for generalization error estimation

are similar to ERM objective, but they estimate the true generalization error.

This class include Mallows’ Cp estimate and Stein’s Unbiased Risk Estimator

(SURE).

2.3.4 Cross-Validation

To obtain the estimation of the generalization error, we need to insert the

empirical distribution of the data, which was not used to train the model, into

the Eq. (2.6). This technique to approximate the generalization error is called

cross-validation.

In practice, the available dataset D is divided into K parts D1,D2, · · ·DK . Each

of this parts in turn is excluded from the training data set, and used only for

estimation of the generalization error E
cvk
gen. To obtain the final estimation all

these errors are averaged:

Eempirical
gen =

1

K

K∑
k=1

Ecvk
gen. (2.9)

This expression is used to estimate the generation error achieved by the model

M. If there is a need to evaluate several models, then the generalization errors,

corresponding to different models are compared and the model with minimal

error is selected.

In the ultimate case the number of dataset partitions can be equal to the

number of data points K = N. This is called leave-one-out (LOO) cross-validation.
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Leave-one-out cross validation has a computational advantages in linear models,

where it is called PRESS (Prediction Sum of Squares) statistic or Generalized

Cross Validation (GCV) [Allen, 1974], [Golub et al., 1979].

Note, that this estimation of generalization error is used only for model se-

lection, and should not be used as the final estimation of generalization error

achieved by the method. Since the validation data is taken into account during

the model selection, the error estimate in Eq. (2.9) is lower then it would have

been on completely unseen data. Hence, to estimate the true generalization

error of the machine learning algorithm the test data is taken apart from the

available data. This test data is not used in the cross-validation process but

used only for the evaluation of generalization error on the empirical distribution

of test data.

2.3.5 Bootstrap procedure

There is an alternative method to estimate the generalization error. It is called

bootstrap [Hastie et al., 2009, p. 249]. Its performance is almost the same as

the performance of cross-validation [Hastie et al., 2009, p. 254], but the usage is

more difficult. Bootstrap is the method to estimate any statistic (e.g. confidence

interval) in a frequentist statistical approach (see Sec. 2.4.1). So, it can also be

used to estimate the generalization error.

The first step in the bootstrap method is the generation of bootstrap samples.

The bootstrap sample is a sample of the same size as the length of the data.

This sample is generated with replacement from the data. After many bootstrap

samples are generated, the generalization error is computed similarly to the

cross-validation by comparing true and predicted values. Because of the need to

produce an unbiased estimate of generalization error, the actual formulas are

more difficult and can be found in [Hastie et al., 2009, p. 249]. This unbiased

procedure is called Bootstrap .632+.

2.3.6 Hyperparameters search methods

The previous section introduced the criterion which is, in fact, the approximation

of the generalization error. This criterion should be optimized in order to find

good values of hyperparameters. There are several methods which are applied

for hyperparameter optimization in practice.

The simplest algorithm which has has been actively used for hyperparameters

optimization is grid search. In the grid search a range of values is defined

for each individual hyperparameter. Usually, these values are selected to be
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equidistant. Hence, the grid is defined in the space of all hyperparameters. Then

the estimation of generalization error is done at every grid point and the optimal

value with the smallest generalization error is selected. Grid search can be very

time consuming if the hyperparameter space is high dimensional. In this case,

some alternative strategies should be used.

There are many other strategies for hyperparameter optimization. In particu-

lar, the simple heuristic strategy of [Cherkassky and Ma, 2004] can be applied

for kernel methods. In this work three hyperparameters of Support Vector

Regression (SVR) are estimated on the basis of relatively simple statistical

arguments and no optimization is needed.

In Publication I, the pattern search of [Momma and Bennett, 2002] has been

used. This is a different method to avoid the heavy computations of grid search.

Pattern search is a local search method in the space of hyperparameters. It

performs a coordinate-wise descent on a grid . The grid is defined similarly as in

grid search method. All hyperparameters are considered at each iteration and

the one is selected which minimizes the objective function (generalization error)

the most. If there are no hyperparameters which minimize the function then

the grid step is divided by two and the process continues. Since it is a local mini-

mization approach, the initial values of hyperparameters has to be appropriately

chosen. Multiple restarts can be done as well. The method of [Cherkassky and

Ma, 2004] is suitable for this initialization as well as initialization on a rough

grid.

In the Deep Learning literature, the gradient methods to tune hyperparame-

ters similarly to the model parameters has been proposed [Luketina et al., 2015].

The gradients of hyperparameters are computed on a separate validation set

and alternate with the regular parameters update.

There is also a random search of hyperparameters proposed in [Bergstra and

Bengio, 2012]. It addresses the inefficiency of grid search in high dimensional

spaces. If the objective function is not changing significantly along some dimen-

sions then the grid search is wasting computational resources to evaluate all

grid points in this dimension. Random search generates random combinations

of hyperparameters and for each point in hyperparameter space values in each

dimension vary. Hence, the exploratory power of the random search is higher

than the one of the grid search.

Recently, the Bayesian Optimization (BO) has become a popular method of

hyperparameter optimization. Recent review of BO can be found in [Shahriari

et al., 2016] and references therein. Bayesian optimization is a general method

of optimizing complex non-convex functions f (x), x ∈X. It can be applied not
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only to hyperparameters optimization but to many other optimization problems

in science and engineering.

The distinctive property of BO from other global optimization algorithms is

that BO is more suitable for optimizing functions which are costly to evaluate.

The reason for this superiority is that in Bayesian optimization there is a proba-

bilistic model of the optimization function. This model takes into account the

uncertainty of underlying function and hence naturally balances the exporta-

tion/exploitation trade-off. There are several existing Bayesian optimization

software packages e.g. [authors, 2016], [Bergstra et al., 2013], [Li et al., 2017].

In spite of that, BO is still an area of active research. The recent developments

of BO algorithms related to hyperparameter optimization are [Klein et al., 2017],

[Klein et al., 2016].

2.3.7 Marginal likelihood (evidence) optimization

Instead of doing a cross-validation, for the probabilistic models it is possible

to find hyperparameters by optimizing marginal likelihood (or evidence). This

procedure is called Maximum Likelihood Type-II. More details on probabilistic

models are given in Section 2.5.1. As an example of probabilistic model for

regression consider Gaussian Process Regression (GPR). Detailed introduction

to GPR is presented in Chapter 4. In GPR the outputs y are modeled as noisy

versions of random function outputs, and the prior of this random function is a

Gaussain process prior:

yi = f (xi)+ǫi, ǫi ∼N(0,σ2
n) (2.10)

f (·)∼GP(0,K(x,x′|θ)) (2.11)

.

Often the covariance function is taken to be exponentiated quadratic:

K(x,x′|θ)=σ2 exp

{
−
‖x−x′‖2

2ℓ2

}
(2.12)

.

The covariance matrix K(x,x′|θ) in this expression depends on kernel param-

eters which are hyperparameters in our definition. Another hyperparameter

in GPR is the noise variance σ2
n. This model is a probabilistic non-parametric

model (see Sec. 2.5.4). The function f serves as a latent function here and

is not observed explicitly. For the observed data it serves as a link between

an input and output data. Therefore, the probabilistic model is the following:
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p(y,f|X ) = p(y|f)p(f|X ,θ). If we integrate out the unobserved latent function

values f we obtain:

p(y|X ,θ)=
∫

p(y|f)p(f|X ,θ)df (2.13)

.

The expression p(y|X ,θ)3 depends only on input, output data and hyperpa-

rameters. Hence it can be optimized with respect to hyperparameters. This

procedure is called Evidence framework or Maximum Likelihood Type-II [Mur-

phy, 2012, Ch. 13]. In contrast to the cross-validation procedure, the evidence

can be optimized by the gradient methods (e.g. conjugate gradients) and there

is no need to explore the whole space. The evidence is regularly not a con-

vex function, so the multiple restarts are often done in order to find a better

minimum.

In the same framework, it is also possible to do a variable selection. Instead

of a single parameter ℓ of the covariance function we should take a set ℓ1 · · ·ℓK

each of which affects only one dimension of the input. If after an optimiza-

tion, one parameter becomes very large, then it means that the corresponding

input dimension is switched off. This method is called Automatic Relevance

Determination (ARD).

There is approximation to Marginal Likelihood which is called Bayesian In-

formation Criteria (BIC) [Schwarz, 1978]. It can be used for the cases when

marginal likelihood is difficult to compute but the log-likelihood can be com-

puted:

BIC = log p(D|θ)−
dof {θ}

2
log N (2.14)

.

Here the dof denotes degrees of freedom of the model parameters. BIC has

a form of penalized likelihood where an extra complexity is penalized by the

second term. There exist other model selection criteria which also take the form

of penalized likelihood, however, they are not approximations to the marginal

likelihood. Such examples are Akaike Information Criterion (AIC) [Akaike,

1973], Minimum Description Length (MDL) [Rissanen, 1985] and the ones

mentioned in the Sec. 2.3.3.

If there are only two models, then the ratio between their marginal likelihoods

can be calculated. This ratio is called Bayes Factor (BF) and can be viewed as

an analog of the p-value in frequentist statistics. BF allows choosing one model

based on this ratio [Murphy, 2012, Ch. 5]

3actually, it is also conditioned on the model structure, but we ignore it for brevity
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2.3.8 Variable selection

Variable selection is also a type of model selection. There are several motivations

to do a variable selection. Variable selection can make a model more robust to-

wards noise. This is achieved because noisy or redundant variables are discarded

from the model. The second motivation is the increase of model interpretability.

Often an end user wants to see only several of the most important variables

which the value of interest depends on. Another incentive to do a variable

selection is the computational gain. Many models in machine learning have a

superlinear e.g. polynomial dependency in the number of variables, so decreas-

ing the number of variables may provide significant computational advantages.

Thus, the variable selection is a very common model selection procedure in

machine learning.

Variable selection is a subclass of dimensionality reduction methods. Besides

variable selection, there is also variable extraction, where new variables are

built by transforming the original variables. The most prominent example

of variable extraction is PCA (Section 2.2.3). Here we describe only variable

selection methods with the focus on those used in the dissertation.

Variable selection methods can be divided into several method classes [Guyon

and Elisseeff, 2003]. For instance, there are supervised and unsupervised

variable selection. Another way to divide methods is onto filter, wrapper and

embedded methods. Here, the supervised class is considered and basic descrip-

tion of a filter, wrapper and embedded methods is provided. Filter and wrapper

approaches have been used in Publication I.

The filter approach to variable selection is completely independent of the

predictive model. Filter methods optimize some external criterion and select

the subset of variables which correspond to the optimum. The diagram of the

approach is shown on the Figure 2.2a. At first, all the variables are transferred

into the filter method, then selected variables are conveyed into the predictive

model. Thus, the variable selection is completely independent of the predictive

model.

In Publication I the particular filter method Delta Test [Eirola et al., 2014], [Guil-

lén et al., 2008] has been applied. Delta test is subclass of a more general method

called Gamma Test. Both of these methods are non-parametric methods of the

noise variance estimation. The main assumption is that the output variable is a

continuous function of the input variables:

y= f (x)+ǫ.
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Figure 2.2. Approaches for variable selection. a) Filter approach b) Wrapper approach

In the equation above ǫ is the random noise term with the variance σ2. The

Delta test estimates the noise variance using the expression:

σ2 =
1

2N

N∑
i=1

(yi − yNN(i))
2 (2.15)

The notation NN(i) means the nearest neighbour of the point i. The nearest

neighbours are estimated in the input domain as: NN(i) = argmin j ‖x̃i − x̃ j‖2.

A subset of variables of a data point x is denoted as x̃. So, the nearest neighbors

can change depending on which variables are used in their estimation. The

variable subset which provides the smallest estimation of the noise variance is

chosen as an output of the Delta test. The reason is that this variable subset

is capable to connect inputs and outputs in an optimal way. In this case, the

explanatory power of the regression function is maximally enhanced and, hence,

the noise variance becomes the smallest. More details about the Delta test

method for variable selection can be found in [Eirola et al., 2014].

The diagram of the wrapper approach is depicted in the Figure 2.2b. In the

wrapper approach, there is no separate variable selection model. The original

predictive model is wrapped with an external variable selection loop. There

are two extra components in this loop. One component proposes new candidate

variable subset and the second component evaluates this subset by fitting the

predictive model on the training data and evaluating its performance on the

validation data.

Yet another class of variable selection methods is the embedded class. In this

class, the predictive model itself has a variable selection capability. An example
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of this class is Automatic Relevance Determination (ARD) which has been

mentioned in Section 2.3.7. The evidence of a probabilistic model is minimized

with respect to scaling coefficients of each variable. If a coefficient corresponding

to a variable tends to zero then the variable is eliminated. Another embedded

method is called Multi-response Sparse Regression (MRSR) which is introduced

later is Section 3.2.3. MRSR is a variables ranking method developed for a linear

regression model. Its selection criterion is the correlation of a variable with the

current model residual [Similä and Tikka, 2005].

Usually, wrapper approaches are more accurate for a particular predictive

model because variable selection is done jointly with model training. However,

the computational cost of a wrapper approach is usually high since the model has

to be retrained for many variable subsets. Filter approaches are computationally

lighter, but they are also less accurate. Hence, in Publication I the hierarchical

variable selection is applied. First, more coarse but faster Delta test has been

used, then more computationally heavy wrapper approach. The outcome of the

Delta test is three sets of variables:

1. Relevant variables

2. Not relevant variables

3. Variables which are investigated further

.

In particular, the selected variables after the Delta test are:

No. of

sam-

ples

Relevant variables Variables to be investigated further

227 "Flow S11" ,

"Temperature",

"Integrated Flow S11"

"Smoothed Flow S11", "Rains",

"Sin Week", "Cos Week", "Rain int 1",

"Rain int 4"

.

Table 2.2. Variable selection via Delta test for regression datasets in Publication I. .

After this first phase, the variable selection has been done by the wrapper

approach using 3 regression models: Least-Squares Support Vector Regression

(LS-SVR), Ridge Regression (RR), Support Vector Regression (SVR). Selected

variables may be different for different regression models. The results are shown

in the Table 2.3.
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Best

model

Relevant variables NMSE± (std)

LS-SVR "Flow S11" , "Temperature",

"Integrated Flow S11", "Smoothed flow S11",

"Sin Week", "Cos Week"

0.530± (0.312)

Ridge Re-

gression

"Flow S11" , "Temperature",

"Integrated Flow S11", "Sin Week", "Int. Rain 2",

"Int. Rain 5"

0.675± (0.394)

SVM "Flow S11" , "Temperature",

"Integrated Flow S11", "Smoothed flow S11",

"Sin Week", "Cos Week"

0.570± (0.359)

Table 2.3. Relevant variables and best models for the regression dataset in Publication I..

2.3.9 Model combination

If the goal is to maximize the model’s predictive performance then the better way

is not to select the best model but to combine several models in an appropriate

way. One theoretical consideration which helps elucidate the advantage of model

combination is the bias-variance decomposition. Under the assumption that the

data has been generated from the model y= f (x)+ǫ, and having observed the

dataset D =
{

x(i), y(i)
}N

i=1
the model f̂ (·) is build to predict the output of any new

observation y⋆. Then the mean-squared error of prediction at new data point

x⋆ is:

E[(y⋆− f̂ (x⋆)|x⋆)2]=

σ2
ǫ︸︷︷︸

Noise

+ (E[ f̂ (x⋆)]− f (x⋆))2︸ ︷︷ ︸
Bias

+E[(E[ f̂ (x⋆)]− f̂ (x⋆))2]︸ ︷︷ ︸
V ariance

.
(2.16)

The expectations here should be understood as expectations over the training

data where each point comes from (x(i), y(i)) ∼ p(x, y) and over the conditional

distribution of a test data point p(y⋆|x⋆, ).

The Mean Squared Error (MSE) is the sum of three terms where the first one

is the irreducible noise term. The bias term measures the difference between

the mean of prediction and the true regression function. The variance term

measures variability of a model under the different training data which come

from the true data distribution. If in the above formulation another loss function

is selected instead of MSE, the algebra becomes not so convenient, but the
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principle remains [Domingos, 2000].

The idea of a model combination is to reduce the variance term in the bias-

variance decomposition. Consider, for example, the predictive model which is

an average of M uncorrelated models: f̂ (x⋆)= 1
M

∑M
m=1 f̂m(x⋆). The variance of

this average model4:

E


( 1

M

M∑
m=1

f̂m −
1

M

M∑
m=1

E[ f̂m]

)2

=

1

M2
E


( M∑

m=1

( f̂m −E[ f̂m])

)2

=

=
1

M2

M∑
m=1

E

[(
f̂m −E[ f̂m]

)2
]
+

1

M2

∑
m 6=l

E
[
( f̂m −E[ f̂m])( f̂ l −E[ f̂ l])

]
︸ ︷︷ ︸

=0

=

=
1

M

(
1

M

M∑
m=1

E

[(
f̂m −E[ f̂m]

)2
])

.

(2.17)

The term in the middle line equals zero because of the uncorrelatedness of

separate models f̂m. Hence, it is seen that the variance of the model averaging

reduces the average variance by the factor 1
M

. This example demonstrates the

benefits of using a model combination.

One technique to make the uncorrelated models is called bagging [Hastie et al.,

2009]. In bagging the same model is trained on the different bootstrap5 data

samples. Then the output of the prediction is taken as a mean of the trained

models. The models used in bagging should have a small bias and as a conse-

quence a large variance [Hastie et al., 2009, p. 587]. Hence, decision trees are

mostly used with bagging. In practice, it is hard to guaranty uncorrelatedness,

hence in Random Forests (RF) [Breiman, 2001] extra source of randomness is

introduced. Besides random subsets of data, random subsets of features are

selected to train different models.

One of the most powerful methods of model combination (or ensemble) is

boosting. The output of the algorithm is the weighted sum of the base models:

y(x⋆)=
M∑

m=1

wm f̂ m(x⋆). (2.18)

The output of the boosted prediction is the weighted sum of the outputs of the

base learners. Actually, this linear combination is the common form for all the

ensemble methods. For instance, in bagging all the weights are assumed to be

the same. The weights in boosting are trained sequentially one-by-one. More

details can be found e.g. in [Hastie et al., 2009, p. 337]

4ignoring the dependency of x⋆ in the notation
5see Section 2.3.4 for bootstrap sample definition
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The weights of the ensemble can be found using the predictive performance

of each model on the unseen data (validation data). This approach is called

stacking. Details are given in [Hastie et al., 2009, p. 290]. Finally, for the

probabilistic models, the Bayesian Model Averaging (BMA) can be used. The

marginal likelihood for each model can be calculated as in Sec.2.3.7. These

evidences can be used to weight the probabilities of the outputs of each separate

model.

Ensemble methods and model combinations are extensive topics. Introduction

to these topics can be found in machine learning textbooks.

2.4 Frequentists and Bayesian machine learning

In this section we compare and contrast the frequentist (Sec. 2.4.1) and Bayesian

(Sec. 2.4.3) methodologies to statistical inference. Both approaches have been

used by the author and are present in the papers in this dissertation. The differ-

ence appear in basic assumptions, approaches to inference, decision making. The

Bayesian approach is becoming prevalent these days, although still methods and

terminology of frequentist statistics are used for many problems. Section 2.2.1

also contain some useful definitions and the diagram.

Probabilistic model of the data may serve as a starting point for both statis-

tical methodologies. However, for the Bayesian methodology this is an innate

component while for the frequentist statistics this is an optional component.

It is possible to design algorithms and perform inference without probabilistic

model using the methods of frequentist statistics (see also section 2.5.1). When

the probabilistic model is defined it is possible to apply methods of Bayesian as

well as frequentist statistics.

Let’s illustrate the statements above with the simple probabilistic supervised

models example. The linear regression model is:

yi = f (xi|θ)+ǫ, where ǫ∼N(0,σ2). (2.19)

So, each observation is a parametric transformation of the observed variable xi

plus a Gaussian noise. Using this model, the probability of each observed pair

is p(yi|xi,θ) =N( f (xi|θ)− yi,σ
2). Therefore, the log of the probability density

(ℓℓ(θ|D) - likelihood function) of the whole data is:

ℓℓ(θ,σ2|D)= log

N∏
i=1

p(yi|xi,θ)=
N∑

i=1

log p(yi|xi,θ). (2.20)

The likelihood function serves as a connection between the frequentist and

Bayesian statistics. Having the likelihood function it is possible to compute
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estimators of the model parameters (one of them is the maximum likelihood

estimator), compute predictions at a new point x⋆, and compute uncertainties

of those. Alternatively, it is possible to use a Bayesian approach: assign a prior

over parameters, compute posterior of the parameters, and posterior predictive

distribution.

The algorithms of the frequentist framework may be designed without a

probabilistic model. One such approach is the Empirical Risk Minimization

(Sec. 2.3.2). This approach allows direct optimization of the decision function.

So, the decision theory is not separated form the algorithm, unlike Bayesian

statistics (Sec. 2.4.3). The example, of a non-probabilistic method for regression

is Support Vector Regression (SVR). The objective function of SVR has the form:

JSV R =
N∑

i=1

Lǫ(yi|xi,θ)+λ‖θ‖2 (2.21)

Lǫ(yi|xi,θ)=




0, if |yi −θ⊤xi −θ0| ≤ ǫ

|yi −θ⊤xi −θ0|−ǫ, otherwise

(2.22)

Even though the form of the objective function JSV R has similar form to

ℓℓ(θ,σ2) in (2.20), the loss function Lǫ(yi|xi,θ) can not be interpreted as a

logarithm of any probability distribution of yi [Murphy, 2012, p. 505].

Frequentist and Bayesian statistical inference differ in assumptions and in

treatment of uncertainty of the parameters. Sticking to the example above,

the assumption of frequentist statistics is that there are fixed but unknown

parameters θ⋆ and that the observed data D is a sample from the probability

distribution p(yi|xi,θ
⋆). Actually, here is one substantial difficulty of the fre-

quentist statistics. Both the parameters are unknown and the dataset is only

a sample from the implied data distribution with these unknown parameters.

The uncertainty in the parameters comes from the possible variability of the

datasets we may observe.

In Bayesian statistics the assumptions are different. It is assumed that the

parameters are random variables which have a prior distribution p(θ) but the

observed dataset is fixed. Using the data, prior uncertainty is reduced into

the posterior which is represented by the posterior probability. The posterior

probability of the parameters is computed in accordance with the Bayes formula:

p(θ|D)=
p(D|θ)p(θ)

p(D)
(2.23)

Hence, in the Bayesian framework the dataset is considered to be fixed and

the initial variability in model parameters which is expressed as the prior
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uncertainty is transformed into posterior probability.

2.4.1 Frequentist inference

In frequentist statistics (also called classical statistics) an estimator is computed

by an algorithm [Efron and Hastie, 2016, Chap. 1]. The inference is the process of

estimating the uncertainty (or distributional properties) of an estimator. Hence,

in contrast to Bayesian statistics, the inference and the computation of estimator

are different processes. If the probabilistic model is available then the maximum

likelihood procedure is one algorithm to compute estimators. This algorithm

assigns to the estimators (parameters) the values which maximize the likelihood

function.

If we are interested in doing optimal decisions the loss function must be pro-

vided. The loss function encodes the losses of incorrect decisions. Having the loss

function this decision problem can be solved in the Empirical Risk Minimiza-

tion framework. Empirical risk is the loss function between the parametrized

decision function and the true output from the dataset. Then, empirical risk is

minimized with respect to the parameters of the decision function. So, essen-

tially, the Empirical Risk Minimization (ERM) (Sec. 2.3.2) is another algorithm

which computes the parameters of the decision function. Hence, in the frequen-

tist statistics the decision theory is coupled with the algorithms for computing

estimators.

It is worth to say that in classical statistics the properties on estimators are

studied extensively. For example, these properties are unbiasness, variance,

consistency, optimality in a certain class of data models etc. [Murphy, 2012,

Chap. 6]. In Machine Learning these properties are used in many subproblems,

so it is worth to be aware of those.

Inference is the computation of the uncertainty of an estimator. In frequentist

statistics it is done separately from the computation of estimators. There two

main ways to compute estimator uncertainty: analytical and computational.

Sometimes the data model is simple enough like in the linear regression model.

In this case, it is possible to compute analytically the distribution of the estimator

of parameters. Analytic approximations to the uncertainty of estimators can also

be obtained with large sample approximations to maximum likelihood [Murphy,

2012, Chap. 6]. It is also possible to propagate the uncertainty of parameters to

the uncertainty of the new predicted value y⋆ at new regressor value x⋆.

On the contrary, if an estimator or probabilistic model are relatively complex,

or if the quantity of interest does not have an analytical expression, then the

universal way to measure the uncertainty of any quantity is to perform boot-

27



Machine Learning Background and Examples of Applications

Figure 2.3. Estimation of Pearson correlation coefficient between solar phase strength and

geomagnetic storm strength for different thresholds of storm strength. See details in

Publication II.

straping [Efron and Tibshirani, 1993]. The bootstrapping (Section 2.3.5) is a

process which models the data generation assumptions of frequentist statistics.

Its essence is the generation of multiple datasets D1,D2 · · ·DB and the whole

inference procedure is repeated on each of those. The different values of the

quantity of interest obtained from the different bootstrap datasets represent the

uncertainty of this quantity.

2.4.2 Example of frequentist uncertainty estimation

On Figure 2.3 the example of frequentist uncertainty estimation is shown. The

example is taken from Publication II. In this paper, the dependency between

the strength of geomagnetic storms and solar phases has been studied. All the

storms have been divided into subsets with a certain maximum value. Then

the Pearson correlation coefficient has been computed between the strengths of

geomagnetic storms in a subset and the strength of a solar cycle.

The geomagnetic activity can be measured in several different ways. In

this paper two sources of data has been used: the AA index6 and Kakioka

laboratory data7. Results for these two sources are plotted on the left and right

subfigures respectively. The solar strength is measured by the international

sunspot number (ISSN) from the Belgian Royal Observatory8.

In this work, the estimation of the uncertainty (or confidence intervals) of the

correlation coefficient is provided. Without uncertainty estimation speculations

about the possible correlations are not justified enough. The confidence intervals

have been estimated by the bootstrap BCa method [Efron and Tibshirani, 1993,

6ftp://ftp.ngdc.noaa.gov/STP/GEOMAGNETIC_DATA/AASTAR/

7http://www.kakioka-jma.go.jp/metadata/geomagnetic/geomag_kak

8http://www.sidc.be/silso/datafiles
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p. 187]. It has been concluded that the there is a positive correlation between

moderately strong geomagnetic storms and the solar phase. For extremely

strong storms the correlation is absent.

2.4.3 Bayesian inference

In the Bayesian framework to statistics, the observed data is considered fixed,

but the parameters (θ is our example) must have a prior distribution which

represent initial uncertainty about them. There are many ways to choose a

prior distribution which depend on a particular situation and sometimes on

mathematical convenience [Murphy, 2012, p. 165]. There is a subjective decision

in choosing a prior. This is the main critique of the Bayesian statistics. It can

be considered as both a strength and weakness depending on situation. Priors

allow consistent treatment of uncertainty propagation. In practice, it is worth

to check how the conclusions of the statistical analysis change when a prior

distribution changes.

After assigning a prior distribution, the posterior can be computed using Bayes

Formula (2.23). In the numerator of the right-hand side, there is a function of θ

which defines the shape of the distribution and in the denominator, there is a

normalizing constant. Applying Bayes rule is the inference in Bayesian statistics,

because Bayes rule computes probability of posterior. Therefore, inference and

algorithm for computing estimators is the same in Bayesian framework. This

is in contrast with frequentist approach where the algorithm and inference are

different procedures.

If the likelihood and the prior are in relatively simple and conjugate form then

the normalizing constant and, hence, the posterior can be computed analyti-

cally. However, in the majority of cases, the normalization constant can not be

computed analytically and numerical or approximation methods are required.

If the dimensionality of θ is small, regular numerical integration methods

can be used. If it is not the case, the Markov Chain Monte Carlo (MCMC)

methods are able to generate directly the samples from the posterior distribu-

tion e.g. [Neal, 2012], [Hoffman and Gelman, 2014]. Besides, there exists two

popular methods to compute an approximation to the posterior distribution:

Variational Inference (VI) and Expectation Propagation (EP). In variational

inference, the posterior is usually approximated by some simpler distribution

whose parameters are found by numerical optimization. As the result, the nu-

merical integration is substituted by the numerical optimization [Jordan et al.,

1999]. The EP algorithm assumes that the posterior is a multiplication of sim-

pler distributions (e.g. Gaussians) and is able to update these factors one-by-one
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to approximate the posterior [Minka, 2001]. By utilizing these approximation

methods the normalizing constant in (2.23) can be approximated. If there are

hyperparameters the model depends on, then the normalizing constant also

depend on them (e.g. p(D|α)). Using the above approximation, hyperparameters

can be optimized which correspond to the evidence framework in Section 2.3.7.

Alternatively, they may be treated as regular parameters (assign a prior and

perform Bayesian inference) but on the higher level of hierarchy.

After the posterior distribution of parameters p(θ|D) has been found the

prediction at a new point x⋆ is done according to the expression below. It is a

posterior predictive distribution:

p(y⋆|x⋆)=
∫

p(y⋆|x⋆,θ)p(θ|D)dθ. (2.24)

So, the parameters are integrated out. The integration above is often in-

tractable, however, if approximation methods are used then integration becomes

analytically tractable. In the general case, samples from the posterior obtained

during the Markov Chain Monte Carlo run can be used to perform Monte Carlo

integration.

The uncertainty estimation in Bayesian statistics is done automatically be-

cause of the built-in uncertainty propagation capabilities of the framework. No

separate procedure is required for uncertainty estimation, however the infer-

ence in the general case i. e. MCMC computation can be very computationally

demanding.

After the distributions of parameters and/or hidden variables are computed,

the role of decision theory is to convert these distribution into actions. For

instance, we might need to classify an e-mail as spam or not spam, given

corresponding probabilities. Like in the frequentist approach, the loss function

L is required to do that. Possible actions are denoted as a. Then, the posterior

expected loss can be computed as:

ρ(a|x⋆)= Ep(y|x⋆)[L(a, y)]=
∫

y

L(a, y)p(y⋆|x⋆)d y. (2.25)

Then, the decision function becomes: δ(x⋆)= argmaxaρ(a|x⋆). Hence, making

decisions in the Bayesian framework is completely separated from the inference,

where p(y⋆|x⋆) is computed. It also means that the inference may be done only

once, but decision making can be recomputed for different loss functions. This is

an advantage over the frequentist methodology.
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2.4.4 Summary of frequentists and Bayesian approaches to statistics

Compare and contrast the Frequentist and Bayesian frameworks

Category Frequentist inference Bayesian inference

Assumptions Data is a sample from a dis-

tribution. Parameters of this

distribution are fixed but un-

known.

Observed data is fixed and it

reduces the uncertainty of the

parameters.

Probabilistic

model

Not compulsory, but is useful

(e.g. for maximum likelihood

algorithm).

Compulsory.

Prior No prior needed. Prior of parameters is required.

It can be considered as both a

strength and a weakness de-

pending on situation.

Inference Estimators of parameters by

some algorithm. Inference is

done separately by analytical

or numerical methods.

Application of Bayes rule. No

separation between an algo-

rithm and inference.

Decisions Decision function is embedded

into the estimator.

Decisions are separated from

inference.

Statistical

questions e.g.

E[y]−?, p(y >

40)−?

Need to solve a separate prob-

lem for each question.

These questions are answered

simultaneously using the pos-

terior of y.

Data comes

in batches

Hard to deal with the data ar-

riving in portions.

Easy. Posterior in one step be-

comes a prior on the next step.

2.5 Model types

In the previous sections the focus was on the machine learning problems and

inference methods. In this section more details about the models are given.

Machine learning models are divided into several intersecting classes with

different properties. Below is the short summary of various model classes which

have been used on this dissertation.
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2.5.1 Probabilistic vs non-probabilistic modeling

The probabilistic model models directly the probabilities of the data, in partic-

ular, it models the likelihood function as was described in Section 2.4. There,

the linear regression is shown as an example of a probabilistic model. This

model explicitly shows the presence of noise in the model which defines the

likelihood function. Sometimes, in the regression setting, the model formulation

is not probabilistic but inference procedure reveals its probabilistic essence. For

instance, if neural network minimizes the mean-squared error on the data it

implicitly assumes that the output variable is generated from the Gaussian

distribution where mean is modeled as a neural network and the variance is

fixed but unknown.

An example of non-probabilistic model is the K-Nearest Neighbour (K-NN)

model for a classification. Another example is a model for binary clustering

where the output yn ∈ 0,1 is modeled directly from xn: yn = f (xn|θ). In contrast

logistic regression is a probabilistic binary classifier which models p(yn|xn,θ).

Probabilistic models are currently more frequently used in machine learn-

ing because of several advantages. A probabilistic output is often required to

make optimal decisions. Probabilistic description of data is very flexible, it can

include latent variables, hierarchical structure and deal with many types of

random variables e.g. continuous and discrete. Also, there are standard well-

developed inference and learning methods like sum-product algorithm, junction

tree algorithm, maximum livelihood approach, EM algorithm, variational in-

ference [Barber, 2012]. In summary, the probabilistic approach is valued for

consistency, flexibility and powerful inference and learning methods. In this

dissertation, all the described models are assumed to be probabilistic unless the

opposite is stated.

2.5.2 Generative vs discriminative models

In supervised learning the probabilistic data modeling can be done in discrimi-

native and generative way. The joint distribution of dependent and independent

variables can be written is two ways: p(y,x)= p(y|x)p(x)= p(x|y)p(x). The first

way of modeling is called discriminative, because the predictive distribution

p(y|x) is modeled directly. In the generative model the distribution p(x|y) is

being modeled and the predictive distribution is obtained by applying the Bayes

Formula (2.23). Actually, these two approaches can be merged [Bishop and

Lasserre, 2007], but it is not considered here.

If we are interested only in classification, then the discriminative model seems
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more feasible since it directly gives what is required. Is also considered to

be more accurate, but not always [Ng and Jordan, 2002]. On the other hand,

the generative approach is more flexible. It provides a straightforward way to

address semi-supervised learning and missing data problem [Bishop, 2006].

2.5.3 Latent variable models

Latent variable models are models which include non-observed random variables.

Moreover, usually, the model is organized so that each latent variable correspond

to each data sample. This correspondence between each latent variable and each

data sample make latent variables distinct from the hyperparameters in the

model of data distribution.

A well-known example of a latent variable model is the Gaussian mixture

model. It is a model of unsupervised learning, and latent variables there cor-

respond to components of the mixture where each sample is generated from.

Other examples of latent variable models in unsupervised learning are PCA

and Gaussian Process Latent Variable Model (GP-LVM) [Lawrence, 2003]. An

example of the supervised latent variable model is Gaussian Process (GP) (see

Chapter 4) where the latent variables are the values of the latent function.

The maximum likelihood inference or MAP inference can not be applied to the

latent variable models directly. The reason is that likelihood function involves

a marginalization of unobserved latent variables which is often impossible to

compute in practice. The standard algorithm to do inference and learning is EM-

algorithm. Other approximate inference algorithms like variational inference

are also applicable.

2.5.4 Parametric vs non-parametric models

Probabilistic statistical models can be also divided into parametric and non-

parametric ones. Even though this division is slightly ambiguous, the main

characteristics are described here. In a parametric model, there is a fixed

number of parameters which need to be learned by some inference approach.

Typically, the data is modeled as a statistical model and the parameters of this

models are to be found. So, the complexity of the model is fixed since it depends

on the number of parameters. Hence, the model complexity is not adjusted to

the amount of available data. Examples of parametric models are the logistic

regression, multilayer perception and many other deep learning models.

A non-parametric model does not imply that there no parameters, but rather,

that the number of parameters grows with the size of the training data. As
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a result, the model can automatically adjust its complexity to the amount of

available training data. Typical examples of the non-parametric models are

K-nearest neighbour classifier, decision trees and kernel methods. Gaussian

process models are Bayesian non-parametric models.

Even though non-parametric methods have the advantage of automatically

adjusting the model complexity, in practice, parametric methods are also fre-

quently used. For instance, the best results in image classification have been

obtained by parametric models. The reason is that the final performance of the

method depends not only on the model, but also on the approximations which

are made, and on the learning algorithm.
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3. Extreme Learning Machines and

Time series Prediction

3.1 Extreme Learning Machine

Extreme Learning Machine (ELM) is a single-layer feed-forward neural net-

work which is depicted in Figure 3.1. The hidden layer weights are randomly

generated and fixed. The error function of ELM is linear in the output weights

and can be computed by solving least squares problem [Huang et al., 2006].

In contrast, the standard neural networks such as a Multi-layer Perceptron

(MLP) are trained by back-propagation algorithm [Rumelhart et al., 1988]. Back-

propagation is a slow stochastic gradient type learning algorithm. Since there

is no back-propagation in ELM training, the training time is very short in com-

parison to standard neural network training. It makes the ELM very suitable

for some applications. Additionally, the accuracy of ELM is comparable with

the modern deep neural networks [McDonnell et al., 2015], at least for some

problems.

Figure 3.1. Typical scheme of a single-layer feed-forward neural network
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3.1.1 Basic algorithm

The output of an ELM is computed using the formula:

f (x)=
H∑

i=1

βihi(x)=h(x)⊤β . (3.1)

The output f (x) is the linear combination of the basis functions hi(x), i =

{1, ...,H}. There are several types of basis functions which can be applied in

practice; they are presented in Table 3.1. The basis functions where the input

variable is first changed in a linear way a⊤x+b may be interpreted as a hidden

layer of a neural network. Hence, the ELM is the one layer neural network,

as shown in Figure 3.1. The basis functions where the input is transformed

as ‖x−a‖ can be interpreted as a Radial Basis Functions Network (RBFN).

Therefore, the basis functions are often called neurons.

Table 3.1. Commonly used basis functions for ELM [Huang et al., 2015]

Sigmoid function h(x;a,b)= 1
1+exp{a⊤x+b}

Hyperbolic tangent function h(x;a,b)= 1−exp{a⊤x+b}

1+exp{a⊤x+b}

Gaussian function h(x;a,b)= exp{−b‖x−a‖}

Multiquadric function h(x;a,b)= (‖x−a‖+b2)1/2

Hard limit function h(x;a,b)=




1, if a⊤x+b ≤ 0.

0, otherwise.

Fourier basis h(x;a,b)= cos(a⊤x+b)

In ELM the weights of each neuron (ai,bi) are randomly generated according

to some continuous probability distribution. The common choices are Gaussian

distribution N(0,1), or uniform [−1,1]. Later on, they are fixed and not optimized.

This leads to the high computational efficiency of the ELM.

Suppose that the training data consist of N training pairs of inputs and

outputs {xi,yi}
N
i=1 where xi ∈ R

D and yi ∈ R
Q . After the generation of neuron

weights and biases, output of the hidden layer for all the N data points can be

represented in one matrix:

H=




h⊤(x1)

h⊤(x2)

...

h⊤(xN )



=




h1(x1) h2(x1) · · · hH(x1)

h1(x2) h2(x1) · · · hH(x1)

...
...

. . .
...

h1(xN ) h2(xN ) · · · hH(xN )




. (3.2)
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The output data can also be represented as a matrix:

Y=




y⊤
1

y⊤
2

...

y⊤
N



=




y11 y12 · · · y1Q

y21 y22 · · · y1Q

...
...

. . .
...

yN1 yN2 · · · yNQ




. (3.3)

The cost function which is optimized by ELM is shown below. It is a least-

squares problem:

min
β∈RH×Q

‖Hβ−Y‖2 (3.4)

Often it is beneficial to add Tikhonov regularization to the cost function, so

the optimization problem becomes:

min
β∈RHs×Q

‖Hβ−Y‖2 +λ‖β‖2 (3.5)

The solution can be expressed analytically. Under the assumption that the

number of samples is not smaller than the number of neurons N ≥ H, the

solution is:

β⋆ = H†Y= (H⊤H+λI)−1H⊤Y (3.6)

In practice, this solution can be computed by standard methods of solving

least-squares problems: Cholesky decomposition of the normal equation matrix,

QR-decomposition, SVD based methods, iterative methods and so forth.

The full ELM algorithm is given below:

Algorithm 3: Basic ELM

Input : 1) Training set {xi,yi}
N
i=1, where xi ∈R

D and yi ∈R
Q

2) Continuous probability distribution for sampling neuron

weights from

3) Activation function

4) Number of neurons H

Output : 1) Weights β which solve ELM minimization in Eq. (3.4)

2) Random weights ai and bi

1 Randomly assign input weights and biases ai and bi using the given

probability distribution ;

2 Calculate the hidden layer matrix H (3.2) ;

3 Calculate the output weights β= H†Y

It is worth noting that ELM has only one hyperparameter H. The choice of
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the sampling distribution and activation function are related to the design of

the architecture.

3.1.2 Theoretical foundations

Below is the list of theorems which justify the ELM approach. The main advan-

tage of this approach is that it allows to avoid the gradient-based optimization of

the hidden weights of a single layer neural network. The interpolation capability

of ELM is guaranteed by the following theorem [Huang et al., 2006]:

Theorem 3.1. Given any small positive value ǫ > 0 any activation function

which is infinitely differentiable in any interval and N arbitrary distinct samples

{xi,yi} ∈R
d×R

m, there exist H < N such that for any {wi,bi} randomly generated

from R
d×R, according to any continuous probability distribution, with probability

one ‖Hβ−T‖ ≤ ǫ. Furthermore, if H = N, then with probability one ‖Hβ−T‖ = 0.

The theorem states that any training set can be approximated with arbitrary

precision if the number of hidden neurons is large enough. If the number of

neurons is equal to the number of training samples then the approximation

error is zero. However, this theorem considers only the approximation of the

training set, it says nothing about the generalization properties of ELM.

The universal approximation theorem addresses the generalisation ability of a

neural network. This theorem [Cybenko, 1989] shows that a single hidden layer

neural network is able to approximate any continuous function on the compact

subset of Rn with arbitrary precision; a similar theorem exists for ELM [Huang

and Chen, 2008]:

Theorem 3.2. Given any non constant piecewise continuous function G :Rd →R,

if span{G(x|a,b) : parameters (a,b) ∈R
d ×R} is dense in L2, then for any continu-

ous target function f and function sequence { fH(x)=
H∑

i=1

βiG(x|ai,bi)} randomly

generated from any continuous sampling distribution, limH→∞ ‖ f − fH‖ = 0 holds

with probability one if the output weights βi are determined by ordinary least

squares to minimize ‖ f (x)−
H∑

i=1

βiG(x|ai,bi)‖.

This theorem proves that any continuous function f can be approximated by

ELM with arbitrary precision, given enough hidden units.

Finally, Vapnik-Chevonenkis dimension (VC-dimension) of an extreme learn-

ing machine is given by the following theorem [Liu et al., 2012]:

Theorem 3.3. The VC-dimension of ELM with H hidden nodes which are in-

finitely differentiable in any interval is equal to H with probability 1.
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The VC-dimension characterizes the complexity of the model. The model

with the lower complexity has better generalization capability. The theorem

states that the VC-dimension of ELM is relatively small. For example, the

VC-dimension of SVM with RBF kernel is infinite.

3.1.3 Historical reference

The idea of randomly initializing hidden layers and solving the output layer

with the pseudo-inverse has been investigated by several researchers before,

e.g. [Schmidt et al., 1992], [Braake et al., 1997]. However, these attempts have

not been widely adopted.

The first ELM publication [Huang et al., 2006] had shown the universal

approximation capability of ELM, and has also demonstrated the competitive

results of this simple algorithm. Later, the idea of random weights has extended

to a broader framework of methods based on randomization e.g. representation

learning, unsupervised learning.

Similar models from the kernel-methods point of view have been proposed

in [Rahimi and Recht, 2008] and further extended e.g. in Yang et al. [2015]. In

these models, the kernel is approximated by an outer product of random Fourier

features. By applying the kernel trick in the opposite direction this approach is

very similar to ELM with cosine activation function.

3.1.4 Leave-one-out cross-validation

In linear systems, computing leave-one-out (LOO) cross-validation (see Sec. 2.3.4)

with the same computational complexity as solving a least squares problem is

an important property.

Having a least squares problem minβ∈RH×Q ‖Hβ−T‖2 with multivariate output

matrix T, the LOO mean squared error is a sum of squared errors between

predicted outputs and true outputs:

E2
loo =

1

N

N∑
i=1

‖(t
pred
i )⊤− t⊤i ‖

2 =
1

N

N∑
i=1

‖H−i.β−i − t⊤i ‖
2
2 , (3.7)

where H−i is a matrix H with row i removed, t⊤i is the row i of the true output

matrix T and N is the number of rows in H. β−i is the solution of least-squares

problem with matrix H−i.

The naive approach to compute this error is to solve the linear system for

each row of the matrix H removed. The computational complexity of this naive

approach is N ×O (NH2)=O (N2H2) (assuming that N > H) where solving one

least-squares problem is O (NH2).
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PREdicted residual Sum of Squares error (PRESS) statistic is an efficient

formula to compute the LOO error:

E2
loo = ‖D(T−H(H⊤H)−1H⊤T)‖2

2 , (3.8)

where D is the diagonal matrix, with diagonal elements dii = 1
1−(H(H⊤H)−1H⊤)ii

(index ii denotes diagonal elements). The computational complexity of the

PRESS statistic formula is O (H3)+O (NH) which scales only linearly with N.

For large N this computational saving may be significant.

Interestingly, for the Tikhonov regularized least squares problem (3.5) the LOO

error is almost the same, only the inversion (H⊤H)−1 is changed to (H⊤H+λI)−1

Leave-one-out cross-validation uses almost all the data points on one iteration

to build a learning algorithm. Hence, the bias of LOO is smaller than the bias

of other cross-validation methods. However, for the same reason the variance

of LOO can be larger, especially if the learning algorithm has discontinuities.

Hence, if the computational advantages, described in this section are not impor-

tant, the cross-validation with 5 or 10 folds are typically more preferable [Arlot

and Celisse, 2010], [Hastie et al., 2009, Section 7.10 ].

3.1.5 The role of singular value decomposition (SVD)

There are several approaches to solving least-squares problems: (3.4) or (3.5).

For instance, solving the QR-decomposition of the matrix H, and changing

the right-hand side accordingly [Golub and Van Loan, 1996, p. 236]. Another

approach is to multiply both sides of (3.4) by H⊤. This is the projection of

both sides of the equation to the column space of H. The disadvantage of this

approach is that the conditioning of the modified system is increased twice.

The Singular Value Decomposition (SVD) approach has a special advantage

for solving the ELM optimization problem. It allows rapid computation of the

optimal output weights for different values of regularization hyperparameter

λ. If the SVD decomposition of H is computed: H=UDV⊤, then then optimal

weights are:

β⋆ = (H⊤H+λI)H⊤T=V

(
D

D2 +λI

)−1

U⊤T (3.9)

The matrix which is to be inverted is the diagonal matrix, so its inversion is

trivial. Hence, if the SVD of the matrix H is computed once, then the solution

of the minimization problem (3.5) is fast to compute for any regularization

parameter λ.

A similar result holds for the E loo in (3.8). There are no expensive inversions
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required for different regularization parameter values once the SVD has been

computed. Moreover, it can be shown that E loo(λ) is a convex function, so it is

easy to optimize e.g. using the method of [Nelder and Mead, 1965].

3.2 Improving the basic extreme learning machine

Even though the basic ELM has a universal approximation capability, the

required number of neurons to achieve a small training and test error can be very

large. One related practical problem is the variability of the ELM predictions

because of the stochasticity of the hidden space weights. The fewer neurons

there are the more variable the output is. This behavior is also observed in

the perceptron type neural networks trained using back-propagation algorithm

where the result of the optimization depends on the starting values of the

parameters.

One way to deal with the variability of the output is to combine several ELM

models into an ensemble. This would turn the negative effect of prediction vari-

ability into a positive effect of diversity in an ensemble e.g. [van Heeswijk et al.,

2011]. However, this might not always be the appropriate option. Sometimes

there is a need to choose a single better model.

Non-relevant or correlated data features also deteriorate the performance of

basic ELM because they increase the dimensionality, hence increasing the total

number of parameters without adding any new information.

There are several approaches to deal with the aforementioned problems.

3.2.1 Penalization approaches

First of all, it is quite natural to apply L2-regularization to ELM as shown

in Eq. (3.5). L2-regularization typically reduces the generalization error and

prevents overfitting. However, this requires extra computations to choose the

regularization constant λ. This is only a one-dimensional optimization problem

so in practice it can be done reasonably fast. Also, L2-regularization can be

embedded in other methods as we will see later.

L1-regularization or Automatic Relevance Determination (ARD) [Luo et al.,

2014] are other regularization approaches that select relevant neurons and thus

reduce the model size.

Another term for the penalization approaches is shrinkage. The reason is that

the values of the estimated parameters (β for ELM) are lower in comparison to

the case when no penalization is used. The primal reason of using penalization
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is the regularization of learning algorithms which is introducing extra bias but

removing greatly the variance of estimated parameters. Another reason is when

the parameters of the algorithms are the important on their own because they

are interpretable. In this case, shrinkage becomes a crucial component [Efron

and Hastie, 2016, Ch. 7]. In ELM models the parameters β have no meaning on

their own, hence penalization approaches are optional.

3.2.2 Incremental approaches

The incremental approach to build a hidden layer of ELM is described in this

section. The pruning approach is considered in the next section. They both

optimize network architecture during training. The general algorithm for such

network structure optimization methods is presented in Algorithm 4:

Algorithm 4: Template algorithm for adaptive ELM (incremental or prun-

ning approaches)

Input : 1) Same as in basic ELM (Alg. 3)

2) Maximal number of neurons Hmax

Output : 1) Selected number of neurons H

2) The optimal ELM linear weights β

3) Selected neurons’ weights

1 Start from a small number (incremental approach) or from Hmax neurons

(pruning approach) ;

2 (pruning approach) compute the neurons evaluation order ;

3 repeat

4 Generate candidate neurons (incremental approach) or consider next

neuron to prune (pruning approach);

5 Evaluate the criteria for inclusion or pruning ;

6 until some exit criterion (e.g. related to the training error or validation

error) is satisfied;

In the incremental approach to ELM [Huang, 2006], the network starts with a

small number of neurons and neurons are gradually added. On each iteration,

a new neuron is randomly generated and its output weight is optimized to

minimize the training error.

The idea of convex-incremental extreme learning machine [Huang and Chen,

2007] is very similar, except the output weights of the existing neurons are also

changed in an appropriate way assuming that the network output fk on iteration

k is: fk = (1−α) fk−1 +αgk. The output at iteration k is the convex combination

of the previous output fk−1 and the output of the generated neuron gk. Optimal
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selection of α at each iteration can increase the speed of convergence, to the

desired level of training error. The modification of the existing weights is only

multiplication by the value α. So, it does not require heavy computations.

Finally, error-minimized ELM (EM-ELM) [Feng et al., 2009] allows the ad-

dition of more than one neuron at each iteration. The authors show that the

output weights can be sequentially updated so that they represent the solution

of a least squares problem at each iteration.

All algorithms in this subsection minimize the training error, so these methods

are prone to overfitting the data. Therefore, in order to prevent overfitting, the

minimum training error should be controlled e.g. using a separate validation

set.

3.2.3 Pruning approaches

In pruning approaches a large number of neurons are initially generated. Dur-

ing training, they are pruned according to some criteria. The widely used

pruning approaches for ELM are Optimally-Pruned ELM (OP-ELM) [Miche

et al., 2010] and its extension Tikhonov Regularized Optimally-Pruned ELM

(TROP-ELM) [Miche et al., 2010].

The OP-ELM algorithm consists of three phases (see Algorithm 4). First,

the maximum amount of neurons are generated, similar to the basic ELM

algorithm. In the second phase, the neurons are ranked by Multi-response

Sparse Regression (MRSR) [Similä and Tikka, 2005]. After ranking, the least

relevant neurons are pruned one-by-one. The stopping criteria is the leave-one-

out (LOO) (Sec. 3.1.4) cross-validation computed by the PRESS statistic. When

the validation error starts to increase the pruning is stopped (Algorithm 4).

In contrast to incremental approaches, the pruning approach uses LOO as

a stopping criterion, not the training error. Hence, there is no need to have a

separate validation set. Below is a short description of MRSR.

Multiresponse Sparse Regression (MRSR)

MRSR has been proposed by [Similä and Tikka, 2005]. It is a multivariate

output extension of Least Angle Regression (LARS) developed by [Efron et al.,

2004]. LARS is a variable selection algorithm for a linear regression model.

Under a small modification LARS algorithm computes the LASSO [Tibshirani,

1994] regression solution for all values of the regularization parameter. For

several years after its development is has been the fastest algorithm to compute

the LASSO solution, until the introduction of the coordinate descent algorithm

[Friedman et al., 2007].
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In case the LARS or MRSR, algorithms are run until completion (number of

iterations equal the number of variables). The solution of linear regression is

equal to the Ordinary Least Squares (OLS) solution, with the addition of the

ranking of variables (regressors) in the order in which they enter the model. If

the algorithm is not run until the end, then the solution is not equal to the OLS

solution on the included variables. In OP-ELM (or TROP-ELM) only the ranking

of the neurons is used, the output weights are computed as OLS on the selected

neurons. The outline of the MRSR algorithm is given in Alg. 5. Further details
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of the LARS algorithm can be found in [Hastie et al., 2009, p. 73].

Algorithm 5: Multiresponse sparse regression (MRSR)

Input : 1) Hmax - number of variables (regressors) to select

2) HN×H - regressors matrix, YN×Q - output matrix

Output : 1. Approximations T to the outputs Y which are computed as:

T=Hβ

2) Solution β, where the number of non-zero rows is Hmax.

3) Ranking of variables (regressors).

1 Normalize the columns of the regressor matrix H to have zero mean and

unit norm ;

2 k = 0 (iteration number). Set initial output approximation T0 = 0 ;

3 Compute c0
j = ‖(Y−T0)h j‖. These measure correlations of current

residuals with each regressor. h j is a column of matrix H;

4 Compute the most correlated regressors, include them into an active set:

c0
max =max j c0

j , A = { j|c0
j = c0

max} ;

5 repeat

6 k = k+1 ;

7 Compute the OLS output approximation using active set: Tk =HA βk

where βk = (H⊤
A

HA )−1H⊤
A

Y;

8 The value γk is increased until another variable enters the active set

(exact equations skipped). Order in which variables enter into the

active set is the variable ranking;

9 Update output approximation: Tk =Tk−1 +γk(Tk −Tk−1);

10 Update the solution, similarly as output approximation:

βk =βk−1 +γk(βk −βk−1);

11 if k == Hmax then

12 exit ;

13 Update active set A ;

14 until k<H-1;

3.2.4 Singular Value decomposition update

The advantage of solving ELM optimization problem by SVD of the matrix
(N×H)

H

has been considered in Sec. 3.1.5. For the incremental or pruning ELMs it would

be too costly to compute SVD on the full matrix each time a neuron is added.

Therefore, it would be highly desirable to compute the SVD update after a new

column is added to the matrix H. The practical implementation of an SVD
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Table 3.2. Calculation of intermediate values for SVD update

m=U⊤h

µ= ‖(I −UU⊤)h‖

un+1 = (I −UU⊤)h/µ

update algorithm has been considered in publication IV. Here we consider core

ideas of an SVD update. The notation is slightly different than in publication IV.

Besides application to ELM, the SVD update algorithm is of much broader

benefit; SVD is a very common computational tool used in many systems and

algorithms. Hence, speeding it up by utilizing a previously computed SVD of a

small matrix is an important contribution.

Suppose the SVD of a matrix H is known H=UDV⊤. When a new column is

added to the matrix H, we can write:

[
H h

]
=
[
U un+1

]D m

0⊤ µ




V⊤ 0

0⊤ 1


 , (3.10)

where un+1 is the new (n+1)-th column of matrix U orthogonal to all other

columns. Matrix D is extended by the vector m and the scalar µ, and right

singular vector matrix V⊤ is extended by one on the diagonal. We are able to

calculate all three new values un+1, m, µ from the column h and the known

SVD components U, D, V⊤. If we perform the multiplication in Equation (3.10)

we obtain:

h=Um+µun+1. (3.11)

Multiplying by U⊤ and using orthogonality of columns of U, we get:

U⊤h=U⊤Um+U⊤un+1µ=m. (3.12)

Vector un+1 can be calculated as the projection of h on the subspace orthogonal

to columns of U, so un+1 = h−UU⊤h = (I −UU⊤)h. This follows from the fact

that the column subspace of [H,h] must be the same as the column subspace

of [U,un+1] and that un+1 must be orthogonal to all other columns of U. In

addition, we need to normalize the vector un+1 so that it has unit norm. We

leave constant the multiplication µun+1, assign µ = ‖un+1‖ and normalize as

un+1 = un+1/µ. If the new column belongs to the same subspace as existing

columns then µ is close to zero and the equations change but not principally.

Therefore, the unknown components on the right hand side of Equation (3.10)

can be calculated according to the Table 3.2.
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After the decomposition in Equation (3.10) is done, we can proceed further and

compute the SVD of the matrix


D m

0⊤ µ


=U1D1V⊤

1 . When this is completed

the final SVD of [H,h] is:

[
H h

]
= (UU1)D1(VV1)⊤. (3.13)

Therefore the issue of computing the SVD of the extended matrix [H,h] is

reduced to the computation of the SVD of matrix B =


D m

0⊤ µ


. This is a

diagonal matrix augmented by one column


m

µ


. If we multiply the matrix B

by its transpose, we derive:

BB⊤ =


D 0

0⊤ 0


+
[
m⊤ µ

]m

µ


=U1D2

1U⊤
1 . (3.14)

Since D is a diagonal matrix, we see that matrix BB⊤ is a symmetric matrix

plus a rank one matrix. Also, we see that by finding eigenvalues and eigenvectors

of BB⊤, we also obtain U1 and D1. Matrix V1 can also be calculated by the simple

transformation of the singular vectors in U1. In [Golub and Van Loan, 1996,

p. 442], Theorem 8.5.3 demonstrates how to efficiently find eigenvalues and

eigenvectors of the matrix BB⊤. Further details are provided in publication IV.

Computational complexity of the SVD update

Computation of the intermediate variables presented in Table 3.2 takes 2NH

FLOPS ignoring the low-order terms, provided computations are organized

properly.

Finding the SVD of a square matrix
(H×H)

B costs O (H2) where the constant

factor is impossible to compute because the method is iterative. Finally, comput-

ing the whole decomposition according to Equation (3.13) requires NH2 +H3

operations. Comparing with the computational complexity of the regular SVD

algorithm, the leading term scales similarly as O (NH2), but the constant factor

is lower for the SVD update. Experiments in the next section confirm this

analysis.

Sequential SVD update

There are situations when the new columns (or rows) are provided sequentially

(one-by-one) and we need to update the SVD many times. For this setting, the

authors in [Brand, 2006] suggest a scheme that keeps SVD decomposed into five
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matrices as in Equation (3.13).

There are two reasons for doing this. The first reason is valid when we are

interested in the r-rank SVD approximation to the matrix, not in the complete

SVD. In this case, keeping five matrices and updating them provides some

computational advantage.

The second reason applies when we do not need the SVD after each new

column (or row) arrival but need the SVD after every k-th (k > 1) column arrival.

In this case, the expensive outer matrix multiplication is done every k-th update,

while with every new column arrival smaller intermediate matrices are updated

and stored.

Experimental demonstration of SVD update.

The SVD update algorithm with sequential updating, and the basic re-orthogonalization

have been implemented in Python language using Numpy (version 1.8.2) and

Scipy (version 0.14) packages [Jones et al., 2001]. The SVD update algorithm

is implemented purely in Python using Scipy, except the part which computes

roots of the secular equation used in the computation of SVD of B in (3.14).

The regular SVD is computed by the function svd from the Scipy package.

Intrinsically, the svd function calls the subroutine DGESDD from LAPACK

which applies the divide-and-conquer method [Golub and Van Loan, 1996, p.

445] to compute the SVD. LAPACK dates back to the 90s, is widely used and is

a highly optimized library for numerical linear algebra [Anderson et al., 1990].

Originally it was written in Fortran and smooth interfaces to the C language

exist. Other numerical packages like Scipy, Matlab or R typically just call

functions from LAPACK. Therefore, the comparison with LAPACK’s SVD is

unfavorable for our algorithm because Python code is known to be noticeably

slower than compiled Fortran or C code. Moreover, LAPACK has been optimized

over two decades by many experts while our algorithm is only a prototypical

Python implementation.

In the first experiment, we demonstrate the general feasibility of the SVD

updating. We compute the regular SVD of a random matrix with ten thousand

rows and a varying number of columns. Then we append a randomly generated

column to this matrix. Our goal is to compute the SVD of the augmented matrix.

The first option is to compute the SVD of the full matrix. The second option

is to utilize the SVD update method. The computational times of these two

approaches are shown on the Figure 3.2. From the figure, we can see that the

SVD update is quite attractive in comparison to pure SVD. This follows from

observing the computational time and scaling factor of both algorithms.
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Figure 3.2. Computational time of SVD update and new SVD for random matrices with 10000

rows and various number of columns.

In the next experiment, we investigate the sequential SVD update algorithm

described above and report its accuracy. This experiment is also initialized with

a random matrix with ten-thousand rows, and columns are appended. However,

in this experiment, we initialize with ten columns and incrementally append

a new random column on each iteration until there are one thousand columns.

When the number of columns is less than the number of rows, it is called a thin

matrix. In the experiment with a thin matrix the next column is taken with

probability 5% from the current column subspace and in 95% cases is generated

randomly. When the column is randomly generated, with very high probability

it has a component orthogonal to the current column subspace. Actually, these

two cases differ slightly in implementation and experiments are designed to test

both possibilities.

The results of these experiments are shown on Figures 3.3: Computational

time on the left and accuracy on the right. Two measures of accuracy are

reported: the maximum absolute relative singular value difference and the

normalized norm difference of the true and reconstructed matrices. The true

singular values are computed by the standard SVD. So, for each number of

columns in the matrix (on every step) the following quantities are given as a

measure of inaccuracy:

∆
err
1 = max

[
|σ[i]−σtrue[i]|

σtrue[i]

]
. (3.15)

∆
err
2 =

‖Areconstructed‖2 −‖Atrue‖2

σtrue
max

. (3.16)

The left figure showing computational time and, additionally, shows two con-

stituent components of the SVD update: in yellow the final matrix multiplication
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(a) Computational time of sequential SVD up-

date, its components and new SVD. There

are two components of SVD update: final ma-

trix multiplication and all the rest.

(b) Maximum absolute relative singular value dif-

ferences and normalized matrix norm differ-

ence for SVD update.

Figure 3.3. Sequential SVD update compared to the new SVD calculation for a thin matrix.

Number of matrix rows is 1000.

in (3.13), in magenta the rest of the computations. Matrix multiplication scales

as NH2 which is in accordance with experimental results.

From these figures, we see that the computational time of the thin matrix SVD

update grows slower than the time of the regular SVD.

The maximum absolute relative singular value difference is shown in Fig-

ure 3.3(b): the left Y-axis. It grows steadily and after 990 column updates

reaches the value 1.1×10−8. This error is very reasonable for application to

OP-ELM, which we are going to describe further. We have also estimated the

inaccuracy of these singular value errors (Equation (3.15)) by performing the

experiment ten times and measuring the standard deviation of the singular

values inaccuracy. The stochasticity appears because of the randomly generated

matrices in this experiment. Dashed lines on the figure correspond to the mean

(relative singular values difference), plus and minus two standard deviations.

The normalized norm difference is depicted in Figure 3.3(b): the right Y-axis. It

also does not grow high and does not exceed 1×10−11. Further experimental

details are provided in publication IV.

3.2.5 (Inc)-OP-ELM

Based on the SVD update algorithm described above, in the same publication, IV,

the improvements to OP-ELM and TROP-ELM have been developed. The only

difference between OP-ELM and TROP-ELM is that in TROP-ELM Tikhonov

regularization is used in the calculation of the LOO in order to select the optimal

number of neurons, and to solve the network’s output weights. We present our
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method for OP-ELM as its extension to TROP-ELM is straightforward. The

OP-ELM algorithm is presented in Alg. 6.

Algorithm 6: OP-ELM

Input : 1) Training set {xi, yi}
N
i=1

2) Maximal number of neurons Hmax

Output : 1) Selected number of neurons H

2) Neuron weights of the network

3) The optimal weights β

1 Generate Hmax neurons as in standard ELM (Alg. 3);

2 Compute the ranking of neurons using MRSR (Alg. 5);

3 repeat

4 Remove the less important neurons;

5 until LOO starts to grow;

Two modifications are proposed for the OP-ELM computation:

1. Avoid running MRSR until completion; MRSR selects individual variables

(neurons) sequentially according to their LOO significance. Stop the

algorithm when the LOO starts increasing.

2. Insert SVD update into the computations in MRSR and LOO . When a new

neuron is added, the new SVD is computed using the previously computed

SVD .

We call this new method of training OP-ELM - Incremental OP-ELM (or (Inc)-

OP-ELM). This is an incremental algorithm for growing the network. The ideas

and motivation are the same as for OP-ELM.

The original OP-ELM and (Inc)-OP-ELM have been compared experimentally

in publication IV. For that purpose, we have taken 5 regression datasets from

the UCI repository Dheeru and Karra Taniskidou [2017] with a large amount

of training data. The summary of the datasets is presented in Table 3.3. Each

dataset has only one output (response) variable.

Both OP-ELM and (Inc)-OP-ELM are completely implemented in Python using

Numpy and Scipy. Experiments have been conducted on the same personal

computer with Intel® Xeon(R) CPU E31230 @ 3.20GHz (8 cores, 4 floating point

cores) processor and 8 gigabytes of RAM. The summary of the results is given in

Table 3.4.

Accuracy is measured as Normalized Mean Square Error (NMSE) that is Mean

Squared Error divided by the variance of the output variable. As we see from

Table 3.4, accuracy is the same for OP-ELM and (Inc)-OP-ELM. The numbers in
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Table 3.3. Characteristics of regression datasets used for the comparison of Inc-(OP)-ELM and

OP-ELM (From Publication IV)

Delta Ele-

vators

Delta

Ailerons

Banks CASP California

Housing

Number of Variables 6 5 8 9 8

Training Set size 6344 4752 2999 30487 13760

Test Set size 3173 2377 1500 15243 6880

Table 3.4. Summary of computational times and accuracy of (Inc)-OP-ELM and OP-ELM (From

Publication IV)

Models Datasets

Elevators Ailerons Banks CASP California

Housing

(Inc)-OP-

Comp. ELM 14.33±2.90 14.23±3.38 10.07±1.58 163.33±3.62 66.67±5.55

time OP-ELM 32.47±0.93 23.41±1.1 15.43±0.62 225.46±1.42 94.94±2.61

(Inc)-OP-

NMSE ELM 0.36±0.01 0.30±0.02 0.05±0.001 0.56±0.01 0.25±0.006

OP-ELM 0.36±0.01 0.30±0.02 0.05±0.002 0.56±0.01 0.25±0.006

the table are rounded to two digits after the comma while not rounded NMSE

may differ slightly in one or another model’s favor. The running time of training

depends on several factors, the most important of which is the number of training

samples, the initial number of neurons and the step of LOO evaluation. These

parameters have been set equally for both OP-ELM and (Inc)-OP-ELM for a

fair comparison. In particular, a step of LOO is evaluated after every five added

neurons. The initial number of neurons is 300.

Regarding the computational time, we see that (Inc)-OP-ELM is noticeably

faster than OP-ELM. Computational time with the same data is shown in

Figure 3.4(a). We see that (Inc)-OP-ELM scales better with the growing number

of training samples. The training time for the dataset with 6344 samples is

even less than for the dataset with 4752 samples. This can be explained by the

smaller number of neurons selected as relevant for the larger dataset. Note,

that in OP-ELM model all neurons must be ranked first.

In Figure 3.4(b) scaling of both algorithms with respect to the initial number

of neurons is given. This result is for the Banks dataset. Again, here we see the

computational advantage of (Inc)-OP-ELM over OP-ELM.
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(a) Scaling with respect to the number of train-

ing samples

(b) Scaling with respect to initial number of neu-

rons (Banks dataset)

Figure 3.4. Scaling of (Inc)-OP-ELM and OP-ELM (From Publication IV)

3.3 Time series prediction with ELM

Time series modeling and prediction is one of the oldest topics in statistics.

The very first statisticians dealt with time-dependent data. For example, Bev-

eridge wheat price (years 1500 to 1869) or Wolfer’s sunspot number (years

1610-1960) [Yaglom, 1987] are examples of very early time series. Nowadays,

time series analysis and forecasting are ubiquitous in many fields of science and

engineering. Econometricians, physicists, statisticians, biologists, climatologists

etc. encounter time-dependent data in their daily work. Time series is also

considered in the next chapter, however here we consider ELM applied to time

series prediction. ELM has been applied to time series prediction in publications

III and V.

3.3.1 General overviews of time series prediction

Since time series prediction arises so frequently in applications, a large number

of methods has been developed for this task. A relatively recent overview of

various methods and future directions is given in [Gooijer and Hyndman, 2006].

Historically, statistical linear methods dominated in Time Series Prediction

(TSP). In particular, Auto Regressive Integrated Moving Average (ARIMA) based

modeling became widely adopted after the remarkable book [Box and Jenkins,

2008]. The complete methodology for a model selection, parameter optimization,

and prediction was introduced there and it is still widely used. ARIMA models

time series (or it’s differences) as a linear combination of previous values of time

series and previous values of noise (often called innovations). However, real

time series come from many different sources and have very different properties.

So it is obvious that there is no single best approach for time series modeling.
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Not surprisingly, other methods which may outperform classical methods, have

emerged.

Neural Network (NN) methods have attracted significant attention for time

series prediction problems [Crone et al., 2011]. Neural Network (NN)s are

general nonlinear regression techniques which can be applied to time series.

They are able to relax some assumptions made by classical methods, e.g. model

linearity and Gaussian distribution of noise. In contrast to ARIMA(p,n,q) models

where the fine tuning of model hyperparameters - (p,n,q) is required for obtaining

good forecasts, neural networks avoid this complication. Therefore, the way the

forecasting process is done may be changed. Instead of many hours of work of

a statistician (quite often with a domain knowledge) trying to select the right

model and adjust hyperparameters, a modeler without a domain knowledge is

able to apply NN and obtain competitive results. There are situations where

intensive human involvement or large computational time is not affordable.

Neither we nor other authors claim that neural networks are generally a better

method than classical statistical methods, but they and other computational

intelligence methods have shown their viability [Crone et al., 2011].

In time series prediction one can distinguish one-step-ahead prediction and

long-term prediction. As is clear from these names, in one-step-ahead predic-

tion interest constitutes only the estimation of the next single value, while in

the long-term prediction estimations of multiple future values are of interest.

Quite often researchers address these problems separately [McElroy and Wildi,

2013], [Ben Taieb et al., 2012] since an accumulation of errors and increasing

uncertainties [Sorjamaa et al., 2007] make long-term prediction an inherently

more difficult problem. In this dissertation, we mostly consider the long-term

time series prediction.

There exist three universal strategies for long-term time series prediction:

Recursive, Direct and DirRec strategies. Recently, another strategy [Bontempi

and Taieb, 2011] was introduced but it has not been studied in this disserta-

tion. A detailed description of prediction strategies is given in the next section.

Strategies differ in how we estimate future values using the past values. There

is no definite indication of superiority of one strategy over the others, as has

been shown in [Ben Taieb et al., 2012],[Sorjamaa et al., 2007].

Earlier works have shown that variable selection is needed to improve the

accuracy of long-term predictions. For instance, it has been shown [Sorjamaa

et al., 2007] that DirRec strategy with the forward-backward variable selection

and K-Nearest Neighbours (K-NN) model is beneficial in terms of accuracy.

Some models can deteriorate in performance with the inclusion of unimportant
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variables (features), for example, k-NN [Hastie et al., 2009]. Variable selection

methods can be very time consuming especially if we consider the wrapper class

of methods [Sorjamaa et al., 2007]. Thus, the motivation for publication III is

the desire to avoid computationally expensive variable selection.

3.3.2 Strategies for long-term time series prediction

There are three main strategies for long-term time series prediction.

Recursive strategy

The Recursive strategy for long-term time series prediction is a simple and

intuitive strategy. The goal is to build the model which estimates the next

value by using r previous values. Here r, which is the regressor size, is a

hyperparameteter of a model, and can be determined via cross-validation or

other methods for selection of hyperparameters. Thus, on the first step the

model computes the following estimation:

ŷt+1 = f (yt, yt−1, . . . yt−r+1) (3.17)

To predict the second value, the first predicted value is introduced into the

model:

ŷt+2 = f ( ŷt+1, yt, . . . yt−r+2)

...

ŷt+r+1 = f ( ŷt+r, ŷt+r−1, . . . ŷt+1)

(3.18)

The process can be continued until we predict as many values as needed. It is

clear that prediction of t+r+1-th value is based only on estimations ŷt+r, · · · ŷt+1,

and does not depend on any original values of the time series data. Since each

prediction has some error, errors accumulate with the increase of the prediction

steps.

Direct strategy

In the Direct strategy, the regressor size r is also a hyperparameter of the model.

The goal is to directly predict p steps ahead using the same set of regressors

yt, yt−1, . . . yt−r+1. Later in this article p is called prediction horizon. Hence, for
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every next future value ŷt+k, training of a separate model is required:

ŷt+1 = f1(yt, yt−1, . . . yt−r+1)

ŷt+2 = f2(yt, yt−1, . . . yt−r+1)

...

ŷt+p = fp(yt, yt−1, . . . yt−r+1)

(3.19)

It is clear that predictions are always based on true values of time series, but

the time lag between regressors and prediction value grows with p. This often

causes a gradual growth of prediction error. However, the Direct strategy is

usually more accurate than Recursive [Sorjamaa et al., 2007].

DirRec strategy

The DirRec strategy [Sorjamaa and Lendasse, 2006] combines both Recursive

and Direct strategies. The number of regressors is no longer constant. On the

first step, DirRec strategy coincides with the Direct strategy, then all predicted

values serve as additional regressors and the order of the model grows:

ŷt+1 = f1(yt, yt−1, . . . yt−r+1)

ŷt+2 = f2( ŷt+1, yt, yt−1, . . . yt−r+1)

...

ŷt+p = fp( ŷt+p−1, . . . , ŷt+1, yt, yt−1, . . . yt−r+1)

(3.20)

As in the Direct strategy, for every future prediction, the corresponding model

needs to be trained. So, the complexity of the training is proportional to the

number of values to be predicted p. It has been shown [Sorjamaa and Lendasse,

2006] that in general DirRec strategy with variable selection has superiority

over the other two strategies when the model f is nonlinear.

The goal of publication III is to show that this statement holds without variable

selection when the model f is an OP-ELM. The motivation for this is that OP-

ELM intrinsically performs a variable selection in a hidden space.

3.3.3 Experimental evaluation of OP-ELM with different prediction

strategies

In the original publication III the experiments are done for three sets of time

series data. In this chapter, the complete results are presented only for one

time series, however, the description of all three is included. Sea-water tem-

perature [Corona and Lendasse, 2007], Sun Spots [Center, 2012] and Santa Fe
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Sun spots time series

Linear Model LS-SVM Mean and std of

100 independent

OP-ELMs (ensemble)

Ensem-

ble of

OP-ELMs

(Average)

Regressor size = 28, prediction horizon = 12

Recursive 496.811
1661.7

1705.574±23.090
491.047±11.2947 471.874

Direct 493.389
1413.4

1464.967±29.881
487.127±5.908 456.372

DirRec 493.485
1764.5

1804.640±20.696
482.166±4.494 467.993

Regressor size = 28, prediction horizon = 24

Recursive 785.610
2063.3

2053.930±30.014
748.210±30.327 716.536

Direct 772.982
1527.3

1570.166±23.591
739.334±8.893 692.122

DirRec 773.778
2068.1

2086.731±16.874
734.116±8.245 713.702

Regressor size = 28, prediction horizon = 28

Recursive 891.363
2206

2170.886±45.850
832.184±39.071 791.281

Direct 874.878
1554

1595.346±29.829
825.926±11.614 773.803

DirRec 876.144
2149.8

2165.569±15.847
824.160±10.671 801.817

Table 3.5. Mean Square Errors(MSE) for Sun spots dataset. Different regressor sizes and prediction

horizons are considered. Results of different models are given in column-wise. In bold font best

MSEs for each column (and each regressor size and prediction horizon) are presented. In small

font bagging results for LS-SVM are presented. (Publication III)

A [Gershenfeld and Weigend, 1994]. The first one is a weekly measurement of

sea water temperature during several years, there are 875 measurements in

total. The second is one of the oldest time series in history; it provides monthly

averages of a number of dark spots on the sun from the year 1749 until 2012,

there are 3161 measurements in total. Santa Fe A is a dataset recorded from a

far-infrared-laser in a chaotic state and it is explicitly divided into a training set

(1000 points) and test set (9093 points). We would like to emphasize that these

time series datasets are taken from completely different domains, so our method

is applied to time series with completely different properties and behavior.

Usually, in time series prediction the number of regressors to use is unknown

and it has to be estimated. For the Sun Spots dataset number of regressors

equals 28 and is estimated by the following procedure; a linear model is trained

for a various number of regressors and the number with minimal leave-one-out

validation error is taken.

Predictions are calculated for each subsequence of a test set where the length
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is equal to the regressor size. In other words, for a regressor size r, for each

k = 1, ..., r consecutive values of a test set, the predictions are calculated up to

the prediction horizon. For a certain number of prediction steps ahead, Mean

Squared Error (MSE) are averaged over all subsequences of size r, and finally

obtained MSEs are averaged over all numbers of steps ahead up to the prediction

horizon. Therefore, for an experiment with a single OP-ELM (or linear model)

one number is obtained - twice averaged MSE which characterizes the prediction

accuracy.

Least-Squares Support Vector Machine (LS-SVM) is a competitive technique

which has been intensively used for nonlinear modeling Suykens [2002]. Experi-

ments have been performed by a famous LS-SVM Matlab Toolbox Pelckmans

et al. [2002]. LS-SVM has an advantage that training converges to solving a

linear system in dual space. So, it is especially interesting to compare it against

our method. However, for a good performing model, hyperparameters need to

be tuned. There are two hyperparameters C - for regularization and σ - for the

Gaussian kernel. They have been adjusted by ten-fold cross-validation and a

grid search as implemented in the toolbox. In addition, bagging Breiman [1996]

with 50 bootstrap samples is applied to LS-SVM and results are listed in the

same column in the smaller font. Bagging for the linear model has been tried but

the performance is very close to the complete data performance as mentioned in

the original bagging paper, therefore they are not shown here.

Results of experiments are given in Table 3.5. Due to the random generation

of neurons in the OP-ELM model, many instances of OP-ELMs need to be run

in order to estimate its performance. For every set of parameters 100 OP-ELM

s are run and the MSE is computed for each of those. Averages and standard

deviations of these MSEs are presented in the third column of the table. In

addition, arithmetic mean between forecasts of 100 OP-ELM s and its MSE

are calculated and depicted in the fourth columns. This is called ensemble

method van Heeswijk et al. [2011].

Experimental conclusions

• Average MSE of DirRec strategy (e.g. third column of Table 3.5) is better

than the best MSE among all strategies for linear ordinary least squares

model.

This statement holds for all time series under investigation and all sets of

parameters, except for one experiment.
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Figure 3.5. Visualization of predictions from ensemble of OP-ELMs. Ten steps ahead predictions

as well as fifty steps ahead predictions are plotted for Sun Spots time series. Regions

for predictions are taken from the end of each time series and consist of aroud 700

points. Regressor size - 28. (Publication III)

For the Santa Fe time series, Direct strategy significantly outperforms

other strategies, the standard deviation of DirRec strategy is less than

standard deviations of other strategies. This indicates that in a single run

OP-ELM with DirRec strategy tends to be the most accurate.

• For other strategies, there are no such straightforward results as in the

previous item.

Comparing only OP-ELM with three strategies, it is seen that there exist

cases where each one of them is the best. Thus, DirRec is not generally

the best strategy but is it almost always better than the best linear model.

• LS-SVM outperforms OP-ELM only for Santa Fe time series.

This is a highly nonlinear time series which can be seen from Figure 3.5.

For the other two, time series performance of LS-SVM is significantly

worse, even worse than the linear model. Therefore, in contrast to OP-

ELM, LS-SVM, in general, is not able to perform well without a variable

selection procedure and is a bad model for unfavorable time series. In any

case, in the next section, it is shown that computational time for LS-SVM

is several times longer than OP-ELM.

• Using an ensemble method can improve the results dramatically.
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• OP-ELM has a fast computational time which is a highly desirable prop-

erty for some applications.

3.3.4 Example of predicting star photometric outbursts

Time series prediction with extreme learning machines has also been applied in

publication V. In this work the long-term forecasting of photometric observations

of the star V363 Lyr has been performed. The original data obtained by the

KEPLER satellite is depicted in the Figure 3.6 (a). It covers roughly 86 days

and contains 4201 measurements.

The increased resolution of these photometric observations in contrast to the

previous studies has revealed different patterns from other stars of this type.

For example, the variable periodicity of the outbursts and one super outburst

which is present in the current data raise doubts on the previous classification of

the star V363 Lyr. There is also a presence of the short-term periodicities which

are visible in Figure 3.6 (b).

In this work properties of this time series have been analyzed with respect to

predictability. It is demonstrated that a black-box model, like a neural network,

can predict the future outbursts more accurately then than the predictions made

by the periodic predictions which follow from the spectral analysis.

The time series contains missing values. There are also long missing-value

gaps in the data which are indicated in the Figure 3.6. Before time series

forecasting the missing values have been imputed by a Gaussian Mixture model

method [Eirola and Lendasse, 2013].

(a) Original time series (b) Example of the longest imputation

Figure 3.6. Photometric time series of the star V363 Lyr (Publication V)
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Forecasting methodology

The main goal of this work is to forecast the next outburst of the time series. We

define the start of an outburst as the point where the time series exceeds 750. In

the forecasting setup, we assume that the last outburst has just ended and the

starting point of forecasting is the value in the valley of the time series. In other

words, the starting point of forecasting can not be on the previous outburst. We

have divided our time series into three sets: training, validation, and test; this

division is shown in Fig. 3.7 (a). We want to estimate how well we can predict

the outburst depending on the starting time point of forecasting. For instance,

consider the validation set. First, we assume that no points of the validation

set are observed and we try to forecast the next outburst. Then we assume that

only one point of the validation set is observed and again forecast the outburst.

Finally, we assume that all points in the validation set before the outburst are

observed and we check whether our forecasting method can predict the outburst

in the next point in time. The marks where the outbursts start and end on the

training set are drawn in Fig. 3.7 (b).

(a) Data division into training, validation and test

sets

(b) Outburst beginnings and outburst ends for

the training set

Figure 3.7. Time series forecasting setup (Publication V)

There are two different approaches to forecasting the next outburst which we

investigate in this paper:

• Directly predict the time point where the next outburst happen.

This can be done by building a regression model between the last observed

time window of length d (this is called regressor size) and the position of

the next outburst. This approach we further divide into two sub-methods:

– Explicitly include in the model a variable whose value is the distance

from the end of the previous outburst; if the time series is strongly

periodic then this variable alone may provide a very good estimation

of the next outburst.
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Table 3.6. MAE of outburst position forecast

Periodicity

variable

Data Linear

Model

OP-ELM TROP-ELM Random Forest

Excluded
Valid. 80.37 44.69± (1.05) 43.59± (0.87) 42.42± (0.002)

Test 66.86 35.28± (1.38) 32.27± (0.95) 19.76± (0.13)

Included
Valid. 3.27 3.41± (0.05) 3.62± (0.05) 3.53± (0.01)

Test 29.0 29.66± (0.04) 29.33± (0.05) 29.25± (0.02)

– Do not include this periodicity variable and build a regression model

where regressors are just the previous values of the time series.

• Conduct time series prediction and monitor where the predic-

tions indicate an outburst. At first, this seems to be a more complex

problem because we forecast not only the position of outburst but also the

time series values. However, as shown later, this approach may be more

beneficial than the first one under certain conditions.

Forecasting the outburst position directly

The regression models we compare are: Linear regression with Tikhonov Regu-

larization, OP-ELM, TROP-ELM . Also, we compare Random Forests (RF) as a

state-of-the-art nonlinear regression model.

The error measure for forecasting we compute in the following way. For both

validation and test sets, we know the position of true outburst. So, for every

starting point of forecasting, a regression model predicts the position of the next

outburst and we compute the absolute error between the prediction and the

true outburst. Since the starting point roll from the beginning of the validation

(or test) set up until one point before the true outburst, we average all the

predictions. Therefore, the error is the Mean Absolute Error (MAE). Because all

regression models except the linear model involve randomness we repeat the

experiment 100 times (20 for Random Forest) and average the result.

Hyperparameters are optimized on the validation set. Hyperparameters of

the Linear model, OP-ELM and TROP-ELM are the regressor size (time delay

embedding dimension) and regularization parameter. Random Forests also

requires the number of samples in leaves and the number of randomly selected

variables used to build trees.

Looking at Table 3.6, one can notice that when the periodicity variable is

included, the best model is the Linear model. This indicates that outbursts are

quite periodic. However, test error is much larger than validation error because
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the last outburst (which belongs to the test set) is closer to the previous outburst

than the outburst distances in the rest time series. Hence, even though the

outburst periodicity is quite apparent, it is not constant. When the periodicity

variable is not included, the best model on validation and test sets is Random

Forests. This agrees with the fact that it is a state-of-the-art regression model.

It produces the lowest MAE on the test set – significantly lower than the linear

model with the periodicity variable.

Forecasting the outburst by time series prediction

In this approach, time series prediction is performed and when the predicted

values become larger than 750 (outburst detection threshold) we assume that

the outburst is starting Fig. 3.8 (a). We can quantify the error between the true

outburst position and forecast position similarly as in the previous case - by the

absolute error of the difference of two positions. However, it may happen that

predicted values are never larger than the threshold as shown in Fig. 3.8 (b).

Therefore, we must treat this special case separately. So, we assume that the

outburst forecasting error is infinity and denoted by inf.

(a) Outburst beginning is estimated (non-infinite

error)

(b) Forecast does not indicate an outburst (infi-

nite error)

Figure 3.8. Successful and unsuccessful time series forecasts

We construct a time delay embedding matrix of width 20 (20 was selected

using the validation set) and for each time window we define the next time

series value as a value to estimate. Using training data we make a regression

model and then we use the Recursive prediction strategy 3.3.2. There are other

long-term forecasting strategies such as Direct and DirRec but by experimenting

on the validation set we observed that recursive strategy works the best for this

time series. Regression models which are used for time series prediction are the

same as in Section 3.3.4, namely Linear, OP-ELM, TROP-ELM and Random

Forests. We also tested a K-NN approach. The TROP-ELM performed the best

amongst the tested models (details are in publication V )
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Comparison of direct outburst forecasting and forecasting by TS prediction

Table 3.7. Average outburst MAE

average MAE

(over all start-

ing points)

average

MAE (over last

30 starting

points)

Direct outburst forecast-

ing (Random Forest)

19.76± (0.13) 12.65±0.17

Forecasting outburst by TS

prediction (TROP-ELM)

26.86±5.84 4.14±1.37

We have selected the best models from each approach based on validation

results. Now we want to compare these two approaches on the test set. It is

worth mentioning again that the time series prediction approach can not provide

outburst forecast at all for some starting points in which case can we assume

that the forecasting error is infinite. So, the error we provide for this approach

is calculated only for those values for which the forecast is available. The MAE

of outburst forecasting is presented in Table 3.7.

The difference between the two error columns in Table 3.7 is that the first

error column is an average MAE given all the starting points and the second

error column is an average MAE given the previous 30 starting points which

are adjacent to the true outburst position. From Table 3.7 we see that that

direct forecasting of outburst position by Random Forests is more accurate than

forecasting by time series prediction. However, the third column of Table 3.7

shows us that in the vicinity of the true outburst the time series forecasting

model becomes more accurate with a noticeable gap.
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4. Linear state-space models and

Gaussian Processes

4.1 Introduction and motivation

In the previous chapter Time Series Prediction (TSP) with Extreme Learning

Machines has been described. The latter is a nonlinear model and a time series is

modeled in an auto-regressive fashion. In this chapter, we consider linear models

for time series modeling and forecasting. Interestingly, the performance of linear

models is not worse in practical forecasting. This has been demonstrated in an

NN3 time series forecasting competition [Crone et al., 2011].

To achieve the accuracy of a nonlinear model, a linear model requires more

careful data preprocessing and model selection efforts. Additionally, forming

ensembles of linear models which are itself larger linear models is a fruitful way

to improve forecasting accuracy.

The most famous and prominent linear forecasting methodology is Auto Regres-

sive Integrated Moving Average (ARIMA) modeling [Box et al., 2008]. ARIMA is

an extension of the ARMA model of a stationary random process [Hayes, 2009]:

yt +
p∑

i=1

ai yt−i =
q∑

j=0

b jǫt− j .

The time series yt is modeled as a linear combination of the previous values

yt−i and the previous (and current) values of the white noise ǫt− j. This is an

ARMA(p, q) model. If the time series is not stationary, then its first difference

is closer to be stationary [Box et al., 2008], the second difference is even closer

and so forth. Auto Regressive Integrated Moving Average model can also be
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Figure 4.1. Graphical model of probabilistic state-space model

expressed in the state-space form:

zk = Ak−1zk−1 +qk; where: qk ∼N(0,Qk); (state / transition equation)

yk = Hkzk +ǫk; where: ǫk ∼N(0,Rk); (measurement equation)

(4.1)

for some matrices Ak,Hk,Qk,Rk. The state variables zk are latent variables

i.e. they are not observed. The observed variables are yk. The corresponding

probabilistic graphical model is presented in Figure 4.1. [Box et al., 2008]

present ARIMA time series modeling and forecasting. In particular, initial

pre-processing, model fitting, model evaluation and selection are described. The

strength of the methodology is its completeness and the accuracy is state-of-the-

art provided it is properly applied.

There are other strong advantages of the state-space approach. It is possible

to handle missing data quite naturally and to model completely uneven sampled

time series data. This is achieved by formulating the state-space model in

continuous time. Examples of such approach are demonstrated in the next

section. Another strength is the possibility to incorporate prior information

like a trend, various periodicities and cycles into the model. These are called

structural time series (STS) models [Harvey, 1990] and described in more detail

below.

There exist several extensions of linear state-space models. For example,

the Recurrent Neural Network (RNN) which is widely used in text and speech

modeling is are a nonlinear generalization of (4.1). Non-Gaussian observational

error ǫn is another popular modification. It allows modeling e.g. count data or

binary data. Heavy-tailed distribution of ǫn makes the model more robust with

respect to outliers. Nevertheless, linear state-space models serve as a basis for

inference and learning in extended models.

Linear state-space models are also closely related to temporal Gaussian Pro-

cess Regression (GPR) [Hartikainen and Särkkä, 2010]. In temporal Gaussian

processes, the input is only one-dimensional - point in time. Temporal GPR with
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almost any1 covariance function is equivalent to a certain state-space model of

the form (4.1). Matrices An,Hn,Qn,Rn are determined by the structure of the

covariance matrix and values of the hyperparameters. The main point of con-

verting temporal GPR to the state-space representation is that inference scales

linearly with respect to the number of data points instead of cubic scalability for

the standard temporal GP. Similar state-space transformation is also possible

for spatio-temporal models [Särkkä et al., 2013]. Publication VII discusses the

state-space representation of temporal GPR, expressed through the inverse of

the covariance matrix which is sparse in this case.

Conversely, it is possible to convert state-space models to temporal GPR form.

Popular state-space models are represented as a GP covariance function in

publication VI. The motivation for this conversion is the construction of new

covariance functions with the desire to reuse an available GP code, and new

insights into the problem at hand.

4.2 Structural time series models

Auto Regressive Integrated Moving Average modeling approach and its success

has been described in the introductory section. The ARIMA model can also be

represented in the state-space form [Hayes, 2009]. The structural time series

(STS) model can also be represented in the state-space form Eq. (4.1). The

STS model is defined in terms of components which have a direct interpreta-

tion. These include, for instance, trend component, seasonal component, cyclic

component etc.

Modeling the distinct components is a strength of the STS approach. It is up to

the researcher to incorporate these components. The choice of which components

to include depend on the prior knowledge available to the researcher and desired

properties of the forecast. In contrast, the ARIMA approach is a black box where

the model structure is determined only from the data, and there is no way to

influence this structure.

4.2.1 State-space models

In this dissertation, the focus is on linear Gaussian state-space models. These

are useful for time series modeling and forecasting of real valued time series

and serve as a basis for nonlinear or non-Gaussian models (Sec. 4.1). The linear

Gaussian state-space model has been stated in Eq. (4.1) and is repeated here for

1 All standard covariance functions and their standard combinations
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convenience:

zk = Ak−1zk−1 +qk; where: qk ∼N(0,Qk); (state / dynamic equation)

yk = Hkzk +ǫk; where: ǫk ∼N(0,Rk); (measurement equation).

(4.2)

The variables zk are latent variables and yk - observed variables. A detailed

overview of state-space models is given in [Särkkä, 2013].

The main inference tasks are computing of filtering and smoothing distribu-

tions p(zk|y1, · · · , yk) and p(zk|y1, · · · , yN ) respectively. N is the total number

of the observed data points. The classical algorithms to perform these infer-

ence tasks are the Kalman Filter (KF) and the Rauch-Tung-Striebel (RTS)

smoother. Starting from the initial distribution p(z0) the Kalman Filter se-

quentially computes p(zk+1|y1, · · · , yk+1) given the distribution on the previ-

ous step p(zk|y1, · · · , yk). RTS smoother starts from the last filtering distribu-

tion p(zN |y1, · · · , yN ) and computes in the reverse order all the distributions

p(zk|y1, · · · , yN ).

These models require hyperparameters. These can be some elements or full

matrices Ak,Hk,Qk,Rk, noise covariances Qk,Rk and/or mean and covariance

of the initial state m0,P0. Standard approaches can be used for learning the

hyperparameters: maximum likelihood, maximum a posteriori (MAP) or fully

Bayesian. For any of these approaches the marginal likelihood (or just the

likelihood) must be computed:

ll(Θ)= log p(y1, · · · , yN |Θ)=
N−1∑
k=1

p(yk|y1, · · · , yk−1) (4.3)

Conveniently, in the linear Gaussian case, the marginal likelihood can be

computed as a by-product of the Kalman Filter. Each term is the normalization

constant of the corresponding update step of a Kalman Filter.

4.2.2 Combining state-space models

The structural time series framework is a way to construct state-space models

and incorporate the desired properties or prior information into those. These

properties are, for instance, fixed level, trend, periodicity, and quasi-periodicity

(cyclicity) [Durbin and Koopman, 2012; Harvey, 1990]. A certain state-space

model corresponds to each aforementioned property. These models can be com-

bined additively. The multiplicative combination can be done similarly after a

logarithmic transformation. Suppose that

yk = ztrend
k + z

periodic
k +ǫk, (4.4)
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so yn is a sum of trend and periodic components. It is possible to write this

combination as a single state-space model:


 z(tr)

k

z
(per)
k


=


A(tr)

k−1 0

0 A
(per)
k−1




 z(tr)

k−1

z
(per)
k−1


+


 q(tr)

k

q
(per)
k




yk =
[
H(tr)

k H
(per)
k

] z(tr)
k−1

z
(per)
k−1


+ǫk

(4.5)

It is clear that z(tr)
k and z

(per)
k are uncorrelated random processes if their noise

terms are uncorrelated. In this case the covariance function of yn is:

Cov[yk, yk+n]= H(tr)
k Cov[z(tr)

k , z
(tr)
k+n](H(tr)

k )⊤+

+H
(per)
k Cov[z

(per)
k , z

(per)
k+n ](H

(per)
k )⊤+δ(n=0)σ

2
ǫ .

(4.6)

Here δ(n=0) is a Kronecker delta which equals one when n = 0, and zero

otherwise. So, the covariance is a sum of two covariances (matrices H are often

1) and a white noise term from the measurement equation.

4.2.3 Introduction to Gaussian processes

A Gaussian Process (GP) is a random process f (t) where for arbitrary selected

time points t1, t2, · · · , tN the probability distribution p[ f (t1), f (t2), · · · f (tN ) ] is a

multivariate Gaussian.

To define a Gaussian Process (GP) it is necessary to define a mean function

m(t)= E[ f (t)] and covariance function K(t, t′)= Cov[t, t′]= E[ ( f (t)−m(t))( f (t′)−

m(t′)) ]. The covariance function encodes the information about the smoothness

of the random process.

Defining a covariance function K(t, t′|θ) is equivalent to defining a prior over

functions where a set of functions are all the realizations of the random process.

A covariance function also depends on a set of hyperparameters θ. GP prior is

denoted as:

f (t)∼GP(0,K(t, t′|θ))

In Gaussian Process Regression the observations are obtained from the follow-

ing model:

yk = f (tk)+ǫk, ǫk ∼N(0,σ2
n)

Having observed a dataset {(yk, tk)}N
k=1 = {y, t}, the mean and covariance of any
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new observed data y⋆ at new time moments t⋆ can be found:

m(t⋆|t)= K(t⋆, t) [K(t, t)+σ2
nIN ]−1 y

K(t⋆, t⋆|t)= K(t⋆, t⋆)−K(t⋆, t) [K(t, t)+σ2
nIN ]−1 K(t⋆, t)⊤+σ2

nIN

(4.7)

The logarithm of the marginal likelihood MLL(θ)= log p(y|t,θ)= log
∫

p(y|f , t)p(f |t)d f

which is used for inferring the hyperparameters (Sec. 2.3.7):

MLL(θ|bmy)=−
1

2
y⊤ [K +σ2

nIN ]−1 y−
1

2
logdet[K +σ2

nIN ]−1 −
N

2
log2π

4.3 Popular state-space models as Gaussian processes

Basic state-space model (SS model) models are usually presented as discrete

time models with Gaussian errors, e.g. in the books [Durbin and Koopman, 2012;

Harvey, 1990]. The structural time series framework allows the combination

of several basic state-space models into a more complex model. There are

generalizations of discrete-time SS models to continuous time [Harvey, 1990,

Chap. 9], which may be converted back to discrete time. Since errors in the basic

SS model are assumed to be Gaussian, state-space models are also Gaussian

Process models. However, a direct systematic connection to Gaussian Processes

used in machine learning is not widely used. The goal of publication VI is

to provide explicit connections between GP models and structural time series

models.

Gaussian Process are an important class of models in machine learning [Ras-

mussen and Williams, 2005]. Modeling of time series has been widely addressed

by the GP community [Roberts et al., 2013]. However, the modeling principles

differ significantly from the state-space models. Modeling is done in continuous

time and the main object to model is the covariance function (and optionally the

mean function). Knowledge about the connection between a continuous-discrete

state space model and Gaussian process exists [Hartikainen and Särkkä, 2010].

The advantage of representing the GP in SS model form is that the inference can

be done in O (N) time where N is the number of data points, while the classic

GP regression requires O (N3) operations. However, if the amount of data points

is relatively small N < 10000, or we use some modification of standard GP, the

difference in computational time can become negligible [Ambikasaran et al.,

2014] on modern computers.

In publication VI we derive several GP covariance functions which correspond

to structural time series models. This explicit connection is useful for researches
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with different backgrounds: state-space modelers can see that their methods

are equivalent to certain Gaussian Process, therefore they can use various

extensions developed in the GP literature. GP specialists, on the other hand,

can analyze the covariance functions corresponding to state-space models take

advantage of approaches from the state-space model domain. More importantly,

this connection allows to derive new covariance functions for Gaussian Processes

as demonstrated in Section 4.3.5.

4.3.1 Bayesian linear regression

Recall Bayesian Linear Regression (BLR) in the state-space form. Assume that

we have N measurements y = [ y1, y2, . . . , yN ]⊤, which are observed at time

points t = [ t1, t2, . . . , tN ]⊤. Further, assume that there is a linear dependency

between measurements and time:

yk = θtk +ǫk

θ ∼N(m0,P0) - prior of the parameter θ

ǫk ∼N(0,σ2
0) - Gaussian white noise,

(4.8)

where θ is a parameter of the model with the prior θ ∼ N(m0,P0) and ǫk is

Gaussian white noise. In this formulation, BLR provides the posterior distribu-

tion of θ. Furthermore, BLR provides the posterior predictive distribution which

for any set of time points t⋆1 , t⋆2 , . . . , t⋆M yields the distribution of corresponding

measurements. It is well known [Rasmussen and Williams, 2005] that the same

posterior predictive distribution can be obtained by Gaussian Process Regression

(GPR) with the kernel:

y∼GP
(
m0t,P0tt⊤+σ2

0I
)

. (4.9)

We are interested in representing the BLR model in the state-space form

because it allows using the model in the sequential regime - when data arrives

one-by-one. Moreover, Kalman Filter type of inference, which is the standard

for the linear state-space models, scales linearly with the number of samples,

while Gaussian Process or batch BLR scales cubically [Rasmussen and Williams,

2005]. There are several ways to express BLR in the state-space form [Särkkä,
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2013, p. 37]:





xk

θk


=


1 ∆tk−1

0 1




xk−1

θk−1




yk =
[
1 0

]xk

θk


+ǫk, where:

x0 = 0∼N (0,0), θ0 ∼N (m0,P0), ǫk ∼N (0,σ2
0)

∆tk−1 = tk − tk−1, and it is assumed that t0 = 0.

(4.10)

The equivalence of Bayesian Linear Regression and the state-space model in

Eq. (4.10) can be shown. We see that θk = θk−1 for all k, so it does not change

with time. Since t0 = 0 and x0 = 0 we have that:

x1 = t1θ0 = θt1

x2 = x1 + (t2 − t1)θ1 = t2θ1 + t1(θ0 −θ1)= t2θ1 = θt2

...

xk = xk−1 + (tk − tk−1)θk−1

= tkθk−1 + tk−1(θk−2 −θk−1)= tkθk−1 = θtk .

We see that xk = tkθ, substituting the obtained result into the equation for yk

we obtain: yk = θtk +ǫk, equivalent to the original BLR formulation. Using the

obtained state-space model we can find the covariance matrix of yk, that will be

the same as the one in Eq. (4.9). The next section will show how to explicitly

derive the covariance function for the more general state-space model.

In this section we have shown the equivalence of GPR with the covariance

matrix in Eq. (4.9) and the state-space model formulation in Eq. (4.10). These

two models are also equivalent to the Bayesian Linear Regression model.

4.3.2 General state-space model

In this section we derive the covariance function for a more general state-space

model than in the previous section. In the literature this model is called the Local

Linear Trend Model (LLLM). It is shown that this general state-space model

under a special setting of parameters becomes equivalent to the well-known

time series models e.g. Local Level Model (LLM), Bayesian Linear Regression.

Additionally, there is a close connection to the quasi-periodic (cyclic) model.
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Derivation of the covariance function provides a useful connection to Gaussian

Process Regression for the aforementioned models. The general state-space

model is defined as:





xk

θk


=


1 ∆tk−1

0 1




xk−1

θk−1


+


q

(1)
k

q
(2)
k




yk =
[
1 0

]xk

θk


+ǫk, where: ǫk ∼N(0,σ2

0)

∆tk−1 = tk − tk−1,
x1

θ1


∼N




 c0

m0


 ,


K0 0

0 P0







q

(1)
k

q
(2)
k


∼N




0

0


 ,


q2

0∆tk−1 0

0 g2
0∆tk−1




 .

(4.11)

In this dissertation, the notation is slightly different from the original notation

in publication VI. The difference being that here the initial state is assumed to

be x1 not x0. The new notation is easier to present.

The model in Eq. (4.11) is also more general than the BLR model. One dif-

ference consists of extra noise terms in the dynamic (or state) equation. An-

other difference is a non-zero prior distribution for the initial state variable x1:

x1 ∼N(c0,K0).

We can easily compute the mean of zk =


xk

θk


: using notation A[∆t]=


1 ∆t

0 1




and taking into account the fact that the mean E[qi] = 0 and expanding the

expressions for ∆ti:

E[zk]= A[∆tk−1 +∆tk−2 + . . .+∆t0]E[z0]= A[tk − t1]


 c0

m0.


 (4.12)

Noise in the dynamic Equation

In this subsection the extra noise terms which appear in the dynamic equa-

tion are briefly discussed. The two dimensional noise term q =


q

(1)
k

q
(2)
k


 com-

prises two independent and Gaussian distributed components. Consider, for

example, the first component q
(1)
k ∼N(0, q2

0∆tk−1). It is a classical Wiener pro-

cess [Rasmussen and Williams, 2005] also called standard Brownian motion
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and is a generalization of a simple random walk to the continuous time when

time measurements are not necessarily equidistant. Its covariance function

is Cov [ q
(1)
k (t1), q

(1)
k (t2) ] = K0 + q2

0 min(t1, t2) and it is a basic example of a non-

stationary Gaussian Process.

Covariance function of the general state-space model

The full derivation of the covariance of the general state-space model (4.11) is

presented in publication VI; here we present the end results. The notation is

slightly different from the original publication because the initial state here has

index 1, not 0, as noted earlier.

Consider the covariance function between yk and yk+n which is unknown and

that we wish to find:

Cov [ yk, yk+n ]= E[ (yk −E[ yk ])(yk+n −E[ yk+n ]) ]=

= E[ (xk +ǫk −E[ xk ])(xk+n +ǫk+n −E[ xk+n ]) ]=

= Cov [ xk, xk+n ]+δ(n=0)σ
2
0 .

(4.13)

Therefore, we see that in order to find the covariance function of yk it is enough

to find the covariance function of xk and to add the Kronecker symbol.

We present an example of the covariance function for the case of three observed

data points: t1, t2, t3 and y1, y2, y3. The covariance of the latent variables is:



Cov[z1,z1] Cov[z1,z2] Cov[z1,z3]

Cov[z2,z1] Cov[z2,z2] Cov[z2,z3]

Cov[z3,z1] Cov[z3,z2] Cov[z3,z3]


=

=A {T} D0 (A {T})⊤.

(4.14)

The notation in the above formula is the following:

A {T}=


A[0] 0 0

A[∆t1] A[0] 0

A[∆t2 +∆t1] A[∆t2] A[0]


 ,

(4.15)

D0 =



Cov[z1,z1] 0 0

0 Cov[q1,q1] 0

0 0 Cov[q2,q2]


 . (4.16)
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Finally, the covariance of the variables x consist of two parts:



Cov[x1, x1] Cov[x1, x2] Cov[x1, x2]

Cov[x2, x1] Cov[x2, x2] Cov[x2, x3]

Cov[x3, x1] Cov[x3, x2] Cov[x3, x3]


= Cov1[·]+Cov2[·], (4.17)

where

Cov1[xk, xk+n]= K0 + q2
0 min(xk, xk+n) (4.18)

and

Cov2[·]= TDT⊤

T =




0 0 0 0

∆t1 0 0 0

∆t2 +∆t1 ∆t2 0 0




D =




P0 0 0

0 g2
0∆t0 0

0 0 g2
0∆t1


 .

(4.19)

Matrix T can also be represented as:

T =




0 0 0

1 0 0

1 1 0







0 0 0

∆t0 0 0

∆t1 ∆t1 0


 . (4.20)

Eq. (4.17) is the solution for the covariance function of the model stated in

Eq. (4.11). Given time points t= [t1, t2, . . . , tN ]⊤ we can compute the covariance

function, the mean function which is given in (4.12) and use Gaussian Process

Regression in a regular way. The sample paths from GP with this covariance

function are presented in Fig. 4.2.

4.3.3 Example: Local Level Model

Local Level Model (LLM) is the simplest model among the structural time

series models [Durbin and Koopman, 2012]. Its standard representation in the
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(a) Brownian motion:

K0 = 1,P0 = 0,q2
0 = 1, g2

0 = 0

(b) Linear Regression:

K0 = 1,P0 = 1,q2
0 = 0, g2

0 = 0

(c) K0 = 1,P0 = 1,q2
0 = 1, g2

0 = 0 (d) K0 = 1,P0 = 1, q2
0 = 1, g2

0 = 1

Figure 4.2. GP sample paths of general covariance (LLLM) for various parameter values. The

underline emphasizes parameters which equal zero. Publication VI

literature is: 


xk = xk−1 + qk; qk ∼N (0, q2
0)

yk = xk +ǫk; ǫk ∼N (0,σ2
0)

x0 ∼N(c0,K0) .

(4.21)

As we can see this is a random walk expressed by the dynamic variable xk

additionally submerged into the white noise ǫk. The covariance of this model

is: Cov[yk, ym] = K0 + q2
0 min(k,m)+σ2

0δ(m = k). If we generalize this model to

arbitrary time intervals it can be written as:





xk

θk


=


1 ∆tk−1

0 1




xk−1

θk−1


+


q

(1)
k

q
(2)
k




yk =
[
1 0

]xk

θk


+ǫk, where: ǫk ∼N(0,σ2

0)

∆tk−1 = tk − tk−1
x1

θ1


∼N




 c0

0


 ,


K0 0

0 0







q

(1)
k

q
(2)
k


∼N




0

0


 ,


q2

0∆tk−1 0

0 0




 .

(4.22)

The parameters that are nullified with respect to the general model Local
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Linear Trend Model (LLLM) are denoted by boxes, see also Fig 4.2a. We can

see that the equation for θk is redundant because θ0 is initialized with zero and

the corresponding noise term is also zero. The covariance function could also be

obtained by using the formula for the general covariance function and setting

the corresponding coefficients to zero.

At the end of this section it is worth mentioning that although the LLM is

the simplest structural time series model, it can be successfully applied to real

world data [Durbin and Koopman, 2012, p. 16].

4.3.4 Damped trend model

We can also extend the previous model to make the trend damped. It is similar

to the general model (4.11), except that a slope gradually decreases. Here we

present only the dynamic equation for this model because the remainder is the

same as in (4.11).


xk

θk


=


1 ∆tk−1

0 φ




xk−1

θk−1


+


q

(1)
k

q
(2)
k


 (4.23)

The damping factor is φ highlighted by a box in (4.23). It must satisfy 0<φ< 1

to correctly dampen the trend.

Next we present the covariance function of this damping trend. The first part

of the covariance Cov1[·] is the same as in (4.18). The second is also similar

to (4.19) except that matrix T must be substituted with:

T =


0 0 0 0

1 0 0 0

1 φ 0 0

1 φ φ2 0







0 0 0 0

∆t0 0 0 0

∆t1 ∆t1 0 0

∆t2 ∆t2 ∆t2 0







0 0 0 0

1 0 0 0

0 1
φ

0 0

0 0 1
φ2 0




.

(4.24)

It is worth noting that the model is not completely adapted to continuous time

as the damping factor φ does not depend on the time interval ∆tk−1 between

two consecutive measurements yk. So, strictly speaking, the covariance (4.24)

is valid only when all ∆ti are the same. It is possible to extend the derived

covariance to cover the general case, however, for simplicity of presentation and

space constraints it is not done here. Sample paths from the GP with a damped

trend covariance are given in Fig. 4.3.
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(a) No noise: φ= 0.95

K0 = P0 = 1, q2
0 = g2

0 = 0

(b) Non-Zero Noise: φ= 0.95

K0 = P0 = 1, q2
0 = g2

0 = 0.05

Figure 4.3. Damped sample paths: publication VI

4.3.5 Periodic and quasi-periodic modeling

In the structural time series framework there are several models for periodicities

and cycles (quasi-periodicities). We consider here the most popular model which

is frequently used for cyclic modeling [Durbin and Koopman, 2012, p. 44]:





xk

x⋆k


=


 cos(ωc∆tk−1) sin(ωc∆tk−1)

−sin(ωc∆tk−1) cos(ωc∆tk−1)




xk−1

x⋆k−1


+

+


q

(1)
k

q
(2)
k




yk =
[
1 0

]xk

x⋆k


+ǫk, where: ǫk ∼N(0,σ2

0)

∆tk−1 = tk − tk−1
x1

x⋆1


∼N




m0

m0


 ,


P0 0

0 P0







q

(1)
k

q
(2)
k


∼N




0

0


 ,


g2

0∆tk−1 0

0 g2
0∆tk−1




 .

(4.25)

Eq. (4.25) is the generalization of a discrete time model [Durbin and Koopman,

2012; Harvey, 1990] to continuous time. The ∆ti are used to express the uneven

time sampling. If the sampling is even all the ∆ti equal one.

Notice that the model is completely symmetric with respect to the vector

x= [xk, x⋆k ]; the initial conditions are symmetric and the noise is symmetric. If

we assume no noise in the model then it is straightforward to show that the
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covariance function of xk is a periodic covariance function:

Cov[xk,xk+n]= P2
0 cos[ωc(tk+n − tk)] . (4.26)

The process xk can be considered as a random process where randomness

originates only from the initial conditions. This process is also wide-sense

stationary since the covariance function depends on the difference of the time

points. Again, if we suppose that the noise vector is absent from the dynamic

model, i.e. q2
0 = 0, then the xn variable is just a cosine wave. This can be deduced

by considering x1, which is a sum of cosine and sine, with coefficients with initial

values x1, x⋆1 . This sum can be represented as a cosine wave where the phase

depends on those coefficients. Hence, without extra the white noise the xn is a

cosine wave. However, with the presence of a white noise, deviations from the

strict periodicity are possible.

Quasi-Periodic (cyclic) covariance function

The covariance function derived in publication VI consist of two parts as in

Eq. (4.17). The two parts Cov1 and Cov2 are:

Cov1[·]=L {Cos{T}} D (L {Cos{T}} )⊤ (4.27)

Cov2[·]=L {Sin{T}} D (L {Sin{T}} )⊤ , (4.28)

where matrices T and D are exactly the same as in Eq. (4.17). In Eq. (4.27)

there are two new matrix operations which are nested: L {·} leaves the lower

triangular part (including the main diagonal) of the argument matrix intact, and

put zeros to the upper-triangular part; Cos{·} applies the cos function element-

wise to the matrix.

In Eq. (4.28) Sin{·} is used instead of Cos{·} with a similar meaning - element-

wise application of sin function to the argument matrix.

Thus, we have obtained the expression for the covariance matrix of the quasi-

periodic model (4.25). Hence, it is now possible to model this cyclic state-space

model as a Gaussian Process with the obtained covariance function. The GP

sample paths with cyclic covariance function are shown in Fig. 4.4a and 4.4b.

If the data contains several frequencies or periodicities then the corresponding

state-space models can be combined in the measurement equations for yk. In

GP regression this is equivalent to the summation of covariance functions.

Also, if the periodic pattern in the data is not close to a cosine wave we need to

introduce more harmonics to model the more complicated pattern. Harmonics
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for several frequencies are combined ωc,2ωc, · · · ,kωc (k harmonics) as described

in the previous paragraph.

(a) Zero Noise: ωc = 3,P0 = 1, g2
0 = 0 (b) Non-Zero Noise: ωc = 3,P0 = 1, g2

0 = 1

(c) Standard Periodic Covariance Ras-

mussen and Williams [2005]:

(d) Quasi-Periodic Covariance Rasmussen

and Williams [2005]:

Figure 4.4. Quasi-periodic (cyclic) sample paths. Publication VI

Gaussian periodic covariance function

It is interesting to compare the periodicity modeling approach proposed above

with the approach used in Gaussian Process Regression (GPR). In GPR there

exists a periodic covariance function [Rasmussen and Williams, 2005, p. 92]

which is expressed as:

Cov[t1, t2]= exp

(
−sin2

(
ωc(t1 − t2)

2

))
. (4.29)

This is a periodic covariance function with the frequency ωc. Sample paths

from the GP with periodic covariance are presented in Fig. 4.4c. Since the

covariance function is periodic it is possible to represent it as a Fourier series

with harmonics ωc,2ωc,3ωc, · · · . This example is exactly the case that can be

represented by a combination of state-space models, which is described in the

previous subsection. Thus, the periodic covariance function used in GPR can be

represented by an equivalent random process in the state-space form as is done

in [Solin and Särkkä, 2014].

In the same paper of [Solin and Särkkä, 2014] the question of representing
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the quasi-periodic covariance function is also discussed. The quasi-periodic

covariance function is a multiplication of some stationary covariance functions

(e.g. Matern covariance) [Solin and Särkkä, 2014] and the periodic one in (4.29).

The random process which is modeled by a quasi-periodic covariance function

has no fixed period, the period length fluctuates. Sample paths of quasi-periodic

covariance functions are shown in Fig. 4.4d. By using the noise qk we also

deviate from strict periodicity, however there is no direct correspondence between

the model in Eq. (4.25) and the quasi-periodic covariance function in [Solin and

Särkkä, 2014]. This question requires further investigation and is not addressed

here.

4.3.6 Experiments

In publication VI a number of basic experiments have been performed in order

to demonstrate that the derived covariance functions in Sec. 4.3.2, 4.3.4 and

4.3.5 are applicable in the Gaussian Process Regression (GPR) framework and

to show that the results are equivalent to state-space modeling. The proposed

kernels are applied to several artificially generated datasets and it is shown that

GPR results are meaningful. Here we present only the comparison of the GP

regression approach and the state-space approach for the Nile Water Level Cobb

[1978] dataset which is frequently used in the time series literature. It is shown

by the simple example of an Local Level Model model from Section 4.3.3 that

the modeling results are equivalent.

All new kernels proposed in this paper have been implemented as add-ons to

the GPy toolbox. This a powerful toolbox for Gaussian Process modeling and

inference [The GPy authors, 2012–2015]. A crucial part of GP inference is finding

hyperparameters of a kernel. A standard way to do this is to find the maximum

of the marginal log-likelihood (MAP estimate) [Rasmussen and Williams, 2005,

p. 112]. In the subsequent experiments, the maximum is searched for by the

L-BFGS [Byrd et al., 1995] algorithm. Since the marginal log-likelihood is a

non-convex function, each optimization procedure is run ten times with different

random initial conditions. The hyperparameters which produce the highest

marginal log-likelihood are considered as the solution.

We want to demonstrate that the Gaussian Process Regression approach com-

plemented with the kernels proposed in this paper is completely equivalent with

the state-space modeling approach. The state-space inference uses a Kalman

Filter (KF) and Rauch-Tung-Striebel (RTS) smoother. We have taken the simple

Local Level Model from (4.21). Often this model is used as a starting point for

time series analysis. The results of the modeling and forecasting of the Nile
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dataset are presented in Figure 4.5; from the figure it is impossible to see any

difference between approaches. Analysis of numerical data, which is not pre-

sented here also shows that the difference is negligible. Hence, we have shown

experimentally for one model that the state-space approach and GP regression

model can be used interchangeably depending on the modeler’s preferences and

other relevant considerations.

(a) State-space model (b) GP regression

Figure 4.5. Comparison of time series forecasting of GP regression and state-space model. Publi-

cation VI

4.4 Sparse inverse Gaussian process regression

In the introductory Section 4.1 we have considered the structural time series

framework which combines certain components to obtain a larger linear Gaus-

sian state-space model. It has also been mentioned that Gaussian processes

with all common covariance functions can be represented as state-space models.

In Section 4.3 the derivation of covariance functions for popular structural

time series components has been presented. Hence, it is possible to use regular

Gaussian Process machinery for inference in the state-space models. From the

computational point of view, this transition is not beneficial, since inference in

vanilla GP scales as O (N3) while in the state-space model inference is linear

O (N).

In publication VII we have considered the speed-up of inference beyond linear

time. The computational complexity cannot, in general, be lower than O (N)

because the inference algorithm has to read every data point at least once.

However, with finite N, by using parallelization we can indeed obtain sublin-

ear computational complexity in a “weak sense”; provided that the original

algorithm is O (N), and it is parallelizable, the solution can be obtained with

time complexity which is strictly less than linear. Although the state-space

formulation together with a Kalman Filter (KF) and Rauch-Tung-Striebel (RTS)
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smoothers provides the means to obtain linear-time complexity, the Kalman

Filter and RTS smoother are inherently sequential algorithms, which makes

them difficult to parallelize.

In publication VII we show how the state-space formulation can be used to

construct linear-time inference algorithms that use the sparseness property of

precision matrices of Markovian processes. The advantage of these algorithms

is that they are parallelizable and hence allow for sublinear time complexity

(in the above weak sense). Similar ideas have also been proposed earlier in

the robotics literature Anderson et al. [2015]. We discuss practical algorithms

for implementing the required sparse matrix operations and test the proposed

method using both simulated and real data.

We assume that the model is similar to (4.2) with one small difference, i.e.

for simplicity matrix H is assumed to be constant which is the case in most

practical models:

zk = Ak−1zk−1 +qk; where: qk ∼N(0,Qk); (state / dynamic equation)

yk = Hzk +ǫk; where: ǫk ∼N(0,Rk); (measurement equation) ,

.

(4.30)

also, z1 ∼ N(0,P0). The difference in the theory is not prohibitive if H also

depends on index k.

For instance, the state-space model for the Gaussian process with the Matérn
(
ν= 3

2

)
covariance function kν=3/2(t)=σ2

(
1+

p
3∆t
ℓ

)
exp

(
−

p
3∆t
ℓ

)
with two hyperparam-

eters ℓ - lengthscale and σ2 - magnitude is:

An−1 = A[∆tn]= expm




 0 1

−φ2 −2φ


∆tn


 , φ=

p
3

ℓ

P0 =


σ2 0

0 3σ2

ℓ2


 , H =

[
1 0

]

Qn = P0 − An−1P0A⊤
n−1.

(4.31)

4.4.1 Sparse precision matrix

It has already been shown in Eq. (4.14) with a three-time-points example,

that the covariance function K (t,t) of latent variables z at time points t =

[t1, t2, · · · , tN ]⊤ is:

K (t,t)=AQA⊤. (4.32)
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In this expression:

A=




I 0 0 · · · 0

A[∆t1] I 0 0

A[∆t1 +∆t2] A[∆t2] I · · · 0

...
...

. . .
...

A[
N∑

i=1

∆ti] A[
N∑

i=2

∆ti] A[
N∑

i=3

∆ti] · · · I




, (4.33)

Q=




P0 0 0 · · · 0

0 Q1 0 0

0 0 Q2 · · · 0

...
...

. . .
...

0 0 0 · · · QN




. (4.34)

There exist the following theorem (e.g. Anderson et al. [2015]) which shows

the sparsity of the inverse of the covariance matrix:

K
−1 =A−TQ−1A−1. (4.35)

.

Theorem 4.1. The inverse of the kernel matrix K from Eq. (4.32) is a block-

tridiagonal (BTD) and therefore is a sparse matrix.

The above result can be obtained by noting that the Q−1 is block diagonal

(denote the block size as b) and that

A−1 =




I 0 0 · · · 0

−A[∆t1] I 0 0

0 −A[∆t2] I · · · 0

...
...

. . .
...

0 0 0 −A[∆tN ] I




, (4.36)

which is easily checked by the direct multiplication.

It is easy to find the covariance of observation vector y= [y1, y2, · · · yN ]⊤. In the

state-space model (4.30) observations yi are linear transformations of state vec-

tors zi, hence according to the properties of linear transformations of Gaussian

variables, the covariance matrix in question is:

G K G⊤+ INσ2
n, (4.37)
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where G = (IN ⊗H) and the symbol ⊗ denotes the Kronecker product.

Note that in the state-space model Eq. (4.30), H is a row vector because yi are

1-dimensional. The summand INσ2
n correspond to the observational noise can

be ignored when we refer to the covariance matrix of the model. Therefore, we

see that the covariance matrix of y has the inner part K with a sparse (block-

tridiagonal) inverse. This property can be used for computational convenience

via the matrix inversion lemma.

4.4.2 Sparse inverse Gaussian process (SpInGP)

The sparseness of the inverse covariance can be utilized in the temporal Gaus-

sian Process Regression (GPR). We express 2 the covariance function of a GP

as:

K(t,t)≅G K (t,t)G⊤, (4.38)

which is the same as (4.37) without the noise contributions. Then, all the GP

formulas can be rewritten using the matrix inversion lemma, where we redefine

the noise Σ=σ2
nI :

[GK (t,t)G⊤+Σ]−1

=Σ
−1 −Σ

−1G[K (t,t)−1 +G⊤
Σ

−1G]−1G⊤
Σ

−1.

After substituting this expression into the formula which calculates the means

of the GP at new time points (4.7) we get:

m(t⋆)=GMK (t⋆,t)G⊤[Σ−1y−Σ
−1G×

[K (t,t)−1 +G⊤
Σ

−1G]−1(G⊤
Σ

−1 y)]︸ ︷︷ ︸
Computational subproblem 1

,
(4.39)

where GM = (IM ⊗H). The inverse of the matrix K (t,t) is available analyt-

ically from Theorem 4.1. It is a block-tridiagonal (BTD) matrix. The matrix

G⊤
Σ

−1G is a block-diagonal matrix which follows from:

G⊤
Σ

−1G =σn(IN ⊗H⊤)(IN ⊗H)=σ2
n(IN ⊗H⊤H).

However, the formula (4.39) might still be prohibitive to use. Even though

the matrix K
−1(t,t) is sparse (block-tridiagonal), the inverse matrix is dense.

So, the matrix K (t⋆,t) is dense as well. The total computational complexity of

2For some covariance functions this is an approximation, but this approximation can be

made arbitrarily small.
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the above formula, by using the proper inversion algorithm for BTD matrices

is O (MN). However if M is large then the matrix K (t⋆,t) may not fit into

computer memory because it is dense. Of course, it is possible to apply (4.39)

in batches taking each time a small number of new time points, but this is

cumbersome in implementation.

There is an alternative approach to compute the means of GP predictions at

time points t⋆. We need to combine the training and test points in one vector

T = [t⋆;t] of the size L = M+N which is sorted accordingly. Now consider the GP

covariance formula for the full covariance K(T,T). Note that according to the

previous discussion K(T,T)=GK (T,T)G⊤ and we try to express the covariance

K (T,T) through the inverse K
−1(T,T) which is sparse. The mean formula for

T is then:

m(T)=GL K (T,T) G⊤
L

[
GL K (T,T) G⊤

L +Σ
′]−1

y′. (4.40)

Here the GL by analogy equals (IL ⊗H), and Σ
′ contains σ2

n on those diagonal

positions which correspond to training points and ∞ on those which correspond

to new points (infinity must be understood in the limit sense). The vector y′ is

similarly augmented with zeros.

By applying the following matrix identity:

A−1B[D−CA−1B]−1 = [A−BD−1C]−1BD−1,

we arrive to:

m(T)=GL [K −1 +G⊤(Σ′)−1G]−1G⊤
L (Σ′)−1y′︸ ︷︷ ︸

Computational subproblem 1

. (4.41)

This formula involves the inversion of the of BTD matrix of the size L, but

avoids dealing with potentially large covariance matrices K (t⋆,t).

Similarly, by combining the training and test time points in the single vector T,

and using similar principles we derive the formula for temporal GP covariance

computation :

S(T,T)=GL [K −1 +G⊤
L (Σ′)−1GL]−1G⊤

L︸ ︷︷ ︸
Computational subproblem 2

. (4.42)

Typically, we are only interested in the diagonal of the covariance matrix (4.42),

therefore not all the elements need to be computed. Section 4.4.4 describes this

and other computational subproblems in more details.
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4.4.3 Marginal Likelihood

The marginal log-likelihood (or evidence) (Sec. 2.3.7) is required to perform the

hyperparameter inference in the Gaussian Process framework (Sec. 4.2.3). The

formula for the marginal log-likelihood of GP is:

log p(y|t)=−
1

2
y⊤[K +Σ]−1y︸ ︷︷ ︸

data fit term: ML_1

−
1

2
logdet[K +Σ]︸ ︷︷ ︸

determinant term: ML_2

−
N

2
log2π

(4.43)

Computation of the data fit term is very similar to the mean computation in

Section 4.4.2. For computing the determinant term the Determinant Inverse

Lemma must be applied. It allows the determinant computation to be expressed

as:

det[K +Σ]= det[GK G⊤+Σ]=

= det[K −1 +G⊤
Σ

−1G]︸ ︷︷ ︸
Computational subproblem 3

det[K ]det[Σ] .
(4.44)

We assume that Σ is diagonal, therefore det[Σ] is easy to compute: det[Σ]=

(σ2
n)N (N - number of data points). det[K ] = 1/det[K −1], so we need to know

how to compute the determinants of BTD matrices. This constitutes the third

computational problem to be addressed.

4.4.4 Summary of computational subproblems

Let’s consider briefly computational subproblems defined in the previous sections.

They all involve solving numerical problems with a symmetric block-tridiagonal

(BTD) matrces, e.g. in Eq. (4.41).

The mean computation in SpInGP formulation requires solving computa-

tional subproblem 1 which is emphasized in Eq. (4.41). It is a block-tridiagonal

linear system of equations:


?

?

...

?



=




A1 B1 · · · 0

C1 A2 0

...
...

. . .
...

0 0 · · · An




−1

x

x

...

x




(4.45)

This is a standard subproblem which can be solved with classical algorithm

- Thomas algorithm which is sequential; it performs block LU factorization of
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a given matrix. A parallel version has been developed. Unfortunately, block

matrix algorithms are rarely found in numerical libraries.

The computational subproblem 3 in Eq. (4.44) involves computing the de-

terminant of the same symmetric block-tridiagonal matrix. In general, any direct

(non-iterative) solver performs some version of LU (Cholesky in the symmetric

case) decomposition, therefore subproblem 3 is usually solved simultaneously

with subproblem 1.




? x · · · x

x ? x

...
...

. . .
...

x x · · · ?



=




A1 B1 · · · 0

C1 A2 0

...
...

. . .
...

0 0 · · · An




−1

×




X X · · · 0

X X 0

...
...

. . .
...

0 0 · · · X




(4.46)

Alternatively, we can tackle subproblems 1 and 3 by using general band matrix

solvers or sparse solvers. There are several general purpose direct sparse

solvers available: Cholmod, MUMPS, PARDISO etc. The restriction is that

the solver must be direct follows from the need to compute the determinant in

subproblem 3.

The computational subproblem 2 in Eq. (4.42) is a less general form of

computational problem 4. Computational subproblem 4 has not been men-

tioned in the previous sections. It appears when taking derivatives of the log

part of the log-marginal likelihood (4.43), as shown in publication VII. The

scheme of subproblem 4 is demonstrated in Eq. (4.46). In this scheme small x

means any single element and X any block. In short, the BTD matrix is inverted

and the right-hand side (rhs) is also a BTD matrix. Right-hand side blocks do

not have to be square, the only requirement is that the dimensions match. Since

the inversion of the block-tridiagonal matrix is a dense matrix the solution to

this problem is also a dense matrix. However, we are not interested in the whole

solution but only in the diagonal of the solution.

It can be noted that subproblem 4 can be solved by computing the BTD

part of the inverse of the matrix and then multiplying by the right-hand side.

This is true since the right-hand side is a BTD matrix. Hence, only the BTD

part of the inverse is needed to compute the required diagonal; computing

only some elements in an inverse matrix is called selective inversion. Some

direct sparse solvers implement selective inversion as a parallel algorithm.

Hence, subproblem 4 can also be solved by general sparse solvers. However,

developing the specialized numerical algorithms for BTD matrices may bring

better performance Petersen et al. [2009].
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4.4.5 Experiments

(a) Scaling of SpInGP w.r.t.

number of data points.

Marginal likelihood and its

derivatives are computed.

(b) Scaling of SpInGP and

KF w.r.t. number of data

points. Marginal likeli-

hood and its derivatives

are computed.

(c) Scaling of SpInGP w.r.t

block size of precision ma-

trix. 1000 data points.

Marginal likelihood and its

derivatives are computed.

Figure 4.6. Scaling of SpInGP. Publication VII

Implementation

The sequential algorithms for SpInGP based on the Thomas algorithm have been

implemented 3. The implementation of parallel versions has been postponed

for the future because it requires fine-tuning (in the case of using available

libraries) or substantial efforts if implemented from scratch.

Numpy and Scipy numerical libraries in Python are used for implementation.

The code is also integrated with the GPy [The GPy authors, 2012–2015] library

where many state-space kernels and a rich set of GP models are implemented.

Results are obtained on a regular laptop computer with Intel Core i7 CPU @

2.00GHz × 8 and with 8 Gb of RAM.

4.4.6 Simulated Data Experiments

We have generated artificial data which consists of two sinusoids immersed into

Gaussian noise. The speed of computing the marginal log-likelihood (MLL) along

with its derivatives are presented in Fig. 4.6a. SpInGP is compared with the

state-space form of temporal Gaussian Process Regression (also implemented

in GPy). The state-space model inference uses a Kalman Filter: referred to

as the KF model. The block size is b = 12 which corresponds to Matérn(ν= 3
2
)

plus Exponentiated quadratic (RBF) with 10-th order approximation. The same

test, but for a larger number of data points, is done to verify linear memory

consumption, results in Fig. 4.6b.

As expected the SpInGP and KF solution scales linearly with increasing

number of data points while standard GP scales cubically. The SpInGP is faster

3Source code available at: https://github.com/AlexGrig/SpInGP.git
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than KF here, but this is due to the implementation.

The next test we have conducted is the scaling analysis of the same models

with respect to the precision matrix block sizes b. From the same artificially

generated data, 1,000 data points have been taken and the marginal likelihood

and its derivatives have been calculated. Different kernels and kernel com-

binations have been tested so that block sizes of sparse covariance matrices

change accordingly. The results are shown in Fig. 4.6c. In this figure, we see the

superlinear scaling of SpInGP and KF inference (O (b3) in theory). The 1,000

data points is a relatively small number so the regular GP is much faster in this

case. These experiments demonstrate the computational complexity: the linear

scalability of sequential SpInGP inference and cubic scalability with respect to

the dimensionality of the latent space. SpInGP framework opens a way to the

sublinear scalability of temporal Gaussian processes and state-space models in

parallel computational environments.
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5.0.1 Randomly-weighted neural networks

Extreme Learning Machine (ELM) has deep connections with kernel methods.

Simple example with linear regression can elucidate the situation. Linear

regression can be expressed in the dual space as a kernel ridge regression with

the linear kernel. In general, a kernel algorithm can be interpreted as mapping

the data into possibly infinite dimensional space called Reproducing Hilbert

Space [Rasmussen and Williams, 2005, ch. 6]. It has been shown [Rahimi

and Recht, 2008] that a Gaussian kernel can be approximated with certain

probabilistic guarantees by a finite number of basis functions with random

weights. After this approximation, the problem can be converted back to the

primal space and solved by ordinary least squares. Extreme Learning Machine

is essentially doing the same, however, the corresponding kernel of ELM is

more similar to neural network kernel [Parviainen et al., 2010]. Obviously, the

approximation of the kernel with finite-dimensional random features allows

balancing the accuracy and computational complexity. Currently, it is still an

area of active research.

There are many extensions of the original Extreme Learning Machines. There

are deep ELMs [Tissera and McDonnell, 2016], autoencoder ELMs [Zhu et al.,

2015], and so forth. The common features of all this models are randomly

generated weights and simple optimization algorithms. In modern deep learning,

the idea is the opposite in some sense. Weights are optimized by a stochastic

optimization. Because of the complex optimization surface and randomness

of stochastic optimization, there is no clear understanding of the properties

of the resulting model and optimization process. Synthesis of the ELM ideas

and modern deep learning can help to better understand the strengths and

weaknesses of the latter [Yang et al., 2014], [Moczulski et al., 2015].

We can also view at Extreme Learning Machine from the Bayesian neural
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networks point of view. Bayesian neural networks treat weights as random

variables, assign a prior to them and compute a posterior. Variational inference

has recently advanced [Kucukelbir et al., 2017] to fit these models very efficiently.

ELM in turn has two types of weights: randomly generated and obtained by the

least-square solution. These structure has not been explored in the Bayesian

neural networks context.

5.0.2 Temporal Gaussian processes

These days Gaussian Process research is significantly driven by successes in

deep learning. There are deep Gaussian Process and new inference algorithms

for them [Salimbeni and Deisenroth, 2017] which are highly scalable. This line

of research is facilitated by the use of automatic differentiation libraries like

TensorFlow [Abadi et al., 2016], Pytorch [Paszke et al., 2017] etc. These libraries

also serve as a basis for developing GP-specific toolboxes like GPflow [Matthews

et al., 2016] and GPyTorch [Gardner et al., 2018].

Probabilistic temporal models are also influenced by neural networks re-

search. Long Short-Term Memory (LSTM) [Hochreiter and Schmidhuber, 1997]

networks are de facto standard for learning temporal dependencies in neural

networks community. Those have been merged with probabilistic models e.g.

Recurrent GPs [Mattos et al., 2016], Deep Kalman Filter [Krishnan et al., 2015].

I suppose that the valuable goal in this research would be to have benefits of

both: interpretability of the state-space models and the flexibility of the neural

networks. Also, understanding better the inference and uncertainty propagation

in deep temporal models in relation to simpler models seems to be the desirable

aim.

Complex spatio-temporal modeling with fast inference is a very important

tool in practice. The efforts are being devoted to this direction (e.g. [John and

Hensman, 2018]). Some ideas from this thesis can be used in spatio-temporal

modeling. For example, the SpinGP approach would be applicable to the spatio-

temporal GP with separable covariance functions.

Dealing with non-Gaussian likelihoods is also a frequently encountered situa-

tion. There are many methods in GP literature which are developed to deal with

non-Gaussian likelihoods. In particular, there are: Laplace approximation, Vari-

ational Bayes, Expectation Propagation etc. [Rasmussen and Williams, 2005].

The thesis’s author together with co-authors extended the temporal Gaussian

Processes to the non-Gaussian likelihoods [Nickisch et al., 2018]. The main

advantage of that work is linear computational complexity with respect to the

number of data points.
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5.0.3 Time series modeling and prediction

Several papers in this dissertation deal with time series data. So, here I briefly

review the applicability of neural networks and Gaussian Process/state-space

models for this task. The close relationships between Gaussian processes and

state-space models (Publication VI) is the cause why these two models are

considered jointly. It is worth to note that time series data is ubiquitous in

our life. Hence, many scientific disciplines have developed methods for their

modeling and prediction. For instance, in econometrics literature statistical

methods like ARIMA and their nonlinear extensions are popular. In physics,

methods based on the nonlinear dynamics have been developed [Kantz and

Schreiber, 2003].

There exist several factors which influence the choice of modeling approach

for time series data. These include: computational speed, presence of missing

values, presence of several parallel time series, need for uncertainty estimation,

exogenous variables, uneven sampling intervals, interpretability, incorporating

prior information. Depending on the available time series data and on the

desired properties of the resulting model the method should be selected.

Gaussian Process based methods and/or state-space models based methods

are more preferable when the following properties are required: computational

speed, robustness towards missing values, need for uncertainty estimation, un-

even sampling intervals, interpretability, incorporating prior information. One

important aspect of these models is that we can incorporate prior information

about the time series. For instance, we could define that it is a periodic with a

certain period and that it has certain trend. In general, the prediction problem

is hard to solve when the amount of data is small or when the system rapidly

forgets the previous behaviour. Using the priors is one possible solution to this

problem. In this case, the prediction is not purely data-driven but also takes

into account these prior beliefs.

Neural networks for time series have complementary strengths than GPs.

These are purely data-driven methods, and priors are hard to incorporate. They

are also slow to train and interpretability can be obtained by using extra com-

putationally intensive methods like SHAP [Lundberg and Lee, 2017]. However,

with the abundance of data and for multiple parallel time series neural networks

are typically a good choice.
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Errata

Publication VI

Figure numbers in figure captions are wrong. Cap-

tion of Fig.2 must be Fig.1, Caption of Fig.4 must

be Fig.2, Caption of Fig.6 must be Fig.3, Caption

of Fig.8 must be Fig.4. In the text the figure num-

bers are correct.

105



 

-o
tl

a
A

D
D

 
4

41
/

 9
10

2

 +f
ahgi

a*GM
FTSH

9  NBSI 5-0768-06-259-879  )detnirp( 
 NBSI 2-1768-06-259-879  )fdp( 
 NSSI 4394-9971  )detnirp( 
 NSSI 2494-9971  )fdp( 

 
ytisrevinU otlaA  

ecneicS fo loohcS  
ecneicS retupmoC fo tnemtrapeD  

 if.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 y
ik

sv
ei

ro
gi

r
G 

re
dn

ax
el

A
 s

es
se

co
rP

 n
ai

ss
ua

G l
ar

op
me

T 
dn

a 
sk

ro
wt

e
N l

ar
ue

N 
de

th
gi

e
W-

yl
mo

dn
a

R 
ni 

se
cn

av
d

A
 y

ti
sr

ev
i

n
U 

otl
a

A

 9102

 ecneicS retupmoC fo tnemtrapeD

-ylmodnaR ni secnavdA
skrowteN larueN dethgieW  

naissuaG laropmeT dna  
 sessecorP

 yiksveirogirG rednaxelA

 LAROTCOD
 SNOITATRESSID


	Aalto_DD_2019_144_Grigorievskiy_verkkoversio

