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1. Introduction

The reduced dimensionality of two-dimensional (2D) materials gives rise
to their extraordinary properties. The architype of 2D materials, graphene,
was discovered in 2004 by mechanically cleaving individual atomic layers
from everyday graphite. In such isolated carbon layers, the atoms form a
honeycomb lattice. Today, graphene can be produced using various tech-
niques, but the most promising for industrial-scale fabrication is chemical
vapor deposition (CVD). In CVD, graphene is grown on the surface of a
substrate material from a high-temperature vapor of precursor molecules
[1]. Graphene demonstrates exceptional electronic, mechanical, optical
and thermal properties [2], and has, therefore, a wide range of potential
applications, including transistors, electrically conducting composites, bat-
teries, electronic displays and gas sensors [2] — even space elevators owing
to its extremely high strength [3].

Since 2004, several 2D materials have been discovered. Silicene and ger-
manene are the silicon- and germanium-equivalents to graphene, but both
exhibit a corrugated honeycomb structure [4, 5]. They also retain the semi-
conductor nature of their bulk counterparts [6]. Indeed, a silicene-based
field-effect transistor was demonstrated recently [7]. Hexagonal boron
nitride (h-BN) shares the honeycomb lattice structure with the aforemen-
tioned, but with alternating boron and nitrogen atoms. Hexagonal boron
nitride also exhibits extremely high mechanical strength but is electrically
insulating, making it an attractive alternative for applications where a
resistive graphene analogue is desired. [8] Further binary 2D materials
include, for example, graphane [9], silicane [10], germanane [10, 11], and
MoS2 and MoSe2 [12].

Unfortunately, there is a catch — the extraordinary properties that 2D
materials are claimed to display are often realized in perfect crystals only
[13, 14, 15, 16]. Since these materials are, at most, a few atomic layers
thick, guiding their growth into such pristine crystals is a great challenge.
Indeed, CVD yields 2D materials with polycrystalline microstructures
composed of high-quality crystals or grains in various orientations and
stitched together by grain boundary line defects [17, 18]. While progress
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has been made in the recent years in achieving improved control and
ever-larger grain sizes [19, 20, 21, 22, 23, 24, 25, 26, 27, 28], and while
defects can also be beneficial from a functionalization viewpoint [16], better
understanding of the processes governing the growth and evolution of 2D
microstructures is needed to drive the fabrication techniques forward.

The main problem in understanding the evolution of defected microstruc-
tures is that they are extremely complicated. They span several orders of
magnitude in size from individual atoms and point defects to grains and
grain boundaries. Vast numbers of microscopic defects can be found within
a mesoscopic microstructure where they can arrange themselves in an
essentially unlimited number of ways. The defects engage in complex mu-
tual interactions via their long-range elastic fields. The atoms, defects and
grains move and evolve on completely different time scales ranging from
picoseconds to microseconds and much longer. Hence, despite the reduced
dimensionality of 2D materials, modeling their microscopic structure is
still, in many cases, beyond the reach of conventional techniques.

Clearly, based on the discussion above, a multiscale approach is needed
for modeling the formation and evolution of defected microstructures.
Phase field crystal (PFC) models, introduced first in 2002 [29] and de-
veloped for modeling microelasticity in polycrystalline materials, display
the necessary multiscale characteristics. PFC gives access to long length
scales and to slow, diffusive time scales, while retaining atomic-level res-
olution. PFC models use a smooth continuous density field n to describe
crystalline structures and free energy functionals that are minimized by n
being periodic with the corresponding crystal symmetries. This description
allows modeling crystalline structures in arbitrary positions and orienta-
tions, and incorporates elastoplastic behavior. [29] PFC is well-suited for
modeling the structure and energy of real 2D materials, but as of yet has
only a handful of demonstrations [30, 31, 32, 33].

In the work reported in this thesis, we set out to extend PFC to quan-
titative modeling of realistic, defected 2D microstructures of single-layer
materials, namely those of graphene and h-BN. Our goal was to demon-
strate the suitability of PFC for modeling such systems and to provide an
approach to better understand said microstructures and their evolution.
To familiarize the reader with the topic, we offer in Sec. 2 a brief intro-
duction to graphene and h-BN microstructures. In addition, in Sec. 3.1,
we lay out some conventional techniques for modeling materials and their
microstructures, and, in Sec. 3.2, we introduce the alternative, or rather
complementary PFC approach. Section 4 reviews our published works and
Sec. 5 concludes.

In Pub. I, we began our investigation of 2D microstructures by modeling
grain boundaries in graphene. More specifically, we assessed four different
PFC models in terms of the structures and formation energies of the grain
boundaries produced by them. We carried out a detailed comparison to
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previous and to our own atomistic calculations of said boundaries. We
identified PFC models ideal for this modeling task and applied them to
demonstrate modeling highly relaxed large-scale systems of polycrystalline
graphene. This work is summarized in Sec. 4.1.1. In Pub. II, we considered
another major defect type found in polycrystalline microstructures — grain
boundary triple junctions. By our careful analysis, we investigated and
verified the possibility of negative triple junctions formation energies.
We also determined that triple junctions have a minor influence on the
energy balance of an evolving microstructure due to their low absolute
formation energies. We found that PFC can give realistic triple junction
structures and formation energies. This work is reviewed in Sec. 4.1.2. In
Pub. III, we turned our attention to 2D microstructures as a whole and
considered a much broader spectrum of crystal symmetries. Using PFC,
we simulated the slow coarsening of large polycrystalline microstructures
of both regular periodic crystals and of quasicrystals. We introduced a
new method applicable to analyzing said microstructures and studied their
evolution and properties. This was a first-ever case for quasicrystals. We
found that the 2D microstructures studied shared many universal features
that are independent of the underlying lattice symmetries. This work is
discussed in Sec. 4.1.3.

In Pub. I, we observed the potential of PFC to yield model systems of
highly complex microstructures with realistic defect configurations. In
Pubs. IV - VI, we used PFC to produce model systems of defected graphene
and h-BN, and used molecular dynamics (MD) simulations to further study
their thermal properties. This synergistic approach has led to many new
discoveries concerning heat transport in monolayer materials. This work
is addressed in Sec. 4.2. Finally, Sec. 4.3 discusses a number of advanced
techniques developed in the course of the work detailed above to aid in
studying defected microstructures using PFC and other approaches.
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2. Graphene and h-BN microstructures

Single-layer graphene is a sheet of carbon with its atoms arranged into a
one-atom-thick honeycomb lattice. Each carbon is bonded to three other
carbons by covalent sp2 bonds at 120◦ angles. Single-layer h-BN, on the
other hand, is a compound forming a binary honeycomb lattice where every
other atom is a boron and every other is a nitrogen. Hence, each boron
is surrounded by three nitrogens and each nitrogen by three borons, all
at 120◦ angles. Figure 2.1 illustrates the atomic-level structure of both
materials, alongside further important concepts. These include the lattice
vectors a1 and a2 that indicate invariant lattice translations — any shift by
an integer combination of the lattice vectors leaves the lattice unchanged.
More formally χ (0)= χ (na1 +ma2), where χ describes the lattice and n,m ∈
Z. The magnitude of the lattice vectors equals the lattice constant |a1| =
|a2| = a, and the bond length is given by a/

�
3. Both materials have a

lattice constant of approx. 0.25 nm. The lattice vectors span the primitive
unit cells, i.e., the elementary repeating units of the lattice. For graphene,
the unit cell contains two carbons and, for h-BN, a boron and a nitrogen.
Finally, there are two high-symmetry, principal lattice directions for a
honeycomb lattice, zigzag and armchair, that are parallel to a1 and a1+a2,
respectively. [2, 34]

The most promising approach for industrial-scale production of 2D mate-
rials is by CVD growth, because it allows scalable production of large-area,
high-quality samples. In CVD, precursor molecules from a vapor phase
decompose to form a solid 2D crystal on a substrate. The energy needed to
sustain the chemical reactions can be provided in the form of heat, electric
discharge or light. Transition metals, e.g., copper, iron, nickel and plat-
inum, are common choices for a substrate for graphene and h-BN, but 2D
materials can serve as substrates to each other as well; consider graphene
on h-BN. [21, 20, 25]

While progress has been made in the recent years in controlling the
growth of graphene [21, 20, 19] and h-BN [23, 24, 25, 22] crystals, the
end product is typically polycrystalline. Nucleation sites on the substrate
seed crystals that grow high-quality lattice until they meet their neighbors.
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(a) (b)

AC

ZZ

a1

a2 AC

ZZ
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a2

Figure 2.1. Ball-and-stick models of the structures of (a) graphene and (b) h-BN. Carbons,
borons and nitrogens are given in red, green and blue, respectively. The lattice
vectors are denoted by a1 and a2, and they span the primitive unit cells
shaded with light red and cyan. The armchair (AC) and zigzag (ZZ) lattice
directions are also indicated.

Figure 2.2. Burgers loop and Burgers vector for a dislocation in a ball-and-stick model of
graphene. A Burgers loop has been sketched in red, going first 3

�
3/2 lattice

constants up in the armchair direction, then two lattice constants to the left in
the zigzag direction, next 3

�
3/2 lattice constants back down in the armchair

direction and finally two lattice constants back to the right in the zigzag
direction. The Burgers vector equal to the lattice constant (|b| = a) in blue
closes the Burgers loop and indicates that the loop encloses a dislocation
accommodating a lattice mismatch equal to a.
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Because the crystals often tend to nucleate in different orientations, most
neighboring grains end up with a misorientation between them. The mis-
match between the differently oriented lattices is accommodated by grain
boundaries stitching the neighboring lattices together. In 2D materials
such as graphene and h-BN, grain boundaries are line defects and they
have an associated, positive formation energy per unit length [35]. This
grain boundary energy is, in general, proportional to the misorientation,
but can be significantly low for certain high-symmetry boundaries [36].

Along a grain boundary, the lattice mismatch gets localized into a chain
of dislocations. In 2D, dislocations reduce to point defects. The spacing be-
tween the dislocations is inversely proportional to the misorientation across
the grain boundary (d ∝ 1/θ [37]). This means that large-misorientation
boundaries are essentially continuous chains of dislocations, whereas low-
misorientation boundaries are sparse arrays. Dislocations can be charac-
terized by a Burgers vector b indicating the lattice shift they accommodate
[38]; see Fig. 2.2. The Burgers vector is typically equal or comparable to
the lattice constant. Consequently, the width of grain boundaries is a few
lattice constants at most. Note, however, that the Burgers vector is not a
perfect descriptor for dislocations since different types of dislocations may
exhibit the same Burgers vector. For example, for the h-BN 5|7 and 4|8
dislocations [39] — the former composed of a pentagon and a heptagon,
and the latter of a tetragon and an octagon — the Burgers vector equals
the lattice constant for both. In graphene, 5|7 dislocations comprise most
grain boundaries [17, 18, 36].

Defects, especially grain boundaries, have a great influence on material
properties [16]. Perhaps the best know example is that of grain boundaries
rendering an otherwise transparent material translucent or even opaque
by scattering and diffusing the light that enters it. Grain boundaries have
a similar influence also on electric charge carriers such as electrons, as
well as on phonons, the quanta of lattice vibrations. As a consequence,
grain boundaries can impede the transmission of electric current, heat
and sound through a material. On the other hand, grain boundaries can
also serve a useful purpose, for example, in strengthening a material.
The yield strength of a material, its ability to resist plastic, or permanent
deformation, is inversely proportional to the square root of its characteristic
grain size. This relation, known as the Hall-Petch effect, is due to the
higher density of grain boundaries in a fine-grained material, impeding
the movement of dislocations, the mediators of deformation. [38] An
inverse effect is also known in nanocrystalline materials where the same
mechanisms do not apply [40].

Behaviors similar to the direct and inverse Hall-Petch effects have been
observed in 2D materials as well, for example, in graphene [41, 42], h-
BN [43, 44] and silicene [45]. It has also been observed that mechanical
failure in 2D materials typically commences with crack nucleation at grain
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boundaries or at the triple junctions formed by three boundaries [46, 41, 42,
47, 44]. A closer investigation has revealed that high-misorientation grain
boundaries have little influence on the mechanical strength of graphene,
but ones with small misorientation can as much as halve the ultimate
tensile strength of the material [13]. Many works have investigated the
influence of grain boundaries on electronic [14, 48] and heat [15, 49, 50,
51, 52] transport in 2D materials, and have found behavior similar to that
observed in bulk materials.
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3. Material and microstructural
modeling methods

The hallmark of modern science is testing one’s conceptions of reality
experimentally. Unfortunately, devicing experiments can be very time-
consuming or even prohibitively expensive. This is often the case with
producing and processing material samples. In addition, characterizing
their microscopic structure is often laborous and may require specialized
equipment. While experiments should have the final say, theoretical stud-
ies can provide valuable insight into the problem at hand and can thereby
guide the experiments: which tests are redundant, where lies the greatest
uncertainty and where might new, interesting behavior be discovered? In
this section, we lay out some different approaches to modeling materials
at the microscopic and mesoscopic scales. Finally, we introduce the PFC
approach and some of its extensions.

3.1 Conventional approaches

A classic example of the emergence of a microstructure is its solidifica-
tion from a liquid phase. An early approach to this problem are sharp
interface models where the advancing solidification front is modeled as a
mathematically thin boundary between two phases regarded as continuous
matter. The boundary moves in response to release or storing of latent
heat, respecting energy conservation and the laws of heat transport. The
position and shape of the boundary are described by a large number of
points that have to be updated on each time step according to the bound-
ary’s movement. In practice, the solidification front is often not flat but
rather very complex in shape, whereby tracking its movement explicitly
as required becomes a highly nontrivial problem necessitating advanced
numerical techniques. This problem has received significant attention
throughout the 20th century, but cannot yet be considered solved. [53, 54]

A more versatile approach to modeling complex microstructures are
phase field (PF) models. Here, instead of tracking the complicated evolution
of a sharp interface explicitly, a solidifying system can be modeled using
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a continuous order parameter ϕ that assumes one value in one phase
and another value in the other phase. Because ϕ is continuous, it is
forced to make a smooth transition from one value to the other at the
interface between the two phases. This property has earned PF models
their second name as diffuse interface models. [55] PF models are not
limited to modeling solid and liquid phases in solidification; rather, an
order parameter, or multiple, can be used to differentiate between different
solid or liquid phases and to represent various physical quantities, such
as temperature, concentration of a solute species or magnetization [56,
57, 58, 59]. Elasticity [60, 61] and crystal orientation [62, 63] can also be
incorporated into PF models.

It turns out that the idea of a diffuse interface is well-justified. From
thermodynamical considerations, van der Waals arrived at the conclusion
that such an interface is more natural than a sharp one [64]. Moreover, the
existence of diffuse, finite-width interfaces, albeit mere nanometers wide,
has been confirmed experimentally [65, 66, 67]. While the width of the
interfaces in PF calculations is often significantly larger due to numerical
limitations, this problem can be circumvented with a method that makes
the calculations quantitatively accurate despite the use of a thick diffuse
boundary [68, 69].

Phase field crystal (PFC) models bear a great similarity to PF models.
Let us take a closer look at a simple example of a PF model in anticipation
of PFC. The so-called model B is given by the free energy

F =
∫

dr
(

Rϕ2

2
+ ϕ4

4
+Ω

∣∣∇ϕ∣∣2) (3.1)

and diffusive dynamics for the evolution of ϕ

∂ϕ

∂t
=∇2δF

δϕ
, (3.2)

where δ/
(
δϕ

)
denotes a functional derivative with respect to ϕ. In Eq.

(3.1), the first two terms comprise a double-well potential and the third
incorporates a surface energy whose magnitude is controlled by parameter
Ω. Parameter R is typically related to a temperature difference relative
to a critical temperature. When R > 0, the double-well potential has a
unique minimum at ϕ= 0. However, when R < 0, the double-well potential
displays two minima ϕ=±ϕ∗ �= 0 whereby the system can display two stable
phases. The third term in Eq. (3.1) penalizes gradients in ϕ, enforcing
smooth, diffuse transitions between nearly constant states. This simple
model can be used to study spinodal decomposition, i.e., the dissociation of
a homogeneous solution into two separate phases as the temperature is
lowered below a related critical temperature. [55]

A notable limitation of the PF approach is that, as it treats matter as a
smoothed continuum, it cannot capture its microscopic details. The oppo-
site approach to modeling materials is from their microscopic structure up.
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The premise of classical density functional theory (CDFT) is to describe
atomic lattices in terms of a probability density of finding an atom in a
particular point. As its name suggests, CDFT is a purely classical approach
whose probabilistic nature does not stem from quantum-mechanical un-
certainty; rather, it offers a time-averaged picture where the thermally
vibrating atoms have been blurred into peaked probability clouds. [70, 71]
In fact, this is the greatest advantage of CDFT — it gives access to diffusive
time scales. Indeed, the slow dynamics of defects such as dislocations and
grain boundaries occur over such time scales several orders of magnitude
greater than those of atomic vibrations [72]. However, the shortcoming of
CDFT is the sharpness of its density peaks. Treating them in a numerically
stable and accurate fashion necessitates very high spatial discretization.
This renders modeling of defected large-scale microstructures infeasible.

An even more fundamental approach is quantum-mechanical density
functional theory (DFT) where a system is described in terms of an electron
density and point-like atomic nuclei. According to the Born-Oppenheimer
approximation, these two can be separated and solved individually in an
iterative fashion. The quantum-mechanical electronic structure is solved
assuming the dynamics of the nuclei much slower, effectively stationary,
and the positions of the nuclei are then updated to minimize the electro-
static force due to the electron density. The energy of the electronic system
is given by an effective electron density functional that, in practice, needs
to be approximated. [73, 74] Despite all the approximations that go into
DFT, finding a solution to the Schrödinger equation for a many-body sys-
tem is very expensive computationally, currently limiting this technique to
systems of some thousands of atoms at best.

Molecular dynamics (MD) overcomes the length scale limitations shared
by CDFT and DFT. In MD, the quantum-mechanical electronic structure
of matter is coarse-grained into effective interatomic potentials between
point-like atoms. The degree of physical motivation behind these classical
potentials varies from one to the next and their parameters are typically
fitted by matching simulated material properties with experiments or
theory. The atoms follow Newton’s equations of motion while subject to
the forces resulting from the interatomic potentials. [75] While systems of
millions of atoms can be handled with relative ease, resolving the atomic
vibrations becomes the numerical bottleneck — MD is limited to short
phonon time scales. As mentioned above, the evolution of microstructures
is typically orders of magnitude slower.

Accelerated molecular dynamics (AMD) methods have been developed to
alleviate the time scale limitations of MD. One such approach is parallel
replica dynamics where a system is replicated into multiple uncorrelated
copies. These copies are simulated independently until a transition, say
a dislocation slip, is detected, whereby the process is repeated, starting
with replication of the resulting configuration. Another method is called
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hyperdynamics where a bias potential is applied to make activation bar-
riers effectively lower and to speed up transitions. The third method is
temperature-accelerated dynamics (TAD) where a higher temperature is
used to boost transition rates, and transitions that would not be expected
at the original temperature are filtered out. While AMD methods have
been applied to many problems successfully, they might not always give
the acceleration desired, they involve detecting transitions and designing
effective bias potentials etc. [76] — AMD is hardly a universal solution to
the length and time scale limitations plaguing the techniques discussed so
far.

To summarize, conventional modeling techniques have significant lim-
itations regarding the length and time scales available to them. These
limitations render said methods ill-suited for modeling defected large-scale
microstructures. While PF models are successful in describing many of
the mesoscopic phenomena related to microstructure evolution, they are
unable to capture the influences of the atomic-level details of materials.
CDFT and DFT, on the other hand, are captives to the atomic scale —
considering systems of relevant size is prohibitively expensive. MD can be
pushed to millions of atoms, or even to billions, given sufficient computing
resources, but it is limited by the stiffness of the equations describing
the dynamics of microscopic structures. AMD has been developed as an
extension to MD to facilitate reaching experimentally relevant time scales,
but it comes with its own complications.

3.2 Phase field crystal

Phase field crystal (PFC) models are a family of multiscale methods that
offer simultaneous access to both microscopic and mesoscopic length scales,
as well as to the long, diffusive time scales needed for modeling the for-
mation and evolution of microstructures. In the range of techniques intro-
duced above, PFC, also a classical continuum method, falls between CDFT
and PF models. Like CDFT, PFC models describe crystalline systems using
periodic density fields n that, however, are much smoother and not peaked
as sharply. The mathematical formulations of simple PFC models bear
similarity to basic PF models.

As mentioned, PFC employs periodic density fields n to describe crys-
talline systems. While the peaks in n are very smooth, they form regu-
lar lattices that share their symmetries with real crystalline structures.
The energetics of PFC systems are governed by a free energy functional
F = F [n (r)] that is minimized by a periodic solution, or a ground state
n∗ = argmin[F (n)]. The symmetries of n∗ can be matched with the lattice
structure desired via the choice of model and its parameters. [29] As a
concrete example, consider the first and simplest PFC model introduced in
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2002 [29] with its dimensionless free energy functional given by

F =
∫

dr
[

R
2

n2 + 1
4

n4 + 1
2

n
(
q2 +∇2)2

n
]

. (3.3)

In the expression above, the first two terms comprise a double-well poten-
tial familiar from the conventional PF models and where R is again related
to temperature. In contrast to PF models, however, the surface energy
term is replaced by a rotationally invariant gradient term that penalizes
deviations from the length scale set by dimensionless q. This term not only
allows periodic ground states with arbitrary translations and orientations,
but it also results in Hookean elastic behavior. This simple PFC model
captures also plastic behavior and displays Peierls barriers [77].

The origins of this formulation are in the work of Swift and Hohenberg
who studied hydrodynamic fluctuations [78] using a similar free energy
functional

F
[
ϕ
(
ρ
)]= ∫

dρ
{
ϕ
(
ρ
)

2

[
α+λ

(
q2

0 +∇2)2
]
ϕ
(
ρ
)− b

3
ϕ
(
ρ
)3 + g

4
ϕ
(
ρ
)4
}

, (3.4)

where ϕ is an order parameter describing the system, ρ is the position
vector and α,λ, q0,b and g are phenomenological parameters [79]. Of these,
α and λ are related to the liquid state isothermal compressibility and to the
elastic constants of the crystalline state. Parameter b controls the average
density and g the amplitude of the oscillations in φ. [55] The dimensionless
free energy [Eq. (3.3)] can be obtained with a change of variables

r = q0ρ, (3.5)

n =
√

g
λq4

0

(
ϕ− b

3g

)
, (3.6)

and

R =− 1
λq4

0

(
b2

3g
−α

)
. (3.7)

By omitting all terms of first order or lower in n [they have no contribution
assuming conserved dynamics where the average density n̄ (t) = n̄ (t = 0)],
we find F (n)= gλ−2q−5

0 F
(
ϕ
)

[79].
The ground state n∗ depends on F, its parameters, the average density n̄

and the dimensionality of the system. In fact, the point-wise operations
and gradients in Eq. (3.3) are easy to implement in any number of spatial
dimensions D. This model is capable of producing various structures,
including constant (D ≥ 1), striped (D ≥ 1), hexagonal (D ≥ 2), body-centered
cubic (D = 3), face-centered cubic (D = 3) and hexagonal close-packed (D = 3)
[79]. In addition to the ground state or the thermodynamically stable
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Figure 3.1. Contour plot of an inverted hexagonal or honeycomb one-mode approximation
with arbitrary amplitude and q = 1. Higher (lower) values are indicated by
lighter (darker) colors.

phase, there can exist other solutions n = n′ that can be metastable states,
i.e., local minima. So-called one-mode approximations (OMAs) can be used
to provide insight into the different PFC phases. An OMA is given by the
sum of the lowest set of wave modes describing a lattice structure. For
example, a hexagonal or close-packed 2D lattice is given by

nhex = n̄+ A
(

cos(qx)cos
(

qy�
3

)
− 1

2
cos

(
2qy�

3

))
, (3.8)

where A gives the amplitude and wavenumber q defines the length scale;
see Fig. 3.1 for an illustration. It turns out that different OMAs approx-
imate many of the corresponding n′ closely, whereby it becomes feasible
to study many PFC models analytically. Indeed, one can approximate the
ground state by substituting different OMAs corresponding to different
lattice structures nOMA (A, q) into a PFC free energy functional F, by min-
imizing F

(
nOMA

)
with respect to A and q, and finally by identifying the

OMA that gives the lowest F. The ground state structure as a function
of model parameters, average density or both can be depicted in the form
of a phase diagram. A phase diagram partitions the chosen plane in a
model’s parameter space into separate regions, each corresponding to a
thermodynamically stable phase. Between such regions, there may be
coexistence regions where F is minimized by a combination of the two
phases. We point the reader to Refs. [37] and [79] for examples.

For defected PFC systems, solutions for n are typically found by starting
with an initial state n = n (t = 0) and by marching n forward in time itera-
tively while dissipating F. Usual initialization choices are grain structures
from OMAs and random noise. Two common choices for ”relaxing” n in
such a fashion are either to assume diffusive dynamics for n or to use
gradient descent with respect to n itself. We can express both as

∂n
∂t

= d
δF
δn

, (3.9)

where d=∇2 for diffusive dynamics and d=−1 for gradient descent, and
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δ/ (δn) denotes a functional derivative with respect to n. Diffusive, or
conserved dynamics are known as such, because they do not allow creation
or destruction of density — density must instead diffuse from one point
to another — leading to strict conservation of n̄. Recall that n̄ is one of
the main factors controlling the lattice symmetries in n. Under diffusive
dynamics, n can be viewed to describe a closed system that is unable
to exchange particles with its environment. This is analogous to a 2D
material placed in an inert environment. Gradient descent is also known as
nonconserved dynamics, because it does not enforce the local conservation
of density — extra density can appear out of nowhere or some of it can
similarly vanish if this lowers the free energy. Here, a chemical potential
term must be introduced to control n̄ and hence the lattice symmetries. The
use of nonconserved dynamics implies an open system that can exchange
particles with its environment. This can be a well-motivated choice as
well, for example, when considering a single-layer material in a hot CVD
vapor atmosphere. Equation (3.9) can be solved numerically using the
semi-implicit spectral method [55], among others.

The atomic-level periodicity of PFC density fields together with the
simple formulation of PFC equations and their amenability to spectral
treatment mean that PFC can capture length scales ranging from atomic
to mesoscopic. Moreover, the fact that the equations of motion for PFC
do not describe atomic or phononic vibrations means that the temporal
discretization, or simply the time step size can be relatively large, giving
access to slow, diffusive time scales over which the evolution of microstruc-
tures actually takes place. These properties give rise to the multiscale
characteristics of PFC models. For more insight into the motivations be-
hind PFC and into its origins, we refer the reader to the works of the
present author’s predecessors [80, 81].

The PFC approach also has some limitations. One issue is related to
the fact that PFC models operate on diffusive time scales. Perhaps the
most obvious consequence of this is that PFC does not capture atomic
vibrations. While this has not been found as an impairment when modeling
the evolution of microstructures over long time scales, it rules out phonons
and many other fast processes that are not driven by diffusion. Recently,
some success has been made in recovering fast dynamics in a PFC model by
coupling it to a hydrodynamic velocity field [82]. In addition, PFC models
do not allow for explicit vacancies — the PFC time scales correspond
roughly to vacancy diffusion, whereby such localized lack of density diffuses
throughout the system and is smeared out in the total density [37]. It
has been shown, however, that the simple PFC model can be modified to
include vacancies by constraining the density field to be nonnegative [83].
Another type of limitation is that PFC models lack vapor phases — in
addition to ordered phases, only high-density disordered or ”liquid” phases
can be captured. This is a potential issue when modeling the growth of
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2D materials within a vapor atmosphere. One solution to this problem
has been demonstrated recently by incorporating an atomically smoothed
version of the density into a PFC model [84].

Lastly, it should be clear from the simple formulation of PFC models
that they are rather generic and incorporate only very elementary physical
details, such as lattice symmetry and elasticity. While it is possible to
derive PFC from CDFT [85, 86], this involves series of approximations
obscuring the connections to the underlying microscopic theory. A more
typical approach, therefore, is to fit a PFC model to experiments or to
predictions of more fundamental theories. Multimode or structural PFC
models discussed in Sec. 3.2.1 attempt to strengthen the physical foun-
dations of PFC by incorporating more microscopic details of the lattice
structure.

Due to its convenient formulation and multiscale characteristics, the
basic one-mode PFC model has found many applications. It has first
been used to study the formation energies of grain boundaries between
misoriented grains, coarsening of polycrystalline microstructures over
time, and growth of strained epitaxial films with corrugation and misfit
dislocations [29]. A later study complemented these investigations with
those on heterogeneous nucleation, vacancy diffusion, inverse Hall-Petch
effect and crack propagation [37].

3.2.1 Extensions to the PFC model

Before concluding, we would like to briefly review some extensions to the
basic model [Eq. (3.3)] that we have also exploited in the work reported in
this thesis. These extentions include multimode or structural PFC mod-
els for additional or refined crystal structures, binary or multicomponent
models coupling two or more density fields together for multicomponent
structures, and amplitude expansions of PFC equations to overcome nu-
merical limitations on the length scales attainable.

While the basic model [Eq. (3.3)] has only a single controlled length scale,
multiple can be incorporated into a multimode or a structural PFC model.
The free energy of a multimode model can be given, for example, by

F =
∫

dr

{
R
2

n2 + 1
4

n4 + 1
2

n
N∏

i=1

[
ai

(
q2

i +∇2)2 +bi

]
n

}
, (3.10)

where N indicates the number of controlled length scales, or modes, and ai

and bi weigh the competing modes’ contributions given in dimensionless
units. Here, the product term penalizes deviations from the set of length
scales chosen. As a more concrete example, a 2D square lattice can be
stabilized by choosing N = 2 and q2 = q1

�
2, corresponding to the relative

length scales in said lattice [87]. A perhaps more sophisticated and possibly
more accurate approach for modeling real materials is to fit a PFC model to
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the pair-correlation function of the target structure [88]. Such a structural
PFC model allows better control of the lattice structure. Controlling length
scales as described above can also lead to different, unwanted structures
that happen to be stabilized by the same length scales. Similar models
have been used to study more complicated crystal structures, including
square and face-centered cubic [87], honeycomb [89, 31] and kagome [89],
as well as quasicrystalline [90].

Many material systems of practical interest are composed of multiple
species of atoms. In the context of this work, the best example is h-BN
where two interleaved hexagonal lattices of boron and nitrogen atoms form
a binary honeycomb lattice. To the first approximation, such systems can
be modeled using multiple density fields coupled together

F =
∫

dr

{
N∑

i=1

[
Ri

2
n2

i +
1
4

n4
i +

1
2

ni
(
q2

i +∇2)2
ni

]
+

N−1∑
i=1

N∑
j=i+1

(
αi jnin j

)}
,

(3.11)
where the first sum accounts for the contributions of the density fields ni

separately and the second, nested sum contains all possible couplings be-
tween the density fields. If the coupling coefficient αi j is negative (positive),
the free energy is minimized by ni and n j being (in)commensurate. For our
simple example of h-BN, we can choose N = 2 and α12 =α> 0. Such models
have been used in studying phase separation and eutectic, dendritic and
epitaxial growth [85], structural transformations in binary alloys [91] and
grain and inversion boundaries in h-BN [33].

The PFC approach comes with an issue that we have, so far, left un-
addressed. Namely, the periodic density fields confine us to a spatial
discretization smaller than the atomic spacing. While PFC equations can
be solved with highly efficient spectral methods relying on Fast Fourier
transform routines, this limitation eventually becomes an issue as the
system size is increased. Amplitude expansions of PFC models attempt to
overcome this issue. The idea behind amplitude expansions is to replace
the tightly oscillatory density field n by j slowly varying amplitude fields
η j = η j (r) that require less resolution for numerically accurate treatment.
More precisely, one substitutes n with the expansion

n →
∑

j

(
η j eıg j ·r +c.c.

)
(3.12)

in the PFC free energy and dynamics equations. In the expression above,
j indicates a set of lowest-mode reciprocal lattice vectors g j, each corre-
sponding to a complex-valued amplitude field η j, ı is the imaginary unit
and c.c. denotes the complex conjugate. [92] Of course, the substitution
(3.12) is not exact for a truncated set of wave modes and further approxima-
tions need to be made in deriving the amplitude-expanded equations. Most
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importantly, η j are assumed to vary on a length scale much larger than the
atomic spacing. Indeed, there is a trade-off between model accuracy and nu-
merical performance. The amplitude formulation, however, is compatible
with adaptive mesh refinement techniques where the spatial discretization
need not be uniform and is updated dynamically. The discretization can
be dense near defects and very sparse far from them, reducing the total
computational cost immensely. Amplitude PFC models have been found
advantageous in numerous studies concerning liquid-solid surface energy
anisotropy [93], solute segregation, eutectic solidification and island for-
mation on nanomembranes [94], morphological instabilities in strained
epitaxial films [95] and evolution of polycrystalline microstructures [96].

Lastly, we would like to point out that amplitude models have one signifi-
cant drawback related to rotation of crystals. In the amplitude description,
spatial oscillations are introduced to the amplitude fields as the crystals
described by them are rotated. As a consequence, the oscillatory ampli-
tude fields do not match and form unphysical boundaries between two
crystals with a relative rotation of 2π/m, where m is the order of rotational
symmetry (e.g., m = 6 for a honeycomb lattice).
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4. Modeling microstructures in 2D
materials

4.1 Realistic 2D microstructures from PFC

4.1.1 Grain boundaries in graphene

As mentioned earlier, the microstructure can have a large influence on
the material properties. High-quality samples of graphene and related 2D
materials are typically composed of a patchwork of near-perfect crystals
separated by grain boundaries [18, 17, 97]. We, therefore, first turned our
attention to grain boundaries in Pub. I. The simple and best known 2D
material, graphene [2], was our first material of choice. Grain boundaries
in graphene have been shown to display interesting mechanical, thermal
and electronic properties [98, 51, 15, 99]. In addition to experimental
works, countless theoretical studies have been conducted using MD and
DFT, e.g., Refs. [36, 100, 13, 50, 14, 101, 102]. While less coarse-grained
and thereby potentially more accurate material models, MD and DFT
come with their respective time and length scale limitations (recall Sec.
3.1), meaning that obtaining realistic, highly relaxed model systems for
numerical analyses is often very difficult.

In Pub. I, we assessed whether PFC with its multiscale characteristics
can be exploited to model realistic grain boundary structures in graphene.
We carried out a detailed analysis of varying grain boundary structures
and compared different PFC models with atomistic methods. We found
that a simple, so-called one-mode PFC model can indeed be used to predict
realistic defect configurations. We exploited it further in demonstrating
that it can be used to construct realistic large-scale model systems of poly-
crystalline graphene. In addition, we identified an extended three-mode
PFC model as giving quantitatively accurate estimates of grain boundaries’
formation energies. We also developed multiple complementary techniques
to aid in finding low-energy configurations of defects.
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We assessed the applicability of four different PFC models to modeling
graphene grain boundaries. The first was a one-mode model (PFC1) with a
free energy

F1 = c1

∫
dr

(
nL1n

2
+ τn3

3
+ n4

4

)
, (4.1)

where

L1 = R+(
q2 +∇2)2

, (4.2)

c1 is an energy scaling factor to convert the dimensionless energy values
to real units, R and τ are phenomenological parameters, and q = 1 controls
the periodic length scale [29]. We choose R and τ such as to yield inverted
hexagonal density fields where the density maxima form the desired honey-
comb lattice and the minima a hexagonal lattice. The density fields given
by PFC1 are, admittedly, not as realistic in their appearance as those of
some others considered in this work (if viewed as time-averaged probability
distributions of atom positions), but we wanted to probe the performance
of this minimalistic PFC model, nevertheless.

More realistic density fields are given, for example, by the three-mode
model (PFC3); cf. Fig. 1 in Pub. I. This model extends PFC1 with three
competing length scales that allow a stable honeycomb lattice [89]. The
free energy functional is given by

F3 = c3

∫
dr

(
nL3n

2
+ n4

4
+μn

)
, (4.3)

where

L3 = R+λ

3∏
i=1

(
bi +

(
q2

i +∇2)2
)

, (4.4)

c3 is again an energy scaling factor, μ is the chemical potential, and λ and
bi weigh the three competing modes’ contributions to the free energy. The
wavenumbers are chosen q1 = 1, q2 =

�
3 and q3 = 2 to match the relative

length scales of a honeycomb lattice.
We also wanted to test the suitability of the amplitude expansion of

the one-mode model [92] (APFC) for the present task. Recall that in this
approach the density field n is substituted with smooth complex amplitudes
ηi requiring less spatial resolution for numerically accurate treatment. In
essence, some model accuracy is exchanged for numerical performance.
The density fields reconstructed from the complex amplitudes appear
very similar to those given by PFC1. The reader can find the amplitude
expanded free energy in Pub. I.

As a final alternative model for graphene, we considered a structural PFC
model [31] (XPFC) that incorporates both two- and three-point interactions,
meaning that not only the bond length but also the bond angle can be
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controlled to achieve sparse, covalent-like lattice structures. While not
essential to our work, this model is convenient also in the sense that it
allows a coexistence between a true honeycomb phase and a disordered
phase. This makes it possible to model, for example, growing graphene
crystals. The free energy functional can be found in Pub. I.

We assumed nonconserved dynamics for efficient relaxation of our PFC
systems; recall Eq. (3.9). Nonconserved dynamics correspond to an open
system able to exchange particles with its environment. This is a reason-
able assumption for a monolayer grown and relaxed in a high-temperature
vapor atmosphere such as in CVD [1]. To improve our analyses, we com-
plemented the PFC dynamics with various advanced techniques described
briefly below and in full detail in Sec. 4.3.1. Due to the tendency of PFC3
to produce a rich variety of different metastable grain boundary structures,
we applied multiple cycles of simulated annealing localized to the PFC3
grain boundaries to find low-energy defect configurations. In addition,
to study specific structures, we occasionally preordained the PFC defect
configurations in an approach called ”soldering” where the initial states
for PFC calculations are modified manually. Lastly, for some systems, we
applied an algorithm that varies the model system size slightly to find the
optimal fit for the periodic structures within that minimizes their strain.

We initialized our model systems as symmetrically tilted bicrystals; see
Fig. 4.1 for an illustration. With periodic boundary conditions, each
system houses two grain boundaries. The initial crystal structure was
obtained by using a rotated honeycomb one-mode approximation [79]. The
misorientation between the two crystals is characterized by the tilt angle
2θ, a sum of the two grains’ individual rotations. We chose the limit 2θ = 0◦

to correspond to the grain boundaries being oriented in the armchair
direction and 2θ = 60◦ to grain boundaries in the zigzag direction. We also
fitted the system size and the periodicity of the rotated crystals carefully
together in the grain boundary direction to ensure continuity across the
periodic boundaries.

The free energy of such a periodic bicrystal can be expressed as

F = fs A+2γL, (4.5)

where fs is the formation energy per unit area of the perfect crystal, A
the area of the system, γ the grain boundary formation energy per unit
length or grain boundary energy for short and L the length of a single
grain boundary. We can calculate fs separately for a small single-crystal
and solve for the grain boundary energy

γ= L⊥
2

( f − fs) , (4.6)

where L⊥ = A/L and f = F/A. This expression cannot distinguish between
the two boundaries’ individual energies, but we showed that the PFC mod-
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(a) (b)

Figure 4.1. Model system of a graphene bicrystal. The system has periodic boundary
conditions and hence two grain boundaries. Note also that the small system
depicted here is not representative of the size of the systems considered in the
study. (a) The initial state where the interiors of the two crystals have been
obtained using a rotated honeycomb one-mode approximation, and where the
grain boundaries have been set to a constant-density state to allow them more
freedom when relaxing to find low-energy configurations. Here, the tilt angle
2θ ≈ 27.8◦. (b) The corresponding system fully relaxed using PFC1. The tilt
angle is indicated by the red wedge.

els considered, especially if complemented with the advanced techniques
discussed in Sec. 4.3.1, are rather robust in finding similar, low-energy
defect configurations for both boundaries.

The PFC models under consideration can, in principle, be derived from
CDFT [85, 86] whereby a connection between their parameters and an
underlying microscopic theory can be made. However, as such derivations
entail inevitable series of approximations, it is, in practice, often more
straightforward to determine the model parameters directly from material
properties such as elastic or energetic properties. Since we were studying
grain boundaries, we fitted the PFC models to the formation energies of
grain boundaries. No related experimental data exists whereby we resorted
to quantum-mechanical DFT calculations of said formation energies. To not
overfit the models, we fixed all other model parameters to values reported
in previous works and fitted using only the energy scaling factors of the
models. Note also that PFC3 and XPFC with their extra parameters were
not matched quantitatively with graphene in the works that introduced
them. However, the length scales and the rotational symmetry that go into
the respective models are, of course, fixed by the crystal structure. In small-
angle boundaries, the dislocations comprising them are well separated
[37] and are, therefore, in the long-range limit where PFC models should
be able to describe their elastic fields well. Hence, we fitted using small-
angle boundaries where 2θ ≈ 4.4◦ and the system size set by the dislocation
spacing d ∝ 1/θ [37] is still feasible. The model system was first relaxed
using PFC1 and then using the other three PFC models and DFT for an
exact comparison. For DFT calculations, the density field was converted
into atomic coordinates. The conversion algorithm is described in Sec.
4.3.2.

With the energy scales of the PFC models fitted, we studied the elastic
response of single-crystalline graphene. All models gave reasonable esti-
mates of the Young’s modulus, but PFC3 and XPFC were actually within
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Figure 4.2. Grain boundary energy as a function of the tilt angle 2θ. The values are
given by PFC1, APFC, PFC3, XPFC, DFT (both 2D and 3D calculations)
and MD (Tersoff and AIREBO potentials in 2D and 3D, respectively). The
values correspond to lowest-energy grain boundary configurations composed
exclusively of 5|7 dislocations. The PFC3∗ data set is an exception including
also other dislocation types in addition to 5|7 dislocations. There are two
separate data sets for APFC corresponding to the armchair (AC) and zigzag
(ZZ) limits. The insets give the PFC1 density field around a 5|7 dislocation
at 2θ ≈ 46.8◦ and ball-and-stick model examples of the PFC1 grain boundary
structures obtained at 2θ ≈ 21.8◦,27.8◦ and 32.1◦. Reproduced after Pub. I.

10% of the 1 TPa expected based on our DFT calculations. For the Poisson’s
ratio, only XPFC gave a reasonably accurate result of 0.16 compared to the
0.18 expected. We had, however, done a rough fitting of the XPFC model to
the correct Poisson’s ratio.

Figure 4.2 shows the grain boundary energies obtained using the dif-
ferent PFC models, MD and DFT, as a function of the tilt angle 2θ. In
general, the PFC models capture the grain boundary energy qualitatively
well. The grain boundary energy starts from zero for perfect crystals at
2θ = 0◦ and 2θ = 60◦, and increases roughly until the maximal misorien-
tation at 2θ = 30◦. Note that there are two complementary data sets for
APFC that show expected behavior in their first halves, but saturate soon
outside them. This is due to the small-misorientation limitation of ampli-
tude expanded models where unphysical boundaries are formed when the
misorientation approaches 60◦ [55]. All models except APFC also capture
the dips in energy corresponding to highly symmetric grain boundaries
[36] at 2θ ≈ 21.8◦, 32.2◦ and 42.1◦.

In terms of absolute energies, PFC1, APFC and XPFC reach values as
high as around 7 eV/nm, whereas PFC3 saturates at around 5 eV/nm. In
fact, PFC3 is in very good agreement with our MD results for systems
constrained to a plane, with significant deviation in the grain boundary
energy only around 2θ ≈ 32.2◦. PFC3 agrees well also with our DFT results
for planar systems where the misorientation is less than 15◦, but overes-
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timates the grain boundary energy noticeably for larger misorientations.
In general, the PFC models give rather shallow dips in energy for the
high-symmetry boundaries, whereas both atomistic models show much
more pronounced decrease. The energies for MD and DFT systems allowed
to buckle out of plane tend to be lower than those for the corresponding
flat systems due to relief of local in-plane stress via buckling [36].

We also carried out a careful comparison to previous atomistic calcula-
tions; see Fig. 5 in Pub. I for a plot of the results and for references to the
earlier works. Here, we included previous results to our analysis only if
we were highly confident that the corresponding grain boundary config-
urations were topologically identical to ours. The first thing to notice is
that there is quite a lot of scatter in the data, possibly due to the different
methods and interatomic potentials used, due to finite-size effects or even
due to insufficient relaxation. Our PFC3 results fall in the high end of the
spectrum, but not far outside it. Of course, majority of the values shown
are for systems that have been allowed to relax further by buckling out of
plane. However, we did find a DFT data set for planar systems [36] and it
is in very good agreement with our corresponding results. This validates
our DFT calculations and the PFC model systems used. Our DFT data for
buckled systems is well within the range of the earlier results, indicating
that, also for buckled monolayers, realistic in-plane configurations can be
obtained from fully flat PFC calculations.

In addition, we took a closer look at the topology, or the networks formed
by the atoms bonded to their neighbors, in our PFC systems. We omitted
XPFC and APFC from this analysis due to their greater computational
cost and disregard of the discrete nature of crystal lattices, respectively.
PFC3 was observed to produce a rich variety of grain boundaries whose
structures are not realistic for some misorientations. We omit here the
discussion of such structures as irrelevant to this thesis; a comprehensive
investigation can be found in Pub. I.

At a larger scale, PFC1 produces grain boundary configurations with
highly regular arrays of dislocations; see the insets in present Fig. 4.2,
or in Fig. 7 in Pub. I for examples. Down at the atomic scale, we found
that PFC1 gives 5|7 dislocations virtually exclusively; see the insets in Fig.
4.2 for examples. This dislocation type has the strongest support in the
literature [18, 17, 36] and our atomistic calculations further show that the
formation energies of grain boundaries consisting purely of 5|7 dislocations
are lower than those of alternative grain boundary structures. In fact,
5|6|7 was the only other dislocation type we were able to stabilize, and only
by soldering and only at 2θ ≈ 32.2◦. Lastly, small- and intermediate-angle
boundaries close to the zigzag lattice direction are composed of a number
of pairs of dislocations alternatingly slanted with respect to the grain
boundary direction. It has been shown that, for monolayers constrained
into a plane, a disperse ordering of the dislocations is energetically favored,
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whereas, for buckled systems, dislocations paired up in contact is preferred
[36]. We observed that PFC1 prefers the paired variant as expected in 2D,
and our atomistic calculations also agreed with the said energy preferences
for both the flat and buckled configurations.

Finally, having identified PFC1 as the ideal choice for modeling the topol-
ogy of grain boundary structures, we demonstrated using it to construct
realistic large-scale model systems of polycrystalline graphene. Such model
systems can be converted into atomic coordinates (see Sec. 4.3.2) and can
then be exploited in further mechanical, thermal, electronic etc. calcula-
tions. The PFC systems were initialized with a constant density, excluding
16 small, randomly placed and oriented crystallites. This set-up is anal-
ogous to a supercooled liquid having begun crystallization at nucleation
sites. For some parameter combinations of the one-mode PFC model, it
is possible that a metastable stripe phase may solidify first, followed by
recrystallization into the honeycomb structure desired, but with a high
density of residual defects. To ensure stable growth of pristine honeycomb
crystals, we modified the PFC1 model slightly to move closer to the solid-
liquid coexistence. Once the systems had fully solidified, we finalized the
relaxation further from the coexistence for less diffuse defect structures.

Figure 4.3 demonstrates one of the polycrystalline model systems ob-
tained. The systems displayed various misorientations between neighbor-
ing grains. The grain boundaries were, regardless, again highly regular
with periodic arrays of dislocations. Following Pub. I, we have observed
that one-mode PFC models produce 5|7 dislocations virtually exclusively
also in random polycrystalline systems. The MD simulations carried out
at room temperature caused the monolayer systems to buckle out of plane.
Sharp creases in the monolayer were observed to coincide with the grain
boundaries, which is consistent with the bending of grain boundaries ob-
served in previous works [103, 104, 105, 106]. Lastly, we studied the total
defect formation energy density Γ (eV/nm2) in the systems as a function of
their average linear grain size d (nm). Using both the PFC model and MD,
we observed the expected linear scaling Γ∝ 1/d, indicative of well-relaxed
systems. We found good agreement between both methods and with the
data points inferred from Refs. [107, 108].

4.1.2 Grain boundary triple junctions in graphene

In Pub. II, we turned our attention to another key structural element in
graphene microstructures, namely grain boundary triple junctions. Such
triple junctions are the lines (points) where three grains and grain bound-
aries meet in a polycrystalline 3D (2D) material. Triple junctions can in-
fluence microstructures and their evolution in many potential ways. First
of all, they have a nonzero formation energy which must be subtracted
from the total energy available to drive the evolution of the microstruc-
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Figure 4.3. Polycrystalline PFC1 model system with linear size 96 nm. The different
lattice orientations are indicated by different hues and the lattice defects
appear dark; see Sec. 4.3.3 for more details of the coloring. Reproduced after
Pub. I.

ture. In addition, they can have a kinetic influence as well, such as by
dragging the motion of grain boundaries [109, 110, 111] or by serving as
high-mobility channels for diffusion [112, 110, 113] (in 3D only). Lastly,
triple junctions may also weaken a material by acting as sites for crack
nucleation [46, 41, 42, 47]. Of the properties listed above, perhaps the most
interesting is triple junction formation energy — there have been claims
that it can be negative. A large number of differing opinions have been pre-
sented regarding this matter [114, 115, 35, 116, 117, 118, 119, 120, 121],
but a lot of the dispute boils down to how grain boundaries and their triple
junctions should be modeled. The only consistent approach is through
the total free energy F, given by Eq. (4.7), whose different contributions
scale with different powers of the linear size scale of the system L. If the
free energy density of the perfect crystalline state and the free energy line
density of the grain boundaries are subtracted, the remainder is rigorously
the formation energy of point defects, or in this case, that of triple junctions.
A concise summary of the dispute can be found in Pub. II.

We set out to investigate whether negative triple junction energies are
indeed possible in graphene. Furthermore, we wanted to understand the
energetic role of triple junctions in 2D microstructures. Having identified
in Pub. I ideal PFC models for modeling both the structure and the
formation energy of grain boundaries in graphene, we were in a good
position to answer these questions. In addition, we came up with a highly
symmetric model system layout to simplify the analysis. We used PFC1
to obtain model systems of triple junctions and PFC3 to relax the model
systems further and to give better estimates of the triple junction energies.
We used the same exact PFC models, model parameters and relaxational
dynamics as in Pub. I. We obtained both negative and positive triple
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Figure 4.4. Ball-and-stick model of a relaxed triple junction model system with six
hexagon-shaped grains, six symmetric and 12 asymmetric grain boundaries,
and 12 triple junctions. The center and corner grains have armchair edges
whereas the others have been rotated by θ ≈±16.1◦. Reproduced after Pub. II.

junction energies with an absolute scale of single electronvolts. The data
have quite a lot of scatter and show mostly no clear trends. Nevertheless,
our PFC and MD calculations agree well in terms of the formation energies.
We observed various triple junction core structures with different levels of
clustering of pentagons and heptagons. We demonstrated the stability of
the core structures from PFC using DFT calculations.

As mentioned, we constrained ourselves to a highly symmetric family
of triple junctions to minimize the large number of degrees of freedom
related to triple junctions [35]. Figure 4.4 demonstrates a typical, periodic
model system. All grain boundaries meet at 120◦ angles. One of the grains
neighboring a triple junction has either armchair (AC) or zigzag (ZZ) edges
and the other two have been rotated symmetrically with respect to the
former. We use θAC and θZZ to indicate both the orientation of the first grain
and the rotation of the latter two. The main advantage of this layout is
that all 12 triple junctions in it are identical in terms of their macroscopic,
or orientational variables. Note, however, that the symmetry is inevitably
broken at the atomic level due to our imperfect initialization, using a
rectangular calculation grid etc. There are also six symmetric and 12
asymmetric grain boundaries found between symmetrically rotated grains
and between one rotated grain and one in armchair or zigzag orientation,
respectively. The model system sizes were chosen by requiring that the
periodicities of the grain boundaries are matched to a high degree.

The total free energy of any single-phase 2D microstructure can be
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expressed as

F = fs A+ fLL+ f pN, (4.7)

where A is the area of the system, L the total length of line defects and
N the number of point defects in it. The corresponding formation energy
densities are given by fs, fL and f p, respectively. For the present model
systems, fL is the average grain boundary energy and f p the average triple
junction energy. The total formation energy of the defects in a system can
be obtained by first calculating fs for a single-crystalline system and then
by subtracting the corresponding ground state energy

ΔF = F − fs A = fLL+ f pN. (4.8)

Now, we can solve f p =ΔF (L = 0)/N and fL = ∂ (ΔF) /∂L by scaling the model
system dimensions. We doubled, tripled, quadrupled and quintupled the
system and the grain size, and, thereby, also L. It should be noted that,
for different L, slightly different triple junction and grain boundary con-
figurations are likely to emerge whereby F (L) is expected to be somewhat
nonlinear or at least slightly jagged. We estimated one-sigma confidence
intervals for the triple junction energies using the variance in the linearly
fitted data. We observed highly linear scaling of ΔF as a function of L in
most cases; see Fig. 2 in Pub. II. The intercepts are also often negative and
their absolute scale is on the order of tens of electronvolts. The crossover
from a positive ΔF to a negative one occurs typically for L of just a few
nanometers. Here the grains, grain boundaries and triple junctions in our
model systems would be ill-defined.

Figure 4.5 demonstrates the average triple junction formation energy as
a function of θ as given by PFC3. Negative formation energies are observed
for the majority of θ. Note, however, that if fp < 0, then at least one, but
not necessarily every triple junction has a negative formation energy. In
general, for both PFC1 and PFC3, the data appear quite similar and the
formation energies are on the order of single electronvolts; see Pub. II for
full details. The average for both models, approx. −0.5 eV, is an order of
magnitude lower than the formation energies reported for isolated defects
in graphene [36, 100, 122]. Triple junction formation energies have been
reported only for 3D materials in the previous literature, but treating
our triple junctions as line defects of length 0.335 nm gives line tensions
well within the spread of these earlier results [117, 118, 119, 120, 121].
The most obvious feature in the present data is that there is quite a lot
of scatter and outliers. Nevertheless, the data appear quite consistent
between both models and there seems to be some correlation between the
armchair and the zigzag cases as well. This correlation could imply that
the triple junction energy is dominated by misorientation and distribution
of defects, and not by their atomic-level structures. There are, however,
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Figure 4.5. Triple junction formation energy given by PFC3 as a function of the rotation
angle θ. In the legend, ”AC” and ”ZZ” correspond to armchair and zigzag edges
for the unrotated grains. Reproduced after Pub. II.

few clear trends as a function of θ in the data. We used MD calculations
to obtain some comparative estimates for the triple junction energies. We
picked a handful of cases where the model system sizes are modest and the
triple junction energies are negative. The MD results shown in Figs. 4 (c)
and (d) in Pub. II are in good agreement with PFC3 with few outliers. The
MD results for systems both constrained to a plane as well as allowed to
buckle out of the plane show mostly mutually similar formation energies.
PFC3 appears to be in a good quantitative agreement with MD.

Most model systems retained a lot of their initial, high degree of symme-
try after PFC relaxation. The atomic-level details of their core structures,
however, show some symmetry breaking. Figure 4.6 offers a collage of
said core structures. As the first example of symmetry breaking, we bring
up polarities of grain boundaries at triple junctions. By the polarity of a
grain boundary we mean n̂ · (t̂× b̂)=±1 where n̂ is a unit vector normal to
the monolayer, t̂ a unit vector from the triple junction in the direction of
the grain boundary and b̂ a unit vector parallel to the Burgers vector of
said boundary. Half of the triple junctions in our model systems have an
excess of one polarity and the other half an excess of the other polarity.
This manifests as more pentagons or heptagons facing a triple junction;
see Figs. 4.6 (a) and (b) for examples. The difference in formation energy
between these two flavors is, most likely, negligible, unless the dislocations
come very close to one another at the triple junction core. Another common
dissimilarity between the triple junctions is observed in connection to
small-angle boundaries composed of sparse arrays of dislocations. While
the separation between the dislocations is fixed by misorientation (d ∝ 1/θ
[37]), the array as a whole may be shifted slightly along the grain boundary
line due to imperfect symmetry. As a consequence, at some triple junctions
the dislocations may come closer or farther to each other than elsewhere;
see Figs. 4.6 (c) and (d) for examples. Here, the elastic fields of the dislo-
cations might display quite different overlap whereby the corresponding
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Figure 4.6. Collage of triple junction core structures. Panels (a) and (b) contrast the two
possible combinations of grain boundary polarities. Panels (c) and (d) highlight
the difference in separation between dislocations around two triple junctions
from the same model system. Panels (e) and (f) exemplify different configura-
tions of pentagons and heptagons at triple junction cores. Reproduced after
Pub. II.

formation energies could also be noticeably different. In addition to these
differences, the triple junction core structures vary in many other ways
between and within the PFC model systems. For small-angle grain bound-
aries, only 5|7 dislocations are observed around the triple junction cores.
As the misorientation increases, the pentagons and heptagons cluster in
varying arrangements, and isolated pentagons and heptagons surrounded
solely by hexagons are observed as well. See Figs. 4.6 (e) and (f) for some
examples of such core structures.

Finally, we hand-picked a representative sample of the various triple
junction core structures to investigate the stability and realism of the PFC
configurations using DFT. We cut small circular flakes around the cores to
keep the computational workload modest. All structures proved stable and
remained topologically unchanged under DFT relaxation. The number of
nonhexagons in some of the more clustered structures could, in principle,
be reduced by addition or removal of atoms, but it is not clear whether these
structures are metastable or if the additional nonhexagons help eliminate
strain energy. The flakes also buckle quite significantly. A lot of the
buckling is, most likely, due to the tendency of grain boundaries to buckle
[103, 104, 105, 106]. However, the isolated pentagons and heptagons are
also observed to cause noticeable buckling.
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4.1.3 Microstructures for different 2D lattice symmetries

In Pub. III, instead of focusing on a particular defect type in a specific mate-
rial, we took a much broader look into different 2D microstructures. Here,
we used a simple PFC model to simulate the coarsening of microstructures
with various underlying lattice symmetries. More precisely, we considered
both regular periodic systems (square and hexagonal lattices) as well as
quasicrystalline ones (ten- and 12-fold quasi-lattices). We studied and
contrasted various microstructural properties and distributions, including
grain sizes, numbers of neighboring grains, size ratios and misorientations
between neighboring grains etc. Our microstructural analysis yielded re-
sults in good agreement with existing literature, e.g., power-law growth
of average grain sizes and log-normal distributions for the grain sizes
[123, 124, 125, 126, 127, 128]. Moreover, we found that many microstruc-
tural properties and distributions are universal and do not depend on the
underlying lattice symmetry. As a notable exception, the grain misorienta-
tion distributions were observed deviant between, but possibly not due to,
the different lattice symmetries.

This detailed analysis and comparison of microstructures with very
different underlying lattice symmetries was made possible by the grain
extraction method introduced in the same work. This method allows
segmenting polycrystalline microstructures of various underlying lattice
symmetries into their constituent grains in an automated fashion and with
high accuracy. Figure 4.7 illustrates how a polycrystalline system is first
converted into a so-called orientation field and is thereafter segmented
into grains. Previously, a number of approaches have been reported for
characterizing microstructures [129, 130, 131, 132, 133], including a few
for segmenting them into their constituent grains [127, 128, 134]. However,
the present method is the first applicable also to quasicrystals. Indeed,
the present understanding of quasicrystalline microstructures and their
influence on material properties is still in its infancy.

We used a simple PFC model [87, 90] to obtain model systems of mi-
crostructures for the four lattice types considered in this work. These
were exploited both in benchmarking and optimizing the grain extraction
method, as well as in the actual microstructural analysis. The free energy
functional is given by

F =
∫

dr

(
n
2

(
R+

N∏
i=1

(
q2

i +∇2)2
)

n+ n4

4

)
, (4.9)

where we choose q1 = 1 for all lattice types and N = 1 for the hexagonal
lattice. The other symmetries require a second controlled length scale
whereby N = 2 and q2 is set to match the relative reciprocal length specific
to each lattice type. In addition, the temperature-related parameter R
and the average density n̄ had to be chosen appropriately for the model
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Figure 4.7. Demonstration of the grain extraction method for a polycrystalline square
lattice. (a) The original density field. (b) The orientation field where different
lattice orientations are indicated by different hues and defects as darker re-
gions. (c) The segmented grain structure where the borders between individual
grains are drawn in black.

to yield the lattice type desired. We assumed diffusive dynamics [see Eq.
(3.9)] to drive n forward in time and to coarsen the microstructures. With
diffusive dynamics, our model for hexagonal systems was identical to that
used in Ref. [127]. Stability of all lattice types was ensured by initializing
the corresponding density fields with finite-sized, small crystals in random
orientations. The initial lattice structures were obtained using one-mode
approximations.

The workings of the grain extraction method are explained and illus-
trated in detail in Sec. 4.3, but we will summarize them briefly here. The
method relies on first forming a so-called orientation field φ indicating
the local lattice orientation and defects in the original system. Obtaining
the orientation field entails a point-wise multiplication operation and two
convolutions before and after, carried out most efficiently in Fourier space.
The orientation field is processed further into a so-called deformation field
χ that is more convenient to the subsequent steps of the algorithm. The
latter field is a filtered, smoother version of the former and its magnitude
highlights the grain boundaries and individual defects in the original sys-
tem. The system is first partitioned into subdomains, precursors of the
true grains, by growing the subdomains in the deformation field at the
same rate, meaning that their growth fronts always share the same value
of χ. Quite often, grains get subdivided into multiple subdomains due to
multiple local minima in χ within a grain. As a final step, the true grains
are obtained by merging such extra subdomains with their neighbors. The
subdomains to be merged are detected based on the lattice misorientation
between them. The misorientation threshold was chosen to maximize
the agreement with a handful of manual segmentations prepared by the
present author for some microstructures. We varied the threshold and
benchmarked the method against multiple authors’ manual segmentations,
as well as against segmentations produced by a previous related method
for hexagonal lattices [128]. We found that the method can be tuned to
match all segmentations with a high level of agreement.
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The main results of the microstructural analysis are summarized below;
the additional results, including the distributions for grains’ size and as-
pect ratios, their misalignments and circularities, as well as the number of
their neighbors, can be found in Pub. III and in its supplemental material.
Overall, we found good agreement with previous works and revealed that
quasicrystalline microstructures are strikingly similar to their crystalline
counterparts. While the atomic-level details are obviously different be-
tween and within these two families, the mesoscopic networks of grains
and grain boundaries in them display mostly universal features. The av-
erage linear grain size was found to follow power-law growth as expected
[123, 124, 125]; see Fig. 4.8 (a). We observed growth exponents roughly be-
tween 1/5 and 1/4 with the quasicrystalline grains growing slightly faster
than the regular crystals. Our PFC model for hexagonal systems was
identical to that used in Ref. [127] and we reproduced the same growth
exponent as reported there. The normalized grain size distributions were
observed log-normal and virtually identical between the different lattice
types; see Fig. 4.8 (b) that demonstrates the log-normal distributions of
grain sizes for 10-fold quasicrystals. Log-normal distributions have been
reported previously for both theoretical model systems as well as for exper-
imental thin film samples [126]. The distributions do not show significant
change as a function of time. The grain misorientation distributions, on
the other hand, were discovered strikingly dissimilar. The distributions
for hexagonal and ten-fold lattices are both approximately linear, but the
former suggest there are more high-angle boundaries whereas the opposite
is true for the latter. Figure 4.8 (c) demonstrates the misorientation dis-
tributions for hexagonal lattices. A previous work [128] reported a slight
preference toward smaller misorientations for hexagonal PFC microstruc-
tures, in conflict with our result. We applied our grain extraction method
to model systems from this previous work and confirmed their result. It
seems that the misorientation distributions are sensitive to the choice of
parameters for a PFC model. The corresponding distributions for square
and 12-fold lattices display some excess around misorientations of approx.
15◦ and 7◦, respectively. We carried out grain boundary energy calculations
in hopes of finding corresponding low-energy boundaries that could help
explain the distributions, but observed no evidence of such boundaries.

We also demonstrated that the grain extraction method is not limited
to PFC systems. Similarly to our other works, especially to Pubs. I and
IV, we used PFC to obtain model systems of polycrystalline graphene and
simulated them at finite temperatures using MD. We converted the MD
coordinates back into density fields applicable to our numerical implemen-
tation of the method. Despite the deformations in these density fields due
to projecting rippled and warped monolayers from MD simulations onto
a plane, the grain extraction method performed well in segmenting the
polycrystals.
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Figure 4.8. Assortment of microstructural analysis results. (a) Evolution of average grain
size with time for all four lattice types studied: square and hexagonal lattices
and ten- and 12-fold quasicrystals. The fainter ghost markers indicate the
average grain sizes in individual model systems. The lines are the optimal
power-law fits to the data. (b) Distributions of normalized grain sizes for
ten-fold quasicrystals at three different time steps. The lines are the optimal
log-normal fits to the data. The error bars are given by one-sigma confidence
intervals. (c) Distributions of misorientation between neighboring grains for
hexagonal systems at three different time steps. The error bars are given by
one-sigma confidence intervals. Reproduced after Pub. III.
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4.2 Atomistic calculations using 2D model systems from PFC

An essential prerequisite for quantitative modeling of real materials is to
have realistic model systems of them. As mentioned earlier in Sec. 3.1,
conventional atomistic techniques have certain limitations that make them
ill-suited for obtaining realistic model systems of complex microstructures.
We showed in the previous Sec. 4.1 that these limitations can be overcome
using PFC. PFC yields realistic microstructures with correct defect config-
urations (Pubs. I and II) and grain distributions (Pub. III). Therefore, in
Pubs. IV - VI, we decided to combine PFC and MD in a multiscale approach
where PFC is used to produce realistic model systems and MD is used to
simulate and analyze them further. More specifically, we have studied heat
transport in 2D materials such as graphene and h-BN. PFC is exploited to
access the long time scales needed to relax the defected structures, whereas
MD captures the fast phononic vibrations crucial to the thermal analysis.
Both methods can handle model systems of physically relevant size, i.e.,
at least hundreds of nanometers squared — PFC due to its simplicity and
numerically convenient nature, and MD owing to an extremely fast graph-
ics processing unit-accelerated code, GPUMD [135, 136, 137, 138], used
for the MD calculations. This approach, of course, necessitates converting
PFC density fields into atomic coordinates. A dedicated section, Sec. 4.3.2,
describes the conversion algorithm. Next, we describe briefly how the PFC
model systems were prepared and analyzed, before summarizing the new
discoveries made possible by the multiscale approach.

We investigated the thermal conductivity of graphene and h-BN poly-
crystals in Pubs. IV and VI, respectively. In the former, we reused our
model systems from Pub. I where we had simulated the growth of polycrys-
talline graphene; recall Sec. 4.1.1. In the latter, however, we used random
Voronoi tessellations to obtain polycrystalline microstructures. Here, we
chose the simpler Voronoi initialization, because we have observed that the
two alternative initialization methods result in very similar structures in
practice. The density fields were first partitioned into Voronoi cells based
on the minimum distance from randomly sampled seed points, and each
cell was then initialized with a perfect crystal in a random orientation.
The crystal structures were obtained using one-mode approximations. We
relaxed the model systems using PFC1 and a h-BN PFC model [33]. In
Pubs. V and VI, we took a closer look at heat transport across individual
grain boundaries in graphene and h-BN, respectively. There, we used
bicrystalline model systems where the density fields were initialized with
two perfect rotated crystals and narrow bands at their interfaces were set
to a constant state to give the grain boundaries some extra freedom to find
low-energy configurations. We relaxed the model systems using PFC1 and
the h-BN PFC model.

We used multiple different techniques to analyze the heat transport
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properties of our model systems. The full details are given in Pubs. IV
- VI, but we briefly explain here the ideas underlying these methods. In
the nonequilibrium molecular dynamics (NEMD) method, thermostats
are applied to each end of a system to make one end act as a heat source
and the other as a heat sink. After a steady state has been reached, the
thermal conductivity can be obtained from Fourier’s law relating the heat
flux due to the thermostats to the temperature gradient across the system.
In the equilibrium molecular dynamics (EMD) or Green-Kubo method,
however, the system is kept in thermal equilibrium. Here a running ther-
mal conductivity tensor is calculated from the heat current autocorrelation
function. Finally, in the homogeneous nonequilibrium molecular dynamics
(HNEMD) method, an external force is used to drive a nonzero heat current
is driven circularly through the periodic system. The thermal conductivity
in a given direction is proportional to the nonequilibrium ensemble average
of the heat current in that direction. We showed that these methods are
equivalent in terms of the results obtained, but especially HNEMD offers
a very large decrease in computational cost.

The multiscale approach has led to multiple new discoveries and to incre-
mental closing of the gap between theoretical calculations and experiments.
Endowed with realistic large-scale model systems and the ability to study
them, in Pub. IV, we showed that in polycrystalline graphene the in-plane
and out-of-plane (flexural) phonon modes behave very differently. Figure
4.9 (a) demonstrates this by plotting the scaling of thermal conductivity
with respect to the average grain size separately for the in-plane and
out-of-plane modes. While the in-plane modes have been found to carry a
lesser portion of the heat flux in single-crystalline graphene [139], here
they dominate for small average grain sizes d < 200 nm. In fact, the flexu-
ral modes are attenuated more by the grain boundaries and prevail only
for larger average grain sizes d > 200 nm, carrying roughly two thirds
of the total heat flux in the macroscopic limit. When modeling the total
thermal conductivity κ as a function of the average grain size, the in- and
out-of-plane components should indeed be treated separately

κ (d)= κin (d)+κout (d) ,1/κi (d)= 1/κi
0 +1/

(
Gid

)
, (4.10)

where κi, i = in, out, are the thermal conductivities of the in- and out-of-
plane modes in a defected system, κi

0 the corresponding conductivities for
pristine graphene and Gi the corresponding Kapitza interfacial thermal
conductances. In addition to having used improper MD methods such as
wrong heat current in the LAMMPS package [136] or misusing the NEMD
method [Pub. V], previous studies have not considered model systems
large enough and have, therefore, not noticed the nonlinearity in 1/κ as a
function of 1/d. Consequently, they have then assumed an effective thermal
conductivity that lumps the two components together. Such treatment
results in an erroneous estimate of the ratio κ (d) /κ0 when extrapolating
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Figure 4.9. In-plane and out-of-plane thermal conductivities as a function of the average
grain size. Polycrystalline (a) graphene and (b) h-BN, both at 300 K. The lines
are optimal fits according to Eq. (4.10). Reproduced after Pubs. IV and VI.

the thermal conductivity in the macroscopic limit. Confer Fig. 4.10 where
we compare our results to recent theoretical [140, 141] and experimental
[15] values.

However, Fig. 4.10 shows that the gap between our calculations and
the experimental results was not closed yet. Classical MD simulations
cannot capture the bosonic nature of phonons perfectly. We alleviated this
issue by applying a per-frequency quantum correction [142]. Here, the
thermal conductivity components are first decomposed further into spectral
conductances, giving the contributions of individual phonon frequencies
to the heat flux. The spectral conductance is then multiplied by a factor
x2ex/ (ex −1)2 , x = �ω/kBT, where � is the reduced Planck constant, ω the
phonon frequency, kB Boltzmann constant and T the temperature, in an
attempt to correct the phonon statistics. Another shortcoming of MD
simulations is that they can overestimate the phonon-phonon scattering
rates of low-frequency phonon modes, thereby underestimating the thermal
conductivity of pristine graphene. While no feasible quantum correction is
known, we corrected for this effect by scaling the affected κout

0 such that
κtot

0 matches the experimental value 5200 Wm−1K−1. The full details can
be found in Pub. IV. Finally, with these corrections applied, we found good
agreement with experimental results, as is evident from Fig. 4.10.

In Pub. V, we took a closer look into individual grain boundaries in
graphene. More specifically, we used symmetrically tilted graphene bicrys-
tals from PFC1 to study the Kapitza interfacial resistance of their grain
boundaries. Here, our main result was that the Kapitza resistance of a
grain boundary is approximately linearly proportional to its dislocation
line density, i.e., the number of dislocation cores per unit length of grain
boundary. More simply, more dislocations leads to more phonon scattering,
thereby increasing the Kapitza resistance. As a consequence, boundaries
with a small misorientation transmit phonons and hence heat well, in
contrast to boundaries with a larger misorientation. This is illustrated
well by Fig. 4.11 that plots the Kapitza resistance of grain boundaries as a
function of their tilt angle.

Finally, in Pub. VI, we repeated for h-BN the thermal analyses carried
out for graphene in Pubs. IV and V. We took advantage of a binary PFC
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Figure 4.10. Normalized thermal conductivities (κ/κ0, where κ and κ0 are the conduc-
tivities of defected and pristine systems, respectively) as a function of the
average grain size d. Excluding the recent experimental data points [15]
given by magenta triangles, all values are given by analytical expressions
such as Eq. (4.10). Our results based on classical MD calculations are given
by black diamonds and the corresponding quantum-corrected values by cyan
circles. Previous theoretical predictions [140, 141] are given by blue and red
crosses. Reproduced after Pub. IV.

Figure 4.11. Kapitza resistance R of grain boundaries as a function of their tilt angle 2θ.
The values are given with (blue circles) and without (red squares) quantum
corrections [142]. Reproduced after Pub. V.
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Figure 4.12. Collage of asymmetric h-BN grain boundaries with a rich variety of defect
structures. The original PFC density fields have been represented by corre-
sponding ball-and-stick models for visual clarity. The nonhexagons have been
highlighted with yellow color. See Pub. VI for further details. Reproduced
after Pub. VI.

model developed specifically for h-BN [33] to generate the model systems
required. However, as we felt that the grain boundaries produced by this
new model had not been reported systematically enough for our purposes,
we carried out a comprehensive analysis of their structures as a function
of their tilt angle. The model performs overall relatively well, but with
some reservations. It produces an abundance of 5|7 and 4|8 dislocations as
expected, but also alternative structures; see Fig. 4.12 that offers a collage
of h-BN grain boundaries with a rich variety of different defect structures.
Most common examples are ”diamonds” and octagons, both close relatives
to 5|7 dislocations (cf. structures AB11 and AB12 in Fig. 4.12, for ex-
ample) — the former two can be obtained from the latter by respective
elimination or addition of an atom between the pentagon and heptagon.
While unknown in the literature [excluding Ref. [33], of course], ten- and
12-membered polygons are also observed; see structures AB13 and AB06 in
Fig. 4.12, respectively. Lastly, zigzag inversion boundaries are expected to
be composed of heteroelemental bonds in an otherwise-perfect honeycomb
lattice [39]. Such boundaries are in, or close to, the zigzag lattice direction
of the adjacent grains, and these grains have a misorientation of, or close
to, 60◦. The model seems unable to produce such extended homoelemental
structures and gives instead chains of diamonds and octagons. While the
core structures of the defects may not be perfectly realistic in all cases, the
fast PFC dynamics allows them to arrange themselves into periodic arrays
similar to those observed for graphene in Pub. I. The grain boundaries in
the polycrystalline model systems were found very similar to the bicrystal
boundaries.

The in- and out-of-plane thermal conductivities in polycrystalline h-
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BN as a function of the average grain size are qualitatively identical to
those in graphene (Pub. IV); compare Fig. 4.9 (b) with (a). The in-plane
modes again dominate for small grain sizes d < 200 nm and vice versa
for d > 200 nm. The conductivities for h-BN are smaller than those for
graphene by roughly a factor of four. Our estimate of approx. 730 Wm−1K−1

for the conductivity of pristine monolayer h-BN is in good agreement
with a recent experimental result of approx. 750 Wm−1K−1 [143]. For
individual grain boundaries, their Kapitza interfacial resistance is, in
part, again linearly proportional to their dislocation line density. Note,
however, that here the situation is much more complicated compared to
graphene. As inversion boundaries are approached, the lattice mismatch
is accommodated more and more by defects with a zero Burgers vector.
These defects, together with dislocations, form continuous chains of defects
that span the bicrystalline model systems. In this regime, the Kapitza
resistance is, instead, approximately constant which suggests that the
different types of defects have similar tendencies for scattering phonons.
As a result, the Kapitza resistance starts off low for small misorientations,
but saturates roughly halfway to inversion boundaries.

4.3 Advanced techniques for modeling 2D microstructures

4.3.1 Finding low-energy PFC configurations

Nature has a tendency to pursue minimum energy. It is, therefore, usually
reasonable to consider low-energy configurations when studying realistic
material systems. However, finding low-energy configurations is often
not trivial. The defects present in realistic defected microstructures have
complicated long-range elastic interactions and the number of possible
configurations grows exponentially with the system size. As mentioned in
Sec. 3.1, conventional modeling techniques have certain limitations which
make them unsuited for finding such configurations. PFC, however, gives
access to both atomic and micron length scales as well as to slow, diffusive
time scales. This makes it possible to simulate the evolution of complex
defected large-scale microstructures with atomic-level resolution. Despite
these convenient attributes, PFC does not, of course, offer foolproof tunnel-
ing into the lowest-energy state. Like any other related method, or nature
herself, PFC can occasionally get stuck in an undesired, metastable state.
In response, in Pub. I, we developed several techniques to facilitate finding
low-energy defect configurations. While we focused mainly on bicrystalline
graphene, these techniques are applicable much more generally.

The simplest technique we call ”soldering” where we exploit our human
intuition in sampling low-energy defect configurations. Here, the initial
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Figure 4.13. Demonstration of some advanced techniques for finding low-energy configu-
rations: soldering in (a) and (b), and localized annealing in (c) and (d). (a)
A 5|8|7 dislocation soldered crudely on top of the sharp interface between
two symmetrically tilted crystals from a one-mode approximation and (b)
the corresponding relaxed structure with the 5|8|7 dislocation implanted
successfully highlighted in red. (c) A 5|7 dislocation highlighted in cyan
and (d) the same location one time step after the introduction of localized
annealing noise. Excluding the one-mode approximation in (a), all structures
have been obtained using PFC3. Reproduced after Ref. [144]

state of a PFC density field is modified manually in an attempt to preordain
the configuration of defects, e.g., their types, their placement or both, in the
final relaxed density field. This is achieved most simply by saving a PFC
density field into an image file, modifying it using image manipulation
software, converting the modified image back into a density field data
file and relaxing it. This procedure is distilled by Figs. 4.13 (a) and (b).
Panel (a) illustrates an initially sharp interface between two misoriented
crystals from a one-mode approximation where a 5|8|7 dislocation has been
implanted. This has been achieved using image manipulation software by
copying and pasting from a visualization of a different, previously relaxed
grain boundary. Panel (b) demonstrates the final relaxed configuration
where the implanted 5|8|7 dislocation has indeed retained its stability.
Note that shifting or rotating dislocations in a relaxed configuration is also
possible following a similar approach.

The PFC dynamics and the semi-implicit spectral method we have used to
solve them numerically almost guarantee numerical stability whereby even
very crude manipulations can yield the desired end result. While this idea
is very simple, we have not encountered other works reporting a similar
approach. This could be due to its limitations. Manual modifications are
quite time-consuming, especially if the number of modifications needed is
large. In addition, it is sometimes very difficult to manipulate the density
field to obtain the final configuration desired. In summary, this technique
can be very convenient for a small number of relatively simple structures,
but is not suited for sampling a large number of complicated structures.

For more complicated systems, such as larger bicrystals obtained with
the three-mode PFC model in Pub. I, we found that simulated annealing
localized at defects facilitated obtaining low-energy configurations of grain
boundaries. Simulated annealing is an optimization technique analogous
to real-wold annealing processes. Figures 4.13 (c) and (d) offer an example.
A system, say a 5|7 dislocation in a honeycomb lattice such as in panel
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(c), is excited with random noise to allow it to escape its current, possibly
metastable state. Note that in our case, the noise is constrained to a region
just around the dislocation; we localized the noise to defects using the
spectral defect detection algorithm that we developed specifically for this
purpose; see Sec. 4.3.3. Panel (d) portrays the same location one relaxation
step after the introduction of noise. The perturbation introduced to n
allows the system to sample a broader range of defect configurations. More
precisely, we used n → n+mζ, where ζ is noise from the uniform distribution
U (−1,1) and m = m0e−at is a mask function for localizing the noise to defects
(m0 = 0 elsewhere) and for controlling its amplitude in analogy to a slowly
decreasing temperature (m ∝ e−t) to make higher-energy states eventually
inaccessible. After the noise has been dialed down to zero, the system
will, most likely, find itself stuck in a local, not global, minimum. Hence,
this brute-force approach typically requires multiple repeated annealing
cycles for adequate sampling of low-energy configurations. The annealing
parameters can be found in Ref. [144]. As discussed in Sec. 4.1.1, this
technique proved very useful in sampling the lowest-energy grain boundary
configurations from the three-mode PFC model. It should be applicable
to 3D systems as well, but we have not verified its effectiveness in this
context.

The semi-implicit spectral method we have used to solve PFC dynam-
ics confines us to periodic systems, but also frees us from edge effects.
Nevertheless, having a system with periodic boundaries also means that
unless it is fitted precisely with the system dimensions, it will be aperiodic
and strained, defected or both when relaxed. Due to the potentially very
complex arrangements and orientations of defects and grains in a defected
system, figuring out the optimal system size and eliminating strain and
resulting strain energy is very nontrivial analytically but it is easy nu-
merically. We developed a simple system size optimization algorithm —
essentially a rudimentary barostat similar to those used in MD simulations
— to determine the optimal system size and to eliminate net strain.

A PFC system is typically discretized into a rectangular calculation grid
with its grid points Δx and Δy distance units apart in the horizontal and
vertical directions, respectively. The width of the system is then NxΔx,
where Nx is the number of grid points in the horizontal direction, and
similarly for its height. The most straightforward way to control the
system dimensions is via Δx and Δy. To find the optimal system size in one
direction, say horizontal, we first compute the following three free energy
densities f (n,Δxi), f (n,Δxi −ε) and f (n,Δxi +ε), where n is the PFC density
field, Δxi is the current horizontal grid spacing and ε is a small number,
e.g., ε ≈ |Δxi −Δxi−1| (ε > 10−6 to ensure numerical stability). We then
fit a parabola p (Δx) to the points (Δxi, f (n,Δxi)), (Δxi −ε, f (n,Δxi −ε)) and
(Δxi +ε, f (n,Δxi +ε)). A new estimate Δxi+1 is obtained from argmin p (Δx).
Following Pub. I, we have noted that, to optimize the system size, it is most
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efficient to update Δx, Δy or both only once roughly every 102 - 103 time
steps. This technique should work for any number of spatial dimensions.

4.3.2 Converting PFC density fields into atomic coordinates

For many PFC models, it is straightforward to detect the local maxima
in the corresponding density fields and to draw a parallel between them
and atoms. This is the case, for example, for the h-BN model [33] used in
Pub. VI. However, when modeling honeycomb structures such as graphene
using a simple one-mode PFC model, the situation is more complicated.
With a negative average density, a one-mode model produces a hexagonal
lattice of density maxima interlocked with a honeycomb lattice of density
minima. Here, the latter can be considered as atoms, e.g., as carbons
forming graphene. Equivalently, with a positive average density, the
maxima assume a honeycomb ordering. In either case, the difference in
density between the honeycomb-ordered extrema and the saddle points
separating them is small; see fig. 1 (a) in Pub. I. As a consequence, near
a dislocation, the density field can get smeared in such a way that there
is no local extremum between three neighboring extrema of opposite sign;
rather, the density can slope up or down two another extremum elsewhere.
This would lead to a missing atom.

Our algorithm for solving this specific conversion problem has evolved
since Pub. I and its current version is extremely robust, given a one-mode
PFC model density field with honeycomb symmetry. In what follows, we
assume a density field with honeycomb maxima and hexagonal minima.
The local minima are detected first, because they are prominent and easy
to distinguish. Next, each triplet of close-lying minima is considered
and the point equidistant to these three minima is calculated. It is then
checked whether there exists a fourth close-lying minimum that is closer
to the equidistant point than any of the three minima. If not, the three are
closest neighbors to each other and an atom is placed at the average of their
coordinates. The algorithm also detects the closest neighbors of the atoms;
each minimum ends up with a corresponding ring of atoms around it, and,
if two atoms are members of the same two rings, they must be nearest
neighbors to each other. We have demonstrated the performance of our
conversion algorithm in Pubs. I - V and the resulting atomic configurations
match our intuitions very closely. Figure 4.14 offers a close-up example
where a density field from a one-mode PFC model with somewhat diffuse
grain boundaries has been converted into atomic coordinates.

4.3.3 Characterization of microstructures

Detailed knowledge of a microstructure is very important as the microstruc-
ture has a large influence on material properties. Explaining and espe-
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Figure 4.14. Conversion of a one-mode PFC model density field (a) into atomic coordinates
represented by a ball-and-stick model (b). In (b), the colors indicate bond
angles and thereby lattice orientation.

cially predicting material properties based on the microstructure are great
challenges in computational materials science. Similarly, explaining and
predicting the formation of microstructures are questions far from set-
tled. In all cases, an inevitable prerequisite is the ability to characterize
microstructures.

In Pub. I, a microstructural characterization technique was introduced
for detecting lattice defects. There, we applied simulated annealing local-
ized on lattice defects to find low-energy grain boundary configurations
for graphene. We required an automated, closed-loop detection algorithm,
as we studied a large number of systems with several repeated cycles of
annealing. We developed the spectral defect detection algorithm to solve
this problem. It is based on frequency filtering — if one filters out from a
defected system the frequencies corresponding to the perfect lattice, one
is left with those describing the lattice defects. Figure 4.15 demonstrates
the algorithm visually for a polycrystalline honeycomb system. This tech-
nique was developed initially for bicrystalline systems with known tilt
angles. The positions of the honeycomb lattice peaks in their spectra were,
therefore, also known and we filtered them out leaving us with a defect
field

û = n̂
∏

i

(
1− e−

|k−ki |2
2σ2

)
, (4.11)

where the carets denote Fourier transforms, σ controls the spread of the
Gaussian filtering kernels, k is the frequency vector and ki are the peaks
in the spectrum of the honeycomb lattice. In Pub. I, we pointed out that a
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Figure 4.15. Spectral defect detection following Eq. (4.12). (a) A portion of a polycrys-
talline honeycomb density field n has been overlaid with the final binary
map m of the defected regions in red. (b) Spectra of the density and defect
fields, n̂ and û, in the left and right halves of the panel, respectively. Here,
magnitude has been mapped to brightness and phase to different hues. Note
that a logarithmic transform has been applied to bring out the details of the
spectra — this also makes the filter in the right half appear much sharper.
(c) Intermediate results: the left third of the panel gives the defect field
u, the middle third the absolute value of its Laplacian

∣
∣∇2u

∣
∣ and the right

third a smoothed version of the latter
∣
∣∇2u

∣
∣∗G, where the asterisk denotes a

convolution and Ĝ = e−k2/2ς2
. We used σ= ς= 0.2 in this example.

more general formulation

û = n̂
∏

j

(
1− e−

(k−k j)2

2σ2

)
(4.12)

also works, where k = |k| and k j are wave modes matching the different
|ki|; see Fig. 4.15 (b) for a demonstration. The latter formulation ex-
tends this technique to arbitrary crystal orientations such as in random
polycrystalline systems. The defects in n cause evanescent ripples in an
otherwise-constant u; see Fig. 4.15 (c). We computed

∣∣∇2u
∣∣ to indicate such

defect-induced oscillations by positive values, and to set regions where u
is constant to zero. We then applied Gaussian smoothing

∣∣∇2u
∣∣∗G, where

the asterisk denotes a convolution and Ĝ = e−k2/2ς2 with ς controlling the
spread of the kernel. The result so far was thresholded to obtain a binary
map m indicating the defected regions. Figure 4.15 (a) overlays the orig-
inal density field with the binary map obtained. As a final remark, we
would like to point out that this technique should, in principle, work in
any number of spatial dimensions, but we have applied it only in 2D.

An even more powerful technique for microstructural analysis is the
algorithm for obtaining the so-called orientation field φ, indicating the
local lattice orientation and lattice defects in a polycrystalline system.
The algorithm was introduced already in Pub. I, where it was described
briefly and was used for mere illustrative purposes. In Pub. III, we treated
and exploited it in a much more comprehensive fashion in connection to
studying various 2D microstructures. This method seems to generalize to
virtually any 2D lattice, or a noisy microscopic image thereof, with a fixed
length scale and an even-fold rotational symmetry, including quasicrystals.
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Figure 4.16. Obtaining the orientation field for a quasicrystal. (a) The left half shows a
quasicrystalline density field n and the right half the kernel K in direct space.
(b) Spectra of the density field n̂ and the kernel K̂ in the left and right halves
of the panel, respectively. (c) The left half of the panel gives the convolution
n∗K and the right half (n∗K) (n−minn) where the incommensurate peaks
have been masked out. Reproduced after Pub. III.

Figure 4.16 illustrates the algorithm for obtaining the lattice orientation
for a ten-fold quasicrystal. The orientation field is given by

φ= [(n∗K) (n−minn)]∗G. (4.13)

The complex-valued kernel is given in Fourier space [Fig. 4.16 (b)] by

K̂ = exp
(− (k− q)2

2σ2 + ımargk
)

. (4.14)

Its spectrum is annular with its magnitude peaking around k = q (corre-
sponding to a characteristic length scale in n) and decaying toward zero
elsewhere. Parameter σ= 0.2 controls the spread of the kernel. The phase
of the kernel is periodic in the orientation angle argk with an order of
rotational symmetry m (corresponding to the order of rotational symmetry
in n). In direct space [Fig. 4.16 (a)], when superposed concentric with a
local symmetry center in n, K coincides with the m surrounding peaks in
n, each contributing the same phase in the convolution n∗K . This results
in a complex-valued field where there are peaks commensurate with those
in n with a phase indicating the local lattice orientation. The convolution
leads also to additional peaks with interfering phases, but they can be
masked out simply by multiplying by n−minn. Figure 4.16 (c) compares
the convolution before and after the masking operation. The result so far
is finally convolved with a Gaussian kernel to filter out the atomic-level
structure and to obtain a smooth orientation field, such as the one in Fig.
4.7 (b) for a polycrystalline square system. For the orientation field, both∣∣φ∣∣ and argφ are approximately constant far from lattice defects, such as
inside grains. Around defects,

∣∣φ∣∣ decreases and argφ changes smoothly
from one lattice orientation to another.

The ability to map the lattice orientations and defects in various kinds of
2D microstructures is a big step toward automated segmentation of said
microstructures into constituent grains and their networks. In Pub. III,
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we introduced such a grain segmentation method to study the properties
and evolution of regular crystalline (square and hexagonal lattices) and
quasicrystalline (ten- and 12-fold symmetries) microstructures.

The segmentation algorithm proceeds from φ by first computing the
magnitude of its gradient

∣∣∇φ∣∣=√
R2

(
φx

)+I2
(
φx

)+R2
(
φy

)+I2
(
φy

)
, (4.15)

where R
(
φi

)
and I

(
φi

)
give the real and imaginary parts of φi, respectively,

and φi = ∂φ/∂i, i = x, y. Next, a so-called deformation field χ is formed,
highlighting the lattice defects in n; see Fig. 4.17 that gives an example
for a polycrystalline hexagonal system. While

∣∣∇φ∣∣ typically has several
local minima per each grain, χ displays far fewer and is, therefore, more
convenient for the final steps of the algorithm. It is given by

χ=
σi<min(W ,H)/2∑

σi=σ0

∣∣∇φ∣∣p ∗exp
[−|r|2 /

(
2σ2

i
)]

max
{∣∣∇φ∣∣p ∗exp

[−|r|2 /
(
2σ2

i
)]} , (4.16)

where σi = 2ia with a the lattice constant of the system studied, W and H
are its dimensions, and p is a tunable exponent for indirect control of the
number of local minima in χ. The deformation field is given by a sum of
normalized convolutions between a power of the gradient and Gaussian
kernels of doubling spread (the sum is truncated as the spread exceeds one
half of the lesser of the system dimensions).

As the next step, a system is first segmented into so-called subdomains,
precursors of the true grains, by a growth process in χ. Different stages
of this process are illustrated in Figs. 4.17 (b) - (f). Each local minimum
within the system is treated as a seed point for a subdomain. The sub-
domains are grown such that all growth fronts share the same value of
χ. Eventually, all subdomains fill their respective basins in χ and collide
with their neighbors whereby the process is completed. Finally, as a conse-
quence of multiple local minima in χ within some grains, the corresponding
subdomains need to be merged to recover the true grain structure. Because
the lattice orientation argφ is typically very similar between the subdo-
mains to be merged, we used a simple misorientation-based criterion to
decide which neighboring subdomains should be considered as parts of the
same grain.

We benchmarked and optimized the segmentation method comprehen-
sively against both our own manual segmentations of a handful of different
microstructures, as well as against segmentations produced by a related,
highly-accurate method for hexagonal lattices. We found high levels of
agreement between all segmentations for each lattice type considered.
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Figure 4.17. Deformation field χ for a polycrystalline hexagonal system (a) and different
stages of subdomain growth in χ (b) - (f). The scale bars equal 40 lattice
constants. Reproduced after Pub. III.
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5. Summary and conclusions

In the work presented in this thesis, we have successfully extended the PFC
framework to quantitative modeling of 2D materials. We have combined
PFC with atomistic calculations to investigate various 2D microstructures
and their properties in great detail in terms of their constituent elements:
grains, grain boundaries and grain boundary triple junctions. We have also
introduced multiple advanced techniques to complement microstructural
modeling using PFC and atomistic methods.

More specifically, in Pub. I, we began by investigating grain boundaries
in graphene. Our comprehensive analysis concerned symmetrically tilted
grain boundaries in graphene and contrasted different PFC models with
MD and DFT in this context. We found that the one-mode and three-mode
PFC models are ideal for studying the topology and formation energy,
respectively, of said boundaries. The former produces realistic boundaries
composed of highly periodic arrays of 5|7 dislocations, whereas the latter
agrees quantitatively with MD calculations on grain boundary formation
energies. We demonstrated the applicability of the one-mode PFC model to
constructing realistic large-scale model systems of polycrystalline graphene
for further atomistic calculations. We also developed techniques to aid in
finding low-energy defect configurations.

In Pub. II, we turned our attention to the second major class of defects
in polycrystalline graphene — to grain boundary triple junctions. we con-
cluded that triple junctions with negative formation energies are plausible
in graphene. While we considered only a special subset of all possible triple
junctions, the sheer abundance of negative formation energies obtained
suggests that triple junctions with negative formation energies are not un-
common. However, since their formation energies are very low, they, most
likely, do not have a very strong influence on the evolution of microstruc-
tures, unless via kinetic effects such as by dragging grain boundary motion.
We verified our findings by comparing triple junction core structures and
their formation energies with DFT and MD, respectively.

In Pub. III, we took a step back from individual defect structures and in-
troduced a very powerful method for analyzing various 2D microstructures.
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We applied this method to study both regular crystalline as well as qua-
sicrystalline microstructures from PFC grain coarsening simulations, and
discovered that many microstructural features are universal and shared
between different lattice classes.

Lastly, in Pubs. IV - VI, we exploited PFC in a multiscale approach
where it was used to generate realistic model systems of defected graphene
and h-BN for MD heat transport calculations. In part, the PFC model
systems allowed more accurate thermal analyses and led to new impor-
tant discoveries concerning heat transport in polycrystalline monolayer
materials.

We feel that the work presented in this thesis has advanced the field
of phase field crystal modeling, and, moreover, has benefited the study of
2D materials and their microstructures as a whole. Using PFC, we have
demonstrated investigating, in a systematic and quantitative fashion, the
nature and properties of realistic defect structures in graphene and h-BN
microstructures. We found that certain PFC models are well-suited for
modeling and analyzing such systems. We also simulated the coarsening of
various crystalline and quasicrystalline 2D microstructures with PFC, and
revealed that both share many universal features. We have also demon-
strated taking advantage of the respective strengths of PFC and MD in a
multiscale approach for studying the thermal transport properties of said
materials. In addition, we have introduced several advanced techniques,
e.g., for finding low-energy PFC configurations and for analyzing various
types of microstructures from PFC or elsewhere.

A thesis can only cover so much research. In fact, this work has, perhaps,
given us more new questions than it has answered. The following are a
handful of problems the present author finds relevant and interesting. In
this work, we have pushed the PFC framework to new modeling niches
whereby we have often been forced to strip our models down to their bare
essentials to isolate the contributions of different variables. One major
detail that we have consequently omitted is the substrate that 2D materials
are typically grown on. A substrate can influence both the in-plane ordering
of atoms as well as the out-of-plane buckling of a monolayer. While a
number of idealized qualitative studies of surface ordering have been
carried out, material-specific works studying the coupling strength and
its influence quantitatively are few. There is also room for improvement
in modeling the environment of a 2D material. Conventional PFC models
can capture a disordered phase in addition to ordered ones, but with a
comparable average density more similar to a liquid phase. CVD and
other common growth techniques do not involve solidification from a liquid
state but rather from a vapor phase. The vapor and vacancy PFC models,
mentioned briefly in Sec. 3.2, could perhaps offer more realism in this
respect. Furthermore, it could also be possible to apply these models in
studying the mechanical failure of 2D materials, typically initiating at
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grain boundaries or their triple junctions. In conventional PFC models, a
growing fracture is filled by a liquid phase, while in reality a low-to-zero-
density void more similar to a vapor phase would be expected.

We showed in Pub. I that 2D PFC relaxation can yield model systems
with realistic in-plane structures for atomistic calculations carried out in
three dimensions. Regardless, the release of in-plane stress via buckling
can influence the evolution of 2D microstructures in ways yet undiscovered.
PFC equations have been solved on static curved surfaces, but a fully
coupled model capable of buckling in response to the in-plane structure is
a problem under active work by the present author and his collaborators.
Instead of, or in addition to a substrate, a monolayer could also be coupled
to one or more other monolayers stacked vertically, either as a few-layer
material or as a heterostructure composed of different materials. This
course of research has not been studied intensely so far. A heterostructure
can also be formed laterally within a monolayer, e.g., between the nearly
lattice-matched graphene and h-BN. The present author has developed,
as a part of a collaboration, a PFC model that is capable of describing
such composite systems, and this research is ongoing. There is also an
open problem that is, perhaps, not such a direct extension to the work
presented in this thesis — mapping the connections between a microstruc-
ture and the resulting material properties is still an unresolved problem.
We have worked toward a solution by demonstrating modeling realistic
2D microstructures using PFC, by demonstrating their suitability and
quality with further quantitative atomistic calculations, and by provid-
ing a method for extracting the networks of grains and grain boundaries
from said microstructures. We hope that we have brought the materials
modeling community one step closer to the solution.
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