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Sub-indices 

The following sub-indices are used in combination with the variables of the pre-
vious list. 

d   Direct axis 

est   Estimated value of a quantity 

q   Quadrature axis 

ref   Reference 

x   x-direction 

y   y-direction 

 

Operators A ≜ B   A is defined to be B A    Transpose of A ‖. ‖  Euclidean norm ‖. ‖   Frobenius norm 〈. , . 〉ℝ   Canonical inner product of ℝ  ·    Tangential component of vector  ·    Normal component of vector  !   Factorial of  ∫ dΩ    Surface integral of  over Ω  

( ) = 0  −th derivative of  at point 0 ∇ ×   Curl 
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∇ ·  Divergence 

 

Abbreviations 

 

2-D  Two-dimensional 

3-D   Three-dimensional 

AKP   Arnoldi-based Krylov projection 

BEM-FEM   Boundary element method with FEM 

BPIM   Best points interpolation method 

BSynRM  Bearingless synchronous reluctance machine 

CC   Conventional control method 

DEIM   Discrete empirical interpolation method 

EIM   Empirical interpolation method 

FE   Finite element 

FEM   Finite element method 

IPMSM   Interior permanent magnet synchronous machine 

LTI   Linear time-invariant 

ODEs   Ordinary differential equations 

OIM   Orthogonal interpolation method 

PC   Proposed control method 

PDEs   Partial differential equations 

PGD   Proper generalized decomposition 

POD   Proper orthogonal decomposition 

PWM   Pulse-width modulation 

RB   Reduced basis 

SCU   Signal-conditioning unit 

SVD   Singular value decomposition 

TPWL   Trajectory piecewise linear 

TPWP   Trajectory piecewise polynomial 
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1. Introduction

1.1 Background

The finite element method (FEM) is the most popular numerical method in dif-

ferent fields of engineering and physics, the history of the method dating back 

to the 1950s, when it was initially used to solve the structural mechanics prob-

lems. In the 1970s, this method was applied in solving electrical machines prob-

lems; first 2-D magnetostatic problems, and then 2-D time-dependent eddy-

current problems and 3-D magnetostatic problems. Nowadays, the FEM can be 

used to solve 3-D magnetodynamics simulation with time stepping methods. 

Thanks to the progress in computer technology, today the FEM is used widely 

in various multiphysical problems. The FEM along with other numerical meth-

ods are accessible via different commercial software packages for solving 2-D or 

3-D field problems. The ultimate goal of all these numerical software packages 

is to provide a fast and accurate solution to a discretised problem defined based 

on physical laws. Achieving this goal, however, is not always an easy task, since 

the problem may have a high-order system of linear/nonlinear equations, or a 

large number of design variables. Hence, solving the system of equations can be 

very costly in terms of both computational time and resources.  

Model order reduction techniques have proven to be efficient solutions to the 

computational costs of numerical simulations. This is due to the capability of 

such techniques to approximate a simulation model by a lower-order system of 

equations known as the reduced model (Schilders et al., 2008). Among all the 

order reduction techniques, proper orthogonal decomposition (POD) is the 

most common approach (Volkwein, 2001). In the POD method, the reduced 

model is constructed by projecting the high-order system of equations onto POD 

modes. The POD modes are a set of orthonormal basis modes, obtained by de-

composing a snapshot matrix (Sirovich, 1987). This snapshot matrix contains a 
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pre-calculated set of experimental data or numerical solutions of the system un-

der study. 

The process of solving a system via a snapshot-based model order reduction 

method is usually performed in two stages, mainly known as offline-online de-

composition (Ghavamian et al., 2017). In the offline stage, which can be compu-

tationally expensive, a reduced model is built from the corresponding high-or-

der system of equations. The reduced model is then used in the online stage to 

solve the problem in a multi-query or real-time procedure efficiently and with 

low computational efforts. 

The POD method effectively minimizes the computational costs and complex-

ity of a high-order system of linear equations. Nevertheless, in nonlinear prob-

lems, POD fails to diminish the computational efforts of solving the reduced 

system since the evaluation of the nonlinear term still depends on the high-or-

der system.  To approximate the nonlinear term, other methods, such as hyper-

reduction methods or a (discrete) empirical interpolation method (DEIM, EIM) 

are often applied along with POD (Barrault et al., 2004; Chaturantabut & 

Sorensen, 2010). These methods reduce the order of the system of nonlinear 

equations successfully, however, due to the nonlinear nature of the problem, an 

additional iterative method, such as Newton-Raphson is required to solve the 

nonlinear term of the reduced model during the online stage. 

Despite the efficiency of the POD-DEIM reduced model in reducing the com-

putational complexity, implementing an iterative method in real-time applica-

tions (such as controlling an electrical machine in real-time) can be challenging 

due to very limited computational time. This dissertation strives to build a re-

duced model of a nonlinear FE model that can be used without using any itera-

tive methods. This is achieved by interpolating between a set of modes that are 

obtained from snapshot matrix. Therefore, the developed reduced model dimin-

ishes the computational complexity and costs of solving numerical simulations 

significantly. The accuracy and the required computational resources of the pro-

posed method will be compared with the POD-DEIM. Furthermore, the method 

will be used to control an electrical machine in real-time. 
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1.2 Motivation, Objectives, and Focus of the Dissertation

Real-time systems are widely used in various fields of technology, examples of 

which are seen in our day-to-day life or in more complicated industrial applica-

tions. Adequate and predictable performance, as well as real-time computing 

are the most crucial features in real-time embedded systems. The numerical 

techniques, as mentioned, are suitable tools in constructing accurate models of 

systems. Applying these models in real-time, however, is not feasible due to the 

computational time constraint. Thus, the main objectives of this work are to de-

velop a method to reduce the computational burden of numerical techniques 

and detect a potential application for the proposed method in real-time compu-

ting. 

As regards the methodology, a novel snapshot-based reduced model of a 2.2 

kW 6-pole interior permanent magnet synchronous machine (IPMSM) will be 

developed from the corresponding 2-D FE model. The proposed method will 

reduce significantly the computational time of solving the system while main-

taining an impressive accuracy against the FE analysis and the POD-DEIM. It 

will be shown that the high computational efficiency of the reduced model 

makes it an acceptable substitute for the electrical machine prototype in the 

real-time control system of the drive by considering the magnetic cross-coupling 

and saturation phenomena of the machine. 

1.3 Scientific Contribution

The main scientific contributions of this dissertation are summarized as follows: 

The feasibility of reducing a model with multiple-input parameters via 

a snapshot-based order reduction method is investigated and conclu-

sions are made as a result of this investigation. For such models, the 

snapshots are obtained by solving the high-order system for all possi-

ble combinations of the input parameters. Different criteria are used 

to determine the number of POD modes, the most common of which 

is visually and according to the singular values spectrum of the snap-

shot matrix. If  singular values are significantly larger than the 

other,  POD modes are required to define the reduced model. In non-

linear problems, however, higher number of POD modes are required 

to achieve a better accuracy in the reduced model. 
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A constrained algorithm is introduced for optimal selection of the 

snapshots, since the selection of the snapshots plays an important role 

in the accuracy of the reduced model, especially in problems with 

strong nonlinearity or harmonics. As compared to the uniformly dis-

tributed snapshots, the constrained algorithm reduces the required 

number of the snapshots and provides a more accurate reduced model. 

A computationally efficient order reduction method is developed using 

the snapshot matrix. This method is based on interpolation of a set of 

orthogonal vectors, and thus is named the orthogonal interpolation 

method (OIM). Building the OIM reduced model requires no 

knowledge of the system of equations, but instead the input and output 

data of the problem under study. Moreover, regardless of the linearity 

nature of the problem, the reduced model is solved without any itera-

tion method. 

The advantages of the OIM with respect to the POD-DEIM are demon-

strated, including the significant reduction of computational complex-

ity, as well as having no requirement for any iterative procedure to 

solve the system of equations. 

After reducing the order and complexity of the 2-D FE model of a 2.2 

kW IPMSM via the OIM, the reduced model is implemented directly 

in the embedded processor of the drive for real-time control of the ma-

chine prototype. The OIM-reduced model is found to be an effective 

tool that can be executed in real-time computing, and considers the 

phenomena such as magnetic saturation and cross-coupling in the de-

sign of the control system. 

1.4 Outline of the Dissertation

This dissertation consists of five chapters. The current chapter delivers a very 

brief background to the topic of the dissertation, summarizing the focus and the 

achievements of this work. Chapter 2 will provide a comprehensive literature 

review on the existing model order reduction methods. Chapter 3 will present 

the mathematical background required to proceed with the work, as well as the 

methods developed in this dissertation. Chapter 4 presents the suggested appli-

cation and the results of the proposed order reduction method. Finally, Chapter 



Introduction

23 

5 provides discussion of the results obtained from this work, drawing some con-

clusions and offering other future potential applications for the developed order 

reduction method. 
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2. Review of Relevant Research

This chapter presents the existing research relevant to the topic of this disserta-

tion. First, the general history and background to the development of model or-

der reduction methods is provided. Next, the most common approaches of 

model order reduction based on the linear nature of the problem under study 

are summarized. The last section presents the latest approaches in order reduc-

tion of electromagnetic devices. 

2.1 Model Order Reduction Overview

Many physical phenomena are modelled adequately with a set of partial differ-

ential equations (PDEs). Discretising these PDEs in the space variables often 

results in a system of ordinary differential equations (ODEs) (Antoulas, 2005). 

These ODEs are, in fact, the approximation of the PDEs. In a realistic model of 

a real-life physical system, the resulting ODEs have many unknown variables 

depending on the dimension of the problem and the desired spatial accuracy 

(Nouri, 2014). Despite the advances in computational methods and fast compu-

ting, solving the equations with a large number of unknown variables can be 

time consuming or easily fill the limited storage capacity of the computer used 

to perform the calculations. Model order reduction approaches are proposed to 

overcome these obstacles. 

The concept of model order reduction has been applied in a wide range of sci-

entific areas, from the field of system and control theory to biochemistry and 

biophysics, and it has various definitions depending upon the field of applica-

tion. Nevertheless, the common aim in all applications is to reduce the complex-

ity of solving a linear or nonlinear large-scale system by approximating it with a 

lower-dimensional system that defines the behaviour of the original systems as 

accurately as possible (Schilders, 2008). 
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The history of model order reduction probably dates back to the late 1960s 

with works such as (Davison, 1966; Davison, 1968) in which the author approx-

imated a large set of linear time-invariant differential equations by reducing the 

order of the system coefficients via their corresponding eigenvalues and eigen-

vectors. Brown (1968) also proposed a method for determining the time-varying 

coefficients of a low-order linear model from a higher-order linear plant. During 

the 1970s, model order reduction was the centre of interest in the field of system 

and control theory, which resulted in the advent of various reduction ap-

proaches (Priestley et al., 1974; Hickin & Sinha, 1975; Shamash, 1975a; Woon & 

Marshall, 1975; Shamash, 1975b; Hickin & Sinha, 1976). 

In 1980, Zwingelstein (1980) applied an aggregation technique, based upon 

the choice of dominant modes, to reduce the order of a nuclear plant model. 

About one year later, Moore (1981) published one of the most remarkable meth-

ods of order reduction for continuous time systems, known as the balanced re-

alization and truncation method. The famous optimal Hankel-norm reduction 

method (Glover, 1984) was introduced in 1984. Sirovich (1987) suggested the 

POD along with the snapshot method and since then the POD has been success-

fully applied to various problems such as simulation (Chambers et al., 1988; 

Berkooz et al., 1993), optimization (Sato & Igarashi, 2013b; Y. Sato et al., 2015), 

and feedback control (Ly & Tran, 2001; Atwell & King, 2004). 

The ever-increasing interest in model order reduction has resulted in the de-

velopment of many other methods, including the Krylov-subspace based meth-

ods (Freund, 1999), the Arnoldi-Lanczos (Antoulas et al., 2001; Jolliffe, 2002), 

PRIMA (Odabasioglu et al., 1998), and the Laguerre-SVD methods (Knockaert 

& De Zutter, 2000). If we want to classify the order reduction techniques, two 

major categories may be recognized from the literature that concerns this area 

of research: projection-based methods (Villemagne & Skelton, 1987) and system 

identification methods (Ljung, 1999; Isermann & Münchhof, 2011). 

With projection-based methods, the original ODE is projected onto a low-di-

mensional subspace leading to a reduced model with significantly less unknown 

variables. The low-dimensional subspace is determined by the span of a set of 

(orthonormal) reduced basis. Since the reduced model is constructed directly 

by reducing the original system of equation, it maintains the significant proper-

ties of the original system. Projection-based methods can be divided into two 

subcategories: the “a posteriori” and the “a priori” model reduction methods.  
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In the “a posteriori” methods, the reduced basis, and thus the low-dimensional 

subspace, are known in the prior of building the reduced model. Some of the 

famous approaches for determining the reduced basis are the Arnoldi-Lanczos 

method for harmonic domain (Antoulas et al., 2001) and the reduced basis (RB) 

method (Hesthaven et al., 2016). Conversely, in the “a priori” methods, the re-

duced basis is unknown prior to the construction of the reduced model. Instead, 

the reduced basis and the reduced model are constructed iteratively until the 

solution error is acceptable. The proper generalized decomposition (Nouy, 

2010; Chinesta et al., 2013; Henneron & Clénet, 2013; Allier et al., 2015) and the 

a-priori hyper-reduction method (Ryckelynck, 2005; Ryckelynck et al., 2012) 

are two examples of the “a priori” methods. 

As for system identification methods, the system is treated as a black-box 

(Forrai, 2013) and a mathematical model is constructed by fitting the input and 

the output data of the system. Therefore, the knowledge of the coefficient ma-

trices, and in most cases access to the internal structure of the model (Ripepi, 

2014), is not required. System identification is a general concept and, depending 

on the application and the properties of the problem under study, the methods 

may be classified into parametric and non-parametric methods (Gu, 2011), or 

global and local methods (Lovera et al., 2013), etc. 

It is worth mentioning that, regardless of the nature of the problem and the 

chosen reduction approach, the reduced model must fulfil the following require-

ments (Antoulas & Sorensen, 2001; Nouri, 2014): 

Order reduction: The order, i.e. the degrees of freedom or the num-

ber of state variables, of the reduced model should be significantly less 

than the order of the original system. 

Acceptable accuracy: The accuracy of the reduction method is usu-

ally defined by the absolute error between the output of the original 

system and the reduced model. The second norm of the difference be-

tween the outputs of the two models should be minimized to achieve a 

desired accuracy. 

Preserving system properties: The reduced model must preserve 

all the properties of the original system and accurately mimic the sys-

tem in different operating regimes. 

Computational cost reduction: One of the most important fea-

tures in model order reduction is reducing the computational cost of 
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solving the original model. Compared to the original model, the re-

duced model should be cost-effective and capable of providing the sys-

tem output in shorter time while allocating less computer memory for 

the processing and storage. 

Automatic and realistic procedure: The construction of the re-

duced model is preferred to be automated by specifying a tolerance for 

the error of the reduced model. Moreover, the procedure should be re-

alistic in terms of construction cost of the reduced model. 

2.2 Model Order Reduction of Linear Problems

This section takes a closer look at the projection-based and system identification 

methods for linear systems. In general, the former method requires the 

knowledge of system’s equation, whereas in the latter method, the input and 

output data of the system are sufficient to build the reduced model. 

2.2.1 Projection-Based Methods 

A posteriori approach 

Let us consider the simplest format of a high-order linear time-invariant (LTI) 

system with single input/output 

 
̇ = += , (2.1)

with the coefficient matrices ∈ ℝ × , ∈ ℝ × , ∈ ℝ , and ∈ ℝ .  and  

are the input and output signals, respectively. ∈ ℝ  is the state variable vector. 

The number of states  describes the complexity of the LTI system (Antoulas & 

Sorensen, 2001). 

As mentioned previously, the aim in the projection-based method is to reduce 

the complexity of (2.1) from  to  ( ≪ ) by projecting the state vector  into a 

reduced subspace spanned by the column vectors of a projection matrix . In 

another words, the state vector is approximated as ≈ , with  to be the 

reduced order state vector. Inserting this estimation into (2.1), we obtain the 

following overdetermined system 

 
̇ = += . (2.2)
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To obtain a unique solution to this system, another projection operator, , is 

required: 

 
̇ = += . (2.3)

 is the approximation of the original output signal  for any input signal , and 

the column vectors of  must be orthogonal to the residuals vector of (2.2). In 

order to fulfil the requirements mentioned at the end of Section 2.1, the error 

between the outputs of (2.1) and (2.3) (‖ − ‖) should be minimized for all the 

input signals. 

The aforementioned method of solving the PDEs is known as the Petrov-Ga-

lerkin method (Reddy, 2006). It is often common to consider = ; here the 

method is recognized as the (Bubnov-) Galerkin method. 

Various tools are available in the literature for optimal determination of the 

subspaces and their corresponding projection matrices  and  (Antoulas & 

Sorensen, 2001; Albunni, 2010; An & Gu, 2010). Among which, the methods 

relying on the Krylov subspace and POD are applied frequently in different lin-

ear problems. A brief introduction to the Krylov subspace is provided in the fol-

lowing section. The POD method is presented in detail in Chapter 3, due to its 

importance in the order reduction of electromagnetic devices, and as it was the 

foundation for developing the proposed reduced model of this dissertation. 

The Krylov subspace is a linear subspace that is generated by matrix-vector 

multiplications, and it is thus well suited for very large and sparse problems. 

One can look for an approximation solution of the original system from a re-

duced -dimensional subspace . The Krylov subspace  is typically defined 

by a matrix  and a starting vector  as 

 ( , ) = span{ , , … , }. (2.4)

To define the matrix  and vector  we first study the transfer function of the 

system. 

The transfer function of the LTI system (2.1) in Laplace domain is written in 

the form of 

 ( ) = ( − ) . (2.5)
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Let us consider an expansion point  which is not a pole of the system. If only 

one subspace is defined for the projection ( = ), it can be shown that 

(Gugercin & Antoulas, 2006) 

 ≜ ( − ) , (2.6)

 ≜ ( − ) . (2.7)

The order reduction methods based on the Krylov subspace are also known as 

moment matching approximation methods (Gragg & Lindquist, 1983). The fo-

cus in these methods is to construct a reduced model whose transfer function 

matches some specific moments of the original system (Ripepi, 2014). The mo-

ments of a system are defined by the coefficients of the Taylor series of the cor-

responding transfer function. The Taylor series of the transfer function about 

point =  is given by 

 

( ) = ( ) + ( ) = 0
( − 0)1! + ⋯ 

+ ( ) = 0 ( )! + ⋯. 
(2.8)

Thus, the 0–th moment  and the –th moment  of the system are defined as 

 = ( − ) , (2.9)

 = ! ( − ) ( ) , ∀ ≥ 1. (2.10)

The Lanczos (Lanczos, 1950) and the Arnoldi (Arnoldi, 1951) algorithms are 

two common examples of the Krylov-based order reduction methods. The 

Krylov-based order reduction methods contain iterative process; thus and are 

suitable for systems with high order. However, in some cases, the reduced order 

model may not be stable or automatic (Antoulas & Sorensen, 2001). 

A priori approach 

As mentioned previously, in the “a posteriori” methods the reduced basis is con-

structed prior to solving the problem; therefore, extra attention must be given 

to the compatibility of the reduced basis for solving a particular problem. The 

“a priori” methods overcome this challenge by constructing the basis at the same 

time as solving the problem, which is to say for each problem a new basis is 

defined (Chinesta et al., 2017). The separation of variables method (Ammar et 
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al., 2006) or proper generalized decomposition (PGD) is an example of these 

methods that is commonly used to compute the transient solution of a problem 

in the time domain. The PGD method represents the solution of a multidimen-

sional problem by a sum of parameter-dependant functions (known as modes). 

Hence, instead of solving a multidimensional problem, one can find the solution 

by solving a decoupled problem. To put this in mathematical formulation, the 

solution of the problem is approximated by separated space and time-depend-

ant functions, ( ) and ( ), as 

 ( , ) ≈ ∑ ( ) · ( ), (2.11)

where  is the number of terms in the expansion, which is less than or equal to 

the number of nodes depending on the desired accuracy level.  denotes a node 

in the spatial domain of the problem and  is a time instant between zero to 

maximum time. The functions ( ) and ( ) are computed using the FEM and 

time-stepping method, respectively. Each mode is determined iteratively ac-

cording to the previous modes, and the total required number of modes is ob-

tained automatically based on the second norm of the modes to be less than a 

predefined threshold. 

2.2.2 System Identification Methods 

The main objective in system identification methods is to construct a mathe-

matical model solely from the observed data of the system. These methods are 

specifically suitable for the problems in which the equation of the system is un-

known and only the input-output data are available. 

The observed data of the system  includes the collected data of the input  

and output  at  different time , = 1, … , : 

 = { , , … , , }. (2.12)

Relating the input of the system to its output through the linear difference equa-

tion, we can estimate the output of the system at time  

 = + ⋯ + + + ⋯ + , (2.13)

which can be presented in matrix form by vectorising the input and output of 

the system, as well as the parameters  and  as 
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 = [ , … , , , … , ] , (2.14)

 = [ , … , , , … , ] , (2.15)

 = . (2.16)

Vector  is unknown. This vector is approximated by using the observed data 

and the very well-known least square method. The determination of  in the 

least square method is based on minimizing the sum of squares of the residu-

als : 

 = ∑ ( − ) , (2.17)

where  is the observed value of the system output at the −th observation and 

 the corresponding estimated value. The minimum of (2.17) is obtained by set-

ting the derivative to zero: 

 

= −  

             = 2 ∑ ( − ) = 0. (2.18)

This provides the optimal values of  as 

 = [∑ ] ∑ . (2.19)

It is worth mentioning that after identifying the model structure, other model 

order reduction methods such as the balanced truncation technique can be ap-

plied for further dimensional reduction of the mathematical model (Dullerud & 

Paganini, 2005; Forrai, 2013). 

2.3 Model Order Reduction of Nonlinear Problems

The variety and the application of the model order reduction approaches for 

nonlinear problems are not as wide as the approaches for linear problems. This 

is due to different factors such as the challenges in approximating the behaviour 

of nonlinear systems, and the complexity in defining the low-dimensional sub-

spaces for nonlinear dynamic problems as the subspace deforms by time. 
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In most cases, the nonlinear system is either locally linearized or approxi-

mated by a linear model, and then linear reduction methods are applied to re-

duce the order of the resultant model. Therefore, the majority of the methods 

developed for order reduction of nonlinear problems have their origin in meth-

ods for linear problems. From the previous work, we categorize the most fre-

quently used approaches in the model order reduction of nonlinear problems 

into local, global, and POD-combined approaches. 

2.3.1 Local Approaches 

The local model order reduction approaches refer to the approaches that esti-

mate the behaviour of the nonlinear system locally. The reduced models ob-

tained by these approaches are defined only around one operating point of the 

system and are suitable for systems with weak nonlinearity and small input sig-

nal distortion (Ripepi, 2014). Methods motivate by Volterra (Phillips, 2003b) 

are examples of local approaches. In these methods, multidimensional polyno-

mial expansions, such as a multidimensional Taylor series, are used to approx-

imate the nonlinear function (Phillips, 2003a). One can reduce the required 

computational resources of solving the system by eliminating the high-order 

terms from the series. However, this elimination may limit the validity region of 

the model. 

Another possibility to obtain a reduced model from the polynomial expansions 

is to represent the polynomial system as a multilinear system (Rugh, 1981) and 

then project the system onto a proper series of subspaces, such as Krylov sub-

spaces (Phillips, 2003a; Bai & Skoogh, 2003). A drawback of this technique is 

that the number of polynomial coefficients in the reduced model rises rapidly 

with the order of the polynomial, which in turn restricts the application to sec-

ond or third order polynomial problems. 

2.3.2 Global Approaches 

As mentioned previously, model reduction based on Volterra-motivated meth-

ods guarantees good accuracy only at the local level with small signal distortion. 

The reduced model, however, can be computationally costly for a series with 

high order. The global approaches are alternatives to prevail over the challenges 

and difficulties of the local approaches. The trajectory piecewise linear (TPWL) 

method (Rewienski & White, 2003) is a common example of this family. In the 

TPWL method, the nonlinear system is linearized at selected linearization 
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points in the state space. Thereafter, one of the linear order reduction ap-

proaches is used to reduce the order of the resulting linearized models. Finally, 

a weighted combination of all the reduced linearized models provides an esti-

mation of the original model. 

The TPWL method accurately approximates the global behaviour of the sys-

tem at large signal distortions. To consider the local and global properties of a 

nonlinear system at large and small signal distortions, Dong and Roychowdhury 

(2003) suggested a trajectory piecewise polynomial (TPWP) approach. The ex-

pansion series in this approach have higher order terms. Consequently, the ac-

curacy, computational time, and memory requirements increase, as compared 

to the TPWL method. 

2.3.3 POD-Combined Approaches 

The singular value decomposition (SVD) (Golub & Van Loan, 2013) is the fun-

dament of the POD method. The essential features of the SVD, which are mainly 

the eigenvalues and singular values, make the POD method a powerful tool in 

the field of model order reduction. This method has been frequently applied to 

reduce the order of LTI systems (Astrid, 2004; Kerschen et al., 2005). Never-

theless, the reduced model of nonlinear systems obtained through only POD 

may suffer from low accuracy. Moreover, after projecting the full order system 

onto the reduced basis, the resulting nonlinear function will still depend on the 

full order system. To improve the issue of accuracy, various approaches are in-

troduced that modify the basis and interpolate the subspace as the state or be-

haviour of the system changes. These include empirical Gramian (Lall et al., 

2002), optimality system (Kunisch & Volkwein, 2008), system identification 

(Wattamwar, 2010), and the Newton-Krylov (Kerfriden et al., 2010) ap-

proaches. However, these techniques can be excessively costly during the online 

stage of solving the problem. 

To handle the computational bottlenecks, the POD method is commonly cou-

pled with the empirical interpolation methods (Peherstorfer et al., 2014). In this 

case, the nonlinear terms are only computed at a few selected spatial positions. 

Interpolating these values, one can determine the nonlinear terms over the en-

tire space of the problem. The DEIM is one of the most common empirical in-

terpolation methods, which will be explained thoroughly in Section 3.3. 
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2.4 Model Order Reduction of Electromagnetic Devices

Model order reduction is a new concept in the field of electromagnetics analysis. 

Nowadays, however, a considerable amount of work is available for order reduc-

tion of different electromagnetic devices, the most significant of which are pre-

sented in this section. 

2.4.1 Linear problems 

A number of researchers have shown the efficiency of the POD method for solv-

ing various linear electromagnetic field problems (Lin et al., 2006; Drissaoui et 

al., 2012; Y. Sato et al., 2015; Clénet et al., 2016). Pierquin et al. (2015) investi-

gated two reduced models of a 3-D magnetoquasistatic linear problem, obtained 

from the POD and the Arnoldi-based Krylov projection (AKP) (Wittig et al., 

2002) methods in both time and frequency domains. According to this study, 

both methods reduce the computational time significantly and maintain the er-

ror on the global and local quantities within an acceptable range. Nevertheless, 

as compared with POD, the AKP method is slower but provides a reduced model 

with better accuracy. 

To build a reduced model with the POD method, one must extract the matrix 

system from the full model. The matrix system, however, is not always conven-

ient for access, especially when using commercial FE software. Data-driven 

methods (Ulaganathan et al., 2016; Gosea & Antoulas, 2018), which include sys-

tem identification and machine learning methods, are alternatives for order re-

duction without extraction of the matrix system. Pierquin et al. (2018) com-

bined the data-driven method with POD to build a reduced model of a magne-

tostatic problem from the known inputs-outputs of the system. Although this 

combined method provides an accurate reduced model, the reduced model was 

less accurate than the POD reduced model. 

Pineda-Sanchez et al. (2010) applied PGD to study the current distribution in 

a rectangular-shaped slot of an electrical machine with the skin effect. They ex-

pressed the slot magnetic vector potentials by means of a finite sum of 16 modes. 

The merit of this method is that the number of degrees of freedom is linearly 

proportional to the dimensionality of the problem, unlike being exponentially 

as in traditional mesh-based methods. However, applying the method to an ar-

bitrarily shaped slot remained as a challenge in this work. Moreover, regarding 

the relation between the degrees of freedom and the meshing, there are methods 
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that can reduce the exponential growth of degrees of freedom (Gyselinck et al., 

(2009)). 

Henneron & Clénet (2013) compared POD with the PGD approache in a 3-D 

linear quasistatic problem. For this example, the computational time and 

number of modes with POD was less than the ones with PGD. However, the 

computational time of the PGD model was independent of the number of time 

steps. In (Henneron & Clénet, 2015b), they reduced the linear model of a squir-

rel cage induction machine at standstill. To examine the effect of the time step 

on the computational time, the machine was supplied with two types of voltages, 

first by sinusoidal voltages and then by pulse-width modulation (PWM). The 

results showed that in order to achieve an accurate reduced model, the number 

of modes with the PWM supply should be twice the number of those with a si-

nusoidal supply. Moreover, since the number of modes directly affects the com-

putational time, the speed-up of the reduced model with the sinusoidal supply 

was greater. 

In another work, Henneron and Clénet (2018) showed the efficiency of PGD 

along with an online/offline approach to study a multiphysics problem of a mag-

netoelectric device. In the offline stage, the reduced model of the problem with-

out any electrical load was built via PGD. In the online stage, the reduced model 

was coupled with an electric load to analyse the effect of load parameters on the 

local and global quantities. 

2.4.2 Nonlinear problems 

The system matrix of an electromagnetic field problem depends on the magnetic 

reluctivity of the modelled materials. In the case of nonlinear material, the mag-

netic reluctivity varies significantly with the changes of field, resulting a nonlin-

ear system of equations. This nonlinear system of equations can be solved only 

iteratively, which causes additional costs when modelling a reduced order 

model.  

Eigenvalue-based and POD methods are capable of reducing the dimension of 

nonlinear systems (Rutenkroger et al., 2004; Zhai & Vu-Quoc, 2007; 

Schmidthausler & Clemens, 2012; Sato & Igarashi, 2013a). Nevertheless, the 

corresponding reduced models have two major technical bottlenecks due to the 

nonlinear nature of the problem. Firstly, a greater number of modes are re-

quired to represent the behaviour of the full model. Secondly, the system matrix 
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must be assembled at every iteration of solving the reduced model. Therefore, 

in spite of dimensional reduction, the computational effort is not diminished. 

To overcome these difficulties, some researchers have suggested the subdo-

main reduction method. In this method, the domain of the nonlinear problem 

is divided into subdomains; linear and nonlinear subdomains in most cases. The 

order reduction is then performed only on the linear domain (Schmidthäusler 

et al., 2013; Y. Sato et al., 2015). In the case of applying POD to all the subdo-

mains, the system matrix is assembled only for the nonlinear domains in every 

iteration (Schmidthäusler et al., 2014). The subdomain reduction successfully 

reduces the computational cost of the linear domains; however, the challenges 

in order reduction of the nonlinear domain remains unsolved. These challenges 

are related to the dependency of the reduced Jacobian matrix and the reduced 

residual vector on the full-order solution of the system, which will be investi-

gated in Subsection 3.2.1. 

As mentioned in Subsection 2.3.3, POD-DEIM is an efficient and common tool 

in handling the difficulties caused by nonlinearity. Henneron & Clénet (2014; 

2015a) presented the utilization of this method in the order reduction of non-

linear magnetostatic problems coupled with external electrical circuits. Sato et 

al. (2016) applied a combination of the subdomain reduction method and the 

POD-DEIM approach to magnetoquasistatic problems. They split the region of 

the problem into three parts: linear, weak nonlinear and strong nonlinear re-

gions. The weak and strong nonlinear regions were corresponded to the region 

of the mesh with ferromagnetic material and their determination was based on 

the strength of the magnetic field at the previous time step. The POD method 

was applied to the linear and weak nonlinear regions, while the DEIM was used 

for the strong nonlinear region. 

Henneron et al. (2017) presented a comparison between the POD-DEIM and 

the POD methods coupled with the best points interpolation method (BPIM) 

(Nguyen et al., 2008) for solving a nonlinear magnetostatic problem. To achieve 

an accurate solution, POD-DEIM required a higher number of snapshots. How-

ever, the computational cost of the BPIM was higher since it includes an opti-

mization problem. 
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2.4.3 Modelling of Motion 

Electromagnetic devices consisting of both stationary and moving components 

have wide practical applications in industry, some of which are rotating electri-

cal machines, vibration energy harvesters, electromagnetic solenoid valves, ac-

tuators, and loudspeakers. The movement of the components in these devices is 

generated due to the electromagnetic or applied forces. Re-meshing is a com-

mon approach for modelling the movement in the FEM. The re-meshing ap-

proach, however, alters the number and ordering of the field variables, as well 

as the system matrix during movement. Therefore, the model requires special 

treatment when constructing a reduced order model of the electromagnetic de-

vice. 

Albunni et al. (2008) presented an approach to take into account the material 

nonlinearity and components movement in the reduced order model of an elec-

tromagnetic device. In order to avoid the re-meshing process between the rigid 

bodies of the problem during the movement of components, the coupled bound-

ary element method with the FEM (BEM-FEM) (Leconte, 2008) was used for 

the spatial discretization of the problem. The BEM-FEM divided the system ma-

trix into two parts, each solely dependent on either the reluctivity or position of 

the elements. The term associated with the nonlinearity was approximated by 

the TPWL approach. After approximating the field model by linearizing the orig-

inal model, POD was applied to build the reduced order model. To model the 

movement, the reduced model was weakly coupled with the mechanical equa-

tions. The position information obtained by solving the mechanical equations 

was used to amend the position-dependent terms in the reduced model depend-

ing on the new positions of the elements. The proposed approach enabled con-

trol of the approximation error of the reduced model based on the movement or 

nonlinearity separately. 

The overlapping FEM (Tsukerman, 1992) is another alternative to the re-

meshing process. This method was applied along with POD-DEIM (Montier et 

al., 2016) and PGD (Montier et al., 2018) to reduce the order of rotating electri-

cal machines. 

The block-MOR approach was introduced in some works to reduce the com-

putational time of problems with moving parts (T. Sato et al., 2015; Shimotani 

et al., 2016). In this approach, instead of collecting  snapshots from the whole 

domain of the problem, the domain is divided into  blocks and /  snapshots 

are collected from each block. Thereafter, a reduced model is built for every 
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block and when solving the problem, the corresponding reduced model is cho-

sen depending on the position of the moving components. The main difference 

between the block-MOR and subdomain reduction methods lies in the fact that 

the latter splits the problem domain into two linear and nonlinear regions, 

whereas the former divides the domain according to the elements position into 

more than one block and builds the reduced order model for each block. The 

block-MOR method successfully reduces the computational time of solving the 

reduced model; however, the reduced model may lose the accuracy at the junc-

tion of the space parameter block. 

Ebrahimi et al. (2017) proposed a POD-based method, called stride-MOR, 

which reduces the number of multiplication while maintaining the accuracy of 

a nonlinear model with mobile parts. The method included reducing the order 

of the problem at large time steps (strides) and approximating the system ma-

trix via matrix interpolation for any time instance within the intervals. The main 

advantages of stride-MOR were that it dropped the number of iterations of solv-

ing the system to only one iteration and considered the variation of the system 

matrix caused by motion. However, the method was only validated for a rota-

tional machine fed with high frequency and small distorted current signal. 

Hasan et al. (2018) proposed a matrix interpolation-based reduction method 

to model a linear magnetodynamic levitation problem with eddy current effects.  

The proposed approach consisted of offline and online stages. In the offline 

stage, a single global basis was created by applying POD on the time step snap-

shots. The problem was then solved for different positions of the mobile part, 

and the global basis was used to create a reduced model for each position. In the 

online stage, the reduced models were interpolated to gain the solution to a new 

parameter value. The advantage of this method compared to block-MOR was 

that the matrix multiplication of the reduced model with various projection ba-

sis was substituted with a linear matrix interpolation technique. Nevertheless, 

the main challenge of the matrix interpolation-based, block-MOR and stride-

MOR approaches could be the memory consumption, as adequate machine 

memory is required to store all the matrices of the reduced models. This may be 

a drawback of these methods, particularly for large-scale problems. 
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2.5 Summary and Conclusions

In the above literature study, the most common techniques for model order re-

duction of linear and nonlinear problems were discussed. It can be concluded 

that a practical and efficient order reduction technique is the one which reduces 

the order and computational cost of the problem automatically, while preserv-

ing the input-output properties of the system. The order reduction approaches 

applied to different electromagnetic field problems were reviewed further. For 

the sake of clarity, these approaches are summarized in Table 2.1. The main ap-

plications of the existing approaches were in the optimization of the electromag-

netic devices or in studying the phenomena such as the transient, uncertainty 

quantification, skin effect, and eddy current. 

Another important use of a reduced order model could be in real-time appli-

cations, such as control systems, in which the computational time is limited to 

less than a few microseconds. Such an application, however, has not been ad-

dressed before, which is understandable considering that the computational 

time reduction achieved by the existing methods is not sufficient to execute the 

reduced order model within the real-time limitations. 

During the course of this dissertation, a reduced order model has been devel-

oped that will be implemented directly in the embedded processor of a drive to 

control an electrical machine in real-time. The control system of the motor drive 

is modelled in the rotor reference. In this case, the field solution is independent 

of time and the rotor angle, and one can solve the problem by having the current 

components of the electrical machine. To this end, the proposed order reduction 

method is extracted from the static analysis of the electrical machine model with 

a magnetostatic field, rather than considering the dynamical model. 

Carlberg (2011) studied the POD for static systems but no order reduction ex-

ample for nonlinear static systems could be identified. Nevertheless, the reduc-

tion method proposed in this dissertation will take into account the nonlinearity 

of the static system. The accuracy of this method has been rigorously validated 

using the POD-DEIM reduced model and the full order model. 
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Table 2.1. Summary of the most common model order reduction methods applied to electro-
magnetic devices

Type of 
Problem

Some Applica-
tions Advantage Disadvantage

POD Linear Wide range of 
problems Easy implementation Requires access to sys-

tem of equation

AKP Linear
Time and fre-
quency do-

mains

More accurate than 
POD Slower than POD

PGD Linear
Time stepping 
and transient 

analysis

Computational time and
number of time steps 

are independent

Iterative procedure
Number of modes di-
rectly affect the accu-
racy and computational 
time

Data-driven 
method Linear

Systems with 
known input-
output Data

No knowledge of system 
of equation is required Less accurate than POD

Matrix interpo-
lation-based 
reduction

Linear
Problems with 

motion and 
eddy current

Accurate Adequate memory to store 
reduced matrices

Subdomain re-
duction

Nonlin-
ear

Problems with 
small nonlinear 

region

Can be easily coupled 
with other reduction 

methods

No actual order reduction 
of nonlinear domain

POD-DEIM Nonlin-
ear

Wide range of 
problems Accurate Complicated implementa-

tion

BPIM Nonlin-
ear

Wide range of 
application

Less number of snap-
shots than POD-DEIM

Higher computational cost 
than POD-DEIM

TPWL Nonlin-
ear

Problems with 
nonlinearity 
and motion

Accurate

Complicated implemen-
tation
Linear and nonlinear 
terms in system of 
equations must be sep-
arable

Block-MOR Nonlin-
ear

Problems with 
motion Easy implementation

Adequate memory to 
store reduced basis
Low accuracy

Stride-MOR Nonlin-
ear

Time stepping 
problems with 

motion
Accurate Adequate memory to store 

reduced matrices
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3. Methods

This chapter presents the methods developed in this dissertation on the topic of 

model order reduction. Before starting with the reduction methods, the problem 

under investigation and the basics of the FE-based method for solving the prob-

lem are presented in the first section. After that, the two subsequent Sections 

(3.2 and 3.3), provide the fundamentals of the POD-DEIM for the problem un-

der study. The POD-DEIM served as the foundation for developing the proposed 

order reduction method of Publication II, i.e. orthogonal interpolation method 

(OIM). The fourth section of this chapter presents the OIM in details. Finally, 

the last section of the chapter introduces a method for optimal collecting of the 

snapshots, which was developed in Publication III. 

It should be noted that most of the order reduction methods presented in the 

literature review were applied to time-dependant differential equations. How-

ever, as mentioned previously, the focus of this dissertation is on the model or-

der reduction of static algebraic PDEs with algebraic equations.  

3.1 Finite Element Approach to Magnetostatic Problem

Figure 3.1 illustrates a typical structure for a 2-D magnetostatic field problem 

defined in the domain Ω = Ω ∪ Ω ∪ Ω . This structure, which is common in 

electrical engineering applications, includes one or multiple stranded inductors 

carrying a known current  (with current density ) and, in some cases, perma-

nent magnets with remanent flux density (magnetization) . The magnetic ma-

terial in the magnetic material domain Ωm can be either linear or nonlinear.  
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Figure 3.1. Region of a magnetostatic field problem.

The governing Maxwell equations valid in the problem region are 

 ∇ × = , (3.1)

 ∇ · = 0, (3.2)

 = ( − ), (3.3)

for the field strength , flux density , and the reluctivity ν. In nonlinear ferro-

magnetic material the reluctivity ν depends on . 

The magnetic vector potential  is commonly introduced to solve two-dimen-

sional magnetic field problems: 

 = ∇ × . (3.4)

Substituting (3.3) and (3.4) into (3.1) leads to the partial differential equation of 

the vector potential : 

 ∇ × ( ∇ × ) = + ∇ × ( ). (3.5)

We assume that the boundaries ГH and ГB bound the domain of the problem 

with homogenous boundary conditions. In this case, the tangential component 

of the magnetic field strength · , and the normal component of the flux den-

sity · , vanish along Γ  and Γ , respectively. At the interface between the two 

regions, along the boundary Γ , the normal component of the magnetic flux 

density and the tangential component of the magnetic field strength must be 

continuous. The boundary conditions of the problem can be written as 

              · = 0,         on Γ , (3.6)

              · = 0,         on Γ , (3.7)
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             · = · , 

             and . = · ,         on Γ . 
(3.8)

Discretizing the problem with Galerkin’s method yields to a set of algebraic 

differential equations that can be represented in matrix form as 

 ( ) = , (3.9)

where = [ … ]  is a vector containing the unknown nodal values of the 

magnetic vector potential.  is the number of nodes in the mesh or the number 

of the degrees of freedom in the system of equations.  is a vector of size  re-

sulting from the current density of the inductors and the remanent flux density 

(in case of the existence of a permanent magnet in the domain of the problem). 

The matrix  is the stiffness matrix of size × . The entries of matrix  include 

the reluctivity . In magnetic field problems with nonlinear ferromagnetic parts, 

the reluctivity depends on the flux density, and, consequently, on the spatial de-

rivatives of the vector potential, the system of equation (3.9) is therefore non-

linear. The dependency of the stiffness matrix on the vector potential is denoted 

as ( ) in (3.9). 

One can solve the nonlinear system of equations by using iterative methods. 

The main idea of these methods is to convert the nonlinear problem to a series 

of successive linear problems. The Newton-Raphson method is commonly ap-

plied in case of nonlinear magnetic field problems. Consider the nonlinear equa-

tion (3.9) to be reformulated as a residual vector equation 

 ( ) = ( ) − , (3.10)

and the aim is to solve ( ) = 0. For this purpose, the Jacobian matrix is defined 

as 

 ( ) = ( ) = ( ) + ( ) . (3.11)

, the nodal value of the magnetic vector potential at an iteration , is com-

puted from the results of the previous iteration − 1 through the Newton-

Raphson method as 

 = − ( ) . (3.12)
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In practice, obtaining the explicit inverse of a Jacobian matrix is mostly unfea-

sible. It is more convenient to solve the correction vector ∆  from the equation 

 ( )∆ = −  (3.13)

and then calculate the solution at iteration  as = + ∆ . 

Solving the matrix equation (3.9) may be costly and require a considerably 

long period of time, especially in large nonlinear systems with a high number of 

unknown variables and iterations. Different model order reduction approaches 

can be applied to reduce the computational burden, some of which are pre-

sented in the following sections. 

3.2 Proper Orthogonal Decomposition

3.2.1 Mathematical Concept 

Proper orthogonal decomposition (POD) is a projection-based reduction 

method. As mentioned in Subsection 2.2.1, in this method, a high dimensional 

problem is projected onto a reduced basis, which results into a lower dimen-

sional system of equations compared to the original problem. In another words, 

the main objective is to approximate the solution  of the original system of 

equation (3.9) as 

 ≈ , (3.14)

where the vector ar of size  is a vector of the reduced solution. The size of this 

vector is much less than the number of unknown variables of the original prob-

lem, i.e. ≪ . The projection operator ∈ ℝ ×  is the matrix of the POD re-

duced basis. The columns of  are also referred to as POD modes. The determi-

nation of the reduced basis is discussed in more details in the next subsection. 

Substituting (3.14) back into the system of equations results in the reduced 

model 

 = , (3.15)

where =  and = . The reduced residual and the reduced Jaco-

bian matrix of the system are 

 ( ) = ( ), (3.16)
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 ( ) = ( ) . (3.17)

The size of the reduced model (3.15) is . Nevertheless, the reduced Jacobian 

matrix and the reduced residual vector are still dependent on the full-order so-

lution of the system; the computation of this term requires assembling the full-

order stiffness matrix and is, therefore, time consuming. The DEIM is often ap-

plied to efficiently reduce the computational cost of the residual vector and the 

Jacobian matrix. The fundamental of this method is provided in Section 3.3. 

3.2.2 POD Reduced-Basis Determination 

This section focuses on the determination of the POD reduced basis ∈ ℝ × . 

The basis  is chosen from a reduced-dimensional linear subspace of ℝ  that 

can accurately compute the exact solution. The system of equation is then solved 

in this subspace. 

In the POD method, the subspace is usually constructed from a set of data 

known as snapshots (Sirovich, 1987). The snapshots are the output solutions of 

the original system that are obtained experimentally, numerically, or analyti-

cally for different inputs or configurations. For a given set of s snapshots, stored 

in a matrix = [ , , … , ] ∈ ℝ × , one must find the subspace U =colspan( ) of dimension ( ≤ ) in ℝ  that minimizes the squared error be-

tween the snapshots and their orthogonal projection onto U (Zimmermann, 

2016): 

 min − , (3.18)

subjected to =  (the columns of  are orthonormal). ‖. ‖  stands for the 

Frobenius norm in the above equation. 

SVD is one of the most efficient tools for optimal computation of the POD ba-

sis  for subspace U. Let us assume that matrix  has rank , where <  

and < , the factorization of the snapshot matrix via SVD is in the form of =
. Due to the rank of , each of these three new matrices are divided into 

two parts as  

 
 

(3.19)
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where, = [ , , … , ] ∈ ℝ ×  and = [ , , … , ] ∈ ℝ ×  are each an 

orthogonal matrix. The columns of  and the columns of  are called the left 

singular vectors and the right singular vectors of , respectively. ∈ ℝ ×  is a 

diagonal matrix with nonnegative diagonal entries , , … ,  known as the sin-

gular values of , which are arranged in descending order ( > ⋯ > > 0). 

The matrix ∈ ℝ ×( ) and the matrix ∈ ℝ ×( ) contain the left and 

right singular vectors corresponding to the vanishing singular values of ; 

therefore, these singular vectors are eliminated when reconstructing .  

The columns of matrix  are optimal candidates for the POD basis, which also 

fulfils the conditions for (3.18). In numerical problems, however, the snapshot 

matrix is likely to have full rank (Montier et al., 2016). In this case, the snapshot 

matrix will have , = min ( , ), non-zero singular values, and the subspace U 

is defined by the span of all the snapshots (Carlberg, 2011). Therefore, it is more 

economical to use truncated SVD to reduce the dimension of the subspace and 

the POD basis according to a predefined criterion. In this dissertation, the trun-

cated SVD is formulated as ≈ ; where ,  and  are the reduced 

matrices with sizes of × , ×  and × , respectively. Different approaches 

are proposed to find a value for  (Montier et al., 2016; Carlberg, 2011). 

Two approaches are compared in Publication I.  In the first approach, the re-

quired dimension of the POD reduced basis is determined according to the val-

ues of the singular values. If the first  singular values are remarkably larger 

than the other remaining singular values, about one-decade difference between 

the singular values, the reduced basis is defined as the first r right singular vec-

tors, i.e. = [ , , … , ]. 
The second approach is based on the oriented energy distribution of the vector 

set of the snapshot matrix. The SVD of the snapshot matrix provides valuable 

information regarding this oriented energy distribution. The energy of a vector 

sequence is equal to the energy in its singular spectrum , , … , , and the 

whole energy of the system is the sum of the squares of all the singular values 

(Kerschen et al., 2005). Thus, the reduced basis can be optimized with respect 

to energy content in a least squares sense as in (3.18). Considering the energy of 

each mode, one can determine the required dimension of the reduced basis , 

by the following criterion (Benner et al., 2017) to be less than a user-defined 

error ε  
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 ∑ − ℝ = ∑ < , (3.20)

where  is the unique solution to (3.9) for the -th input. The POD approxima-

tion to  is defined as 

 = ∑ , ℝ . (3.21)

〈. , . 〉ℝ  is the canonical inner product of ℝ . 

The two aforementioned approaches of finding the value for , are applied to 

build a POD reduced order model of an electrical machine in Publication I and 

the corresponding results will be presented in Section 4.1.  

3.3 Discrete Empirical Interpolation Method

As mentioned previously, solving the POD-reduced model (3.15) for a nonlinear 

problem can be costly since it requires the evaluation of the residual vector 

(3.16) and Jacobian matrix (3.17) at full dimension. The DEIM is an effective 

tool to avert this computational deficiency. The aim of the DEIM is to approxi-

mate the residual vector and the Jacobian matrix with the discrete projection 

operator , by computing the values of these matrices at only a few nodes and 

interpolating the remaining entries.  is the reduced set of basis vectors that is 

composed of the m most energetic left singular vectors of the SVD derived from 

the snapshot matrix of the nonlinear term of the system of equations. In order 

to calculate this nonlinear snapshot matrix, Publication II proposes to solve the 

system equation (3.9) for different magnetic vector potentials  by using the 

Newton–Raphson method to the system equation (3.9). Substituting each  

into = − , the corresponding nonlinear vector  of the system is ex-

tracted and stored in the nonlinear snapshot matrix. In this case, the stiffness 

matrix  is computed with a constant reluctivity and does not depend on the 

nodal values of the magnetic vector potential. 

Considering the projection operator  and the structure of the nonlinear term, 

the reduced residual vector and the reduced Jacobian matrix are reformulated 

as 

 
( ) = − … 

… + ( ( ) + − ), 
(3.22)
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 ( ) = + ( ( ) − ) , (3.23)

where = . Matrix = [ , , … , ] ∈ ℝ ×  is a selection matrix, 

where = (0, … ,1, … ,0)  is a column vector of size  with all the entries being 

equal to zero, except the one at the -th position. The value of  is obtained from 

an algorithm known as the DEIM algorithm. For more details on the DEIM al-

gorithm see (Chaturantabut & Sorensen, 2012; Ştefănescu & Navon, 2013). 

One must note that the vector  and matrix  are precompiled. Moreover, 

from the terms ( ( ) + − ) and ( ( ) − ), one can observe 

that only m components of ( ) + −  and  vectors of ( ) −  are 

required to compute the reduced residual vector and the reduced Jacobian ma-

trix. Notice that in a finite element problem, while calculating the magnetic vec-

tor potential value at a node, the magnetic vector potential values of the neigh-

bouring nodes are also required. This means that the neighbouring nodes of the 

m nodes should be considered in the calculation. However, this still reduces the 

computation burden of the nonlinear system significantly. Publication II shows 

the efficiency of the POD-DEIM in order reduction of the FE model of an elec-

trical machine, the results of which will be presented in Subsection 4.3. 

3.4 Orthogonal Interpolation Method

This section presents the interpolation-based method that we developed in Pub-

lication II to reduce the computational time and complexity of solving the sys-

tem of equations. This method is also based on the SVD of the snapshot matrix, 

but, unlike the POD method, it benefits from the properties of the right singular 

vectors instead of the left singular vectors. To reach a more comprehensive un-

derstanding of the properties of the left and right singular vectors, and eventu-

ally the proposed method, let us first explore the geometric interpolation of 

SVD. Geometrically, any arbitrary full ranked snapshot matrix ∈ ℝ ×  in-

duces a linear transformation of vectors from ℝ  to ℝ . In the case of this dis-

sertation,  corresponds to the number of snapshots and  to the number of un-

known variables or the degrees of freedom of the system. 

The linear transformation is performed in three steps via SVD: 

1. The matrix  rotates or reflects an -dimensional hypersphere into 

another -dimensional hypersphere to the coordinate axes of ℝ . 
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2. The matrix  maps (stretches or shrinks) the rotated -dimensional 

hypersphere into an -dimensional ( = min ( , )) hyperellipse in -

dimensional space. 

3. The matrix  rotates the hyperellipse to the coordinate axes of ℝ  

while preserving the properties of the geometry. 

The right singular vectors are an orthonormal basis of ℝ  and they span the 

input space, whereas the left singular vectors are an orthonormal basis of ℝ  

and they span the output space. The singular values of  quantify the length of 

the semi-axes of the hyperellipse. Therefore, if  is a matrix of rank ,  of the 

semi-axes of the hyperellipse will have non-zero length and the length of the 

remaining −  semi-axes will be zero. 

For a better visualization of SVD features, the geometrical interpretation of 

SVD is presented in Figure 3.2 for a three-dimensional case. In this figure, ma-

trix  with size of 2 × 3 maps a unit sphere in ℝ  to an ellipse in ℝ . Let us as-

sume that the red dots in Figure 3.2(a) are a set of input data that are randomly 

scattered over the surface of a unit sphere. Multiplying the sphere by  rotates 

the sphere but maintains its radius size (Figure 3.2(b)), since the matrix  is 

orthogonal. The multiplication by  transforms the sphere into an ellipsoid in a 

2-dimensional plane which is located in a 3-dimensional space (Figure 3.2(c)). 

As we can see from Figure 3.2(d), the orthogonal matrix  performs a final ro-

tation on the ellipsoid, while preserving its shape. 

It should be noted that matrix  maps the sphere in Figure 3.2(b) back to the 

original space of the input data (Figure 3.2(a)). This is the reason why the right 

singular vectors (columns of ) form a set of orthonormal bases of the input 

space. Matrix , on the other hand, transfers the data to the output space. 

Therefore, the left singular vectors (columns of ) form a set of orthonormal 

bases of the output space. 
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Figure 3.2. Matrix  of size ×  maps the data on the surface of a sphere (a) into data located 
in a plane (d). (a) Vectors { , , } represent directions of the unit vectors of the 
sphere. (b) Unitary transformation of the unit sphere. Vectors { , , } represent 
directions of the unit vectors of the rotated sphere. (c) Singular values { , } quan-
tify the lengths of the semi-axes of the tri-axial ellipsoid. (d) Vectors { , } represent 
the directions of the semi-axes of the ellipsoid. 

We now study the SVD in the context of FE analysis of a problem with a magne-

tostatic field. In such a problem, each column of the snapshot matrix ∈ ℝ ×  

corresponds to the solutions of all the nodes of the problem at a unique input 

variable, and each row of  corresponds to the solutions of a unique node of 

the problem for all the input variables. Referring to the mathematical definition 

of the truncated SVD presented in Subsection 3.2.2, one can decompose ma-

trix  into three reduced matrices  as shown in Figure 3.3 with ≪ . 

In the interpretation of the singular values and the singular vectors we can say 

that the left singular vectors are the eigen modes of the system, the singular val-

ues describe the importance or weight of each mode in representing the system, 

and the right singular vectors define how these modes respond to different input 

variables. 

The SVD clusters the correlation between the input variables and the spatial 

nodes and maps them into two reduced-dimensional spaces. Based on the geo-

metrical explanation of the SVD, the reduced spaces of the input variables and 



Methods 

53 

spatial nodes are spanned by the right singular vectors and left singular vectors, 

respectively.  This can be seen in Figure 3.3, in which , the -th row of , con-

tains the coordinates of the -th spatial node in an -dimensional space and , 

the -th column of , contains the coordinates of the -th input variable in an -

dimensional space. 

 

 

Figure 3.3. Decomposition of snapshot matrix via truncated SVD. The decomposition clusters the 
input variables and the spatial nodes. 

In a similar manner to the row and columns of , each row of  corresponds 

to a specific spatial node and each column of  corresponds to a unique input 

variable. Therefore, the matrices  and  are independent of the input varia-

bles. The columns of , however, depend on the input variables. The depend-

ency of the columns of  and  to a set of input variables, let us say { , … , }, 

is presented as 

 

                          …                                           …       
                      ↓                ↓                                  ↓                ↓ = ⋯⋮ ⋱ ⋮⋯      ⎯      = ⋯⋮ ⋱ ⋮⋯ . (3.24)

Assuming that the snapshot matrix represents the system correctly, the multi-

plication of matrices  and  remains unchanged for any input variables 

within the range of the snapshot matrix and the prediction of the system solu-

tion is only dependent on the right singular vectors of matrix . According to 

(3.24), each right singular vector (a row in matrix ) contains data at the input 

points , … , . Interpolating these data, we can represent the right singular 

vector as a function of the input set and thereafter estimate the components of 

the matrix   for any new value of input  as following 

 = ⋮ = ( )( )⋮( ) . (3.25)
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Ultimately, the system solution, the nodal values of the magnetic vector poten-

tial in our case, for the new input set is estimated by 

 = . (3.26)

Indeed, the precision of , and consequently the estimated solution , highly 

depends on how accurately the functions , , … ,  define the corresponding 

components. In general, each function can be a multidimensional polynomial, 

Fourier series, etc. 

Publication II applies the OIM method to the FE model of an electrical ma-

chine and compares the resulting OIM reduced model with the POD-DEIM re-

duced model of the machine. A comparison between different quantities of the 

two reduced models will be shown in Section 4.3. 

3.5 Snapshot Selection

The model order reduction approaches that have been presented in this chapter 

are based on snapshots. Selection of the snapshots is one of the main factors 

that affects the accuracy of the reduced model, since the accuracy highly de-

pends on how well the snapshots represent the full system. Different methods 

exist for snapshot selection, some of which are reviewed in Publication III. The 

most common and straightforward of these methods is the uniformly distrib-

uted snapshots along the operating points of the system of interest. In problems 

with strong nonlinearity, the uniformly distributed snapshots, however, may re-

sult in poor accuracy if the snapshot matrix does not contain sufficient infor-

mation on the nonlinear operating points. Publication III introduces a novel al-

gorithm, named the constrained algorithm, to determine a reduced number of 

snapshots efficiently, while maintaining an acceptable accuracy between the re-

duced and the original models. 

The constrained algorithm flowchart is provided in Figure 3.4. Initially, the 

snapshot matrix  is generated by solving the FE model at  input points. After 

building the reduced model through one of the aforementioned methods, the 

relative error  between the full FE model and the reduced model is calculated 

at certain predefined points for different output quantities , ( = 1,2, … ). De-

pending on the problem under study, these output quantities may, for instance, 

be the torque, force, temperature, etc. For each point, a total error  is defined 

by the sum of the relative errors of the quantities. User-defined weightage  is 
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assigned to each relative error based on the importance of the quantity to the 

user. A spline interpolation is applied to the resulting total errors to obtain the 

total error values for the whole range of the input points of the system. The max-

imum error is searched from the interpolation of the total errors. If the maxi-

mum error is more than a predefined threshold , the algorithm divides the 

spline error into  zones, picks the points with the highest total error in each 

zone, and adds them in the set of snapshots from which a new reduced model is 

built for the next iteration. The algorithm stops when the spline error is lower 

than the predefined threshold. 

 

 

Figure 3.4. Constrained algorithm flowchart.
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4. Application and Results

In this chapter, the applications of the methods presented in Chapter 3, along 

with the highlights of the numerical and experimental findings of Publications 

I-IV, are presented. The obtained results are compared where applicable. 

4.1 Order Reduction of a System with Multiple Inputs

The aim of Publication I is to study the feasibility of reducing the model order 

of a problem with multivariable inputs. The problem under investigation is the 

model of a current fed rotatory interior permanent magnet synchronous ma-

chine (IPMSM) with a magnetostatic field. The behaviour of the machine was 

defined in the 2-D cross section of the machine using the magnetic vector-po-

tential formulation, which was modelled with second order FEs with 1379 mesh 

nodes. The eddy currents and iron losses were neglected. The non-linearity of 

the iron was taken into account with nonlinear single valued material proper-

ties. The parameters of the IPMSM are given in Table 4.1. The FE mesh of this 

machine can be found in Publication I. The same machine was also used for the 

numerical simulations and experiments in Publications II and IV. 

Table 4.1. Parameters of the 2.2 kW IPMSM used in Publications I, II, and IV

Parameter Value Parameter Value

Power 2.2 kW Air gap 1 mm

Voltage (rms) 370 V Number of stator slots 36

Current (rms) 4.3 A Rated speed 1500 r/min

Frequency 75 Hz Torque 14 Nm

Connection Delta Direct-axis inductance 36 mH

Number of pole pairs 3 Quadrature-axis inductance 53 mH

Stator outer diameter 165 mm Stator resistance 3.59 Ω

Stator inner diameter 104 mm Permanent magnet flux-linkage 0.55 Vs
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The magnetization curve of the ferromagnetic material and the flux-linkage 

curve verses current of the machine are also presented in Publications II and IV, 

respectively. Due to the structural properties, this machine does not experience 

very high saturation at high current. However, the cross-coupling phenomena 

is observed, especially in the q component of the flux linkage. 

Despite the nonlinearity of the model, the POD method was applied to build 

the reduced model in Publication I. The reason for this choice is that the POD 

solely could reduce the computational time of this specific model significantly 

and, furthermore, the focus of the publication was on the feasibility of reducing 

the order of the model with multivariable inputs rather than the type of reduc-

tion method. 

Since the magnetic field distribution of the model varies according to both the 

stator winding current and the angular position of the rotor (Henneron et al., 

2015), the angle and magnitude of the stator current along with the rotor angle 

are considered as the input variables of the system. To build the snapshot ma-

trix, the FE model is solved for all the possible combinations of: 11 stator currents equally distributed between zero and the rated cur-

rent, 19 stator current angles equally distributed between zero to 180 elec-

trical degrees, 19 rotor angles equally distributed between zero to 180 electrical de-

grees. 

The POD modes are determined by applying the SVD. The first four POD 

modes of the system are shown in Figure 4.1. 
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Figure 4.1. The first four POD modes of the 2.2 kW IPMSM. 

It is worth mentioning that the POD modes do not represent the original model, 

but their combination through a POD reconstruction provides the most ener-

getic behaviour of the system (Haase et al., 2009). Moreover, due to the data 

dependency of the POD method, it is not possible to provide a general physical 

interpretation of the POD modes, particularly in nonlinear systems (Kerschen 

et al., 2005). 

The first four POD modes capture about 93% of the total energy of the system. 

However, constructing the POD reduced model with only these POD modes will 

not result in satisfactory accuracy. This suggests that predicting the required 

number of POD modes by merely calculating the energy of them can be mislead-

ing in the case of a nonlinear system with multiple inputs. Instead, the criterion 

mentioned in (3.20) is employed for this purpose. The value of  in this equation 

is chosen with respect to the desired accuracy between the original model and 

its approximation; indeed, the smaller the chosen value is, the more precise the 

POD model will be. For an accurate approximation, the value of  was set to 2 ×10  in Publication I. With this consideration, the required number of POD 

modes is 63. After building the POD reduced model, the reduced model is com-

pared with the original FE model of the IPMSM in terms of local and global 

quantities, i.e. the magnetic vector potential and the torque. 
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The relative error  in the vector potential of the two models is defined as 

 = ‖ ‖‖ ‖ , (4.1)

where  and  are the nodal values of the vector potential that are obtained 

from the original model and the POD reduced model, respectively, excluding the 

nodes on the outer boundary, the potentials of which are set to zero.  is the 

projection operator consisting of the POD modes. The average relative error 

for 150 unique random operating points, chosen from the working interval of 

the machine, is 2.5%. 

Figure 4.2 presents the torque results of the original FE and POD reduced 

models as a function of the rotor angle, when the magnitude and angle of the 

stator current are 4.1 A and 25°, respectively. It is worth mentioning that these 

selected values are not included in the snapshot matrix. 

 

 

Figure 4.2. Air gap torque versus the angular rotor position. 

The similarity between the torque results of the two models and the low average 

relative error in the nodal values of the vector potential indicate the POD capa-

bility to accurately approximate the solution to the FE model at any arbitrary 

combination of the input variables. Moreover, it should be noted that the snap-

shot matrix was selected for the rotation angle from the interval [0,180] electri-

cal degree. However, the torque results (Figure 4.2) are plotted for the inter-

val [0,360], which means the POD reduced model could estimate the system of 

this model outside of the interval where the snapshots are defined (Shlizerman 

et al., 2011). 
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4.2 Constrained Algorithm for Snapshot Selection

When building the snapshot matrix, the main idea is to find the most significant 

modes that define the system more accurately. Uniformly distributed inputs are 

commonly appropriate for the generation of the snapshot matrix in most prob-

lems. However, as mentioned previously, this selection technique may not nec-

essarily collect the valuable modes of the system especially in problems with 

highly nonlinear behaviour. Publication III suggests the constrained algorithm 

(Figure 3.4) to create an efficient set of snapshots for such problems and applies 

this method to a nonlinear 4.5 kW bearingless synchronous reluctance machine 

(BSynRM) model. The parameters of this machine are given in Table 4.2. The 

machine is simulated in 2-D by using first order triangular finite elements and 

its mesh can be found in Publication III. 

Table 4.2. Parameters of the 4.5 kW BSynRM used in Publication III

Parameter Value

Power 4.5 kW

Voltage (rms) 180 V

Current (rms) 30 A

Frequency 50 Hz

Connection Star

Number of pole pairs 2

Stator outer diameter 235 mm

Stator inner diameter 145 mm

Air gap 0.195 mm

Number of stator slots 36

 

Here, it is also assumed that this rotatory BSynRM has a magnetostatic field and 

the main winding is current fed. The auxiliary current of the additional winding 

is maintained at 1 A. Therefore, the main winding current and the angular po-

sition of the rotor were considered as the input variables of the system. The main 

winding current can take values from zero to the rated current, whereas the ro-

tor angular position can change between [−45,0] electrical degrees due to the 

symmetry of the model. Plotting the torque , and the electromagnetic forces 

acting on the rotor in x- and y- direction  and , one can observe the nonlin-

ear behaviour of these quantities under the variation of the rotor angle for a 

static current input, as shown in Figure 4.3. 
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   (a)          (b) 

Figure 4.3. (a) Torque and (b) forces acting on the rotor of the BSynRM. Stator main winding 
current and additional winding current are 30 and 1 A, respectively. 

Moreover, the spatial harmonics that are generated due to the presence of the 

rotor flux barriers and stator slots are seen distinctly in the torque and forces 

curves. Therefore, for constructing the snapshot matrix, in order to consider the 

spatial harmonics and the nonlinear behaviour of the torque and forces with 

respect to the rotor angle, the rotor angular positions are selected by applying 

the constrained algorithm, whereas the main winding current is assumed to take 

five uniformly distributed values between 10 A and the rated current. 

To initiate the constrained algorithm, five rotor angles are selected based on 

the uniform distribution of the rotor angle in [−45, 0]. After building the re-

duced model with these snapshots, the FE and reduced models are compared 

by computing the errors in the torque and forces. The total relative error at each 

computing point is then calculated by adding 50% weightage of the torque error 

and 25% of the force error in x- and y-directions each. A cubic spline interpola-

tion is used to estimate the total error over the whole range of the rotor angle 

with the angle step of 0.1°. The interpolated total error is then divided into 18 

equal zones. The number of zones is determined according to the torque ripples 

with respect to the rotor angular position. Each zone is searched locally for the 

highest value of error and the corresponding rotor angles are added to the initial 

set of input variables. This process is repeated until the maximum total error in 

each zone is less than a threshold of 0.5 %. 

The total number of selected rotor angles via this algorithm is 46 angles. 

Therefore, the number of snapshot points is 230, which comes from all the pos-

sible combination of 46 angles and 5 main winding currents. In order to com-

pare the constrained algorithm with the uniformly distributed snapshot 

method, the same number of snapshot points (5 main winding currents and 46 

rotor angles, uniformly distributed in the intervals of the quantities) is also set 
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for the latter case. Applying the POD on the uniformly distributed snapshots 

and the constrained algorithm snapshots, we build two reduced models and 

compare their results with the original FE model. The comparison results of 

these two reduced models are given in Table 4.3. The mean absolute percentage 

errors of the quantities are computed for the rotor angles in the range 

of [−45, −5] electrical degree and the main winding current in the range 

of [10, 30] A. The number of the snapshots is 230 in both methods. In spite of 

the exact number of snapshots and almost the same number of POD modes in 

the two methods of snapshot selection, the errors in the quantities of the con-

strained algorithm based reduced model are approximately half of the errors in 

the reduced model that is based on the uniformly distributed snapshots. 

Table 4.3. Comparison of the mean absolute error between the model order reduction and the 
FEM mode for different snapshot selection methods

Quantity Uniformly Distributed Constrained Algorithm

Number of POD modes 104 103

Torque error 3.1 % 1.7 %

Force error in x-direction 6.9 % 2.4 %

Force error in y-direction 4.1 % 1.9 %

 

Moreover, the influence of the number of snapshots on the relative error of the 

estimated magnetic vector potentials is investigated and the result is shown in 

Figure 4.4. With an increasing number of snapshots, the accuracy of the reduced 

model improves for both methods. Here also, the reduced model based on the 

constrained algorithm shows better accuracy for a different number of snap-

shots. Furthermore, it can be seen that increasing the number of snapshots to 

more than 230 does not greatly affect the accuracy of the reduced models, espe-

cially in the constrained algorithm case. 

 



Application and Results

64 

 

Figure 4.4. Evolution of vector potential error versus number of snapshots.

4.3 Verification of Orthogonal Interpolation Method

Publication II presents verifications of the OIM method for the IPMSM model 

of Table 4.1. In this publication, the stator current magnitude is considered as 

the only input variable of the model, which changes from zero to 6 A. For this 

specific single input variable model, the uniformly distributed snapshots cap-

tures the most significant modes, and use of the constrained algorithm for find-

ing the snapshots is not necessary. Therefore, the FE model of the machine is 

solved for seven different current values, evenly chosen from [0,6] A, and the 

solutions are stored in the snapshot matrix. The load angle is kept at 45 electri-

cal degrees during the simulations. The OIM, as presented in Section 3.4, is de-

veloped on the snapshot matrix and each right singular value of the snapshot 

matrix is presented by a polynomial function of degree 6. 

Publication II compares the obtained OIM reduced model with both the FE 

model and the POD-DEIM reduced model of the IPMSM. The POD-DEIM re-

constructs the system with 3 POD modes and 7 nodes that were selected by the 

DEIM algorithm. These 7 nodes are plotted on the FE mesh of the model in Pub-

lication II. The absolute errors in the amplitude of the flux density between each 

reduced model and the FE model are shown in Figure 4.5 for the rated value of 

the stator current. Although both methods provide good accuracy, the OIM pre-

sents a maximum error of one tenth of that of the POD-DEIM. It can be seen 

that the error remains symmetrical with respect to the d-axis of the rotor. 
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(a)                      (b) 

Figure 4.5. Absolute errors in the flux density distributions of the FE model and (a) OIM (b) POD-
DEIM reduced model. Note the range difference; the red colour indicates the maxi-
mum error of each reduced model. 

For further investigation into the accuracy of the reduced models on a wide 

range of stator currents, the relative errors in the nodal values of the vector po-

tential between each reduced model and the FE model is provided in Figure 4.6. 

As expected, the OIM is more accurate that the POD-DEIM. Moreover, as the 

stator current gets further from the snapshot range, the POD-DEIM extrapo-

lates the solution with a significantly higher error. This is due to the fact that the 

most energetic modes of the system do not contain information on a more sat-

urated machine. Hence, the upper bound of the input variable should be con-

sidered in the snapshots, for instance a short circuit current. 

 

 

Figure 4.6. Relative error in the vector potentials of reduced models with respect to the FE model. 

For an arbitrary stator current, the number of unknown values and the compu-

tational time of solving the system of equations through the FE model and the 

reduced models are given in Table 4.4. The required time to build the snapshots 
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is not considered in the computational time of the reduced models. Neverthe-

less, the reduced models, particularly the OIM-based model, reduce the com-

plexity of solving the system of equations significantly. 

Table 4.4. Computational specifications of different computing methods

Computing Method Number of Unknown Variables Computational Time (ms)

FEM 1379 141

POD-DEIM POD: 3, DEIM: 7 19

OIM 7 0.074

 

In conclusion, OIM offers an ideal compromise between accuracy and the com-

putational complexity; and therefore, the OIM-based reduced model can meet 

the criteria for real-time computing. This is mainly thanks to the right singular 

vectors that provide significant reduction in the mathematical operations of 

solving the system of equations.  

4.4 Application to Real-Time Control

Due to the magnetic saturation and cross-coupling phenomena, the magnetic 

circuit of a real-life machine is nonlinear and each flux linkage component in 

the rotor reference frame is a nonlinear function of both components of the cur-

rent. Ignoring this nonlinear behaviour in designing control systems of electri-

cal machines may result in a deficient control method. The FE model of a ma-

chine considers the nonlinearity, along with other phenomena such as losses 

and spatial harmonics, in the computation of the flux linkage components. Em-

ploying the FE model in the control systems can consider these phenomena 

(Mohammed et al., (2004); Kaimori et al., (2014); Chen et al., (2015)). This im-

plementation, nevertheless, is computationally prohibitive, especially for real 

time-control purposes. The aforementioned computational efficiency and accu-

racy of the OIM, however, makes it a perfect substitute for the FE model for such 

applications. 

Publication IV applies the OIM method in the real-time control of the 2.2 kW 

IPMSM, in order to consider the magnetic saturation and cross-coupling phe-

nomena in the control system. The results from the proposed method show a 

better efficiency in terms of torque and output power of the machine as com-

pared to a conventional control method which is based on the linear magnetic 

model of the drive. In this section, we first present an overview on the structure 
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of the proposed control system and then provide the laboratory setup and a 

summary of the corresponding results. 

4.4.1 Control System Scheme 

In Publication IV, the OIM method is employed in a vector control method to 

run the machine over a wide range of speeds. In vector control methods, the 

stator phase quantities of a permanent magnet machine are often transferred 

into the rotor reference frame that is aligned at the angular position of the rotor. 

This transformation results in a control system that is independent of the rotor 

position and allows control of the flux linkage and torque of the motor sepa-

rately by the d- and q-axes components of the stator current, respectively. 

Therefore, the d- and q-axes components of the stator current are the only var-

iables that are used when building the OIM reduced model. 

Figure 4.7(a) illustrates the block diagram of the control system for the IP-

MSM drive. An encoder is used to measure the rotor position , and the actual 

speed of the motor . A typical proportional-integral (PI) speed controller is 

used to determine the torque reference , based on a given speed refer-

ence , . The OIM reduced model is embedded in the current reference block 

to generate the reference components of the currents , . These values, along 

with the measured current , are fed to a discrete-time current controller to 

provide suitable voltage reference , . Moreover, the PI parameters are re-

adjusted according to the level of saturation in the machine by computing the 

inductances , from the OIM method. The structure of the discrete-time con-

troller is presented in Publication IV. The signals for the inverter switches are 

determined with a PWM of the voltage reference based on the DC-bus volt-

age . 

The internal structure of the current reference block is shown in Figure 4.7(b). 

Having the measured current components  and , the OIM block estimates 

the actual value of the q-axis components of the flux linkage , . If the speed 

is below the base speed, the d-axis current reference is set to zero and the flux 

components are computed again by using the second OIM block. If the speed is 

above the base speed, the amplitude of the flux linkage is known and, having the 

value of , , one can compute the flux reference in the d-axis , . Feeding 

these values to an inverse of the OIM provides the current reference in the d-

axis , . Finally, ,  and  are computed by , , , and the reference 

components of the flux linkage.  
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(a)

 

 

(b) 

Figure 4.7. (a) Control drive scheme used in Publication IV. (b) Internal structure of current ref-
erence block. Vectors are shown by bold and italic letters and scalar quantities are 
presented by non-bold italic letters.

The internal structure of the OIM block is shown in Figure 4.8. As already men-

tioned, the FE model is considered to have two input variables, the d- and q-

components of the current. During the operation of the IPMSM over a wide 

range of speeds,  and  each varies in [− , 0] and [− , ], respectively, 

with  being the rated current of the IPMSM. Uniformly distributed snapshot 

selection is applied to solve the FE model at all the possible combinations of 5 

values for  and 8 values for  from their corresponding intervals. The resulting 

snapshot matrix of size of 1379 × 40 is decomposed by the SVD. The first five 

singular values capture more than 90% of the total energy of the system. There-

fore, the first five left and right singular vectors, along with the first five singular 

values, are sufficient to reconstruct the system with satisfactory precision. To 

apply the OIM method, each of the five right singular vectors is defined as a 

function of  and . For simplicity, the five functions , … , , are represented 

by a 3-D lookup table of size 5 × 8 × 5, which represents 12.5 kB of data with a 
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double precision number. Nevertheless, one can replace the lookup table by an-

alytical functions. For any new values of  and , the solution to the FE 

model  is computed by estimating the new values of the right singular vec-

tors , and substituting them into (3.26). 

Knowing the nodal values of the magnetic vector potential, one can calculate 

the stator flux linkage for the phase  of the IPMSM as following 

 , = ∑ , , , = 1,2,3 (4.2)

where ,  is the new nodal value of the magnetic vector potential at node   

and the coefficient ,  for phase  is expressed as 

 , = ∫ dΩ , (4.3)

in which the integral is performed over the coil area Ω .  is the number of turns 

of the winding ,  is the active length of the side of turn,  is the total cross-

sectional area of one side of the winding, and  is the FE shape function of 

node . Depending on the position of the element, within the cross section of the 

positive coil sides or negative coil side or elsewhere, the value of  is either 1 

or −1 or 0, respectively. It is also worth noticing that for a given machine design, 

the terms in (4.3) are known and constant, and thus the coefficients  are com-

puted only once. Therefore, these coefficients are calculated prior to the flux 

linkage computation in the rotor reference frame by using Park’s transfor-

mation. 

For the IPMSM under study, the coefficients  in the rotor reference frame 

are stored in a matrix . Since the matrix  is also constant within the snap-

shot range, as mentioned in Section 3.4, the multiplication of  and  re-

mains constant for the whole operating range. Therefore, the product of  

is computed in advance and presented as a 2 × 5 matrix in the OIM block (see 

Figure 4.8). 

 

 

Figure 4.8. Internal structure of OIM block. The right singular vectors ( , … , ) are presented 
by five function ( , … , ).
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4.4.2 Experimental Setup 

Publication IV implements the proposed control system of Figure 4.7 in the real-

time control of the 2.2 kW IPMSM drive. Figure 4.9 provides the scheme and 

the picture of the corresponding experimental setup. 

 

 

(a)

 

 

(b) 

Figure 4.9. (a) Block diagram and (b) picture of the experimental setup used in Publication IV.

A permanent magnet servomotor is coupled with the IPMSM as the load of the 

drive system. The inertia of the whole system is 0.015 kg·m2. The IPMSM and 

the servomotor are supplied with a customized Danfoss VLT5004 frequency 

converter and a commercial Bivector frequency converter, respectively. The 
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proposed control algorithm is implemented in the MATLAB/Simulink environ-

ment. The whole Simulink model is then compiled and employed in a dSPACE 

DS1103 PPC processor board. The DS1103 is connected to the other components 

of the system through a signal-conditioning unit (SCU). The SCU supplies the 

VLT5004 frequency converter with four optical fibres, three of which carrying 

the switching functions signals and one transmitting the braking chopper signal. 

Other ports that can be found on the SCU contain the external load torque ref-

erence fed to the Bivector servo drive, the measured DC-link voltage of the 

VLT5004 frequency converter, the output phase currents from the LEM’s cur-

rent transducers, the angular position data collected from the encoder, and the 

measured torque from the torque meter mounted between the shafts of IPMSM 

and the servomotor. The LEMs feed the output phase currents to the VLT5004 

frequency converter. Table 4.5 gives a list of the specifications of the hardware 

used in the experimental setup. 

Table 4.5. Drive system specifications. The currents and voltages are rms values. Three phase 
voltages are phase to phase voltages

IPMSM ABB M2BJ 100L 6 B3

Rating plate 370 V, 4.3 A, 75 Hz
1 500 r/min, 2.2 kW, cosφ=0.90

PM servomotor ABB 8C5 230 00YA02SL3MB

Rating plate
315 V, 3 000 r/min,
cont. stall torque 21.5 Nm (14.1 A),
peak stall torque 75.3 Nm (54.6 A)

VLT5004 frequency converter Danfoss VLT5004 P T5 B20 EB R3 (modified)

Supply voltage 380…500 V (50/60 Hz)

Output voltage 0…100% of supply voltage

Max. const. output current 5.6 A

Output frequency 0…1000 Hz

Bivector frequency converter ABB Bivector 535 “25”

Rated supply voltage 400 V (50/60 Hz)

Rated output voltage 400 V

Rated const. output current 25.0 A

Current transducers LEM LA 55-P/SP1

Bandwidth 0…200 kHz (-1 dB)

Accuracy (at 25°C, rated current) ±0.9%

Incremental encoder Leine & Linde 861007976

Line counts 2048 ppr

Coupling HBM BSD-MODULFLEX for K-T10F

Torsional stiffness 24 kNm/rad

Controller board dSPACE DS1103 PPC

Master processor PowerPC 604e (400 MHz, 2 MB local
SRAM, 128 MB global DRAM)

Slave processor Texas Instruments TMS320F240 DSP
(20 MHz, 3-phase PWM generation)
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4.4.3 Results 

To investigate the magnetic saturation and cross-coupling effects on the opera-

tion of the control system, Figure 4.10 compares the results of the maximum 

torque and power obtained from the proposed control system and the conven-

tional control system. In the conventional control system, the linear magnetic 

model and the rated inductances are used instead of considering any sort of 

nonlinear or saturated model. It can be seen that the proposed control system 

gives higher maximum torque and output power almost over the whole range of 

the speed; especially, within the flux weakening region at which the torque and 

power generation reaches about double of that for the conventional method. 

This improvement is expected considering the magnetizing curve in Figure 4.11. 

The linear red curve represents the magnetizing curve used in the conventional 

control method and the nonlinear blue curve corresponds to the magnetization 

curve of the proposed control method. For a given current less than the rated 

current, the proposed method provides higher flux linkage. Furthermore, the 

flux linkage in this method reaches the rated operating point at a slower rate in 

comparison with that of the conventional control method. A more detailed ver-

ification of the efficiency of the proposed model is presented in Publication IV. 

In addition, the proposed method is evaluated against the conventional 

method in terms of the execution time and the results are shown in Figure 4.12. 

The green bars indicate the time required to execute the entire control system 

over a single simulation step. The hatched area is the time consumed by the 

current control block. It is worth mentioning that both control system have sam-

pling period of 200 μs, but different sampling time, due to the difference in their 

simulation steps. This in turn results the proposed model to have slightly higher 

execution time, as compared to the conventional method, since it has a more 

complicated model and a greater number of operations. During the experi-

ments, nevertheless, this did not impose any burden on the real-time execution. 

As for comparing the proposed method with other methods that consider the 

cross-saturation phenomena, the control system based on the proposed method 

is compared with a lookup table-based one. In the latter model, the control sys-

tem is built by replacing each of the OIM blocks with two 2D lookup tables of 

size 2 × 5. Nevertheless, no significant difference can be identified between the 

results and the simulation time of these two control systems. 
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Figure 4.10. Maximum torque and output power curves for the IPMSM driven by the proposed 
control method (PC) and the conventional control method (CC). Dots and stars indi-
cate the measured values of torque from the two methods. 

 

 

Figure 4.11. Magnetizing curve for linear and nonlinear material. 

 

 
Figure 4.12. Execution time of the proposed (PC) and conventional (CC) control systems. 
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5. Discussion and Conclusions

This chapter provides a summary and discussion of the developed methods, 

their applications and the obtained results. The chapter ends with some sugges-

tions for future work and an overall conclusion to the dissertation. 

5.1 Discussion of the Methods and Results

Numerical techniques are often used to solve the unknown values of PDEs in 

the control, design, or optimization problems. Due to the nature of these prob-

lems, the system of equations must be solved repetitively for one or multiple 

input parameters, which can be computationally prohibitive for complex sys-

tems. The main objective of this dissertation was to establish a fast and reliable 

method to reduce the computational burden of numerical techniques and sug-

gest a proper application for the developed method. To fulfil this objective, first 

the capability of the POD-DEIM was investigated. 

Prior to this dissertation, the POD-DEIM had been applied in the order reduc-

tion of time-invariant problems with strong nonlinearity by other researchers. 

In all these previous works, the nonlinear ODEs of the problems, and thus the 

FE system of equations, are defined by two terms; one term corresponds to the 

discrete approximation of the linear spatial differential operator and the other 

term represents the nonlinear function. In such cases, since the linear and non-

linear terms are separated, constructing the nonlinear snapshot matrix from the 

FE models is straightforward. Publication II, however, applied the POD-DEIM 

to the nonlinear FE model of an IPMSM which has indistinct linear and nonlin-

ear terms in its system of equations. From the perspectives of accuracy and com-

putational complexity, it was shown in the result section that the POD-DEIM is 

an efficient tool for finding the solution to the problem. Nevertheless, it should 

be noted that in order to solve the system of equations of a POD-DEIM reduced 
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model an iterative method, such as Newton Raphson, is required due to the non-

linear behaviour of the model. Although the reduced model has only a few un-

known variables, the imperative iteration in the procedure results in a compu-

tational bottleneck in the applications with great time limitation, such as real-

time control systems. This fact drew the focus of this dissertation towards in-

vestigating a reduction model that eliminates the iteration while accounting for 

the nonlinearity of the model. For this purpose, the OIM method was developed 

based on the unique properties of SVD, as discussed in Section 3.4. 

The OIM method has some practical advantages over the POD-DEIM, such 

that it requires no knowledge of the system of equations or iterations to build or 

solve the reduced model. Instead, the solution of the system is found by a few 

matrix multiplications after interpolating on the most energetic right singular 

vectors. Therefore, the computational complexity of the problem via the OIM 

method drops significantly and the accuracy improves as compared to that of 

the POD-DEIM. The lower accuracy of the POD-DEIM is understandable by the 

fact that the DEIM solves an overdetermined system when estimating the non-

linear term of the system. It is indeed possible to perform the interpolation on 

the snapshot matrix, instead of applying interpolation on the right singular vec-

tors. The latter interpolation, however, is more economical since the SVD iden-

tifies the minimum optimal linear independent vectors for interpolation, and 

thus fewer interpolations will be required. 

The benefits of the OIM method encouraged us to implement this method in 

real-time control of an IPMSM drive to imitate the behaviour of the motor. The 

main objective was to consider the magnetic saturation and cross-coupling phe-

nomena of the drive in the control system, while delivering a robust and com-

putationally efficient control method. Publication IV showed the feasibility and 

the significance of this work. In Publication IV, the interpolations on the right 

singular vectors were defined by a 3-D lookup table with a size of 5 × 8 × 5. The 

size of this lookup table, in the written order, corresponds to the number of the 

most energetic right singular vector, and the number of the current components 

in d- and q- axes from which the snapshot matrix was built. Lookup table ap-

proaches have been frequently used in control systems to model the magnetic 

saturation, cross-coupling, and other phenomena. The use of lookup tables, in 

most cases, can be computationally demanding and upsurge the complexity it-

self, particularly in real-time operations. As an example, Chen et al. (2015) pro-

posed a model for a PMSM that considered the magnetic saturation, the spatial 
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harmonics, and the iron loss effect by inverting the solution of flux linkages ob-

tained from finite element analysis and presenting the results via 3-D kook up 

tables. The model was investigated in a drive system with field-oriented control 

strategy. The comparison of the voltage, current, and flux-linkage results of the 

proposed drive system against the conventional system and experimental re-

sults of inverter-fed machine showed high fidelity of the proposed method in 

predicting the real behaviour of the machine. Nevertheless, due to the size of the 

lookup tables, the model was not utilized in real-time control of the electrical 

machine. To reduce the size of the lookup tables, Kaimori et al. (2014) suggested 

to apply the Newton-Raphson method to the nonlinear evaluation of the flux-

linkage model. Despite the accuracy of the proposed model, the execution of the 

model in real-time was not examined either. 

Nonetheless, the 3-D OIM generated lookup table is optimal in size, due to the 

aforementioned property of the SVD that produces the most optimal right sin-

gular vectors for interpolation. Therefore, it can be easily employed for real-time 

applications. 

5.2 Suggestions for Future Work

5.2.1 Motion and Spatial Harmonics 

In the course of this dissertation, the problems were analysed under magneto-

static fields. The reason for this choice was the goal of modelling the electrical 

machine control system in the static rotor reference frame, in which the ma-

chine components are independent of the rotor position and speed. Moreover, 

the spatial harmonics were also neglected in the control design. However, if the 

control is performed in the stator reference frame or the spatial harmonics are 

considered in the inductance matrix, the control system will be dependent on 

the rotor angular position and thus the reduced model must represent the rota-

tion of the rotor. In the literature review, we presented the most significant 

works by other researchers that have focused on the motion in electrical ma-

chines. However, none of the proposed methods had a practical application or 

any capability to be applied in real-time computation. Moreover, slightly sur-

prisingly, the spatial harmonics topic has not been of interest in the field of 

model order reduction. Publication III suggested a method for selecting the 
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snapshot which could model the harmonics of a BSynRM. Nevertheless, the ef-

ficiency of this method was not studied in any real-time control system either. 

By any means, developing a reduced model that includes the rotation and spatial 

harmonics of an electrical machine could not only help in the control of drives 

but also in other fields such as design and optimization.  

5.2.2 Digital Twins 

A digital twin, or physical twin, is a new concept that has attracted lots of atten-

tion recently. In this concept, a physical system or product is coupled with its 

virtual model which enables monitoring, analysing, or even predicting the be-

haviour of the system to prevent faults in the system or improve the setup. An 

adequate virtual model must have two conditions. Firstly, it must be a precise 

duplicate of the physical system and imitate its behaviour with a high degree of 

accuracy. Secondly, it should be computationally very efficient to communicate 

with the physical system and other components of the system in real-time. The 

OIM method has been shown to fulfil these conditions well. An improvement in 

this method allows employing it as a digital twin of an electrical machine in ap-

plications such as condition monitoring or fault detection. 

5.2.3 Batteries and Electric Vehicles 

The efficiency of batteries plays a vital role in industries such as electric cars, 

marine vessels, or stationary electricity storage systems. The FEM is commonly 

applied to simulate the thermo-electrical behaviour of batteries. In the past few 

years, some researchers have employed POD, often coupled with another ap-

proach for taking the nonlinearity into account, to reduce the computational 

complexity of the simulations of lithium-ion batteries (Cai & White, 2009; Xia, 

et al., 2017), which are the most common batteries in electric vehicle industry 

due to their enhanced power density and longer lifetime. Although the results 

of these works are promising in terms of accuracy and computational time, no 

practical application is suggested for the reduced models. 

Predicting the behaviour of a battery under different operating conditions 

helps in improving its performance, anticipating and preventing the battery 

breakdown. As a future application, the OIM method can be applied in real-time 

to data collected from the measurements of the battery in order to improve the 

battery lifespan and efficiency. 
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5.1 Conclusions

In this dissertation, various model order reduction techniques were investi-

gated. Despite the competency of existing methods in reducing the computa-

tional complexity, none of these methods were employed in real-time applica-

tions due to short processing time requirements. Therefore, a fast and accurate 

reduced model was developed during this work to be used within the control of 

motor drives in real-time. Applying the proposed model to the 2-D FE model of 

an IPMSM presented the effectiveness of the reduced model in imitating the 

behaviour of the machine. The reduced model was then employed in the control 

system of the machine and the validity of the control system was examined by 

means of simulations and experiments. As conclusion, the proposed control sys-

tem shows higher torque and output power results as compared to that of the 

conventional control system, which is mainly due to the incapability of the con-

ventional control system to account for the magnetic saturation and the cross-

coupling phenomena of the motor drive. 
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Publication Errata

Publication I
 

Equation (8) should be: 

 = ( ) + ( ) . 
 

Equation (13) should be: 

 = ( ) + ( ) = ∗ . 
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