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Tiivistelmä
CIGS-tyyppisten ohutkalvoaurinkokennojen hyötysuhteen on mitattu kasvavan, kun
alkalimetalleja on lisätty epäpuhtauksina rakenteeseen. Tämä tutkimus tukee osal-
taan epäpuhtauksien aiheuttamien aineen rakenteellisten muutosten ymmärtämistä
atomitasolla. Työssä mallinnetaan numeerisesti (Cu, Alk)InSe2-muotoista yhdis-
tettä kuparikiisu- eli kalkopyriittirakenteessa hyödyntäen elektronirakennelaskuja
sekä klusterikehitelmämenetelmää. Vaihtoehtoisina alkalimetalliepäpuhtauksina
tutkitaan litiumia, natriumia, kaliumia ja rubidiumia.
Muodostetun klusterikehitelmän perusteella lasketaan kunkin yhdistevariantin
faasirajat käyttäen Monte Carlo -simulaatiota. Tulokset osoittavat että Rb-
ja K-epäpuhtaudet muodostavat rakenteeseen lisäfaaseja, kun taas Na- ja Li-
epäpuhtaudet sekoittuvat samaan faasiin. Tämä havainto on yhdenmukainen
aiemman julkaisun kanssa, jossa on havaittu pieni- ja suurikokoisilla alkalime-
talliatomeilla olevan erilainen vaikutus tutkittuun rakenteeseen. Tehdyn tutkimuk-
sen tulokset tukevat ehdotusta kummankin alkaliepäpuhtaustyypin käyttämisestä
samaan aikaan parhaan hyötysuhteen saavuttamiseksi.
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Symbols and abbreviations

Symbols
a Lattice parameter
β Group of symmetrically equivalent clusters
e2 Mean squared error
E Energy
Eg Energy of groundstate
EHartree Hartree energy
EII Energy of ion-ion interaction
EKS Kohn-Sham energy
Exc Exchange-correlation energy
fi Occupation of state i
φ(T, µ) Thermodynamical potential in the semi-grand canonical ensemble
Φαn(σ⃗α) Cluster function
G(x) The Gibbs free energy
Ĥ,H Hamiltonian
H(x) Enthalpy
In2+

Cu Antisite defect where In atom is at Cu site
Jα Effective cluster interaction coefficient
Kan Interaction energy coefficient
kB Boltzmann constant
n Electron density, ground state particle density
νn(a) Many-body interaction potential
µ Chemical potential
mα Multiplicity
ψ(r⃗) Kohn-Sham wavefunction
σ⃗ Configuration vector
σp Spin or spin-like attribute
r⃗ Position vector
S Cross-validation score
Sent(x) Entropy of an alloy
T Temperature
Θn(σp) Basis of functions
V Potential
Vcov Covariance matrix
2V−

Cu Vacancy at Cu site
ξn Multisite correlation function of cluster type n
x Concentration
xg Concentration at the groundstate
X Matrix of average values
Z The multisite correlations corresponding to values of σp and ξn

Z+ The pseudoinverse of Z
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Abbreviations
a-Si Amorphous silicon
ATAT Alloy Theoretic Automated Toolkit
CdTe Cadmium telluride
CIGS Copper indium gallium selenide, Cu(In,Ga)Se2
CNIS (Cu,Na)InSe2
CKIS (Cu,K)InSe2
CRIS (Cu,Rb)InSe2
CLIS (Cu,Li)InSe2
CZTS Copper zinc tin sulfide
CIS Copper indium selenide, CuInSe2
CGS Copper gallium selenide, CuGaSe2
CV Cross-validation
CVM Cluster Variation Method
DFT Density functional theory
ECI Effective cluster interaction
KIS KInSe2
LIS LiInSe2
LTE Low-temperature expansion
MC Monte Carlo method
MAPS, ’maps’ MIT ab-initio phase stability code
NIS NaInSe2
ODC Ordered defect compound
PDT Post-deposition treatment
PbSe Lead selenide
PbS Lead sulfide
RIS RbInSe2
SGMC Semi-grand canonical Monte Carlo
TCO Transparent conducting oxide
VASP Vienna Ab initio simulation package
xc Exchange-correlation
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1 Introduction
This thesis reports a combined first-principles and alloy-theoretic computational
study of (Cu, Alk)InSe2 (Alk = Li, Na, K, Rb) alloys. The materials of interest are
selected because they are technologically promising variations of the copper indium
selenide structure used in CIGS solar cells. CIGS or copper indium gallium selenide
solar cells are relatively old photovoltaics technology but it has recently re-emerged
[34]. The popularity has recently increased due to significant improvements in the
conversion efficiency that is mostly attributed to adding alkali metal elements as
impurities to the CIGS or CuInSe2 film [34].

As it is not clear how the added alkali metal impurities exactly affect the CIGS
structure and properties [23], the main focus of this work is to study the structure
with different impurity concentrations of the alkali elements of interest. This includes
executing ab initio structural energy calculations with different impurity positions
and concentrations. Then for each material variation of interest, a cluster expansion
is constructed to model the materials properties continuously from 0 to 100 %
impurity concentrations. Lattice parameters are extracted from the structural energy
calculations and the increase in the lattice parameters is discussed.

Earlier work shows a phase separation with certain CuInSe2 defect variations [53].
Therefore, the phase diagrams are solved using the Monte Carlo simulation method
to model what kind of structure forms with each alkali metal impurity type. Binodal
and spinodal lines are formed as reference lines for phase boundary assuming a single
phase structure. Then the phase boundaries formed from the cluster expansion
results are compared to the reference lines to see if phase separation occurs.

The structure of this thesis is as follows. First in section 2 the focus is on the
technological background of the CIGS-based solar cells. This includes the operating
principle of solar cells, existing thin-film solar technologies and specifically, the
copper indium gallium selenide solar cells that are varied compositionally in this
work. The section is concluded by presenting methods for introducing alkali impurities
to CuInSe2 structure and by summarizing the current knowledge of the effects of
impurities in CuInSe2.

The thesis continues by describing the used theoretical and computational methods
in sections 3 and 4. This work mainly utilizes the cluster expansion formalism as
presented in subsection 3.1. The computational methods can be divided into two
parts, constructing the cluster expansion and then utilizing the resulting expansion to
provide results for the complete concentration range. These computational methods
are presented in subsections 4.1 and 4.2, respectively.

The implementation of the calculations that were done in this work is described
in section 5. The results of this thesis project are presented and discussed in section
6. Finally, the work is concluded in section 7.
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2 Technological background
Thin-film solar cells are an interesting renewable energy solution. This mainly results
from recent advances in energy conversion efficiency of thin-film cells and inherently
smaller usage of materials [34] that can lead to commercial advantages compared
to traditional solar cell solutions. Because sunlight is a free source of energy, solar
energy investments are usually limited by production, installation and maintenance
costs of the solar cells rather than the efficiency percentages of the different cell types.
An optimal cell would be cheap to produce, light to transport and easy to install
while having high energy conversion efficiency that does not deteriorate over time or
when the temperature of the solar cell changes.

To be commercially successful, a photovoltaic cell must be able to compete
with conventional energy sources. This requires reliability and comparable cost
effectiveness that is the combination of production costs and energy conversion
efficiency. A successfully mass produced solar cell technology must find good enough
balance between costs and conversion efficiency. Technologies based on crystalline
silicon have reached the required level of cost effectiveness and have 90 % share in
the photovoltaics market. [34]

This master’s thesis focuses on comparing different material alternatives for
thin-film solar cells similar to copper indium gallium selenide (CIGS) solar cells.
The following subsections describe the operating principle, structure and the current
commercial status of CIGS solar cell technology and the most common alternative
photovoltaic technologies.

2.1 Operating principle of solar cells
A solar cell is a device that does photovoltaic energy conversion from light to electrical
power. The photovoltaic energy conversion has two main stages. In the first stage,
photon absorption excites electrons creating electron–hole pairs. Then to generate
electrical power, the device must transport electrons towards the negative electrode
and holes towards the positive electrode of an electrical circuit. [39, p. 7]

In a typical solar cell structure, there is a specific layer where most of the photon
absorption occurs. Usually most of the cell consists of this layer with other layers
being thinner in comparison. [39, p. 8–9] Therefore, the absorber layer should be
the main focus of efforts creating thinner solar cells.

To produce electric current the created electron–hole pairs must be separated and
the separated electron and holes moved to the opposite electric contacts connected to
an electric circuit. This requires an electric field in the absorber material, typically
created by a p–n or p–i–n semiconductor junction in the cell structure. [39, p. 7–9]

A solar cell is effectively a diode circuit allowing the current to flow only in one
direction except for the saturation current of the diode in the opposite direction.
In non-ideal devices, internal resistance also weakens the current. [39, p. 10–11]
Naturally, most of the energy loss occurs already in photon absorption stage, where
only the band gap energy can be transferred to electron–hole pair generation. Photons
with lower energy will not generate a pair and for higher energy photons, any surplus
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energy is lost. If a photon is reflected or absorbed elsewhere, the energy is lost as
well.

2.2 Thin-film solar cells
Thin-film solar cells are photovoltaics technologies that use materials with a direct
band gap [34]. A direct band gap means that the momentum of an electron does
not change in a band gap transition [46, p. 233]. An indirect transition requires also
production or annihilation process of a phonon to occur [46, p. 233]. This leads to
better photoabsorption allowing much thinner layers of materials [34]. Material costs
are favorable if a thin film of the used material is cheaper to produce than a thick
layer of crystalline silicon used in traditional solar cells.

The three most widely used thin-film solar cell types are amorphous silicon (a-
Si), cadmium telluride (CdTe) and copper indium gallium selenide Cu(In,Ga)Se2
(CIGS) cells. Of these, amorphous silicon cells have been commercially available for
the longest time, since 1980s. CIGS and CdTe are newer in terms of commercial
availability, but have more potential for future improvements of the energy conversion
efficiency than a-Si. [34]

In laboratory conditions, a-Si has a 13.6 % efficiency [34]. This is considerably less
than 22.1 % [34] and 22.6 % [23] for CdTe and CIGS, respectively. The efficiency of
a-Si has had only minor progress since 1996 whereas the energy conversion efficiency
of both CdTe and CIGS cells have improved by five percentage points since the year
2000 [34].

The market share of thin-film technologies had an increasing trend until 2009
when the share reached the maximum 17 % share of photovoltaics market. Since then,
the thin-film share has been decreasing because of emerging low-cost manufacturing
of traditional crystalline silicon cells in countries with lower labor and production
costs. However, thin-film technologies are expected to surpass the share of crystalline
silicon cells in the long term if the conversion efficiency and reliability in changing
temperatures keep their improving trend. [34]

Among the thin-film technologies, CdTe and CIGS have the largest shares whereas
a-Si share is decreasing quickly. Large-scale manufacturing is limited by the avail-
ability of the required rare elements. Replacing all other production with CdTe
or CIGS would require more than 75 times the amount of Te or Ga that has ever
been produced. These requirements could be reduced by 90 % if the development
of thinner films is successful. [34] Still, over 7 times the amount of globally ever
produced is required. This requires significant increases in Te and Ga production.

New thin-film photovoltaics technologies are being developed as another solution
for the issue of rare material usage. These have material requirements that are easier
and cheaper to fulfill. Emerging thin-film technologies include Perovskite materials,
copper zinc tin sulfides (CZTS) and the quantum dot cell that is based on lead sulfide
(PbS) or lead selenide (PbSe). However, these materials are not ready for commercial
use because of issues with reliability, combined with the use of toxic lead (Pb) in
Perovskite and quantum dot solar cells. [34]
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Figure 1: Structure of copper indium gallium selenide (CIGS).
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Table 1: Structure of a CIGS solar cell following the visualization presented by Lee
et al. [34]. The layers are listed from top to bottom.
Layer Example of a suitable material
Front contact Intrinsic zinc oxide with an aluminum doped layer on top
N-type buffer Cadmium sulfide
P-type absorber CIGS
Back contact Molybdenum
Substrate Soda-lime glass

2.3 Copper indium gallium diselenide solar cells
The copper indium gallium selenide (CIGS) solar cell is one of thin-film photovoltaic
cell technologies and its variations are the main focus of this thesis. The first CIGS-
like solar cell based on CuInSe2 (CIS) was introduced by Kazmerski et al. [28] in
1976. [34]

CIGS has a composition of Cu(In,Ga)Se2 and a chalcopyrite crystal structure
[39, p. 325] as visualized in Figure 1. CIGS is a p-type semiconductor [34]. Indium
(In) and gallium (Ga) are group 13 elements with 3 valence electrons. Different
composition variations can be used to change the material band gap or the electric
properties in bulk or on the surface [23].

The main acceptors in Cu(In,Ga)Se2 and CuInSe2 are the Cu vacancies. This
leads to the p-type semiconducting properties in the material. The Cu vacancy has
a formation energy of 0.60 eV and a low transition energy of 0.03 eV in the CIS
material. [39]

A CIGS solar cell consists also of many layers other than copper indium gallium
diselenide. The typical structure of the CIGS solar cell is presented in table 1.
Typically soda-lime glass is used as the substrate, as listed on the last row of table 1.
Other alternatives include metal and polymer compounds with similar features. [23]

Main benefits of soda-lime glass substrate include thermal stability, being chemi-
cally not reactive, having similar thermal expansion effects as the absorber layer and
having smooth surface that is useful for growing thin layers of constant thickness. [23]
It can also act as an impurity (Na, K) supply as used in post-deposition treatment
[23], see section 2.4.

On top of the substrate layer, there is the back contact. Molybdenum Mo is the
favored material to be used in this layer. With a molybdenum back contact, a layer
of MoSe2 forms during CIGS absorber growth. It acts as a quasi-ohmic connection
between the absorber and the back contact. [23] A quasi-ohmic connection is almost
an ohmic connection, where the electric current has only low voltage loss in either
direction [47, p. 1]. It improves the energy conversion efficiency as less energy is
lost when the electric current crosses the border between the back contact and the
absorber layer.

Molybdenum and MoSe2 layers are followed by the copper indium gallium selenide



15

absorber material. It can be grown using co-evaporation, electrodeposition or printing
processes, for instance. Then to form a suitable semiconductor heterojunction, a
layer of n-type semiconductor is added on top of the p-type CIGS layer. [23] This is
required to form a p–n junction that creates the required electric field to separate
electrons and holes generated by photoabsorption, as noted in section 2.1.

The n-type layer is known as the buffer layer. Cadmium sulfide (CdS) has been
used in this layer because it produces the best conversion efficiencies. However,
cadmium sulfide has a small band gap of 2.4 eV. Therefore, alternatives with a better
band-gap are being researched to improve the solar cell efficiency. A larger band-gap
would lead to a smaller share of photons being absorbed already in the buffer layer
causing unwanted energy loss. [23]

Finally, on top of the buffer layer there is the front contact. Transparent con-
ducting oxides (TCO) are used in this layer. Usually TCO consists of an intrinsic
semiconductor layer of zinc oxide followed by a layer of Al-doped zinc oxide. [23]
The aluminum doping creates an n-type semiconductor [34]. The intrinsic layer has
a role in protecting the system against structural irregularities [23]. Both the front
contact and the substrate layer have an important role as the exterior surface. They
should protect the structure from any external effects including dirt and weather, for
instance. Transparency and conductivity are properties required in the front contact
layer for obvious reasons: Front contact has to be conductive in order to close the
electric circuit. Transparency is required to prevent any unnecessary energy losses in
the TCO layer before reaching the CIGS absorber layer. It is also possible to further
improve the efficiency by adding an anti-reflecting coating to the top [23].

The combination of a CdS buffer layer with CuInSe2 has been used since the
very first CuInSe2-based solar cell by Kazmerski et al. [28]. Originally, this material
selection was motivated by the direct band gap of CuInSe2 which provides easiest
requirements for minority-carrier diffusion lengths [28] and has a gap width that
is close to optimal for using with the solar radiation spectrum available to solar
cells on the Earth’s surface [28]. CdS was originally selected as the n-type pair for
CIS because the lattice parameters are very similar in both structures leading to a
small amount of defects on the interface between the materials. Additionally, both
materials have similar electron affinities which leads to minimal potential barriers
for the electrons, thus improving the energy conversion efficiency. [28]

Copper indium gallium selenide films modeled in this work have a direct band
gap of 1.0 to 1.7 eV depending on the indium-gallium ratio. For the most efficient
manufactured CIGS solar cells the band gap has been between 1.1 and 1.2 eV meaning
approximately 30 % ratio of Ga of the total number of Ga and In sites in the material.
[23]

In a CIGS solar cell, semiconductor thickness of only 1–4 µm is required [34] in
addition to the substrate base layer that is 3–4 mm thick [23]. It is significantly less
compared to around 200 µm layer of crystalline silicon that is used in traditional
photovoltaics solutions [34]. With CuInSe2-based solar cells, 20–30 g of materials are
required in a square meter of solar cell, which is significantly less than approximately
1 kg of Si required in traditional cells [24, p. 367]. Rarity and the amount required
are the main contributors to material costs. If material costs are lower and the
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manufacturing process is inexpensive enough while keeping similar reliability and
efficiency percentage, CIGS-based solar cells can provide a cost-efficient alternative
to traditional solar cells.

Interestingly, it is also possible to use a flexible substrate material [23] offering
new possibilities for commercial solar module solutions. Such materials include
molybdenum, plastics and stainless steel which can be bent without breaking the
structure unlike soda-lime glass [24, p. 369] which was used in the example structure
presented in table 1.

In addition to thin and flexible structure, CIGS cells also benefit of lower weight,
higher temperature resistance, potential for color effects and arguably more at-
tractive visual look when compared to traditional silicon solar cells. These are
especially interesting when considering CIGS cells for building integrated photo-
voltaics. CuInSe2-based building integrations with 80–100 kW peak power exist
already. In building integrations, the popularity of CIS-based solar cells have an
increasing trend. [24]

2.4 Methods for adding alkali metal elements to the CIGS
layer

Post-deposition treatment, PDT, is a method of adding alkali elements to the
CIGS absorber layer. It is one of the main reasons for the recent improvements
in CIGS solar cell efficiencies. Using sodium impurities has traditionally provided
the best efficiencies. However, the controlled treatment with potassium fluoride,
KF, has resulted in record efficiencies as well. Recently, rubidium post-deposition
treatment has also provided improvements resulting in certified energy conversion
efficiency record of 22.6 %. The research is quickly evolving and there are constant
improvements with claims of even higher conversion efficiencies but without certified
test results. [23]

There are many different methods to implement the post-deposition treatment. A
common option is to use the co-evaporation method where the post-deposition source
material is evaporated at an elevated temperature. In the vapor state, the particles
can diffuse into the thin CIS layer. There the atoms can condensate by replacing
Cu positions in the CuInSe2 lattice if the source material and the conditions are
suitable for such reaction. For example, potassium fluoride and selenium can be
co-evaporated to CIGS material at temperatures around 600 K [42].

As an alternative to the post-deposition treatment, atoms from the substrate
layer could diffuse already during the deposition of the absorber material resulting in
an impurity concentration [23]. Soda-lime glass substrate, which is the given example
material in table 1, contains Na atoms that could, in suitable conditions, transfer
through the back contact material to the CIGS layer used as the absorber in the
example structure. Temperatures around 650–850 K are used in CIGS deposition to
trigger the sodium diffusion process from the soda-lime-glass [42].

The effect of impurity treatment depends on the material added. For example,
added Na changes primarily the electronic properties in bulk material with no
significant effect on surface properties. Unlike sodium, the effect of added potassium
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atoms alters the CIGS composition on the surface of the material resulting in lower
Cu and Ga concentrations. Post-deposition treatment with potassium can also
improve the quality of the interfaces that connect the different layers of the CIGS
solar cell, for example by improving the juction quality when the n-type buffer layer
is deposited during the manufacturing process. It is not clear which of these two
effects explains the improvement of efficiency with added potassium. [23]

Adding alkali elements to CIGS structure with the PDT process does not guarantee
improved results. Instead, the alkali elements can also have unwanted side-effects
that decrease the efficiency. The total effect depends on the distribution of added
elements in the CIGS layer among interfaces, grain boundaries and grain interiors.
The conditions during the post-deposition treatment affect how the alkali elements are
divided into these groups. For example, potassium fluoride post-deposition treatment
is affected by the temperature during the process and the sodium concentration by
the substrate material. [42]

In conclusion, the post-deposition treatment and its alternatives are promising
methods for improving the conversion efficiency in CIS-based thin film solar cells.
However, further research is required to better understand the effects of the elements
added by the treatment. This is because changes in various attributes have been
observed, sometimes even with contradictory effects. The conditions during the
post-deposition treatment process have been found to have a strong effect on the
resulting structure. Therefore, learning the details of mechanisms affecting PDT
could provide better control of the processes and result in improved CIGS cells. [42]

2.5 Defects in CuInSe2

In the context of CIS material, the term ordered defect compound, ODC, includes
structures like CuIn5Se8, CuIn3Se5 and Cu3In7Se12 that form a crystal where the
defects are ordered [53]. In CuInSe2 these structures are caused by defect pairs of
(2V−

Cu + In2+
Cu). The low formation energy of the defect pair is caused by the low

formation energy of Cu vacancies and the attraction between the two defect types.
[53]

Typically, in ordinary binary semiconductors the formation energy of a defect
pair is too high to form spontaneously. However, in a ternary chalcopyrite structure
like CIS, the formation of a defect pair in an ODC structure requires only a small
amount of energy to occur. This leads to significant defect concentrations. It can be
shown that periodically repeating the defects leads to an energetically more favorable
structure. [53]

Usually, defects should make the photovoltaic performance of the material worse.
In CIS, the defect pair (2V−

Cu + In2+
Cu) is electrically inactive and therefore does not

cause a similar performance loss. Also the band gaps of CIS-based ordered defect
compounds are in range of 1.2 to 1.4 eV which is larger than the CuInSe2 band gap
of 1.04 eV. [53]

The formation of ordered defect compounds is possible in realistic CIS-based
thin-film solar cell manufacturing processes and temperatures. For example, previ-
ous research on Cu-poor CIS defect structures has shown that CuIn5Se8 forms an
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ordered defect structure at low temperatures [36]. The simulation based on density
functional theory calculations and the Monte Carlo method also shows that when
the temperature is increased, the ordered defect structure is replaced by a disordered
phase. The transition is discontinuous and occurs at the 279 K temperature. [36]

Similarly, CuIn3Se5 has a large stability region at low temperatures. At higher
temperatures there are still both defect types, but leaving the stability region leads to
a more disordered structure. Previous results also show that some clusters in CuIn5Se8
that form around Se atoms can keep their order at higher temperatures better than
other clusters. This leads to a partially ordered structure also at temperatures higher
than the 279 K phase transition temperature. [36]

ODC structures are interesting in this work because they also provide an alter-
native mechanism for alkali metal diffusion in CIS material. For example, earlier
studies suggest that sodium diffuses mainly through Cu site vacancies instead of
interstitial migration because the migration barrier is lower for vacancy diffusion [37].
This suggestion is supported by the presence of an ODC structure with enough Cu
vacancies for such diffusion near the material surface [37].

As noted in section 2.4, the addition of alkali metals to the CIS structure has
recently been observed improving the energy conversion efficiencies of CIS-based
solar cells. However, the details of the cause of the improvement are not clear.
Furthermore, the details of the diffusion mechanisms are important for improving
the results of the post-deposition treatment process. Rb, K, Na and Li are the alkali
elements of interest in this work.

Experimental methods have shown that the added alkali concentration tends
to enhance near the CIS film surface and at the grain boundaries in the material.
Based on formation and migration energies, light alkali elements like Li and Na tend
to enter the grain interior whereas heavy K and Rb remain closer to boundaries as
they do not migrate deeper to the structure as easily. Previous results suggest that
the alkali elements could act as impurities in CIS or form secondary phases to the
structure. [37]

Previous research indicates different types of occupation for the added alkali
metal concentration in CIS. The first type is that the alkali elements occupy Cu
sites in CIS. In the second type, alkali elements form impurity pairs with positive
electric charge. In conditions where the indium concentration is low, alkali elements
have low formation energies at the In sites. When the composition is not In-poor,
the alkali elements prefer to occupy Cu sites. This leads to Cu vacancies that, as
acceptors, are the likely cause for the improvement in p-type conductivity that has
been observed in earlier experiments. [37]

As discussed above, there are two alternative diffusion processes that allow the
alkali impurity structures to form. The interstitial diffusion seems relevant only for K,
Na and Li. The migration energy barrier of this diffusion mechanism is not favorable
for other alkali elements like Rb. Instead, rubidium can diffuse when Cu vacancies
are present. The diffusion through the Cu vacancies is possible for all alkali metals.
When the alkali element type supports both diffusion mechanisms, the preference
between the two alternatives is ruled by the V−

Cu concentration. [37]
Analyzing the enthalpies of different reactions between CIS and the alkali elements
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has shown that RbInSe2 and KInSe2 (RIS and KIS) should form secondary phases.
The formation of such phases can be beneficial for the electric properties of the
material as they have suitable band alignment on the buffer surface. Secondary
phases in CIS tend to have large band gaps. The remaining alkali elements of interest,
Na and Li, should remain as impurities in mixed phases instead of forming secondary
phases like RIS and KIS materials. [37]

In conclusion, structural findings explain and support the experimental results
with alkali impurities in CIS-based solar cells. However, the mechanisms that cause
the improvement in material properties are not same for all alkali metals. Therefore,
it has been suggested that a combination of heavier and lighter alkali elements should
be used to get the benefits of both structural types and the best improvement to the
energy conversion efficiency of the CIS solar cell. [37]
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3 Theoretical background
A binary alloy is an alloy that is a mixture of two different types of atoms [27, p. 381].
CIGS-like structures modeled in this work consist of Cu, In, Se and an alkali element
making them a quaternary mixture. However, when keeping the concentrations of
In and Se static, we can model it as a pseudo-binary system where we focus on
modeling the effect of changing the binary distribution of Cu and the alkali element
while keeping In and Se as a static surrounding framework of atoms.

As we are interested in modeling the properties of the CIGS variations from first
principles, we need a formalism that connects the atom types and positions in a
CIGS-like chalcopyrite cell to the attributes of interest. Modeling in this work is
based on the cluster expansion formalism, presented in subsection 3.1. To construct
a cluster expansion, we need a set of ab initio structural energies. These are provided
by the density functional theory as presented in subsection 3.1.3.

The resulting cluster expansion then needs to be converted into the attributes of
interest. For this purpose, the Monte Carlo simulation method is utilized. Details of
that method and of any useful approximations are described in section 4.2. Binodal
and spinodal lines presented in section 3.2 provide a useful reference framework to
compare the resulting phase diagrams.

3.1 Cluster expansion formalism
Statistical thermodynamics research requires a way to describe the state of long- and
short-range order in alloy materials. A formalism that is able to describe the state
in such way can be utilized to represent different physical quantities as functions of
configurations. This has led to advances in theoretical and experimental statistical
thermodynamics. [44]

After a method, using an orthogonal and complete cluster basis with an Ising-
type model and cluster-variation, had been successfully applied to phase diagram
calculations, Connolly and Williams [21] suggested their structure inversion method.
It combines the cluster basis with ab initio total-energy calculations to fit cluster
expansion coefficients. [44] This was the first method to give a first principles energy
estimation for a disordered system [21].

3.1.1 Cluster basis

A mathematical cluster basis is the fundamental backbone of the cluster expansion
method. A system of N lattice points can be described with a configuration σp that
gives the occupation for each lattice point [43]. In this formalism, the allowed values
for σp are defined by the number of components in the alloy. For an even number M
of different atom types the values are

σp = {±m, ±(m− 1), . . . , ±1}, M = 2m, m ∈ N, (1)
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where 0 can be added to the set of allowed values if M is odd. [43] For two- and
four-component systems modeled in this work, equation (1) gives

σp = {−1, 1} (2)

for two-component alloys and

σp = {−2, −1, 1, 2} (3)

in the four-component case. This leads to configuration vector

σ⃗ =

⎡⎢⎢⎢⎢⎣
σ1
σ2
...
σN

⎤⎥⎥⎥⎥⎦ , (4)

that gives a spin variable configuration of N values of σp in the system [43].
By constructing a complete orthonormal basis of functions Θn(σp) for the scalar

product
⟨f(σ⃗), g(σ⃗)⟩ = M−NTr(N)f · g (5)

with arbitrary f(σ⃗) and g(σ⃗), we get the cluster function

Φαn(σ⃗α) =
∏
p∈α

Θn(σp) (6)

[43]. A set of Θn can be constructed using discrete Chebyshev polynomials by fitting
polynomial coefficients to the orthogonality requirement

⟨Θa(σp),Θb(σp)⟩ = M−NTr(N)Θa(σp)Θb(σp) = δab (7)

for all basis functions Θa, Θb [43].
Now with a cluster function Φαn(σ⃗α) having normalized coefficients fulfilling the

orthogonality requirements presented in equation (7), any function of configuration
f(σ⃗) can be expressed as

f(σ⃗) =
∑

a

∑
n

⟨Φan, f⟩Φan(σ⃗) (8)

[43]. For example, the Ising model Hamiltonian is then given by

H = −kBT
∑

a

∑
n

KanΦan(σ⃗), (9)

where kB is the Boltzmann constant, T is temperature, and Kan presents interaction
energy coefficients [43].
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3.1.2 Structure inversion method

The structure inversion method of Connolly and Williams is based on the cluster
expansion of Sanchez and de Fontaine [21]. In the case of a binary alloy, the total
energy in a fixed symmetry is

E(a) =
∑

n

νn(a)ξn, (10)

where a is the lattice parameter, n is the cluster order, νn(a) is the many-body
interaction potential and ξn is the multisite correlation function for the cluster type
n [21]. Sum over all cluster orders n provides the total energy E(a) but νn(a) and
ξn must first be known.

For a binary alloy, the multisite correlation functions can be expressed using the
cluster basis of spin-like σp as

ξn = 1
Nn

∑
{p1...pn}

σp1σp2 . . . σpn , (11)

where the sum is over all clusters of cluster type n with different sets of {p1 . . . pn}.
The sum is then divided by the number of those n-type clusters. [21] Replacing ξn

in equation (10) with equation (11) results in the general form of any function of
configuration as expressed in equation (8). Using equation (11), ξn can be solved if
the composition and structure of the alloy are known.

The primary idea of the structure inversion method is to fit cluster expansion
coefficients to a set of calculated energies for ordered structures [44]. Solving νn(a)
from equation (10) assuming a set of known energies Em(a) gives

νn(r) =
∑
m

Em(a)
ξn,m

, (12)

where the sum is over the set of known energies Em(a) and ξn,m is the correlation
function for the nth order cluster that is included in the structure of Em(a) [21].

The accuracy of νn(a) is limited by the accuracy of energy calculations, the size
of the calculated set Em(a) and the range of n used. However, it has appeared that
the cluster expansion is rapidly convergent as the magnitude of νn for higher values
of n is lower than for smaller n [21].

Now combining the cluster expansion for energy in equation (10) with the fitted
set of many-body interaction potentials νn(a) from equation (12) gives

E(a) =
∑

n

ξn

∑
m

Em(a)
ξn,m

, (13)

as the total energy estimate. In binary alloys, this can be used for any composition
and order of atoms that can be expressed using the spin-like cluster basis σp giving
the set of ξn from expression (11).

For alloys with more than two components, the formalism for correlations ξn is
different as there are more than two possible atoms. However, for any expansion
basis functions the energy can be expressed as

E⃗ = Zν⃗, (14)
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[44] where ν⃗ contains the many-body interaction potentials of νn and Z contains the
multisite correlations corresponding to the values of σp and ξn in the simple binary
case. Then for a set of known structures Z and energies E⃗, the interaction potentials
can be solved with

ν⃗ = Z+E⃗, (15)

where Z+ is the pseudoinverse of Z. Effectively, this is the exact solution to a system
of linear equations or a best fit solution if the system is overdetermined by having
more known energies than cluster expansion coefficients. [44]

With this formalism, one can always select a set of clusters that makes the fitting
error as small as required by including new clusters in the fit. As the results of energy
calculations in E⃗ are not exact because of calculation inaccuracies and measurement
errors with input constants, increasing the number of clusters to get a better fit will
not always result in a more accurate model. [44] Furthermore, as the number of
clusters is theoretically infinite in bulk matter, a finite number of clusters cannot
provide the exact result even with exact energy results [51]. Instead, the cluster
selection should be reasonable in size with clusters selected based on their physical
credibility. [44]

With spin-like basis σp of values 1 and −1, it can be shown that a cluster expansion
corresponds to a discrete Fourier transform. This suggests that the wave vectors of
the smallest frequencies are the most important ones. Therefore, an empty cluster
and point clusters should be included first in the expansion. However, the exact
importance order of long-range pairs and short-range triplets, for instance, remains
undefined. [44]

3.1.3 Structural energy calculations with the density functional theory

Collecting the set of known energies E⃗ efficiently requires a fast method to calculate
structure energies from first principles. In this work, the density functional theory
(DFT) is utilized for the task. However, the cluster expansion formalism does not
require using this method. Any suitable formalism that provides structural energies
from first principles can be used instead.

Hohenberg-Kohn theorems state that for any system of interacting particles the
ground state particle density n(r⃗) determines the external potential up to a constant
and that an universal energy functional E[n(r⃗)] can be defined [38, p. 122]. However,
it remains to derive the equation for the energy functional.

The Kohn-Sham method provides a way to solve the energy functional E[n(r⃗)] by
replacing the problem of interacting particles with an independent-particle system
[38, p. 135]. The independent-particle equations are easier to solve whereas all
many-body terms are collected into a single exchange-correlation functional Exc[n].
In numerical calculations, the accuracy of this method is limited by the approximated
form of Exc[n]. [38, p. 135–136]
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Using the independent-particle Kohn-Sham auxiliary system, we have

EKS[n] = 1
2

N∑
i=1

∫
d3r|∇ψi(r⃗)|2  
= Ts[n]

+
∫
dr⃗ Vext(r⃗)n(r⃗)

+ 1
2

∫
d3rd3r′n(r⃗)n(r⃗′)

|r⃗ − r⃗′|  
= EHartree[n]

+EII + Exc

(16)

as the energy functional [38, p. 137] where N is the number of orbitals, Ts[n] is the
independent-particle kinetic energy, EHartree[n] is the Hartree energy and EII is the
energy of the ion-ion interaction. The Kohn-Sham wavefunctions ψi(r⃗) are solved
from the Schrödinger-like equation

(−1
2∇2 + Veff)ψi(r⃗) = ϵiψi(r⃗), (17)

where ϵi are the corresponding eigenvalues and the effective potential Veff is

Veff = Vext(r⃗) + δ

δn(r⃗)EHartree[n]  
VHartree[n]

+ δ

δn(r⃗)Exc[n]  
Vxc[n]

(18)

[38, p. 139]. Here VHartree is the Hartree potential and Vxc[n] is the exchange-
correlation potential.

The electron density n in a system can be solved through iteration by finding the
self-consistent solution nsolution(r⃗) that produces a set of ψi(r⃗) as the solution of (17)
so that

nsolution(r⃗) =
∑

i

fi|ψi(r⃗)|2 (19)

using the wanted level of accuracy [38, p. 172–173]. Here fi are the corresponding
occupations for electron states i.

3.2 Binodal and spinodal lines
To analyze the phase diagrams calculated in this work, binodal and spinodal lines
are utilized as lines of reference. By definition, both depend on the Gibbs free energy,
G(x) [18]. By comparing binodal and spinodal lines to the ab-initio phase diagrams
calculated in this work, the material structure can be compared qualitatively to the
structure assumed for the lines of reference. The binodal and spinodal are calculated
for each material of interest and utilized as reference lines in section 6.

The Gibbs free energy is defined as

G(x) = H(x) − TSent(x), (20)
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Figure 2: Concept of the different stability regions separated by the binodal line and
the spinodal line, adapting the visualization by Hariskos and Powalla [26].
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where H(x) is the enthalpy of the system. T is the temperature and Sent(x) is the
entropy of the system. [46, p. 378]. As the reference system is a randomly ordered
binary alloy, the entropy is

Sent(x) = −kB(x ln(x) + (1 − x) ln(1 − x)), (21)

where kB is the Boltzmann constant [37]. For a binary alloy, x and 1 − x are the
concentrations of both elements of interest. With these definitions, each point (x, T )
within 0 ≤ x ≤ 1 and T > 0 has a corresponding Gibbs free energy value.

At temperature T the concentrations x1 and x2 that fulfil the binodal condition

∂

∂x1
∆Gmix(x1, T ) = ∂

∂x2
∆Gmix(x2, T ) (22)

and have a common tangent line belong to the binodal line. This is solved for all T
between 0 and the critical temperature to get the complete binodal line. ∆Gmix(x, T )
is here the Gibbs free energy of mixing that is

∆Gmix(x, T ) = ∆Hmix(x) − T∆Sent(x). (23)

∆Hmix(x) is the difference in enthalpy between the mixed phase and the separate
phases. These are the mixing enthalpy and the mixing entropy. The binodal line is
the boundary between the two-phase region and the stable one-phase region. [18]
For symmetric ∆Gmix(x, T ) the binodal condition reduces simply to

∂

∂x
∆Gmix(x, T ) = 0 (24)

as other common tangents are not possible.
Like the binodal line, the spinodal line is defined in terms of the Gibbs free energy

by the spinodal condition
∂2

∂x2 ∆Gmix(x, T ) = 0. (25)

It is the boundary between metastable and unstable regions. The different stability
regions separated by the binodal line and the spinodal line are visualized conceptually
in 2, adapting the visualization by Hariskos and Powalla [26]. Within the metastable
region i.e. between the binodal and spinodal lines, the mixture is stable when small
concentration changes occur. However, larger changes in concentration will cause
transition between the one-phase and two-phase regions. Inside the spinodal line,
spontaneous phase separation occurs as small concentration changes are not stable.
The metastable regions disappear at the critical point where the binodal and spinodal
lines meet. [18]

Both the binodal line and the spinodal line are expressed in terms of ∆Gmix(x, T ).
Based on equation (23), ∆Hmix(x) and ∆Sent(x) are required in addition to the
temperature T . The mixing enthalpy ∆Hmix can be solved from the definition of the
mixing parameter Ω:

∆Hmix(x) = x(1 − x)Ω (26)



27

by first solving the mixing parameter for known sets of ∆Hmix and x [37]. When Ω
is known, the equation (26) is applied again for different concentrations to solve the
corresponding enthalpies.

In conclusion, the reference lines solved from conditions (24) and (25) for each
binary alloy of interest can be compared to the calculated ab-initio phase diagrams.
In a randomly ordered structure the phase boundary should be between the binodal
and spinodal lines if all three have be solved accurately. The binodal and spinodal
lines should not be used for quantitative analysis as the critical temperature has a
strong dependency on the mixing parameter Ω that is approximated from ab-initio
structural energies. Even with inaccuracies, the phase boundary and the reference
lines are useful to qualitatively describe the material structure if the temperature and
concentration point of interest is significantly above or below the phase boundary
and reference lines.
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4 Computational methods
The main computational goal in this work is to solve alloy phase diagrams from
first principles. The Alloy Theoretic Automated Toolkit (ATAT) [51] [49] [48] [50]
calculation software collection was utilized for this purpose. It contains the required
codes for constructing a cluster expansion and for utilizing the resulting expansion
in Monte Carlo calculations.

VASP, the Vienna Ab initio Simulation Package is a software package of first
principles calculation code. In this work VASP is used for the structural energy
calculations required by the cluster expansion algorithm as described in section
4.1. The structural energy calculations are based on the density functional theory
formalism that solves the Kohn-Sham equations giving an approximate solution to
the many-body Schrödinger equation like presented in section 3.1.3. [32] [30] [31]

Both ATAT and VASP are well established tools but not the only alternatives
available for their tasks. The cluster expansion formalism and Monte Carlo simulation
tools are implemented for example in CLUPAN [45] [1] as utilized by Kumagai et al.
to model CIGS and CIAS phase diagrams [33] with methods similar to those used in
this work. Structural energy calculations could be calculated for example with the
DFT tools of the GPAW library [40] [22] or the ABINIT software suite [25]. However,
VASP is the easiest pair for ATAT as the required interfaces are implemented in the
ATAT package. Therefore with this combination of tools, there is no need for any
error-prone data format conversions to be integrated by the user.

As seen in section 3, the cluster expansion formalism provides a quickly converging
tool for solving first-principles alloy energies. The remaining problems are, firstly,
finding a way to compare alternative expansions to find the most accurate one, and
secondly, how to prioritize selection when adding new clusters to the expansion in
order to improve the accuracy over the range of interest. The methods and algorithms
utilized by ATAT software will be explained in the following subsections.

The calculation process of this work is presented as a flowchart in figure 3. Details
of the different calculation steps are explained in the following subsections. The
first part of the flowchart, the cluster expansion construction, in section 4.1 and the
second part, the phase diagram calculation, in section 4.2.
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Figure 3: Flowchart of the two primary algorithms in this work: 1. the cluster
expansion algorithm, 2. the algorithm to solve the phase boundary based on the
cluster expansion.
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4.1 Cluster expansion algorithm
The cluster expansion algorithm used by ATAT generalizes the Ising Hamiltonian
that is presented in equation (9) and uses the expression

E(σ⃗) =
∑

α

mαJα⟨
∏
i∈β

σi⟩ =
∑

α

mαJα
1
Nβ

∑
β

∏
i∈β

σi (27)

for energy E per atom [51]. Here α is a cluster and β is the group of clusters that are
symmetrically equivalent to the cluster α. The set of α consists of all symmetrically
non-equivalent clusters in the system. ⟨∏i∈β σi⟩ denotes the average value of the
product for different β and is expanded in the rightmost form with Nβ as the number
of different β for this α cluster. Multiplicities are given by mα. Those are the number
of equivalent clusters Nβ divided by the number of lattice sites. All other information
is included in coefficients Jα giving the interactions that connect the structure with
the energy of the system. These coefficients are also known as the effective cluster
interaction, ECI.

Equation (27) is same as equation (10) used originally in the structure inversion
method but with equivalent clusters β described with a single Jα instead of having a
separate coefficient for each. ATAT follows the principles described in section 3.1.2:
The goal is to select a reasonably sized set of clusters providing the best expansion
and to fit the effective cluster interaction coefficients Ja to a set of structural energies
obtained from first principles calculations [51].

For this task, we need a physically credible method to compare different expansions
to find the one providing the most accurate results. The comparison method, called
cross-validation, is described in section 4.1.1. In order to improve the predictive
accuracy of the expansion, new clusters are included in the expansion. As noted in
section 3.1.2, there is no exact rule defining the order in which the clusters should be
selected. The selection method used by ATAT is described in section 4.1.2. Selecting
new structures for the fit requires a method that balances between variance reduction
and the computational cost. This process is presented in section 4.1.3.

ATAT begins forming the cluster expansion by starting with a minimal cluster set
consisting of the empty cluster of no atoms, single atom point clusters and nearest-
neighbor pairs. Structures are then added starting with the lowest computational
cost until there are enough energies to fit the ECI coefficients. Then, building the
cluster expansion is continued by following the processes described in sections 4.1.1,
4.1.2 and 4.1.3 corresponding respectively to steps g, f and c in the figure 3 flowchart.
[51]

The main iteration loop, steps from c to h, begins by selecting the next structure
and then calculating its structural energy. Steps f and h are conditional and only
processed if enough structural energy results are available. Regardless, the iteration
continues from step c until the target accuracy is reached.

4.1.1 Cross-validation and ground state prediction

Comparing the accuracy of different cluster expansions is a critical task when trying
to reach the optimal selection of clusters. In ATAT this process is implemented
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using a method known as cross-validation, CV [51]. In addition to cross-validation,
cluster expansions predicting ground states correctly are preferred to other candidate
expansions regardless of the cross-validation result [51]. The method explained here
implements the step g in figure 3

If a too small set of clusters is used in the cluster basis, the predicted structural
energies are inaccurate because the excluded clusters have significant effects on the
energy [51]. But if too many clusters are included, we face the issue of overfitting
where new clusters make the error in least-squares fit smaller but structural energy
predictions can become less accurate. This is caused by minimal error fitting where
effects of a cluster α1 can be included in the coefficient Jα2 of another cluster α2 if
the effects correlate at the points where ab initio structural energies were calculated.
[51]

This issue can be avoided by comparing the predictive accuracy of two cluster
expansions by using the cross-validation score, or the CV score, S defined as

S = 1
n

n∑
i=1

(Ecalculated, i − Epredicted, i)2 (28)

where n is the number of calculated energies, Ecalculated, i is a calculated structural
energy and Epredicted, i is the predicted energy for the same structure obtained by
the least-squares fit after excluding Ecalculated, i from the set of known energies [51].
Effectively, this is the mean squared error between calculated energies and predictions
where each calculated result is excluded in turn while forming the corresponding
prediction. A smaller CV score S suggests better predictive accuracy. It can be
shown that the number of terms minimizing S is an asymptotically optimal selection
rule meaning that S decreases with increasing n until a point is reached where S
starts to increase because of fitting to noise in the data [51].

However, it is worth noting that ATAT currently uses a different definition for
the cross-validation score. The ATAT manual defines it as

S =
(

1
n

n∑
i=1

(Ecalculated, i − Epredicted, i)2
) 1

2

(29)

which is the square root of the earlier definition (28) [15]. Using cross-validation score
defined as in equation (29) instead of (28) requires no other changes to the cluster
expansion algorithm because the square root maintains the order of magnitude for
positive values. The only effect is that the unit of cross-validation score is the unit
of energy, eV in this work, instead of squared units of energy as in definition (28).

From the set of candidate expansions, ATAT limits the selection to those that
predict the energy ground states correctly. From these, the one with the lowest
cross-validation score S is selected. This is the structure saved in step g of the
flowchart in figure 3. In step h it is then compared to the target accuracy and the
iterative process is continued from step c if the accuracy is not sufficient.

If there are no cluster expansions that predict the ground states correctly, an extra
weight multiplier can be added to critical structures in order to get correct predictions.
ATAT implements this by first finding the ground states among the calculated
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structural energies and then finding the problem structures that have a lower predicted
energy than the polyline connecting the predicted energies Epredicted, i for adjacent
ground states in (c, Epredicted, i) coordinate system, where c is the concentration of the
varying component in the modeled alloy. These problem structures and the vertices
of the corresponding polyline segments are then increased in weight. This process
can be iterated until a candidate expansion predicts the ground states correctly. [51]

4.1.2 Cluster selection

As the cross-validation score S is a statistical quantity, it is possible to find a cluster
that provides a smaller S within the set of Ecalculated, i than the optimal cluster choice.
To minimize the probability for this, ATAT applies a set of rules to find the physically
meaningful clusters to be added [51]. The rules used by ATAT are:

1. All subclusters of a candidate cluster must be included in the expansion before
the candidate cluster [51].

2. A candidate cluster of m cluster points can be added only if all m-point clusters
with smaller maximum distances between sites are already included in the
expansion [51].

Rule 1 follows from the fact that a cluster represents the coupling interaction of
its subclusters. Therefore, the interaction strength is assumed to be lower than for
the subclusters separately. This leads to smaller absolute values for the interaction
coefficients Jα leading to a smaller effect on the predicted energy than for Jα of
the subclusters. [51] Rule 2 is based on the observation that an increased distance
usually decreases the interaction strength [51].

There is no guarantee that the optimal cluster expansion fulfills these rules.
However, enforcing these rules only adds some unnecessary clusters with near-zero
coefficients Jα to the expansion. By utilizing these rules, the number of alternative
clusters to select from is reasonably small at each step of building the cluster expansion.
[51]

After the empty and point clusters have been added to the expansion, ATAT
follows these rules by considering pairs in order of increasing maximum distance
between sites. Then for each pair, the triplets with smaller maximum distances
than the longest pair cluster are examined in an increasing maximum distance order
followed by quadruplets having smaller maximum distances between the sites than
the largest triplet for each triplet and so forth. [51]

The limit for maximum distances between sites follows from rule 1 because for
each candidate cluster, all subclusters containing the two maximum distance sites
must be included in the expansion first. If multiple clusters of same kind with equal
maximum distance are found, those are added to the expansion simultaneously [51].
The total number of clusters included in the expansion is limited by the number of
calculated structure energies so that there must be more known structural energies
than clusters [51]. This is required to solve interaction potentials from the equation
system (15).
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As presented in figure 3, when condition e in the calculation process is fulfilled,
ATAT continues the iteration loop by fitting the ECI coefficients to a set of clusters
in the step f. The clusters to be used are selected by following the rules listed above.
Comparing the CV scores in the step g is meaningful only if a physically credible
cluster selection has been used for the both compared cluster expansions. When the
target accuracy limit is reached, i.e. the cross-validation score is small enough, the
iteration process ends.

4.1.3 Structure selection

When calculating new structural energies Ecalculated, i, the optimal structure selection
would improve the cross-validation score (29) more than the structural energy ob-
tained for any other structure [51]. The effect that the additional known structural
energy has on the cluster expansion is not possible to calculate without calculating
the structural energy first. This is because a new structure adds a new term to the
sum of cross-validation score (29) and affects the predicted energies Epredicted, i. [51]
A new structural energy also allows increasing the size of the cluster basis by one.
This adds another level of complexity to the problem of finding the best structure to
calculate.

However, it is possible to form an estimate for the effect that a new structural
energy has on the cross-validation score. The error in the fit can be divided into
components of the bias and variance. Of these, the bias component is the systematic
error caused by the truncated cluster expansion set that cannot describe all the
energy fluctuations. To reduce this, the effective cluster interaction coefficients Ja

after adding a new structure to the fit must be known first. As obtaining the new ECI
coefficients requires the energy of the structure to be added, searching for the optimal
bias reducing structure is not possible before spending resources on calculating the
energy of the candidate structure itself. [51]

The variance component of the error, instead, describes fluctuations around the
mean for the ECI fitted to each sample. The least-squares fitting process leads to
the covariance matrix

Vcov = (XTX)−1e2, (30)

where e2 is the mean squared error of the ECI fit and X consists of the average
values ⟨∏i∈β σi⟩ for each structure. Clearly, X has no energy dependency. The mean
squared error e2 has an energy dependency but only as a second order effect. [51]

Using the covariance matrix of equation (30), the variance of a single predicted
energy Epredicted, i can be expressed as

Var[Epredicted, i] = Xrow iVcov(Xrow i)T = Xrow i(XTX)−1(Xrow i)T e2, (31)

where Xrow i is the ith row of the matrix X. To get the correct quantity to optimize,
this variance has to be averaged over all structures – including those that are not used
in the fit. ATAT handles this by making an assumption that all possible Xrow i are
distributed isotropically in a sphere thus giving a simplified variance as an integral
over the sphere with spherically symmetric weights. This can be simplified to give
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the expected value

⟨Var[Epredicted, i]⟩ = Tr(Vcov) = e2Tr((XTX)−1) (32)

for the variance of predicted energies. ATAT does not choose the structure giving
the best improvement to the expected variance. Instead, the computational cost
of the structural energy is taken into account. The structure providing the best
improvement of variance per computational cost is selected except when some of the
candidate structures suggest new ground states. Like in the cross-validation process,
the priority is given to those structures that lead to the correct ground states. [51]

This implements step c in figure 3. Each iteration loop of the cluster expansion
construction begins by utilizing the method presented above to find the structure
that is the most optimal based on the selection rules of the ATAT code. In the next
step, the VASP code is used to calculate the structural energy of the structure.

4.2 Utilization of cluster expansion formalism
With a set of Jα as the effective cluster interaction coefficients, the energy for system
σ⃗ is given by equation (27). The cluster expansion can also be used as the input
of lattice model Monte Carlo simulation [49] as presented in section 4.2.1. With
the Monte Carlo method, thermodynamical properties can be solved for different
system compositions that are presentable using the generated cluster expansion.
Different methods such as the low temperature expansion can be used to lower the
computational cost. These are presented in the subsections.

Additionally, the Monte Carlo method is used in more specific computational
utilities included in the ATAT package. These include for instance the ’mcsqs’ tool
to solve special quasirandom structures that approximate the completely disordered
state of alloy. It uses a Monte Carlo simulation loop to improve the shape and atomic
site occupation to maximize the number of correlation functions that the solution
matches. This way the accuracy of the approximation is not limited by the static
shape of the structure. To reach the wanted level of accuracy, a smaller simulation
cell is required compared to the method where the approximation is done simply by
randomly positioning atoms in a supercell. [52]

The main focus in this work is to utilize the Monte Carlo simulation to solve
phase diagrams. In ATAT, the code executed is known as ’phb’ [16]. The method is
explained in section 4.2.3. It implements the algorithm for processing steps from i to
v in figure 3 flowchart.

4.2.1 Monte Carlo method

The Monte Carlo method (MC) is the most commonly used tool for calculating
thermodynamical properties based on the cluster expansion. This is because it is
easier to include long-range interactions to Monte Carlo simulations than to the
cluster variation method or similar mean-field methods. MC is also preferred because
of simple implementation and good adaptability for different use cases. [49]
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In this thesis, the semi-grand canonical Monte Carlo (SGMC) implementation of
ATAT is used. It has a ready interface for using the cluster expansion in the format
provided by ATAT. Additionally, this implementation contains useful functionalities
such as checks for reaching the target precision, detecting phase transitions and
automatic following of the phase boundary. [49]

The semi-grand canonical ensemble is a statistical ensemble where the number
of particles is fixed but the energy and concentration can change. Temperature
and chemical potentials are set externally. Lattice model Monte Carlo calculations
require the cluster expansion as the input data. No other material property inputs
are required. [49]

In the semi-grand canonical ensemble, the thermodynamical potential per atom
φ is given by

φ(T, µ) = −kBT

N
ln
(∑

i

e
− N

kBT
(Ei−µxi)

)
(33)

for binary alloys [49]. Here T is the externally imposed temperature, µ is the
externally imposed chemical potential difference between the two elements of the
binary alloy, N is the fixed number of particles, kB is the Boltzmann constant and i
is a system state with an internal energy per atom Ei and concentration xi. The
sum is over all the system states.

The thermodynamical potential can also be defined using the total differential.
By replacing T = 1/(βkB) this gives

d(βφ) = (Eavg − µxavg)dβ − βxavgdµ, (34)

where Eavg is the average energy of the system per atom and xavg is the average
concentration. [49] When following some path (T, µ), this allows to use the useful
integration equation

φ(T2, µ2) = φ(T1, µ1) + 1
β

∫ (β2,µ2)

(β1,µ1)
(Eavg − µxavg,−βxavg)d(β, µ) (35)

that is valid for continuous paths between points (T1, µ1) and (T2, µ2) that do not
have phase transitions [49].

Compared to the grand canonical ensemble, the semi-grand canonical ensemble
keeps the number of particles static but it still allows changes in concentration i.e. the
type of a particle can change. Such an ensemble is suitable for MC simulations in this
work because it allows variations in concentration while avoiding the disadvantages
of the canonical ensemble. Compared to canonical ensembles, SGMC allows locating
phase boundaries simply from the intersection points of the thermodynamic potential
[49]. Furthermore, the integration equation (35) contains computationally less
expensive or already calculated average quantities for energy and concentration
whereas the corresponding equation for the canonical ensemble does not [49]. If the
simulation cell also matches the periodicity of the structure, the semi-grand canonical
approach also guarantees that the system equilibrium is never a phase-separated
mixture [49].
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When applying equation (35) in MC simulations, the starting point (T0, µ0) should
be selected in a way that allows calculating φ(T0, µ0) analytically. One method to
achieve this for an ordered phase is to use the low temperature expansion (LTE) as
used by ATAT in this work, see section 4.2.2. It is applied for each ground state
where the simulation starts. Other alternatives include the high temperature limits
for disordered phases and the mean field approximation method. [49]

The ATAT package provides a Monte Carlo implementation known as ’emc2’. It
operates with cluster expansion output files created by the ’maps’ code in the same
package [5]. A typical MC implementation follows the principles of the Metropolis
Monte Carlo algorithm. Each iteration starts with a system state. Then a set of
selection probabilities for each possible state transition is formed. A set of acceptance
probabilities is selected so that the product of selection and acceptance probabilities
satisfy the condition of detailed balance, i.e., the reached equilibrium distribution is
a Boltzmann distribution in a typical MC use case. An additional requirement is
that the selection probabilities should allow any state transition with a finite number
of simulation steps. [20]

Commonly, the system state and transitions are modeled as a set of spins that
could be flipped with an equal probability and the acceptance probability is set so
that the detailed balance requirement is fulfilled. Depending on random number
generation, first a new state is formed and then the new state is either accepted or
rejected based on the acceptance probability. If accepted, the new state is the start
state for the next iteration. Otherwise, the same start state is carried over to the
next iteration. [20] This process is repeated enough times until equilibrium has been
reached. For accurate results, the iteration is started over and the results for the
final system states are averaged for all simulation runs.

To save computational resources, the faster approximation method can be used
instead of the MC simulation until the approximation error increases over the desired
level of accuracy. With this method, the actual staring point of the MC simulation
is actually φ(Tn, µn) where n is the final step that could be accurately calculated
using the low temperature expansion. Then the MC simulation should run at each
temperature step until such a chemical potential µ is found that leads to a phase
transition. [49]

The phase transition detection is a feature included in MC codes of ATAT
by default [5] [16]. Detecting phase transitions is fundamentally based on finding
exceptional values of a thermodynamic quantity as the control variables (Tn, µn)
vary. The implementation used in ATAT fits a polynomial to the set of previous
results and extrapolates the polynomial to get a prediction for the next result. The
polynomial for fitting is constructed from the same cross-validation rule used in the
cluster expansion construction, see equation (28). [49]

The accuracy of a Monte Carlo simulation run is limited by the simulation time
and the size of the simulation cell. A sufficiently large simulation cell should be
simulated as long as it is required to get a converged result. [8] For the best accuracy,
this process should be repeated and the results of different simulation runs should
be averaged [49]. The simulation cell size can be optimized simply by increasing the
cell size until a further increase does not cause a significant change in results [8].
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4.2.2 Low temperature expansion in Monte Carlo simulation

To avoid computationally heavy Monte Carlo simulations, it is possible to use
approximations for the thermodynamical potential φ at the low and high temperature
limits [49]. This way the available computational resources can be focused on
simulation steps where no accurate approximations are available for use. With the
materials simulated in this work, the approximation at low temperatures is more
useful. It is known as the low temperature expansion, LTE [49].

Starting from the thermodynamical potential per atom φ as presented in equation
(33) and a given groundstate g, the energy of the groundstate can be extracted from
the exponential and sum. This results in

φ(T, µ) = Eg + µxg − kBT

N
ln
⎛⎝1 +

∑
S ̸=g

e
− N

kBT
(∆Es,g−µ∆xs,g)

⎞⎠ (36)

[29] where Eg is the energy of the groundstate g per atom and xg is the concentration
at the groundstate. The sum is over all configurations S except the configuration
of the groundstate g. Expressions ∆Es,g and ∆xs,g are, respectively, variations in
energy per atom and concentration related to changing the identity of an atom at
site s in groundstate g [49].

By expanding the logarithm as a Taylor series and then applying the linked
cluster theorem, equation (36) can be further simplified to

φ(T, µ) = Eg + µxg − kBT

N

∑
s

e
− N

kBT
(∆Es,g−µ∆xs,g) (37)

[29] [49]. Then taking the translational periodicity of the groundstate into account,
only a finite number of sum terms remain [49].

For the optimal use of calculation resources, the LTE method should be used
for as high temperatures as possible while keeping the results within the desired
accuracy. It is suggested to use the LTE result when increasing the temperature
until the obtained results do not agree with the mean field approximation method.
Only after that the process should switch to the computationally more expensive
MC method. [49]

Details on the mean-field approximation methods like the Cluster Variation
Method, CVM are not presented here. The default implementation of ATAT was
used. When using the low temperature expansion and the MC method, the mean-
field method does not affect the results, only triggers the change from the LTE
approximation to the MC simulation when calculating the phase boundary. Therefore,
the only requirements for the mean-field method are 1) to be computationally efficient
and 2) to be accurate at low temperatures, especially more accurate than the low
temperature expansion at temperatures where the LTE result and the MC result
begin to differ. Successful transition from LTE to MC can easily be validated by
confirming the continuity of the phase boundary at the temperature where the
computational method is changed.
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4.2.3 Calculation of phase diagrams

The ATAT package offers the ’phb’ command that can be utilized to solve temperature-
composition phase diagrams [16]. It is used in this work to calculate phase boundaries
for different binary alloys based on the copper indium selenide structure. It was
chosen because of its support for the output files of ’maps’ and because it implements
automatic following of the phase boundary to save computational resources [16].

The ’phb’ command operates by starting two simultaneous Monte-Carlo simula-
tions from two groundstates of the binary alloy [8]. The tool automatically swaps the
low-temperature expansion to the Monte Carlo simulation when the approximation
no longer provides sufficiently accurate results [10].

Phase transition detection is required to know when to export results from the
simulation [49]. This is implemented like presented in section 4.2.1. To avoid
unnecessary computation over the whole range where the phase is stable, ATAT is
able to trace the location of phase boundary for the next temperature step [49].

Using this method we can obtain phase diagrams from a first-principles cluster
expansion. However, it is warned that ab-initio phase diagrams tend to have too high
temperatures for phase transitions [51]. Research suggests that this could be caused
by ignoring lattice vibrations, ignoring long-range elastic interactions or limited
accuracy in first-principles structural energy calculations [51]. Taking these issues
into account would require using an improved model or more computational resources
that were available.

With less emphasis on the computational efficiency, one could get a similar
phase diagram without using the ’phb’ utility by executing a set of separate Monte
Carlo runs with different starting concentrations. The phase border would then be
automatically detected by the MC implementation known as ’emc2’ in the ATAT
software package [5] and the simulation would stop before taking the next temperature
step. This approach could be useful in situations where the phase transformation
detection logic or other calculation tool features seem insufficient.
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5 Implementation of calculations
As noted in section 4, the calculations were implemented using ATAT and VASP
software packages. The ATAT tool ’maps’ was used for binary alloys to construct
cluster expansions. VASP was used for the structural energy calculations with the
default code interfaces implemented in ATAT.

First, the parameters used in VASP and ATAT calculations are presented in
subsection 5.1. Then KPPRA and ENCUT parameters are optimized by calculating
structural energies of a simple optimization structure with different KPPRA and
ENCUT values. The parameter values providing fastest results within the target
accuracy range are used for all cluster expansion constructions. The optimization
process is described in section 5.2. Cluster expansions are constructed for four binary
alloys CRIS, CKIS, CNIS and CLIS as summarized in section 5.3.

5.1 Calculational parameters
Two input files were given to the ATAT ’maps’ code to construct the cluster expansion.
The first one is the lattice input file that defines the structure and composition of
the unit cell. Here an 8-atom chalcopyrite cell Cu2In2Se4 was used. Depending on
the material, Cu sites in the input file were replaced with a configuration that allows
either Cu or the alkaline of interest to occupy the lattice site. This input file also
defines the initial size of the cell but the lattice constants are relaxed during the
calculation process [50].

The other input file defines the parameters to be used with the structural energy
calculations. These parameters are presented in tables 2 and 3. Parameters in table
2 are used by the INCAR input file of the VASP code. The ENCUT parameter is
optimized in section 5.2 to use computation resources more efficiently. To summarize,
the parameters are configured to provide accurate results while allowing different
degrees of freedom to change during the calculation process.

The ATAT library provides some additional parameters that affect the structural
energy calculations. These are presented in table 3. The KPPRA parameter is
optimized in section 5.2 to use computation resources more efficiently. The ATAT
tool ’ezvasp’ converts it to a KPOINTS file that is used by VASP [7].
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Table 2: VASP INCAR parameter values used in this work.
Parameter Value Description

PREC Accurate Sets initial values for common accuracy parameters [17].
ISMEAR 1 Sets partial occupancies using the first order

Methfessel-Paxton method [12].
SIGMA 0.1 The width of ISMEAR smearing [12].
NSW 200 The maximum number of ionic steps [14].

ENCUT 400 The cut-off kinetic energy for the used plane wave basis
set [6], optimized in section 5.2.

IBRION 2 Ions are moved and updated using the conjugate
gradient method [9].

ISIF 3 Sets stress tensor calculation on and allows ion, cell
volume and cell shape degrees of freedom to change [11].

EDIFF 1e-6 The break condition for self-consistent relaxation of
the electronic degrees of freedom [3].

EDIFFG -0.01 Sets the break condition for ionic relaxation process to
use forces and defines the break force magnitude [4].

METAGGA SCAN Selects ’strongly constrained and appropriately normed
semilocal density functional’ to be used as the
meta-GGA functional [13].

Table 3: Values used in this work for additional ATAT-specific INCAR parameters.
Parameter Value Description
KPPRA 1200 The density for k-points per reciprocal atom [50],

optimized in section 5.2.
DOSTATIC Including this tag instructs ’maps’ to do a static run

after the relaxation run [50].
USEPOT PAWPBE Potentials for ab-initio calculations [50].

SUBATOM- K_sv Non-default pseudopotential versions. Here ’_pv’
substitutions Rb_sv indicates treating p semi-core states and ’_sv’ both p

Na_pv and s semi-core states as valence states [19].
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5.2 Parameter optimization
For the optimal calculation efficiency, some parameters were set to provide lower
accuracy in order to perform calculations more quickly. The desired structural energy
accuracy is 0.5 meV per atom. With more efficient VASP calculations it is possible
to calculate more structural energies with the same amount of calculation resources.
This leads to a larger pool of structural energies that can be used to fit the cluster
expansion. If the structural energies are accurate enough, the larger pool of energies
gives likely a better expansion than that with a smaller but more accurate set of
energies. The better expansion leads to more accurate results in the subsequent
Monte Carlo simulations.

The VASP parameter ENCUT and the ATAT parameter KPPRA were optimized.
ENCUT is the cut-off kinetic energy for the used plane wave basis set [6]. Waves with
higher energies are excluded from calculations [6]. KPPRA is the ATAT parameter
that sets the density for k-points per reciprocal atom [50] affecting the KPOINTS
input file created by ATAT for VASP calculations.

Optimization calculations were performed for the (Cu,K)InSe2 (CKIS) material.
The first and the third structure calculated by the ATAT algorithm were used. These
are the structures with 100 % and 50 % copper (Cu) concentrations of the total
number of Cu and K sites, i.e. CuInSe2 and CuKIn2Se4. The second structure,
KInSe2 (KIS), was excluded because with low Cu concentration the structure is
not chalcopyrite as assumed in the input files. Instead, pure KIS has a monoclinic
structure of space group 15 [2].

The ENCUT parameter was optimized by performing calculations for parameter
values between 300 and 500 by steps of 25 units. The second parameter KPPRA was
set to a value of 1800 that should provide results with higher accuracy than required.
The structural energies for CuInSe2 and CuKIn2Se4 are presented in figure 4.

The structural energy of CuKIn2Se4 in figures 4b and 4d converges with an
increasing ENCUT value. With the other structure, CuInSe2, in figures 4a and
4c the convergence is not as clearly visible. However, the changes in energy are
small suggesting that major accuracy improvements cannot be achieved by increasing
ENCUT. Thus, reaching the target accuracy is limited by the results for CuKIn2Se4.
Based on the results, value of the ENCUT parameter is set to 400, where the change
compared to energies with the nearest ENCUT values of 375 and 425 is within the
desired 0.5 meV.

The KPPRA parameter was optimized by performing calculations for KPPRA
parameters between 500 and 1800 using the optimized ENCUT = 400 as the other
parameter value. Within this KPPRA range, the values of 500, 800, 1200 and 1800
lead to distinct KPOINTS files. Other KPPRA values that give the same KPOINTS
file are excluded because they would give the same result in the VASP calculation.

KPPRA optimization results for CuInSe2 and CuKIn2Se4 structures are presented
in figure 5. The structural energies converge with increasing KPPRA values. Based on
these results, the KPPRA value of 1200 is selected for cluster expansion calculations
because it is the smallest KPPRA that gives the structural energy within the accuracy
limit of 0.5 meV.
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Figure 4: Optimization results for the ENCUT parameter.
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Figure 5: Optimization results for the KPPRA parameter.
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5.3 Two-component alloy modeling
The structure of (Cu, Alk)2In2Se4 was used in the two-component material modeling.
The alkali metals rubidium (Rb), potassium (K), sodium (Na) and lithium (Li) were
used to replace from 0 to 100 % of Cu in the chalcopyrite structure defined in the
lattice input file. Using the same shorthand notation as with CIGS, these materials
are named CRIS, CKIS, CNIS and CLIS, respectively.

The cluster expansion code ’maps’ of the ATAT package was executed to construct
cluster expansions for each of these materials. Table 4 lists the basic statistics of
these calculations. For each material, 32 to 96 ab initio structural energies were
calculated in the order defined by the algorithm implemented in the ’maps’ code. The
best cluster expansion is fitted for the set of known structural energies by minimizing
the cross-validation score as described in section 4.1.1.

The best CKIS and CNIS expansions use less ECI coefficients than the CRIS
and CLIS expansions but those ECI are fitted to a larger number of ab initio results.
However, fitting the expansion to a larger number of ab initio results allows taking
more interaction components into account when selecting the clusters and fitting the
ECI coefficients. Ab initio energies, clusters and the ECI coefficients are presented
in greater detail in section 6.

The highest cross-validation score is over 56 times as large as the lowest one
among the modeled materials. As noted in section 4.1.1, a better cross-validation
score suggests better predictive accuracy. However, the structural energy range
in CLIS and CNIS is significantly smaller than that in CRIS and CKIS as can be
seen from figures 6a, 7a, 8a and 9a. For example, as presented in section 6.4, the
maximum structural energy in CRIS is approximately 40 times as large as in CLIS.
Therefore energy prediction with a smaller absolute error is required in CNIS and
CLIS to keep the relative error similar to CRIS and CKIS results.

After iteratively solving the cluster expansions, those were used with the ’phb’
code of the ATAT package to solve the phase diagram for each of the two-component
materials. As noted in section 4.2.3, the ’phb’ tool implements high level of au-
tomation that detects the phase boundary and executes the algorithm for different
concentrations of the two elements of interest. The calculation was started from
the low temperature limit and from the both groundstates in each binary alloy.
Temperature steps of 5 K were used. The resulting phase diagrams are presented in
section 6.7.
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Table 4: Statistics of calculations performed for two-component materials.
Material Number of ab initio CV score for the best Number of ECI in

total-energy calculations expansion (eV per atom) the best expansion
CRIS 32 0.0592945 16
CKIS 59 0.0354449 14
CNIS 96 0.00948965 9
CLIS 32 0.00104388 15
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6 Results
Detailed cluster expansion results and all Monte Carlo simulation results are presented
in this section for the modeled two-component materials CRIS, CKIS, CNIS and
CLIS. The cluster expansion results collected from the output files provided by the
’maps’ code of the ATAT package are presented first starting from subsection 6.1.
The expansion results for the different materials are then compared in subsection 6.5.

The results for lattice constants of different two-component material compositions
are presented in subsection 6.6. Subsection 6.7 contains the results for phase diagram
calculations. These results and their implications to solar cell technology are discussed
further in subsection 6.8. Compared to the corresponding binodal and spinodal lines
the results show significant phase separation for CRIS and CKIS.

6.1 Cluster expansion results for (Cu,Rb)InSe2

The cluster expansion results for material (Cu, Rb)InSe2 are presented in figure 6 and
table 5. Based on the ab initio calculations presented in subfigure 6a, groundstates
are at the 100 % Cu and 100 % Rb concentrations which is reasonable. The energy
difference between the groundstates is small compared to differences to other ab-initio
energies. Energies increase when the concentration approaches 0.5. The difference
between the highest and the lowest calculated or predicted energies also increases
when approaching the equal concentration between the two components.

Table 5: Clusters and ECI for the best CRIS expansion ordered by the cluster
diameter.
Atoms in cluster Cluster diameter Multiplicity ECI

0 – (empty cluster) 1 0.766095
1 – (point cluster) 2 -0.004916
2 4.101986 4 -0.025155
2 5.781000 4 0.014116
2 7.088459 8 -0.007784
2 7.113046 8 -0.049563
2 8.175569 4 0.036128
2 9.146924 4 0.017610
2 9.197666 4 -0.039693
2 10.820637 8 -0.003454
2 10.836759 8 -0.005905
2 10.836759 8 0.000000
2 10.863564 8 -0.007112
2 11.562000 4 0.011024
2 11.642240 2 -0.010896
2 12.268094 8 -0.025647
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Figure 6: Cluster expansion result for the CRIS material. Ab initio calculated
structures are marked with red. In subfigure a, structures with energies only predicted
by ATAT are marked in blue.
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As noted in table 4, 32 ab initio structural energies were calculated. These all have
reasonable values compared to the range of predicted energies. The best expansion
for the set of structural energies uses 16 different clusters and the corresponding
ECI coefficients as presented in table 5. The fit residuals compared to the ab initio
energies are presented in subfigure 6b. The fit residuals of CRIS are largest among
the modeled two-component materials with the largest residuals having a magnitude
of 0.1 eV. This leads to the highest cross-validation score as seen from table 4.
However, the energies are largest in CRIS as well. Therefore the relative error should
remain in the same range as for the other modeled materials.

Comparing the ECI values to the cluster diameters in subfigure 6c, we can see
that the ECI magnitude tends to decrease as the cluster diameter increases. This is
reasonable as atoms further away should have weaker interaction effects compared
to atoms that are closer. The number of clusters used in the expansion affects the
ECI magnitude. Therefore the absolute values of the ECI coefficients should not
be compared directly between two different expansions. However, we can see that
the highest magnitude ECI are obtained for clusters having diameters between 7
and 10 Å if we exclude the empty and single atom clusters. It suggests that these
clusters have the strongest effect on the structural energy. This is not necessarily the
case, because the effective interactions of the clusters excluded from the expansion
are included to the ECI coefficients of those clusters that are actually used in the
expansion.
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Table 6: Clusters and ECI for the best CKIS expansion ordered by the cluster
diameter.
Atoms in cluster Cluster diameter Multiplicity ECI

0 – (empty cluster) 1 0.613056
1 – (point cluster) 2 0.003814
2 4.101986 4 -0.041783
2 5.781000 4 -0.007308
2 7.088459 8 -0.019887
2 7.113046 8 -0.038231
2 8.175569 4 0.028537
2 9.146924 4 0.009792
2 9.197666 4 -0.020321
2 10.820637 8 0.005166
2 10.836759 8 -0.003926
2 10.836759 8 0.000000
2 10.863564 8 -0.010931
2 11.562000 4 0.014540

6.2 Cluster expansion results for (Cu,K)InSe2

Similarly to CRIS, figure 7 and table 6 present the cluster expansion results for the
two-component material CKIS, (Cu, K)InSe2. Like for CRIS, the groundstates for
CKIS are at 100 % Cu and at 100 % K concentrations as plotted in subfigure 7a.
The energy difference between the groundstates is larger than that for CRIS but it is
still small compared to structural energies between the groundstates. Consistently,
the largest ab initio and predicted energies increase when approaching the equal 0.5
concentration. Compared to CRIS, the largest energies per site are approximately 0.1
eV smaller in CKIS. All the calculated ab initio results seem reasonable compared
to the energies predicted by the ’maps’ code. Especially between the 0.25 and 0.75
concentrations there are single structures with low predicted structural energies
between 0.1 and 0.2 eV per site.

The best cluster expansion for the 59 calculated CKIS structural energies uses
14 distinct clusters and ECI coefficients, as seen in table 6. Almost all residuals are
smaller than 0.05 eV per site, as plotted in figure 7, subfigure 7b. Nevertheless, these
are large compared to the calculated structural energies that are mostly smaller than
0.5 eV per site.

Like in CRIS, the magnitude of ECI in CKIS tends to decrease as the cluster
diameter increases as presented in figure 7, subfigure 7c. Again, this is reasonable as
interactions weaken as the distance between atoms increases as noted in section 6.1.
In general, the ECI values are of similar magnitude scale and their distribution has
many similarities comparing the cluster expansions for CRIS and CKIS.
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Figure 7: Cluster expansion result for the CKIS material. Ab initio calculated
structures are marked with red. In subfigure a, structures with energies only predicted
by ATAT are marked in blue.
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Table 7: Clusters and ECI for the best CNIS expansion ordered by the cluster
diameter.
Atoms in cluster Cluster diameter Multiplicity ECI

0 – (empty cluster) 1 0.203786
1 – (point cluster) 2 0.013118
2 4.101986 4 -0.006274
2 5.781000 4 -0.007783
2 7.088459 8 -0.004892
2 7.113046 8 -0.010283
2 8.175569 4 0.011405
2 9.146924 4 -0.001712
2 9.197666 4 -0.008845

6.3 Cluster expansion results for (Cu,Na)InSe2

Compared to CRIS, CKIS and CLIS, the best expansion for (Cu, Na)InSe2 (CNIS)
utilizes distinctly less clusters: The best expansion found for CNIS has only 9 ECI
coefficients even after 96 ab initio structures whereas other expansions require around
15 coefficients for the best fit to a set of 32 to 59 ab initio energies as listed in
table 4. The cluster expansion results are presented in figure 8 and table 7. Plotted
structural energies in subfigure 8a are similar to those of CRIS and CKIS. The main
differences compared to those materials include the smaller energy scale that is from
0 to 0.14 eV whereas the largest energies in CRIS and CKIS are over 0.7 and 0.5 eV,
respectively. The other feature standing out is the energy difference between CIS and
NIS groundstates that is larger than that between the groundstates of CRIS or CKIS,
especially in comparison to the significantly smaller range of structural energies
in the CKIS material. All the other calculated and predicted energies are above
the groundstate line and distributed similarly to the other modeled two-component
materials making the result physically credible.

Apart from three calculated structures, all fit residuals are around 0.02 eV per
site or smaller as shown in figure 8, subfigure 8b. The residuals are smaller than
those in CRIS or CKIS but this is explained by the smaller variation in structural
energies rather than being a superior expansion fit compared to the other modeled
materials.

As the expansion for CNIS uses less clusters, the ECI plot in figure 8, subfigure 8c,
has less points compared to CRIS and CKIS. This makes it impossible to see the trend
of a decreasing ECI magnitude as the cluster diameter increases. However, the range
of ECI values and the distribution seem credible compared to the two-component
cluster expansions of the other modeled materials.

In the CNIS expansion, the share of negative ECI coefficients is larger than that
in CRIS or CKIS. In addition to the empty cluster and point clusters only one cluster
type has a positive ECI, as listed in table 7. Lower ECI values are expected based
on equation (27), as the structural energies in CNIS are lower as well. However, this
does not imply directly having a larger share of negative ECI coefficients as a large
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Figure 8: Cluster expansion result for the CNIS material. Ab initio calculated
structures are marked with red. In subfigure a, structures with energies only predicted
by ATAT are marked in blue.
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decrease in the ECI of the empty cluster has a similar effect.
The cluster diameter is smaller than 10 Å for all the clusters used in the best

CNIS expansion as can be seen from table 7. Larger clusters used by CRIS and
CKIS expansions are not present. This suggests that these clusters have a smaller
effect in the CNIS material. Alternatively, this could mean that these effects are
similar enough to those introduced by smaller clusters so that the cluster expansion
algorithm includes the interaction to the ECI coefficients of smaller clusters used in
the expansion.
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Table 8: Clusters and ECI for the best CLIS expansion ordered by the cluster
diameter.
Atoms in cluster Cluster diameter Multiplicity ECI

0 – (empty cluster) 1 0.027087
1 – (point cluster) 2 0.000332
2 4.101986 4 -0.001779
2 5.781000 4 -0.000767
2 7.088459 8 -0.000625
2 7.113046 8 -0.000683
2 8.175569 4 0.000713
2 9.146924 4 -0.000262
2 9.197666 4 -0.000454
2 10.820637 8 -0.000005
2 10.836759 8 -0.000284
2 10.836759 8 0.000000
2 10.863564 8 -0.000198
2 11.562000 4 -0.000213
2 11.642240 2 -0.000528

6.4 Cluster expansion results for (Cu,Li)InSe2

Finally, the cluster expansion results for (Cu, Li)InSe2 (CLIS), are presented in figure
9 and table 8. As can be seen from subfigure 9a, CLIS has the smallest predicted and
calculated structural energies among the modeled two-component materials. The
highest calculated structural energies are approximately 0.017 eV per site, obtained
for the 50 % lithium and 50 % copper concentration.

There is less than a 0.001 eV difference between the calculated groundstates,
as seen in figure 9, subfigure 9a. Scaled by the energy range, this is similar to
CRIS and CKIS but different from CNIS material where the difference between the
groundstates is larger. All the predicted and calculated structural energies and their
distribution seem reasonable for different concentrations of CLIS. The distributions
for the predicted and calculated energies from 0 to 100 % concentration are similar
for all two-component materials modeled in this work.

The fit residuals in figure 9, subfigure 9b, have all magnitudes below 0.001 eV per
site. This is less than in the other modeled two-component materials. However, apart
from few exceptional points, the residuals are within 10 % of the structural energy
range for all the modeled two-component materials. Having the smallest residuals
and cross-validation score for CLIS is expected. Having similar relative accuracies
maintains the comparability between materials also for any follow-up calculations.
The pair cluster ECI coefficients of CLIS presented in table 8 are almost all negative
like they are in CNIS material.
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Figure 9: Cluster expansion result for the CLIS material. Ab initio calculated
structures are marked with red. In subfigure a, structures with energies only predicted
by ATAT are marked in blue.
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6.5 Comparing the cluster expansion results
The CRIS, CKIS, CNIS and CLIS expansion results seem all realistic compared to the
binary alloy examples calculated with the same tools: Similar numbers of calculated
structural energies were used in this work (32–96 structures as listed in table 4) as
in the ATAT examples where 20 to 55 ab initio energies were calculated [51]. In
this work, cross-validation scores vary from 1 to 59 meV per atom, as presented in
table 4. ATAT examples [51] have CV scores between 1 and 49 meV per atom. This
suggests that the ab initio code VASP and the cluster expansion code ’maps’ of the
ATAT package have been used without user errors regarding input parameters and
files. Iteration times seem sufficient as the results are of similar accuracy compared
to the ATAT examples, naturally assuming that the modeled interactions are similar.
Because the modeled materials are different from those of used in the ATAT examples,
having no triplet or quadruplet clusters in the best expansion unlike the examples
[51] is no point of concern.

The distributions for predicted and calculated energies from 0 to 100 % concen-
tration are similar for all the two-component materials modeled in this work. All
the other calculated and predicted energies are above the groundstate line making
the result physically credible. The difference between the two calculated energies at
the groundstates is small compared to the range of structural energies in most of
the modeled materials. The difference is significant only for CNIS as presented in
subfigure 8a. The fitted expansion does not reflect the difference well because the fit
residual at that concentration is approximately as large as the difference between
the energies of the two groundstates, see subfigure 8b.

The structural energy range for CNIS, up to 0.15 eV, is almost 10 times as large as
the energy range of CLIS (0.017 eV). Then, the energies in CKIS are approximately
4 times as large as those in CNIS. Interestingly, the calculated structural energies in
CRIS and CKIS are almost on the same value range: up to 0.7 eV in CRIS and 0.55
eV in CKIS. This means that the highest calculated energies in CRIS and CKIS are
approximately 40–50 times as large as those in CLIS.

The fit residuals for CRIS and CKIS in subfigures 6b and 7b are within 15 % of
the energy range of the structural energies. Apart from few exceptional structures,
the residuals are within 10 %. For CNIS in subfigure 8b, the residuals are larger, up
to 20 % of the structural energy range in CNIS. Nonetheless, adding more clusters
to the expansion did not improve the cross-validation score. Finally for CLIS, the fit
residuals are the smallest compared to the structural energy range. As presented in
subfigure 9b, all the residuals are within 10 % and only few more than 5 % of the
structural energy range in CLIS.

ECI values of CRIS, CKIS and CLIS seem to follow the trend of decreasing
magnitude as the cluster diameter increases, as seen from subfigures 6c, 7c, 9c. This
is a logical consequence of the increase in interaction distance as noted in the previous
sections. For CNIS the trend remains unclear as there are not enough ECI coefficients
to make such a conclusion.
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Table 9: Lattice parameters a, b, c and the geometric mean at 0 % (CuInSe2) and 100
% relative concentrations of the alkali metal elements (RbInSe2, KInSe2, NaInSe2,
LiInSe2).
Material Composition a (Å) b (Å) c (Å) 2c (Å) Geometric mean

of a, b and c (Å)
RIS RbInSe2 6.343 6.343 8.143 16.286 6.894
KIS KInSe2 6.226 6.226 7.904 15.808 6.742
NIS NaInSe2 6.053 6.053 6.868 13.736 6.314
LIS LiInSe2 5.913 5.913 6.032 12.064 5.953
CIS CuInSe2 5.792 5.792 5.835 11.670 5.806

6.6 Lattice constants
Lattice constants were extracted from the same ab-initio structural energy calculation
results used to construct the cluster expansion. The resulting relaxed structure in
the ’POSCAR.static’ file was multiplied by the matrix inverse of the non-relaxed
structure in the ’str.out’ file to get the lattice constants of the conventional unit
cell in the input geometry defined in the ’.in’ structure input file. Then the lattice
constant a was calculated as the geometric mean of a in the set of lattice parameters:
a, b = a, c = 1.00694a.

The lattice constants were calculated using this method for all the structures
used by the ’maps’ code while constructing the cluster expansions. For each of the
modeled two-component materials, the lattice constants were plotted against the
concentration of the structure. The results for CRIS, CKIS, CNIS and CLIS are
presented in the subfigures 10a, 10b, 10c and 10d, respectively. The parameters at
the 0 % and 100 % concentrations are listed separately in table 9.

The results at the 0 % concentration are same for all of the materials as the
structures are identical to CuInSe2 with a 100 % share of Cu atoms. For other
concentrations, the lattice constants differ between the modeled materials. The
range of the lattice constant values is widest for CRIS, from 5.81 Å at the 0 %
Rb concentration to 6.89 Å at the 100 % Rb concentration. The relation between
the concentration and the lattice constant is almost linear with a weak convexity.
The value range for CKIS is similar, from 5.81 Å at 0 % to 6.74 Å at 100 % K
concentration. Like in CRIS, the relation between the lattice constant and the
concentration is approximately linear.

The lattice constants are smaller for CNIS and CLIS as presented in subfigures
10c and 10d. The largest lattice constant is around 6.31 Å for CNIS and as low as
5.95 Å for CLIS. Compared to CRIS and CKIS there are less variation in the lattice
constant for different structures at the same concentration. The relation between the
lattice constant and the concentration is almost linear for both with a weak convexity
that is visible especially for CNIS in subfigure 10c.

The results for the lattice constants seem reasonable as Rb, K, Na and Li all have
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Figure 10: Lattice constants calculated as the geometric mean of the three lattice
constants in the conventional unit cell. The structures are the resulting structures
from the ab-initio structural energy calculations that were used to construct the
cluster expansion, see sections 6.1, 6.2, 6.3 and 6.4 for more details.
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larger atomic sizes than Cu. The larger atomic size increases bond lengths. Longer
bond lengths lead to an expanded lattice. Therefore, the lattice constant should
increase as the Cu concentration decreases, which is the case based on the results in
figure 10. Rb, K, Na, Li is the order of the decreasing lattice constant at the 0 % Cu
concentration. This order is same as the order of decreasing atomic size among these
elements. Therefore, the bond lengths decrease leading to smaller lattice constants
as shown in the results.

Compared to the results by Malitckaya et al. [37], the lattice constants increase
in the same order: CIS, LIS, NIS, KIS and RIS, except for the NIS structure where
the larger lattice constant c is the largest among the materials of interest while its
smaller lattice constant a is the smallest. In their result, NIS forms a delafossite
structure that has very different lattice constants [37]. The input parameters in this
work assumed the chalcopyrite structure for all the materials which explains the
difference for the pure NIS.

The values of the a parameter in table 9 are similar to those by Malitckaya et al.
[37] for CuInSe2 (5.79 vs. 5.82 Å) and LiInSe2 (5.91 vs. 5.99 Å). The lattice constant
a is inconsistent for NIS (6.05 vs. 3.99 Å) as explained above. Lattice constants a
for RIS and KIS are significantly smaller in this work compared to Malitckaya et al.
[37]. However, they present a monoclinic structure for those two materials unlike the
chalcopyrite assumed in this work.

The value of 2c in table 9 corresponds to the length of the longest edge in
chalcopyrite cell structure as presented in figure 1. These match the results by
Malitckaya et al. [37] most closely among the lattice constants. For CuInSe2 (11.67
vs. 11.71 Å) and LiInSe2 (12.06 vs. 11.74 Å) the 2c values are relatively similar like
the corresponding a lattice constants. However, the increase from CIS to LIS is much
larger in this work. The lattice constant c for NaInSe2 is very different because a
different structure was assumed. For KInSe2 (15.80 vs. 15.85 Å) and RbInSe2 (16.29
vs. 16.44 Å) the 2c values are similar in comparison. While Malitckaya et al. [37]
use a different structure for KIS and RIS, the cell edge lengths in the 2c direction
seem similar to those obtained in this work.

In conclusion, the lattice constants are reasonable for all the modeled materials.
However, at high alkali metal concentrations, the chalcopyrite structure is not the
likely result for CNIS, CKIS and CRIS. The methods used in this work assume
a chalcopyrite input structure for all the modeled materials. This might cause
inaccuracy for results at high total alkali impurity concentrations or when there is
phase separation to a phase with a high alkali impurity concentration. Based on
these lattice constant results, Cu-rich phases and all CLIS concentrations should
remain in the chalcopyrite structure.
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6.7 Phase diagrams
Phase diagrams were calculated for CRIS, CKIS, CNIS and CLIS binary alloys
utilizing the cluster expansions described in sections 6.1, 6.2, 6.3 and 6.4. The phase
diagram tool ’phb’ of the ATAT package was used as presented in section 4.2.3,
i.e. starting from low temperatures with the low-temperature expansion and then
swapping to a cluster expansion -based Monte Carlo simulation when LTE no longer
produces accurate results.

The calculation tool ’phb’ was configured to start from T = 0 K at the both
groundstates of each modeled two-component material. At each temperature step,
the concentration was varied with either the LTE or MC method based on the ’phb’
tool decision until the phase boundary concentration had converged at temperature
T . Then T was increased by a step of 5 K and the process was repeated. For the
binary materials modeled in this work, the calculation time for a temperature step
increases as the concentration approaches 0.5. Finally, phase boundaries starting
from the two groundstates intersect each other or the iteration for a temperature
step does not complete in a reasonable time and the calculation process is stopped
manually. In the plotted results any points after boundary intersection are removed
and the final points for the boundaries starting from the different groundstates are
connected.

Binodal and spinodal lines were plotted for each material as reference lines.
These were constructed following the corresponding theory presented in section 3.2.
Equation (26) was applied to the ab initio calculated structural energies at the 0.25
concentration for each material to approximate the mixing parameter. Then the
binodal lines were solved numerically from equation (24) and likewise, the spinodal
lines from equation (25).

The resulting phase diagrams for CRIS, CKIS, CNIS and CLIS with binodal and
spinodal lines are presented in figure 11. The temperature range and phase boundary
shape are similar to the results obtained for simple two-component example cases
calculated with the same tools [51]. As the example materials are not similar to
those used in this work, this comparison mainly confirms that the computational
tools of the ATAT package were applied correctly to calculate the phase diagrams.

For (Cu, Rb)InSe2 in figure 11a, the calculated phase boundary is located be-
tween the binodal and spinodal lines for CRIS from 0 K to approximately 6900 K
temperature. At higher temperatures it is below the spinodal line, most likely due
to non-random structure or approximations with the methods used in this work.
Within a reasonable level of accuracy, the phase diagram is symmetric with respect
to the 50 % concentration line.

As noted in section 4.2.3, the cluster expansion method tends to produce too
high temperatures for the phase boundaries. Therefore it seems unlikely that an
improved accuracy would result in a phase diagram that would follow the spinodal
line of CRIS more closely or reach the required temperatures that are almost 5000 K
higher at the 0.5 concentration than the current maximum temperature of 7900 K.

For (Cu, K)InSe2 the phase diagram result is presented in figure 11b. Like CRIS,
the phase boundary of CKIS is symmetric with respect to 0.5 concentration within
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Figure 11: Phase diagrams for CRIS, CKIS, CNIS and CLIS with the corresponding
binodal and spinodal lines.
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reasonable accuracy. Between 0.2 and 0.8 concentrations the boundary is flatter
than in CRIS. Maximum temperature is 5420 K which is approximately 4000 K
below the critical point of the reference lines. The phase boundary temperature
is relatively static between 0.3 and 0.7 concentrations. Assuming that the result
remains similar with an increased accuracy, it could be explained by that a change in
the concentration does not affect the concentration within the defects. Instead, an
increase in the potassium concentration seems to cause more or larger defects with a
K atom majority and the other way around for an increased Cu concentration.

Subfigure 11c presents the phase diagram of (Cu, Na)InSe2 compared to the
corresponding binodal and spinodal lines. Compared to CRIS and CKIS presented
before, the calculated phase boundary follows the binodal and spinodal lines more
closely. However, the maximum temperature of the phase boundary is still 900 K
lower than at the critical point where the binodal and spinodal lines meet. Like
in CRIS and CKIS phase diagrams, there is a range of concentration where the
phase diagram is below the spinodal line that should no be stable if the structure is
randomly ordered and the reference lines are accurate. Similar to CRIS and CKIS,
within this concentration range the phase boundary temperature is relatively constant.
If not explained by inaccuracies, the phase diagram suggests that the distribution of
the copper and sodium atoms is not uniform. Instead, the structure seems to consist
of defects with a higher Cu or Na concentration as the phase boundary is partially
below the spinodal line which should not be possible for a uniform structure.

The CLIS phase diagram in figure 11d, is different compared to the others. The
phase boundary follows the spinodal and binodal lines more closely with less than a
70 K difference at the critical temperature that could be attributed to inaccuracies
with approximating the reference lines. Also, the middle concentration range of the
phase boundary is not as flat as in the other two-component materials.

In conclusion, the temperature range of the phase boundary is strongly dependent
on the alkali element type that shares the positions with Cu in the structure. The
order between the modeled materials is same as it is for the lattice constants as
presented in section 6.6 as well as for the magnitudes of the calculated structural
energies in sections 6.1, 6.2, 6.3 and 6.4. This is logical as Rb, K, Na, Li is the
order of decreasing atomic size within the alkali metals group. A larger atom size
increases bond lengths. This tends to decrease the chemical bond strength as the
interaction distance increases, leading to a higher phase boundary temperature before
(Cu, Alk)InSe2 is formed. As noted in section 6.6, impurity concentrations close to
100 % do not remain in the chalcopyrite structure for Rb, K and Na. Computational
modeling of the non-chalcopyrite structures remains to be done.

For all modeled materials, the solved phase boundary is partially below the
spinodal line where the structure should not be stable. This could be caused by
ordered structure where the local concentrations differ from the average concentration
that is used in the phase diagram. The difference between the phase boundary and
the reference lines could also be caused by the inaccuracy of the results. Firstly,
the mixing parameter of equation (26) was approximated only using results of one
concentration point. However, this does not explain the difference in the shape
between the phase boundary and the reference lines. Secondly, the selected cluster
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expansion could provide inaccurate results for middle-range concentrations or at
higher temperatures.

The phase diagram results in general are similar in shape with CIGS and CIAS
phase diagrams presented by Kumagai et al. [33]. Those were calculated with similar
methods combining ab initio structural energy calculations, the cluster expansion
formalism and Monte Carlo simulations. However, the temperature ranges of the
phase diagrams are mostly very different. The maximum temperatures of the phase
boundary obtained by Kumagai et al. were 420 K for CIGS and 460 K for CIAS
[33]. Only the CLIS phase diagram calculated in this work has a similar temperature
range. In this work the site being replaced in the CIGS structure is different than
for CIGS or CIAS making direct comparison impossible. The phase diagrams of
Kumagai et al. are slightly asymmetric [33] compared to the more symmetric results
in this work.

6.8 Implications to CIGS solar cell technology
In relation to CIGS technology the temperatures of interest are 600 K for the co-
evaporation process and 650–850 K for the CIGS deposition process as noted in section
2.4. As these are higher than the critical temperature of CLIS, the structure should
remain in the mixed phase in typical manufacturing conditions of the CIGS-based
solar cells. For CRIS and CKIS, the phase boundary is high above the manufacturing
temperatures and therefore any significant impurity concentrations should not be
stable in the mixed phase. These materials should form phase-separated structures
instead.

The phase boundary of CNIS shows that the critical temperature is closer to the
manufacturing temperatures of CIGS cells than in CRIS or CKIS materials. This
suggests that more significant impurity concentrations are stable in the mixed phase.
When the impurity concentration is increased further, phase separation should occur
like for CRIS and CKIS. This agrees with the result by Malitckaya et al. [37]. In
their result 0.001 is the approximated maximum Na concentration that allows mixed
phases at temperatures in the 600 K range. [37].

The lattice constants discussed in section 6.6 also support these implications.
While the CLIS lattice constants remain relatively similar to the pure CIS lattice
constant, the other modeled materials CNIS, CKIS and CRIS differ more significantly
from CIS as the impurity concentration increases. This suggests that having separate
Cu-rich and alkali metal -rich phases should result in energetically more favorable
lattice constants for the both phase types rather than having the same elements in
the mixed phase. As also discussed in section 6.6, earlier results show that pure NIS,
KIS and RIS tend to form crystal structures that are not chalcopyrite whereas LIS
remains in the same lattice structure as pure CIS. Again, this supports the result of
phase separation for richer concentrations of Rb, K and Na.

Similar results have been obtained for the CIGS cells before by Ludwig et al.
[35]. In their work, CIGS with 25 % and 75 % Ga concentrations of the In and
Ga total concentration were found to have a non-homogenous structure with two
phases. The results showed more homogenous structures when temperatures were
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raised significantly. [35] The lattice sites of interest are different for the materials
modeled in this work as Cu atoms are replaced with alkali elements instead of In
atoms as in CIGS. However, a similar phase separation effect seems to be present in
CRIS, CKIS and CNIS.

With Monte Carlo simulations applied to a modeling cell of 16 sites for either In
or Ga, Ludwig et al. [35] found that close to the room temperature, the standard
deviation from the average distribution of 4 and 12 atoms was around 5 atoms per
the 16-site modeling cell. In comparison, the standard deviation at 870 K was found
to be around 1.9 atoms per the 16-site modeling cell. At the room temperature this
results in a structure where most of the modeling cells have no more than 2 of the
atom type with a 25 % total concentration and correspondingly, the atoms of this
type have concentrated to the remaining modeling cells so that 16-site cells with
15–16 atoms of the minority type have the highest probability. [35]

Interestingly, the CKIS phase separation result does not match the experiments
of Muzzillo et al. [41]. They grew chalcopyrite films with K concentrations of 44
%, 58 % and 100 % [41], for example. The results in the present work, however,
suggest that such structure cannot be grown without phase separation in realistic
temperatures. The increase in K concentration leads to larger lattice constants in
the present work whereas Muzzillo et al. [41] have a decreasing lattice constant.
Based on these comparisons, it seems that the results of Muzzillo et al. should be
reconsidered for possibly unnoticed phase separation or unexpected lattice structure.
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7 Conclusion
In conclusion, Rb, K and Na-rich impurity compositions form secondary phases in
the CIS structure whereas all Li concentrations and minor Na concentration stay in
the mixed phase during the manufacturing process. This agrees with earlier results
showing that smaller and larger alkali atoms have different effects on the structure.
It supports the suggestion to use the both impurity types simultaneously for the best
efficiency improvement.

There are some obvious directions to continue the research with. Naturally,
improved and more accurate ab-initio energy calculations would lead to better cluster
expansion result. With increased amount of calculation resources, we could use a
larger number of calculated structural energies leading to a more accurate cluster
expansion. As the results of this work build on the expansion result, it would improve
the accuracy of all the results presented in this work.

One direction to continue is to model other variations of CIGS than CRIS, CKIS,
CNIS and CLIS modeled in this work. For alkali metals, cesium and francium are
to be modeled as Cu-site impurities. Indium sites should have also other suitable
alternatives than Ga. The materials should also be modeled in other structures than
the chalcopyrite as the impurity concentrations are higher, especially knowing that
pure KInSe2, NaInSe2 and RbInSe2 tend to form non-chalcopyrite structures.

As noted in section 2.5, it has been suggested that a combination of different alkali
elements would provide better results than just using a single element type as the
Cu-site impurity. Principles for such modeling are similar to those used in this work.
In that case, the cluster expansion algorithm should use the multicomponent version
of ATAT codes. The alternative impurity type increases the number of different
clusters. Therefore more calculation resources are required to reach the same level of
modeling accuracy.

The existing ’phb’ phase boundary code in the current ATAT version seems
insufficient to provide phase boundaries for multicomponent expansion results as
it is. Either software development work is required to improve the features or
alternatively, other software package with the desired features must be found. The
existing multicomponent Monte Carlo code ’memc2’ in ATAT could most likely be
used as the foundation for such future development of the calculation code.

As noted in section 2.2, thin-film photovoltaics have seen a decline in commercial
popularity. However, CIGS-like solar cells remain a potential technology alternative
as recent developments have significantly improved its energy conversion efficiency.
This work contributes to improving the CIGS-based solar cell conversion efficiency
even further.

Additional improvements in material usage and manufacturing process costs
combined with the improved efficiency would increase the commercial popularity of
CIGS. With sufficient efficiency and cost, CIGS-technology would be the preferable
alternative to traditional crystalline silicon solar cells also when the thinness or
flexibility properties of CIGS are not required.
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