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1. Introduction

Extreme value theory is often introduced through an extrapolation prob-

lem: Dikes are built to protect an area from flooding. Based on decades

of storm data, how high should they be in order for flooding to only occur

with some low probability p? With p sufficiently small, the correspond-

ing quantile of the probability distribution may fall beyond the existing

sample and there is no direct way to estimate it. Extreme value theory

serves as a rigorous framework for approaching these types of problems

in a theoretically justified way.

Extreme value theory includes a probabilistic aspect that’s concerned,

among other things, with classifying distributions according to the be-

havior of the extreme observations. The univariate probabilistic extreme

value theory started to approach it’s contemporary shape during the early

20th century in the works of Fréchet [24], Fisher and Tippett [22], von

Mises [39] and, finally yielding a succinct theorem by Gnedenko [27].

Study of the statistical theory, on the other hand, was initiated by Pickands

[32] and continued, among many others, by Hill [29].

An immediate obstacle in studying extreme value theory in the multi-

variate context is the lack of a natural order relation and, consequentially,

the lack of a canonical way to decide which observations should be consid-

ered extreme. Multivariate extreme value theory is traditionally devel-

oped from the point of view of componentwise sample maxima and their

limiting distributions. In [15], however, Dominicy, Ilmonen and Veredas

chose a different approach to the problem by restricting to the study of

elliptical distributions. In this special case the extremity of an observa-

tion has a natural interpretation as the value of the generating variate

of the distribution, i.e. the Mahalanobis distance of the observation from

9
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the center of the distribution. This point of view is closely related to the

notion of statistical depth (the Mahalanobis distance from the center is

closely related to the so called Mahalanobis depth). In [15] this approach

was used to define multivariate Hill estimators and their properties were

studied both analytically and empirically.

The unifying theme in this thesis is an effort to further the study of

multivariate extremes by, instead of studying the componentwise max-

ima, using an intermediary quantity such as the Mahalanobis distance

to enable univariate theory to be applied. The articles Publication I and

Publication II are closely related to [15]: In Publication I similar general-

izations of extreme value index estimators as the ones defined in [15] are

studied empirically through a Monte Carlo study. In Publication II, the

asymptotic theory of the separating Hill estimator is developed beyond

[15].

In Publication III, a new quantity for measuring the outlyingness of ob-

servations is proposed. This quantity, the Delaunay outlyingness, is based

on the geometry of the sample and reflects its structure in a way some-

what similar to k-NN methods (see e.g. [6]), but doesn’t involve arbitrary

parameters.

10



2. On univariate extreme value theory

In this section, we review certain results from the univariate extreme

value theory. The results have previously been presented in [10] and the

references therein.

2.1 Extreme value index

Let F be a distribution function. Assume that there is a distribution func-

tion G and sequences an > 0 and bn real such that

F (anx+ bn)
n → G(x) (2.1)

for all continuity points x of G. Such distribution G is called an extreme

value distribution. Notice that the above condition can be stated in terms

of sample maxima Mn = max
1 ≤i≤n

Xi of i.i.d. random variables Xi that follow

the distribution F : It’s equivalent to

Mn − bn
an

→D G.

The Fisher-Tippet-Gnedenko theorem shows the class of distributions G

is a simple one-parameter family.

Theorem 2.1 (Fisher-Tippet-Gnedenko). The class of extreme value dis-

tributions is Gγ (ax+ b) with a > 0 and b real, where

Gγ (x) = exp
(
− (1 + γx)−1/γ

)
, 1 + γx > 0,

with γ real and where for γ = 0 the right hand side is interpreted as

exp (−e−x).

The parameter γ that appears in Theorem 2.1 is called the extreme value

index of F . A distribution with an extreme value index γ is said to be in

11



On univariate extreme value theory

the domain of attraction of Gγ , denoted F ∈ D (Gγ). There are results that

characterise distributions F with D (Gγ) for different values of γ (see e.g.

[9]).

Theorem 2.2. The distribution function F is in the domain of attraction

of the extreme value distribution Gγ if and only if

1. for γ > 0: x∗ = sup {x | F (x) < 1} is infinite and

lim
t→∞

1− F (tx)

1− F (t)
= x−1/γ

for all x > 0.

2. for γ < 0: x∗ is finite and

lim
t↓0

1− F (x∗ − tx)

1− F (x∗ − t)
= x−1/γ

for all x > 0.

3. for γ = 0: x∗ can be finite or infinite and

lim
t↑x∗

1− F (t+ xf(t))

1− F (t)
= e−x

for all real x, where f is a suitable positive function. If the above equation

holds for some f , then
∫ x∗
t (1 − F (s)) ds < ∞ for t < x∗ and the above

equation holds with

f(t) =

∫ x∗
t (1− F (s)) ds

1− F (t)
.

An alternative formulation of the condition F ∈ D (Gγ) can be expressed

in terms of a quantile function U :

U =

(
1

1− F

)←
, (2.2)

where f← denotes the left-continuous inverse of f defined as

f←(y) = inf {x | f(x) ≥ y} .

It turns out that F ∈ D (Gγ) is equivalent to

lim
t→∞

U(tx)− U(t)

a(t)
=

xγ − 1

γ
, (2.3)

12



On univariate extreme value theory

for each x > 0, where a(t) = a	t
 is called the scale function. Relation

(2.3) hints towards important applications of the extreme value theory in

risk analysis as it suggests the following approximation for the quantile

function U

U(x) ≈ U(t) + a(t)

(
x
t

)γ − 1

γ
(2.4)

for t > 0 large.

The approximation (2.4) and suggests that the extreme value index γ,

the quantile function U and the scale function a could be used to tackle

the seemingly intractable problem of estimating probabilities and quan-

tiles beyond the observed data. This turns out to be true in the sense

that the approximation (2.4) can be refined to an estimator with desirable

asymptotic properties. Empirical problems where extreme value theory is

used for extrapolation include estimating the maximum human lifespan

[1] [17] [26] [33], sport records [44] [42] [19] [18], earthquake intensity

[38][4] and extreme wind speeds [2] [7] [28] [8].

Noticing that the approximation (2.4) depends on the extreme value in-

dex γ of the distribution F , the practitioner now faces the problem of esti-

mating γ. One of the earliest such estimators is the Hill estimator

γ̂H =
1

kn

kn−1∑
i=0

logXn−i,n − logXkn,n (2.5)

where kn is threshold parameter with kn/n → 0, kn → ∞ as n → ∞. In

[29], where the Hill estimator was proposed, it was derived as a maxi-

mum likelihood estimator for the tail-index α > 0 of a Pareto distribution

F (x) = 1 − x−α and was later shown to be valid for a wider class of dis-

tributions as discussed below. However, by definition, the Hill estimator

can never be valid in case γ < 0. Estimators that overcome this limitation

include the Pickands estimator

γ̂P =
1

log 2
log

(
Xn−kn,n −Xn−2kn,n

Xn−2kn,n −Xn−4kn,n

)
, (2.6)

introduced in [32], and the moment estimator

γ̂M = M (1)
n + 1− 1

2

⎛
⎜⎝1−

(
M

(1)
n

)2
M

(2)
n

⎞
⎟⎠ , (2.7)

introduced in [13], where

M (i)
n =

1

kn

kn−1∑
i=0

(logXn−i,n − logXkn,n)
i .

13
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In addition to these, several other extreme value index estimators have

been proposed [40] [30] [20].

A comprehensive asymptotic theory for the estimators (2.5), (2.6) and

(2.7) can be developed on closer examination of relation (2.3). It turns

out that the limit (2.3) defines a known class of functions: functions of

extended regular variation.

2.2 The classes ERVγ and 2ERVγ,ρ

Definition 2.3. A function f : �+ → � is said to be of extended regular

variation if there is a function a : �+ → �+ such that for some γ and all

x > 0

lim
t→∞

f(tx)− f(t)

a(t)
=

xγ − 1

γ
.

In case γ = 0 the right-hand side is interpreted as log x.

Notation: f ∈ ERVγ . Hence, according to relation (2.3), the conditions

F ∈ D (Gγ) and U ∈ ERVγ are equivalent. Extended regular variation is a

special case of another property known as regular variation. There exists

extensive literature on regularly varying functions [3], [25].

Remark 2.4. The function class ERVγ is natural in the sense that the

function (xγ − 1)/γ is the only limit ψ appearing in

ψ(x) = lim
t→∞

f(tx)− f(t)

a(t)
,

where f and a are as in Definition 2.3, that is not constant with respect to

x.

Hence, the class ERVγ is useful in characterising the domains of attrac-

tion D (Gγ); it turns out that a second-order version of the class ERVγ is

useful in studying the asymptotic properties of several extreme value in-

dex estimators, as it provides access to the distribution of the difference

between quantiles and order statistics Xn−kn,n−U
(

n
kn

)
for kn sufficiently

small compared to n.

Theorem 2.5. Suppose that for some measurable function f and positive

functions a and A, with A(t) → 0 as t → ∞, the limit

H(x) = lim
t→∞

f(tx)−f(t)
a(t) − cx

γ−1
γ

A(t)

14



On univariate extreme value theory

exists for all x > 0 and is not a multiple of (xγ − 1)/γ. There exists real

constants c1, c2 and a parameter ρ ≤ 0 such that for all x > 0,

H(x) = c1

∫ x

1
sγ−1

∫ s

1
uρ−1du ds+ c2

∫ x

1
sγ+ρ−1ds.

Moreover, for x > 0

lim
t→∞

a(tx)
a(t) − xγ

A(t)
= c1x

γ x
ρ − 1

ρ

and

lim
t→∞

A(tx)

A(t)
= xρ.

Definition 2.6. A measurable function f satisfying the conditions of The-

orem 2.5 is said to be of second-order extended regular variation, denoted

f ∈ 2ERVγ,ρ, where ρ ≤ 0 and γ are as in Theorem 2.5. A distribution

function F is said to satisfy the second-order extreme value condition (for

γ and ρ) if U ∈ 2ERVγ,ρ.

Second-order extended regular variation was studied e.g. in [12] and

[11]. Second-order extended regular variation enables results that de-

scribe the difference between the observed intermediate order statistics

of the distribution and the actual quantiles of the distribution. The fol-

lowing result due to [16] can be understood as a description of how the

errors Xn−i,n − U
(

n
kn

)
with 1 ≤ i ≤ kn behave.

Theorem 2.7. Suppose X1, X2, . . . are i.i.d. random variables with F sat-

isfying the second-order extreme value condition for some γ ∈ � and ρ ≤ 0.

There is a sequence of Brownian motions {Wn(s)}s>0 such that for suit-

able a0, A0 and all ε > 0

sup
k−1≤s≤1

sγ+1/2+ε

∣∣∣∣∣
√
k

(
X(n−	ks
,n) − U

(
n
k

)
a0
(
n
k

) − s−γ − 1

γ

)

− s−γ−1Wn(s)−
√
kA0

(n
k

)
Ψγ,ρ

(
s−1

) ∣∣∣∣∣ →P 0

with k = kn such intermediate sequence that
√
kA0(n/k) is bounded.

In term
√
kA0

(
n
k

)
Ψγ,ρ

(
s−1

)
, A0 is a specific choice of the auxiliary func-

tion A appearing in Theorem 2.5 and Ψγ,ρ is limit function H under this

choice of A. Hence, this term is a deterministic estimate for the difference

√
k

(
X(n−	ks
,n) − U

(
n
k

)
a0
(
n
k

) − s−γ − 1

γ

)
. (2.8)

15
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The term s−γ−1Wn(s) on the other hand tells us that the error between

the difference (2.8) and the deterministic term
√
kA0

(
n
k

)
Ψγ,ρ

(
s−1

)
is nor-

mally distributed simultaneously for all order statistics under considera-

tion.

2.3 Asymptotic theory of certain univariate extreme value
estimators

The consistency of the Hill estimator (see [29] and [10]) can be shown as

an application of the Rényi representation theorem [43].

Theorem 2.8. Let X1, X2, . . . be i.i.d. with a distribution function F ∈
D (Gγ) with γ > 0 and let γH be as in (2.5). If kn → ∞, kn/n → 0 as

n → ∞,

γH →P γ.

Asymptotic normality of the estimator can be shown as an application

of Theorem 2.7.

Theorem 2.9. Let X1, X2, . . . be i.i.d. with a distribution function F ∈
D (Gγ) with γ > 0. That satisfies the second order condition for γ > 0

and ρ ≤ 0. Let γH be as in (2.5) and assume that the sequence kn → ∞,

kn/n → 0 as n → ∞, is such that

lim
n→∞

√
knA

(
n

kn

)
= λ

with λ finite.

Under these conditions

√
kn (γH − γ) →D N

(
λ

1− ρ
, γ2

)

Theorems similar to Theorem 2.8 and Theorem 2.9 are valid for the

Pickands estimator γP expressed in (2.6) and the Moment estimator γM

expressed in (2.7) (see [10] for details).

16



3. On multivariate extreme value theory

3.1 Approaches to multivariate extremes

Due to the lack of an obvious order relation in the multivariate setting,

it’s not immediately clear how multivariate extreme value theory should

be approached. The most traditional approach is to apply univariate ex-

treme value theory the marginal distributions of multivariate observa-

tions (X1,i, X2,i, . . . , Xd,i), d ≥ 2, 1 ≤ i ≤ n, and study limits similar to one

that appears in Equation (2.1)

lim
n→∞�

(
M1,n − b1,n

a1,n
, . . . ,

Md,n − bd,n
ad,n

)

where aj,n are positive sequences for all 1 ≤ j ≤ d and Mj,n = max
1≤i≤n

Xj,i.

A theory is then developed for approaching estimating probabilities of

events of the form α1X1,n + · · · + αdXd,n with αi ≥ 0 for all i. See e.g.

[10] and [21] for a thorough review of the topic. There are also several

recent developments, whose relationship to the present work could be in-

teresting subjects for future work, including multivariate Hill estimators

defined as convex combinations of the componentwise Hill estimators (see

e.g. [14] and [34]) and extreme risk region estimation [5].

A potential alternative approach is to assign to each multivariate ob-

servation a quantity that measures the outlyingness of that point with

respect to the rest of the data. In [15] this was done in case of an elliptical

distribution using the Mahalnobis distance to the center of the distribu-

tion. In Publication I and Publication II, this direction studied further.

In Publication III an alternative quantity for measuring the outlyingness

of the observations was developed and its properties were studied both

17
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theoretically and empirically.

3.2 Multivariate extremes under elliptical distributions: The
separating Hill estimator

A random variable X : Ω → �
d is said to be elliptically distributed if

X
D
= μ+RΛU, (3.1)

where μ ∈ �
d, the random variables R : Ω → �+ and U , which is

uniformly distributed over the unit sphere �
d−1, are independent, and

Λ is such that Σ = ΛT Λ is symmetric, positive definite matrix of rank

d. The positive random variable R is called the generating variate of the

distribution.

Consider i.i.d. elliptically distributed random variables X1 and X2. For

ω ∈ Ω, it’s natural to write X1(ω) ≥ X2(ω), if R1(ω) ≥ R2(ω), where R1

and R2 are the generating variates of the distributions of X1 and X2 re-

spectively. Hence, under ellipticity, it’s natural to focus on the behaviour

of the generating variate R. To support the intuition, some theoretical

justification can be derived from [31], where it was shown that the reg-

ular variation of the generating variate of the elliptical distribution is

equivalent to the regular variation of the elliptically distributed random

variable in the multivariate sense.

Mahalanobis distance is a straightforward way to extract the value of R
when μ and Σ are known:

dΣ(X,μ)

=
〈
X − μ,Σ−1 (X − μ)

〉1/2
=

〈
μ+RΛU − μ,

(
ΛTΛ

)−1
(μ+RΛU − μ)

〉1/2

=
〈
Λ−1RΛU,Λ−1RΛU

〉1/2
= R

(
‖U‖2

)1/2
= R

Under known location μ and scatter Σ, the tail-index of R can then be eas-

ily estimated using the Mahalanobis distances dΣ(X,μ) as input. The def-

inition of the separating Hill estimator defined in [15] can be formulated

this way: The separating Hill estimator is the univariate Hill estimator

18
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(2.5) evaluated with respect to the observations dΣ(X,μ). Under known

location and scatter the asymptotic properties of the separating Hill esti-

mator are inherited directly from those of the univariate Hill estimator.

In practice, however, the location μ and the scatter Σ of the distribu-

tion are not known. Hence, it’s important to study the behaviour of the

Hill estimator evaluated with respect to observations of the form dΣ̂(X, μ̂),

where μ̂ is an estimate of the location μ and Σ̂ is an estimate of the scat-

ter Σ of the distribution of X. The asymptotic properties of the separating

Hill estimator under estimated location and scatter are not obtained in as

directly as in the case of known location and scatter.

In Publication II we show that the separating Hill estimator behaves

well asymptotically also under estimated location and scatter, when the

location and scatter estimators converge. More specifically: Let X1, X2, . . .

be i.i.d. elliptically distributed random variables. Denote the location of

the distribution by μ and the scatter of the distribution by Σ and let μ̂n

and Σ̂n be location and scatter estimators, respectively, evaluated with

respect to the first n random variables X1, X2, . . . , Xn. Let

Ri =
〈
Xi − μ,Σ−1(Xi − μ)

〉1/2
, (3.2)

E
(n)
i =

〈
Xi − μ̂n, Σ̂

−1
n (Xi − μ̂n)

〉1/2
. (3.3)

The corresponding order statistics are denoted by R(1,n) ≥ R(2,n) ≥ · · · ≥
R(n,n) and E(1,n) ≥ E(2,n) ≥ · · · ≥ E(n,n).

The following Lemma, derived in Publication II, essentially states that,

for large n, the random variables E
(n)
i are good estimates of the random

variables Ri, in the sense that the relative error is small.

Lemma 3.1 (Publication II). Let X be as in (3.1) and let X1, X2, . . . be

i.i.d. copies of X. Let Ri be as in (3.2) and E
(n)
i be as in (3.3). If kn →

∞, kn/n → 0 as n → ∞, then, as n → ∞, we have that for all 1 ≤ i ≤ kn,
∣∣∣R2

(i,n) − E2
(i,n)

∣∣∣ ≤ KnR
2
(i,n),

where Kn is a sequence of non-negative random variables. If μ̂n →P μ

and Σ̂n →P Σ, as n → ∞, then Kn →P 0 as n → ∞. If
√
n (μ̂n − μ) and

√
n
(
Σ̂n − Σ

)
converge in distribution, then

√
nKn is bounded in probabil-

ity.
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Using Lemma 3.1, it can be shown that the separating Hill estimator

under estimated location and scatter is consistent and asymptotically nor-

mal (see Publication II). Only the latter result is displayed here.

Corollary 3.2 (Publication II). Let X be as in (3.1) and let the distribution

of R have an extreme value index γ > 0. Assume that the distribution of

R is such that its quantile function U , as in Equation (2.2), is in 2ERVγ,ρ.

Let X1, X2, . . . be i.i.d. copies of X. Let Ri be as in (3.2) and E
(n)
i be as in

(3.3). Assume that the sequences
√
n (μ̂n − μ) and

√
n
(
Σ̂n − Σ

)
converge

in distribution. Let A be the auxiliary function of U as in Definition 2.6. If

kn is an intermediate sequence, then as n → ∞,

√
kn

(
1

kn

kn∑
i=1

log

(
E(i,n)

E(kn+1,n)

)
− γ

)
→D N

(
λ

1− ρ
, γ2

)
,

if

λ = lim
n→∞

√
knA

(
n

kn

)
exists.

3.3 Multivariate moment based extreme value index estimators

The Hill estimator is only valid for a heavy-tailed distribution, i.e. a dis-

tribution with a positive extreme value index. This also limits the appli-

cability of the separating Hill estimator to elliptical distributions whose

generating variate is heavy tailed. To overcome this limitation, extreme

value index estimators such as the Pickands estimator (equation (2.6))

and the moment estimator (equation (2.7)) can be generalized analogously

to the way the multivariate separating Hill estimator is defined.

In Publication I, this type of generalizations of the moment estimator

and the mixed-moment estimator, introduced and discussed in depth in

[23], were studied. By a similar argument as in Section 3.2, under known

location and scatter, these estimators enjoy good asymptotic properties.

However, under estimated location and scatter, the situation is more com-

plicated. An extensive Monte Carlo study was conducted in Publication

I to assess this situation. The simulation study provided additional evi-

dence that the estimators enjoy desirable asymptotic properties also un-

der estimated location and scatter.
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3.4 Beyond ellipticity: Geometric outlier detection

A central idea in the separating Hill estimator is that extremity of an

observation can be measured in a straightforward way in the case of an

elliptically distributed random variable. In the general case, however, this

is not a trivial task.

A quantity such as a statistical depth is a way to approach the issue (see

[47] for a general notion of statistical depth). A well-known statistical

depth is the half-space depth introduced in [45] is defined as follows:

HD(x, P ) = inf {P (H) |H a closed halfspace, x ∈ H}

Notice that this quantity is not limited to any particular type of distri-

bution. Other examples of depth functions include the simplicial depth

proposed in [36], the majority depth discussed in [37], the zonoid depth

introduced in [35] and the spatial depth introduced in [46].

In Publication III, we study a quantity called the Delaunay outlyingness

that is based on the Delaunay triangulation of the sample (see [41] for

an introduction to the Delaunay triangulation and related combinatorial

topics). The Delaunay outlyingness assigns each observation a quantity

whose inverse is analogous to the notion of depth. As Delaunay outlying-

ness is based on the geometry of the sample, the resulting outlyingness

also reflects the spatial structure of the sample.
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4. Summaries of the articles

Publication I Multivariate moment-based extreme value index estima-

tors are introduced for elliptical distributions with a general extreme value

index (as opposed to the multivariate separating Hill estimator that’s only

valid for elliptical distributions whose generating variate has a positive

extreme value index). We show that their asymptotic properties are di-

rectly inherited to their univariate counterparts under known location

and scatter and conduct a Monte Carlo study to assess their asymptotic

properties under estimated location and scatter. Based on the simula-

tions it seems that the estimators enjoy desirable asymptotic properties

also under estimated location and scatter.

We also study empirical examples. The first one concerns financial data

where the observations are the residuals of a AR(2)-GARCH(1,1) process

fitted to the multivariate observations consisting of the stock prices of

General Electric Company and Nokia Corporation from January 3rd 2007

to June 17th 2016. The residuals can be considered elliptically distributed

and the multivariate moment-based extreme value index estimators pro-

posed in the paper can be used to study the extreme value index of the

distribution.

The second empirical example concerns temperature data collected from

Barcelona, Spain from June 1st 2005 to June 1st 2015. Multivariate ob-

servations were formed by using the consecutive differences in the daily

maximum temperatures as the first component and the daily minimum

temperatures as the second component.

Publication II Multivariate separating Hill estimator introduced in [15]

is studied further. In particular, it is proven that the estimator is con-
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Summaries of the articles

sistent and asymptotically normal under estimated location and scatter,

a result of high practical importance as, in practice, the location and the

scatter of the distribution are not known. The proof is based on an ele-

mentary argument which yields Lemma 3.1 and allows for control on the

relative error between the true and estimated values of the generating

variate.

A Monte Carlo study is also conducted to empirically assess the asymp-

totic behavior of the multivariate separating Hill estimator. Under differ-

ent sample sizes, 2000 simulated values of the separating Hill estimator

are collected under different distributions and the values of the median

and 1st and 3rd quartile are plotted to illustrate their behavior as the

sample size increases. As an empirical example, the separating Hill es-

timator is applied to several financial indexes. And the relationship be-

tween the resulting extreme value indices and the threshold value of the

Hill estimator is studied in detail.

Publication III The notion of Delaunay outlyingness is introduced. Its

theoretical properties are studied in the case of a convex compact region

and a fixed, finite number of outliers. More specifically, a finite number

of observations are scattered outside a compact convex region K and an

increasing number of observations distributed over K is collected. As the

sample size increases, the Delaunay outlyingness of the observations in

K decreases, while that of the observations scattered outside of K remains

at least δ for some δ > 0.

Delaunay outlyingness is also studied through simulations, which sug-

gest that the method also correctly recognizes outliers when K is not con-

vex. Finally, an empirical example is given to illustrate the manner in

which the outlyingness measure behaves with respect to the structure of

the point cloud formed by the observations.
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