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Preface

Shortly after graduating as M.Sc. (Tech.) from Aalto University, I was

introduced to a project with an objective to model the wetting of highly

compacted bentonite cylinder installed into a borehole at half a kilometre

depth in crystalline bedrock. I had already worked at VTT a few years on

modelling radionuclide transport through the bentonite buffer, so I knew

what the material was but not that well how to model the wetting of it.

I was taken by surprise when I saw the first model that had been used

widely to simulate the wetting: it was a capillary flow model with an ini-

tial value of about 100 MPa for suction. It simply felt intuitively incorrect

to have that high pressure taking the water molecules apart from each

other and the liquid water surviving such an abuse. Later it was indeed

found that water would most likely cavitate in such pressures [Herbert

et al., 2006].

The use of the weird initial value urged me to find out what the model

was all about. Eventually it became evident that the value resulted from

using a capillary action driven flow model together with a capillary con-

densation model for a material in which water is mostly adsorbed on min-

eral surfaces at nanometre scale instead of being capillary condensed.

Even though the difference here may seem to be mere rhetorical and wa-

ter adsorption as well as capillary condensation can be studied with sim-

ilar experimental methods, the phenomenology behind the two are very

distinct. Most importantly, the strength of capillary condensation depends

on the pore sizes of the material whereas the adsorption depends on the

surface type and area of the material available for water. The shapes of

the capillary model parameters being derived utilizing the pore size dis-

tributions instead of considering the surfaces, it simply makes no sense

whatsoever to use them for an adsorptive material, such as bentonite. Re-

alizing this fact left me wondering why everyone, including myself, was
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still using this type of models.

Some time later I had a chance to get involved in another project focus-

ing on the erosion of bentonite in dilute water. The task was to model

the swelling of bentonite (that is, the mechanical behaviour of it) by low-

ering salinity until the solid structure of bentonite breaks down in low

enough salt concentrations. Because the ability to swell is the profound,

characteristic property of bentonite why it is used in the disposal in the

first place, there should be models to simply simulate the swelling, right?

There surely was one, but it was a somewhat skewed model for solid ma-

terial: the deformation of a solid body was described mathematically with

a diffusion equation for density. Going through also other types of models

simply revealed that there was no suitable model for this type of simu-

lations. For example, an implicit property of the standard soil scientific

hydromechanical models is that the material does not swell if it is fully

saturated. Being surrounded by people who repeatedly stated that ben-

tonite was a widely studied and well understood material, I was, strangely

enough, at a point of starting model development from scratch for mate-

rials that swell due to water adsorption that is controlled by the chemical

environment the material is in. Later it also turned out that the mod-

els used to explain different characteristics of bentonite (for example, the

swelling of saturated bentonite, swelling of unsaturated bentonite, etc.)

were independent of each other and there was no good experimental data

to parametrize any such model even if one would manage to build a proper

one. Surprisingly, it did not stop people from simulating the behaviour of

bentonite. The scientific reality showed to me a lot like Nassim Taleb’s

description in Black Swan [2007]: mathematically nice and well behaving

models are used for phenomena that simply do not follow these models

and no one cares.

Although the situation might have looked quite desperate, I was actu-

ally excited of having a blank canvas in front of me. Always having trusted

logical thinking over authorities or personality cults even, or especially,

in science, it was a great opportunity to create a new model coupling wa-

ter transport, complex mechanical behaviour and chemical effects for the

intricate material, bentonite. Simply put, it was somewhat a scientist’s

dream. The downside was that the progress of such model building pro-

cess reminds a lot of running waist deep in a Finnish swamp without a

guarantee that you get out. And often the spectators show their deep

understanding in the fine art of peat moss wresting by expecting similar
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results as from Usain Bolt in the 100 meters.

I knew very well that creating for example thermoelastic or large defor-

mation plasticity models for metals and parametrising them meaningfully

has taken decades and person centuries, but it did not stop me thinking

that a model for bentonite (which is far more complex material than met-

als) could be created in a few a-couple-of-year-projects which did not even

cover my full working time. The planning fallacy introduced by Kahne-

man and Tversky [1977]1 can be surely seen here. The optimism bias I fell

in was also shared by those spectators who wishfully thinking wanted to

see results fast. On the other hand, the spectators who had invested noth-

ing in my model creating project must have thought what an optimistic

fool I was.

At some point, I had announced publicly and maybe even decided, at

least subconsciously, that I would write my doctoral thesis on my ben-

tonite model. After spending some time in swamp running, I however re-

alized that creating a proper model might actually take some time. Hav-

ing no rush to anywhere, I intended to take as much of time as would

be needed to come up with something final enough to be demonstrated

properly by simulations, since I knew my approach was non-standard and

would probably evoke some opposition. Suddenly, a boost in the progress

was provided by the master plan devised by professor Filip Tuomisto from

Aalto University. He wanted to deepen the cooperation between VTT and

Aalto nuclear people by offering a position for a VTTer to finalize one’s

thesis during a few-month working period at Aalto. The deal was that

Aalto pays for the period, but the researcher should leave the regular VTT

project work and focus only on their thesis during the period. Surprisingly

no one else at VTT was interested on the position at that moment mean-

ing that I got the chance to be the guinea pig for the first such period. Al-

though we had already discussed the period, professor Tuomisto had had

an ace in his sleeve all the time. He sweet talked the board of the Doc-

toral Programme for Nuclear Engineering and Radiochemistry (YTERA)

to fund the period instead of Aalto directly. The decision also meant that I

did not feel any more personally responsible for Filip on spending his own

funding but for the spectators on spending their faceless resources.

Sitting at Aalto University in August 2015, having five months to fi-

nalize my thesis and feeling free to spent my time as I wished, I was

again lead by the optimism bias and fell into the always-so-well-disguised

1and also covered in Thinking, Fast and Slow by Kahneman [2011]
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pit of planning fallacy again. Only one small task of writing a thesis at

hand, I thought it was a great idea to redo all the theory regarding the

fully coupled chemoelastic model that I had, but now properly using the

monograph, The Mechanics and Thermodynamics of Continua, by Gurtin,

Fried, and Anand [2009] as the starting point. It should only take a cou-

ple of months and then I would have still three months to put the thing

together. Now, about three years after the end of the YTERA period I

am finally writing this preface to complete the thesis. Besides the delay,

the decision to focus on the theory has had two other major consequences.

Firstly, the scope of the thesis is limited to cover mainly the theory of the

model and only a very few simulation results are considered. Secondly,

the theoretical basis for the model is now hopefully solid enough to with-

stand some shaking.

The above text has been written to appeal to the human mind’s endless

appetite for such stories. A feature of historical texts is, however, that

they consist of events that can be connected causally to form a continuous

chain, the story. The events not fitting into the chain are left out and

some events are twisted to make a better fit. Also, remembering is not

exact form of business, because of the false memories and the forgotten

ones. Therefore, to get a glimpse of the reality how I managed to write

this thesis, it is suggested that you 1) print the above pages, 2) print a few

pages of random words, 3) shred all the pages in two directions, 4) mix

the pieces, 5) try to form a story of the shredded pieces of paper, 6) after

four hours, let the paper pieces where they are and 7) let your mind form

a concise picture of your piece of art to represent the reality.

Now that the thesis exists and has been published, it is your, dear

reader, task to evaluate whether the contents make any sense at all. I

must warn you, though. Depending on your background, reading the text

might not remind a Sunday walk in a park, but probably rather a long,

rainy session of swamp running. I hope you are still willing to take the

time to read it carefully and to spent some mental effort to try to under-

stand what I have tried to tell. If you are willing to do all this, I am

very willing to have any comments, criticism or questions you may have.

Enjoy!
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1. Introduction

1.1 Conditions for bentonite in spent nuclear fuel disposal

A compacted bentonite clay buffer serves as a component of the multibar-

rier system planned for the direct geological disposal of spent nuclear fuel

for example in Finland and Sweden. As the name suggests, the logic of

the multibarrier systems is to ensure the containment of the spent fuel

by surrounding the fuel with a number of overlaying barriers each com-

plementing the functions of the others. In the KBS-3 concept, a layer

of copper is designed to surround the fuel bundles to isolate them from

groundwater and the dissolved chemical compounds. Copper is, however,

a soft metal. Therefore, a cast iron insert is needed between the bundles

and the copper layer to give rigidity to the canister and hence to protect

the fuel from mechanical distortions.

Although copper is highly corrosion resistant, groundwater with its cor-

roding agents should not be let flow freely around the copper canister

along the long timescales related to the disposal. Neither should the

bedrock shear dislocations be allowed to act directly on the disposal can-

ister, since in that case the canister may break too easily. Here is when

bentonite comes into play: an about 30 cm thick layer of bentonite, the

buffer, is placed between the disposal canisters and bedrock to solve these

problems.

Bentonite is a swelling clay and it is supposed to fill all the space be-

tween the canisters and the bedrock. Bentonite behaving so, the flow of

groundwater near the canisters becomes extremely slow, because it has to

pass through the fine structure of bentonite. Thus, the movement of the

chemical agents from groundwater to the canister (and vice versa) is lim-

ited mainly to the slow transport mechanism of diffusion. To achieve this
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chemically protecting function and also to prevent the growth of corroding

chemicals producing micro-organisms, bentonite has to be dense enough.

On the other hand, the bentonite barrier cannot be too dense, since it

should also buffer the canister from the shear dislocations of bedrock. To

ensure the mechanical "softness" required for the mechanical protection,

low enough density is needed, because the mechanical properties of ben-

tonite correlate strongly with the density. As a result, the density of the

bentonite buffer has to be within the density window given by these re-

strictions.

The approximately 400 metres of bedrock above the disposal canisters

and the bentonite buffers acts as a natural geological barrier in the de-

position, but it also dictates the chemical environment for the bentonite.

The chemical composition of the groundwater plays an important role,

because it slowly changes also the chemical composition of the bentonite

itself. Besides the direct chemical effects, the bentonite chemistry affects

the mechanical properties of bentonite which, in turn, decide the mechan-

ical buffering ability of bentonite.

When installed, the compacted bentonite is only partially saturated with

water. Within the first years of the disposal, the buffer saturates slowly

with groundwater until it finally reaches the fully saturated target state

at some point. Understanding how to end up at the intended target

state requires a great amount of information about the saturation pro-

cess. Luckily, it is one of the rare processes of the disposal that can be

experimentally tested and even demonstrated, due to the timescales that

are somewhat short if compared to the total length of the disposal. In

cases where the bedrock supplies groundwater only very slowly for the

saturation, the unsaturated state can be prolonged to, say, thousands of

years. Then, the mechanical behaviour of the unsaturated bentonite be-

comes important, since the mechanical protection of the canister should

be guaranteed also with the unsaturated bentonite.

On top of the chemical and mechanical interactions, the spent fuel pro-

duces heat creating a spatially varying temperature field to the bentonite

buffer. The temperature decreases slowly while the spent fuel decays, but

the varying field is present during the saturation of the bentonite. As

a consequence of all this, the bentonite is planned to be used in an ap-

plication where the thermal, chemical, mechanical and water movement

related phenomena are all important.
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1.2 Bentonite properties

The main mineral of bentonite is montmorillonite. It belongs to a special

class of clay minerals, smectites, that is, the swelling clays. As all clays,

the basic building blocks of smectites are approximately one nanometre

thick and some hundreds of nanometres wide phyllosilicate sheets. On

the nano- and micrometer scale, the sheets form stacks, or tactoids, of a

few to dozens of sheets with some nanometres thick layers of water be-

tween them. These interlayers also contain cations which balance the

negatively charged surfaces of the sheets. On the scale ranging from mi-

crometres to centimetres, the stacks form larger structures, the shape

of which depend on the processing of bentonite. In bentonite compacted

from powder, there is space between the the structures, but the interlayer

space and the vicinity of the stack external surfaces form the most of the

porosity.

The nano- and micrometre scale layered structures make clays in gen-

eral to behave mechanically differently from many materials, such as met-

als. In addition of clays being relatively soft, their elastic properties de-

pend, for example, on the water content. If saturated with water, the Pois-

son’s ratio of clays is close to the theoretical maximum value meaning that

they behave almost isochorically, that is, they tend to deform by shearing

without volume changes. If dry, the Poisson’s ratio is low meaning that

in these condition the volume of clays tend to change but the shear de-

formations are relatively small. When the deformation of clays becomes

irreversible, that is, plastic, their behaviour differs even more from mate-

rials such as steels. The yield surface is not a simple cylinder in principal

stress coordinates corresponding to von Mises shear stress as for metals

but it reminds ellipsoid. The shape means that the yield stress depends

highly on the current pressure of the material and also that the volume

of clays can be reduced plastically by compression with isotropic pressure,

that is, the plastic deformation can occur without shearing. Also the na-

ture of the plastic flow (hardening or softening), depends on the current

pressure and the stress history.

The unique characteristic of smectites that makes them different from

other clays and most of other materials is their ability to swell during

wetting. The ability results from the charge density on the surfaces of

the phyllosilicate mineral layers that allows the amount of water in the

interlayers and on the external stack surfaces to change such that the

3



Introduction

structure still remains somewhat cohesive. An increase in the amount

means increase in volume of the structure that, in turn, corresponds to

swelling while a decrease corresponds to compression of the clay. The ex-

act swelling properties are determined by interlayer charge, interlayer

cation type and the salinity of water in contact with bentonite. If let

swell freely, smectites with monovalent interlayer cations tend to swell

to higher volumes (say, tenfold of the initial volume) than smectites with

divalent cations, but divalent cations tend to make the smectite more co-

hesive than the monovalent cations. Similarly, if let swell freely, ben-

tonite in contact with low saline water tends to swell to higher volumes

than bentonite in contact with highly saline water. If the volume for the

swelling is restricted, the swelling tendency can be observed as develop-

ing swelling stress1. In this case, the amount of water in the interlayer

and on the stack external surfaces cannot increase as high as when the

bentonite could swell freely. In other words, bentonite (or a smectite) is a

material

1. in which the water volume adsorbed onto the surfaces of the nano-

and microstructure causes an increase of the stress and

2. the increased stress decreases the amount of water that adsorbs on

to the surfaces.

Thus, it is a great example of a material requiring a strongly, two direc-

tionally coupled chemoelastic model to describe its behaviour mathemat-

ically.

1.3 Modelling bentonite

The naming of the chemoelastic model here follows the naming conven-

tion used for thermoelastic materials. A thermoelastic material model de-

scribes the effect of thermal expansion on the stress of a material and the

effect of stress changes on heat production. For example, heat producing

mechanical resonators in microelectromechanical systems (MEMS) may

require such a model. Here, the measure of the strength of the adsorption

of water on the mineral surfaces is the chemical potential of the water

and, therefore, the prefix chemo is used.

1The swelling stress is of the order of 10 MPa for a bentonite with Na+ interlayer
cations, high montmorillonite content, a dry density near 1700 kg/m3 and that is
in contact to water with total dissolved salt around 1 mol/l.
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The strong chemoelastic coupling can be used to describe the swelling of

bentonite but it is only a part of a model for bentonite. An elastoplastic

material model discussed above is needed to describe how the skeleton

of a body of bentonite deforms when a load or a force is applied to it.

Such a model should be formulated using the large deformation theory,

because the deformations occurring in bentonite applications rarely fit in

the category of infinitesimal strains. The mechanical model should also be

parametrised at each water content, chemical condition etc. in which it is

intended to be used. Besides the mechanical behaviour, the movement of

water should be described mathematically. As some of the water is bound

onto the mineral surfaces and some may be located in the pores between

the macroscale structures, a distinction between the two should be made.

The introduction of the macroscopic, free porosity deriving from the dis-

tinction makes the bentonite classify as porous medium with pores that

can be also partially saturated2. The changes in the chemical composition

of the water in the free porosity also affects the behaviour of bentonite as

do the changes in temperature. The list could be continued further, but it

has to be cut at some point to fit a thesis.

1.4 Objectives and scope

The main objective of this thesis is to build a continuum level model for

bentonite based on its experimentally observed main characteristics and

using theoretically valid practices.3 This very general statement and over-

all goal is specified with a series of intermediate objectives:

• define the main characteristics of bentonite based on the experimen-

tal findings and the conditions in which the model is meant to be

utilized

• build a conceptual model for bentonite based on the found main char-

acteristics

• build a mathematical model for bentonite based on the conceptual

model

• illustrate the main features of the model

• compare the concept and the mathematical model to existing mod-

elling approaches.

2If all the porosity in bentonite consisted only of interlayer space and of the space
near the external stack surfaces, the bentonite would always be fully saturated.
3The model is called hereinafter Varied Multiplicative Processes (VMP) model.
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An underlying objective of the model building process is to use only

physically meaningful concepts and measurable variables such that the

model can be parametrized using experimental data directly.

Suiting the monograph form of this thesis, one objective is also to pro-

vide the reader a bit more information of the background, details, the

taken views and interpretations of bentonite than can be often included

in journal articles.

Coupling the mechanical, chemical and thermal phenomena to water

movement and creating a complete, fully parametrized model for ben-

tonite is not within a scope of one thesis. This thesis covers only a part

of such a model development process. Since defining the needed model

features to adequately cover the processes bentonite might undergo is a

part of the the thesis, the exact scope of this thesis has evolved during

the work aiming to the intermediate objectives. The final scope can be

expressed by a list of features that the model for bentonite is intended to

include and a list of features not intended to be covered in this work:

The model is intended to

• describe the framework for a

model for bentonite

• include an elastic component

in the mechanical model

• include a plastic component in

the mechanical model

• include a strong chemoelasti-

cal coupling

• describe the transport of ad-

sorbed water

• describe the transport of the

water in free porosity

• describe the effect of salinity

of the free pore water on the

chemoelastic coupling

• utilize large deformation

mathematical setting

• be used to give examples of its

consequences.

The model is not intended to

• result in a fully parametrized

model for bentonite

• give exact parametrization of

the elastic model

• describe any specifics of the

plastic behaviour

• give the exact parameters for

the chemoelastical coupling

• give exact transport parame-

ters for the adsorbed water

• give transport parameters for

the free pore water

• describe full reactive transport

of multiple chemical species in

the free porosity

• describe non-isochoric large de-

formation plasticity in detail

• be used to model any specific

experiment.

Summarising the scope, the thesis should provide the conceptual, theoret-

ical and mathematical basis for a model for bentonite, but not a complete,

fully parametrized model. The parametrisation and proving (or disprov-
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ing) the hypothesis resulting from the model here are left for later efforts.

1.5 Contents of the thesis

The structure of the thesis follows the intermediate objectives given above

but not strictly (Fig. 1.1). Background gives the requirements for the use

of bentonite in the spent nuclear waste system in Finland, the details of

the conditions for bentonite in this system and the relevant details of ex-

perimental findings and theoretical considerations for bentonite. Guide-

line for a model for bentonite is written based on the experimental find-

ings. The guideline defines the main characteristics that should be taken

into account when developing a model for bentonite. Existing modelling

approaches are described to some detail and their applicability for ben-

tonite is discussed mirroring them to the developed guideline. The model

development based on the guideline begins with Conceptual model. The

mathematical formulation of the model is divided into four chapters. The

first two are about the mathematical model for the bentonite skeleton.

The general balance and imbalance laws of nature for two sets of inde-

pendent variables in spatial and referential configurations are covered in

the first chapter concerning theoretical considerations (Ch. 6). The need

for spatial and referential descriptions arises from the aim for a large de-

formation model, whereas using two sets of independent variables gives

valuable insight to experiments conducted keeping one variable constant

and options for simulations in different conditions. The chapter also cov-

ers the theory related to constitutive relations. Enabling the strong, two

directional chemoelastical coupling in the model requires constitutive re-

lations which are restricted only by the basic principles of physics and not

by any before-hand choices. The constitutive theory is the tool to provide

these general forms for the relations consistently.

The chapter on the constitutive relations for the bentonite skeleton,

Ch. 7, that is the second chapter on the bentonite skeleton, focuses on

specializing the general constitutive relations to a form that they can be

parametrized and used in simulations. Two strategies for the treatment

of stress and the adsorbed water content related constitutive relations are

provided. In the first, the relations are expanded at the reference config-

uration. The obtained forms of the constitutive relations are useful in

illustrating the consequences of the model, but they are valid only when

the deformations are small and the mechanical parameters do not depend

7
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Experimental findings
Ch. 2

Guideline for a model for bentonite
Ch. 3

Conceptual model
Ch. 5

Bentonite skeleton
Theory, Ch. 6

Variables

C, ϑ, µ C, ϑ, n

spatial

(im)balance

laws

6.3 6.3

material

(im)balance

laws

6.4 6.4

constitutive

theory
6.5.1 6.5.2

summary 6.5.3 6.5.3

summary 6.6.1 6.6.2

Constitutive laws, Ch.7

Variables

C, µ C, n

referential

expansion
7.1.1 7.2.1

multiplicative

decomposition
7.1.2 7.2.2

chemical

strech

ratio

7.1.3 7.2.3

comparison 7.1.4 7.2.4

Fick’s law 7.3 7.3

Plasticity
Ch. 9

Free porosity
Ch. 8

water salt

spatial

mass

balance

8.1.1 8.1.2

material

mass

balance

8.2.1 8.2.2

constitutive

laws
8.3.1 8.3.2

chemical

potential
8.4 8.4

Final model
Ch. 10

Variables

C, µ C, n

plasticity 10.1 10.1

skeleton 10.2 10.3

free porosity 10.4 10.4

coupling terms 10.5 10.5

Figure 1.1. The work flow of the model development in the thesis and the corresponding
chapter numbering. The variable C is the right Cauchy-Green deformation
tensor (a measure of the deformation), ϑ the temperature, µ the bound water
chemical potential which is measure of the strength of adsorption of water
into bentonite, and n the gravimetric bound water content (mass of adsorbed
water divided by solid content in a volume).
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much on the water content of bentonite. The second treatment utiliz-

ing a de-stressed intermediate configuration is needed when aiming for a

proper large deformation model with mechanical parameters depending

on the swelling state, but it is somewhat more complicated. The interme-

diate configuration approach also naturally corrects the strain that is in-

consistent with experiments in the referentially expanded relations. The

constitutive relations for the adsorbed water flux is Fick’s law, which in

large deformation formulation and in the case of bentonite takes a specific

form, which is covered in its own section.

The mathematical model for the free, macroscopic scale porosity in Ch. 8

consists of the necessary balance laws in both the spatial and reference

configurations and of the required constitutive relations. Also the effect of

salinity on the free water chemical potential is covered, since it is needed

to couple the models for the skeleton and the free porosity.

Plasticity is a separate chapter, which can be considered rather as an in-

troduction, how to add large deformation plasticity to the developed model

than a final plasticity model for bentonite.

The models for the skeleton and the free porosity together with plas-

ticity are combined to form one model in the final chapter on the model

development, Ch. 10. Besides summarizing the equations for the indi-

vidual models, the chapter concentrates on the coupling of the models for

bentonite skeleton and free porosity via the supply terms.

Having the final model, its applicability for bentonite is demonstrated

in a chapter Features of the VMP model. In the chapter, the relation of

the model to the experimental findings and the other models is the main

topic. Finally, Concluding summary completes the thesis.
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2. Background

2.1 Role of bentonite in the disposal of spent nuclear fuel

2.1.1 Spent nuclear fuel disposal system briefly

The bentonite buffer is a part of the multibarrier system designed for the

direct geological disposal of spent nuclear fuel in, for example, Finland

and Sweden. The KBS-3V concept of the multibarrier system is illus-

trated in Fig. 2.1. In the disposal, the complete fuel assemblies (consist-

ing of fuel rods that contain the fuel pellets) from the nuclear power plants

are disposed after a cooling period of some dozens of years. The fuel as-

semblies are placed into mechanical strength providing cast iron inserts

that are overpacked with 5 cm of corrosion resistant copper. This config-

uration is called the disposal canister (diameter 1.05 m and height 3.35

- 5.22 m depending on the fuel type [Raiko, 2013]) and it should "ensure

a prolonged period of containment of the spent nuclear fuel" according to

Posiva Oy [2013d].

Figure 2.1. The multibarrier system: the engineered barriers (canister, buffer and depo-
sition tunnel backfill) and the natural barrier (host rock). The diameter of
the disposal canister is 1.05 m and height 3.35 - 5.22 m depending on the fuel
type [Raiko, 2013]. Picture by Posiva Oy.
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Figure 2.2. The bentontite buffer and the surrounding parts of the multibarrier system.
The diameter of a deposition hole is 1.75 m and the height 7 - 8.674 m [Posiva
Oy, 2013f]. Picture by Posiva Oy.

A 35 cm thick layer of bentonite, the buffer, surrounds the disposal can-

ister (Figs. 2.1 and 2.2). According to Posiva Oy [2013d], the buffer should

primarily

• "contribute to mechanical, geochemical and hydrogeological condi-

tions that are predictable and favourable to the canister

• protect canisters from external processes that could compromise the

safety function of complete containment of the spent nuclear fuel

and associated radionuclides

• limit and retard radionuclide releases in the event of canister fail-

ure."

These requirements are called the (main) safety functions for the buffer.

The tunnel on top of the deposition holes is backfilled to contribute to

the safety of the disposal similarly as the buffer (with an exception of

protecting the canister directly), but also enhance the stability of the sur-

rounding bedrock.

The 400 - 500 meters thick layer of bedrock above the engineered bar-

riers should isolate the repository from the surface environment, provide

stable and favourable conditions for the engineered barriers and retard

the migration of radionuclides that could be released from the repository.

The most recent safety case for the disposal system in Finland, called
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Turva 2012, is presented in an extensive set of documents:

[Posiva Oy, 2013a,b,c,d,e,f,g,h,i,j,k], [Posiva Oy, 2014a,b,c,d,e], [Hakanen

et al., 2014] and [Hellä et al., 2014].

2.1.2 Requirements for buffer

The safety functions describe the required buffer behaviour on somewhat

high conceptual level. In practice, a number of performance targets have

been set for the buffer in [Posiva Oy, 2010] that should ensure the fulfil-

ment of the safety functions. Neither the safety functions or the perfor-

mance targets yet specify the material that should be used for the buffer.

They just describe the expected material behaviour.

The performance targets are [according to Posiva Oy, 2010, Table 6-2]:

1. "Buffer shall limit water flow in the deposition hole so that transport

is diffusion-dominated. Hydraulic conductivity < 10−12 m/s.

Buffer should protect the canister from corrosion and limit the re-

lease of radionuclides in case of canister failure. Buffer should also

prevent the formation of internal flow paths.

2. Buffer shall prevent microbial activity and colloid facilitated radionu-

clide transport. Swelling pressure > 2 MPa.

Sufficiently fine pore structure prevents microbial activity and col-

loid facilitated radionuclide transport. Target is reached by suffi-

cient swelling pressure.

3. Buffer shall ensure a tight contact with the host rock.

Buffer should protect the canister from processes that may endanger

the complete containment of spent fuel and its radionuclides.

4. Buffer shall suppress the external dynamic mechanical loads on the

canister. Saturated buffer density (solid and water mass per volume)

< 2050 kg/m3 .

Buffer should protect the canister from minor rock movements. Proper

plasticity ensures adequate protection of canisters against minor

rock shear movements. Target is reached by sufficiently low density.

5. Buffer temperature shall remain sufficiently low, in order to prevent

thermally-induced mineral transformation. Buffer temperature <

100 ◦C.

Ensured by taking account of the disposed fuel’s heat effect, buffer’s

thermal conductivity and thermal evolution in the near-field rock."

The first three requirements limit the choice of the buffer material to
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swelling materials that are able to fill the empty space between the can-

ister and the host rock. If large voids remained in the buffer, the buffer

permeability would be high and there would be space for microbes to grow

and produce canister corroding chemical agents. Other important limit-

ing factors are the requirement of a natural material [Posiva Oy, 2013d]

and the exclusion of carbon based materials, since carbon would provide a

source of energy for microbes. The swelling bentonite fulfils these require-

ments and it is also widely available. Therefore, it is the current choice

for the buffer material [Posiva Oy, 2010].

The requirement for the buffer to ensure the protection of the disposal

canister in rock shear (of less than 10 cm [Posiva Oy, 2010] or 5 cm [Po-

siva Oy, 2013d]) sets the limit for the highest allowed buffer density that

is 2050 kg/m3 for a buffer consisting of MX-80 Bentonite in 1 mol/l NaCl

solution [Posiva Oy, 2010]. The protection of the canister is not based

directly on the density, but the mechanical properties of the buffer. For

bentonite, the mechanical properties strongly correlate to the density, but

they depend also on the cation composition and saturation level of ben-

tonite. Therefore, the mechanical material properties have to be known

and bedrock shear displacement simulations (by computing or by experi-

menting) have to be made to obtain the density limit.

The rest of the requirements set limits for the lowest allowed buffer den-

sity. For example, the condition for the hydraulic conductivity (< 10−12

m/s) is fulfilled at the saturated densities (solid and water mass per vol-

ume) above 1700 kg/m3 (MX-80, 1 M NaCl solution). Of these require-

ments, the 2 MPa swelling pressure limit to prevent significant microbial

activity restricts the density the most. Thus, it sets the limit of 1900

kg/m3 for the lowest allowed density for the buffer (MX-80, 1 M NaCl so-

lution) by [Posiva Oy, 2010]). As mentioned in the requirement number

2, the limiting factor for the microbial activity is assumed to be the suf-

ficiently fine pore structure, but the link between the pore structure and

the swelling pressure is not established in distinct manner in [Posiva Oy,

2010]. In general, 2 MPa swelling pressure for some material does not say

anything about the pore structure of it.

According to the above requirements, the targeted saturated density

window for the buffer is 1900 - 2050 kg/m3 (MX-80 bentonite, 1 M NaCl

solution).
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2.1.3 Conditions for bentonite

Processing of bentonite

Although bentonite is a natural material, the disposal conditions it is uti-

lized in are not the same as in the natural bentonite deposits, because of

the processing of bentonite and the different chemical conditions in the

disposal site.

Processing of bentonite is quite straightforward. Bentonite is dug from

a natural deposit where the composition of it varies by the location. Dif-

ferent grades of bentonite (corresponding to the different mineralogical

content) are mixed of bentonites from various locations. Subsequently,

bentonite is dried and ground into a somewhat dry, sand-like powder be-

fore shipping it to the customers. The powder (with relatively low1 dry

density2) is compacted to solid bentonite blocks of 1750 kg/m3 dry density

either uniaxially or by isotropic pressure [Juvankoski, 2013]. Bentonite

pellets are needed to fill the installation gap between the buffer and the

canister, gap between the buffer and the host rock and also in deposition

tunnel backfilling. The pellets can be manufactured by roller compaction

(pillow-like pellets) or extrusion and are of similar dry density as com-

pacted blocks.

The natural bentonite is formed by weathering of volcanic ash in pres-

ence of water, which results in a layered and oriented structure. During

the grinding, the natural orientation is broken and extra pore space is in-

troduced between the powder grains. As a consequence of mixing of the

powder, the mineral orientation between the grains is random. The com-

paction procedure may change this random orientation, since in the uni-

axial compaction the powder is compressed in one direction as the name

of the procedure suggests. The compaction also reduces the pore space

between the powder grains but some of this extra porosity remains (can

be seen with microscope or determined with a porosimetry).

The mineral content and the chemical composition of bentonite varies

greatly between the deposits. The properties vary somewhat even be-

tween the same grade batches from the same deposit. Also, the content

with the same trade names (such as MX-80) may be quite different from

1MX-80 bentonite powder dry density is about 1200 kg/m3, but it depends highly
on bentonite type and grain size.
2The dry density of bentonite is the mass of the solid material per the total vol-
ume. The saturated density is the mass of the solid material + the mass of pore
water per the total volume.
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each other. Therefore, it is critical to specify the actual content of ben-

tonite whenever researching it.

Groundwater surrounding the buffer

The groundwater in the large natural bentonite deposits has had time

to equilibrate with the bentonite pore water and form a stable chemical

environment for bentonite (at least in the middle part of the deposits). In

the bedrock of the disposal site, the chemical environment differs from the

original deposits and is controlled by the surrounding groundwater.

The chemical composition of groundwater varies by location in the dis-

posal site, since the mineralogical composition of the surrounding bedrock

influences it greatly and the flow of groundwater is extremely slow (say

1 m/year to give a picture of the order of magnitude) allowing local short

term chemical semi-equilibria to form. At the repository level in Olkilu-

oto, the groundwater salinity is of the order of 10 g/l total dissolved solids

(TDS) and the maximum allowed long term salinity is 35 g/l TDS [Posiva

Oy, 2013f]. At the initial transient period of disposal, the salinity is al-

lowed to be 70 g/l TDS. The lowest salt concentrations to consider are the

dilute water concentrations (close to 0 g/l TDS), which might result from

the extreme scenario of dilute glacial melting water entering the disposal

depth [Posiva Oy, 2013i].

In addition to the overall salinity (TDS) variation in the disposal site

groundwater, also the fractions of the dissolved chemical compounds vary.

For the chemical composition of the bentonite, the reaction quotient [Ca2+]2

[Na+]

is the critical one. Ca concentration [Ca2+] here can be taken to represent

divalent and Na concentration [Na+] monovalent cations.

Temperature field in the buffer

The spent nuclear fuel still produces heat by radioactive decay, when it

is disposed. The design basis for the repository is that the temperature

in the buffer should be less than 100◦C [Posiva Oy, 2013d]. This con-

dition may be met only at the beginning of the disposal, since the heat

production it the highest at that point. As the decay process advances

in time, the heat production reduces and eventually temperature of the

buffer decreases to the temperature of the surrounding bedrock (10-11◦C

in Olkiluoto at the repository depth).

The canister acting as a heat source and the host rock as a heat sink, the

temperature field in the bentonite varies spatially. This field complicates

the analysis of the bentonite behaviour greatly.
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2.2 Bentonite

2.2.1 Mineralogical content

A clay is called bentonite, if its main mineral is montmorillonite. In the

buffer, the montmorillonite content of the bentonite is required to be 75

- 90 weight percentage (w%) [Juvankoski, 2013]. The impurities forming

the rest of the bentonite mass are, for example, quartz, feldspars, plagio-

clase, cristobalite, gypsum, calcite, carbonates, pyrite, chlorite and other

clays, such as illite. The easily dissolving and soluble Ca producing cal-

cite and gypsum are the most important ones when considering chemical

reactions in bentonite in short term.

Montmorillonite is a swelling mineral that belongs to the smectite group

of clay minerals. It is responsible for the beneficial structural and swelling

characteristics that make bentonite suitable for buffer material. There-

fore, the following section on the bentonite structure concentrates on mont-

morillonite.

2.2.2 Structure

Montmorillonite mineral layers, interlayer water and cations

Montmorillonite is a 2:1 phyllosilicate mineral meaning that it is a lay-

ered mineral with two tetrahedral sheets above and below an octahedral

sheet (see Fig. 2.3). The sheets form a mineral layer with a thickness of

approximately 1 nm. The diameter of one layer is about 200 - 500 nm

(Fig. 2.4) [e.g. Jonas and Oliver, 1967].

The substitution of Al3+ with Mg2+ in the octahedral sheet makes the

layer surfaces negatively charged. To compensate the charge, the lay-

ers tend to form sandwich structures with cations (positive charge) in

the space between the layers. This space is called interlamellar space or

the interlayer. The interlayer cations are surrounded by water molecules

(Fig. 2.3).

The sandwich structure of multiple layers on top of each other is often

called a stack or a tactoid (Fig. 2.4). The number of layers in one stack

depends on the type of the interlayer cation and the amount of water in

the interlayers (from a few to a few hundreds of sheets) [Bérend et al.,

1995, Cases et al., 1992, 1997]. The outer surfaces of the stacks are often

called the external surface and the interlayer surfaces the internal surface
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Figure 2.3. Montmorillonite mineral layer and the interlayer. The image is from molec-
ular dynamics simulation by Anniina Seppälä.

220 nm

1 nm
layer

220 nm

20 nm

stack

Figure 2.4. Side-view sketch of an idealized montmorillonite layer and an idealized stack
with ten layers. The stack diameters vary approximately between 200 - 500
nm: the diameter of 220 nm here is illustrative.

of a stack (or montmorillonite). The stack edges are often thought to be

covered with hydroxyl (OH) groups.

The charged surfaces together with the interlayer cations attract wa-

ter molecules onto the external stack surfaces and into the interlamellar

space. If the layers can move, the structure expands and causes the ben-

tonite to swell. If the movement of the layers is restricted, the tendency of

water to move onto the external surfaces and into the interlayer expresses

itself as swelling stress.

The type of the interlayer cations greatly affects the properties of ben-

tonite. Therefore, montmorillonites (and bentonites) are often labelled

based on the dominant cation. The most common cations are Na+ and

Ca2+. Na-montmorillonite (or Na-bentonite) tends to swell highly (at

least ten times of the original volume) but also to lose cohesion easily
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if placed in contact with low saline water in a non-confined space. Ca-

montmorillonite tends to swell moderately (still multiple times of the

original volume), but the cohesion of it is better than the cohesion of Na-

montmorillonite.

If the cation composition of interlayers is not in chemical equilibrium

with a solution in contact with them, the interlayer cations may be sub-

stituted with cations in the solution. This is called cation exchange. An

example of this type of chemical reaction is the Na exchange to Ca:

Ca2+ + 2NaX −⇀↽− 2Na+ + CaX2. (2.1)

Ca2+ and Na+ represent Ca and Na in the solution and NaX and CaX2

represent Na and Ca attached to surface sites (X−).

From nano- to centimetre-scale

Although the mineralogical and stacking structure of montmorillonite is

often idealized in the above manner, the reality is somewhat messier.

The stacks tend to be bent, they are formed of different sized layers, the

stacking is imperfect and the stack-sizes vary. The stacks also tend to

form large interstratified structures. These structural properties are il-

lustrated in the four transmission electron microscope (TEM) images in

Fig. 2.5.

As a consequence of the imperfect structure, the swelling of bentonite,

for example, is a much less ideal process than build up of even water lay-

ers in the interlamellar space. As pointed out by for example Navarro

et al. [2017] based on the experimental results by Saiyouri et al. [2004]

and Salles et al. [2009], wetting and swelling is rather a process of subdi-

vision of clay particles than a regular increase in distance between inter-

layers.

Fig. 2.5 illustrates the structure of bentonite up to micrometer scale.

Mercury porosimetry results show two peaks in pore size distribution

graphs at approximately 15 nm and at 1-20 µm pore sizes3 for compacted

dry bentonite in general, but the exact distribution depends greatly on

the conditions and processing of bentonite [e.g. Lloret and Villar, 2007,

Seiphoori, 2014]. The largest pore size peak (ten to a few hundred µm)

corresponds to the intergranular pore size between the compacted grains.

This intergranular porosity tends to decrease in pore size upon wetting

31-20µm capillary sizes corresponds to approximately 7-14 m capillary rise for
water (with 0 contact angle) in standard laboratory conditions (this is approxi-
mately 7-150 kPa capillary pressure).
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Figure 2.5. TEM images of epoxy embedded compacted bentonite. Prior to embedding,
the clay has been high pressure frozen to vitreous ice, which has been freeze-
substituted first with acetone and finally low-viscosity Epon resin as de-
scribed in [Matusewicz et al., 2013]. Images by Michał Matusewicz.
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Figure 2.6. The granular structure of MX-80 bentonite powder.

of bentonite [e.g. Lloret and Villar, 2007, Perdrial and Warr, 2011]. The

mean grain size of MX-80 bentonite powder (Fig. 2.6) before compaction

is approximately 400 µm [Juvankoski, 2013], but the grain size varies

greatly depending on the processing.

At the deposition hole scale (centimetre scale), the compacted bentonite

is solid, soft rock -like material (Fig. 2.7).

Low density structures of bentonite

Montmorillonite tends to form structures, namely stable colloids disper-

sions, even at low densities (below 1% solids volumetric content) when

dispersed to water [e.g. Abend and Lagaly, 2000, Eriksson and Schatz,

2015, Michot et al., 2004, Nakato and Miyamoto, 2009]. The properties

of these sols greatly depend on the interlayer cation type and the chem-

istry of the aqueous solution [e.g. Eriksson and Schatz, 2015, Foster, 1954,

Kjellander et al., 1988a,b, Lagaly and Ziesmer, 2003, Norrish, 1954]. In

low ionic strength solutions, montmorillonites dominated by multivalent

interlayer cations tend to have 1 nm interlayer space even when dis-

persed, whereas monovalent cation dominated montmorillonites tend to

form a colloidal sol with expanded interlayers [e.g. Laird, 2006, Norrish,

1954, Segad et al., 2010, 2012a,b]. In dilute solutions, low density Na-

montmorillonite structures tend to break down and the montmorillonite
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Figure 2.7. A small piece of compacted, dry bentonite.

forms a non-structured colloid solution, whereas Ca-montmorillonite tends

to stay structured even in these conditions [e.g. Birgersson et al., 2009].

2.2.3 Surface area, porosity

The total specific surface area of montmorillonite is large, approximately

800 m2/g [e.g. Bérend et al., 1995, Cases et al., 1992, 1997, Greene-Kelly,

1964, Shen, 2002]. The tactoid external surface area for (non-compacted)

Na-montmorillonite powder (in equilibrium with water vapour, relative

humidity > 0.16) is approximately 100 m2/g which leaves 700 m2/g for the

the internal specific surface area [Cases et al., 1992].

To obtain an estimate for the nanometre level porosity of a loose mont-

morillonite water suspension (with bentonite powder dry density), let us

consider montmorillonite with an interlayer thickness of 0.8 nm (equalling

approximately to three-layer hydrates of water in the interlayer [Cases

et al., 1992], which form when Na-montmorillonite is in equilibrium with

water vapour at relative humidity of 1). It is 0.4 nm per interlayer surface.

The corresponding specific interlayer volume is approximately 0.3 cm3/g

(700 m2/g times 0.4 nm). The specific volume closer than 1 nm from the

external surfaces is 0.1 cm3/g. The porosity of montmorillonite-water (or

bentonite-water) suspension with dry density of the powder (about 1000
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kg/m3 [Holt et al., 2014]) is approximately 0.64 corresponding to specific

pore volume of 0.64 cm3/g for the suspension.4 Therefore, according to the

simple estimates here, the nanometer level porosity accounts for more

than half of the porosity of the loose suspension (in equilibrium with wa-

ter vapour at relative humidity of 1). When the bentonite is compacted,

the fraction of this surface becomes even more dominant, because mainly

the intergranular pore space is affected by the compaction.

The above estimate for the nanometer-level porosity is quite rough. Ex-

periments on the porosities of compacted and saturated bentonite have

been conducted for example by Muurinen et al. [2013], Muurinen and

Carlsson [2013], Carlsson et al., Matusewicz et al. [2013], Matusewicz

et al. [2016] and Matusewicz [2018]. They have used small angle X-ray

scattering (SAXS), nuclear magnetic resonance (NMR) and anion exclu-

sion techniques to estimate the interlayer porosity (the volume of the in-

terlamellar space per the total volume) and the non-interlayer porosity

(the rest of the pore space available for water). The results suggest that

the interlayer porosity of MX-80 bentonite is approximately 0.3 for sam-

ple dry densities from 700 to 1600 kg/m3, whereas the rest of the porosity

decreases while the dry density increases (from 0.5 at 700 kg/m3 to 0.1 at

1600 kg/m3) due to compaction.

2.2.4 Water, swelling

Traditional concept

Traditionally, water in bentonite is divided into three categories: 1) the

interlayer water, 2) the diffuse double layer water (corresponds to the

external tactoid surfaces) and 3) free water. According to this division,

the swelling of bentonite is conceptualized into crystalline swelling (the

amount of interlayer water increases causing bentonite to swell) and to

osmotic swelling (the amount of external surface water increases causing

bentonite to swell) [e.g. Hueckel, 1992a, Norrish, 1954, Posner and Quirk,

1964, Sposito and Prost, 1982].

The crystalline swelling is thought to result from solvation or hydra-

tion of the interlayer cations [e.g. Delville, 1991, Israelachvili, 2011, Spos-

ito et al., 1999]. The osmotic swelling is related to the tendency of the

4Let φ be the porosity (pore volume per total volume). The dry density of ben-
tonite is then (1 − φ)ρgrain, where ρgrain is the grain density (solid mass per solid
volume) of bentonite (2750 kg/m3 [Juvankoski, 2013]). Thus, (1 − φ) = 1000
(kg/m3) / 2750 (kg/m3) = 0.36 and φ = 0.64.
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charged external surfaces to attract water onto them. The volume near

the surfaces is conceptually divided to a region of high salt concentration

(on the surface) and a region with low salt concentration (further from the

surface). The movement of water through an imaginary semi-permeable

membrane between the regions is thought to lead to swelling and, thus,

the naming of osmosis. Alternatively, the concept of diffuse electrical dou-

ble layer is utilized in conceptualising the osmotic swelling.

The traditional models for the waters originate from the application of

continuum electric field models at the nanometre, non-continuum level.

Therefore, those models are rather descriptions of the behaviour of wa-

ter in montmorillonite with the traditional theoretical terms than models

capable of explaining the behaviour. Fresh insight into the behaviour of

water in the interlayer and near the external montmorillonite surfaces is

given, for example, by molecular dynamics simulations that have gained

popularity also in the montmorillonite research recently [e.g. Boek and

Sprik, 2003, Chang et al., 1997, 1998, Marry et al., 2002, Mignon et al.,

2010, Tao et al., 2010, Tournassat et al., 2009].

Concept of swelling and non-swelling waters

In practice, it is not useful to divide the water in bentonite according to

the traditional conceptual models when thinking of continuum level mod-

els. The amount of each type of water or their role in swelling cannot

be quantified within meaningful precision leaving unnecessary tweaking

parameters to the models. Therefore, a more useful concept dividing the

water in bentonite to swelling water (the structurally bound water caus-

ing swelling) and non-swelling water (the free water) based on the exper-

imental work by Delage et al. [1998] is introduced here.

In the experiment in [Delage et al., 1998], a piece of compacted smec-

titic clay (namely FoCa7 clay) is saturated by equilibrating it with water

vapour at certain partial pressures (relative humidity below 0.97) or with

polyethene glygol (PEG) of selected molecular weights (in the cases where

the vapour relative humidity would be over 0.97) through a water perme-

able membrane. At the equilibrium, the chemical potential of the water

in the clay is the same as the potential of the vapour or the PEG solution.

As the relative humidity of the vapour is increased stepwise, the amount

of water attached to the clay surfaces increases and the clay swells, since

the sample volume is not confined. The clay water content and the sample

volume are monitored.
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The result of the experiment is that the volume of the sample increases

by the volume of the water attached (or adsorbed) to the clay (see Fig 15

in [Delage et al., 1998]). This suggests a practical division of the water

in a swelling clay to 1) the swelling water (or structurally bound, or sim-

ply bound water) that increases the volume of the clay structure and is

associated with the equilibrium vapour relative humidity and 2) the non-

swelling water which is the water occupying the rest of the pore space,

which can also be partially saturated.

Experiments on the water adsorption on montmorillonite and bentonite

Detailed experiments on water vapour adsorption on the different mont-

morillonite powder surfaces at different water vapour relative humidities

have been conducted for sodium montmorillonite by Cases et al. [1992],

for monovalent cations by Bérend et al. [1995] and for divalent cations by

Cases et al. [1997]. The articles quantify the amounts of external surface

and interlayer water, estimate the montmorillonite stack sizes and show

interstratified (non-uniform) hydration layering of water in the interlay-

ers. The different number of hydration layers coexisting in the montmo-

rillonite simultaneously updates the view of uniform water layering given

by previous research [e.g. Kahr et al., 1990, Kraehenbuehl et al., 1987].

Adsorption isotherms of Na- and Ca-dominated bentonites are illustrated

in Fig. 2.8.

Further work on the adsorption5 of water on montmorillonite or ben-

tonite has been carried out by many researchers in different conditions

[e.g. Christidis and Eberl, 2003, Devineau et al., 2006, Dueck, 2008, Dueck

and Börgesson, 2007, Dueck and Nilsson, 2010b, Ferrage et al., 2005a,b,

Villar, 2007, Villar and Lloret, 2004, Villar and Gómez-Espina, 2007, Vil-

lar and Lloret, 2008]. Special interest of these is on [Dueck and Börges-

son, 2007] and [Dueck, 2008], where the effect of bentonite stress state on

the adsorption is examined. The results indicate that the adsorbed water

mass is lower for stressed bentonite than for bentonite powder. Specially

in [Dueck and Börgesson, 2007], the swelling stress is claimed to be equal

to the difference between the adsorption potential (the chemical poten-

tial of water vapour in equilibrium with the adsorbed water) for stressed

and powder bentonite at the same water content. A somewhat unclear

normalization procedure is, however, needed to make this conclusion. For

example, Villar [2007] also shows that the the adsorbed water mass de-

5The relative pressure of water vapour is often converted to values of suction
(see Ch.4) and the adsorption isotherms are called retention curves.
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Figure 2.8. (a) Examples of water adsorption isotherms for Na- and Ca-dominated ben-
tonite powders reproduced from [Kraehenbuehl et al., 1987] (w is gravimetric
water content). (b) The chemical potentials of water in Na- and Ca-dominated
bentonites at different water mass contents assuming an equilibrium with
vapour and reference potential of 0.
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Figure 2.9. Swelling stress as a function of external salt solution NaCl concentration
according to Karnland et al. [2006]. Mi stands for Milos bentonite with in-
terlayer cations exchanged to Na, Ca or not exchanged (R1, Ca dominated)
and Wy for Wyoming bentonite with interlayer cations exchanged to Na, Ca
or not exchanged (R1, Na dominant).

creases when the the density of bentonite (correlating to the compressive

stress) increases.

Swelling stress in salt solutions

If bentonite is placed into a confined volume and it has an access to water,

it develops swelling stress (which is often called swelling pressure due

to assumed isotropy). The stress depends highly on the dry density (Fig.

2.10), bentonite type (Na or Ca), the salinity of the water in contact with

bentonite (Fig. 2.9) and the montmorillonite content [e.g. Karnland, 1998,

Karnland et al., 2006].

Swelling stress in unsaturated conditions

Experiments on the swelling pressures of compacted, partially saturated

bentonite samples have been conducted by Dueck [2008]. The water con-
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Figure 2.10. Swelling stress as a function of dry density for samples in contact with 0.3
mol/l NaCl solution according to Karnland et al. [2006]. Mi stands for Milos
bentonite with interlayer cations exchanged to Na, Ca or not exchanged
(R1, Ca dominant) and Wy for Wyoming bentonite with interlayer cations
exchanged to Na, Ca or not exchanged (R1, Na dominant).

tent in the bentonite samples is controlled by equilibrating them with wa-

ter vapour at various relative humidities. The dependence of the swelling

stress on the equilibrium relative humidity is illustrated in Fig. 2.11.

Previous work in a somewhat similar experimental setting has been per-

formed by Kassiff and Shalom [1971]. Based on their experiments, the

authors claim that at high moisture contents the difference between the

equilibrium water vapour potential of a freshly prepared sample at zero

stress and a continuously wetted, confined sample approximately equals

to the observed swelling stress. At low moisture contents this potential

difference is found to be equal to the swelling stress.

2.2.5 Movement of water

The movement of water in partially saturated bentonite reminds diffu-

sion. [Kröhn, 2004, 2005, 2006] show that a simple diffusion equation

∂w

∂t
−Demp div(gradw) = 0 (2.2)

for the water content w (the mass of water per the mass of solid) describes

the liquid water uptake (Äspö groundwater solution) in experiments sur-

prisingly well (Fig. 2.12). Here, Demp is an empirical mass transport co-

efficient, div the divergence operator and grad the gradient operator. The
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Figure 2.11. Swelling stress as a function of relative humidity for samples compacted
with different stresses according to Dueck [2008].

value obtained for Demp is 3.5 ·10−10 m2 (MX-80 bentonite, dry density

1500 kg/m3).

Harjupatana et al. [2015] have applied X-ray tomography to track the

deformation of and water content in purified compacted bentonite during

wetting. They find that the water transport mechanism resembles dif-

fusion (but not necessarily simple linear diffusion) and no well defined

wetting front can be seen in the experiments (Fig. 2.13).

The experiments conducted in DECOVALEX II project [e.g. Börgesson

et al., 2001, Rutqvist et al., 2001] also show diffusion-like water transport

when bentonite is saturated. Even the mild wetting front suggested by

the modelling carried out by three modelling groups cannot be seen in the

experimental results (Fig. (12) in [Börgesson et al., 2001]).

Fransson et al. [2016] describe a large scale, isothermal wetting experi-

ment on compacted bentonite emplaced in bedrock (called bentonite-rock

interaction experiment, BRIE). The obtained saturation profiles remind

diffusion profiles. Diffusion curves fitted to a related laboratory wetting

test on 30 cm diameter compacted MX-80 bentonite block suggests that

the coefficient Demp in Eq. (2.2) depends on the first power of saturation

(volume of water per the volume of total pore space).

Experiments on the mobility of interlayer water have been conducted for

example by White [1981], Dessai et al. [2013] and Sharma et al. [2013].

The results show mobilities ranging approximately from ten to eighty per
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Figure 2.12. The experimental wetting profiles (with Äspö groundwater solution) of a 10
cm long compacted MX-80 bentonite cylinder (dry density 1500 kg/m3) in
confined space according to Kröhn [2005, 2006] (dots) and simulated results
with COMSOL Multiphysics (lines) according to Eq. (2.2). The sample is
wetted from the cylinder flat end at 10 cm and the mass content of water
(mass of water per the mass of solid content) is plotted.
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Figure 2.13. Examples of wetting profiles at different times by X-ray tomography as de-
scribed by Harjupatana et al. [2015], but for compacted MX-80 bentonite
instead of purified montmorillonite. A 10 mm long cylindrical sample is sat-
urated with water from one end (distance = 0 mm). The data in the figure
has been produced by Tero Harjupatana and Markku Kataja.
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cent of bulk water mobility depending on the number of water layers in

the interlayer, bentonite type and temperature (diffusion coefficients are

approximately (0.4-1.8)·10−9 m2/s for interlayer water and approximately

2.5·10−9 m2/s for bulk water). Similarly, according to molecular dynamics

simulations, the interlayer water diffusivity range approximately from

five to hundred per cent of bulk water diffusivity [e.g. Boek, 2014, Chang

et al., 1997, Holmboe and Bourg, 2013, Kosakowski et al., 2008, Liu et al.,

2013, Malikova et al., 2006, Sutton and Sposito, 2002, Zhang et al., 2007,

Zheng and Zaoui, 2013].

2.2.6 Mechanical behaviour of bentonite

Compacted bentonite

In general, compacted bentonite shows elastoplastic mechanical behav-

iour that depends at least on the stress-strain history, the current pres-

sure (the negative trace of Cauchy stress), the water content and the

chemical type of bentonite (interlayer cation type). The elastic region

is small if compared to other soft materials such as rubber. Depending

on the water content, the plastic flow may continue to somewhat large

deformations before the material fails. Unfortunately, no complete exper-

imental data set showing comprehensively the shape of the yield surface,

the elastic behaviour and the plastic flow type seems to be available for

pure bentonites such as MX-80.

Two parameters are needed to characterize (isotropic) elastic behaviour

of a material (for example, the bulk and shear moduli or the Young’s mod-

ulus and Poisson’s ratio). Determination of the two moduli requires per-

forming two distinct mechanical experiments at each condition (density,

water content, etc.) where the parameters are needed. Another option is

to measure the two parameters in one experiment, but then the quality

of the other measurement is often low. The needed experiments are, for

example, compression test with isotropic stress, from which bulk modulus

can be obtained, and triaxial shear test, from which Young’s modulus can

be obtained (at different pressures).

The plastic behaviour of soil-like materials is often thought to depend

on the current pressure of the solid6. Therefore, to determine the plastic

behaviour of bentonite (to be specific, the yield surface and the harden-

ing/softening behaviour), a number of tests in the shear stress direction

6See Ch. 9 for the mathematical formulations.
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at different pressures are needed. To distinguish the elastic deformation

from the plastic one (that is, to determine the yield stress), the experi-

ments should include multiple loading-unloading cycles.

A common practice in determining the mechanical behaviour of ben-

tonite seems to be to assume that bentonite behaves according to some

general soil mechanical model (often modified Cam-Clay model, see Ch. 4

for details) without proper evidence of such behaviour and then to carry

out a few experiments from which the parameters for the model are ob-

tained. In many cases, the parameters used in modelling are taken from

another model and their original source remains a mystery, because of

breaks in the citation chain. If the original source is found, the parame-

ters often cannot be deduced from the experimental work without further

assumptions of the mechanical behaviour. For instance, a modulus for the

elastic model is taken to depend on the other modulus by some relation

meaning that only one is actually measured.7 Another common short-

cut is to perform no loading-unloading cycles to distinct the elastic and

plastic deformation. The separation is done just by eyesight or by expert

judgement from the stress-strain graphs of pure loading.

Having criticized the common practices, there are, however, a few sources

of experimental data on the mechanical behaviour. Borgesson et al. [1995]

provide a model for saturated, compacted bentonite based on triaxial and

odeometeric tests. The elastic behaviour is nonlinear and the yield surface

is a modified Drucker-Prager surface8 which is further modified into al-

most elliptic shape. The maximum average effective stress (the pressure)

in the triaxial tests is limited to 5 MPa, which reduces the applicability of

the model to high compressions or swelling stresses, for example, probable

in the spent nuclear fuel repositories. Also, the elastic and plastic defor-

mations have not been distinguished unambiguously leading to possible

errors in the presented non-linear elastic model and the exact position

of the yield surface. Similar experiments have been conducted later by

Dueck and Nilsson [2010a] also at higher pressures (up to 12 MPa), but

only for a few samples.

The cyclic uniaxial and isostatic compression tests conducted at the Uni-

versity of Jyväskylä provide data for the behaviour of unsaturated, com-

pacted bentonite [Eloranta, 2012]. The results show hysteresis in the elas-

tic loading-unloading cycles and the average behaviour is estimated to be

7For example, a constant Poisson’s ratio is assumed.
8See Ch. 9 for mathematical formulation.
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linearly elastic. The yield stress is reached in the tests, but no complete

yield surface can be constructed based on the data. It is also evident that

the experimental set-up needs further development.

Data related to the modified Cam-Clay model extended to the unsatu-

rated conditions have been made available, for example, by Villar [2005],

Chen and Ledesma [2009], and Kristensson and Åkesson [2008].

Besides the direct compression experiments (including the above), sound

wave propagation has been used to evaluate the elastic parameters for

smectite for example by Vanorio et al. [2003], Mondol et al. [2007] and Moy-

ano et al. [2012]. Mondol et al. [2007] give bulk and shear moduli for

smectite-kaolinite mixtures that are dry (oven dry at 60◦C) or fully satu-

rated with brine (from Oslo fjord, salinity 34·103 ppm). The velocity mea-

surements are carried out in odeometer in which a vertical stress from 0

up to 50 MPa is applied on the sample. As a result, the moduli can be ex-

pressed as functions of the compression stress (or porosity deduced from

it). In [Moyano et al., 2012], these results are utilized together with scan-

ning electron microscope images in differential effective medium (DEM)

theory modelling9 of the smectite-kaolinite composites. Vanorio et al.

[2003] show bulk and shear moduli results for Na-montmorillonite, but

the data set is not as complete as of Mondol et al. [2007].

Low density bentonite

Low density bentonite dispersions behave as viscoelastoplastic fluids. Be-

low the yield stress, the behaviour is elastic, but when the yield stress is

exceeded, the suspension flows as a viscous fluid. Often the elastic part is

considered insignificant and, thus, neglected making the suspensions of-

ten classified as Bingham fluids (or plastics). Experiments on low density

bentonite and montmorillonite in different salinities and solid contents

have been carried out for example by Eriksson and Schatz [2015], Keren

[1988], Lagaly and Ziesmer [2003] and Michot et al. [2004].

In many applications of bentonite (such as drilling mud), the special be-

haviour of the low density bentonite slurries as Bingham plastics is the

reason to use it in the first place. In the application of spent nuclear fuel

disposal, however, the need for information on such behaviour is limited,

since the low density dispersions do not provide sufficient chemical pro-

tection for the canister. Special cases when the low density bentonite may

have to be considered are the wetting processes of the bentonite buffer

9DEM allows to compute the effective elastic properties of two-phase composites.
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(swelling to the empty space in the pellet filled buffer-bedrock gap as well

as swelling to the gap between the buffer and canister) and the extrusion

to bedrock fractures if dilute water intrudes to the disposal depth. Even

in these cases flow rates of the dispersion are very slow.
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3. Guideline for a model for bentonite

The material properties and the conditions determined by the intended

use of bentonite in spent nuclear fuel disposal are the basis on which a

model for bentonite should be built. The first step towards the model is

to identify the physical phenomena that the model should describe. The

following step is to order them by the input that they have in capturing

the specific material behaviour. The resulting ordered list provides the

starting point for the model development. In this chapter, the result of

this process is formulated as a guideline for a model for bentonite.

The terminology used in the guideline and more generally throughout

the thesis is roughly the following. The term "model" should be taken to

mean an idealized description of material behaviour on continuum level

using a set of partial differential equations (for scalar, vector or tensor

fields that evolve in time in three spatial dimensions). "A model for ben-

tonite" means a model that describes at least the mechanical behaviour of

bentonite (how a body of bentonite deforms) and the movement of water

in bentonite in the absence of high liquid water pressures and high gas

flow velocities. "A mechanical model" describes how a body of bentonite

deforms under loading or during unloading and "a model for water move-

ment" describes, well, the movement of the adsorbed and the free water

in bentonite1.

The most characteristic feature of bentonite is its ability to swell or to

build up swelling pressure, if it is in spatially confined conditions. This

feature is the reason to utilize bentonite in the spent nuclear fuel dis-

posal, but also the feature that distinguishes bentonite from other mate-

1The use of the term "hydro" is avoided here, because it is often associated to
liquid water and hydrodynamic gradients. Such association is misleading when
thinking of the adsorbed (or bound) water here. The term "water movement"
covers transport of the adsorbed and the free water along bentonite as well as
the mass transfer between the water types.
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rials. Therefore, it is essential to capture the swelling with any mechani-

cal model claimed to be for bentonite. To be more specific, the mechanical

model should be coupled to water movement in bentonite, since that is

the reason for swelling. Otherwise, the model simply fails to describe the

material behaviour.

Besides swelling, the mechanical model should describe how a body of

bentonite deforms if a load or a force is applied on it. This is the general

part of the mechanical model needed for any mechanical material model.

In the case of bentonite, the exact formulation of the (elasto-plastic) model

is a matter of performing experiments in various conditions (densities,

stress states, saturation states, chemical conditions, temperatures, etc.).

The swelling results from the tendency of water to move into the mont-

morillonite mineral structure (onto the external surfaces and into the in-

terlayer). Therefore, such water movement should be considered when

modelling bentonite. The stress state of bentonite affects the water ad-

sorption meaning that the model for water movement is mechanically

coupled. Thus, the deformation and bound water content are strongly,

two-directionally coupled: the bound water affects the deformation in the

form of swelling and the deformation affects, in turn, the bound water

intake. Both should be considered in a model for bentonite.

The specific swelling properties depend on the interlayer cation type and

the chemical composition of the water that is in contact with bentonite.

These factors should be also taken into account in models for bentonite.

Without the chemical effects, a model only suits for one type of bentonite

in one specific chemical environment. Such a model might be used suc-

cessfully in simulating, for example, the mechanical deformation in the

specific conditions, but it would not provide means to get further insight

into bentonite behaviour in various chemical environments possible, for

example, at the disposal site.

Although appealing, the swelling properties of montmorillonite stacks

or the chemical properties of the interlayers cannot be utilized directly on

the macroscopic scale. The montmorillonite sheet scale properties should

be scaled through the micrometer size structure (see for example Fig. 2.5)

before they can be considered in a macroscopic model. Due to the com-

plexity of the structure, the upscaling is very difficult to carry out in prac-

tice for most of the properties, making the sheet scale properties indica-

tive rather than directly applicable in macroscopic models. Therefore, a

model for bentonite should rely on macroscopic phenomenology with sup-
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port from microscopic findings that can be meaningfully upscaled. For

example, the adsorbed water mass content (mass of adsorbed water per

mass of solid) can be measured and thus used at the macroscopic level,

but the forces affecting a single montmorillonite sheet cannot be upscaled

without taking the macroscopic structure into account.

Besides the effects on swelling, the chemical composition of bentonite

may affect its mechanical properties. Thus for a model for bentonite, the

mechanical model parameters should be measured in the chemical con-

ditions the model will be applied. Also the saturation state of bentonite

affects the mechanical behaviour making the mechanical parameters de-

pend on the water content. As the water can be divided to be bound in

the structure of bentonite or to exists in the macroscopic scale porosity in

the bentonite, the dependencies of the mechanical parameters are even

more complicated. Despite the work required to measure the mechanical

parameters in all the condition combinations is somewhat large, a proper

model for any specific bentonite type should rely on direct measurements

of the mechanical behaviour. Moreover, the behaviour cannot be idealized

to a simplified model without knowing the real behaviour of bentonite.

The deformations of bentonite in real-life applications are commonly

large (strain is more than a few per cents). Therefore, a model for ben-

tonite should be mathematically formulated in large deformation setting

instead of using the infinitesimal theory. Due to the strong dependence

of the mechanical properties on the chemical swelling state (that is, the

water content), the large deformation model should not be linearised in

the reference configuration but the model should be formulated using an

intermediate stress free configuration to better account for the changing

parameter values during the swelling.

In addition to water movement into the bentonite structure pointwise

(in sense of representative elementary volume, REV), water can also trans-

port along bentonite. At least in compacted bentonite, the most of the wa-

ter is bound to the structure. The bound water is mobile (but less mobile

than bulk water) meaning that a water potential gradient can drive it to

move. The transport mechanism of the bound water is therefore diffusion.

Matching this, the macroscopic scale wetting experiments also indicate

that some sort of diffusion is the main transport mechanism for water in

bentonite and the effective diffusion coefficients correspond to the bound

water diffusivity. Consequently, the diffusion of the bound water should

be taken as the main transport mechanism for water in bentonite (at least
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in compacted bentonite). In this thinking, it is assumed that bentonite is

partially saturated or at least that there are no high liquid water pres-

sure gradients over bentonite and that the flow velocities of water vapour

in bentonite are small.

Another possible water transport mechanism of water in bentonite dur-

ing wetting is the capillary action driven flow in the macroscopic scale

(intergranular) porosity. The diffusion-like profiles of water content pro-

files in experiments, however, suggest that a purely capillary driven flow

is not the dominant transport mechanism in wetting, due to the principal

difference in the profile shapes. In addition, the pore size distribution of

the macroscopic porosity is not at small enough level to make the capillary

action to account for the high water potentials observed in bentonite. Nev-

ertheless, the capillary driven flow might be important in some point of

time (for example, in the beginning of wetting) and should be considered

in a model for bentonite.

The salinity of water that is not bound to the structure of bentonite

determines the activity (or potential) of that water (H2O component of it).

The potential difference between the bound and non-bound water drives

the movement of water into the structure of bentonite meaning that the

salinity plays an important role in bentonite behaviour. Thus, to model

the effects of chemical changes on the swelling of bentonite, the transport

of this salinity in the free pore water should be considered in a model for

bentonite. Moreover, the effect of salinity on the water activity should be

considered in the model.

If the flow of water vapour in the intergranular porosity is not driven by

a pressure gradient from an external source (for example, by high pres-

sure difference on opposite sides of a sample), the vapour (chemical poten-

tial) can be assumed to be in equilibrium with the bound water (chemical

potential). The remaining question is then, if the bound water diffusion

is more effective water transport mechanism than vapour diffusion, or

vice versa. In the case of water vapour diffusion, also the effect of evap-

oration and condensation of bound water should be considered as part

of the process, since they might be limiting factors in the vapour diffu-

sion water transport chain (that is, evaporation-diffusion-condensation).

Experiments suggest that it is likely that the bound water diffusion dom-

inates the vapour diffusion as a mass transfer mechanism. For example,

bentonite pellet filled cylindrical test chambers with a significant amount

of porosity between the pellets and with a water source at the one end
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wet quite similarly as bentonite blocks (that is, wetting profiles remind

(non-linear) diffusion profiles) [Johannesson et al., 2008]. If the vapour

diffusion dominated as the water transport mechanism, the pellets would

saturate evenly from bottom to top, since the effective vapour diffusion

coefficient in porosity between the pellets (in room temperature) is ap-

proximately five orders of magnitudes higher than bound water diffusion

coefficient and, therefore, the vapour would have time to distribute evenly

to the whole porosity between pellets before condensing and adsorbing

to bentonite pellets and moving within them. The two transport mech-

anisms may, however, coexist making the bound water diffusion to rep-

resent both, if equilibrium between bound water and vapour is assumed.

In the special case where vapour is made to flow through bentonite by

high pressure gradient in experiments and a steady state is reached, the

vapour water chemical potential can be assumed to control the bound wa-

ter chemical potential.

Although the varying temperature field is important in the disposal con-

ditions, temperature is only a secondary variable when considering the

material behaviour of bentonite. Variations in temperature may affect

highly all the above phenomena that a model for bentonite should cover,

but it is not needed to describe any specific feature of bentonite. Therefore,

a model for bentonite should be first developed in isothermal conditions,

from which it can be further elaborated to conditions of varying tempera-

ture.

Summarizing, a model for bentonite should primarily describe

• swelling

• water movement into the structure of bentonite that causes swelling

• effect of mechanical state on the water movement

• chemical effects on swelling

• mechanical behaviour (in various saturation states and of different

bentonite types)

• large deformations

• water movement along bentonite

– bound water (by diffusion)

– free water (by capillary action)

– water vapour (by diffusion) but only if an external vapour pres-

sure difference is present

• salinity changes in the water in contact with adsorbed water.

The development of a model for bentonite according to the above list of

39



Guideline for a model for bentonite

requirements defines the scope for the model developed in this thesis. The

parametrization of the model for any particular type of bentonite is left for

the future, since it requires carefully conducted experiments that do not

fit the scope of this thesis. Therefore, for example, no detailed elasto-

plastic behaviour of bentonite is represented in the work here.
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4. Existing modelling approaches

4.1 Classification of model couplings

To begin the review of existing modelling approaches, let us first clas-

sify the different types of couplings in models considering mechanical be-

haviour of bentonite and the movement of water in it. Following the clas-

sification, the differences between the models can be compared clearly and

the roles of the model components (the mechanical and the water move-

ment components) in each model can be better understood. The created

classification is somewhat based on formal strategies to create coupled

models1 but not strictly.

Let us first consider a simple, mechanically quasistatic non-porous medi-

um2. The mechanical elastic behaviour of such medium according to small

deformation theory is described mathematically at each time t by the mo-

mentum balance equation

− divT = f , (4.1)

and the constitutive stress-strain relation

T = T̄ (E) (4.2)

where div is the divergence operator, T the Cauchy stress tensor and f the

body force, E = 1
2

(
gradu + graduT

)
the infinitesimal strain tensor and u

the displacement vector field. The momentum balance equation is a gen-

eral principle of physics and the constitutive relation defines the material
1For example, Coleman-Noll procedure as suggested by Gurtin et al. [2009],
which is used in Ch. 6 of this thesis.
2By the quasistatic assumption, mechanical equilibrium is reached fast in com-
parison to other processes. For example, the vibrations of clay relax fast in com-
parison to water transport. Therefore, the material can be considered to be in
mechanical equilibrium at each time although this semi-equilibrium state can
evolve in time.
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behaviour, that is, how the strain is related to the stress. The constitutive

relation is also needed to make the momentum balance equation solvable

with respect to the displacement. The bar above the constitutive relation

means that the relation is a function that gives the physical stress T a

value T̄ (E) at each strain E. For isotropic, linearly elastic materials, the

constitutive relation can be written in form

T̄ (E) = CE = κ tr (E) I + 2GdevE (4.3)

where C is the (fourth order) elasticity tensor, κ the bulk modulus, tr the

trace operator, I the identity tensor, G the shear modulus and devE the

deviatoric part of the strain tensor. For more detailed definitions, see the

chapters on the mathematical model developed in this thesis.

Let us now think of water movement driven by capillary action in a

simple partially saturated porous medium without considering the stress.

The water movement is described mathematically by the mass balance

equation
∂ (Sφρw)

∂t
+ div (jw) = 0 (4.4)

and the constitutive relations:

S = S̄ (pw) (4.5)

jw = j̄w (grad pw) . (4.6)

Here, S is the saturation, φ the porosity (that is assumed constant), ρw

the density of water (that is also assumed constant), jw the mass flux of

water. We note that there are two constitutive relations needed to make

the mass balance equation solvable with respect to pressure of water pw.

Let’s not pay too much attention to the second one defining the mass flux

for now.

Next, let us consider a simple porous medium, the water movement in

which and the mechanical behaviour of which we would like to describe

mathematically. A non-coupled model would be a model described with

the above momentum and mass balance equations, Eqs. (4.1) and (4.4),

and the constitutive relations

T = T̄ (E) and S = S̄ (pw) , (4.7)

which tell that the stress-strain relation is independent of the the wa-

ter pressure and saturation-water pressure relation is independent of the

strain.

42



Existing modelling approaches

If we make the mechanical model coupled to the water movement model,

we simply make the constitutive relation for the stress to depend also on

water pressure:

T = T̄ (E, pw) and S = S̄ (pw) . (4.8)

This type of models are called weakly or unidirectionally coupled mechan-

ical models. Also, the term hydromechanical model is often used. The

simplest form of this coupling is model where only the mechanical param-

eters depend on the water pressure and there is no extra term3 in the

constitutive relation. Equation-wise, this is

T̄ (E, pw) = C (pw)E = κ (pw) tr (E) I + 2G (pw) devE. (4.9)

This type of coupling is called parameter (or very weak) coupling in the

context of this thesis. A more complex weak coupling can be written in

form

T̄ (E, pw) = C (pw)E + f (pw) (4.10)

where f is a function depending on the water pressure. If a weak cou-

pling is not specified as a parameter coupling, the coupling of this form is

meant. Also the term standard weak coupling is used in this thesis.

A model with mechanically weakly coupled water movement model is of

type

T = T̄ (E) and S = S̄ (E, pw) (4.11)

and a fully, two directionally or strongly coupled model is of form

T = T̄ (E, pw) and S = S̄ (E, pw) . (4.12)

4.2 Soil science modelling approach

The general soil scientific approach is summarized in the following with

equations and some of the inconsistencies arising from the use of the ap-

proach for bentonite are pointed out. The mathematical notation here

is not strict and should not be confused to the more elaborated notation

of the model developed later in this thesis. The basic principles follow

general textbooks on soil science4, but the details are covered in journal

articles referred within the text5.
3That would arise, for example, from linearisation of the constitutive equations.
4such as [Bear, 1972, 1979] and [Wood, 1990]
5The classical work on moisture movement in porous materials by Philip and
De Vries [1957] should be mentioned already here.
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4.2.1 Movement of water in saturated conditions

The slow flow of water in saturated porous medium is often described with

the combination of the water mass balance equation

∂ (φρw)

∂t
+ div jw = 0 (4.13)

and Darcy’s law

vw = − κw

µwv
grad pw, (4.14)

where φ is the porosity6, ρw the water density, jw = ρwvw the mass flux of

water, vw the infiltration velocity of water7, κw the hydraulic permeabil-

ity, µwv the water viscosity and pw the water pressure. φρw is the mass

of water in a volume of the porous medium. Darcy’s law replaces the mo-

mentum balance equation generally needed to describe the flow of water

by inertial effects neglecting and flow velocity averaging form for the wa-

ter infiltration velocity.

4.2.2 Movement of water in unsaturated conditions

Capillary action

To extend the flow equations to unsaturated conditions, let us think of

capillary action. If a narrow tube is put into contact with a free water

surface, the water rises to a height hc into the tube. The height depends

on the radius rc of the tube by the equation

hc =
2γs

ρwg

1

rc
, (4.15)

where γs is the surface tension of the water and g the gravitational accel-

eration. The corresponding pressure is pw − pg = −ρwghc = −2γs/rc when

the water pressure pw equals to gas pressure pg at the level of the free

water surface. The negative value of this pressure is called suction sw,

that is, sw = pg − pw when pg − pw > 0.

Let us now think that the porosity of the medium consists of different

sized capillary tubes. In the small tubes the water rises higher than in

the large tubes according to Eq. (4.15). At a level hs, some of the porosity

is filled with water (the radii of which are smaller than rs = 2γs
ρwg

1
hs

) and

some is not (rc > rs). Thus, each rs can be associated to a saturation.

Accordingly, a continuous dependence on the capillary rise height and the

6Only one porosity is considered here.
7The water velocity in porous medium as if the whole space was filled with water.
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saturation S (the volume of water per pore volume) can be formed. It is

called the (capillary) retention curve (S = S(pw) for pw < pg and S = 1 for

pw > pg) and it depends on the pore size distribution of the medium (see

Section 8.3 for further mathematical details).

Having defined the needed concepts for partially saturated medium, the

mass balance equation and Darcy’s law can be extended to unsaturated

conditions. The mass of water in porous medium is now Sφρw since only

a part of the porosity is filled with water. Therefore, the mass balance

equation takes the form

∂ (S(pw)φρw)

∂t
+ div jw = 0. (4.16)

Darcy’s law is modified to

vw = −kr (pw)κw

µwv
∇pw, (4.17)

where kr is the relative permeability (0 ≤ kr ≤ 1 and kr = 1 when S = 1).

The values for kr (S (pw)) result from the pore size distribution data and

the shapes of the pores in the classical literature of the field [e.g. Bur-

dine, 1953, Mualem, 1976]. The capillary action in the sense of Eq. (4.15)

is the general underlying assumption when the effect of the pore sizes

and shapes are considered. Classical closed functional forms for S(pw)

and kr(S) are given for example by Brooks and Corey [1964] and by van

Genuchten [1980]. An example is the van Genuchten formulation:

S(pw) =

[
1 +

∣∣∣∣pg − pw

pvG

∣∣∣∣ 1
1−λv

]−λv

(4.18)

kr (pw) =
√
S (pw)

[
1−

(
1− (S (pw))

1
λv

)λv
]2

(4.19)

for pw < pg. λv and pvG are fitting parameters and pg is the gas pressure.

See Fig. 4.1 for an illustration.

Extended suction

The curved surface of the meniscus between water and gas in a capillary

tube affects the vapour pressure at the meniscus. The effect on the vapour

partial pressure pv is described by the Kelvin equation8:

sw = −Rϑ
Vm

ln
pv

pv0
, (4.20)

where R is the universal gas constant (8.3 J/(mol K)), ϑ the absolute tem-

perature, Vm = Mw/ρw the molar volume of water, Mw the molar mass

8The Kelvin equation, the Kelvin’s equation or Kelvin’s equation or even Kelvin’s
law depending on the writer.
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Figure 4.1. An illustration of S(pw) and kr(pw) relations with van Genuchten formulation.

of water (18 g/mol), pv the vapour pressure at meniscus, pv0 the satura-

tion vapour pressure (the vapour pressure at a free surface of water) and

sw = pg − pw = ρwghc the suction (pw is the liquid water pressure, pw = pg

at free water surface). pv
pv0

= φRH is the relative humidity. By the equation,

the liquid water potential at the meniscus (that is in equilibrium with the

water vapour chemical potential µ = µ0 +Rϑ ln(pv/pv0)) is reduced by the

capillary rise pressure from the value at the free water surface.

The Kelvin equation provides practical means to determine the capillary

pressure (or the suction) by measuring the equilibrium vapour relative

humidity. The technique can also be reversed to measure the retention

curve S(pw) by holding the equilibrium vapour relative humidity constant

and weighing the gravimetric water content. If a porous medium (consist-

ing of a bundle of different sized capillary tubes) is equilibrated with a

vapour pressure of pvs, the Kelvin equation together with Eq.(4.15) allows

to determine the pore fraction with a radius smaller than the radius cor-

responding to pvs (that fraction is fully saturated by capillary condensa-

tion and the water mass can be weighed) and consequently the retention

curve S(pw). The simplicity of the technique is appealing and, therefore,

it is widely used in soil research.

Discussion

In the above, the porous medium is assumed to be chemically inactive. In

other words, water is assumed to condensate in the porous medium pores
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only capillarily and Eq. (4.15) is assumed to hold. For many media (es-

pecially for clays and clayey soils), this assumption is not valid. If equili-

brated with vapour, water can adsorb chemically9 on the mineral surfaces

of the medium and the connection between the pore sizes and the capillary

pressure is lost. In such occasions, the suction provided by Eq. (4.20) from

a vapour pressure is a measure of the total water potential10. For active

clays, this suction potential is often labelled matric suction that consists

of two components: capillary suction (corresponds to the capillary action)

and adsorption suction (corresponds to chemical-physical adsorption).

In the case of bentonite, the adsorption of water is dominated by chem-

ical adsorption and, in the terms of soil science, the suction (or the po-

tential) is mostly adsorptive11. A strong indication of this is the gravi-

metric nature of water mass content in bentonite (the water mass cor-

relates to the mass of solid material). If the water condensed capillary

into bentonite, the water mass content would depend highly on the pore

size distribution, but it does not according to experiments [see e.g. Baker

and Frydman, 2009]. If the terminology of physics is used, the water po-

tential (that is, the suction sw) in Eq. (4.20) is the chemical potential of

the water vapour that is in equilibrium with the adsorbed water in the

porous medium (expressed in the units J/m3 instead of maybe the more

conventional units of J/mol, J/(number of molecules) or J/kg for chemical

potential).

Commonly, Darcy’s law in the form of Eq. (4.17) is thought to be valid

also for the suction presenting the adsorption12. If the pressure pw in

Darcy’s law is replaced with the suction sw = pg − pw, it can be seen that

the flow is driven by the suction gradient. As the adsorption suction is

9Water forms chemico-physical bonds with the surfaces.
10The total potential is often divided to four components: gravitational poten-
tial, gas pressure potential, matric potential and osmotic potential. This division
is not, however, strict, because the underlying phenomena overlap in practice
[Gens, 2010]. For the behaviour of bentonite, the matric and the osmotic poten-
tials are the most important ones. Matric potential is a measure of the interac-
tion between the water and the solid whereas the osmotic potential is controlled
by the dissolved salts in the pore water
11Often the used values for suction of dry bentonite are several hundreds of
megapascals corresponding to pore radii of less than nanometre if Eq. (4.15) is
considered valid. In the nanometre level realm, the charged surfaces dominate
the behaviour of water and the continuum concepts have to make room for the
quantum ones.
12Consciously or unconsciously by ignoring the adsorption and associating the
suction only with capillary suction but still using the measured gravimetric wa-
ter contents, although the adsorption is the dominating phenomenon.

47



Existing modelling approaches

a measured potential for the adsorbed water, this statement is valid in

principle. Now, however, the shape of the relative permeability function

kr(pw) has been formulated based on the effect of pore sizes and geome-

tries on the capillary action that has little to do with the chemical adsorp-

tion (at least in the sense of the classical formulation based on capillary

action). Therefore, the use of classical capillary based functions for the

relative permeability is inconsistent with the adsorption and bentonite

wetting phenomenology. Similarly, the shapes of the retention curves (for

example, in the van Genuchten formulation) follow from approximately

log-normal pore size distribution (that is often the natural distribution

of pores) in materials in which the capillary adsorption dominates and

the equation for capillary rise, Eq. (4.15), is valid. Thereby, the assumed

shape for the retention curve is also inconsistent with the adsorption phe-

nomenology. The shape of the retention curve function for capillary mate-

rials may produce some level fit also for adsorptive materials, but only by

coincidence and not by phenomenologically correct model assumptions.

In general in physics, the chemical potential gradient (corresponding to

the total water potential) is thought to drive diffusion. At the simplest,

diffusion can be described with one transport parameter as in Eq. (2.2).

Since the water content profiles in compacted bentonite samples during

wetting remind rather diffusion-like profiles than profiles provided by

Darcy’s law with the classical soil scientific forms for kr (see Fig. 4.1 for

the principal differences in the profiles13 and Figs. 2.12-2.13 or [Börges-

son et al., 2001] for measured profiles), the simple diffusion should be the

starting point for modelling the water movement in bentonite. Trying to

fit the existing functional forms for kr(pw) and S(pw) to the experimen-

tal data on bentonite may make the soil scientific models unnecessarily

complicated.

An exception for the use of general soil scientific models for bentonite

is the movement of water in the macroscopic size pores. There the capil-

lary action can be taken as the driving force for the movement of water,

13A relatively good fit to experimental data can be obtained by playing with the
fluid flow parameters (such as relative permeability) in the extended Darcy’s
law, but still the principal difference in the profiles remains (see for example
Fig. 12 in [Börgesson et al., 2001]). In some modelling approaches, the capillary
flow equation is converted to a diffusion equation with a non-linear diffusion
coefficient which is defined by the the retention curve and the parameters in the
extended Darcy’s law (or at least one of them). This approach also results in a
similar principal shape of wetting profile as the extended Darcy’s law with the
classical soil scientific forms.
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Figure 4.2. The principal difference between saturation profiles with an unsaturated soil
model, Eqs. (4.16) and (4.17), and a simple diffusion model, Eq. (2.2). t2 > t1.

if the chemical effects in the nanometre size interlamellar space and on

the charged surfaces are accounted for some other way in the model. This

capillary action driven flow is, in fact, overlooked, if the suction is taken

to represent also the chemical adsorption, since the scale difference is so

large (capillary suction for micrometer size pores is in order of 100 kPa

whereas adsorption suction for dry bentonite is in order of 100 MPa) mak-

ing the adsorption suction to dominate the shape of the retention curve.

Summarizing the discussion, the equations used for the water transport

in unsaturated bentonite are based on the capillary action of soil-water,

even though the experimentally found soil-water potential for bentonite

is a measure of the strength of adsorption. Such inconsistency between

the physical phenomenology and the model causes the simulated wetting

(water content) profiles to deviate from the experimentally found ones.

Further, in this type of models, the high adsorption potential dominates

the capillary potential resulting in overlooking of the possible, actual cap-

illary driven flow in bentonite.

4.2.3 Soil-mechanical models

The soil hydromechanical models for bentonite are often based on the

so-called Cambridge clay (Cam-clay) model developed for saturated clays

[Roscoe et al., 1958]. It is a critical-state elasto-plastic model with non-
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linear elasticity and an ellipsoid-shaped but sharp-tipped yield surface

in the principal stress space. In the modified Cam-clay model (MCC),

the yield surface of the original model has been smoothed to a shape of

a perfect ellipsoid [Roscoe and Burland, 1968]. Alonso et al. [1990] has

extended the MCC model for non-expansive, unsaturated soils soils by

introducing the suction as a variable, on which the MCC parameters de-

pend (Barcelona Basic Model, BBM). These models are non-coupled and

parameter coupled models to the water content, respectively, according

to the terminology in this thesis (the model does not depend on the wa-

ter content related variables or only the mechanical parameters depend

on them). In [Gens and Alonso, 1992], the Barcelona Basic model has

been further elaborated for expansive soils by dividing the soil structure

to a chemically active microstructure and a macrostructure describing the

overall mechanical behaviour. Mathematically, the standard weak cou-

pling term is introduced into BBM and the elasto-plastic model is elobo-

rated to a more complex form. The double-structure approach has been

utilized since for example by Alonso et al. [1999], Sánchez et al. [2005],

Guimarães et al. [2013] and Navarro et al. [2014]. Some mathematical

details of the development of the soil mechanical models for unsaturated

expansive soils are covered in the following. The emphasis is on the cou-

pling between the water content and the strain meaning that less atten-

tion is paid for the plasticity.

Cam-clay model

The Cam-clay and the modified Cam-clay models are elasto-plastic models

for saturated soils. The additive decomposition of the strain E into elastic

strain Ee and plastic strain Ep is utilized:

E = Ee + Ep. (4.21)

The volumetric elastic behaviour is described by the relation

dEev = −κc

v

dp

p
(4.22)

between the volumetric (or spherical) elastic strain Eev and the pressure

p = −1
3I1. Ee = 1

2

(
gradu + (gradu)T

)
is the elastic strain, where u is

the displacement. The volumetric strain is the relative change in volume:

Eev = trEe, where tr is the trace operator. I1 = trT = T1 + T2 + T3 is

the first Cauchy stress invariant, in which Ti are the principal stresses

of the Cauchy stress T. κc is a material parameter and v = 1 + e the

specific volume (e is the void ratio = volume of void per volume of solid).
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Integrating the relation14, the pressure can be expressed as

p = p0e
− v0
κc
Eev . (4.23)

On the other hand, the pressure component of stress relates to strain by

the definition of bulk modulus κ as

p = −κEev. (4.24)

Combining the two,

p0e
− v0
κc
Eev = −κEev, (4.25)

which shows that the volumetric elastic behaviour is non-linear with a

bulk modulus

κ(Eev) = − p0

Eev
e−

v0
κc
Eev . (4.26)

p0 is the consolidation pressure15 and v0 the specific volume corresponding

to this pressure. The tangent bulk modulus is

κT =
∂p

∂Eev
= −v0

κc
p. (4.27)

In the original Cam-clay model, elastic behaviour in shear direction is not

considered (no shear strain, if it is not plastic). In practice, elasticity in

shear direction has to be considered to be able to run simulations with

the Cam-clay model effectively (it increases numerical performance). A

common practice is simply to use either constant Poisson’s ratio or con-

stant shear modulus (but without justifying this choice, for example, with

experimental evidence). If the Poisson’s ratio ν is taken as constant, we

have a relation

T = κ(Eev) tr(Ee)I + 2G(Eev) devEe, (4.28)

between the Cauchy stress and the strain Ee. Here, I is the identity ten-

sor, G = 3κ(Eev)(1−2ν)
2(1+ν) the shear modulus and dev denotes the deviatoric

part of a tensor16. The relation shows that the Cam-clay elastic model

can be simply considered as an elastic model with nonlinear parameters.

The deformation is elastic when the stress state is within a yield surface

in the principal stress space.

In short, the relation can be written as

T = CCC (Ee)Ee, (4.29)

14Commonly, the relation in Eq. (4.22) is used directly in numerical solver and
no integration is performed.
15The pressure corresponding to the current plastic deformation, that is, the
highest pressure that the material point has experienced.
16devA = A− 1/3 tr (A) I for tensor A.
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where CCC is the Cam-clay elasticity tensor that depends on the elastic

strain.

The yield surface of the Cam-clay model reminds an ellipsoid with a

sharp tip (Fig. 4.3) whereas the surface of MCC is a perfect ellipsoid

(Fig. 4.4). The completely smooth surface allows continuous differen-

tiation, which is important for numerical schemes. The yield surfaces

are often illustrated in pressure-von Mises shear stress coordinates as in

Fig. 4.5. Mathematically, the yield surfaces are defined by the yield func-

tions f set to 0:

f = q +Mp ln

(
p

pc

)
= 0 (4.30)

for the Cam-clay model and

f =
( q
M

)2
+ p(p− pc) = 0 (4.31)

for MCC. q =
√

3J2 is the von Mises shear stress, J2 the second deviatoric

invariant of the Cauchy stress17, p the pressure, M a material parameter

(the slope of the critical state line, see Fig. 4.5) and pc the consolidation

pressure (the point of the highest pressure of the yield surface).

Increasing elastic deformation becomes plastic when the stress state

reaches the yield surface. Then, the material flows plastically such that

the stress stays on the surface. The flow is said to be perfectly plastic

when the stress stays at a constant value, but the strain increases. If the

plastic deformation becomes increasingly difficult to reach (higher stress

level is needed), the material is said to strain harden. Then the yield sur-

face enlarges, because the needed yield stress increases. Conversely, if

the plastic deformation becomes increasingly easy to reach, the material

is said to soften. Then the yield surface contracts during plastic deforma-

tion.

The Cam-clay model is a so-called critical state model. It means that

there is a level at the yield surface where the plastic flow is perfect in the

deviatoric direction. In other words, then the plastic deformation is purely

deviatoric and it increases while the yield stress is constant. This level is

illustrated in Fig. 4.5 by the cutting points of the critical state lines (black

intact lines) and the yield surfaces. In principal stress coordinates, the

critical state line forms a cone. At pressures (p = −1/3I1) higher than this

level (right in the figure), plasticity shows strain hardening behaviour. At

lower pressures, the behaviour is strain softening.

17J2 = 1
2 tr(devT : devT), where tr is the trace, dev means the deviatoric part

and : is a tensor product. See for example Ch. 6 for details.
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Figure 4.3. Cam-clay yield surface in principal stress coordinates. The coordinate axis at
origin in positive directions are illustrated with green, red and blue colours.
The thick black line is in the direction of the pressure, p (the diagonal direc-
tion of the coordinates axis, T1 +T2 +T3). The direction of the shear stress, q,
is perpendicular to this line. The narrow black lines show the position of the
planes T1T2, T1T3 and T2T3.
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Figure 4.4. Modified Cam-clay yield surface in principal stress coordinates. The coordi-
nate axis at origin in positive directions are illustrated with green, red and
blue colours. The thick black line is in the direction of the pressure, p (di-
agonal direction of the coordinates axis (T1 + T2 + T3). The direction of the
shear stress, q, is perpendicular to this line. The narrow black lines show the
position the planes T1T2, T1T3 and T2T3.
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Figure 4.5. Cam-clay and MCC yield surfaces in (p, q) = (− 1
3
I1,
√
3J2) coordinates. The

black solid lines are the critical state lines with a slope of M . The consolida-
tion pressure pc is the maximum pressure of the yield surface.

Mathematically expressed, the plastic strain evolves according to the

flow rule

Ėp = λ
∂Φ

∂T
, (4.32)

where the dot on the top of Ep stands for time derivative, λ for plastic

multiplier (plastic flow rate) and Φ is the plastic potential18 that depends

on the stress and other model variables (for example related to hardening

and softening). For exact mathematical formulation of the hardening and

softening, see [Roscoe et al., 1958] and [Roscoe and Burland, 1968] or for

example [Wood, 1990].19

The Cam-clay models are often considered somewhat idealized models

for clay behaviour. As a result of the functional forms for the elastic pa-

rameters, the yield surface and the plastic flow rules, the models are, how-

ever, effective tools for roughly estimating the soil behaviour in practice.

Cam-clay model extended to unsaturated conditions for non-expansive
clays

Alonso et al. [1990] extend the MCC model for unsaturated conditions

by considering the suction as a new variable, on which the MCC model

18It equals to yield function f for associative plasticity.
19An alternative for using the elastoplastic soil models referred here are hy-
poplastic soil models [Mašín, 2005] that have also been extended to coupled dou-
ble structure soils models [Mašín, 2017, and references therein].
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parameters can depend. In the formulation, only the parameters of the

Cam-clay mechanical model depend on the suction making the model pa-

rameter coupled with the terminology of this thesis. The model is often

called Barcelona Basic Model (BBM).

The elastic volumetric strain in the formulation is

dEev = −κc

v

dp

p
+
κs

v

ds

s
(4.33)

where s is the suction and κs a model parameter related to the suction.

By integration20, the pressure is

p = p0e
− v0
κc
Eev

(
s

s0

)κs
κc
, (4.34)

where s0 is the initial suction. Using the Cam-clay bulk modulus κ =

κ (Eev) in Eq. (4.26), the stress-strain relation is now

T = κ(Eev)

(
s

s0

)κs
κc

tr(Ee)I + 2G(Eev, s) devEe (4.35)

with shear modulus

G(Eev, s) =
3κ(Eev)

(
s
s0

)κs
κc (1− 2ν)

2(1 + ν)
. (4.36)

Similarly as for the Cam-clay model, the relation shows that the BBM

elastic model can be simply considered as a nonlinear elastic model, the

parameters of which now depend also on the suction. The short-hand

notation of the relation is

T = CBBM (Ee, s)Ee, (4.37)

where CBBM is the BBM elasticity tensor that depends on the elastic

strain and the suction.

In BBM, the yield behaviour in the pq-plane is similar to the MCC

model, but now the parameters in the plastic model depend on the suc-

tion. When the suction increases, the yield surface enlarges meaning that

plastic yielding begins at higher stresses. The suction dependence intro-

duces a so-called loading-collapse yield surface in the model. It simply

defines the dependence of pc on suction and qualitatively makes it possi-

ble to have yielding when the suction decreases (water content increases),

but the stress is otherwise constant. The model also suggests a new yield

surface in the suction direction that is defined as a plane at s0: the yield

20Again, commonly Eq. (4.33) is used directly in numerical solvers and integra-
tion is not performed.
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criterion is fs = s− s0 = 0. The new surface is introduced to take account

non-reversible deformation when suction increases above a value that it

has not exceeded previously.

As the model is build for non-expansive clays, the suction is only a mea-

sure of the water content in the clay. Therefore, if the term suction is not

used, the model simply states that plastic yielding of a clay becomes in-

creasingly difficult when the water content of it decreases. In other words,

it is harder to permanently modify the structure of dry clay than wet clay.

Using the term water content instead of the suction, the yield criterion in

the suction direction (fs = s− s0 = 0) can be expressed as a yield criterion

fw = w − w0 = 0 where w is the water content and w0 the yield limit. If

the water content decreases below this limit, the clay does not contract

any more elastically, but a residual (plastic) strain remains. One could

argue that at this point also the pressure decreases to the yield limit (of-

ten p = 0, see Figs. 4.3, 4.4 and 4.5) and the plastic deformation is rather

a consequence of tensile stress, which the clay cannot withstand, than a

result of lowering water content.

Double structure mechanical models for expansive clays

In expansive soil models based on the so-called Barcelona expansive model

(BExM), the structure of the soil is conceptually divided into two dis-

tinct levels [Alonso et al., 1999]: "the microstructural level at which the

swelling of active minerals take place and the macrostructural level re-

sponsible for major structural rearrangement".

The macrostructure is thought to behave according to BBM, but with

an extra plastic volumetric strain resulting from the elastic microstruc-

tural strain. If the microstructure shrinks such that the stress related to

the microstructural elastic volumetric strain decreases below a yield limit

(so-called suction increase line), also the macrostructure shrinks meaning

that the extra plastic volumetric macrostructural strain decreases. Sim-

ilarly, if the microstructure swells such that the stress related to the mi-

crostructural elastic strain increases over a yield limit (suction decrease

line), also the macrostructure swells. On such occasions, the exact depen-

dence of the macrostructural plastic strain on the microstructural elastic

strain is defined by coupling functions.

If the suction increase and decrease yield surfaces are not considered,

the elastic and plastic strains can be further additively decomposed such
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that

E = Ee + Ep = EM
e + Em

e + EmM
e + EM

p + EmM
p , (4.38)

where superscript M stands for Macro, m for micro and mM micro-macro

interaction [e.g. Navarro et al., 2017]. The micro-macro interaction terms

represent the indirect effect of microstructural changes on macrostruc-

tural strain. In some formulations [e.g. Navarro et al., 2017], the macro

elastic strain EM
e is divided to response of mechanical loading and to re-

sponse in increasing suction:

EM
e = EM,T

e + EM,s
e . (4.39)

The elastic macro strain that represents the response to mechanical load-

ing, EM,T
e , is now the correct strain to insert into the place of elastic strain

(Ee) in Eq. (4.37):

T = CBBM (E, s)
(
E−EM,s

e −Em
e −EmM

e −EM
p −EmM

p

)
. (4.40)

As a consequence of this action, extra terms are introduced into the stress-

strain relation (corresponding to the product of the elasticity tensor and

the extra strains) and the model is not any more only parameter coupled

to water content but the coupling becomes standard weak coupling. For

the suction response term, often formulation EM,s
e = s/κs with an extra

parameter κs is used.

Besides the additive decomposition of the strain, often the effective stress

with pressure component p̂ is used instead of the (ordinary) pressure com-

ponent of stress p. The pressure component of the effective stress can be

written in the form:

p̂ = p+ Sαr s, (4.41)

where p is the macrostructural mean net stress, s = pg−pw is the suction,

Sr is the degree of saturation and α a model parameter (the power of the

saturation). With α = 1 the effective stress is the Bishop mean stress [e.g.

Gens, 2010]. If we note that the macrostructural pressure p corresponds to

strains of the complicated elastoplastic material model for macrostructure

and compare the above formulation with

T̄ (E, pw) = C (pw)EM,T
e − Sαr pwI, (4.42)

to Eq. (4.10), we can conclude that the effective stress in Eq. (4.41) is

actually a constitutive relation for the stress that is expressed with inde-

pendent variables of elastic strain and suction. The elastic term C (pw)Ee
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in Eq. (4.10) is only replaced with a complicated elastoplastic model on the

macrostructural level with strain EM,T
e and f (pw) in Eq. (4.10) specifies to

Sαr s. Thus, the use of effective stress introduces a new weak coupling to

water content in BExM. In total, there can be at least 5 mechanisms that

the microstuctural water can affect the macrostructural mechanical be-

haviour in this formulation (directly through Em
e , indirectly through EmM

e

and EmM
p , through suction response term EM,s

e = s/κs and through effec-

tive stress p̂) and they can be all separately parametrized.

The conceptual framework for the expansive soil models is laid in [Gens

and Alonso, 1992] and it is refined in [Alonso et al., 1999]. The model is

generalized by Sánchez et al. [2005], based on which [Guimarães et al.,

2013] introduces a chemo-mechanical conceptual model for clays. The

model attempts to capture the effect of interlayer cation composition of

a swelling clay on the mechanical behaviour. The microstructural stress

in Eq. (4.41) is modified to a form

ψ = p+ χs− 1

αm
lnβm (4.43)

where ψ = p̂ is now the effective stress, χ is a suitable multiplier of the

matrix suction (saturation Sr in Eq. (4.41)) and the last term accounts for

the chemical effect. αm and βm are material parameters arising from the

application of the diffusive double layer theory on the interlayer water

to predict the interlayer swelling pressure. The microstructural elastic

volumetric strain is related to the microstructural stress non-linearly and

it is thought to cause plastic macrostructural strains as in BExM model.

Navarro et al. [2014] have another approach to include the chemical ef-

fects in the BBM-BExM framework.21 They simply use the water poten-

tial difference between the micro- and macrostructures as a driving force

for movement of water between the structures. The microstructural strain

is a nonlinear function of the potential difference and, thus, the poten-

tial is introduced to the macrostructural plastic strain by the procedure

that converts the elastic microstructural strains to plastic macrostruc-

tural strains in BExM. The microstructural water is thought to be immo-

bile, that is, it is bound to the bentonite solid skeleton such that it moves

along the skeleton but not with respect to the skeleton.
21See also [Navarro and Alonso, 2000, Navarro et al., 2013, 2014, 2015, 2016,
2017].
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Discussion

The physical foundation of the above soil mechanical models is reviewed

critically by Baker and Frydman [2009]. The main critique is pointed at

identifying the measured soil-water potential as a pure capillary potential

(ignoring the adsorption component) in the present soil mechanical ap-

proaches, even though the adsorptive potential may be the main potential

in a wide range of conditions of geotechnical applications. It is noted that

the soil "suction" measurements actually measure the total soil-water po-

tential consisting of capillary and adsorption potentials, which cannot be

separated by the measurement. The adsorptive potential is shown to be

significant by two arguments. Firstly, the measured high values typical

for soils of the potential are deduced to be unrealistic for capillary action22

and, thus, the adsorptive potential is likely the main potential. Secondly,

for compacted clays, the water potential is claimed to to be mainly gravi-

metric (water content correlates to the mass of solid material) according

to experimental evidence indicating that the adsorption potential domi-

nates the capillary one. If the capillary component was significant, the

measured potential would also depend on the void ratio (the pore struc-

ture or the pore size distribution to be specific), which it does not by the

experiments. In the case of compacted bentonite, high compaction level

would mean smaller pore sizes and, therefore, more capillary condensa-

tion, but the opposite is observed: higher density bentonite intakes less

water than lower density bentonite at the same water potential [see e.g.

Delage et al., 1998]. A third, already discussed argument in this thesis

can be added to these two. If the capillary potential dominated the ad-

sorptive one, the wetting profiles would be capillary (see Fig. 4.1), since

the related equations have been shown to be valid for capillary soils by nu-

merous experiments. The experimental evidence shows diffusive profiles

indicating that the adsorptive potential dominates.

Baker and Frydman [2009] further claim that ignoring the adsorption

and identifying the water potential with capillary action results in in-

consistencies in the mechanical constitutive models, if the potential is

used directly (for example as in Eq. (4.41)). By the authors, only the

capillary potential originating from the tension of water meniscus can be

interpreted in terms of mechanical pressure meaning that the concept

would have no physical significance, if the adsorption potential is actually

22Water would cavitate if the tension of water in capillary action was high
enough (100 - 400 kPa) [Herbert et al., 2006].
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present but ignored. In this, however, the authors either do not acknowl-

edge the fact that for expansive soils the adsorption potential is linked

to the swelling stress or they account the swelling for the osmotic poten-

tial23.

Contrary to BBM in which the expression for the elastic volumetric

strain, Eq. (4.33), can be written such that the suction is only an argu-

ment for the mechanical parameters (the parameter coupling), in BExM

the suction enters the relation for the stress through the microstructural

strain or in an extra term according to Eq. (4.41) (the standard weak cou-

pling). The microstructural stress expression is, in fact, a constitutive

relation for the stress in a model where the suction is the independent

variable describing the behaviour of water in the system. A (work) conju-

gate variable for the suction is the water content, for which a constitutive

relation should be formulated in such model. This topic is revisited in the

modelling chapters of this thesis.

If the microstructural strain was taken directly as macrostructural strain

in BExM (or the microstructural effective stress as a macrostructural

stress), the effect of the microstructural deformation on the macrostuc-

ture would be immediate. The inclusion of the suction increase and de-

crease lines (the suction yield surface in BBM) that the suction has to

touch before the elastic microstuctural strain becomes macrostructural

plastic strain introduces accumulation of strain during wetting-drying cy-

cles. Besides swelling, this behaviour is perhaps the most characteristic

to BExM. The accumulation is observed experimentally, but in many of

the referred experiments (by Gens and Alonso [1992] and Sánchez et al.

[2005]) the stress is at some point tensile meaning that the accumulation

causing plastic strain could be explained by crossing the yield surface in

the pressure direction. For some experiments this explanation is, how-

ever, not suitable since the stress is kept always compressive, although

this does not ensure that the stress keeps within the yield surface. In the

BEx model, the accumulation of strain is continuous, but in experiments

it can be often observed only at the few first wetting-drying cycles. In

other words, the accumulation stops after some number of cycles in the

experiments, but it continues forever in the model. Another problem with

BExM is that the accumulation is observed also in experiments for non-

expansive clays, although BExM is formulated for expansive soils. There-

23The arbitrariness related to the naming of different potentials between au-
thors sometimes causes confusion.
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fore, the hysteresis should be rather a feature of BBM for non-expansive

clays that BExM would inherit than a BExM feature only. The strong and

well-known hysteresis of water content during adsorption and desorption

of water in bentonite could also be a factor behind the accumulation of the

strain.

As mentioned earlier, the BExM double porosity model in the presented

form allows at least five different mechanisms to account for swelling. It

could be claimed that, if these mechanisms are not exactly defined and

experimentally precisely measured, it becomes difficult to evaluate which

of them are significant in simulations of real life applications. If not used

strictly, the high number of mechanisms makes it also easy to fit the sim-

ulations to experiments, but without obtaining real understanding of the

material behaviour.

4.2.4 Combining water movement and mechanics

Models combining the movement of water in clays and the mechanical be-

haviour at an unsaturated state are often compiled in a straightforward

manner. Water flows in the clay according to combination of mass balance

equation and extended Darcy’s law in the macroporosity (that is the inter-

granular space). The flow is driven by the suction gradient and a relation

between the gravimetric water content and the suction is used directly

(no separation to adsorbed and capillary condensed water). Another op-

tion is to use the pore size distribution data of the macroporosity to obtain

the retention curve. The suction in the water flow equations is taken as

the suction also for the mechanical model, that is, for the suction depen-

dent mechanical parameters, for suction dependent strains in Eq. (4.35)

and for the effective stress in Eq. (4.41) [e.g. Navarro and Alonso, 2000,

Zheng et al., 2010]. The specifics how the suction affects the micro- and

macrostructural strains in BExM framework vary by the model. Com-

monly, only the effect of suction on the mechanical models is considered

(that is, the effect of mechanical model on the water transport is not con-

sidered), which makes these models often only weakly coupled. In some

models, however the other direction of the coupling is taken into account

to some extent. For example in [Navarro et al., 2014], the movement of

water from the macroporosity to microporosity is explicitly taken into ac-

count in the water mass balance equation by a water supply term, which

depends on the stress state of the material (pressure component of the

stress to be specific). Therefore, the coupling of that model is two direc-
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tional, but the consistency of the two directions of the coupling has not

been ensured by formal coupled model development approaches, such as

the Coleman-Noll procedure.

Discussion

The water in microporosity is thought to be immobile and only the water

in macroporosity can move (by capillary action) in the BExM framework

according to its conceptual model. However, the experimentally directly

determined retention curve including also adsorption is commonly used in

the water flow equations in the mathematical realizations of the concep-

tual model. Since the main part of the water seen in the directly measured

retention curve for bentonite is adsorbed water, the conceptual and math-

ematical models are not consistent with each other in this case. In fact,

the mathematical model rather describes the movement of adsorbed water

by water potential gradient than macropore water by capillary pressure

gradient (since the most of the water moving according to the equations

is actually adsorbed water).

If the second option to derive the retention curve by using macroporos-

ity size distribution and Eq. (8.25) is utilized, the conceptual model is

followed, but the model cannot explain water movement in relatively dry

bentonite. At dry conditions, that is, at high suction values, the water

content becomes extremely small with these retention curves (same order

as the error in experiments). If micropore water is assumed stagnant, the

only ways to have a significant water flux in these conditions would be to

use model parameters that are hard to justify24 or to manually increase

the relative significance of other water movement mechanisms (such as

vapour diffusion), if they are considered in the model.

It is also worth noting here that some clay scientists acknowledge the

transport of adsorbed water to dominate the capillary driven flow in ben-

tonite, but they still use the extended Darcy’s law to describe the flow,

even though the conceptual basis is wrong.

The often utilized unidirectional, weak coupling in the mechanical be-

haviour and water movement combining models is a significant shortcom-

ing, since in the experimental observation is that the stress (or strain)

state of the material affects the amount and movement of water in ben-

tonite. Moreover, including several independently parametrizable cou-

pling terms to account for swelling in the mechanical model makes it dif-

24They correspond to nanometre level porosity.
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ficult to evaluate the simulations results with such models and to gain

real understanding of the material behaviour.

In the model by Navarro et al. [2014, 2017], the backcoupling of wa-

ter movement between micro and macro porosities to mechanics prevents

over saturation of bentonite in confined conditions (the backcoupling pre-

vents movement of water into the microporosity in stressed bentonite,

which follows the experimental observations), but the consistency of this

coupling and the coupling terms in the mechanical model is not consid-

ered. Also, the movement of the microporosity water along the bentonite

(only to or from macroporosity) is not considered making the model to

inherit the problems discussed above.

The soil scientific models seem to focus strongly on the elasto-plastic

behaviour of the soil, whereas the couplings between the water content,

chemistry and mechanics are not emphasized. Concentrating on these

couplings is, however, the key to understand the behaviour of swelling

clays. An exception to this is for example [Navarro et al., 2017], where the

emphasis is on coupling simple chemistry (only a few chemical species) to

water movement and mechanics, but the model uses the soil scientific

model framework, which has been found to have several inconsistencies

as already discussed.

The deformations in bentonite are commonly considered small25 (as the

small deformation theory is utilized) in the models even though it is known

that the deformations in experiments and application of bentonite are

usually clearly large. The error resulting from this is commonly simply

not considered and the, in principle, inapplicable models for such applica-

tions are used.

4.2.5 Models for relation between swelling pressure and the
suction or salinity

Although there are several mechanisms that produce swelling stress in

soil-scientific models (for example, microporosity strain, suction depen-

dent macroporosity level strain, and the suction dependent term in the

Bishop’s type mean stress in Eq. (4.41)), there are also other theoreti-

cal considerations that connect the water potential in a swelling soil (or

bentonite in this case) to the swelling stress [e.g. Edlefsen and Ander-

son, 1943, Low and Anderson, 1958, Oliphant and Low, 1982, Sposito,

1972]. In these considerations, bentonite is mostly treated as a solution

25A deformation with strain below approximately 1% is often considered small.
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(a bentonite-water mixture), that is, liquid meaning that the mechanical

behaviour (characteristic to solid bentonite) is simply neglected. Only the

pressure of the solution is a link to the mechanical behaviour.

The approach in these articles is condensed here to the following thought

experiment. Consider a semi-permeable (permeable for water) membrane

between two solutions that are in closed containers. Let the other solu-

tion be pure water and the other solution a mixture of water and ben-

tonite. Bentonite in the water acts similarly as a salt and attracts water

which leads to an increase of the pressure of the mixture in comparison

to that of pure water. This pressure difference is then considered the

swelling stress of bentonite (or swelling pressure in this context)26. The

swelling pressure for fully saturated bentonite at different densities can

be obtained according to the experiment by varying the bentonite density.

According to the suggested theoretical thermodynamic framework, the

relation between the swelling pressure pswell and the potential difference

of the solutions (bentonite-water mixture potential gw (that is, the partial

specific Gibb’s energy in this context) and pure water potential g0
w) can be

expressed as [see e.g Kahr et al., 1990]

− pswellvw = gw − g0
w, (4.44)

where vw is the partial specific volume of water (vw = 10−3 m3/kg for pure

water at room temperature). The potential of water vapour in equilibrium

with water in bentonite can be taken as the bentonite water potential and

the potential of vapour in equilibrium with pure water as the pure water

potential:

gw − g0
w = gw0 +

Rϑ

Mw
ln

pv

pref
v
−
(
g0

w0 +
Rϑ

Mw
ln

p0
v

pref
v

)
=
Rϑ

Mw
ln
pv

p0
v
, (4.45)

where R is the gas constant, ϑ the temperature and Mw the molar mass

of water. pv, p0
v and pref

v are the bentonite, pure water and reference water

equilibrium vapour pressures, respectively. Combining the above leads to

an expression for the swelling pressure

pswell = − Rϑ

vwMw
ln
pv

p0
v
. (4.46)

This result should be compared to the experimental results referred in

Sec. 2.2.4, namely [Kassiff and Shalom, 1971] and [Dueck and Börgesson,

2007].
26As there is the semi-permeable membrane between the solutions, the term
osmotic pressure of often used in this context.
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If we now replace the pure water on other side of the semi-permeable

membrane by water vapour with lower partial pressure (or relative hu-

midity) than the pressure of vapour in equilibrium with pure water and

mark the potential of this vapour by gv
w, the swelling pressure is

− pswellvw = gw − gv
w (4.47)

according to the same principles as for the pure water case. If the poten-

tials are again replaced by the equilibrium vapour potentials, the expres-

sion for the swelling pressure takes the form

pswell = − Rϑ

vwMw
ln
pv

pv
v
, (4.48)

where pv
v is the partial pressure of the water vapour.

If the pure water in the thought experiment is replaced by a salt solu-

tion, the water potential changes from g0
w to gc

w with an equilibrium water

vapour pressure equalling to pc
v. As suggested for example by Karnland

[1998], this leads to the expressions

− pswellvw = gw − gc
w, (4.49)

and

pswell = − Rϑ

vwMw
ln
pv

pc
v

(4.50)

for the swelling pressure of bentonite in equilibrium with a salt solution.

The above results can be generalized as

− pswellvw = gw − geq
w (4.51)

and

pswell = − Rϑ

vwMw
ln
pv

peq
v
, (4.52)

where the potential of water (or water vapour or water in a salt solution)

in equilibrium with the water-bentonite system in confined volume is peq
v

and the partial pressure of vapour in equilibrium with this water peq
v . The

superscript eq can be replaced with 0 (pure water), v (vapour) or c (salt

solution).

Discussion

The above reasoning seems logical at the first look, but it breaks down

if inspected closely. The water-bentonite system potential gw (in the ben-

tonite side of the semi-permeable membrane) is not a meaningful concept

without further specification. By the definition of equilibrium, the poten-

tial of the pure water g0
w, the water vapour gv

w or the water in the salt
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solution gv
w on the other side of the semi-permeable membrane is also the

actual potential of the water-bentonite system. For a water-bentonite sys-

tem in a confined space, this potential can be divided to a mechanical

part (that is related to the swelling pressure) and a chemical part (that

is related to water adsorption). The mechanical part is pswellvw and the

chemical part is the water-bentonite system potential gw in the above rea-

soning, which are in total: pswellvw + gw = geq
w . gw cannot be measured

directly by equilibration with water vapour, because the measured po-

tential would be just the actual total potential geq
w of the system due to

the equilibrium. Therefore, the potential gw should be considered only as

a theoretical concept, if its meaning is not further clarified, as it is of-

ten not. Similarly without further clarification, the partial pressure pv of

vapour that is in equilibrium with water-bentonite mixture with potential

gw is also a purely theoretical quantity, since the equilibration cannot be

carried out in practice.

If we use the notation of soil science, we can recast Eq. (4.46) to

s = pswell or pw = −pswell, (4.53)

where s is suction determined from the equilibrium water vapour poten-

tial and pw is the water pressure corresponding to capillary raise. In this

view, the above expressions for the swelling pressure are actually con-

stitutive equations coupling the stress (swelling pressure in the context

here) to a variable for water in bentonite. According to the classification

in Sec. 4.1, this represents a weak coupling of a model for bentonite water

to a mechanical model.

4.2.6 Soil mechanical models in the view of the quideline for a
model for bentonite

To connect the discussion of the soil scientific models to the model in this

work, it is appropriate to compare such models to the Guideline for a

model for bentonite formulated in this thesis (Ch. 3). As a reminder, the

guideline could be summarized as follows. A model for bentonite should

primarily describe

• swelling

• water movement into the structure of bentonite that causes swelling

• effect of mechanical state on the water movement

• chemical effects on swelling

• mechanical behaviour (in various saturation states and of different
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bentonite types)

• large deformations

• water movement along bentonite

– bound water (by diffusion)

– free water (by capillary action)

– water vapour (by diffusion) but only if an external vapour pres-

sure difference is present

• salinity changes in the water in contact with adsorbed water.

Beginning with the first item in the list, there are two ways to describe

swelling in the soil scientific models. The first way is to use a) the additive

decomposition of strain, Eq. (4.38), and give values for the extra strain

terms or b) the denote the total pressure in the soil with the Bishop’s

type of stress as in Eq. (4.41), where the term with suction causes the

swelling stress in bentonite. This approach is associated with the hydro-

mechanical double structure models (the BExM framework) and includes

at least five different (independently parametrizable) mechanisms to in-

clude the swelling in the model. The resulting models classify as weakly

coupled mechanical model in the terminology of this thesis (with excep-

tion of the models where the stress state can affect the water movement

between micro and macro structures). The other way is to use the re-

lations between the water content and the swelling pressure obtained for

bentonite-water solution without considering mechanical behaviour of the

solution. This can be called as a weakly mechanically coupled model for

the bentonite water. The two are used in separate contexts and have not

been be formally and consistently coupled, at least to my knowledge.

Both the swelling models (the BExM and bentonite-water solution mod-

els) rely mainly on the concepts of water potentials. In the BExM double

porosity models, the microstructural strain is associated with micropore

water content, but the rest of the swelling mechanisms rely on the concept

of suction (the bentonite water chemical potential) that is associated with

the macropore water, whereas the bentonite-water solution models take

the potential difference of the bentonite water and the water in contact

with bentonite to equal the swelling pressure. Although both the mod-

els link the potential of water in the structure of bentonite to swelling,

neither of the them directly connects the potentials (suction or bentonite-

water mixture potential) to the amount of water in the structure of ben-

tonite (in the interlayers and on the stack outer surfaces) that causes the

swelling.
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The type of bentonite (the cation composition) is taken into account im-

plicitly in the water transport models through the retention curve (the

adsorption isotherm) that is specific for each bentonite type. This effect

is passed to the mechanical model through parameter dependence and

swelling terms. The effect of chemistry of the water in contact with ben-

tonite is not, however, commonly considered by any means (with some

exceptions [e.g. Navarro et al., 2017]). In the swelling pressure models,

the chemical effects are covered directly, but there is no connection to

the general mechanical behaviour, because that is not considered in those

models.

The hydromechanical models (BExM variants) have been built to de-

scribe the elasto-plastic behaviour of a swelling soil (bentonite) in various

water contents. A specific feature is also the ability to describe the accu-

mulation of strain in wetting-drying cycles. In principle, the model is well

formulated, but there is no proper experimental evidence that the model

would suit for any specific bentonite type (in the disposal conditions and

for compacted bentonite). Due to the lack of accurate experimental data, it

could be said that these type of models are overcomplicated for bentonite.

In other words, a simpler elasto-plastic model could perform equally well

as the complicated model when comparing simulation and experimental

results.

Commonly, the existing models covered in this thesis are small deforma-

tion (or infinitesimal strain) models, which are suitable only for strains

less than a few per cent. In many practical applications for bentonite, the

strain is larger meaning that large displacement (or finite strain) models

should be utilized.

The water movement in the soil scientific models is considered to take

place in the macroscopic porosity and the flow is thought to be driven

by the suction gradient. The phenomenological basis for the parameter

shapes in the models is capillary flow, but the model is adopted for ad-

sorptive materials (bentonite in this case) without physical justification.

In the double porosity models, the micropore water is commonly thought

to be stagnant, even though the experimental and molecular simulation

results show that the adsorbed water has mobility that is almost as large

as liquid water mobility, and most of the water in bentonite is micropore

water according to experimental findings. Following from the experimen-

tal measurement procedures, the suction in the soil scientific models is

a measure for the strength of water adsorption. Since the strength of
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adsorption is much stronger than capillary condensation in the case of

bentonite, the actual capillary action driven water flow in the bentonite is

not considered in the soil scientific models.

The changes in the salinity of the pore water or the water in contact

with bentonite are not commonly considered in the soil scientific models

with the exception of the model specifically for the swelling pressure.

4.3 Theoretical models

Besides the introduced soil mechanical models, there is a number of model

frameworks for bentonite. These models are often based on the soil sci-

entific concepts but focus on theoretical considerations. In this section,

some of this type of models are reviewed but only briefly, since most of

them share the conceptual shortcomings of the soil scientific models and

many of them have not reached a practical level where they could be used

for real-life applications.

4.3.1 Hybrid mixture theory

In hybrid mixture theory (HMT), a porous material is thought to consist

of overlying continua with each continuum representing one constituent

in one phase. The micrometre level variables related to the constituents

are upscaled to the macroscopic level by averaging them in representative

elementary volumes. The macroscopic variables are then used to form

balance laws and general constitutive relations strictly based on thermo-

dynamic considerations. Specifically, the positive entropy production is

utilized according to the Coleman-Noll procedure27 to obtain the constitu-

tive relations.

The hybrid mixture theory has been utilized to model swelling systems

by Bennethum and Cushman [1996a,b]. The theoretical work has been

specified for swelling clays in [Bennethum et al., 1997] and further re-

fined in [Bennethum and Cushman, 1999, Bennethum et al., 2000]. In

[Bennethum and Cushman, 2002a,b], electroquasistatics has been incor-

porated in the theory. Interpretation for the different pressure in the mod-

els and discussion on the macroscopic flow potential have been presented

in [Bennethum and Weinstein, 2004] and [Schreyer-Bennethum, 2012],

respectively.

27See the constitutive theory in Chapter 6 for details of the procedure.
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The basis for the choice of variables in HMT model lays on partly on soil

scientific concepts. For example, the density of water is associated with

pressure (or suction) to describe the movement of water. This combination

somewhat corresponds to the basic form of Darcy’s law in soils science (see

Eq. (4.17)), but with extra terms resulting from Coleman-Noll procedure

that gives the general constitutive relations (that can depend on all inde-

pendent variables in the model). By using the pressure (or suction), the

same conceptual mismatches as discussed previously in the soil scientific

approach section remain in the model.

The hybrid mixture theory is, in principle, a good starting point for de-

veloping a model for bentonite, since it produces very general couplings

between the variables. Not restricting the couplings in any way, however,

produces an overwhelming set of dependencies between variables that are

very hard to parametrize experimentally. As the steps towards simplify-

ing the equations for practical use or finding the parameters have not

been taken and the conceptual basis is similar as in soil scientific mod-

els, HMT models can be thought as theoretical generalizations of the soil

scientific models.

4.3.2 Other models

Another theoretical model based on soil scientific concepts is presented

by Jussila [2007] with related publications [Jussila, 2006] and [Jussila

and Ruokolainen, 2007]. In the model, the phenomena thought to be im-

portant for a general porous medium by soil science is adopted straight-

forwardly in a rather complex framework combining thermal, hydraulic

(liquid water and vapour) and mechanical effects. To make the model ap-

plicable for bentonite, a swelling component is simply added to the model

based on observed swelling pressure values. The basic soil scientific equa-

tions, for example, for the water transport by extended Darcy’s law are

adopted without considering the special structural and adsorption prop-

erties of swelling clays (if compared to simple capillary soils). Moreover,

the chemical effects are omitted. The model also is restricted to small de-

formations. As a consequence of all this, the model can be considered as a

variant of general models combining the soil science and thermodynamics

[e.g. Coussy, 2004, 2011].

In work by Hueckel [1992a,b] and Ma and Hueckel [1992], the water in

clay is divided into two: the interlamellar water and liquid water. The in-

terlamellar water is considered to be immobile, based on the notion that
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the mobility of the interlamellar water is slower than the mobility of liq-

uid water. The liquid water transport is described with Darcy’s law, in

which the permeability depends on the interlamellar water volume (if the

interlamellar porosity increases, the porosity available for liquid water

decreases). The mass transfer rate of water between the two depends

linearly on the temperature change rate and the porosity that the inter-

lamellar water occupies. The idea is to state that the immobile water

becomes mobile when the temperature increases. The volume of the ad-

sorbed water is said to alter the volume of the clay (as it does when chang-

ing the porosity available for liquid water), but this volume change is not

present in the momentum balance equation in [Hueckel, 1992b]. There-

fore, the coupling between the mechanical behaviour and the interlamel-

lar water volume is broken at this point.

The assumption of interlamellar water being immobile is based on ex-

perimental results by which the mobility of this water is less than the

mobility of bulk liquid water (about half of the liquid water mobility de-

pending on the amount of interlamellar water). This might result in non-

flow conditions by hydrodynamical gradients, but movement of water by

diffusion is possible.

Related to the model by Hueckel [1992b], a more complete model is pre-

sented in [Loret et al., 2002]. The article describes a chemo-mechanical

coupling for clays based on the same principle as in [Hueckel, 1992b], but

within a more extensive model frame, which consists of a chemistry de-

pendent Cam-clay model coupled to water movement. The chemical cou-

pling to the mechanics is weak in the sense that the constitutive equation

for stress includes the effect of intelamellar water, but the strain does not

affect the water transport (or the interlamellar water volume). Instead,

the free (non-interlamellar) water pressure seems to affect the water po-

tential. Similarly to many other models, the elasto-plastic part of the

model is constrained to small deformations.
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5. Conceptual model

The construction of the model in this thesis, the Varied Multiplicative

Processes (VMP) model, begins with the conceptual model in this chapter.

Motivated by the structure of bentonite and the suggested guideline for

developing a model for bentonite in Ch. 3, bentonite is conceptually di-

vided into two (Fig. 5.1):

1. the skeleton which contains

• the solid material of the bentonite (montmorillonite and excess

minerals)

• the (bound) water that is adsorbed onto the surfaces of the mont-

morillonite

2. the free porosity that is filled with

• (free) water or

• gas.

The adsorbed (or bound) water is thought to be an integral part of the

solid structure and therefore conceptualized as a part of the skeleton. The

bound water is the water that is attached to the interlamellar and stack

outer surfaces of montmorillonite in the sense that the mass of this water

can be measured by weighting when bentonite is equilibrated with wa-

ter vapour at a fixed relative humidity1. The chemical potential of this

vapour in equilibrium with the bound water is taken as the chemical po-

tential of the bound water. The assumption in this thesis is that the bound

water increases the volume of the skeleton by the volume that the bound

water would occupy if it was liquid (based on [Delage et al., 1998], see also

Sec. 2.2.4 in Background). This assumption should be further investigated

1At total saturation close to one, the capillary condensation may play role in the
equilibration process, but the effect is considered small if compared to physico-
chemical adsorption and, thus, it is neglected here. Due to the difficulties in
differentiating the capillary condensation from adsorption by the equilibration
method, the capillary driven flow is described by other means in this thesis.
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Figure 5.1. An illustration of the concept behind the model for bentonite. Solid mate-
rial and bound water form the bentonite skeleton, while the free porosity is
filled either with gas or (free) water where salts can be dissolved. If water
moves from the free porosity to the bound state, the bentonite swells. If the
movement of water is in reverse direction, the bentonite shrinks.

by experiments with different bentonite types in different conditions and

refined according to the results.

The free porosity is the pore space that is not a part of the skeleton, that

is, the pore space that is not the solid material or the bound water. The

free porosity can be filled with liquid water (called free water here) or gas.

Salts can be dissolved in the free water.

A basic and profound property of the bound water is that the physical

and chemical characteristics of it are determined by the nanometre level,

mobility allowing "bonds" to the montmorillonite surfaces (see Ch. 2 for

the values of mobility). Hence, the properties of the bound water differs

greatly from liquid water or even from water that is attached to some

porous medium because of the water surface tension (the capillary effect).

The proper quantities to describe the behaviour of the bound water are

the mass fraction (of the solid material)2 and the chemical potential of the

bound water, which can be measured by equilibration with water vapour.

Moreover, the movement of this water is driven by the chemical poten-

2This is essentially gravimetric water content.
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tial3 gradient and is therefore called diffusion in this thesis. This concept

can be compared to a chemical species dissolved in water: now the bound

water is the chemical species that is "dissolved" onto the surfaces.

The solid skeleton is thought to form its own physico-chemical part of

the bentonite. The free water is divided from the skeleton by a (concep-

tual) inner boundary between the two. Accordingly, the chemical compo-

sition or the physical properties of the free water cannot affect the bound

water directly but only via the boundary. Mathematically, the behaviour

of the solid skeleton is described with a set of equations specifically for

the skeleton. Another set of equations is needed to describe the water

and salinity movement in the free porosity. As bentonite is thought to

be a porous medium of continuum structure, the interaction between the

skeleton and the free porosity enter the equations in the form of a sup-

ply (or reaction) terms instead of a real boundary condition for a physical

body. Besides through the conceptual boundary between the skeleton and

the free porosity, the deformation of the skeleton can affect the free poros-

ity and, thus, the transport properties of the free water and salts in it.

Also the saturation of the free porosity (the volume of water per the to-

tal free pore volume) and the salinity in the free porosity may affect the

mechanical properties of the bentonite skeleton.

The free porosity can be either fully or partially filled with water. The

rest of this space is occupied by gas.4 Due to the strong effect of the mont-

morillonite surfaces on water, the properties of the water vapour in the

gas in the free pores are thought to be determined by the bound water,

with which the vapour is assumed to be in equilibrium (the chemical po-

tential of the two is the same). This assumption may be invalid in condi-

tions where the gas flow is driven by a high pressure gradient resulting

from a pressure difference on the sample boundaries or, for example, from

a temperature gradient. In the applications this model is intended to be

used (isothermal, around room temperature conditions without outer sup-

ply of gas), these effects are considered small.

The dissolved chemical species in the free water define the chemical po-

tential of the free water in fully saturated conditions. In partially satu-

rated conditions, capillary condensation may play a role in the free water

chemical potential, but the effect is considered small in comparison to the

3of the adsorption
4The bound water is not gas and the pore volume for bound water cannot contain
gas.
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effect of salinity5. In this thesis, the interest is only in the properties of

the free water (as they affect the bound water through the "inner" sur-

face) and not specifically on the dissolved chemical species themselves.

Therefore, the effects of the species are confined to the effects by one "pre-

sentative" species that is actually modelled. Consequently, the detailed

chemical behaviour of bentonite is not modelled here, but it can be added

later to the model framework.

The chemical species in the interlayer or the specific surface charge are

not considered directly in the model, but via the experimentally deter-

mined adsorption isotherms that differ by bentonite type. This is consis-

tent with the idea of using the macroscopic phenomena as basis for the

model and not upscaling the interlayer properties directly to macroscopic

scale without considering the structure in between (see Ch. 3 for further

discussion).

In contrast to the nano-meter level structures (or pores) filled by the

bound water, the free pore space consists of larger sized spaces. The move-

ment of water in this size scale pores can be described as a result of tra-

ditional6 capillary effect. Conceptually, the free water moves within the

chemically inert bentonite skeleton as it would move in, for example, in-

ert sandstone. The change of water between the free space and the bound

state is expressed with the supply (or reaction) terms.

The VMP model is aimed for simulations where the thermal effects are

insignificant. Nonetheless, the temperature (and the entropy) are consid-

ered in the theoretical part of the model for bentonite skeleton for com-

pleteness and further developments. Otherwise, the thermal effects are

not considered and their conceptualization is not covered in this thesis

apart from the mathematical formulations.

Matching the behaviour of bentonite and aiming for applications with

large deformations, the mechanical model for bentonite (skeleton) is con-

ceptualized as a large deformation elastoplastic model with non-von Mises

yield surface. The plastic deformation state is assumed to have a negligi-

ble direct effect on the movement of bound water7. The plastic deforma-

5Strictly, the bound water actually includes also the capillary condensed water
by the definition of bound water.
6The word "traditional" is used to differentiate the capillary action by the surface
tension from the physico-chemical adsorption for which the similar equations are
often used.
7This means that the plastic deformation or its rate do not enter the bound water
mass balance equation in an extra term.
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tion, however, may affect the properties of the bentonite, through which it

can also affect the movement of water.

Including large deformations in the model introduces a need for con-

cepts of large deformation theory, which somewhat complicate the mathe-

matical treatment of the model equations. Besides the spatial frame that

a body of bentonite occupies at each time, there is need for a reference

frame (or configuration), in which the actual model equations are solved.

To illustrate the solution in real life coordinates, the solution in the ref-

erence frame has to the pushed forward to the spatial frame at each time

the solution is needed. Conversely, the model parameters are experimen-

tally determined in a spatial frame and they have to the pulled back to

the reference frame for the equations to be solved. This change of frames

plays an important role in the formulation of the model equations in the

thesis, since all the equations have to be processed according to the prin-

ciple. The chemical expansion of bentonite and the plastic deformation

further complicate the mathematical treatment, since (imaginary) inter-

mediate configurations are needed to accurately describe large deforma-

tion of a bentonite body whose mechanical material parameters depend on

the chemical expansion (that is, the water mass content). These concepts

are covered in detail when they are mathematically constructed.

Mathematical description of the concept requires the following (conju-

gate) variable pairs

• for bentonite skeleton

– a measure for the deformation (that is, the strain) and for the

stress

– entropy and temperature

– bound water mass fraction (of the solid mass) and the bound

water chemical potential

• for free porosity

– (capillary) pressure and saturation of the free porosity for the

free water

– salt (NaCl) concentration and chemical potential of the salt.

As mentioned earlier, entropy and temperature will be omitted when be-

ginning to construct the constitutive relations. Water vapour partial pres-

sure and vapour density should be added to the list, when the vapour is

not in equilibrium with the bound water (equilibrium is assumed in the

VMP model).

The variables are temporarily varying (tensor or scalar) fields in three
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dimensional space and each of them occupy each point in the space simul-

taneously. An underlying conceptual construction here is that bentonite is

considered a mixture of the solid material, the bound water, the free wa-

ter, the gas and the free water salinity, for which the pointwise values of

variables are the volume averages in so-called representative elementary

volumes (REV) that are large enough for meaningful averaging but small

enough for a continuum description of the mixture in macroscopic scale8.

In principle, the mass, momenta and energy balances (together with in-

teraction terms) should be written for all the components in the mixture

(and the total balances should match), but here the treatment is simpli-

fied already at the conceptual level for clarity based on the properties of

bentonite. The mechanical behaviour of bentonite is identified with the

mechanical behaviour of the skeleton meaning that the variables for de-

formation and stress are variables of the skeleton9. Consequently, the full

coupling to the stress-deformation state is taken into account only for the

variables of the skeleton (the solid material + the bound water). The cou-

pling is considered necessary but also sufficient to model the swelling (and

building up of swelling stress) of bentonite. Therefore, the mathemati-

cal treatment of the free porosity can be separated from the somewhat

complicated treatment of the skeleton and the couplings between the two

(skeleton and free porosity) can be described with the supply terms for

the bound and free water, which describe the water movement through

the conceptual inner boundary.

Discussion

If the conceptual model is compared to the double porosity soil scientific

models, two clear differences can be found. Firstly, even though the space

occupied by the bound water in the VMP model can be considered to be

somewhat equal the microporosity in the soil scientific models (the mi-

croporosity is not rigorously defined in them, though), the concepts of the

"micropore" or bound water differ greatly. The bound water (associated

with an equilibrium water vapour chemical potential) in the VMP model

is responsible for most of the water movement in bentonite, but in the soil

scientific models the micropore water is immobile and the water move-

8For a rigorously formulated construction of REV, see for example [Bennethum
and Cushman, 1996a] or work by Bear and Nitao [1994] for a soil scientific view.
9The possible stress caused by the free water pressure is not considered in the
VMP model meaning that the stress here is the effective stress in Biot’s theory
for consolidation (or in the stress principle by Tergazhi) with zero water pressure.
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ment occurs in the macropores, in which the water is associated with the

suction (that is, with the equilibrium water vapour chemical potential). In

the VMP model, the bound water is thought to move by diffusion, whereas

the conceptualization of the soil scientific models suggests water move-

ment by capillary action in macroscopic porosity. The discussion on the

soil scientific models in Ch. 4 should be seen for detailed view on water

transport mechanisms in the soil scientific models.

Secondly, in the soil scientific models, the suction potential of the wa-

ter is coupled to the stress-strain state often only unidirectionally (stress

depends on the suction, but the water content does not depend on the

stress10 in the soil scientific models, whereas a strong, two-directional

coupling is aimed at by the VMP model concept. As a third difference, the

soil scientific models commonly do not consider large deformations that

are in the core of the VMP model. It should also be noted that the details

of plastic behaviour are not as much of interest here as it is commonly in

the soil scientific models (they are not specified by the conceptual model).

In hybrid mixture theory and other similar theoretical frameworks, the

very general models with couplings between all the variables are often not

practical in real life applications. The couplings cannot be parametrised

and the most of them are likely unnecessary to explain the material be-

haviour. To minimize the confusion in the VMP model, a strong coupling

to the stress-strain state is assumed only for the bound water variables

already at conceptualization. This coupling is thought to be sufficient to

model the swelling of bentonite. Having the strong coupling only where

needed (between the bound water and bentonite mechanics, not between

all the variables) simplifies the model structure significantly by allowing

separate mathematical treatments for the skeleton and the free porosity.

As another consequence, the model can be experimentally parametrised.

Although this thesis concentrates on the theoretical side of the model, the

parametrizability is one of the objectives of the model construction.

10See strain decomposition in Eq. (4.38) or in Bishop’s type of stress in Eq. (4.41).
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6. Mathematical model for bentonite
skeleton: theory

According to the conceptual model, the bentonite skeleton forms a strongly

coupled entity (consisting of the solid material and the bound water) that

is coupled to the free porosity mainly through water supply terms in the

mass balance equations. Therefore, the skeleton is considered as an inde-

pendent continuum of matter in the following two chapters for the math-

ematical model for the bentonite skeleton.

The model for bentonite skeleton is mathematically formulated in the

spatial and reference frames (or configurations), because they are both

needed in a large deformation model as described in Ch. 5.

The mathematical model is written with two sets of independent vari-

ables. The sets differ by the independent variable for the bound water:

it is either the chemical potential for bound water or the mass content

of bound water. The two formulations offer flexibility when simulating

different types of experimental setups with the model. They are also

valuable when interpreting the results of experiments, where one of the

variables is kept constant and the other let vary. Such experiments are,

for example, the determination of mechanical parameters in conditions,

where either the water content or the bound water chemical potential is

constant.

Structurally, the chapter is divided into two. First, the fundamental

balance laws of mass, momentum and angular momentum are covered

together with special forms for the first and the second laws of thermody-

namics. The constitutive theory is covered in the second part. The idea

of this part is to write as general forms of constitutive relations as the

variables allow and then restrict their form by requiring them to obey the

principles of physics, namely the principle of frame-indifference and the

second law of thermodynamics. The objective of the treatment is to ob-

tain fully coupled form of the constitutive relations that are needed for
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E

Figure 6.1. An illustration of the deformation. B is the reference body that is mapped
by the deformation χ to the spatial body Bt. Similarly, the material point X
mapped to the spatial point x.

bentonite.

6.1 Basics

In this section, the basic concepts and results needed later on in the model

development are summarized based on the monograph by Gurtin et al.

[2009].

In continuum mechanics, a body occupies regions of Euclidean space E

at different times. The body can be identified with the region B of E it

occupies in some fixed reference configuration that can be chosen arbi-

trarily. The body identifying region B is called the reference body. A point

X in B is referred to as material point or particle.

A motion of B is a smooth function χ that assigns a point x to each

material point X and time t:

x = χ (X, t) . (6.1)

Such a point x is called the spatial point occupied by X at time t. Similarly,

Bt = χ (B, t) is called the spatial body occupied by the reference body B at

time t.

For a fixed time t, χ(X, t) is called the deformation

x = χt (X, t) ≡ χ (X) . (6.2)
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The gradient of the deformation with respect to the material point X,

F = ∇χ, (6.3)

is called the deformation gradient. The volumetric Jacobian of the map-

ping χt is

J = det∇χ = detF. (6.4)

The polar decomposition of the deformation gradient into a rotation R,

a right stretch tensor U and a left stretch tensor V is

F = RU = VR (6.5)

with

U =
√
FTF and V =

√
FFT. (6.6)

The tensor fields

C = U2 = FTF and B = V2 = FFT (6.7)

are referred to as the right and left Cauchy-Green (deformation) tensors,

respectively. The Green-St.Venant strain tensor is

E =
1

2
(C− I) . (6.8)

The Cauchy stress (or true stress) T is a second order tensor that rep-

resents the stress measured per unit area in the spatial body. The trac-

tion t (force per unit area) on a surface with normal n is obtained by

t = Tn. The force in the spatial frame f acting on a spatial area At is

then f =
∫
At

tda =
∫
At

Tnda. The spatial stress measured per unit area in

the reference body is the (first) Piola stress

TR = JTF−T. (6.9)

Now, the force in the spatial frame can be expressed as f =
∫
At Tnda =∫

ATRnRdaR where nR is the unit normal in the reference body and the

integral is taken over the area A in the reference body. If the spatial

force f is expressed in (or pulled back to) the reference frame, we have the

referential force fR = F−1f . A stress corresponding to this referential force

is the second Piola stress

TRR = F−1TR = JF−1TF−T. (6.10)

If ϕ is a scalar, a vector or a tensor defined on the body for all time is a

function of the material point ϕ(X, t), it is called the material description
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of the field of ϕ. On the other hand, ϕ can be considered to be a function

φ(x, t) of the spatial point x. This is called the spatial description of the

field. The relation between the two are

φ (x, t) = ϕ
(
χ−1 (x, t) , t

)
and ϕ (X, t) = φ (χ (X, t) , t) . (6.11)

The material gradient and divergence (the gradient and divergence with

respect to material point X) are

∇ and Div (6.12)

whereas

grad and div (6.13)

are the spatial gradient and divergence (the gradient and divergence with

respect to the spatial point x = χ(X, t)). By the chain rule, for a scalar

field ϕ and a vector field g they are related as

∇ϕ = FT gradϕ (6.14)

and

∇g = (gradg)F. (6.15)

For a scalar, vector or tensor field ϕ, the material time derivative is (X

is held fixed)

ϕ̇ (X, t) =
∂ϕ (X, t)

∂t
(6.16)

and the spatial time derivative is (x is held fixed)

ϕ′ (x, t) =
∂ϕ (x, t)

∂t
. (6.17)

The material description for velocity is χ̇(X, t) and the spatial description

of the velocity is written as v(x, t). The relations between the two are

v (x, t) = χ̇
(
χ−1 (x, t) , t

)
or χ̇ (X, t) = v (χ (X, t) , t) . (6.18)

Using the chain rule and the left of the above relations, the relation be-

tween the time-derivatives for a spatial scalar field ϕ,

ϕ̇ (x, t) =

[
∂

∂t

∣∣∣∣
X

ϕ (χ (X, t) , t)

]
X=χ−1(x,t)

, (6.19)

becomes

ϕ̇ = ϕ′ + v · gradϕ. (6.20)

Similarly for a spatial vector field g

ġ = g′ + (gradg)v. (6.21)
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The material time derivative of the volumetric Jacobian is

J̇ = J divv. (6.22)

For a field ϕ, the volume integral over a spatial region Pt related to a

material region P as Pt = χ (P, t) is∫
Pt

ϕdv =

∫
P

ϕJdvR, (6.23)

where dv and dvR are the volume elements of the deformed body (in the

spatial frame) and reference body (in the material frame), respectively.

For a given material region P , a vector field u and a tensor field G, the

surface integrals transform as∫
∂Pt

u · nda =

∫
∂P

u · JF−TnRdaR, (6.24)

∫
∂Pt

Gnda =

∫
∂P

JGF−TnRdaR (6.25)

and ∫
∂Pt

u ·Gnda =

∫
∂P

u · JGF−TnRdaR, (6.26)

where n and nR are the unit outward normals to the spatial region bound-

ary ∂Pt and the material region boundary ∂P , respectively. Analogous to

the volume elements, da and daR are the area elements of the deformed,

spatial body and the reference body.

6.2 Variables for bentonite skeleton

Resulting from the Conceptual model (Ch. 5), we need to have a set of

variables for the bentonite skeleton that accounts for the deformation of

the skeleton, the thermal effects and the movement of the bound water. It

is convenient to use a bit different set of variables in the reference frame

than in the spatial frame. Therefore, the variables are defined in both the

frames, although they are related by the transformation laws between the

frames.

As discussed in Ch. 5, a unique feature of the approach in the VMP

model is to treat the bound water in bentonite as a chemical species in the

theories of mechanics and thermodynamics of continua. With this note,

the notation regarding the variables follows these general theories [e.g.

Gurtin et al., 2009].
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6.2.1 Variables in spatial frame

A pair of extensive-like and intensive-like state variables1 is needed to

mathematically formulate the corresponding balance law. From a vari-

able pair, another variable has to be taken as the independent state vari-

able, which will be solved from the final form of the balance law including

a constitutive relation connecting the two. The other is defined by the

constitutive relation.2 The variable pairs are also needed to describe the

thermodynamic work.

The naming convention is as follows. The total (or net), say, internal

energy E is the internal energy included in a volume of some material.

The specific internal energy ε is the total internal energy per unit mass in

the sense E =
∫
Pt ρεdv where ρ is the density of the material. If internal

energy is written without an adjective (that is, internal energy), it means

the total internal energy per volume in the reference frame. Alternatively,

the total internal energy per volume can be called internal energy density,

that is, ρε.

The variable pairs needed to describe the behaviour of the bentonite

skeleton in the spatial frame are:

• Specific entropy η (J/(kg K)) and temperature ϑ (K). The pair is

needed for the energy balance and the heat production.

• Bound water mass fraction3 (of the solid mass) n (-) and chemical

potential µ (J/kg = [energy/mass]). The pair is needed for the bound

water mass balance and the chemical work.

• Deformation gradient F (-) (or a related variable for the deformation)

and the Cauchy stress T (Pa). The pair is needed for linear and

angular momentum balance and the mechanical work.
1In continuum thermodynamics, the concept of extensive and intensive variables
(additive for subsystems or independent of the size of the system, respectively)
is not as straightforward as normally in thermodynamics, because all the vari-
ables are in some way point-wisely defined and only the integrals of them can
be considered to be additive or not. Therefore, they are called here extensive-
like variables (integral of the variable is additive) and intensive-like variables
(variables that are invariant under a change of frame).
2Constitutive relations between fluxes and variable gradients in the balance
laws are also needed for some of the balance laws.
3This is a measure for a chemical species in general in the model framework.
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6.2.2 Variables in reference frame

In the reference frame, it is useful to modify the external state vari-

ables by taking into account the transformation laws between the frames

(see the formulation of the referential (im)balance laws). The variable

pairs needed to describe the behaviour of bentonite skeleton in the spatial

frame are:

• Entropy density ηR (J/(m3 K)) and temperature ϑ (K).

• Bound water density nR (kg/m3) and chemical potential µ (J/kg =

[energy/mass]).

• Deformation gradient F (-) (or a related variable for the deformation)

and the Piola stress TR (Pa).

6.2.3 Discussion on variables

The choice of the independent variable and the variable needing a consti-

tutive relation from the variable pairs is free in principle. The common

and natural choice for the independent variable from the thermal vari-

able pair (ηR, ϑ) is the temperature ϑ. This choice is followed also in this

thesis. The choice of specific entropy η as the independent variable could

be practical in some specific modelling applications, for example, where

the time scales are so short that heat conduction is negligible.

The focus in the VMP model is on the coupling between the bound water

and the mechanical behaviour of bentonite. Therefore, the choice of inde-

pendent variable from the chemical variable pair for bound water (nR, µ)

is not made here, but the model is built using two sets of variables: one in

which the independent variable is the bound water density and another in

which the independent variable is the chemical potential. The bound wa-

ter density (or similar variable such as concentration) is a common choice

for processes involving diffusion and is, thus, used here as one option. On

the other hand, the choice of chemical potential somewhat corresponds to

use of suction as a variable in soil scientific water movement models. The

chemical potential is also a theoretically more appealing choice, since the

mass flux of chemical species (bound water here) is driven by the chemical

potential gradient making it also an option considered here.

The common choice for the independent variable for the mechanical be-

haviour is a variable for the deformation meaning that a constitutive re-

lation is needed for the stress. For example, most of the software used

for structural mechanical simulations use this formulation. The choice is
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also followed in this thesis. An exception is made when comparing the

final VMP model to an existing swelling stress model in the specific con-

dition of point-wise restricted deformation that mimics the conditions for

which the existing models are developed.

The choice of variables is closely related to the choice of the correct free

energy for the model. This has been kept in mind when writing the fol-

lowing sections where the imbalance laws are formulated using suitable

free energies. More precisely, the Helmholz free energy corresponds to the

independent variable set of strain, temperature and bound water density

(or mass fraction), whereas the grand-canonical energy corresponds to the

set of strain, temperature and the chemical potential of the bound water.

6.3 Spatial (im)balance laws

In this section, the fundamental balance laws of mass, momentum, angu-

lar momentum and energy are presented for the bentonite skeleton in

spatial frame. The second law of thermodynamics in the form of free

energy imbalances is also covered by the section. The balance laws are

needed to form the partial differential equations describing the deforma-

tion of a bentonite body, the movement of bound water and the thermal

effects, whereas the imbalances are needed when moving to the constitu-

tive theory and restricting the form of the constitutive relations based on

them.

The (im)balance laws are general results, but here the results are pre-

sented for systems where mechanical, thermal and chemical processes

are possible instead of for systems with only two of the processes as it is

done, for example, in [Gurtin et al., 2009]. For detailed discussion on the

relation of this work to previous results, see Sec. 6.4.6.

6.3.1 Mass balance of solid

The balance of mass (for the solid part of bentonite) is the requirement

that the mass of the convecting region Pt at each time t is the same as the

mass of the material region P . If ρR(X) is the mass density at the material

point X in the reference body B (the reference density) and ρ(x, t) is the

mass density4 at the spatial point x in the deformed body Bt, the mass

4ρ is the same as dry density of bentonite in spatial configuration and ρR is the
corresponding dry density in the material configuration.
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balance reads ∫
P

ρR (X) dvR (X) =

∫
Pt

ρ (x, t) dv (x) . (6.27)

The left side is independent of time and, therefore, the right side should

not change in time either. Thus, we have a mass balance condition

˙∫
Pt

ρdv = 0 (6.28)

for the spatial region Pt. Using the basic relations between the spatial

and reference frames as well as Eq. (6.22), the condition can be written as

˙∫
Pt

ρdv =
˙∫

P

ρJdvR

=

∫
P

(
ρ̇J + ρJ̇

)
dvR =

∫
P

(ρ̇+ ρ divv) JdvR

=

∫
P

(ρ̇+ ρdivv) dv

(6.29)

and we obtain a local form

ρ̇+ ρ divv = 0 (6.30)

for the balance of mass. An equivalent form is

ρ′ + div (ρv) = 0. (6.31)

6.3.2 Mass balance of bound water

Let n be the mass fraction of the bound water in bentonite (the bound

water mass per the solid material mass in REV). The bound water density

is then ρn and the total mass of bound water in a spatial region convecting

with the body is ∫
Pt

ρndv. (6.32)

Let us call the bound water flux h and the bound water supply h. The

bound water mass balance between the temporal change of the water

mass and the net rate of water transported into Pt is

˙∫
Pt

ρndv = −
∫
∂Pt

h · nda+

∫
Pt

hdv. (6.33)

By the divergence theorem, the local mass balance equation is obtained

ρṅ = −divh + h. (6.34)
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6.3.3 Linear and angular momentum balances

’The net force (moment) on a given spatial region Pt is balanced by the

temporal changes in the linear (angular) momentum of Pt’ is the require-

ment for the linear (angular) momentum balance. Using the Cauchy

stress T, the linear momentum balance in integral form is∫
∂Pt

Tnda+

∫
Pt

b0 =
˙∫

Pt

ρvdv, (6.35)

where n is the unit normal and b0 the body force. In applications targeted

by the VMP model, the deformation is caused by the slow movement of

the bound water or relatively slow changes of the outer mechanical envi-

ronment. Therefore, the inertial term (the time derivative of the linear

momentum) can be set to zero.5 The resulting linear momentum balance

is ∫
∂Pt

Tnda+

∫
Pt

b0 = 0. (6.36)

Similarly, the angular momentum balance can be written as∫
∂Pt

r×Tnda+

∫
Pt

r× b0 = 0. (6.37)

By divergence theorem, the linear momentum balance can be written in-

cluding only volume integrals that hold for every Pt. Hence, the integrals

can be dropped and the linear momentum (or force) balance takes the local

form

divT + b0 = ρv̇, (6.38)

which simplifies to

divT + b0 = 0 (6.39)

when the inertial term is neglected.

Without going into the details6, the local angular momentum (or mo-

ment) balance takes the simple form

T = TT. (6.40)

6.3.4 Energy balance - the first law of thermodynamics

Let again P be a material region and Pt a spatial region convecting with

the body as Pt = χ(P, t). The first law of thermodynamics can be stated

5Neglecting the kinetic energy when considering the energy balances is consis-
tent with not including the inertial term here.
6See for example [Gurtin et al., 2009] for them.
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as: the changes in the net energy (the internal energy + the kinetic en-

ergy) of Pt can occur by expending mechanical work on Pt, by transferring

heat to Pt or by transferring chemical energy to Pt. Writing E(Pt) for the

internal energy, K(Pt) =
∫
Pt

1
2ρ|v|

2dv for the kinetic energy,W(Pt) for the

mechanical external power (expended on Pt), Q(Pt) for the heat flow (the

rate of heat that is transferred to Pt) and T (Pt) for the energy flow to Pt
due to chemical species transport 7, the first law can be formulated as the

energy balance

˙E(Pt) +K(Pt) =W(Pt) +Q(Pt) + T (Pt). (6.41)

Mechanical power

The well known power conjugate pair in classical mechanics is the force
~f acting on a particle and the velocity ~v of the particle motion which

produces power P by P = ~f · ~v. In thermodynamics in general, similar

power conjugate pairings of the generalized forces (the internal-like state

variables) and the rates of generalized displacements (the external-like

state variables) are also the source of the mechanical work8. The con-

tinuum mechanical counterpart to these is the conjugate pair of the force

expressed with traction t = Tn and with the body force b0 and the velocity

v which expend the net power

W (Pt) =

∫
∂Pt

Tn · vda+

∫
Pt

b0 · vdv (6.42)

on Pt. By utilizing the divergence theorem on the first term on the right

side, the linear momentum balance (6.38) and the symmetry of the Cauchy

stress (6.40), the mechanical power balance∫
∂Pt

Tn · vda+

∫
Pt

b0 · vdv =

∫
Pt

T : Ddv +
˙∫

Pt

1

2
ρ|v|2dv (6.43)

can be obtained9. The kinetic energy term can be set to zero for the VMP

model10. Here, the power conjugate pair for the Cauchy stress is the
7This is the bound water in the case of bentonite.
8To be specific, these force-displacement pairs are, for example, the volume and
(negative) pressure, magnetization and magnetic field, electric polarization and
electric field.
9 ∫
∂Pt

Tn · vda+
∫
Pt

b0 · vdv =
∫
Pt

div (Tv) dv +
∫
Pt

b0 · vdv

=
∫
Pt

v · divTT + T : gradv + b0 · vdv =
∫
Pt

(divT + b0) · v + T : gradvdv

=
∫
Pt

ρv̇ · v + T : Ldv =
∫
Pt

ρ 1
2

˙v · v + T : Ddv =
∫
Pt

T : Ddv +
˙∫

Pt

1
2ρ|v|2dv

10Setting the kinetic energy to zero is consistent with not including the inertial
term in the force balance equation.
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stretching D which is the symmetric part of the velocity gradient symL

with

L = gradv = ḞF−1. (6.44)

Thermal power

Let us call the heat flux q and the heat supply q. The heat flow to Pt is

then

Q (Pt) = −
∫
∂Pt

q · nda+

∫
Pt

qdv. (6.45)

The minus sign in front of the thermal flux including term makes the

heat to be transferred to Pt, because the unit normal n points outward

from ∂Pt.

Chemical power

The energy associated with a mass fraction of chemical species11 is de-

noted with the chemical potential µ. Consequently, the energy flux due

to the chemical species flux is µh and the energy supply by the chemi-

cal species supply is µh. Similarly to the treatment of the heat flow, the

energy flow due to chemical species is

T (Pt) = −
∫
∂Pt

µh · nda+

∫
Pt

µhdv. (6.46)

The internal energy balance

If we define the specific internal energy ε such that

E (Pt) =

∫
Pt

ρεdv, (6.47)

the energy balance (6.41) can be expressed as

˙∫
Pt

ρεdv =

∫
∂Pt

Tn · vda+

∫
Pt

b0 · vdv

−
∫
∂Pt

q · nda+

∫
Pt

qdv

−
∫
∂Pt

µh · nda+

∫
Pt

µhdv

. (6.48)

The local form is obtained by using mechanical power balance (6.43) and

the divergence theorem

ρε̇ = T : D− divq + q − div (µh) + µh. (6.49)

11The chemical species in the VMP model is the bound water in bentonite.
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The energy balance equations are needed when the heat transfer in ben-

tonite is of interest. The heat power by the inelastic deformation should

be added to the equations in the case such deformations occur. In this

work, a final heat transfer model is out of scope and therefore the term is

omitted for now.

6.3.5 Free energy imbalances - the second law of
thermodynamics

Entropy imbalance - Clausius-Duhem inequality

The net entropy S(Pt) of Pt can increase by the net entropy production

H(Pt) in Pt or by the entropy flow J (Pt) to Pt. As an equation, this entropy

balance reads
˙S (Pt) = H (Pt) + J (Pt) . (6.50)

The tendency of nature to increase the entropy can be stated as non-

negative production of entropy,

H (Pt) ≥ 0, (6.51)

for each convecting spatial region Pt. This is one form for the second law

of thermodynamics.

Re-organizing Eq. (6.50), we have

H (Pt) =
˙S (Pt)− J (Pt) ≥ 0. (6.52)

Let us write η for the specific entropy, for which holds

S (Pt) =

∫
Pt

ρηdv. (6.53)

Similarly to the heat and the chemical species12 energy flow, let us write

the entropy flow with the entropy flux  and the entropy supply 

J (Pt) = −
∫
∂Pt

 · nda+

∫
Pt

dv. (6.54)

The fundamental hypothesis of the theory by Gurtin et al. [2009] states

the existence of the absolute temperature ϑ (a positive scalar field) and

relates the entropy flow to heat flow such that

 =
q

ϑ
and  =

q

ϑ
. (6.55)

12The bound water in the case of bentonite.
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With the above, we can write Eq. (6.52) as

H (Pt) =
˙∫

Pt

ρηdv +

∫
∂Pt

q

ϑ
· nda−

∫
Pt

q

ϑ
dv ≥ 0 (6.56)

which is the Clausius-Duhem inequality. Treating the mass measure ρdv

constant, utilizing the divergence theorem, and writing Γ for the entropy

production density, another form for the net entropy production is ob-

tained

H (Pt) =

∫
Pt

Γdv =

∫
Pt

(
ρη̇ + div

(q
ϑ

)
− q

ϑ

)
dv, (6.57)

from which the entropy imbalance can be localized to

Γ = ρη̇ + div
(q
ϑ

)
− q

ϑ
≥ 0. (6.58)

Helmholtz free energy imbalance

The entropy imbalance can be reorganized into a form that states the

Helmholtz free energy imbalance instead of the entropy imbalance, which

is useful when writing the general constitutive laws.

Multiplying the entropy production (6.57) with temperature ϑ, rewriting

the entropy flow in it and utilizing the energy balance equation (6.49),

ϑΓ = ϑ
(
ρη̇ + div

q

ϑ
− q

ϑ

)
= ϑ

(
ρη̇ +

1

ϑ
(divq− q)− 1

ϑ2
q · gradϑ

)
= ϑ

(
ρṅ+

1

ϑ
(T : D + div (µh) + µh− ρε̇)− 1

ϑ2
q · gradϑ

)
= −ρε̇+ ρϑη̇ + ρµṅ+ T : D− h · gradµ− 1

ϑ
q · gradϑ.

(6.59)

Using the specific Helmholtz free energy ψ = ε− ϑη and rearranging, the

Helmholtz free energy imbalance is obtained

ρ
(
ψ̇ + ηϑ̇− µṅ

)
−T : D + h · gradµ+

1

ϑ
q · gradϑ = −ϑΓ ≤ 0. (6.60)

The change of free energy from the internal energy to Helmholtz free

energy corresponds to the change of independent variables from the set

(F, η, n) to the set (F, ϑ, n).

Grand-canonical energy imbalance

Similarly to the Helmholtz free energy imbalance, the imbalance of the

grand-canonical energy is useful in restricting the forms of the general

constitutive relations. Substituting the Helmolz free energy in Eq. (6.60)

by the specific grand-canonical energy ω = ψ − nµ, the imbalance of the

grand-canonical energy can be written as

ρ
(
ω̇ + ηϑ̇+ nµ̇

)
−T : D + h · gradµ+

1

ϑ
q · gradϑ = −ϑΓ ≤ 0. (6.61)
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The change of free energy from the Helmholtz free energy to the grand-

canonical energy corresponds to the change of independent variables from

the set (F, ϑ, n) to the set (F, ϑ, µ).

6.4 Referential (im)balance laws

The deformations of bentonite bodies are often large. Thus, the referen-

tial description of the above balance laws and the entropy imbalance are

needed for a proper model of such mechanical behaviour. The referen-

tial equations are obtained by requiring that the volume integrals of the

density-like variables and the surface integrals of the flux-like variables

are preserved in the change of frame. By the procedure and the general

transformation laws, the natural referential counterparts for the spatial

variables above are also obtained.

The (im)balance laws are general results, but here the results are pre-

sented for systems where mechanical, thermal and chemical processes

are possible instead of for systems with only two of the processes as it is

done, for example, in [Gurtin et al., 2009]. For detailed discussion on the

relation of this work to previous results, see Sec. 6.4.6.

6.4.1 Mass balance of solid

By Eqs. (6.27) and (6.29), the mass balance (of the solid part of bentonite)

in the reference frame is simply an algebraic equation

ρR = Jρ, (6.62)

which presents a relation between the reference density and the spatial

density. A consequence of the relation is that the mass balance is decou-

pled from the mechanical equations for the deformation in the reference

frame.

6.4.2 Mass balance of bound water

Let P be a region of the undeformed reference body B and Pt = χ(P, t) the

corresponding convecting region of the deformed spatial body Bt at time

t. Aiming to find the corresponding referential measures for the spatial

bound water density, flux and supply, let us require that the mass in P

and Pt, the flux over ∂P and ∂Pt, as well as the supply the in P and Pt are
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the same: ∫
Pt

ρndv =

∫
P

nRdvR

∫
∂Pt

h · nda =

∫
∂P

hR · nRdaR

∫
Pt

hdv =

∫
P

hRdvR.

(6.63)

Resulting from the transformation laws between the reference and spa-

tial frames, Eqs. (6.23) and (6.24), we have the (referential) bound water

density nR = ρRn, the referential flux hR = JF−1h and the referential sup-

ply hR = Jh. With these, the integral mass balance requirement for the

bound water in a referential region P is

˙∫
P

nRdvR = −
∫
∂P

hR · nRdaR +

∫
P

hRdvR. (6.64)

The local form is obtained with the notion that the material time deriva-

tive can be taken of the integrand and by the divergence theorem:

ṅR = −DivhR + hR. (6.65)

6.4.3 Linear and angular momentum balances

According to Eq. (6.25), a surface integral of a tensor field G transforms

as ∫
∂Pt

Gnda =

∫
∂P

JGF−TnRdaR (6.66)

in the change from the spatial region Pt to the corresponding reference re-

gion P . n and and nR are the spatial and reference unit outward normals,

respectively. Aiming for a stress measure in the reference frame similar

to the Cauchy stress in the spatial frame, let us write∫
∂Pt

Tnda =

∫
∂P

TRnRdaR, (6.67)

where TR is the Piola stress, Eq. (6.9), defined according to the transfor-

mation law (6.66).

The body force b0 transforms as∫
Pt

b0dv =

∫
P

Jb0dvR =

∫
P

b0RdvR (6.68)

where b0R is the (reference) body force measured per unit volume in the

reference body.
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Combining the above results, the balance of linear momentum can be

expressed referentially as∫
∂P

TRnRdaR +

∫
P

b0RdvR = 0 (6.69)

where the inertial term has again been set to zero by the similar argument

as for the spatial linear momentum balance.

Utilizing the divergence theorem, the local referential form of the linear

momentum balance is obtained

DivTR + b0R = 0. (6.70)

The moment balance equation (or the angular momentum balance) for the

Cauchy stress can be expressed referentially with the Piola stress as

TRF
T = FTT

R , (6.71)

which is a direct result from the definition of the Piola stress and spa-

tial angular momentum balance. Further, the moment balance can be

expressed with the second Piola stress as

TRR = TT
RR. (6.72)

6.4.4 Energy balance

The energy balance (or the first law of thermodynamics) in the reference

frame is simply the statement that

˙E(P ) +K(P ) =W(P ) +Q(P ) + T (P ) (6.73)

which is the same as in the spatial frame with the change of the spatial

region to the corresponding material region. The kinetic energy can be

neglected as in the spatial treatment and it remains to transform each of

the energy types to the reference frame.

Mechanical power

The stress and the body force transform in the change of frame as defined

in the momentum balance section. Consequently,

W (Pt) =

∫
∂Pt

Tn · vda+

∫
Pt

b0 · vdv

=

∫
∂P

TRnR · χ̇daR +

∫
P

b0R · χ̇dvR

=W (P ) .

(6.74)
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The power conjugate pair of the Cauchy stress and the velocity in Eq. (6.43)

has also to be transformed to the referential frame. By the symmetry of

the Cauchy stress, the property (6.44) of the velocity gradient L and by

the Piola stress definition (6.9)

T : D = T : L = T :
(
ḞF−1

)
= J−1

(
JTF−T

)
: Ḟ = J−1TR : Ḟ. (6.75)

Thus, the rate of the deformation gradient is the power conjugate pair of

the Piola stress and the pair TR : Ḟ represents the stress power per unit

volume in the reference body. The rate of the deformation gradient, how-

ever, contains information about the rotation rate of the material body in

addition to the stretch rate, for which D is a measure. A power conjugate

pair matching the stretch rate D in the reference frame can be presented

as

T : D =
1

2
J−1

(
F−1TR

)
: Ċ =

1

2
J−1TRR : Ċ, (6.76)

where TRR is the second Piola stress (6.10) and C the right Cauchy-Green

tensor (6.7)1, which is a strain measure. Thus, we have three power con-

jugate pairs that are related as

T : D = J−1TR : Ḟ =
1

2
J−1TRR : Ċ, where TR : Ḟ =

1

2
TRR : Ċ. (6.77)

Using the referential power conjugate pairs, the mechanical power bal-

ance (6.43) can be written in the referential form∫
∂P

TRnR · χ̇daR +

∫
P

b0R · χ̇dvR =

∫
P

TR : ḞdvR +
˙∫

P

1

2
ρR|χ̇|2dv (6.78)

or ∫
∂P

TRnR · χ̇daR +

∫
P

b0R · χ̇dvR =

∫
P

1

2
TRR : ĊdvR +

˙∫
P

1

2
ρR|χ̇|2dv. (6.79)

Thermal power

Similarly to the referential treatment of the bound water mass balance,

let us require that ∫
Pt

ρηdv =

∫
P

ηRdvR

∫
∂Pt

q · nda =

∫
∂P

qR · nRdvR

∫
Pt

qdv =

∫
P

qRdvR,

(6.80)
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when changing the frame from spatial to referential. The spatial to refer-

ential transform laws give us ηR = ρRη, qR = JF−1q and qR = Jq. Thus,

the referential heat flow is

Q (P ) = −
∫
∂P

qR · nRdaR +

∫
P

qRdvR. (6.81)

Chemical power

The chemical potential µ is not a density and, therefore, it is invariant

in the change of frames. Utilizing the notation in the referential bound

water mass balance section, we have the referential energy flow due to

the chemical species as

T (P ) = −
∫
∂P

µhR · nRdaR +

∫
P

µhRdvR. (6.82)

The internal energy balance

The specific internal energy transforms as the bound water mass fraction

under the change of frames due to its density-like nature. The referential

form is εR = ρRε. Combining the above referential energy forms, we have

˙∫
P

εRdvR =

∫
∂P

TRnR · χ̇daR +

∫
P

b0R · χ̇dvR

−
∫
∂P

qR · nRdaR +

∫
P

qRdvR

−
∫
∂P

µhR · nRdaR +

∫
P

µhRdvR

(6.83)

for the energy balance in the reference frame. The local form is obtained

by using Eq. (6.79) and the divergence theorem:

ε̇R =
1

2
TRR : Ċ−DivqR + qR −Div (µhR) + µhR. (6.84)

6.4.5 Free energy imbalances

The referential entropy imbalance and free energy imbalances can be ob-

tained straightforwardly utilizing the above referential variables, since

the temperature is invariant in the change of spatial to referential frame

and, thereby, the already established integral equalities defining the ref-

erential form hold.
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Entropy imbalance - Clausius-Duhem inequality

Simply by replacing the integrals in the spatial Clausius-Duhem inequal-

ity (6.56) with the corresponding referential ones, we obtain the referen-

tial form of the entropy production:

H (P ) =
˙∫

P

ηRdvR +

∫
∂P

qR

ϑ
· nRdaR −

∫
P

qR

ϑ
dvR ≥ 0. (6.85)

The referential entropy production density ΓRcan be defined via∫
Pt

Γdv =

∫
P

ΓRdvR (6.86)

from which the referential entropy imbalance can be localized to

ΓR = η̇R + Div
(qR

ϑ

)
− qR

ϑ
≥ 0. (6.87)

Helmholtz free energy imbalance

Following the same procedure as for the spatial form of the Helmholtz free

energy imbalance but now using the referential variables, the referential

form of the Helmholtz free energy imbalance can be obtained from the

entropy production

ϑΓR = −ε̇R + ϑη̇R + µṅR + TR : Ḟ− hR · ∇µ−
1

ϑ
qR · ∇ϑ, (6.88)

which corresponds to Eq. (6.59). As a result, the Helmholtz free energy

imbalance is

ψ̇R + ηRϑ̇−TR : Ḟ− µṅR + hR · ∇µ+
1

ϑ
qR · ∇ϑ = −ϑΓR ≤ 0. (6.89)

Here ψR = ρRψ is the referential Helmholtz free energy:

ψR = εR − ϑηR. (6.90)

The change of free energy from the referential internal energy to the

referential Helmholtz free energy corresponds to the change of indepen-

dent variables from the set (F, ηR, nR) to the set (F, ϑ, nR) similarly as in

the case of spatial formulation the Helmholtz free energy.

Grand-canonical energy imbalance

Defining the referential grand-canonical energy as

ωR = ρRω = ψR − nRµ = εR − ϑηR − nRµ, (6.91)

the referential form of its imbalance can be formulated:

ω̇R + ηRϑ̇+ nRµ̇−TR : Ḟ + hR · ∇µ+
1

ϑ
qR · ∇ϑ = −ϑΓR ≤ 0. (6.92)
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The change of free energy from the referential Helmholtz free to the ref-

erential grand-canonical energy corresponds to the change of independent

variables from the set (F, ϑ, nR) to the set (F, ϑ, µ) similarly as in the case

of spatial grand-canonical energy.

6.4.6 Discussion on (im)balance laws

In [Gurtin et al., 2009], the above general laws of physics have been cov-

ered for materials that can be described independently with variable sets

of (C, ϑ) or (C, nR). Also, some of the formulations are suggested for set

(C, µ). In this work, the laws have been generalized for the wider, com-

bined set of (C, ϑ, nR) and presented explicitly for (C, ϑ, µ). In the follow-

ing sections about the constitutive theory, the generalization of the results

for (C, ϑ) and (C, nR) in [Gurtin et al., 2009] is continued for the combined

set (C, ϑ, nR) and similar results are constructed for the set (C, ϑ, µ). The

relations between the moduli when using either nR or µ as the indepen-

dent variable for the bound water are also established in this work by

following the principles of derivation of similar relations for thermoelas-

tic materials, that is, between the independent variables sets (C, ϑ) and

(C, ηR) in [Gurtin et al., 2009].

6.5 Constitutive theory - constitutive functions restricted by the
basic principles of physics

The balances of the solid and the bound water, the linear and the angular

momenta as well as the energy are the general physical laws that hold for

any body of any material whose behaviour can be described with the cor-

responding variables. The material behaviour of any specific material13 is

constituted by a set of constitutive equations that also close the balance

laws to a solvable form.

In continuum thermodynamics, the material particles are not indepen-

dent but their behaviour depend on the interaction with the closest par-

ticles. Therefore14, the gradients of the unknown fields are introduced as

the arguments of the constitutional relations by rational thermodynam-

ics15. The practice is followed here and, as such, the starting point for

restricting the constitutive relations has been set.

13describable with the variables
14according to [Cimmelli et al., 2010]
15This is called weak non-locality.
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Using no a priori knowledge of the material behaviour in experiments,

the arguments of the constitutive functions are the same for all the func-

tions. In such way, the theoretically possible couplings between the vari-

ables can be found. This is important for writing the proper constitutive

relations for bentonite skeleton, because all the couplings are needed to

provide the strong couplings between the mechanics and chemistry that

is characteristic for bentonite and observed in experiments16.

The balance laws are presumed to hold, but they do not restrict the

constitutional laws, because they include arbitrary assignable terms (the

body force and the supply terms) that can have any value in principle and,

thus, none of the other terms can be limited. Instead, two other principles

of physics set a number of restrictions for the constitutive relation:

• The principle of frame-indifference

The principle states that the physical laws are be to independent

of the frame of reference, which is a general underlying principle of

physics [Gurtin et al., 2009].

• The second law of thermodynamics

In order to ensure that the constitutive relations are consistent with

the positive entropy production (or free energy imbalances), so-called

Coleman-Noll procedure17 is followed as proposed by Gurtin et al.

[2009].

The variables for which the constitutive functions have to be written de-

pend on the choice of independent variables. In addition, the entropy im-

balance (or the free energy imbalance) has to be written according to this

choice. Here, two sets of constitutive functions using different indepen-

dent variables are written and restricted by the above physical principles.

16The bound water causes swelling and the stress state affects the water intake
and movement. This applies also for other similarly swelling materials.
17The procedure was first introduced by [Coleman and Noll, 1963] according to
[Gurtin et al., 2009] and has been since used to exploit the second law of ther-
modynamics to restrict constitutional equations in general theories for solids
and fluids. As stated for example by Cimmelli et al. [2010], a consequence of
the procedure is that the thermodynamic potentials (free energies, entropy, etc.)
cannot depend on the gradients of the variables. Material classes that show
such dependence, however, have been found (for example, Korteweg fluids [Ko-
rteweg, 1901]). The problem have been circumvented by modifying the entropy
imbalance or the energy balance equations [Dunn and Serrin, 1986, Gurtin and
Vargas, 1971, Müller, 1967] , but more recently a generalization of the proce-
dure directly compatible with the basic thermodynamic laws has been proposed
by Cimmelli et al. [2010].
Another procedure exploiting the second law of thermodynamics to restrict the
constitutional laws has been proposed by [Liu, 1972].
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6.5.1 Constitutive theory using grand-canonical energy

When utilizing the second law in the form of grand-canonical energy im-

balance, the independent variables are the deformation gradient F, the

temperature ϑ and the chemical potential of the bound water µ. Accord-

ing to the weak non-locality, also the gradients ∇ϑ and ∇µ serve as argu-

ments for the constitutive functions. Investigating the terms in the bal-

ance laws and in the grand-canonical energy imbalance (6.92), the needed

constitutive functions are

ωR = ω̂R (F, ϑ,∇ϑ, µ,∇µ)

TR = T̂R (F, ϑ,∇ϑ, µ,∇µ)

ηR = η̂R (F, ϑ,∇ϑ, µ,∇µ)

nR = n̂R (F, ϑ,∇ϑ, µ,∇µ)

qR = q̂R (F, ϑ,∇ϑ, µ,∇µ)

hR = ĥR (F, ϑ,∇ϑ, µ,∇µ) .

(6.93)

The ’hat’ denotes a constitutive function that gives a physical field Φ a

point-wise value Φ̂(Λ) at Λ. All the variables and functions are fields (that

is, they depend on material coordinate X and time t) and the shorthand

notation Φ = Φ̂(Λ) for Φ(X, t) = Φ̂(Λ(X, t), t) is used.

Restrictions by the principle of frame-indifference

The section here follows the frame-indifference treatment in [Gurtin et al.,

2009], but for the variable set (F, ϑ,∇ϑ, µ,∇µ) instead of (F, ϑ,∇ϑ) or

(F, nR,∇µ).

According to the principle of frame-indifference, the physical laws are

independent of the frame of reference. Let us write

x∗ = y (t) + Q (t) (x− o) (6.94)

for a change of frame. Here, Q(t) is a rotation, y(t) a spatial vector at a

fixed time t, o origin and x∗ the spatial point of the spatial point x written

in the new frame. If a variable is evaluated at x∗ it is also denoted with

star, for example, µ∗ = µ (x∗, t).

Scalars are independent of the frame of reference, that is, they are in-

variant under the change of frame. Thereby,

ω∗R = ωR, η∗R = ηR n∗R = nR and µ∗ = µ (6.95)

and the ’stars’ can be dropped. As the reference frame is the same for all
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frames, the material vectors are also invariant:

q∗R = qR, ∇ϑ∗ = ∇ϑ, h∗R = hR and ∇µ∗ = ∇µ. (6.96)

The deformation gradient transforms as

F∗ = QF and T∗R = QTR (6.97)

under the change of frame, since the Cauchy stress transforms as T∗ =

QTQT.

The requirement of the frame-indifference for each physical field Φ is

that Φ∗ = Φ. Consequently, using the above transformation laws, the

requirement of the frame-indifference for the constitutive equations (6.93)

can be written as

ω̂R (F, ϑ,∇ϑ, µ,∇µ) = ω̂R (QF, ϑ,∇ϑ, µ,∇µ)

T̂R (F, ϑ,∇ϑ, µ,∇µ) = QTT̂R (QF, ϑ,∇ϑ, µ,∇µ)

η̂ (F, ϑ,∇ϑ, µ,∇µ) = η̂ (QF, ϑ,∇ϑ, µ,∇µ)

n̂R (F, ϑ,∇ϑ, µ,∇µ) = n̂R (QF, ϑ,∇ϑ, µ,∇µ)

q̂R (F, ϑ,∇ϑ, µ,∇µ) = q̂R (QF, ϑ,∇ϑ, µ,∇µ)

ĥR (F, ϑ,∇ϑ, µ,∇µ) = ĥR (QF, ϑ,∇ϑ, µ,∇µ)

(6.98)

for all rotations Q and all F.

Assume fixed F. As Eq. (6.98) has to hold for all rotations, choose Q =

RT such that the polar composition of F is F = RU and QF = U. In this

case, the requirement (6.98) becomes

Φ̂ (F, ...) = Φ̂ (U, ...) (6.99)

for all scalars and vectors Φ̂ in Eq. (6.98) and

T̂R (F, ...) = RT̂R (U, ...) (6.100)

for the Piola stress.

Writing U =
√
C and introducing a constitutive function Φ̄ depending

on C such that

Φ̄ (C, ...) = Φ̂
(√

C, ...
)

= Φ̂ (U, ...) (6.101)

for all scalars and material vectors in Eq. (6.98), the constitutive laws

for the scalars and the material vectors can be expressed using the right

Cauchy-Green tensor.

Let us write the constitutive relation for the second Piola stress as

TRR = T̂RR (F, ϑ,∇ϑ, µ,∇µ) = F−1T̂R (F, ϑ,∇ϑ, µ,∇µ) . (6.102)
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Hence by Eq. (6.101),

T̂R (F, ...) = FT̂RR (F, ...) = RUT̂RR (F, ...) = RT̂R (U, ...) (6.103)

and T̂RR (F, ...) = U−1T̂R (U, ...). Substituting again U with
√
C, we can

write

TRR = C−
1
2 T̂R

(√
C, ...

)
= T̄RR (C, ϑ,∇ϑ, µ,∇µ) . (6.104)

Therefore, the principle of frame-indifference restricts the constitutive

functions to the form

ωR = ω̄R (C, ϑ,∇ϑ, µ,∇µ)

TR = FT̄RR (C, ϑ,∇ϑ, µ,∇µ)

ηR = η̄R (C, ϑ,∇ϑ, µ,∇µ)

nR = n̄R (C, ϑ,∇ϑ, µ,∇µ)

qR = q̄R (C, ϑ,∇ϑ, µ,∇µ)

hR = h̄R (C, ϑ,∇ϑ, µ,∇µ) .

(6.105)

To check that these equations are frame-indifferent, let us use the frame-

indifference of right Cauchy-Green tensor C∗ = C. Thereby, Φ∗ = Φ̄(C∗, ...)

= Φ̄(C, ...) = Φ for all scalars and material vectors in Eq. (6.105) and they

are frame-indifferent. For the Piola stress, by Eq. (6.97)118 we can write

T∗R = F∗TRR (C∗, ...) = QFTRR (C∗, ...) = QTR. (6.106)

Thus, the Piola stress transforms under the change of frame as it should

and the constitutive equation for it is frame-indifferent.

An important consequence of the frame-indifference is that the angu-

lar momentum balance equation is always satisfied for frame-indifferent

constitutive equations. By the symmetry of the second Piola stress

TRF
T = FTRRF

T = FTT
RRF

T = FTT
R (6.107)

and, hence, the local angular momentum balance (6.71) holds. Conse-

quently, the angular momentum balance equation can be neglected for

the frame-indifferent constitutive relations.

Restrictions by thermodynamics - the Coleman-Noll procedure

Let us ensure that the constitutive laws are consistent with thermody-

namics by applying the Coleman-Noll procedure19 to the frame-indifferent

18The subscript denotes the line in the equation, that is, the first line in
Eq. (6.97) in this case.
19See the preface of the chapter for description.
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constitutive equations (6.105) according to the techniques suggested by

Gurtin et al. [2009]20.

Consider an arbitrary constitutive process consisting of a motion χ, a

temperature field ϑ and a chemical potential field µ as well as the fields

determined through the constitutive equations: ωR, TR, ηR, nR, qR and hR.

The idea of the Coleman-Noll procedure is to make sure that the con-

stitutive process is consistent with the linear momentum balance (6.70),

the energy balance (6.84), the species mass balance (6.65) and with the

entropy imbalance in the form of the grand-canonical energy imbalance

(6.92).

The basic hypothesis of the Coleman-Noll procedure is that the body

force b0 in the linear momentum balance equation (6.70), the heat sup-

ply q in the energy balance equation (6.84) and the species21 supply h

in Eq. (6.65) are arbitrary assignable. As they can have any values, the

other terms in the linear momentum, the energy and the species mass

balance equations cannot be restricted. Therefore, the equations give no

restrictions to the constitutive process. On the contrary, these terms are

not included in the grand-canonical energy imbalance (6.92) and, thus, it

restricts the constitutive process. Let us find out how.

Writing g = ∇ϑ for the temperature gradient and p = ∇µ for the chem-

ical potential gradient, the constitutive relation (6.105)1 can be differen-

tiated by the chain rule with respect to time as

ω̇R =
∂ω̄R (C, ϑ,g, µ,p)

∂C
: Ċ +

∂ω̄R (· · · )
∂ϑ

ϑ̇+
∂ω̄R (· · · )

∂g
· ġ

+
∂ω̄R (· · · )

∂µ
µ̇+

∂ω̄R (· · · )
∂p

· ṗ.
(6.108)

Substituting the grand-canonical energy time derivative in Eq. (6.92) by

this and rearranging, we obtain an inequality(
∂ω̄R (· · · )
∂C

− 1

2
T̄RR (· · · )

)
: Ċ

+

(
∂ω̄R (· · · )

∂ϑ
+ ηR

)
ϑ̇+

∂ω̄R (· · · )
∂g

· ġ +
1

ϑ
qR · g

+

(
∂ω̄R (· · · )

∂µ
+ nR

)
µ̇+

∂ω̄R (· · · )
∂p

: ṗ + hR · p ≤ 0.

(6.109)

Appealing to intuition and not proving22, it is possible to find a motion,

a temperature field and a chemical potential field such that C, ϑ,g =

20Again, the results here are presented for variable set (F, ϑ,∇ϑ, µ,∇µ) instead
of (F, ϑ,∇ϑ) or (F, nR,∇µ) as in [Gurtin et al., 2009].
21That is the bound water in the case of bentonite.
22For a proof, see techniques in [Gurtin et al., 2009].
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∇ϑ, µ,p = ∇µ and their time derivatives Ċ, ϑ̇, ġ, µ, ṗ can have arbitrary

values at any point of the body and any time, that is, they are indepen-

dent of each other. According to this observation, the coefficients of the

time derivatives Ċ, ϑ̇, ġ, µ, ṗ must vanish or otherwise the time deriva-

tives may have such values that the inequality (6.109) is violated.

We have
∂ω̄R (· · · )

∂g
= 0 and

∂ω̄R (· · · )
∂p

= 0. (6.110)

Therefore, the grand-canonical energy does not depend on the temper-

ature gradient or the chemical potential gradient. Further, we also note

that the second Piola stress, the entropy, and the mass fraction are defined

by the grand-canonical energy and, thereby, they cannot either depend on

the gradients. We have the first result

ωR = ω̄R (C, ϑ, µ) , TRR = T̄RR (C, ϑ, µ) ,

ηR = η̄R (C, ϑ, µ) and nR = n̄R (C, ϑ, µ) ,
(6.111)

which states that the grand-canonical energy, the second Piola stress, the

entropy and the chemical potential are independent of the temperature

and chemical potential gradients.

The second result is the state relations, by which the grand-canonical

energy determines the second Piola stress, the entropy and the mass frac-

tion. They are the stress relation

TRR = T̄RR (C, ϑ, µ) = 2
∂ω̄R (C, ϑ, µ)

∂C
, (6.112)

the entropy relation

ηR = η̄R (C, ϑ, µ) = −∂ω̄R (C, ϑ, µ)

∂ϑ
(6.113)

and the species density relation

nR = n̄R (C, ϑ, µ) = −∂ω̄R (C, ϑ, µ)

∂µ
. (6.114)

Thirdly, we obtain the heat-conduction–species-transport inequality

1

ϑ
q̄R (C, ϑ,∇ϑ, µ,∇µ) · ∇ϑ+ h̄R (C, ϑ,∇ϑ, µ,∇µ) · ∇µ ≤ 0. (6.115)

By this inequality and the grand-canonical energy imbalance, the dissi-

pation of the constitutive process is

ϑΓR = − 1

ϑ
q̄R (C, ϑ,∇ϑ, µ,∇µ) · ∇ϑ− h̄R (C, ϑ,∇ϑ, µ,∇µ) · ∇µ ≥ 0. (6.116)

Useful in analysing the consequences of the thermodynamic restrictions

are the Maxwell relations

∂T̄RR (C, ϑ, µ)

∂ϑ
= 2

∂2ω̄R (C, ϑ, µ)

∂ϑ∂C
= −2

∂ηR (C, ϑ, µ)

∂C
(6.117)

107



Mathematical model for bentonite skeleton: theory

∂T̄RR (C, ϑ, µ)

∂µ
= 2

∂2ω̄R (C, ϑ, µ)

∂µ∂C
= −2

∂n̄R (C, ϑ, µ)

∂C
(6.118)

∂η̄R (C, ϑ, µ)

∂µ
= −∂

2ω̄R (C, ϑ, µ)

∂µ∂ϑ
=
∂n̄R (C, ϑ, µ)

∂ϑ
. (6.119)

Further analysis and consequences of the thermodynamic restrictions

For time dependent C, ϑ and µ, the second Piola stress rate can be ex-

panded by the chain rule as

ṪRR =
∂T̄RR (C, ϑ, µ)

∂C
: Ċ +

∂T̄RR (C, ϑ, µ)

∂ϑ
ϑ̇+

∂T̄RR (C, ϑ, µ)

∂µ
µ̇. (6.120)

This suggests the introduction of three constitutive moduli: the elasticity

tensor (at fixed temperature and chemical potential)

Cµ (C, ϑ, µ) = 2
∂T̄RR (C, ϑ, µ)

∂C
, (6.121)

the stress-temperature tensor (at fixed strain and chemical potential)

Mµ (C, ϑ, µ) =
∂T̄RR (C, ϑ, µ)

∂ϑ
, (6.122)

and the chemical-stress tensor (at fixed strain and temperature)

A (C, ϑ, µ) =
∂T̄RR (C, ϑ, µ)

∂µ
, (6.123)

which are all symmetric23.

Similarly, the entropy rate can be expressed as

η̇R =
∂η̄R (C, ϑ, µ)

∂C
: Ċ +

∂η̄R (C, ϑ, µ)

∂ϑ
ϑ̇+

∂η̄R (C, ϑ, µ)

∂µ
µ̇ (6.124)

where by the Maxwell relation (6.117)

∂η̄R (C, ϑ, µ)

∂C
= −1

2
Mµ (C, ϑ, µ) . (6.125)

The two new moduli suggested are the heat capacity (at fixed strain and

chemical potential)

cµ (C, ϑ, µ) = ϑ
∂η̄R (C, ϑ, µ)

∂ϑ
, (6.126)

and the temperature-chemical potential modulus24 (at fixed strain and

temperature)

Υ (C, ϑ, µ) =
∂η̄R (C, ϑ, µ)

∂µ
. (6.127)

23See [Gurtin et al., 2009] for proving techniques.
24This new modulus (if compared to [Gurtin et al., 2009]) results from having
mechanical, thermal and chemical processes in the model, that is, using the vari-
able set of (F, ϑ,∇ϑ, µ,∇µ) for the constitutive relations instead of (F, ϑ,∇ϑ) or
(F, µ,∇µ).
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Like-wise, the species density rate is

ṅR =
∂n̄R (C, ϑ, µ)

∂C
: Ċ +

∂n̄R (C, ϑ, µ)

∂ϑ
ϑ̇+

∂n̄R (C, ϑ, µ)

∂µ
µ̇ (6.128)

where
∂n̄R (C, ϑ, µ)

∂C
= −1

2
A (C, ϑ, µ) (6.129)

by the Maxwell relation (6.118) and

∂n̄R (C, ϑ, µ)

∂ϑ
= Υ (C, ϑ, µ) (6.130)

by the Maxwell relation (6.119). The new modulus is the density modulus

(at fixed strain and temperature)

K (C, ϑ, µ) =
∂n̄R (C, ϑ, µ)

∂µ
, (6.131)

which expresses the mass density change per chemical potential change.

Next, let us find the consequences of the thermodynamic restrictions of

the constitutive function on the energy balance equation (6.84). By the

chain rule and Eq. (6.91), the internal energy rate can be expanded as

ε̇R = ω̇R + η̇Rϑ+ ηRϑ̇+ ṅRµ+ µ̇nR. (6.132)

According to the state relations (6.112), (6.113) and (6.114), the grand-

canonical energy rate is

ω̇R =
1

2
TRR : Ċ− ηRϑ̇− µ̇nR (6.133)

if expressed with the arguments of its constitutive function. Combining

the two, we obtain

ε̇R =
1

2
TRR : Ċ + η̇Rϑ+ ṅRµ (6.134)

for the internal energy rate. Inserting the expression into Eq. (6.91), ex-

panding Div(µh) = ∇µ · h + µDivh and removing the terms cancelling

each other, we obtain an equation

ϑη̇R + µṅR = −DivqR + qR − hR · ∇µ− µDivhR + µhR (6.135)

for the evolution of entropy ηR. By the species mass balance (6.65), the

terms with the mass fraction rate ṅR, the species flux divergence DivhR

and the species supply hR cancel out.

The actual goal here is to have an evolution equation for the tempera-

ture ϑ. Therefore, let us expand the entropy rate as

η̇R =
∂ηR

∂C
: Ċ +

∂ηR

∂ϑ
ϑ̇+

∂ηR

∂µ
µ̇. (6.136)
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Using the heat capacity (6.126), the Maxwell relation (6.117), the stress-

temperature tensor (6.122) and the temperature-chemical potential mod-

ulus (6.127), the entropy evolution equation (6.135) becomes the temper-

ature evolution equation:

cµϑ̇ = −DivqR + qR +
1

2
ϑMµ : Ċ + hR · ∇µ− ϑΥµ̇. (6.137)

If compared to the traditional evolution equation with only the heat flux

hR and the heat supply hR, the above equation includes also mechanical

and chemical contributions to the heat production25.

The thermodynamic restrictions to the constitutive functions have also

an effect on the species (or bound water) mass balance equation (6.65).

The chemical potential µ being the independent variable here instead of

the species mass density nR, the rate of the species mass density has to be

expressed with the independent variables:

ṅR =
∂n̄R (C, ϑ, µ)

∂C
: Ċ +

∂n̄R (C, ϑ, µ)

∂ϑ
ϑ̇+

∂η̄R (C, ϑ, µ)

∂µ
µ̇. (6.138)

Having the density modulus (6.131), utilizing the Maxwell relation (6.118)

as well as Eq. (6.119) and remembering the definition of the chemical-

stress tensor (6.123) as well as of the temperature-chemical potential

modulus (6.127), we obtain the evolution equation for the chemical po-

tential:

Kµ̇ = −DivhR + hR −
1

2
A : Ċ−Υϑ̇. (6.139)

The above species mass balance equation is untraditionally expressed us-

ing the chemical potential, but it can be noted that besides the usual

terms including the species flux hR and the species supply hR, the strain

and temperature rates contribute to the chemical potential evolution26.

6.5.2 Constitutive theory using Helmholtz free energy

Choosing the species density nR as independent variable instead of the

chemical potential µ is often convenient, since the density of the species

is commonly of interest. Therefore, let us next formulate the constitutive

theory with independent variables F, ϑ and nR. The temperature gradi-

ent ∇ϑ enters the theory as before, but let us use the chemical potential

gradient ∇µ again instead of the species density gradient ∇nR, since the

25The chemical effect on heat production (the new term −ϑΥµ̇) results from hav-
ing thermal and chemical processes in the same model.
26The thermal effect on chemical potential evolution (the new term −Υϑ̇) results
from having the thermal and chemical processes in the model.
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diffusion of a chemical species is driven by the chemical potential gradi-

ent. The above setting is consistent with using the Helmholtz free energy

imbalance (6.89) when finding the thermodynamic restrictions to consti-

tutive relations. Thereby, let us have the constitutive equations in the

form

ψR = ψ̌R (F, ϑ,∇ϑ, nR,∇µ)

TR = ŤR (F, ϑ,∇ϑ, nR,∇µ)

ηR = η̌R (F, ϑ,∇ϑ, nR,∇µ)

µ = µ̌ (F, ϑ,∇ϑ, nR,∇µ)

qR = q̌R (F, ϑ,∇ϑ, nR,∇µ)

hR = ȟR (F, ϑ,∇ϑ, nR,∇µ) .

(6.140)

The dependence of the Helmholtz free energy, the Piola stress, the entropy

and the chemical potential from the temperature and chemical potential

gradients can be removed here, because the dependences can be shown

to disappear similarly as in the treatment with the grand-canonical en-

ergy imbalance. It should be also noted here that the pairing of the

species density and the chemical potential gradient is somewhat incon-

sistent with the requirement that the arguments for all the constitutive

functions should be the same, since by Eq. (6.140)4 ∇µ depends on ∇F

and ∇nR, but these gradients are not arguments for rest of the constitu-

tive equations.

Restrictions by the principle of frame-indifference

The restrictions set by the requirement of frame-indifferent constitutive

laws can be derived similarly as in the case with the grand-canonical free

energy27. Therefore, the argumentation is skipped here and the final re-

sult is written directly: by the principle of frame-indifference, the consti-

tutive equations (6.140) are restricted to the form

ψR = ψ̃R (C, ϑ, nR)

TR = FT̃RR (C, ϑ, nR)

ηR = η̃R (C, ϑ, nR)

µ = µ̃ (C, ϑ, nR)

qR = q̃R (C, ϑ,∇ϑ, nR,∇µ)

hR = h̃R (C, ϑ,∇ϑ, nR,∇µ) .

(6.141)

27Again, the frame-indifference treatment in [Gurtin et al., 2009] is followed,
but for the variable set (F, ϑ,∇ϑ, nR,∇µ) instead of (F, ϑ,∇ϑ) or (F, nR,∇µ).
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Similarly as the case of grand-canonical energy, the local angular momen-

tum equation is satisfied with the frame-indifferent constitutive equa-

tions.

Restrictions by thermodynamics - the Coleman-Noll procedure

Let us again ensure that the constitutive laws are consistent with thermo-

dynamics by applying the Coleman-Noll procedure but now to the frame-

indifferent constitutive equations (6.141)28.

Consider an arbitrary constitutive process consisting of a motion χ, a

temperature field ϑ and a species density field nR as well as the fields de-

termined through the constitutive equations: ψR, TR, ηR, µ, qR and hR. The

idea of the Coleman-Noll procedure is to make sure that the constitutive

process is consistent with the linear momentum balance (6.70), the en-

ergy balance (6.84) and species mass balance (6.65) and with the entropy

imbalance in the form of Helmholtz free energy imbalance (6.89)

The basic hypothesis of the Coleman-Noll procedure is that the body

force b0 in the linear momentum balance equation (6.70), the heat sup-

ply q in the energy balance equation (6.84) and the species29 supply h in

(6.65) are arbitrary assignable. As they can have any values, the other

terms in the linear momentum, the energy and the species mass balance

equations cannot be restricted. Therefore, the equations give no restric-

tions to the constitutive process. Instead, these terms are not included

in the Helmholtz free energy imbalance (6.89) and, thus, it restricts the

constitutive process. Let us find out how, but this time skip a few inter-

mediate results.

Writing g = ∇ϑ for the temperature gradient and p = ∇µ for the chem-

ical potential gradient, the constitutive relation (6.141)1 can be differen-

tiated with respect to time as

ψ̇R =
∂ψ̃R (C, ϑ, nR)

∂C
: Ċ +

∂ψ̃R (...)

∂ϑ
ϑ̇+

∂ψ̃R (...)

∂nR
ṅR. (6.142)

Substituting the Helmholtz free energy rate in Eq. (6.89) by the above and

28The results here are presented for variable set (F, ϑ,∇ϑ, nR,∇µ) instead of
(F, ϑ,∇ϑ) or (F, nR,∇µ) as in [Gurtin et al., 2009].
29That is bound water in the case of bentonite.
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rearranging, we obtain an inequality(
∂ψ̃R (...)

∂C
− 1

2
T̃RR (...)

)
: Ċ

+

(
∂ψ̃R (...)

∂ϑ
+ ηR

)
ϑ̇+

1

ϑ
q · g

+

(
∂ψ̃R (...)

∂nR
− µ

)
ṅR + h · p ≤ 0.

(6.143)

Appealing to intuition and not proving30, it is possible to find a motion,

a temperature field and a chemical potential field such that C, ϑ, nR and

their time derivatives Ċ, ϑ̇, ṅR can have arbitrary values at any point of the

body and any time. According to this observation, the coefficients of the

time derivatives Ċ, ϑ̇, ṅR must vanish or otherwise the time derivatives

may have such values that the inequality (6.143) is violated.

Using the Helmholtz free energy, the state relations are: the stress re-

lation

TRR = T̃RR (C, ϑ, nR) = 2
∂ψ̃R (C, ϑ, nR)

∂C
, (6.144)

the entropy relation

ηR = η̃R (C, ϑ, nR) = −∂ψ̃R (C, ϑ, nR)

∂ϑ
(6.145)

and the chemical potential relation

µ = µ̃ (C, ϑ, nR) =
∂ψ̃R (C, ϑ, nR)

∂nR
. (6.146)

Helmholtz free energy determines the second Piola stress, the entropy

and the chemical potential by these relations.

The heat-conduction–species-transport inequality is now

1

ϑ
q̃R (C, ϑ,∇ϑ, nR,∇µ) · ∇ϑ+ h̃R (C, ϑ,∇ϑ, nR,∇µ) · ∇µ ≤ 0. (6.147)

Useful in analysing the consequences of the thermodynamic restrictions

are the Maxwell relations

∂T̃RR (C, ϑ, nR)

∂ϑ
= 2

∂2ψ̃R (C, ϑ, nR)

∂ϑ∂C
= −2

∂ηR (C, ϑ, nR)

∂C
(6.148)

∂T̃RR (C, ϑ, nR)

∂nR
= 2

∂2ψ̃R (C, ϑ, nR)

∂nR∂C
= 2

∂µ̃ (C, ϑ, nR)

∂C
(6.149)

∂η̃R (C, ϑ, nR)

∂nR
= −∂

2ψ̃R (C, ϑ, nR)

∂nR∂ϑ
= −∂µ̃ (C, ϑ, nR)

∂ϑ
. (6.150)

30For a proof, see techniques in [Gurtin et al., 2009].
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Further analysis and consequences of the thermodynamic restrictions

For time dependent C, ϑ and nR, the second Piola stress rate can be ex-

panded by the chain rule as

ṪRR =
∂T̃RR (C, ϑ, nR)

∂C
: Ċ +

∂T̃RR (C, ϑ, nR)

∂ϑ
ϑ̇+

∂T̃RR (C, ϑ, nR)

∂nR
ṅR. (6.151)

This suggests the introduction of three constitutive moduli: the elasticity

tensor (at fixed temperature and chemical species density)

Cn (C, ϑ, nR) = 2
∂T̃RR (C, ϑ, nR)

∂C
, (6.152)

the stress-temperature tensor (at fixed strain and species density)

Mn (C, ϑ, nR) =
∂T̃RR (C, ϑ, nR)

∂ϑ
, (6.153)

and the chemical-density-stress tensor (at fixed strain and temperature)

S (C, ϑ, nR) =
∂T̃RR (C, ϑ, nR)

∂nR
, (6.154)

which are all symmetric.

Similarly, the entropy rate can be expressed as

η̇R =
∂η̃R (C, ϑ, nR)

∂C
: Ċ +

∂η̃R (C, ϑ, nR)

∂ϑ
ϑ̇+

∂η̃R (C, ϑ, nR)

∂nR
ṅR (6.155)

where by the Maxwell relation (6.148)

∂η̃R (C, ϑ, nR)

∂C
= −1

2
Mn (C, ϑ, nR) . (6.156)

The two new moduli suggested are the heat capacity 31 (at fixed strain

and species density)

cn (C, ϑ, nR) = ϑ
∂η̃R (C, ϑ, nR)

∂ϑ
(6.157)

and the temperature-species-density modulus32 (at fixed strain and tem-

perature)

Ξ (C, ϑ, nR) =
∂η̃R (C, ϑ, nR)

∂nR
. (6.158)

Like-wise, the chemical potential rate is

µ̇ =
∂µ̃ (C, ϑ, nR)

∂C
: Ċ +

∂µ̃ (C, ϑ, nR)

∂ϑ
ϑ̇+

∂µ̃ (C, ϑ, nR)

∂nR
ṅR (6.159)

31Which in this case also equals to the temperature derivative of the internal
energy cn (C, ϑ, nR) =

∂ε̃R(C,ϑ,nR)
∂ϑ .

32This is a new modulus (if compared to [Gurtin et al., 2009]) arising from hav-
ing mechanical, thermal and chemical processes in the model, that is, using the
variable set of (F, ϑ,∇ϑ, nR,∇µ) for the constitutive relations instead of (F, ϑ,∇ϑ)

or (F, nR,∇µ) as in [Gurtin et al., 2009].
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where
∂µ̃ (C, ϑ, nR)

∂C
=

1

2
S (C, ϑ, nR) (6.160)

by the Maxwell relation (6.149) and

∂µ̃ (C, ϑ, nR)

∂ϑ
= −Ξ (C, ϑ, nR) (6.161)

by the Maxwell relation (6.119). The new modulus is the chemistry mod-

ulus (at fixed strain and temperature)

Λ (C, ϑ, nR) =
∂µ̃ (C, ϑ, nR)

∂nR
. (6.162)

Next, let us find the consequences of the thermodynamic restrictions of

the constitutive function on the energy balance equation (6.84). By the

chain rule and Eq. (6.90), the internal energy rate can be expanded as

ε̇R = ψ̇R + η̇Rϑ+ ηRϑ̇. (6.163)

Reversing the state relations (6.144), (6.145) and (6.146), the Helmholtz

free energy rate is

ψ̇R =
1

2
TRR : Ċ− ηRϑ̇+ µṅR (6.164)

if expressed with the arguments of its constitutive function. Combining

the two, we obtain

ε̇R =
1

2
TRR : Ċ + η̇Rϑ+ µṅR (6.165)

for the internal energy rate. Inserting it into Eq. (6.84), expanding Div(µh) =

∇µ · h + µDivh and removing the terms cancelling each other, we obtain

an equation

ϑη̇R + µṅR = −DivqR + qR − hR · ∇µ− µDivhR + µhR (6.166)

for the evolution of entropy ηR. By the species mass balance (6.65), the

terms with the mass density rate ṅR, the species flux divergence DivhR

and the species supply hR cancel out.

Let us expand the entropy rate as

η̇R =
∂η̃R

∂C
: Ċ +

∂η̃R

∂ϑ
ϑ̇+

∂η̃R

∂nR
ṅR. (6.167)

Using the heat capacity (6.157), the Maxwell relation (6.148), the stress

temperature tensor (6.153) and the temperature-species-density modulus

(6.158), the entropy evolution equation (6.166) becomes the temperature

evolution equation:

cnϑ̇ = −DivqR + qR +
1

2
ϑMn : Ċ + hR · ∇µ− ϑΞṅR. (6.168)
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If compared to the traditional evolution equation with only the heat flux

hR and the heat supply hR, the above equation includes also mechanical

and chemical contributions to the heat production33.

Utilizing the Helmholtz free energy imbalance in the Coleman-Noll pro-

cedure, the species (or bound water) mass balance equation (6.65) is sim-

ply

ṅR = −DivhR + hR. (6.169)

Here, the couplings to the temperature field and the strain are included

in the constitutive function for the species flux.

6.5.3 Relations between the moduli

Having formulated the constitutive theory with two sets of variables and

obtaining two sets of constitutive moduli, a natural question is, how they

are related. To answer this question34, let us begin by assuming that the

density modulus (6.131) is strictly positive:

K (C, ϑ, µ) =
∂n̄R (C, ϑ, µ)

∂µ
> 0. (6.170)

For bentonite, this assumption means that the bound water density in-

creases when the bound water chemical potential increases. According to

the assumption and with fixed C, the relation

nR = n̄R (C, ϑ, µ) (6.171)

is smoothly invertible to

µ = µ̃ (C, ϑ, nR) (6.172)

such that

Λ (C, ϑ, nR) =
∂µ̃ (C, ϑ, nR)

∂nR

=

(
∂n̄R (C, ϑ, µ)

∂µ

)−1

= (K (C, ϑ, µ))−1 =
1

K (C, ϑ, µ)
.

(6.173)

This is the relation between the density modulus K and the chemistry

modulus Λ.
33The new chemical contribution (if compared to [Gurtin et al., 2009]) results
from considering thermal and chemical processes in the same model.
34 To obtain the results here for mechanically and chemically coupled systems,
similar reasoning as for thermomechanical models in [Gurtin et al., 2009] with
the independent variables of temperature (ϑ) or entropy (ηR) is used. It should
also be noted that Anand [2015] has obtained similar results when deriving
the linear poroelasticity from chemoelasticity (chemical potential is used in-
stead of pressure in fully saturated porous media), but without deriving the full
(im)balance laws or related constitutive theory for variables (C, µ).
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The second Piola stress should be the same in both the formulations.

Thus,

T̃RR (C, ϑ, nR) = T̄RR (C, ϑ, µ̃ (C, ϑ, nR)) (6.174)

and the relation between the chemical-density-stress tensor A and chemical-

stress tensor S is

S (C, ϑ, nR) =
∂T̃RR (C, ϑ, nR)

∂nR
=
∂T̄RR (C, ϑ, µ̃ (C, ϑ, nR))

∂nR

=
∂T̄RR (C, ϑ, µ)

∂µ

∂µ̃ (C, ϑ, nR)

∂nR

= Λ (C, ϑ, nR)A (C, ϑ, µ)

=
1

K (C, ϑ, µ)
A (C, ϑ, µ)

(6.175)

for µ = µ̃ (C, ϑ, nR).

Similarly, the elasticity tensor for variables (C, ϑ, nR) can be written as

Cn (C, ϑ, nR) = 2
∂T̃RR (C, ϑ, nR)

∂C
= 2

∂

∂C

(
T̄RR (C, ϑ, µ̄ (C, ϑ, nR))

)
, (6.176)

where the derivative is35

∂

∂C

(
T̄RR

(
C, ϑ, µ̄ (C, ϑ, nR)

))
=
∂T̄RR (C, ϑ, µ)

∂C
+
∂T̄RR (C, ϑ, µ)

∂µ
⊗ ∂µ̄ (C, ϑ, nR)

∂C
, (6.177)

where ⊗ is the tensor (or outer) product36. Using Eqs. (6.121), (6.123),

(6.154) and (6.175), the relation for the elasticity tensors becomes

Cn (C, ϑ, nR) = Cµ (C, ϑ, µ) +
1

K (C, ϑ, µ)
A (C, ϑ, µ)⊗A (C, ϑ, µ) (6.178)

for µ = µ̃ (C, ϑ, nR).

For isotropic materials with A = aI the outer product reduces to A⊗A =

a2I⊗ I and the above relation is thus

Cn = Cµ +
a2

K
I⊗ I. (6.179)

6.6 Balance laws revised

To summarize, the forms of balance laws resulting from the restrictions

to the constitutive relations are revised.
35The derivative in components is ∂(T̄RR)ij

∂(C)kl
+

∂(T̄RR)ij
∂µ

∂µ̂
∂(C)kl

.
36In the sense of (u⊗ v)w = (v ·w)u for vectors and (G)ijkl = (A)ij (B)kl in
components for second order tensors A and B (G is a fourth order tensor).
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The linear momentum balance simply reads

DivTR + b0R = 0, (6.180)

but now the angular momentum balance equation can be neglected since

all frame indifferent constitutive relations satisfy the angular momentum

balance.

6.6.1 Energy and species mass balance for (C, ϑ, µ)

Choosing the independent variables (C, ϑ, µ) corresponding to the grand-

canonical energy, the energy balance equation (6.49) can be written as

temperature evolution equation

cµϑ̇ = −DivqR + qR +
1

2
ϑMµ : Ċ + hR · ∇µ− ϑΥµ̇, (6.181)

in which cµ is the heat capacity, Mµ the stress-temperature tensor and Υ

the temperature-chemical potential modulus.

Likewise, the species mass balance equation (6.34) can be written as the

chemical potential evolution equation

Kµ̇ = −DivhR + hR −
1

2
A : Ċ−Υϑ̇, (6.182)

where K is the density modulus and A the chemical-stress tensor.

6.6.2 Energy and species mass balance for (C, ϑ, nR)

If the Helmholtz free energy related variables (C, ϑ, nR) are chosen as in-

dependent variables, the energy balance equation becomes the tempera-

ture evolution equation

cnϑ̇ = −DivqR + qR +
1

2
ϑMn : Ċ + hR · ∇µ− ϑΞṅR, (6.183)

where cn is the heat capacity, Mn the stress-temperature modulus and Ξ

the temperature-species density modulus.

Similarly, the species mass balance equation becomes the species den-

sity evolution equation

ṅR = −DivhR + hR. (6.184)
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In this chapter, the constitutive relations corresponding to the two the-

oretical formulations (with grand-canonical or Helmholtz free energies)

are constructed in isothermal conditions. Accordingly, the dependence on

temperature and the temperature gradient are neglected and the consti-

tutive relations for entropy or the heat flux are not needed.

For the sake of finiteness of this monograph and clarity concerning the

chemoelastic coupling represented here, let us consider only non-plastic

constitutive responses and cover the plasticity briefly in a separate chap-

ter, Ch. 9 before compiling the final VMP model.

As a consequence of isothermality, the constitutive relations that are

aimed at reduce to

ωR = ω̄R (C, µ)

TR = FT̄RR (C, µ)

nR = n̄R (C, µ)

hR = h̄R (C, µ,∇µ)

(7.1)

for variables C, µ and ∇µ that correspond to the grand-canonical energy.

The corresponding functions for Helmholtz free energy related variables

C, nR and ∇µ are

ψR = ψ̃R (C, nR)

TR = FT̃RR (C, nR)

µ = µ̃ (C, nR)

hR = h̃R (C, nR,∇µ) .

(7.2)

These constitutive relations are formulated in this chapter as follows.

First, the constitutive relations corresponding to grand-canonical energy

(ω̄R, T̄RR and n̄R) are dealt as a whole, since the constitutive relation for

the grand canonical energy defines also the second Piola stress and the

bound water density by the state relations.
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Two ways to build the relations ω̄R, T̄RR and n̄R are considered:

1. a two space construction (utilizing the reference and spatial spaces)

with an expansion of the relations in the reference space and

2. a construction utilizing an intermediate elastically relaxed configu-

ration.

The first suits for small deformations and is useful for demonstrating

the couplings in the model. The second is a large deformation construc-

tion that allows mechanical parameters to depend on water content (and

thereby, swelling state) and that is used in the final model. The approach

also suggests a correction to the referentially expanded expressions.

In the two space construction, the expansion of the constitutive rela-

tions follows mostly the practises in [Gurtin et al., 2009] (with exceptions

of having a non-linear chemical response for the chemical constitutive re-

lations and parameter dependence of the mechanical relations). The uti-

lization of the intermediate configuration for a chemoelastic model is a

new contribution of this thesis.1

The relations ψ̃R, T̃RR and µ̃ corresponding to the Helmholtz free energy

are formed in similar fashion as the grand-canonical energy associated

relations, but many of the intermediate steps are skipped, due to the sim-

ilarities in the treatments.

The constitutive relation for the species mass flux is Fick’s law, which

completes the set of needed constitutive relations.

1 The multiplicative decomposition is based on somewhat similar decomposition
for thermoelastic models by Vujošević and Lubarda [2002]. It should be also
noted that the multiplicative decomposition has been utilized for chemoelastic
materials in context of polymer networks and elastomeric gels [e.g. Chester and
Anand, 2010, 2011, Chester et al., 2015, Duda et al., 2010, Hong et al., 2008].
In these articles, the approach differs from Vujošević and Lubarda [2002] by us-
ing the multiplicative decomposition and constraints on the material behaviour
(such as mechanical incompressibility, detFe = 1 in Eq. (7.138), or constraint
in swelling by relating it to the fluid molecule concentration) already when for-
mulating the (im)balance laws and the constitutive theory. In [Vujošević and
Lubarda, 2002] and, consequently, also in this work, the multiplicative decom-
position is not used until when writing the constitutive relations. In addition,
the constitutive relation for the Helmholtz free energy (only) is specialized for
the materials by using statistical mechanical formulations for it in the articles,
whereas in this thesis experimental results are relied on and two free energy for-
mulations are utilized. Moreover, the chemoelastic approach is used here for the
bentonite skeleton and also extra porosity (the free porosity) is considered in the
model meaning that the modelled materials are very compressible in comparison
to fully (or almost fully) fluid saturated polymer networks or elastomer gels.
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7.1 Constitutive relations for grand-canonical energy, Piola stress
and bound water density

In principle, the constitutive relation for the grand-canonical energy de-

fines the relations for the Piola stress and the bound water density by

the state relations (6.112), (6.113) and (6.114). In practice, it is, however,

convenient to formulate first the relation for the Piola stress and then

construct the corresponding mechanical part of the grand-canonical en-

ergy. To complete the expression for the grand-canonical energy, a purely

chemical part is added to it. The constitutive relation for the bound water

density can be then determined by the species density relation (6.114).

The structure of this section follows the procedure.

Estimates for the constitutive relations can be formulated by expanding

the constitutive relations as Taylor series at the reference state. As a

consequence of such operation, the elastic (mechanically reversible) effect

and the chemical(ly reversible) effect are simply summed up to form the

final relations. The obtained estimates for the constitutive relations can

be utilized for small deformations.

Another option is to construct the elastic part at an elastically destressed

intermediate configuration and the chemical part at the reference state.

Aiming for constitutive relations expressed in referential variables, the

intermediate state elastic constitutive relations have to be transformed

into the reference state. As a result of the transformation, the final con-

stitutive relations take a bit more complex form than the versions result-

ing from the expansion in the reference state, but they are valid for large

deformations where mechanical parameters depend on the water content

(swelling state). In addition, they give important insight also regarding

the referentially expanded relations.

Both versions of the constitutive relations are constructed in this sec-

tion. The simple expansion captures the essence of the chemical-mechan-

ical coupling being useful in demonstrating the effects of the coupling and,

in the spirit of aiming for large deformation model in this thesis, the large

deformation version is needed for the final model. The large deforma-

tion multiplicative decomposition is a general formulation for chemically

swelling materials and it follows somewhat the work by Vujošević and

Lubarda [2002] on finite-strain thermoelasticity2.

2A review of the issues related to the multiplicative decomposition of the defor-
mation gradient has been written by Lubarda [2004]. The article should be seen
for further references. In addition, the use of multiplicative decomposition for
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The starting point for constructing the constitutive relations is to as-

sume fixed plastic deformation3.

7.1.1 Referential expansion

The Piola stress

The aim is to formulate such approximative relation for the Piola stress

that

1. at each fixed plastic deformation and at each chemical potential the

mechanical response4 is isotropic and hyperelastically linear and

2. the chemical response5 is isotropically linear and it is independent

of the strain (modulo the parameters).

As the constitutive relation for the Piola stress is obtained from the con-

stitutive relation for the second Piola stress by Eq. (7.1), let us formulate

the relation for the second Piola stress. Using Taylor expansion, the sec-

ond Piola stress can be expanded additively such that

T̄RR (C, µ) = T̄RR (C, µ)
∣∣∣
C=I,µ=µ0

+
∂T̄RR(C, µ)

∂C

∣∣∣
C=I

(C− I)

+
∂T̄RR (C, µ)

∂µ

∣∣∣
µ=µ0

(µ− µ0) +O (ε)

(7.3)

with the (here unquantified) error of O(ε). Let us call

T̄m
RR (C, µ) =

∂T̄RR(C, µ)

∂C

∣∣∣
C=I

(C− I) (7.4)

the mechanical part of the approximation for the second Piola stress and

T̄c
RR (C, µ) =

∂T̄RR(C)

∂µ

∣∣∣
µ=µ0

(µ− µ0) (7.5)

the chemical part. By Eq. (6.121) and assuming independence of Cµ of the

strain, we have
∂T̄RR(C, µ)

∂C

∣∣∣
C=I

=
1

2
Cµ (µ) . (7.6)

The difference of the right Cauchy-Green stress and unity in the mechan-

ical part can be replaced by the Green-St.Venant strain tensor (6.8) as

C− I = 2E + I− I = 2E. (7.7)

chemoelastic materials referred to in Footnote 1 of this chapter should be noted.
3Or, to be specific, assume a fixed plastic distortion in the sense of Eq. (9.1) and
formulate the relations using the non-plastic distortion Fnp.
4That is, the stress response to changes in the deformation state, or more specif-
ically to changes in the right Cauchy-Green tensor.
5That is, the stress response to changes in the chemical potential.
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Combining the above, the mechanical part of the second Piola stress esti-

mate becomes

T̄m
RR (E, µ) = Cµ (µ)E. (7.8)

Utilizing the definition for the chemical-stress tensor (6.123) as

∂T̄RR(C, µ)

∂µ

∣∣∣
µ=µ0

= −2
∂n̄R(C, µ)

∂C

∣∣∣
µ=µ0

= A (C) , (7.9)

the chemical part for the second Piola stress estimate becomes

T̄c
RR (C) = (µ− µ0)A (C) . (7.10)

Setting the second Piola stress to zero at (C = I, µ = µ0), the approxima-

tive second Piola stress in the form

T̄RR (E, µ) = Cµ (µ)E + (µ− µ0)A (E) (7.11)

is obtained. Further, estimating the chemical stress tensor to not to de-

pend on the strain, the approximate second Piola stress is

T̄RR (E, µ) = Cµ (µ)E + (µ− µ0)A. (7.12)

For an isotropic material, the mechanical part can be written with the

bulk modulus κµ and the shear modulus Gµ as

κµ (µ) tr (E) I + 2Gµ (µ) dev (E) (7.13)

where dev stands for the deviatoric part of a tensor: devX = X−1/3 tr(X)I.

The isotropic chemical part is simply

a (µ− µ0) I (7.14)

with a scalar a. Combining the above, the isotropic linearly elastic esti-

mate for the second Piola stress at a fixed plastic deformation is

T̄RR (E, µ) = κµ (µ) tr (E) I + 2Gµ (µ) dev (E) + a (µ− µ0) I. (7.15)

Grand-canonical energy

The constitutive approximation for the grand-canonical energy can be di-

vided to mechanical and chemical parts such that

ω̄R (C, µ) = ω̄m
R (C, µ) + ω̄c

R (µ) , (7.16)

where the mechanical part includes all the terms that depend on the

strain (or, hence, stress). Consistent with the above constitutive relation

for the second Piola stress, Eq. (7.11), is the mechanical part

ω̄m
R (E, µ) =

1

2
E : CµE + (µ− µ0)A : E (7.17)
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or in the isotropic case

ω̄m
R (E, µ) =

1

2
κµ (trE)2 +Gµ| devE|2 + a (µ− µ0) trE. (7.18)

Consistency means here that the second Piola stress can be obtained from

the grand-canonical energy by the state relation (6.112).

Let us define the chemical part as

ω̄c
R (µ) = ωc

R0 −
µ∫

µ0

n̄c
R

(
µ′
)
dµ′ (7.19)

where n̄c
R (µ) is the chemical part of the constitutive relation for the bound

water. By Eq. (6.114), n̄R (C, µ) = −∂ω̄R(C,µ)
∂µ , and we note by the above

that n̄c
R (C, µ) = −∂ω̄c

R(C,µ)

∂µ . ωc
R0 is the chemical part of the grand-canonical

energy at µ = µ0 and it can be set to zero by choosing the initial chemical

grand-canonical potential level accordingly.

Combining the mechanical and chemical terms, the approximative con-

stitutive relation for the grand-canonical energy is

ω̄R (E, µ) =
1

2
E : CµE + (µ− µ0)A : E + ω̄c

R (µ) , (7.20)

which in the isotropic case is

ω̄R (E, µ) =
1

2
κµ (trE)2 +Gµ|devE|2 + a (µ− µ0) trE + ω̄c

R (µ) . (7.21)

The elasticity tensor Cµ, bulk modulus κµ, shear modulus Gµ and the

chemical stress tensor A may depend on µ.

The bound water density

The aim is to formulate such a constitutive relation for the bound water

density nR that

1. the mechanical response is consistent with the mechanical part of

the grand-canonical energy and

2. the chemical response is nonlinear and independent of the strain.

The bound water density can be split into mechanical and chemical

parts corresponding to the grand-canonical energy split as

n̄R (C, µ) = n̄R (C, µ)
∣∣∣
C=I,µ=µ0

+ n̄m
R (C, µ)

+ n̄c
R (µ) +O (ε)

(7.22)

with the (here unquantified) error O (ε). The mechanical part consists

of a standard linear estimate term and of a term originating from the
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parameter dependence on µ:

n̄m
R (C, µ) =

∂n̄R (C, µ)

∂C

∣∣∣
C=I,µ=µ0

: (C− I)

− 1

2
E :

∂

∂µ
(Cµ)E.

(7.23)

The chemical part is nonlinear and has to be determined directly from

experiments.

Recalling the Maxwell relation (6.118) and the definition (6.123) for the

chemical-stress tensor, the partial derivative in the mechanical part can

be written as
∂n̄R (C, µ)

∂C

∣∣∣
C=I,µ=µ0

= −1

2
A. (7.24)

Inserting this into the mechanical part and using the Green-St.Venant

strain, we have

n̄m
R (C, µ) = −A : E− 1

2
E :

∂

∂µ
(Cµ)E, (7.25)

which shows that the constitutive relation for the grand-canonical energy

corresponds to the above split of constitutive relation for the bound water,

that is n̄m
R (C, µ) = −∂ωm

R
∂µ .

Using Green-St.Venant tensor instead of the right Cauchy-Green tensor,

denoting the reference state (E = 0, µ = µ0) by zero and compiling the

above, the estimate

n̄R (E, µ) = nR0 −A : E− 1

2
E :

∂

∂µ
(Cµ)E + n̄c

R (µ) (7.26)

for the bound water density is obtained.

If an isotropy of a material is assumed, the chemical stress tensor takes

the form A = aI as in the isotropic relation for the second Piola stress.

Consequently, the isotropic estimate for the bound water density is

n̄R (E, µ) = nR0 − a trE − 1

2

∂κµ
∂µ

(trE)2 − ∂Gµ
∂µ
|devE|2 + n̄c

R (µ) . (7.27)

If the dependence of the mechanical parameters on the chemical potential

is not strong, the expression can be simplified to

n̄R (E, µ) = nR0 − a trE + nc
R. (7.28)

An interpretation for the chemical stress

An interpretation for the chemical stress parameter a can be obtained by

inverting the relation between the second Piola stress and Green-St.Venant

strain.6 Let us first write the trace of the second Piola stress by Eq. (7.15):

tr T̄RR (E, µ) = 3κµ trE + 3a (µ− µ0) . (7.29)

6Similarly as for thermoelastic materials by Gurtin et al. [2009].
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Thus,

trE =
1

3κµ
tr T̄RR (E, µ)− a

κµ
(µ− µ0) . (7.30)

The second Piola stress (7.15) can be written as

T̄RR (E, µ) =

(
κµ −

2

3
Gµ

)
tr (E) I + 2Gµ

[
1

3
tr (E) I + dev (E)

]
+ a (µ− µ0) I

= λµ tr (E) I + 2GµE + a (µ− µ0) I,

where λµ = κµ − 2
3Gµ. Re-arranging and inserting Eq. (7.30) in the above,

we have

2GµE = TRR −
λµ
3κµ

trTRRI + a

[
λµ
κµ
− 1

]
(µ− µ0) I.

As
λµ
κµ

= 1− 2Gµ
3κµ

,

E =
1

2Gµ
TRR +

1

3

(
1

κµ
− 1

2Gµ

)
trTRRI−

a

3κµ
(µ− µ0) I

or

E =
1

2Gµ
TRR +

1

3

(
1

κµ
− 1

2Gµ

)
trTRRI + β (µ− µ0) I,

The first two terms on right correspond to strain by mechanical loading,

whereas the last term corresponds to strain by chemical expansion. β is

the coefficient of chemical expansion7 and

a = −3κnβ. (7.31)

The coefficient expresses the relative chemical expansion (or stretch)8 b

per chemical potential change, that is,

β =
1

b

∂b

∂µ
. (7.32)

For small deformations, the coefficient of volumetric chemical expansion9

is equal to 3β and, therefore, the coefficient a expresses the pressure per

chemical potential change that corresponds to the chemical volumetric

expansion.

Isotropic constitutive relations summarized

To summarize the above results, the isotropic constitutive relations for

the second Piola stress, the bound water density and the grand-canonical

energy are:

T̄RR (E, µ) = κµ tr (E) I + 2Gµ dev (E) + a (µ− µ0) I, (7.33)

7Similar to coefficient of thermal expansion.
8 L+∆L

L , where L is the initial length and ∆L the change in length.
9Similar to coefficient of thermal expansion.
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n̄R (E) = nR0 − a trE + nc
R (µ) (7.34)

ω̄R (E, µ) =
1

2
κµ (trE)2 +Gµ| devE|2 + a (µ− µ0) trE + ωc

R (µ) . (7.35)

7.1.2 Multiplicative decomposition

The common additive decomposition of the strain tensor to elastic and

chemical swelling parts is inadequate for large deformations when the

mechanical parameters depend on the swelling state, that is, the bound

water independent variable. Therefore, the multiplicative decomposition

of the deformation gradient F is utilized here10:

F = FeFc, (7.36)

where Fe is the elastic distortion (deformation) and Fc the chemical dis-

tortion (deformation). The elastic deformation is thought to account for

an elastic, isochemical11 relaxation of the current stress state at a spatial

coordinate x into a fictitious intermediate state i such that the neighbour-

hood dx maps as dXi = F−1
e dx. Further, the reference state is reached by

chemical relaxation (of swelling) from the intermediate configuration such

that dX = F−1
c dXi = F−1

c F−1
e dx. The mapping properties are illustrated

in Fig. 7.1.

The Piola stress

As the title suggests, the objective of this section is to construct an esti-

mate for constitutive relation for the Piola stress T̄R. To be specific, the

aim is to define

1. isotropic, linearly hyperelastic mechanical response at the interme-

diate state and

2. an isotropic chemical response by the transformation from the inter-

mediate state to the reference state.

As TR = FTRR, the estimate for the second Piola stress is actually wanted.

Inserting the multiplicative decomposition of the deformation gradient

10The utilization of the multiplicative decomposition for a (fully coupled)
chemoelastic model in the context of bentonite is a new contribution by this the-
sis. Footnote 1 of this chapter should be seen for other uses of the decomposition
for chemoelastic materials.
11That is, at constant chemical potential.
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◦
dX

◦
dXi

◦
dx

B

T = 0, µ = µ0

Bi

T = 0, µ

Bt

T, µ

Fc

F

Fe

Figure 7.1. An illustration of the multiplicative decomposition of the deformation gradi-
ent F and its mapping properties. B is the reference configuration, Bt the
spatial configuration at time t and Bi the intermediate configuration at time
t.

(7.36) into the second Piola stress (6.10), we have

TRR = detFF−1TF−T = det (FeFc) (FeFc)
−1 T (FeFc)

−T

= detFe detFcF
−1
c F−1

e TF−Te F−Tc

= detFcF
−1
c

(
detFeF

−1
e TF−Te

)
F−Tc

= detFcF
−1
c TeF

−T
c

(7.37)

where the elastic second Piola stress is defined as Te = detFeF
−1
e TF−Te at

the intermediate state.

To simplify the mathematical treatment, let us assume already at this

point that the chemical response is isotropic, that is, the chemical distor-

tion takes the form

Fc = F̄c (µ) = b (µ) I, (7.38)

where b(µ) is the chemical stretch ratio. Inserting this to the above equa-

tion, we have a relation

TRR = bTe (7.39)

between the second Piola stresses.

The isotropic and linearly hyperelastic constitutive relation for the elas-

tic second Piola stress at the intermediate state can be written as

Te = T̄e (Ee, µ) = κµ (µ) tr (Ee) I + 2Gµ (µ) dev (Ee) (7.40)

or

Te = T̄e (Ee, µ) = Cµe (µ)Ee (7.41)
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in short. For the relation, the elastic Green-St.Venant strain tensor Ee has

to be defined. Let us use a similar definition as in the reference frame:

Ee =
1

2
(Ce − I) (7.42)

where the elastic right Cauchy-Green tensor is

Ce = FT
e Fe. (7.43)

Inverting Eq. (7.36) to Fe = FF−1
c and utilizing Eq. (7.38), the elastic right

Cauchy-Green tensor is

Ce = F−Tc FTFF−1
c = F−Tc CF−1

c = b−2C. (7.44)

Thus, the elastic Green-St.Venant strain relates to the Green-St.Venant

strain as

Ee =
1

2

(
b−2C− I

)
=

1

2

(
b−2C− b−2I + b−2I− I

)
=

1

2
b−2 (C− I) +

1

2

(
b−2 − 1

)
I = b−2E +

1

2

(
b−2 − 1

)
I.

(7.45)

As a consequence,

trEe = b−2 trE +
3

2

(
b−2 − 1

)
(7.46)

and

devEe = b−2 devE. (7.47)

Thereby, the elastic second Piola stress can be written using the Green-

St.Venant strain:

Te = T̄e (E, µ) = b−2 (µ) [κµ (µ) tr (E) I + 2Gµ (µ) dev (E)]

+
3

2

(
b−2 (µ)− 1

)
κµ (µ) I.

(7.48)

The resulting constitutive relation for the second Piola stress is

TRR = T̄RR (E, µ) = b−1 [κµ tr (E) I + 2Gµ dev (E)] +
3

2

(
b−1 − b

)
κµI, (7.49)

where the parameters κµ and Gµ as well as the chemical stretch ratio b

depend on µ. In short, this is

T̄RR (E, µ) = b−1Cµ
(
E +

1

2

(
1− b2

)
I

)
. (7.50)

Grand-canonical energy

Similar to the constitutive relation for the grand-canonical energy in Eq.

(7.16), the grand-canonical energy can be split to mechanical and chemical

parts such that

ω̄R (C, µ) = ω̄m
R (Ce (C, µ) , µ) + ω̄c

R (µ) . (7.51)
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The mechanical part is now constructed at the intermediate state and

then transformed to the referential state. Therefore, it depends on the

elastic right Cauchy-Green deformation tensor, which in turn depends on

the right Cauchy-Green tensor. It should be also noted that the elastic

right Cauchy-Green tensor depends on µ. The purely chemical part is

defined at each µ independent of the elastic strain.

Remembering the relation ωR = ρRω in Eq. (6.91) between the referen-

tial grand-canonical energy ωR and the spatial specific grand-canonical

energy ω, the mechanical part of the (referential) grand-canonical energy

(density) can be written as

ωm
R = ρRω

m = detFρωm = detFcρeω
m = detFcω

m
e = b3ωm

e , (7.52)

where ωm
e = ρeω

m with ρe = detFeρ, which is the density at the intermedi-

ate configuration. The grand-canonical energy at the intermediate state,

ωm
e , is taken here as a quadratic function of the elastic Green-St.Venant

strain tensor corresponding to the elastic second Piola stress in Eq. (7.48)

such that

T̄e (Ce, µ) = 2
∂ω̄m

e (Ce, µ)

∂Ce
=
∂ω̄m

e (Ee, µ)

∂Ee
. (7.53)

Consequently,

ω̄m
e (Ee, µ) =

1

2
κµ (µ) (trEe)2 +Gµ (µ) |devEe|2 (7.54)

or

ω̄m
e (Ee, µ) =

1

2
Ee : Cµe (µ)Ee =

1

2
Te : Ee (7.55)

in short.

Let us confirm that the above expressions also yield the correct (total)

second Piola stress (not only elastic second Piola stress). By the state

relation (6.112), the second Piola stress is

T̄RR (C, µ) = 2
∂ωR (Ce (C, µ) , µ)

∂C
= 2

∂ωm
R (Ce (C, µ) , µ)

∂C

= 2
∂ωm

R (Ce, µ)

∂Ce

∂Ce

∂C
,

(7.56)

where by Eq. (7.45) ∂Ce
∂C = b−2. With Eq. (7.52), we have

TRR = 2
∂
(
b3ωm

e (Ce, µ)
)

∂Ce
b−2 = b2

∂ωm
e (Ce, µ)

∂Ce
= bTe (7.57)

which confirms Eq. (7.39) meaning that Eqs. (7.52) and (7.54) give an ex-

pression for the second Piola stress that is consistent with the elastic sec-

ond Piola stress defined at the intermediate configuration.
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With Eqs. (7.52) and (7.55), the constitutive relation for the grand-canonical

energy, Eq. (7.51), can be written as

ω̄R (E, µ) = b3
1

2
Ee : Cµ (µ)Ee + ωc

R (C, µ) , (7.58)

where Ee = 1
2

(
b−2C− I

)
, C = 2E + I and ωc

R (C, µ) = ωc
R0 −

µ∫
µ0

n̄c
R (µ′) dµ′.

The bound water density

Similar to the treatment of the second Piola stress constitutive relation,

the aim is to define the mechanical response of the bound water density at

the intermediate state and transform it to the reference state. The chem-

ical response is defined at each µ along the transformation from the in-

termediate state to the reference state and it is independent of the strain.

Thus, the relation for the bound water density takes the form

n̄R (C, µ) = n̄m
R (Ce (C, µ) , µ) + n̄cR (µ) (7.59)

where m denotes the mechanical response and c the chemical response.

The mechanical response corresponds to the mechanical part of the grand-

canonical energy and it can be obtained according to the state relation

(6.114) as

n̄m
R (C, µ) = −dω

m
R (Ce (C, µ) , µ)

dµ
. (7.60)

The derivation operation is written as d
dµ for clarity, because now Ce de-

pends on µ. As a consequence of this dependence,

n̄m
R (Ce, µ) = −∂ω

m
R (Ce, µ)

∂Ce
:
∂Ce (µ)

∂µ
− ∂ωm

R (Ce, µ)

∂µ

∣∣∣
Ce
. (7.61)

|Ce is used here to mark that the partial derivative is evaluated at con-

stant Ce. The first term reduces to

−
(

1

2
b3Te

)
:

(
−2b−3 ∂b

∂µ
C

)
= b3

1

b

∂b

∂µ
Te : Ce = b3βTe : Ce

= b3β (2Te : Ee + Te : I) = b3β (2Te : Ee + trTe)

= b3β (2Te : Ee + 3κµ trEe) = b3β (2Te : Ee + 3κµI : Ee)

= b3β (2Te + 3κµI) : Ee = b2β (2TRR + 3bκµI) : Ee.

(7.62)

The second term in Eq. (7.61) can be written as

−
∂
(
b3ωm

e
)

∂µ

∣∣∣
Ce

= −3b3
1

b

∂b

∂µ

(
1

2
Te : Ee

)
− b3 1

2

∂Te

∂µ

∣∣∣
Ee

: Ee

= −
(

3

2
b2βTRR + b3

1

2

∂Te

∂µ

∣∣∣
Ee

)
: Ee

(7.63)

since at fixed Ce also Ee is fixed.

131



Mathematical model for bentonite skeleton: constitutive relations

For the chemical potential derivative of the elastic second Piola stress
∂Te
∂µ

∣∣∣
Ee

, the definition for the chemical-stress tensor (at fixed C) should be

remembered:

A (C, µ) =
∂TRR(C, µ)

∂µ
, (7.64)

guided by which the elastic chemical-stress tensor (at fixed Ce) is

Ae (Ce, µ) =
∂Te(Ce, µ)

∂µ
. (7.65)

The notation can be simplified with it.

To express Ae in terms of A and TRR, let us proceed in the reverse direc-

tion. The right Cauchy-Green tensors are replaced by Green-St.Venant

tensors for convenience. By Eqs. (7.39), (7.41) and (7.50), the second Piola

stress can be expressed as

T̄RR (E, µ) = b (µ) T̄e (E, µ) = b (µ)Cµe (µ)Ee (E, µ)

= b−1 (µ)Cµ (µ) :

[
E +

1

2

(
1− b2

)
I

]
.

(7.66)

Hence, the partial derivative is

A =
∂TRR

∂µ
=

∂

∂µ

(
b−1
)
Cµ
[
E +

1

2

(
1− b2

)
I

]
+ b−1 ∂

∂µ
(Cµ)

[
E +

1

2

(
1− b2

)
I

]
+ b−1Cµ

∂

∂µ

[
E +

1

2

(
1− b2

)
I

] ∣∣∣∣∣
E

.

(7.67)

The first term reduces to

−b−2 ∂b

∂µ
Cµe

(
b2Ee

)
= − ∂b

∂µ
Te = −1

b

∂b

∂µ
TRR

and the second term is

b−1 ∂

∂µ
Cµe

(
b2Ee

)
= b

∂Te (Ee, µ)

∂µ
= bAe.

The derivative in the third term simplifies to

∂

∂µ

[
E +

1

2

(
1− b2

)
I

] ∣∣∣∣∣
E

=
∂

∂µ

(
−1

2
b2
)
I = −b ∂b

∂µ
I.

Consequently, the whole third term is

−b1

b

∂b

∂µ
CµI = −3b

1

b

∂b

∂µ
κµI,

where CµI = 3κµI by Eq. (7.48). Remembering that β = 1
b
∂b
∂µ , the resulting

equation for A is

A = −βTRR + bAe − 3bβκµI. (7.68)
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Thus,

Ae = b−1A + b−1βTRR + 3βκµI (7.69)

and we can write

b3
1

2

∂Te

∂µ

∣∣∣
Ee

=
1

2
b2A +

1

2
b2βTRR +

3

2
b3βκµI. (7.70)

Now, the above results can be compiled to form the mechanical part of

the constitutive relation:

nm
R = b2

[
2βTRR + 3bβκµI−

3

2
βTRR −

1

2
A− 1

2
βTRR −

3

2
bβκµI

]
: Ee, (7.71)

which simplifies to

n̄m
R (E, µ) =

1

2
[3bβκµI−A] :

[
E +

1

2

(
1− b2

)
I

]
. (7.72)

Consequently, the constitutive relation for the bound water density with

the multiplicative decomposition is

n̄R (E, µ) =
1

2
[3bβκµI−A] :

[
E +

1

2

(
1− b2

)
I

]
+ n̄c

R (µ) . (7.73)

The chemical part n̄c
R (µ) is non-linear (for bentonite) and has to be deter-

mined directly from experiments. If A is isotropic such that A = aI, the

bound water density further reduces to

n̄R (E, µ) =
1

2
[3bβκµ − a]

[
trE +

3

2

(
1− b2

)]
+ n̄c

R (µ) . (7.74)

Isotropic constitutive relations summarized

Summarizing the results for the isotropic constitutive relations with the

multiplicative decomposition, the relation for the second Piola stress is

T̄RR (E, µ) = b−1 [κµ tr (E) I + 2Gµ dev (E)] +
3

2

(
b−1 − b

)
κµI, (7.75)

for the bound water density

n̄R (E, µ) =
1

2
[3bβκµ − a]

[
trE +

3

2

(
1− b2

)]
+ n̄c

R (µ) . (7.76)

and for the grand-canonical energy

ω̄R (E, µ) = b3
1

2

(
1

2

(
b−2C (E)− I

))
: Cµ (µ)

(
1

2

(
b−2C (E)− I

))
+ ω̄c

R (µ) .

(7.77)

Here b = b (µ), β = ∂b
∂µ , κµ = κµ (µ) and Gµ = Gµ (µ). C and E are inter-

changeable by the relation (6.8), according to which C = 2E + I.
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7.1.3 Chemical stretch ratio for bentonite

According to the conceptual model, the bound water increases the vol-

ume of the bentonite skeleton by the water volume.12 The relative volume

change is therefore 1 + nR−nR0
ρw

. In the framework of the multiplicative de-

composition of the deformation gradient, the skeleton volume increases

by factor Jc = detFc = b3 during chemical expansion, where b is the

(isotropic) chemical stretch ratio (L = bL0 where L and L0 are the length

and the initial length). These two volume changes should be the same

meaning that

b3 = 1 +
nR − nR0

ρw
. (7.78)

Consequently,

b =

(
1 +

nR − nR0

ρw

) 1
3

(7.79)

and we can get a value for the coefficient of chemical expansion in Eq. (7.32):

β =
1

b

∂b

∂µ
=

1

3ρw

(
1 +

nR − nR0

ρw

)−1 ∂nR

∂µ
(7.80)

or

β =
1

3ρw

(
1 +

nR − nR0

ρw

)−1

K (7.81)

with the density modulus K defined by Eq. (6.131). With small volume

change nR−nR0
ρw

→ 0, β can be estimated to be

β =
1

3ρw
K. (7.82)

This corresponds to a linear estimate of the chemical stretch ratio b = 1 +

β0 (µ− µ0), since by it b3 = 1 + 3β0 (µ− µ0) + 3β2
0 (µ− µ0)2 + β3

0 (µ− µ0)3 ≈

1 + 3β0 (µ− µ0) but on the other hand b3 = 1 + nR−nR0
ρw

leading to β0 =

1
3ρw

nR−nR0
µ−µ0 ≈

1
3ρw

∂nR
∂µ = 1

3ρw
K.

7.1.4 Comparison of constitutive relations from referential
expansion and multiplicative decomposition

The constitutive relations expanded at the referential frame and using the

multiplicative expansion should coincide when the deformation is small.

12In this section, the statement is formulated mathematically within the cre-
ated mathematical model framework. The mathematical treatment results in a
meaningful expression for the chemical stretch ratio (and thereby also for the
coefficient of chemical expansion), which can be considered as one of the key con-
tributions in making the model usable in practice.
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This is investigated in the following for relations for the second Piola

stress and the bound water density.13

As a reminder, the constitutive relations for the second Piola stress and

the bound water content expanded on the reference frame for an isotropic

material are, according to Eqs. (7.33) and (7.34),

T̄re
RR (E, µ) = κµ tr (E) I + 2Gµ dev (E) + a (µ− µ0) I (7.83)

and

n̄re
R (E, µ) = −a trE + n̄c

R (µ) . (7.84)

Here E is the Green-St.Venant strain. The corresponding relations using

the multiplicative decomposition are, according to Eqs. (7.75) and (7.76),

T̄md
RR (E, µ) = b−1 (κµ tr (E) I + 2Gµ dev (E)) +

3

2

(
b−1 − b

)
κµI, (7.85)

and

n̄md
R (E, µ) =

1

2
(3bβκµ − a)

(
trE +

3

2

(
1− b2

))
+ n̄c

R (µ) . (7.86)

For small deformations,

a = −3κµβ (7.87)

with

β =
1

b

∂b

∂µ
(7.88)

by Eqs. (7.31) and (7.32).

Let us first concentrate on the second Piola stress. At small chemical

expansion (b → 1), the second Piola stress with the multiplicative decom-

position can be approximated as

Tmd
RR → Te = κµ tr (E) I + 2Gµ dev (E)− 3

2

(
b2 − 1

)
κµI. (7.89)

With the estimate, it can be seen that the first two terms of Tre
RR and Tmd

RR

are already the same. Integrating Eq. (7.88), the chemical stretch ratio is

b = b0e
β(µ−µ0) (7.90)

with b0 = 1 when using the approximation of small chemical expansion.

Consequently,

b2 = e2β(µ−µ0) (7.91)
13The usefulness and value of the approach of using multiplicative decompo-
sition for chemoelastic materials in this thesis can be analysed by comparing
the constitutive equations. The analysis here yields a new view, how the strain
should be considered even in small deformation models for two directionally cou-
pled chemoelastic, swelling materials.
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which can be expressed with Taylor expansion as

b2 = e2β(µ−µ0) = 1 + 2β (µ− µ0) +O
(
|µ− µ0|2

)
. (7.92)

Thus,

− 3

2

(
b2 − 1

)
κµI ≈ −3βκµ (µ− µ0) I (7.93)

and it has been shown that the constitutive relations for the second Piola

stress are approximately the same for small deformations:

Tmd
RR ≈ Tre

RR. (7.94)

Let us consider the bound water density relations next. With Eq. (7.87)

and b→ 1,

(3bκµβ − a) = (−ab− a) = −a (1 + b)→ −2a (7.95)

and therefore the constitutive relation for the bound water with multi-

plicative decomposition, Eq. (7.86), becomes

n̄md
R (E, µ) = −a

(
trE +

3

2

(
1− b2

))
+ n̄c

R (µ) . (7.96)

It can be observed that there is an extra term in the expression within the

parenthesis, if compared to the relation for the bound water density with

the referential expansion, Eq. (7.84). When b → 1, the term tends to zero

and the constitutive relations coincide. It should, however, be noted here

that the term has a great practical importance and it should be considered

to be non-zero for bentonite even in the case of small deformation. Let us

elaborate this notion in the following.

Consider the referentially expanded constitutive relation for the second

Piola stress, Eq. (7.83), together with the expression for a in Eq. (7.87):

T̄re
RR (E, µ) = κµ tr (E) I + 2Gµ dev (E)− 3κµβ (µ− µ0) I. (7.97)

Regrouping,

T̄re
RR (E, µ) = κµ (tr (E)− 3β (µ− µ0)) I + 2Gµ devE

= κµ (trE− trEc) I + 2Gµ devE

= κµ (tr (E−Ec)) I + 2Gµ devE

= κµ (tr (E−Ec)) I + 2Gµ dev (E−Ec)

= Cµ (E−Ec) ,

where the chemical strain is

Ec = β (µ− µ0) I. (7.98)
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By the interpretation according to Eq. (7.93), the chemical strain Ec can

be also written as

Ec = −1

2

(
1− b2

)
I. (7.99)

The expression for the referentially expanded second Piola stress in the

above form can be said to be written using a classical additive decompo-

sition14 of the Green - St.Venant strain into the mechanically elastic part

E − Ec and to the chemical part Ec, which is the strain related to chemi-

cal expansion. Using the additive decomposition, the bound water density

relation in Eq. (7.96) becomes

n̄md
R (E, µ) = −a (tr (E−Ec)) + n̄c

R (µ) . (7.100)

Comparing the expression to the referentially expanded bound water den-

sity in Eq. (7.84), it can be seen that the Green-St.Venant strain is now

replaced with the elastic part of the the additive decomposition of the

Green-St.Venant strain.

As already mentioned, the difference has a great effect in practical ap-

plications. For example, if the volume of a bentonite sample is fixed and

the effect of wetting is simulated, using only E in the constitutive relation

for the bound water density would mean that the wetting has no effect on

the water intake into bentonite (E is always one (identity tensor) due to

the volume constraint) whereas using E−Ec indicates that there is an ef-

fect (Ec increases meaning that (E−Ec) decreases as E is constant). The

latter means that stressed bentonite takes in less water than de-stressed,

which corresponds to experimental findings.15 Therefore, it can be said

that the use of the intermediate configurations and linearising TRR there

naturally yields a correct form for the relation (in the sense of agreement

with observed behaviour).

7.2 Constitutive relations for Helmholtz free energy, Piola stress
and chemical potential

The construction of the constitutive relations for Helmholtz free energy,

the Piola stress and the chemical potential follows the same outline as

for the relations corresponding the grand-canonical energy. Now, the in-

dependent variable for the bound water is the bound water density and,
14This corresponds to the classical additional decomposition of the Green -
St.Venant strain to the elastic part and to the thermal strain in thermoelastic
models.
15For further results, see Example 1 in Ch. 11.
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therefore, a constitutive relation for the bound water chemical potential

is needed. The two formulations based on the expansion in the reference

space and on the multiplicative decomposition of the deformation gradient

are presented also for this set of variables.16

The starting point for constructing the constitutive relations is again to

assume fixed plastic deformation17.

7.2.1 Referential expansion

The Piola stress

The aim is to formulate such approximative relation for the Piola stress

that

1. at each fixed plastic deformation and at each bound water density

the mechanical response18 is isotropic and hyperelastically linear

and

2. the chemical response19 is isotropically linear and it is independent

of the strain (modulo the parameters).

As the constitutive relation for the Piola stress is obtained from the con-

stitutive relation for the second Piola stress by Eq. (7.2)2, let us formulate

the relation for the second Piola stress by expanding it additive such that

T̃RR (C, nR) = T̃RR (C, nR)
∣∣∣
C=I,nR=nR0

+
∂T̃RR(C, nR)

∂C

∣∣∣
C=I

(C− I)

+
∂T̃RR (C, nR)

∂nR

∣∣∣
nR=nRµ0

(nR − nR0) +O (ε)

(7.101)

with the (here unquantified) error of O(ε). Let us call

T̃m
RR (C, nR) =

∂T̃RR (C, nR)

∂C

∣∣∣
C=I

(C− I) (7.102)

16Similarly as for grand-canonical energy based constitutive relations, the ad-
ditive decomposition in reference space mostly follows linearization in [Gurtin
et al., 2009] with exceptions of having a non-linear chemical response for the
chemical constitutive relations and parameter dependence of the mechanical re-
lations. The multiplicative decomposition is based on somewhat similar decom-
position for thermoelastic models by Vujošević and Lubarda [2002] and the ap-
proach could be considered as a new contribution of this thesis (see discussion
also in Footnote 1 of this chapter).
17Or, to be specific, assume a fixed plastic distortion in the sense of Eq. (9.1) and
formulate the relations using the non-plastic distortion.
18That is, the stress response to changes in the deformation state, or more specif-
ically to changes in the right Cauchy-Green tensor.
19That in this case is, the stress response to changes in the bound water density.
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the mechanical part of the approximation for the second Piola stress and

T̃c
RR (C, nR) =

∂T̃RR(C)

∂nR

∣∣∣
nR=nR0

(nR − nR0) (7.103)

the chemical part. By Eq. (6.152) and assuming independence of the

strain, we have
∂T̃RR(C, nR)

∂C

∣∣∣
C=I

=
1

2
Cn (nR) . (7.104)

The difference of the right Cauchy-Green stress and unity in the mechan-

ical part can by replaced by the Green-St.Venant strain tensor, Eq. (6.8),

as

C− I = 2E + I− I = 2E. (7.105)

Combining the above, the mechanical part of the second Piola stress esti-

mate becomes

T̃m
RR (E, nR) = Cn (nR)E. (7.106)

Utilizing the definition for the chemical-stress tensor, Eq. (6.154),

∂T̃RR(C, nR)

∂nR

∣∣∣
nR=nR0

= S (C) , (7.107)

the chemical part for the second Piola stress estimate becomes

T̃c
RR (C, nR) = (nR − nR0)S (C) . (7.108)

Setting the second Piola stress to zero at (C = I, nR = nR0), the approxi-

mative second Piola stress for fixed plastic deformation in the form

T̃RR (E, nR) = Cn (nR)E + (nR − nR0)S (E) (7.109)

is obtained. Further, estimating the chemical stress tensor to not to de-

pend on the strain, the approximate second Piola stress is

T̃RR (E, nR) = Cn (nR)E + (nR − nR0)S. (7.110)

For an isotropic material, the mechanical part can be written with the

bulk modulus κn and the shear modulus Gn as

κn (nR) tr (E) I + 2Gn (nR) dev (E) (7.111)

where dev stands for the deviatoric part of a tensor: devX = X−1/3 tr(X)I.

The chemical part simply becomes

s (nR − nR0) I (7.112)

with a scalar s. Combining the above, the isotropic estimate for the second

Piola stress is

T̃RR (E, nR) = κn (nR) tr (E) I + 2Gn (nR) dev (E) + s (nR − nR0) I. (7.113)
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Helmholtz free energy

The constitutive approximation for the Helmholtz free energy can be di-

vided to mechanical and chemical parts such that

ψ̃R (C, nR) = ψm
R (C, nR) + ψc

R (nR) , (7.114)

where the mechanical part includes all the terms that depend on the

strain (and thereby stress). Consistent with the above constitutive re-

lation for the second Piola stress is the mechanical part

ψ̃m
R (E, nR) =

1

2
E : CnE + (nR − nR0)S : E (7.115)

or in the isotropic case

ψ̃m
R (E, nR) =

1

2
κn (trE)2 +Gn|devE|2 + s (nR − nR0) trE. (7.116)

Consistency means here that the second Piola stress can be obtained from

the Helmholtz energy by the state relation (6.144).

Let us define the chemical part as

ψ̃c
R (nR) = ψc

R0 +

nR∫
nR0

µ̃c (n′R) dn′R (7.117)

where µ̃c (nR) is the chemical part of the constitutive relation for the bound

water. By Eq. (6.146), µ̃ (C, nR) = ∂ψ̃(C,nR)
∂nR

, and by above we see that

µ̃c (nR) = ∂ψ̃c(C,nR)
∂nR

. The term ψc
R0 can be set zero at nR0.

Combining the mechanical and chemical terms, the approximative con-

stitutive relation for the Helmholtz free energy is

ψ̃R (E, nR) =
1

2
E : CnE + (nR − nR0)S : E + ψ̃c

R (nR) , (7.118)

which in the isotropic case is

ψ̃R (E, nR) =
1

2
κn (trE)2 +Gn| devE|2 + s (nR − nR0) trE + ψ̃c

R (nR) . (7.119)

The elasticity tensor, bulk modulus and shear modulus may depend on nR.

The chemical potential

The aim is to formulate such a constitutive relation for the bound water

chemical potential µ that

1. the mechanical response is consistent with the mechanical part of

the Helmholtz free energy and

2. the chemical response is nonlinear and independent of the strain.
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The chemical potential can be split into mechanical and chemical parts

corresponding to the Helmsholtz energy split as

µ̃ (C, nR) = µ̃ (C, nR)
∣∣∣
C=I,nR=nR0

+ µ̃m (C, nR)

+ µ̃c (nR) +O (ε)

(7.120)

with an (unquantified) error O (ε). The mechanical part consists of a stan-

dard linear estimate term and of a term originating from the parameter

dependence on nR:

µ̃m (C, nR) =
∂µ̃ (C, nR)

∂C

∣∣∣
C=I,nR=nR0

: (C− I)

+
1

2
E :

∂

∂nR
(Cn)E.

(7.121)

The chemical part is nonlinear and has to be determined directly from

experiments.

Recalling the Maxwell relation (6.149) and the definition (6.154) for the

chemical stress tensor, the partial derivative in the mechanical part can

be written as
∂µ̃ (C, nR)

∂C

∣∣∣
C=I,nR=nR0

=
1

2
S. (7.122)

Inserting this into the mechanical part and using the Green-St.Venant

strain, we have

µ̃m (E, nR) = S : E +
1

2
E :

∂

∂nR
(Cn)E, (7.123)

which shows that the constitutive relation for the Helmholtz free energy

corresponds to the above split of constitutive relation for the chemical

potential, that is µ̃m (C) =
∂ψm

R
∂nR

.

Denoting the reference state (C = I, nR = nR0) by zero and compiling the

above, the estimate

µ̃ (E, nR) = µ0 + S : E +
1

2
E :

∂

∂nR
(Cn)E + µ̃c (nR) (7.124)

for the bound water chemical potential is obtained.

If isotropy of a material is assumed, the chemical stress tensor takes the

form S = sI as in the isotropic relation for the second Piola stress. Con-

sequently, the isotropic estimate for the bound water chemical potential

is

µ̃ (E, nR) = µ0 + s trE +
1

2

∂κn

∂nR
(trE)2 +

∂Gn

∂nR
|devE|2 + µ̃c (nR) . (7.125)

If the dependence of the mechanical parameters on the species density is

not strong, the expression can be simplified to

µ̃ (E, nR) = µ0 + s trE + µ̃c (nR) . (7.126)
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An interpretation for the chemical stress

An interpretation for the chemical stress parameter s can be obtained by

inverting the relation between the second Piola stress and Green-St.Venant

strain.20 Let us first write the trace of the second Piola stress by Eq. (7.113):

tr T̃RR (E, nR) = 3κn trE + 3s (nR − nR0) . (7.127)

Thus,

trE =
1

3κn
tr T̃RR (E, nR)− s

κn
(nR − nR0) . (7.128)

The second Piola stress can be written as

T̃RR (E, nR) =

(
κn −

2

3
Gn

)
tr (E) I + 2Gn

[
1

3
tr (E) I + dev (E)

]
+ s (nR − nR0) I

= λn tr (E) I + 2GnE + s (nR − nR0) I,

where λn = κn− 2
3Gn. Re-arranging and inserting Eq. (7.128) in the above,

we have

2GnE = TRR −
λn

3κn
trTRRI + s

[
λn

κn
− 1

]
(nR − nR0) I.

As
λn

κn
= 1− 2Gn

3κn
,

E =
1

2Gn
TRR +

1

3

(
1

κn
− 1

2Gn

)
trTRRI−

s

3κn
(nR − nR0) I

or

E =
1

2Gn
TRR +

1

3

(
1

κn
− 1

2Gn

)
trTRRI + γ (µ− µ0) I,

The first two terms on right correspond to strain by mechanical loading,

whereas the last term corresponds to strain by chemical expansion. γ is

the coefficient of chemical expansion21 and

s = −3κnγ. (7.129)

The coefficient expresses the relative chemical expansion (or stretch)22 b

per the bound water density change, that is,

γ =
1

b

∂b

∂nR
. (7.130)

20In the case of the Helmholtz free energy related variable, similarly as
in [Gurtin et al., 2009], but with correct outcome (Eq. 73.29 in [Gurtin et al.,
2009] is corrected in Eq. (7.129) here).
21Similar to coefficient of thermal expansion.
22 L+∆L

L , where L is the initial length and ∆L the change in length.
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For small deformations, the coefficient of volumetric chemical expansion23

is equal to 3γ and, therefore, the coefficient s expresses the pressure per

bound water density change corresponding to the chemical volumetric ex-

pansion.

Isotropic constitutive relations summarized - referential expansion

To summarize the above results, the isotropic constitutive relations for

the second Piola stress, the bound water density and the Helmholtz free

energy are:

T̃RR (E, nR) = κn tr (E) I + 2Gn dev (E) + s (nR − nR0) I (7.131)

µ̃ (E, nR) = µ0 + s trE + µ̃c (nR) (7.132)

ψ̃R (E, nR) =
1

2
κn (trE)2 +Gn|devE|2 + s (nR − nR0) trE + ψ̃c

R (nR) . (7.133)

Relation between the elasticity tensors in the grand-canonical and
Helmholtz free energy formulations

Recalling the relation (6.179) between the elasticity tensors in grand-

canonical and Helmholtz free energy formulations in the isotropic case,

the relation can be now further elaborated for an isotropic material as24

CnE = κn tr (E) I + 2Gn dev (E)

= CµE +
a2

K
I⊗ IE

= κµ tr (E) I + 2Gµ dev (E) +
a2

K
I⊗ IE

= κµ tr (E) I + 2Gµ dev (E) +
a2

K
tr (E) I

=

(
κµ +

a2

K

)
tr (E) I + 2Gµ dev (E) .

(7.134)

Thus, we can conclude that the bulk moduli are related as

κn = κµ +
a2

K
= κµ

(
1 +

9κµβ
2

K

)
(7.135)

using the linear, isotropic estimate a = −3κµβ for the chemical-stress

tensor. The coefficient of chemical expansion, β, can be expressed with

Eq. (7.82) and the relation becomes

κn = κµ

(
1 +

κµK

ρ2
w

)
, (7.136)

23Similar to coefficient of thermal expansion.
24The results here quantify the relation derived in Sec. 6.5.3 by using the consti-
tutive relations specified in this chapter. These results for chemoelastic models
are significant in understanding the mechanical model parameters of bentonite
measured in different conditions. Similar results have been obtained by Anand
[2015] in a different context (see discussion in Footnote 34 in Sec. 6.5.3).
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◦
dX

◦
dXi

◦
dx

B

T = 0, nR = nR0

Bi

T = 0, nR

Bt

T, nR

Fc

F

Fe

Figure 7.2. An illustration of the multiplicative decomposition of the deformation gradi-
ent F and its mapping properties. B is the reference configuration, Bt the
spatial configuration at time t and Bi the intermediate configuration at time
t. Note that the independent variable for bound water is, in this case, the
bound water density instead of chemical potential in Fig. 7.1.

where K = ∂nR
∂µ is the density modulus in Eq. (6.131).

The shear moduli are related as

Gn = Gµ. (7.137)

7.2.2 Multiplicative decomposition

The multiplicative decomposition is formed as in the case with the grand-

canonical energy related variables.25 The deformation gradient F at fixed

plastic deformation is further decomposed such that

F = FeFc, (7.138)

where Fe is the elastic distortion (deformation) and Fc the chemical dis-

tortion (deformation). The elastic distortion is thought to account for an

elastic, isochemical26 relaxation of the current stress state into a fictitious

intermediate configuration. The chemical distortion, in turn, is thought to

account for relaxation of the chemical (swelling) state from the intermedi-

ate configuration to the reference configuration. The mapping properties

are illustrated in Fig. 7.2.

25See the discussion in the beginning of this chapter for other modelling ap-
proaches with the multiplicative decomposition.
26at constant species density this time
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The Piola stress

Let us begin to formulate the constitutive relation for the Piola stress by

remembering that the constitutive relation for the second Piola stress is

actually wanted. The specifc aim is to define

1. isotropic, linearly hyperelastic mechanical response at the interme-

diate state and

2. an isotropic chemical response by the transformation from the inter-

mediate state to the reference state.

The definition for the elastic second Piola stress is as in the grand-

canonical energy case: Te = detFeF
−1
e TF−Te .

The assumption of isotropicity of the chemical expansion is now

Fc = F̃c (nR) = b (nR) I, (7.139)

where b(nR) is the chemical stretch ratio. In principle, the correct variable

here would be the intermediate configuration species density nc = ρcn =

(detFc)
−1ρRn, but the natural variable is nR, since detFc = b3 and, thus,

the intermediate species density depends on b and nR and there is no point

in having dependence of b on b.

Inserting this to the above equation, we have a relation

TRR = bTe (7.140)

between the second Piola stresses.

As earlier, the isotropic and linearly hyperelastic constitutive relation

for the elastic second Piola stress at the intermediate state can be written

as

Te = T̃e (Ee, nR) = κn (nR) tr (Ee) I + 2Gn (nR) dev (Ee) (7.141)

or

Te = T̃e (Ee, nR) = Cne (nR)Ee (7.142)

in short. Ee is again

Ee =
1

2
(Ce − I) (7.143)

where the elastic right Cauchy-Green tensor is

Ce = FT
e Fe. (7.144)

Inverting Eq. (7.138) to Fe = FF−1
c and utilizing Eq. (7.139), the elastic

right Cauchy-Green tensor is

Ce = F−Tc CF−1
c = b−2C. (7.145)
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Thus, the elastic Green-St.Venant strain relates to the Green-St.Venant

strain as

Ee = b−2E +
1

2

(
b−2 − 1

)
I. (7.146)

Thereby, the elastic second Piola stress can be written using the (total)

Green-St.Venant strain:

Te = T̃e (E, nR) = b−2 (nR) [κn (nR) tr (E) I + 2Gn (nR) dev (E)]

+
3

2

(
b−2 (nR)− 1

)
κn (nR) I.

(7.147)

With Eq. (7.140), the resulting constitutive relation for the second Piola

stress is

T̃RR (E, nR) = b−1 [κn tr (E) I + 2Gn dev (E)] +
3

2

(
b−1 − b

)
κnI, (7.148)

where the parameters κn and Gn as well as the chemical stretch ratio b

depend on nR.

Helmholtz free energy

Similar to the constitutive relation for the Helmholtz free energy in Eq.

(7.114), the Helmholtz free energy can be split to mechanical and chemical

parts such that

ψ̃R (C, nR) = ψ̃m
R (Ce (C, nR) , nR) + ψ̃c

R (nR) . (7.149)

The derivation of the final form of Helmholtz free energy is similar to the

derivation of grand-canonical energy. Therefore, the final result is simply

stated: the constitutive relation for Helmholtz free energy is

ψ̃R (E, nR) = b3
1

2
Ee : Cn (nR)Ee + ψ̃c

R (nR) , (7.150)

where Ee = 1
2

(
b−2C− I

)
, C = 2E + I and ψc

R is such that ∂ψ̃c
R (nR) /∂nR =

µ̃c (nR).

The chemical potential

Corresponding to the treatment of the second Piola stress constitutive

relation, the aim is to define the mechanical response of the bound water

density at the intermediate state and transform it to the reference state.

The chemical response is defined at each nR along the transformation from

the intermediate state to the reference state and it is independent of the

strain. Thus, the relation for the bound water chemical potential takes

the form

µ̃ (C, nR) = µ̃m (Ce (C, nR) , nR) + µ̃c (nR) (7.151)
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where m denotes the mechanical response and c the chemical response.

The mechanical response corresponds to the mechanical part of the Helm-

holtz free energy and it can be obtained according to the state relation

(6.146) as

µ̃m (C, nR) =
dψm

R (Ce (C, nR) , nR)

dnR
. (7.152)

The derivation operation is written as d
dnR

for clarity, because now Ce de-

pends on nR. As a consequence of this dependence,

µ̃m (Ce, nR) =
∂ψm

R (Ce, nR)

∂Ce
:
∂Ce (nR)

∂nR
+
∂ψm

R (Ce, nR)

∂nR

∣∣∣
Ce
. (7.153)

|Ce is used here to mark that the partial derivative is evaluated at con-

stant Ce. The first term reduces to(
1

2
b3Te

)
:

(
−2b−3 ∂b

∂nR
C

)
= −b3 1

b

∂b

∂nR
Te : Ce = −b3γTe : Ce

= −b3γ (2Te : Ee + Te : I) = −b3γ (2Te : Ee + trTe)

= −b3γ (2Te : Ee + 3κn trEe) = −b3γ (2Te : Ee + 3κnI : Ee)

= −b3γ (2Te + 3κnI) : Ee = −b2γ (2TRR + 3bκnI) : Ee.

(7.154)

The second term in Eq. (7.153) can be written as

∂
(
b3ψm

e
)

∂nR

∣∣∣
Ce

= 3b3
1

b

∂b

∂nR

(
1

2
Te : Ee

)
+ b3

1

2

∂Te

∂nR

∣∣∣
Ee

: Ee

=

(
3

2
b2γTRR + b3

1

2

∂Te

∂nR

∣∣∣
Ee

)
: Ee

(7.155)

since at fixed Ce also Ee is fixed.

For the species density derivative of the elastic second Piola stress ∂Te
∂nR

∣∣∣
Ee

,

the definition for the chemical-stress tensor (at fixed C) should be remem-

bered:

S (C, nR) =
∂TRR(C, nR)

∂nR
, (7.156)

guided by which the elastic chemical-stress tensor (at fixed Ce) is

Se (Ce, nR) =
∂Te(Ce, nR)

∂nR
. (7.157)

The notation can be simplified with it. To express Se in terms of S and TRR,

let us proceed in the reverse direction. The right Cauchy-Green tensors

are replaced by Green-St.Venant tensors for convenience. By Eqs. (7.140)

and (7.142), the second Piola stress can be expressed as

TRR (E, nR) = b (nR)Te (E, nR) = b (nR)Cne (nR)Ee (E, nR)

= b−1 (nR)Cn (nR) :

[
E +

1

2

(
1− b2

)
I

]
.

(7.158)
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Hence, the partial derivative is

S =
∂TRR

∂nR
=

∂

∂nR

(
b−1
)
Cn

[
E +

1

2

(
1− b2

)
I

]
+ b−1 ∂

∂nR
(Cn)

[
E +

1

2

(
1− b2

)
I

]
+ b−1Cn

∂

∂nR

[
E +

1

2

(
1− b2

)
I

] ∣∣∣∣∣
E

.

(7.159)

The first term reduces to

−b−2 ∂b

∂nR
Cne

(
b2Ee

)
= − ∂b

∂nR
Te = −1

b

∂b

∂nR
TRR

and the second term is

b−1 ∂

∂nR
Cne

(
b2Ee

)
= b

∂Te (Ee, nR)

∂nR
= bSe.

The derivative in the third term simplifies to

∂

∂nR

[
E +

1

2

(
1− b2

)
I

] ∣∣∣∣∣
E

=
∂

∂nR

(
−1

2
b2
)
I = −b ∂b

∂nR
I.

Consequently, the whole third term is

−b1

b

∂b

∂nR
CnI = −3b

1

b

∂b

∂nR
κnI,

where CnI = 3κnI by Eq. (7.141). Remembering that γ = 1
b
∂b
∂nR

, the result-

ing equation for S is

S = −γTRR + bSe − 3bγκnI. (7.160)

Thus,

Se = b−1S + b−1γTRR + 3γκnI (7.161)

and we can write

b3
1

2

∂Te

∂nR

∣∣∣
Ee

=
1

2
b2S +

1

2
b2γTRR +

3

2
b3γκnI. (7.162)

Now, the above results can be compiled to form the mechanical part of

the constitutive relation:

µm = b2
[
2γTRR − 3bγκnI +

3

2
γTRR +

1

2
S +

1

2
γTRR +

3

2
bγκnI

]
: Ee (7.163)

which simplifies to

µ̃m (E, nR) =
1

2
[S− 3bγκnI] :

[
E +

1

2

(
1− b2

)
I

]
. (7.164)

Consequently, the constitutive relation for the bound water density with

the multiplicative decomposition is

µ̃ (E, nR) =
1

2
[S− 3bγκnI] :

[
E +

1

2

(
1− b2

)
I

]
+ µ̃c (nR) . (7.165)
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The chemical part µ̃c (nR) is non-linear (for bentonite) and has to be deter-

mined directly from experiments. If S is isotropic such that S = sI, the

bound water density further reduces to

µ̃ (E, nR) =
1

2
[s− 3bγκn]

[
trE +

3

2

(
1− b2

)]
+ µ̃c (nR) . (7.166)

Isotropic constitutive relations summarized

Summarizing the results for the isotropic constitutive relations with the

multiplicative decomposition, the relation for the second Piola stress is

T̃RR (E, nR) = b−1 [κn tr (E) I + 2Gn dev (E)] +
3

2

(
b−1 − b

)
κnI, (7.167)

for the bound water chemical potential

µ̃ (E, nR) =
1

2
[s− 3bγκn]

[
trE +

3

2

(
1− b2

)]
+ µ̃c (nR) . (7.168)

and for Helmholtz free energy

ψ̃R (E, nR) = b3
1

2

(
1

2

(
b−2C (E)− I

))
: Cn (nR)

(
1

2

(
b−2C (E)− I

))
+ ψ̃c (nR) .

(7.169)

Here b = b (nR), γ = ∂b
∂nR

, κn = κn (nR) and Gn = Gn (nR). C and E are

interchangeable by the relation (6.8).

7.2.3 Chemical stretch ratio for bentonite

Similarly as with the grand-canonical energy27, the volume change in the

chemical expansion is

b3 = 1 +
nR − nR0

ρw
. (7.170)

and consequently

b =

(
1 +

nR − nR0

ρw

) 1
3

. (7.171)

The coefficient of chemical expansion with Helmholtz free energy is thus

γ =
1

b

∂b

∂nR
=

1

3ρw

(
1 +

nR − nR0

ρw

)−1

. (7.172)

With small volume change nR−nR0
ρw

→ 0, γ can be estimated to be

γ =
1

3ρw
. (7.173)

27Also similarly as with the grand-canonical energy, this section results in a
meaningful expression for the chemical stretch ratio (and thereby also for the
coefficient of chemical expansion) but now for variables related to Helmholtz free
energy. This can again be considered as one of the key contributions in making
the model usable in practice.
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This corresponds to a linear estimate of the chemical stretch ratio b =

1 + γ (nR − nR0), since by that b3 = 1 + 3γ0 (nR − nR0) + 3γ2
0 (nR − nR0)2 +

γ3
0 (nR − nR0)3 ≈ 1 + 3γ0 (nR − nR0) but on the other hand b3 = 1 + nR−nR0

ρw

which leads to γ0 = 1
3ρw

.

7.2.4 Comparison of constitutive relations from referential
expansion and multiplicative decomposition

With similar reasoning as for the grand-canonical energy related vari-

ables in Sec. 7.1.4, it can be shown that in the case of small deformations

the referentially expanded and multiplicative decomposed constitutive re-

lations for the second Piola stress and the bound water chemical potential

coincide, respectively, also here28. As an important detail, it can be specifi-

cally shown that the multiplicatively decomposed constitutive relation for

the bound water chemical potential in Eq. (7.168) can be written as

µ̃ (E, nR) = s tr (E−Ec) + µ̃c (nR) (7.174)

for b→ 1. Here,

Ec = −1

2

(
1− b2

)
I ≈ γ (nR − nR0) , s = −3κnγ and γ =

1

b

∂b

∂nR
. (7.175)

Using the chemical strain Ec, the referentially expanded constitutive re-

lation for the second Piola stress (7.167) can be written as

T̃RR (E, nR) = Cn (E−Ec) = κn tr (E−Ec) I + 2Gn dev (E−Ec) . (7.176)

Similarly as in Sec. 7.1.4, this result has a great practical importance

for bentonite simulations.
28As in Sec. 7.1.4, the analysis here yields a new view, how the strain should
be considered even in small deformation models for two directionally coupled
chemoelastic, swelling materials, but now with a variables related to Helmholtz
free energy.
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7.3 Constitutive relation for species mass flux: Fick’s law

Fick’s law is utilized in this work in its basic form:

• Fick’s law states that the species flux depends linearly on the chem-

ical potential gradient.

The species flux is the bound water flux in bentonite in the context of

this thesis.29 According to the general constitutive functions (6.105) and

(6.141), the species flux could depend also on the temperature gradient.

The dependence is neglected here, because the aim of the constitutive

model here is to describe the coupling between the mechanics and chem-

istry of bentonite in isothermal conditions and leave thermal phenomena

for future effort.

Mathematically expressed, Fick’s law is

h̄R (C, µ) = −Nµ (C, µ)∇µ (7.177)

if the independent variables (C, µ) corresponding to the grand-canonical

energy are chosen. If the Green-St.Venant strain E is used instead of the

right Cauchy-Green tensor
(
E = 1

2 (C− I)
)
, Fick’s law can be written as

h̄R (E, µ) = −Nµ (E, µ)∇µ (7.178)

The alternative form with Helmholtz free energy related variables (C, nR)

is

h̃R (C, nR) = −Nn (C, nR)∇µ̃ (C, nR) . (7.179)

Nµ and Nn are the mass transport tensors corresponding to the choice of

variables. Again, using E instead of C, the law is

h̃R (E, nR) = −Nn (E, nR)∇µ̃ (E, nR) . (7.180)

The first formulation corresponds to the chemical potential evolution

equation (6.139), in which µ is the independent variable for the bound

water. Thus, the chemical potential gradient is directly in the correct

form.

The second formulation corresponds to the species density evolution

equation (6.169), in which C and nR are the independent variables. There-

fore, the chemical potential gradient has to be expanded to depend on

29Fick’s law is considered here directly as in [Gurtin et al., 2009] until
Eq. (7.184), after which the strain suggested by the multiplicative decomposi-
tion of the deformation gradient in this thesis is taken into account. The relation
between referential and spatial forms of Fick’s law is a general result, but the
special use of Fick’s law for bound water in bentonite is a new contribution by
this thesis.
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the right Cauchy-Green tensor and the species density30. If the chemi-

cal potential gradient is expanded directly at the reference configuration

(compatibly with the other referentially expanded constitutive relations),

Fick’s law takes the form

∇µ = ∇

(
∂ψ̃R (C, nR)

∂nR

)

=
∂2ψ̃R (C, nR)

∂C∂nR
: ∇C +

∂2ψ̃R (C, nR)

∂n2
R

∇nR

=
1

2
S (C, ϑ, nR) : ∇C + Λ (C, nR)∇nR

(7.181)

where S is the chemical-stress tensor defined by Eq. (6.154) and Λ the

chemistry modulus defined by Eq. (6.162).31 Thus, the bound water flux

takes the form

h̃R (C, nR) = −Nn

[
1

2
S : ∇C + Λ∇nR

]
(7.182)

or

h̃R (E, nR) = −Nn [S : ∇E + Λ∇nR] (7.183)

if expressed with E instead of C. Assuming isotropic material with S = sI,

the flux takes the form

h̃R (E, nR) = −Nn [s∇ (trE) + Λ∇nR] . (7.184)

If the intermediate configuration and the multiplicative decomposition

of the deformation gradient is used as the basis for the constitutive re-

lations instead of referential expansion as explained in Sections 7.1.4

and 7.2.4, the bound water flux takes a somewhat different form. Let

us directly take the expression in Eq. (7.174) for the chemical potential

constitutive relation,

µ̃ (E, nR) = s tr (E−Ec) + µ̃c (nR) , (7.185)

30The somewhat inconsistent choice of variable pair nR and ∇µ leads to the use
of the right Cauchy-Green strain gradient. In principle, this gradient should be
allowed to an argument also for the other constitutive equations in Eq. (6.140),
but it would remain as an argument only for the species and the heat fluxes after
the Coleman-Noll procedure (with similar reasoning as the chemical potential
and temperature gradients only remain as arguments for species and heat fluxes
and not the other relations). The heat flux is not considered in detail in this
thesis meaning that the right Cauchy-Green tensor gradient is only required in
the constitutive relation for species flux, where it already is according to the
formulation. The selection of the inconsistent variable pair is discussed from
theoretical perspective in [Gurtin et al., 2009].
31The product A : B between the second order tensor A with components Aij
(representing S) and the third order tensor B with componentsBijk (representing
∇C) is defined as vector with k-th component (A : B)k = AijBijk with Einstein
summation.
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as the starting point for the chemical potential gradient32. Here Ec =

−1
2

(
1− b2 (nR)

)
I ≈= γ (nR − nR0) I. Then the chemical potential gradient

is

∇µ̃ (E, µ) = s∇ (tr (E−Ec)) + Λ∇nR (7.186)

and the mass flux becomes

h̃R (E, nR) = −Nn [s∇ (tr (E−Ec)) + Λ∇nR] . (7.187)

7.3.1 Compatibility between referential and spatial forms

When finding the parameters for Fick’s law experimentally, the spatial

frame is the natural one meaning that actually the spatial parameters

Nspatial
i (i = µ or n) in

h = −Nspatial
i gradµ (7.188)

are measured. To find the relation between the spatial and referential

parameters33, let us remind ourselves of the relation between the spatial

and referential fluxes

hR = JF−1h. (7.189)

The gradient transforms as

gradµ = F−T∇µ. (7.190)

Combining the above with Eqs. (7.177) and (7.188), we have

hR = −JF−1Nspatial
i F−T∇µ. (7.191)

Thus, the relation between the spatial and referential mass transfer ten-

sors is

Ni = JF−1Nspatial
i F−T. (7.192)

7.3.2 Fick’s law for isotropic material

For an isotropic material,

Nspatial
i = NiI (7.193)

with scalar Ni (i = µ or n). The referential form of the parameters is thus

Ni = NiJC
−1. (7.194)

32It should be remembered here that the estimate s = −3κnγ is used in deriving
this expression and isotropy is assumed
33The transformation law for the mobility tensor Ni derived here is a standard
result from the flux and gradient transformation laws.
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7.3.3 Fick’s law for bound water in bentonite

For chemical species i in a weak solution, the diffusive mass flux takes

the form

li = −DMs

Rϑ
ρsni gradµi, (7.195)

if the amount of the species i is expressed as a concentration ci = ρsni (ρs

the total mass density of the solution and ni is the mass fraction of i) and

the flux is driven by the chemical potential34 gradient. D is the diffusion

coefficient, R the universal gas constant,Ms the molar mass of the species,

ϑ the temperature and ρs the density of the solvent. Assuming for ideal

mixture that µi = µ0 + Rϑ
Ms

ln(xi) with xi the molar fraction of species i and

expanding the gradient with the chain rule35, the flux becomes

li = −DMw

Rϑ
ρsni

1

ρsni

Rϑ

Mw
grad (ρsni) , (7.196)

in which the most of the constants and variables cancel each other. The

standard form for the species diffusive flux is obtained:

li = −D grad (ρsni) = −D grad ci. (7.197)

In porous media, the pore structure may affect the diffusion process by

making the diffusion paths tortuous and constricted. This somewhat ran-

dom effect is often accounted for by adding a multiplier to the diffusive

flux. If the diffusing species is not an integral part of the structure of the

porous material like the bound water in bentonite, the porosity (or some

power of it) is also often a part of the multiplier. Equation-wise, this is

lα = −αD grad ci, (7.198)

where parameter α accounts for these effects.

Motivated by the above equations for the general chemical species dif-

fusion flux, let us write

h = −αDMw

Rϑ
ρn gradµ (7.199)

for the spatial diffusion flux of the bound water in bentonite. α accounts

for the porous medium geometrical effects that can be included in the dif-

fusion coefficient by marking Dα = αD. By Eq. (7.194), the corresponding

referential form is

hR = −DαMw

Rϑ
ρnJC−1∇µ (7.200)

34In units J/kg = [energy/mass].
35xi = csi/(csi + cw) where csi = Msρsni is the concentration of species i

in units mol/l and cw the concentration of water in mol/l. Thus, gradµi =
∂µi

∂xi

∂xi

∂csi

csi
ci

grad (ρsni) = 1
ρsni

Rϑ
Ms

grad (ρsni).
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or by using nR = ρRn = Jρn

hR = −DαMw

Rϑ
nRC

−1∇µ. (7.201)

Accordingly, the flux is

hR = h̄R (E, µ) = −DαMw

Rϑ
n̄R (E, µ)C−1∇µ (7.202)

with µ as the variable for the bound water36 or

hR = h̃R (E, nR) = −DαMw

Rϑ
nRC

−1 [s∇ (tr (E−Ec)) + Λ∇nR] , (7.203)

with nR as the variable for the bound water.

The flux with nR can be further elaborated by taking into account ex-

perimental techniques to determine Λ. By the definition, Eq. (6.162), the

chemical modulus is Λ = ∂µ
∂nR

. Considering only the chemical part, the

relation µ̃c(nR) is needed to define the modulus. Practical means to de-

termine the relation for bentonite is put a sample of bentonite powder to

atmosphere with constant relative humidity and let the bound water to

equilibrate with the water vapour. In the equilibrium, the bound water

chemical potential equals the vapour potential, which can be determined

knowing the relative humidity. The bound water mass fraction n can be

obtained simply by weighing the sample. At a solid material density ρ,

the bound water density is then nR(n) = nρR = nJρ. The inverse relation

is n(nR) = 1
JρnR.

With the relative humidity φRH (that is the partial pressure of the vapour

per the saturation partial pressure of vapour), the vapour chemical poten-

tial is

µv = µ0 +
Rϑ

Mw
lnφRH. (7.204)

If we now know that a bentonite sample in equilibrium with this vapour

has bound water mass fraction of n, we can write

µ = µ̃ (nR) = µ0 +
Rϑ

Mw
lnφRH(n(nR)) (7.205)

for the bound water chemical potential. Λ can be obtained by differentiat-

ing this:

Λ =
∂µ

∂nR
=
Rϑ

Mw

∂

∂n
[lnφRH (n)]

∂n

∂nR
=
Rϑ

Mw
BF, (7.206)

whereBF = ∂
∂n [lnφRH (n)] ∂n

∂nR
is a shorthand notation for the partial deriva-

tives. Inserting this into the mass flux part with the bound water density

gradient

hc
R = −DαMw

Rϑ
nRC

−1Λ∇nR, (7.207)

36with C = 2E + I
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we have

hc
R = −DαnRC

−1BF∇nR. (7.208)

Therefore, the total bound water flux with nR as variable can be expressed

as

hR = −DαnRC
−1BF∇nR −

DαMw

Rϑ
nRC

−1s∇ (tr (E−Ec)) . (7.209)

A more straight-forward approach than the above is to fit the relation

µc = µ̃c (nR) and its derivative with respect nR (that is Λ) directly to exper-

imental data and use the numerical fitted functions in the model.

7.4 Discussion on constitutive laws for bentonite skeleton

The model for elastic mechanical response is somewhat simple for a large

deformation model. The reason to not consider a more complicated model

here is simply that the elastic region for bentonite is relatively small, if

compared to other soft materials such as rubber. In this small region, the

simple linear model is considered a sufficient approximation at this point.

The model can be made more complicated in the future based on direct

measurements. However, if such a model is considered, also the hystere-

sis in the elastic loading-unloading cycles should probably be taken into

account.

The terms in the constitutive relations for the bound water density n̄c
R(µ)

or the bound water chemical potential µ̃c(nR) that do not depend on the

strain are not linear and have to be measured directly. They are actually

the adsorptions isotherms in non-stressed bentonite (for example, ben-

tonite powder) that have been measured for many different types of ben-

tonites (see the references in Ch. 2).

The relation between the elasticity tensors in the grand-canonical and

Helmholtz free energy formulations can be treated as a hypothesis for

experiments. The relation suggests how the bulk and shear moduli mea-

sured in constant water content and in constant chemical potential (or in

constant suction in terms of soil science) are related.

The terms chemical stretch ratio and the coefficient for chemical expan-

sion are related to the similar terms in thermoelasticity, namely the ther-

mal stretch ratio and the coefficient of thermal expansion. In fact, many

of the theoretical considerations in the chemoelasticity here are very sim-

ilar to those of thermoelasticity, but there are, of course, also differences.

Since thermoelasticity is in many aspects much more mature field than
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chemoelasticity, it is natural to follow the practices of the first in the lat-

ter.

The constitutive relations with the intermediate configuration can be

observed to be somewhat more complicated than the referentially lin-

earised versions. In practice, however, the relation for the second Piola

stress can be written in the intermediate configuration very similarly as

in the referentially linearised version. The relations for the variables for

the bound water are a bit more problematic, but the referentially lin-

earised versions for those can be used for approximations in suitable ap-

plications, or at least the approximations for the parameters a and s can

be derived using the referentially linearised relations. Alternatively, auto-

matic symbolic derivation by simulation software could be used to obtain

precise values for a and s when using the multiplicative decomposition

constitutive relations.

It should also be noted that the use of the intermediate configuration

and linearisation there provides the correct forms for the constitutive re-

lations for the bound water density or the bound water chemical poten-

tial: the strain in the expressions is the elastic strain (if the strain in

decomposed additively to elastic and chemical strains) instead of the total

strain that is obtained when the referential expansion is used. This is im-

portant since the referentially expanded relations suggest no decrease of

water intake due to increasing stress, if the volume of a bentonite body is

kept constant while wetting it (that is, the volumetric total strain is zero).

This is in direct contradiction with experimental evidence and the use of

intermediate configuration corrects the model with this respect.

The bound water mass flux is thought to obey Fick’s law spatially. Trans-

forming the law into the reference configuration introduces a few extra

multipliers into the law. The law takes an even more complicated form

when the practical way to determine the bound water chemical potential

by the water vapour equilibrium technique is taken into account, but also

directly fitted numerical approximations for µc and its derivative could be

used.
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8. Mathematical model for free porosity

The behaviour of water in the free porosity and of the dissolved salt in

it are described mathematically in this chapter. According to the concep-

tual model, water partially saturates the free pores such that the water

pressure exerts no force on the pore walls meaning that no (positive) fluid

pressure is present. The flow of water is driven by the capillary effect in

the chemically inert-assumed free pores1. The free porosity structure is

thought to consists of a bundle of cylindrical capillarities, the size distri-

bution of which decides the transport parameters. For this construction,

a form of Richards’ equation with van Genuchten parametrization is uti-

lized [van Genuchten, 1980].

The chemical potential of the free water (H2O component of it) is needed

to describe the exchange of the bound and free pore water. The level of

the free pore water chemical potential depends on the dissolved salts in

it. Therefore, the salinity has to be described somehow in the model. The

simplest possible option is chosen: only dissolved NaCl is considered and

the concentration c in the model represents Na+ (or Cl−) concentration.

The concentration is a reference concentration in the sense that if a piece

of bentonite is equilibrated with an external source of water with concen-

tration c, this concentration is taken to be the concentration of the free

pore water. As the equilibrium holds, the chemical potentials of c and the

water types (free pore water and outer source water) are also in equilib-

rium.

For the mathematical description, the mass balance equations for both

the water and the salt concentration have to be written. The equations are

made solvable by the constitutive relations. Both of these are written in

spatial and referential configuration to match the model for the bentonite

1No chemical or physical bonds of water to the surfaces are present, compare to
inert sandstone.
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skeleton.

The mass balance equations and the constitutive relations in spatial

frame follow the practices in soil science for chemically inactive porous

media [e.g. Bear, 1979]. Also, the transformation laws for variables be-

tween spatial and reference frames are the standard ones [in Gurtin et al.,

2009], but they are applied in this chapter for the soil scientific equations.

Therefore, the new content in the chapter is rather the conceptual separa-

tion of the free porosity to (truly) represent the micrometre scale porosity

than the mathematical formulation itself.

8.1 Spatial mass balances of water and salinity in free porosity

8.1.1 Spatial mass balance of water in free porosity

The mass balance of free water in a volume Pt convecting with a deform-

ing body of bentonite is

˙∫
Pt

Sφρwdv = −
∫
∂Pt

m · nda+

∫
Pt

mdv (8.1)

where the dot, ˙
(· · · ), denotes material time derivative, S is the saturation

of the free porosity (the volume of free water per the free pore volume), φ

the free porosity (the volume of the free porosity per the total volume), ρw

the density of water, m the mass flux of the water and m the water supply.

To obtain the local mass balance, let us write

˙∫
Pt

Sφρwdv =
˙∫

P

SφρwJdvR =

∫
P

˙
(SφρwJ)dvR

=

∫
P

˙
(Sφρw)J + SφρwJ̇dvR

=

∫
P

˙
(Sφρw)J + SφρwJ divvdvR

=

∫
P

(
˙

(Sφρw) + Sφρw divv
)
JdvR

=

∫
Pt

˙
(Sφρw) + Sφρw divvdv

=

∫
Pt

(Sφρw)′ + grad (Sφρw) · v + Sφρw divvdv

=

∫
Pt

(Sφρw)′ + div (Sφρwv) dv,

(8.2)
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where J is the volumetric Jacobian in Eq. (6.4) and v the velocity of the

deformation. The identity J̇ = J divv has been used. Utilizing the above

and the divergence theorem, the local mass balance of the free pore water

is
˙

(Sφρw) + Sφρw divv = −divm +m (8.3)

with material time derivative ˙
(· · · ) or

(Sφρw)′ + div (Sφρwv) = −divm +m (8.4)

with spatial time derivative (· · · )′.

8.1.2 Spatial mass balance of salt in free porosity

The spatial mass balance of salinity in the free porosity is

˙∫
Pt

Sφcdv = −
∫
∂Pt

r · nda+

∫
Pt

rdv, (8.5)

where c is the NaCl concentration (moles per volume of free pore water),

r the Na mass flux and r the supply. Similarly as for the free pore water,

the local form can be obtained:

˙
(Sφc) + Sφcdivv = −div r + r (8.6)

or

(Sφc)′ + div (Sφcv) = −div r + r. (8.7)

8.2 Referential mass balances for water and salinity in free
porosity

8.2.1 Referential mass balance of water in free porosity

To formulate the referential form of the free water mass balance, it is

required that:

1. The mass of free pore water in volume P in the reference frame is

the same as in the corresponding spatial volume Pt:∫
Pt

Sφρwdv =

∫
P

SφρwJdvR =

∫
P

SφRρwdvR where φR = Jφ. (8.8)

φR is the referential porosity.
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2. The mass flux over the boundary ∂P in the reference frame is the

same as the spatial mass flux over the corresponding spatial bound-

ary ∂Pt:∫
∂Pt

m · nda =

∫
∂P

m · JF−TnRdaR =

∫
∂P

JF−1m · nRdaR

=

∫
∂P

mR · nRdaR where mR = JF−1m.

(8.9)

3. The supply terms correspond as∫
Pt

mdv =

∫
P

mJdvR =

∫
P

mRdvR where mR = Jm. (8.10)

The reference porosity φR, the pore water mass flux mR and supply mR are

defined according to the above requirements.

With the definitions, the mass balance in the reference frame can be

stated as
˙∫

P

SφRρwdvR = −
∫
∂P

mR · nRdaR +

∫
Pt

mRdvR (8.11)

which by the divergence theorem can be written locally as

˙
(SφRρw) = −DivmR +mR. (8.12)

Here, it should be noted that the material time derivative can be taken

directly of the integrand, because the integration is here is a material

frame operation.

8.2.2 Referential mass balance of salinity in free porosity

For NaCl, the requirements of equal masses, mass fluxes and supplies in

a transformation between the frames are∫
Pt

Sφcdv =

∫
P

SφRcdvR where φR = Jφ

∫
∂Pt

r · nda =

∫
∂P

rR · nRdaR where rR = JF−1r

∫
Pt

rdv =

∫
P

rRdvR where rR = Jr,

(8.13)

which lead to the referential form
˙∫

P

SφRcdvR = −
∫
∂P

rR · nRdaR +

∫
Pt

rRdvR (8.14)

for the mass balance. The local version is

˙
(SφRc) = −Div rR + rR. (8.15)
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8.3 Constitutive relations for water flow and salinity in free porosity

8.3.1 Constitutive relations for free water flow

Constitutive relations for the free water flux mR and for the expanded

time-derivative term in Eq. (8.12) are needed to obtain a solvable trans-

port equation for the free water. The aim is to have pressure as the inde-

pendent variable to solve in the final equation.

Free water mass flux: Darcy’s law

The free water mass flux is described here with Darcy’s law

vw = − κw

µwv
grad pw (8.16)

extended to include the traditional capillary effect with an extra multi-

plier kr:

vw = −krκw

µwv
grad pw. (8.17)

Consequently, the free water mass flux is

m = −ρw
krκw

µwv
grad pw. (8.18)

vw is the infiltration velocity of water, κw the permeability tensor (m2),

µwv the viscosity of water (Pa s), kr the relative permeability, ρw the water

density and pw the water pressure. Darcy’s law states that the flow of wa-

ter is driven by the pressure gradient. In conditions where the free poros-

ity is partially saturated and the capillary effect rises the water above the

free liquid water surface to a height h (to depth of −h), the corresponding

pressure is pw = −h/(ρwg) (g is the gravitational acceleration). There-

fore, the negative pressure is operated here with, when the free porosity

is only partially saturated. κ is the permeability in fully saturated condi-

tion and it depends on the the pore size distribution of the free porosity

in bentonite. The relative permeability 0 < kr ≤ 1 takes into account the

decrease of the total permeability in partially saturated conditions (due

to capillary effect).

By Eq. (8.9) and the gradient transformation rule Eq. (6.14), gradx =

F−T∇x, the free water flux in the referential configuration is

mR = −ρwJF
−1krκw

µwv
grad pw = −ρwJF

−1krκw

µwv
F−T∇pw

= −ρwJF
−1κwF

−T kr

µwv
∇pw.

(8.19)
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In the isotropic case, the referential permeability tensor simplifies as

JF−1κwF
−T = JF−1κwIF

−T = JF−1F−Tκw = JC−1κw (8.20)

and the referential isotropic free water mass flux is

mR = −ρwJC
−1krκw

µwv
∇pw. (8.21)

Time derivative

The aim is to express the time derivative with the pressure time deriva-

tive to obtain solvable equation for the free pore water flow2. The time

derivative can be expanded as

˙SφRρw = ṠφRρw + Sφ̇Rρw + SφRρ̇w. (8.22)

Let us assume that in partially saturated conditions the water density is

constant, since there is always gas together with the water in the pores

and the gas is more likely to get compressed than water. Thus, let us set

ρ̇w to zero in the model here. If fully saturated conditions were considered,

the compressibility of the water should be likely accounted for to the have

a realistic model.

The changes in the spatial porosity φ are linked to the deformation of

the bentonite skeleton and the reference porosity φR can be assumed to be

a constant in time, if there is no excess water pressure to compress the

skeleton. Therefore, let us state here that φ̇R = 0. Again, if fully saturated

conditions were considered, the compressibility of the porosity should be

likely accounted for to the have a realistic model.

Aiming for an equation with pressure as the independent (solved) vari-

able, the temporal change in the free porosity saturation Ṡ has to be ex-

pressed as temporal change of the pressure. Let us use the chain rule and

write

Ṡ =
∂S

∂pw
ṗw. (8.23)

As a consequence, the constitutive relation S = S̄ (pw) is needed for the

expression.

The final form for the time derivative is

˙SφRρw = φRρw
∂S

∂pw
ṗw. (8.24)

2This means that the constitutive relation for the saturation S is to be defined.
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Parameters in partially saturated conditions

Let us go through the traditional concepts behind the capillary rise in

porous media and link the free pore structure of bentonite to the capillary

flow parameters. To be precise, let us establish the relation S(p) from the

pore size distribution data but rely on the traditional soil hydraulics for

the functional form of S(p) to be used in the final model and for obtaining

kr(p) from S(p).

The capillary rise of a fluid in a cylindrical capillary tube is described

with Jurin’s law

hc =
κcap

rc
=

2γs cosα

ρwg

1

rc
. (8.25)

hc is the height of the capillary rise, κcap a capillary rise coefficient, rc

the radius of the cylinder, α the contact angle between the water and

the tube surfaces, γs the surface tension, ρw the fluid density and g the

gravitational acceleration. Let us assume that the pore structure of a

porous medium consists of this kind of capillary tubes and that the pore

radii correspond to the tube radii in the sense of the above equation.

The pore radii in porous media are often log-normally distributed:

f (rc) =
1

rcσd
√

2π
exp

(
−(ln rc − µd)2

2σ2
d

)
, (8.26)

where rc is the pore radius, µd the mean and σd the standard deviation of

the distribution for ln rc (Fig. 8.1).

To have a corresponding distribution for the capillary rise height hc, the

pore size distribution has to be transformed as

g (hc) =

∣∣∣∣∂rc (hc)

∂hc

∣∣∣∣ f (rc (hc)) , (8.27)

which with Eq. (8.25) results in (Fig. 8.2)

g (hc) =
κcap

h2
c
f

(
κcap

hc

)
. (8.28)

If we want to know the saturation of the porous medium at height hs, we

have to sum up all the porosity ("the capillary tubes"), in which the water

has risen above that height. The pores with water level below the limit hs

do not count for the saturation at hs. Mathematically formulated, this is

S(hc) =

∞∫
hs

g (hc) dhc. (8.29)

It is easier to evaluate the integral in form

S(hc) = 1−
hs∫

0

g (hc) dhc. (8.30)
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Figure 8.1. Log-normal distribution of pore radii. µd = ln(5 · 10−5) ln(m), σd = 0.8 ln(m).
The distribution follows roughly the pore size distribution in micrometre
range in Fig. 1 of [Lloret and Villar, 2007].
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Figure 8.2. The capillary rise height distribution g(hc) in Eq. (8.28) from the pore size
distribution in Fig. 8.1. γs = 0.073 N/m, α = 0, ρw = 1000 kg/m3 and g = 9.81
m/s2 in Eq. (8.25).
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Figure 8.3. pw(S) curve obtained by Eq. (8.30) from the capillary height distribution g(hc)

in Eq. (8.28) and Fig. 8.2.

The relation S(pw) can be obtained by changing the height of the capillary

rise to pressure by −pw = ρwghc. The saturation curve is illustrated with

both the variables in Fig. 8.3.

Classical work on functional forms for the curve S(pw) and kr obtained

from S(pw) has been conducted by for example Mualem [1976], Brooks

and Corey [1964] and van Genuchten [1980]. Here, the widely used van

Genuchten formulation is utilized. According to it, the saturation is ex-

pressed in form

S(pw) =

[
1 +

∣∣∣∣pg − pw

pvG

∣∣∣∣ 1
1−λv

]−λv

(8.31)

and the relative permeability in form

kr (pw) =
√
S (pw)

[
1−

(
1− (S (pw))

1
λv

)λv
]2

(8.32)

where pg is the gas pressure. λv and pvG are fitting parameters. With S(p)

in Eq. (8.31), a compelling form for the saturation pressure derivative can

be derived:

∂S(pw)

∂pw
=

1

pvG

λv

1− λv
(S(pw))

1
λv

[
1− (S(pw))

1
λv

]λv
. (8.33)

The van Genuchten S(pw) relation in Eq. (8.31) fitted to the pw(S) curve

in Fig. 8.3 (obtained from the pore size distribution data in Fig. 8.1) is

illustrated in Fig. 8.4.
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Figure 8.4. van Genuchten pw(S) curve fitted (by hand) to the curve obtained from the
capillary height distribution g(hc) in Eq. (8.28) and Fig. 8.2. λv = 0.64 and
pvG = 2 kPa.

The permeability depends on the free pore volume that, in turn, depends

on the compression state (the volume change) of the skeleton. The depen-

dence can be expressed as

κw = κw0f (J) , (8.34)

where κw0 is a non-deformed, reference state constant permeability and f

expresses the dependence on the volume change. Simple approximations

for f could be constant, linear or quadratic dependencies of J .

8.3.2 Constitutive relations for salt in free porosity

Constitutive relations for the NaCl mass flux rR and for the expanded

time derivative term in Eq. (8.15) are needed to form a solvable equation

for the salinity transport.

Salinity mass flux: Ficks’ law

The NaCl mass flux in partially saturated free porosity with saturation of

S and porosity of φ in spatial coordinates is

r = −SφαcDc grad c, (8.35)

where αc is a factor accounting for the pore structure geometrical effects.

This is a porous medium form of Fick’s law, in which the chemical poten-
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tial gradient drives the diffusion of the total density of Sφc with a geomet-

rically corrected diffusion coefficient (compare to Eq. (7.195)).3

The referential NaCl mass flux is obtained similarly as the free pore

water mass flux:

rR = −JF−1SφαcDc grad c = −JF−1SφαcDcF
−T∇c

= −JF−1F−TSφαcDc∇c = JC−1SφαcDc∇c

= −SφRαcDcC
−1∇c

(8.36)

with φR = Jφ.

Time derivative

The time derivative in Eq. (8.15) can be expanded by the chain rule as

˙
(SφRc) = ṠφRc+ Sφ̇Rc+ SφRċ. (8.37)

The temporal changes in the free porosity saturation S should be ex-

pressed as Ṡ = ∂S
∂p ṗ since the pressure p is the variable to solve in the free

pore water mass balance equation.

Similarly as in the time derivative in the free pore water mass balance,

φ̇R = 0. Thus, the final form for the time derivative is

˙
(SφRc) = φRc

∂S

∂pw
ṗw + SφRċ. (8.38)

8.4 Chemical potential of free water

The chemical potential of the free water is needed to describe the ex-

change of the free pore water to the bound water and vice versa. In prin-

ciple, the free pore water chemical potential could be computed from the

salt concentration in it, but in practice it is better to rely on measure-

ments at least in the case of NaCl solution here, since the same procedure

is used also for the bound water chemical potential.

The chemical potential of water in a solution can be determined by equi-

librating water vapour with the solution and measuring the relative hu-

midity of the vapour.4 Assuming that the vapour is ideal gas, the chemical

potential of it (in units J/mol) is

µv = µ0 +Rϑ ln

(
pv

pv0

)
, (8.39)

3The advection by free pore water is not taken into account here, but can be
easily added to the formulation.
4This approach could be considered as a non-standard way to obtain the water
potential for salt solutions.
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Figure 8.5. (a) The relative humidity of water vapour that is in equilibrium with NaCl
solutions in various concentrations according to Clarke and Glew [1985]. (b)
The chemical potential of NaCl solutions in various concentrations assuming
equilibrium with vapour according to Eq. (8.40), where µw0 = 0.

where µ0 is the reference chemical potential, R the gas constant, ϑ the

temperature, pv the partial pressure of the water vapour and pv0 the sat-

uration vapour pressure (that is, the pressure in which the vapour is in

equilibrium with pure liquid water). Relative humidity φRH is the ratio

of vapour pressures: φRH = pv
pv0

. The chemical potential can be changed

to units of J/kg by dividing it by the water molar mass, Mw. The vapour

being in equilibrium with NaCl solution and the relative humidity de-

pending on the NaCl concentration c, the chemical potential of the water

in NaCl solution can be written (in units of J/kg) as

µw (c) = µw0 +
Rϑ

Mw
ln (φRH (c)) . (8.40)

An example of the procedure for NaCl solution is illustrated in Fig. 8.5.

8.5 Discussion

The water movement in the partially saturated free porosity is described

here as capillary driven flow. The parametrization of the model is based on

the free porosity pore size distribution, since the capillary condensation is

difficult to determine by water vapour equilibrium techniques as the ad-

sorption of water dominates the capillary condensation in the case of ben-

tonite. In principle, the amount of water corresponding to capillary con-

densation should be removed from measured adsorption isotherms when

they are used for bound water in this thesis.

The question how the permeability of free porosity depends on the strain

experienced by the bentonite skeleton remains open. Simple polynomial

or power law dependence is suggested, but it might not be the whole truth.
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If compared to adsorption driven diffusion in compacted bentonite, the

capillary action driven water transport is somewhat limited since the ex-

periments show diffusion-like profiles instead of capillary like profiles.

Thus, the effect of the exact shape of the dependence for the hydraulic

permeability is not considered important here.

The salinity model that represents the chemical evolution of the free

pore water is very simple. It is not within the scope of this thesis to for-

mulate a more complex model, but such a model could be added to the

VMP model somewhat easily. A requirement for the addition would, how-

ever, be that the concept behind the pore water chemical model would

match the concept for bentonite in the VMP model.

Although the chemical composition of a water solution defines the activ-

ity (or chemical potential) of its water component, it is relied on the water

vapour equilibration technique for the NaCl solution in the this model,

because it matches the technique often used to determine the adsorbed

amount of water in bentonite. It also requires no specific chemical model

for the free pore water. The activity of water could be calculated directly

from the chemical composition in the future, if the VMP model is decided

to be developed in that direction.

171



Mathematical model for free porosity

172



9. Plasticity

This chapter describes, how plasticity may be taken into account in the

VMP model. Large deformation plasticity approach with multiplicative

decomposition of the deformation gradient to plastic and non-plastic dis-

tortions is utilized.1 The theory for such plasticity follows here Simo

[1992], but the notation has been modified to fit the previous chapters of

this thesis. The yield surfaces given as examples are common in soil me-

chanics. No plastic model is specified for any particular bentonite type,

since such model would require extensive set of data that seems to be un-

available. Consequently, elaboration of the detailed plastic model is left

for future.

When the stress in the body of a solid, elasto-plastic material increases,

the strain is at first elastic (reversible) until a limit for stress (called the

yield stress) is met, after which the deformation becomes plastic (irre-

versible). Formally, the yield condition for the stress defines a surface in

the principal stress space called the yield surface. The interior of this

surface is called the elastic region, because the deformation is elastic, if

the stress stays within the surface. When the yield surface is reached,

the material begins to flow plastically such that the stress state stays on

the surface. If the plastic strain becomes increasingly difficult to achieve

as the strain increases, the material is said to strain harden. In such

occasion, the yield stress increases with the plastic strain meaning that

also the yield surface enlarges. The plastic flow occurs then such that

the stress state stays on the enlarging yield surface. If the yield stress

needed for the plastic deformation decreases as the strain increases, the

material is said to strain soften. If neither of these phenomena occurs

and the yield surface stays still, the material is said to be perfectly plas-

1The non-plastic distortion corresponds to the deformation gradient used in the
previous chapter.
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tic. Common elasto-plastic models for clays comprise of all these plastic

flow types.

9.1 Plastic multiplicative decomposition of total deformation
gradient

To formulate the plastic behaviour mathematically, we have to begin with

some definitions. Aiming for a model that is suitable for large deforma-

tions typical for bentonite, also the model for plastic deformations should

be able to capture such behaviour. Therefore, instead of the common small

deformation additive decomposition of the strain, the multiplicative de-

composition (sometimes called the Kröner decomposition) of the deforma-

tion gradient is utilized2:

Ftot = FFp. (9.1)

Here Ftot is the total deformation gradient. The subscript tot is used to

separate the total deformation (including also plastic deformation) from

the deformation gradient F in the previous chapters. In this view, F(X) is

the non-plastic distortion3 (or deformation) and Fp(Xp) the plastic dis-

tortion for each material point Xp in the plastic reference body. The

non-plastic deformation represents, in the neighbourhood of X, the local

(elastic and chemical) reversible changes in the structure of a material,

whereas the plastic deformation represents the local irreversible changes

in the neighbourhood of Xp, by which the structure of the material is per-

manently altered.

The reasoning behind the decomposition is that the current stress state

in the spatial coordinates can be relaxed at each point x to a non-stressed

intermediate state non-plastically such that its infinitesimal neighbour-

hood dx is mapped to dX = F−1dx. The plastic distortion can be then

used to move from the intermediate state to a point Xp at the plastic ref-

erence configuration such that dXp = F−1
p dX = F−1

p F−1dx. The mapping

properties are illustrated in Fig. 9.1.

2In components Fij = F np
ik F

p
kj .

3In the literature, the term elastic distortion (and subscript e) is often used in-
stead of the non-plastic distortion (and no subscript) because the deformation
is thought to consist of elastic and plastic deformations. Here, the non-plastic
distortion includes not only the mechanically elastic effect, but also the chemical
(non-plastic) effect. Thus, the terminology slightly differs from the conventional
one. No subscript is used here to tie the non-plastic distortion to the deformation
gradient in the previous chapters for the VMP model.
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◦
dXp

◦
dX
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Bp

Fp = 0,T = 0, µ = µ0

B

Fp,T = 0, µ = µ0

Bt

Fp,T, µ

Fp

Ftot

F

Figure 9.1. An illustration of the multiplicative decomposition of the deformation gradi-
ent to non-plastic and plastic parts by Ftot = FFp and the mapping properties
of each part. Bp is the plastic reference configuration, Bt the spatial configu-
ration at time t and B the intermediate configuration at time t.

The non-plastic mapping from the intermediate configuration B to the

spatial configuration can be further decomposed to elastic and chemical

parts as F = FeFc by utilizing the multiplicative decomposition in the

previous chapters.

9.2 Flow rule and constraints for plastic distortion

In accordance with the notation in Eq. (9.1), the total right Cauchy-Green

deformation tensor is

Ctot = FT
totFtot, (9.2)

but now also the non-plastic and plastic forms can be written:

C = FTF and Cp = FT
pFp. (9.3)

The non-plastic and plastic left Cauchy-Green tensors B and Bp can be

written in similar fashion:

B = FFT and Bp = FpF
T
p . (9.4)

Without going into the details how the evolution equations for the plas-

tic flow are derived4, the plastic right Cauchy-Green tensor Cp evolves in

4See [Simo, 1992] and for example [Simo and Hughes, 2006], [Gurtin et al., 2009]
and [Lubliner, 2008] for details. In addition, manuals of software capable of
handle large deformation plasticity may be useful [e.g. COMSOL, 2018].
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time according to the flow rule

− 1

2
FĊ−1

p FT = λ
∂Φp

∂τ
B, (9.5)

when the deformation is plastic. λ is the plastic flow multiplier (or plas-

tic flow rate), Φp the plastic potential and τ = JT the Kirchhoff stress.

Plasticity is called associative if the plastic potential Φp coincides with

the yield function fy that defines the yield surface by equation fy = 0. The

yield function can evolve in time (or in strain) when hardening and soft-

ening behaviour are taken into account. In such case, the yield function

depends on internal variables for hardening and softening.

The deformation is plastic when the Kuhn-Tucker complementary con-

ditions,

λ ≥ 0, fy ≤ 0 and λfy = 0, (9.6)

for the plastic multiplier λ and the yield function fy are met. When the

conditions are complied with, the stress is on the yield surface.

9.3 Momentum balance and constitutive relations with plastic
multiplicative decomposition

The momentum balance equation in the plastic reference configuration is

DivTPR + b0R = 0 (9.7)

and the plastic reference configuration Piola stress5 TPR can be expressed

with Cauchy stress T as

TPR = JtotTF−Ttot . (9.8)

Instead of constructing the constitutive relations for the free energy (grand-

canonical energy or Helmholtz free energy), the second Piola stress and

the bound water chemical potential or density at the plastic reference con-

figuration, let us assume that the plastic and non-plastic mechanical re-

sponses can be separated (module parameter dependency) and construct

these relations at the intermediate configuration B. According to this

approach, the exactly same theoretical construction and equations as pre-

sented previously in this thesis can be used, but now they are just consid-

ered at the plastic intermediate configuration (that is the material frame

5The plastic reference configuration Piola stress is defined similarly as the Piola
stress previously, but now with the total deformation gradient instead of the non-
plastic deformation gradient.
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in previous chapters) instead of the plastic reference configuration (which

could be considered the true material frame). Consequently, also the pre-

vious definitions of the variables can be kept unchanged, but now they are

just interpreted as variables at the intermediate configuration (that is, at

fixed plastic deformation).

The non-plastic second Piola stress is

TRR = JF−1TF−T, (9.9)

where J = detF. Thus, the Cauchy stress in Eq. (9.8) can be expressed as

T = J−1FTRRF
T (9.10)

and

TPR = JtotJ
−1FTRRF

TF−Ttot = JpFTRRF
−T
p . (9.11)

Consequently, the momentum balance equation, Eq. (9.7), can be expressed

with the second Piola stress TRR, for which we already have constitutive

equations. The momentum balance equation can be thus solved6.

9.4 Yield surfaces

A convenient way to define the yield surface is to use the invariants of

the Cauchy stress, T, or the Kirchhoff stress, τ , in the case of large defor-

mation plasticity [Simo, 1992]. In the case of isotropic plasticity, the in-

variants I1 = trT (the first Cauchy stress invariant), J2 = 1
2 devT : devT

(the second deviator Cauchy stress invariant) and J3 = det (devT) (the

third deviator Cauchy stress invariant) are needed to form a general yield

surface. In the case of large deformations, these are the Kirchhoff stress

invariants: I1 = tr τ , J2 = 1
2 dev τ : dev τ and J3 = det (dev τ ). I1 ex-

pressed the shape of the surface in the direction of the pressure (the di-

agonal of the principal stress coordinate axis), J2 the direction for the

deviator stress (perpendicular to the direction of I1) and J3 the shape of

the surface in the deviatoric direction.

If the plastic flow does not induce volume changes, the yield function

can be expressed without the invariant I1. If also J3 is unused, such plas-

ticity is called J2 plasticity and it is often used as a model for metals, for

example. A general smooth criterion for plastic deformation in this case

6by using the non-plastic and total deformation gradients as independent vari-
ables
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Figure 9.2. von Mises yield surface in the principal stress space.

is the von Mises criterion:

fy =
√

3J2 − Tys = 0, (9.12)

where Tys is the yield stress. The yield surface is a cylinder around the

diagonal axis in the principal stress space (Fig. 9.2).

For soil-like materials, compression often induces volumetric plastic de-

formation or at least the compression state affects the yield criterion.

Therefore, the compressive invariant has to be involved in the yield func-

tion. An example for a general soil plastic yield criterion is the Drucker-

Prager criterion7

fy =
√
J2 + αDPI1 − k = 0, (9.13)

where αDP and kDP are parameters that define the position and shape of the

yield surface, which is a cone around the diagonal axis in the principal

stress space (Fig. 9.3). Another common yield criterion for soils is the

modified Cam-Clay criterion8:

fy = q2 +M2 (p− pc) p = 0, (9.14)

where q =
√

3J2 is the deviatoric stress, p = −1
3I1 the pressure, M a

parameter and pc the previous highest compression (in the direction of

p) of the material. The respective yield surface is an ellipse along the

7See [Drucker and Prager, 1958] and for example [Yu, 2007] or [COMSOL, 2018].
8See [Roscoe et al., 1958] and for example [Stankiewicz and Pamin, 2006], [Wood,
1990] and [Potts et al., 2001] or [COMSOL, 2018].
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Figure 9.3. Drucker-Prager yield surface in the principal stress space.
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Figure 9.4. Modified Cam-Clay yield surface in the principal stress space.
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Figure 9.5. A comparison of the yield surface shapes in pq plane. The black solid lines
are the critical state lines in Cam-clay and modified Cam-clay models.

diagonal axis in the principal stress space (Fig. 9.4). A comparison of the

yield surfaces on the pq-plane is illustrated in Fig. 9.5.

9.5 Discussion on plasticity

No plastic model is specified for bentonite in this chapter, because the ex-

act shape of the yield surface and the flow rule for specific bentonite type

should be determined by experiments. Such data, however, seems to be

unavailable, even though BBM type of models (Cam-clay derivative model

for unsaturated conditions) for bentonite are commonly utilized (see Ch. 4

for more details and discussion). Often, for example, the elastic to plastic

transition is not well characterized (no loading-loading cycles in experi-

ments to differentiate elastic and plastic deformation, but the separation

is done by expert judgement) and good quality data in both compression

and deviatoric direction are not available (commonly, for example, in BBM

constant Poisson’s ratio is used, which directly contradicts with general

understanding of the material behaviour9). The application and the range

of stresses where the model is intended to use also affect, which type of

model is sufficient. For example, the Drucker-Prager model can be used

9For example, wet bentonite is considered to behave almost isochorically (Pois-
son’s ratio close to theoretical maximum 0.5) whereas the behaviour is almost
the opposite for dry bentonite (that is, Poisson’s ratio is small).
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to approximate the end of a Cam-Clay ellipsoid somewhat well, or the von

Mises model to approximate the middle points of the ellipsoid.

The theories of large deformation plasticity often begin with an assump-

tion of isochoric (volume preserving) plastic deformation. This assump-

tion is sound for materials such as metals, but it is not particularly good

for bentonite, because the volume of a bentonite sample may change plas-

tically especially when bentonite is only partially saturated. The theoret-

ical considerations of non-isochoric large deformation plasticity are out of

scope of this thesis. Nonetheless, the common return-mapping algorithms

in numerical solutions can be used also for large deformations of different

shaped yield surfaces [Simo, 1992, Simo and Hughes, 2006].

If the plastic multiplicative decomposition of the deformation gradient

is combined with the chemoelastic decomposition in Ch. 7, the total defor-

mation gradient can be written as

Ftot = FeFcFp (9.15)

where the letters stand for mechanically elastic, chemical and plastic dis-

tortions. An illustration of the total deformation and its mapping proper-

ties are shown in Fig. 9.6.
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Figure 9.6. An illustration of total the multiplicative decomposition Ftot = FeFcFp and
its mapping properties. Bp is plastic the reference configuration, B the non-
plastic intermediate configuration (or the reference configuration if no plastic
deformation is taken into account), Bt the spatial configuration at time t and
Bi the chemical intermediate configuration at time t.
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10. Final VMP model

In this chapter, the final VMP model is combined of the three already cov-

ered components: plasticity, the model for the bentonite skeleton and the

model for the free porosity. Large deformation plasticity with the mul-

tiplicative decomposition of the deformation gradient to the plastic and

the non-plastic parts is considered as the underlying construction for the

models for the skeleton and free porosity. The approach means that the

models for skeleton and free porosity are built on the intermediate con-

figuration with fixed plastic deformation. Consequently, the models for

skeleton and free porosity that have been developed considering no plas-

tic deformation can be utilized directly, but now they should be considered

to have a specific plastic deformation as the reference configuration.

The non-plastic part of the final model (at fixed plastic deformation) is

combined from the models for the bentonite skeleton and the free poros-

ity. Having formulated the model for the skeleton using variables related

to the grand-canonical and the Helmholtz free energies, the final model

is also written in two different forms. Also, both the large deformation

model constructed with the chemical intermediate configuration and the

less complicated referentially expanded model (with the corrected strain

measure in the constitutive relations) are presented.

Although this chapter begins by revising plasticity as well as the models

for the skeleton and the free porosity, the new content that should be

focused on are the supply terms. They provide the coupling between the

skeleton and the free porosity. They are also the final pieces in the model

making it to converge to a form that includes all the necessary couplings

and that can be solved numerically1.
1Of course, the initial values and the boundary conditions together with the nu-
merical values for the parameters are also needed.
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10.1 Revising the model for plasticity

Consider the multiplicative decomposition of the total deformation gradi-

ent Ftot to plastic and non-plastic distortions, Fp and F, as in Ch. 9:

Ftot = FFp. (10.1)

When the Kuhn-Tucker complementary conditions,

λ ≥ 0, fy ≤ 0 and λfy = 0, (10.2)

are met, the (associative) plastic deformation evolves according to the flow

rule

− 1

2
FĊ−1

p FT = λ
∂fp

∂τ
B. (10.3)

λ is the plastic flow rate, Cp = FT
pFp the plastic right Cauchy-Green

tensor, ˙
(· · · ) denotes the material time derivative, fy the yield function,

τ = JT the Kirchhoff stress and B = FFT the left non-plastic Cauchy-

Green tensor. The yield function determines the yield surface by fy = 0.

If hardening or softening occurs, the yield surface depends, besides the

stress, on internal variables characterising such behaviour. Then, an evo-

lution equation also for the internal variables is needed2.

The non-plastic second Piola stress is

TRR = JF−1TF−T, (10.4)

where T is the Cauchy stress. The plastic reference configuration Piola

stress is

TPR = JtotTF−Ttot = JpFTRRF
−T
p , (10.5)

which can be inserted into the momentum balance equation

DivTPR + b0R = 0 (10.6)

in the plastic reference configuration for solving the mechanical model.

In the following, however, let us consider a fixed plastic distortion Fp

and construct the model for bentonite skeleton and free porosity on the

intermediate configuration B illustrated in Fig. 9.6. According to the ap-

proach, all the referential variables in the models of the bentonite skele-

ton and the free porosity in Chs. 6, 7 and 8 are now variables on the plastic

intermediate configuration and the model parameters depend on the plas-

tic deformation. Strictly speaking, the naming of the variables should be

2The exact plastic behaviour is not characterized here for bentonite.
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changed to correspond the intermediate configuration and the plastic mul-

tiplicative decomposition, but let us keep the notation as it is in Chs. 6,

7 and 8 for clarity and remember that the intermediate configuration is

meant.

10.2 Revising the model for bentonite skeleton with
grand-canonical energy

Fix the plastic deformation and consider the plastic intermediate config-

uration to be the reference configuration. With Green-St.Venant strain E

and the chemical potential µ as the independent variables3, the momen-

tum balance equation and the bound water mass balance equation in the

form of chemical potential evolution equation are:

DivTR + b0R = 0 (10.7)

Kµ̇ = −DivhR + hR + a tr Ė. (10.8)

TR is the Piola stress, b0R the body force, K = ∂nR
∂µ the density modulus,

hR the bound water mass flux, hR the bound water supply term, aI the

isotropic chemical stress-tensor and E the Green-St.Venant strain tensor.

The dot on top, ˙
(· · · ), denotes the material time derivative. These two

equations define the deformation of bentonite body at each time and the

movement of bound water in bentonite in time.

With the plastic intermediate configuration, the constitutive relations

needed to define the material behaviour and to make the equations solv-

able are the second Piola stress relation (which relates to the Piola stress

as TR = FTRR), the bound water density relation and Fick’s law:

T̄RR (E, µ) = b−1 [κµ tr (E) I + 2Gµ dev (E)] +
3

2

(
b−1 − b

)
κµI (10.9)

n̄R (E, µ) =
1

2
[3bβκµ − a]

[
trE +

3

2

(
1− b2

)]
+ nc

R (10.10)

h̄R (E, µ,∇µ) = −DαMw

Rϑ
n̄R (E, µ)C−1∇µ. (10.11)

Here, TRR is the second Piola stress, b = b (µ) the chemical stretch ratio,

κµ = κµ (µ) the bulk modulus, E = 1
2 (C− 1) the Green-St.Venant strain,

C the right Cauchy-Green strain tensor, Gµ = Gµ (µ) the shear modulus,

nR the bound water density, β = β (µ) = 1
b
∂b
∂µ the coefficient of chemical

3The Green-St.Venant strain E relates to the right Cauchy-Green deformation
tensor as C = 2E + 1 and thus Ċ = 2Ė.
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expansion, aI the isotropic chemical-stress tensor, nc
R = n̄c

R (µ) the bound

water density at zero stress, µ the chemical potential of the bound water,

hR the bound water mass flux, Dα the diffusion coefficient including the

geometrical effect, Mw the molar weight of water, R the universal gas

constant and ϑ the temperature. The first two relations result from the

constitutive relation for the grand-canonical energy, Eq. (7.77) by the state

relations.

If the constitutive relations are expanded at the reference state and

the notion of correct strain in the relation for the bound water density

in Sec. 7.1.4 is considered, the relations take the forms

T̄RR (E, µ) = κµ tr (E) I + 2Gµ dev (E) + a (µ− µ0) I (10.12)

n̄R (E, µ) = n̄R0 − a tr (E−Ec) + nc
R (10.13)

h̄R (E, µ,∇µ) = −DαMw

Rϑ
n̄R (E, µ)C−1∇µ. (10.14)

Here, the parameter a can be expressed as a = −3κµβ, where β is the

coefficient of chemical expansion β = 1
b
∂b
∂µ , b the chemical stretch ratio

and Ec = β (µ− µ0) I the chemical strain. If all the bound water increases

volume of the bentonite structure (as according to the conceptual model

here), the coefficient of chemical expansion is

β =
1

3ρw

(
1 +

nR − nR0

ρw

)−1

K (10.15)

or for small volume changes

β =
1

3ρw
K, (10.16)

where K = ∂nR
∂µ is the density modulus.

10.3 Revising the model for bentonite skeleton with Helmholtz free
energy

Fix the plastic deformation and consider the plastic intermediate configu-

ration to be the reference configuration. If the independent variables are

the Green-St.Venant strain tensor E and the bound water density nR, the

momentum balance equation and the bound water mass balance in the

form of bound water density evolution equation are

DivTR + b0R = 0 (10.17)

ṅR = −DivhR + hR. (10.18)
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Now, these two define the deformation of bentonite body at each time and

the movement of bound water in bentonite in time.

With the plastic intermediate configuration, the needed constitutive re-

lations are the second Piola stress relation (which relates to the Piola

stress as TR = FTRR), the chemical potential equation and Fick’s law:

T̃RR (E, nR) = b−1 [κ tr (E) I + 2G dev (E)] +
3

2

(
b−1 − b

)
κI, (10.19)

µ̃ (E, nR) =
1

2
[s− 3bγκ]

[
trE +

3

2

(
1− b2

)]
+ µc. (10.20)

h̃R (E, nR,∇µ) = −DαMw

Rϑ
nRC

−1

(
Λ∇nR + s∇ tr

[
E +

1

2
(1− b)

])
. (10.21)

TRR is the second Piola stress, b = b (nR) the chemical stretch ratio, κn =

κn (nR) the bulk modulus, E = 1
2 (C− 1) the Green-St.Venant strain, C

the right Cauchy-Green strain tensor, Gn = Gn (nR) the shear modulus, µ

the bound water chemical potential, γ = 1
b
∂b
∂nR

the coefficient of chemical

expansion, sI the isotropic chemical-density-stress tensor, µc = µ̃c (nR) the

bound water chemical potential at zero stress, nR the bound water density,

hR the bound water mass flux, Dα the diffusion coefficient including the

geometrical effect, Λ = ∂µ
∂nR

= 1/K the chemistry modulus, Mw the molar

weight of water, R the universal gas constant and ϑ the temperature. The

first two relations result from the constitutive relation for the Helmholtz

free energy, Eq. (7.169) by the state relations.

If the constitutive relations are linearised at the reference state but us-

ing the corrected strain, the relations take the forms

T̃RR (E, nR) = κn tr (E) I + 2Gn dev (E) + s (nR − nR0) I, (10.22)

µ̃ (E, nR) = µ0 + s tr (E−Ec) + µc (10.23)

h̃R (E, nR,∇µ) = −DαMw

Rϑ
nRC

−1 (Λ∇nR + s∇ tr (E−Ec)) . (10.24)

Here, the parameter s can be expresses as s = −3κnγ, where γ is the co-

efficient of chemical expansion γ = 1
b
∂b
∂nR

, b the chemical stretch ratio and

Ec = γ (nR − nR0) I the chemical strain. If all the bound water increases

volume of the bentonite structure (as according to the conceptual model),

the coefficient of chemical expansion is

γ =
1

3ρw

(
1 +

nR − nR0

ρw

)−1

(10.25)

or for small volume changes

γ =
1

3ρw
. (10.26)
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10.4 Revising the model for free porosity

Water in free porosity

The mass balance of the water in partially saturated free porosity is

φRρw
∂S

∂pw
ṗw = −DivmR +mR, (10.27)

where S is the saturation of the free porosity, φR the reference porosity,

ρw the water density, pw the water pressure, mR the free water mass flux

and mR free water supply. The constitutive equation for the mass flux is

Darcy’s law extended to partially saturated conditions:

mR = −ρwJC
−1krκw

µwv
∇pw. (10.28)

κw is the permeability and µwv the water viscosity. In van Genuchten

formulation, the relative permeability is expressed as

kr (pw) =
√
S (pw)

[
1−

(
1− (S (pw))

1
λv

)λv
]2

(10.29)

where the relation between the free water saturation and the pressure is

S(pw) =

[
1 +

∣∣∣∣pg − pw

pvG

∣∣∣∣ 1
1−λv

]−λv

. (10.30)

λv and pv0 are fitting parameters, whereas pg is the gas pressure. In the

same formulation, the pressure derivative of the saturation (for the time

derivative multiplier in the mass balance equation) can be expressed as

∂S(pw)

∂pw
=

1

pvG

λv

1− λv
(S(pw))

1
λv

[
1− (S(pw))

1
λv

]λv
. (10.31)

The hydraulic permeability κw depends on the free porosity and can be

written as κw(J) = κw0f(J) where κw0 is the reference permeability and

f(J) is the functional dependence on the volumetric deformation.

Salinity in free porosity

The free salinity mass balance is

φRc
∂S

∂pw
ṗw + SφRċ = −Div rR + rR, (10.32)

where c is the salt concentration, rR the salt mass flux and rR the salt

supply.

The constitutive law for the mass flux is the Fick’s law:

rR = −SφRαcDcC
−1∇c (10.33)
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where Dc is the diffusion coefficient and αc the geometrical factor. The

chemical potential of the water component of the free porosity NaCl solu-

tion is

µw (c) = µw0 +
Rϑ

Mw
ln (φRH (c)) . (10.34)

φRH (c) is the relative humidity when the NaCl solution with concentration

c is in equilibrium with the vapour.

10.5 Supply terms

According to the conceptual model of the VMP model, the water can move

through the conceptual boundary from the free porosity to the bound state

and vice versa.4 This movement of water is described mathematically by

making the supply terms in the spatial configuration match each other,

h = −m, (10.35)

meaning that water is supplied to the bound state from the free porosity

or vice versa (no water escapes the system unless a new part to the supply

term is introduced). In the reference configuration this is simply

hR = −mR. (10.36)

Similar to the concept of bound water transport being driven by the

chemical potential gradient, the water movement from free porosity to

the bound state is thought to be driven by the chemical potential differ-

ence of these waters. Mathematically expressed, this is in the spatial

configuration

h = k (µw − µ) , (10.37)

or in the reference configuration

hR = kR (µw − µ) , (10.38)

where k and kR are the spatial and referential the supply rates, µw the

chemical potential of the water in free porosity (that depends on the NaCl

concentration) and µ the chemical potential of the bound water.

In the grand-canonical energy formulation of the model for the bentonite

skeleton, the free variable for bound water is µ making the above formu-

lation for supply rate directly applicable. In Helmholtz free energy formu-

lation, the already established constitutive relation for µ can be utilized.

Therefore, only the supply rates k and kR remain to be determined.
4As a reminder, the model is limited to conditions where the water vapour trans-
port in bentonite is not considered significant.
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Supply term in spatial configuration

If we imagine a boundary between the bound water and the free water,

the water moving through this boundary has to diffuse from free porosity

a distance, say l (in spatial coordinates), into the structure of bentonite to

become bound water.5 Having the water chemical potential difference of

µw − µ, the diffusion flux through the boundary is

hs = S
DαMw

Rϑ
ρn
µw − µ

l
n, (10.39)

where n is the unit normal of the boundary and S the saturation of the

free porosity. Integrating the flux over an area of l2 gives us the mass

flow to the volume l3 which can be averaged over the volume to obtain a

point-wise6 supply:

h =
1∫

l3
dv

∫
l2

hs · nda =
1

l3

∫
l2

S
DαMw

Rϑ
ρn
µw − µ

l
da

= S
DαMw

Rϑ
ρn
µw − µ
l2

.

(10.40)

Supply term in reference configuration

The spatial length l is related to the montmorillonite sheet sizes. The

corresponding reference length L only describes how the spatial length l

transforms when changing the frames, but L has no other physical mean-

ing. The sizes of the single sheets remain approximately unaltered when

the bentonite skeleton deforms and, thus, the length for water to diffuse

into the structure of bentonite from the free porosity remains the same

during the deformation. Consequently, it would be preferable to use the

length l instead of L also for the referential supply term. Simply remem-

bering that hR = Jh and nR = Jρn we have

hR = S
DαMw

Rϑ
nR (µ)

µw − µ
l2

. (10.41)

Supply rates

According to the forms for the supply terms, the spatial and referential

supply rates are

k =
S

l2
DαMw

Rϑ
ρn (10.42)

and

kR =
S

l2
DαMw

Rϑ
nR (µ) , (10.43)

respectively.
5An estimate for this distance could be a half of the average montmorillonite
sheet diameter.
6in REV sense
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Grand-canonical and Helmholtz free energy systems

In a Grand-canonical energy system with the Green-St.Venant strain E

(or right Cauchy-Green tensor C) and the bound water chemical poten-

tial µ as independent variables for bentonite skeleton, the supply term is

directly in the correct form.

In a Helmholtz free energy system with the Green-St.Venant strain E

(or the right Cauchy-Green tensor C) and the bound water density nR as

the independent variables, the chemical potential has to be expressed as

a function of them for the supply term. The relation is expressed already

by the constitutive relation Eq. (10.20) or by the referentially expanded

version Eq. (10.23).
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11. Features of the VMP model

Having formulated the final VMP model mathematically, it is time to

demonstrate what the proposed model concept expressed with the some-

what complicated mathematical formulation means in practice. For this

demonstration, a list of features of the VMP model with a few examples

are presented in the following. To tie the developed model to the existing

modelling approaches and to the understanding of material behaviour in-

cluded in them, the similarities and the principal differences between the

models are discussed within the list. The interest is especially on how

the new model unifies the previous findings to one model and general-

izes them to large deformations. In the last section of this chapter, also a

more overall comparison of the VMP model to the common soil models is

presented.

11.1 Strong coupling

Let us first focus on the bentonite skeleton and the strong, two-directional

chemoelastic coupling between the bound water and the mechanics of the

skeleton. Remembering the concept behind the VMP model, this means

that the free porosity where the water is not adsorbed to mineral surfaces

in bentonite is excluded from the following analysis. It should be kept

in mind that this division of porosity and water deviates from the usual

concepts in soil science when thinking of the following consequences.

Feature 1. Swelling stress in mechanical model.

The mechanical model describes the swelling of the material with the ref-

erentially linearised constitutive relation for the second Piola stress

T̄RR (E, µ) = CµE +
κµ
ρw
K (µ− µ0) I (11.1)

in Eq. (10.12) (with K = ∂nR
∂µ ). The relation expresses the mechanical
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elastic response (the first term on right) of the material to loading and

the swelling stress induced by water adsorbing to to it (second term). The

relation can be also written as

T̄RR (E, µ) = Cµ (E−Ec) , (11.2)

where Ec = β (µ− µ0) is the (additive) chemical strain in Eq. (7.98).

If the suction in soil scientific models is considered to be essentially the

same as the bound water chemical potential in this thesis, the constitu-

tive relation can be thought to correspond to two formulations in the soil

scientific double porosity model (BExM). Firstly, the chemical strain can

be interpreted as the microstructural strain in the strain decomposition

by Eq. (4.40). Secondly, the relation can be interpreted to be close to the

Bishop’s stress in Eqs. (4.41) and (4.42). The suggested multiplier of the

chemical potential difference has been derived to be κµ
ρw

∂nR
∂µ based only on

the assumption on the volume that the bound water occupies and on rig-

orous physical and mathematical procedures in the derivation. In soil

scientific models, the swelling terms often include model parameters that

can be chosen freely and swelling often depends on suction without re-

lating it to the cause of the volume increase (what occupies the swollen

space).

In brief, the VMP model produces as a special case the similar type

of constitutive relation for the stress as used widely in soil science, but

suggests a new form for the swelling term.

Feature 2. Swelling pressure in bound water model.

The constitutive relations constructed for the bound water density, Eq.

(10.13), and for the bound water chemical potential, Eq. (10.23), yield sim-

ilar expression for swelling pressure as in Eq. 4.46 that is often used for

bentonite-water mixtures. The specific form for the relation between the

swelling pressure and the bound water potential is here

p = ρw (µ− µc) , (11.3)

where µ is the chemical potential of the bentonite, µc the chemical poten-

tial at the same bound water density but at de-stressed state (for example,

non-compacted powder).

In order to show that the swelling pressure, that is, the pressure compo-

nent of the stress tensor takes the above form, let us think of the consti-

tutive relations for the second Piola stress and the bound water chemical
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potential. Let us restrict the treatment to small strains and isotropic ma-

terial meaning that the Cauchy stress can be estimated with the second

Piola stress, TRR ≈ T, and the coefficient of chemical expansion takes

the form γ = 1
3ρw

. Using the variables related to the Helmholtz free en-

ergy, the corresponding constitutive relations for the Cauchy stress and

the chemical potential1 are (see Eqs. (7.176) and (7.174), respectively)

T = Cn (E−Ec) (11.4)

and

µ = S : (E−Ec) + µc, (11.5)

where E is the Green-St.Venant strain and Ec = −1
2

(
1− b2

)
I the strain

corresponding to chemical expansion (in the sense of additive decompo-

sition in Eqs. (7.175)). Defining the compliance tensor K as the inverse2

of the elasticity tensor C, the relation for the stress can be inverted to a

relation for the elastic strain E−Ec as

E−Ec = KT. (11.6)

Inserting the strain into the expression for the chemical potential, we

obtain

µ = S : KT + µc. (11.7)

Assuming that bentonite is an isotropic material and restricting ourselves

to similar conditions as in the case of swelling pressure models where

there is no deviatoric component in the stress, we have S = sI, T = −pI

and KT = − p
κn

, which give

µ = −s p
κn

+ µc. (11.8)

Thus, the pressure is

p = −κn

s
(µ− µc) . (11.9)

With the interpretations s = −3κnγ and γ = 1
3ρw

in Eqs. (7.129) and (7.173),

the expression reduces to

p = ρw (µ− µc) . (11.10)

The equation should be compared to the swelling pressure model expressed

by Eq. (4.51) in Sec. 4.2.5,

− pswellvw = gw − geq
w , (11.11)

1The note made in Sec. 7.1.4 on the correct strain in the relation for the chemical
potential is taken into account here.
2in sense of CK = KC = I
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with vw = 1/ρw. gw denotes the potential of water-bentonite system in

confined volume in the sense of Ch. 4 and geq
w the potential of water in

equilibrium with the water-bentonite system through a semi-permeable

membrane. It can be reordered to

pswell = ρw
(
geq

w − gw
)
. (11.12)

Comparing the result from the VMP model to the existing swelling pres-

sure model (Eqs. (11.10) and (11.12)), it can be directly seen that the equa-

tions are very similar. Only the potential differences µ−µc and geq
w −gw are

marked with different symbols. This is due to the conceptual differences

that are explained next.

As discussed in Ch. 4, the potential geq
w is the actual potential of the

water-bentonite system by the definition of equilibrium. This potential

can be divided to a mechanical part that is related to the swelling pres-

sure and to a chemical part that is related to adsorption. The chemical

part is now marked with gw. As also already discussed, it cannot be mea-

sured in practice, for example, by equilibration with water vapour and it

is therefore merely a theoretical concept. The bound water chemical po-

tential µ used in the VMP model equals the true potential geq
w , but the

bound water chemical potential in a non-stressed state, µc, gives practical

way to think of gw.

Consider the water-bentonite system in confined space in Ch. 4 that

is in equilibrium with water solution or water vapour through a semi-

permeable membrane. Let the system be in equilibrium such that the

chemical potential of the water-bentonite system and the reservoir on the

other side of the membrane is µ, which can be divided to a mechanical

part and a chemical part as µ = µmech + µchem in the water-bentonite side.

Let us then open the confined space such that the bentonite can relax

to a non-stressed state. During the process µmech goes to zero, but µchem

remains. Also the masses of water and the solid material in bentonite

remain the same meaning that there is no change in the bound water

mass content n which is the ratio of the two. Let us then measure the

potential of water in the non-stressed system (that equals to µchem) by

the technique of equilibrating the system with water vapour. The mea-

sured result is the chemical potential of the bound water in non-stressed

state (that is marked with µc in the model of this thesis) with the water

mass content of n. Thus, we can give an interpretation for the existing

expression for the swelling pressure in Eq. (11.12): the swelling pressure
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is proportional to the difference between the (actual) water-bentonite po-

tential and the water potential of a non-stressed system with the same

water mass content.

Feature 3. The relation of the swelling stress in the mechanical

model and the swelling pressure in the bound water model.

The swelling stress in the mechanical model resulting from the bound wa-

ter density increase (increase in the amount of space occupied by bound

water) and the existing swelling pressure model for bentonite-water mix-

tures are the two directions of the strong coupling between the bound wa-

ter model and the mechanical model for the skeleton in the VMP model.

The conceptual model with the formal mathematical and physical treat-

ment in this thesis results in combining the formerly separately consid-

ered models (the swelling stress in the mechanical model and the swelling

pressure in the bound water model) for bentonite and suggests the inter-

pretation that they are the two directions of the strong coupling. It should

be noted that either of the couplings alone is not enough to describe the

behaviour of bentonite accurately, since the bentonite shows strongly cou-

pled behaviour in the practical conditions for experiments and applica-

tions.

Feature 4. The VMP model including the strong coupling can

be expressed with two sets of independent variables: with the

Green-St. Venant strain and the bound water chemical potential,

(E, µ), or with the Green-St.Venant strain and the bound water

density, (E, nR).

Feature 1 has been derived with independent variables (E, µ) for the ben-

tonite skeleton, whereas Feature 2 follows form using variables (E, nR).

Either set of variables can be used in the VMP model.

The two sets enable choosing the most suitable option for each simula-

tion. For example, if a block of bentonite was saturated with water vapour

at constant chemical potential, the natural choice of variables would be

(E, µ). If the block was saturated with liquid water such that the bound

water density is kept constant, the natural choice would be (E, nR). The

option of the two variable sets also enables better interpretation of ex-

periments conducted in different conditions, for example, when the me-

chanical parameters (such as the bulk modulus) are measured in constant

vapour pressures or in constant bound water densities.
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Example 1.

The effect of the strong coupling on the water adsorption can be illustrated

with the following example. Consider a piece of compacted bentonite at

initial bound water density nR0 = 50 kg/m3 in a closed, fixed volume such

that the stress state is homogeneous all the time. The bentonite has been

compacted to such densities that its bulk modulus is constant at values

0 (powder), 10, 50, 100, 200, 300 or 400 MPa. The bentonite is then sat-

urated evenly such that the bound water density of it increases from the

initial value. Since the stress of the sample is homogeneous (it does not

depend on the location), it is defined directly by its constitutive relation.

Let us use the referentially expanded (with corrected strain) version of

the relation with the independent variables (E, nR):

TRR = κn tr (E) I + 2Gn devE + s (nR − nR0) I, (11.13)

where s = −κn
ρw

and ρw = 1000 kg/m3. The corresponding constitutive

relation for the chemical potential is

µ = s tr (E−Ec) + µc, (11.14)

where Ec = γ (nR − nR0) I is the chemical strain. The bound water chem-

ical potential at non-stressed state (for example, powder), µc = µ̃c (nR),

is obtained by fitting an exponential function to the Na-bentonite data in

Fig. 2.8 (b). The fitting is illustrated in Fig. 11.1.

The effect of the strong coupling on the chemical potential can be illus-

trated by converting the chemical potential values to corresponding water

vapour relative humidities and plotting the relation nR - RH, that is, the

adsorption isotherm. The results with the different bulk modulus values

are shown in Fig. 11.2. The simulations have been carried out with three

dimensional ball shaped geometry using COMSOL Multiphysics as the

simulation software.

Feature 5. The strong coupling with large deformations.

The features 1 - 4 presented for the special case of small deformations are

generalized for large deformations by the VMP model.
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Figure 11.1. An exponential fit of nc (µ) to the Na montmorillonite data in Fig. 2.8 (b).
nc

R can be calculated from it as nc
R (µ) = ρnc (µ) . The fitted function is

nc(µ) = 0.23 exp
(
1.48 · 10−5µ

)
+ 0.001.
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Figure 11.2. The effect of the strong coupling on the adsorption isotherm of bentonite
with different values for the bulk modulus (shown in the legend). The ben-
tonite is considered to be in a constricted volume such that the bound water
density increases from the initial value of 50 kg/m3 and a swelling stress de-
velops. The experimental data is the same as in Fig. 2.8 (a) for Na-bentonite.
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11.2 Water movement

Feature 6. Diffusion of bound water is the main transport mecha-

nism for water in compacted bentonite.

In accordance with the experimental findings and the conceptual model,

the mathematical model for bentonite describes the diffusion of the bound

water as the main water transport mechanism in bentonite.

Example 2.

Fig. 11.3 illustrates simulated wetting profiles with a mechanically de-

coupled form of the bound water chemical potential evolution equation,

Eq. (10.8), where the constitutive relations Eq. (10.13) and Eq. (10.14)

are used. The decoupled evolution equation and the constitutive relations

take the forms

Kµ̇ = −DivhR + hR (11.15)

n̄R (µ) = n̄c
R (µ) (11.16)

h̄R (µ,∇µ) = −DαMw

Rϑ
n̄R (µ)∇µ (11.17)

where K = ∂nR/∂µ, hR = 0, Dα = 7 · 10−10 m2/s, Mw =18 g/mol, R =8.314

J/(mol K) and ϑ = 293 K. The function nc (µ) (related to nc
R as n̄c

R (µ) =

ρRn̄
c (µ) where ρR = 1500 kg/m3 is the dry density of bentonite) has been

determined by fitting an exponential function to the Na-bentonite data in

Fig. 2.8 (b) and K is calculated using the fitted function. The fitting is

illustrated in Fig. 11.1.

The value for the diffusion coefficient (Dα = 7 · 10−10 m2/s) in the sim-

ulation fits the range of experimental and molecular dynamic simulation

results for the bound water mobility. Although the value is less than the

value for free water, it is high enough to give very similar temporal be-

haviour for wetting in the decoupled simulation as in the experiments.

It should be noted that the example here only illustrates the wetting

profile shape of the uncoupled model for the bound water and is not re-

alistic in many ways. For example, the water content measured in the

experiments includes also the free pore water, whereas only the bound

water is taken into account in the simulation. This means that the inlet

bound water content is unrealistically high in the simulation. In addition,

by assuming no free water in the simulation, the effect of salinity is not

considered, although the salts containing Äspö groundwater is used in the

experiments.
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Figure 11.3. The simulated wetting profiles according to the decoupled model
(Eqs. (11.15), (11.16) and (11.17)) compared to the experimental results from
[Kröhn, 2005] and [Kröhn, 2006] that are illustrated also in Fig 2.12. A 10
cm long MX-80 bentonite sample is wetted from one end with Äspö ground-
water. The coloured lines are the simulated results according to the model
here, the dashed lines profiles according to the simple diffusion equation,
Eq. (2.2), with Demp = 3.5 ·10−10 m2 and dot-like markers the experimental
results.
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Feature 7. The bound water transport is driven by the chemical

potential gradient.

In general in physics, diffusive processes are thought to be driven by

chemical potential gradients. Accordingly, the bound water diffusion is

driven by the bound water chemical potential gradient in the VMP model.

When the bound water density is considered as the independent variable

(instead of the chemical potential), the chemical potential gradient is split

into the gradients of the bound water density and of the right Cauchy-

Green deformation tensor (or the Green-St.Venant strain tensor).

In the latter formulation with the bound water density as the indepen-

dent variable, the bound water movement is driven equation-wise by the

bound water density gradient and the right Cauchy-Green deformation

tensor (or the Green-St.Venant strain tensor) gradient, which specifies to

the gradient of the trace of the Green-St.Venant strain for isotropic mate-

rials. In the formulation, these gradients together add up to the chemical

potential gradient. The strain gradient driving the diffusive process is a

result of the strong coupling between the bound water and the mechanics

of the bentonite skeleton provided by the VMP model.

Example 3.

Fig. 11.4 illustrates the water content profiles during wetting of bentonite

when the bound water movement is driven by the chemical potential gra-

dient and the strongly coupled model is used. Experimental results are

from the experiment by Kröhn [2006], where the bentonite is wetted with

saturated water vapour at the inlet. Also, the non-coupled simulation

results are shown for comparison.

In the simulation, the bound water mass balance equation is used in the

form of chemical potential evolution,

Kµ̇ = −DivhR + hR + a tr Ė (11.18)

with the following constitutive relations for the bound water density and

the bound water mass flux, respectively:

n̄R (E, µ) = nR0 − a tr (E−Ec) + nc
R (µ) (11.19)

h̄R (E, µ) = −DαMw

Rϑ
n̄R (E, µ)C−1∇µ. (11.20)

The mechanical evolution is computed at each time quasi-statically from

the momentum balance equation

DivTR + b0R = 0. (11.21)
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with the constitutive relation

T̄RR (E, µ) = b−1 [κµ tr (E) I + 2Gµ dev (E)] +
3

2

(
b−1 − b

)
κµI (11.22)

for the second Piola stress from which TR = FTRR. The function n̄c
R (µ)

is obtained from Fig. 11.1 and K is taken as K = K (µ) = ∂nc
R (µ) /∂µ.

Constant values for the elastic parameters are used: κµ = 20 MPa and

Gµ = 8 MPa. The chemical stretch ratio is b = b (µ) = 1 + K
3ρw

(µ− µ0)

and a = −3κµK
ρw

. The other parameters are Dα = 3.8·10−10 m2/s, Mw = 18

g/mol, R = 8.314 J/(mol K), ρw = 1000 kg/m3, and ϑ = 293 K. hR = 0.

The model geometry is a three dimensional 10 cm long cylinder with

5 cm diameter. The chemical potential at the inlet (the other end the

cylinder) is set to the constant value that equals water content n = 0.27

of bentonite powder (that is, non-confined bentonite) and the initial value

for it is set to equal n = 0.1 of bentonite powder. The flux through the

dry end and the radial boundary of the cylinder is set to zero, hR · nR = 0.

The displacement at the dry and wet ends of the cylinder have been set to

zero, u = 0, whereas the radial boundary can move freely without friction

in the tangent direction, that is, u · nR = 0 with the surface normal nR in

the referential frame. The simulation has been carried out with COMSOL

Multiphysics as the simulation software.

From Fig. 11.4, it can be observed that the inclusion of the strong cou-

pling decreases the level of the water content profiles quite heavily on

the inlet side of the profiles if compared to the non-coupled model. The

decrease corresponds to the mechanical term in the constitutive relation

for the bound water density nR. The drop seems to make the coupled

model profiles to follow somewhat well the experimental profiles which

are at different levels already at the inlet (unlike the non-coupled profiles

that coincide at the inlet). The model, however, cannot capture the early

wetting behaviour (4 d and 20 d) probably due to using constant elastic

parameters which do not depend, for example, on the bound water con-

tent or on the bentonite dry density as they do in reality. It should also

be noted that all the parameters here have been chosen simply with the

aim to make the model results follow the experimental ones and their

correspondence with measured parameters have not been thought here.

Feature 8. Capillary action drives water transport in the free

porosity.

As opposite to common soil scientific models where capillary action and
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Figure 11.4. The simulated wetting profiles according to the coupled model (Eqs. (11.18)
- (11.22)) compared to the experimental results from [Kröhn, 2006], where a
10 cm long MX-80 bentonite sample is wetted from one end with saturated
water vapour. The coloured lines are the simulated results according to the
fully coupled model, the dashed lines the non-coupled model results and the
dot-like markers the experimental results.

adsorption are often lumped together in practice3, the VMP model in-

troduces the capillary action as separate process that drives the water

movement in bentonite. Capillary action controls the wetting of the free

porosity.

The conceptual choice of dividing bentonite to the skeleton (including

the bound water) and the free porosity makes it possible to take the cap-

illary action into account as an independent process. In the soil scientific

models with the concept of suction, the capillary condensation and the

adsorption on the mineral surfaces are commonly considered as separate

processes on conceptual level, but in practice combined to one model in

the mathematical model4 by taking most of the water content to represent

capillary condensed water. This results in neglecting the capillary action,

because it is much weaker process than the chemico-physical adsorption.

The capillary driven flow of water is thought to occur in the macro-

scopic micrometer scale porosity of bentonite (the peak at 1-20 µm in the

pore size distribution graphs by mercury intrusion porosimetry results re-

ferred in Sec. 2.2.2). The small pore sizes (the peak at approximately 15

3See discussion in Ch. 4.
4that should be the mathematical representation of the conceptual model

204



Features of the VMP model

nm in mercury intrusion porosimetry results) is not directly considered in

the model here, since the capillary flow model omits this size porosities

and the adsorption of water on the mineral surfaces occurs, at least in

principle, in scale close to nanometre. It can be, however, argued that this

scale porosity is only an extension of the nanometre scale porosity and

the two cannot be distinguished by water adsorption experiments. Also,

the experimental technique (MIP) is at its limit at this scale of pore sizes.

Knowing the high percentage of nanometre scale porosity in bentonite and

comparing the pore volumes occupied by around 15 nm and micrometer

scale porosities, it can also be argued that the 15 nm size porosity is only a

small part of the total porosity. With these two arguments, water in these

pores could be taken as a part of the bound water in the VMP model.

The macroscopic (micrometre) scale porosity (the pore volume and the

pore size distribution) evolves during wetting and swelling of bentonite.

The effect of this evolution is not taken into account in detail when the

equations for capillary action driven flow in this thesis. The effect of cap-

illary action driven flow is considered anyway small and the accuracy of

the model low meaning that no extra effort in making the wetting model

parameters depend on the evolution of porosity has been made.

Feature 9. Water movement between the free porosity and the

bound state is driven by the chemical potential difference.

The water movement between the conceptually divided bound and free

water is driven by the water chemical potential difference. This corre-

sponds closely to the thought of the bound water movement being driven

by the chemical potential gradient, but now across the conceptual bound-

ary between the two states for water.

The supply term giving the mass transfer rate from free to bound water

is in the reference configuration

hR = kR (µ− µw) (11.23)

according to Eq. (10.38). If the independent variable for the free water is

the chemical potential, the expression can be directly applied. If the in-

dependent variable is the bound water density, the bound water chemical

potential is given by the constitutive relation, Eq. (10.20),

µ̄ (E, nR) =
1

2
[s− 3bγκ]

[
trE +

3

2

(
1− b2

)]
+ µc (nR) , (11.24)

or by the referentially linearised (strain corrected) version, Eq. (10.23),

µ = µ0 + s tr (E−Ec) + µc (nR) , (11.25)
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from which it can be observed that also the strain of the material affects

the supply term. If the stress is used as independent variable instead

of the strain in the spirit of Eq. (11.6), the linearised expression for the

bound water chemical potential becomes

µ = −s p
κn

+ µc. (11.26)

and we can observe that the water movement from the free porosity to the

bound state depends on the swelling stress of bentonite.

Feature 10. The effect of salinity.

The chemical potential of the H2O component of the free water depends

on the salts dissolved in it. The water movement between the bound state

and free porosity, in turn, depends on the chemical potential difference.

Therefore, the salinity of the free water has a direct effect on the swelling

of bentonite according to the VMP model.

The effect of NaCl dissolved in water on the chemical potential of the

water (the H2O component) is illustrated in Fig. 8.5, where the water

chemical potential is determined by measuring the relative humidity of

vapour in equilibrium with the salt solution.

If a bentonite-water system is in equilibrium with salt solution, the

chemical potential of the bound water µ is the same as of the water in

the salt solution µw. In such occasion, the expression

p = ρw (µ− µc) = ρw (µw − µc) (11.27)

can be written for the pressure component of the swelling stress in the

bentonite-water system according to Eq. (11.10). This corresponds to the

expression in Eq. (4.49) that is often written for the swelling pressure. It

should be noted here that µc is the chemical potential of bentonite in de-

stressed state with similar bound water content as in the stressed state.

Therefore, measuring the chemical potential difference in practice would

require knowledge on the bound water content in the stressed state.

An effect of salinity that the VMP model suggests is the swelling of

bentonite when the salt concentration in the free pore water decreases.

The decreasing concentration makes the free water chemical potential to

increase (Fig. 8.5), which according to the supply term, Eq. (11.23), in-

creases the bound water content making the bentonite swell. The effect of

salt concentration is particularly strong at very low concentrations (where

the free water chemical potential is close to fully saturated water vapour
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chemical potential), since the increase of the bound water content per in-

crease of chemical potential is then very high (Fig. 11.1).

Example 4.

The expression for the swelling pressure of bentonite in equilibrium with

a salt solution, Eq. (11.27), is derived with the bound water density as

the independent variable. A more practical way to relate the salt con-

centration to the swelling pressure is to use the chemical potential as the

independent variable. In such occasion (assuming small deformation), the

second Piola stress can be expressed as

T̄RR (E, µ) = κµ tr (E−Ec) I + 2Gµ dev (E) (11.28)

with Ec = β (µ− µ0) I = K
3ρw

(µ− µ0) I. Let us think this relation in a

swelling pressure experiment where the total volume of the sample is

kept constant. Neglecting the plastic effects and considering small de-

formations, constant volume means that trE = (trE− trEc) + trEc = 0.

Thus, the second Piola stress relation can be written as

T̄RR (E, µ) = κµ tr (−Ec) I + 2Gµ dev (E) . (11.29)

Remembering that p = −1
3 trTRR,

p = −κµ tr (−Ec) = −κµ tr

(
− K

3ρw
(µ− µ0) I

)
=
κµK

ρw
(µ− µ0) . (11.30)

If the bound water chemical potential is in equilibrium with the salt solu-

tion in the free porosity, µ can be replaced with µw. As consequence,

p =
κµK

ρw
(µw − µ0) . (11.31)

Since µw depends on the salt concentration of the free water, c, the depen-

dence of the swelling pressure on the salinity can be expressed as

p (c) =
κµ (µw (c))K (µw (c))

ρw
(µw (c)− µ0) , (11.32)

where the parameter dependence on the NaCl concentration is expressed

explicitly. The function µw (c) can be obtained through Eq. (10.34) in the

case of NaCl solution and the graph in Fig. 8.5.

The shape of the function µw (c) is illustrated in Fig. 8.5 and can be

observed to be almost linear. Therefore, if the coefficient κµK/ρw was

constant, the swelling pressure would depend somewhat linearly on the

salt concentration. In the case of bentonite, both κµ and K depend on the

chemical potential, which makes the relation non-linear.
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Figure 11.5. Example profiles for the swelling pressure of different bentonite types as
functions of NaCl solution concentration. The fitted functions (lines) fol-
low Eq. (11.32). The function for K (Eq. (11.34)) is obtained from the fit-
ting illustrated in Fig. 11.1 and the functions for bulk moduli are according
to Eqs. (11.35) - (11.37). The dashed line is obtained with constant bulk
modulus for Na bentonite. The experimental values (dot-like markers) are
illustrated also in Fig. 2.9 (a) and they are from [Karnland et al., 2006].

Examples of the relation are presented in Fig. 11.5. The (by hand) fitted

functions are of form

pX (c) =
κX
µ (µw (c))K (µw (c))

ρw

(
µw (c)− µX

0

)
(11.33)

where X represents Na, Ca or natural (nat) bentonites. Here the function

for K for all the bentonite types is the derivative of the fitted curve nc
R =

ρnc with ρ = 1250 kg/m3 in Fig. 11.1:

K (µw (c)) = 4.3 · 10−3 kg2

J ·m3
e1.48·10−5 kg

J µw(c). (11.34)

The bulk moduli are

κNa
µ (µw (c)) = 12 MPa

(
1 + 1.02 · e1.85·10−4 kg

J µw(c)
)

(11.35)

for Na bentonites (black line in Fig. 11.5),

κCa
µ (µw (c)) = 14.5 MPa

(
1 + 0.29 · e1.85·10−4 kg

J µw(c)
)

(11.36)

for Ca bentonites (blue line in Fig. 11.5) and

κnat
µ (µw (c)) = 10 MPa

(
1 + 0.29 · e1.85·10−4 kg

J µw(c)
)

(11.37)
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for natural bentonite (red line in Fig. 11.5). A graph with constant bulk

modulus (12 MPa) for Na bentonite is marked with the dashed black line.

The values for µ0 are µNa
0 = 2.2 · 104 J/kg, µCa

0 = 2.0 · 104 J/kg and µnat
0 =

1.8 · 104 J/kg. ρw = 1000 kg/m3.

It should be noted that the function K is very sensitive for the water

adsorption isotherm values close to relative humidity of one, which cor-

respond to NaCl concentrations near c = 0. These adsorption isotherm

values are difficult to measure due to the large effect of small tempera-

ture changes on the vapour pressure and the condensation of the vapour.

Therefore, the related uncertainties in the experimental values are large.

It should be also noted that without measured values for bulk moduli of

different bentonite types in various conditions, the above fitting is more

speculation than a final result.

Feature 11. The effect of cation type.

The effect of the bentonite cation type is taken account in the model indi-

rectly through the water adsorption isotherms. Each bentonite type has

a unique isotherm that should be used when simulating the behaviour of

that specific bentonite.

The shape of the water adsorption isotherm affects 1) the chemoelastic

coupling between the bound water and the skeleton mechanics, 2) the

diffusion of bound water in bentonite and 3) the water exchange between

the free porosity and the bound state.

Feature 12. Equilibrium state when the free porosity is partially

saturated.

The bound water and the water in the free porosity are in equilibrium

when their chemical potentials are the same. Salinity determining the

water chemical potential also in partially saturated free porosity, this

equilibrium state is reached when the salinity level in the free porosity

is high enough to produce similar water chemical potential as the bound

water chemical potential.

If there is excess water in the free porosity, the water begins to move

to the bound state. During the process, the amount of free water where

the salts are dissolved reduces meaning that the salt concentration in-

creases. The process ends when the free water chemical potential (that

depends on the salinity) is in equilibrium with the bound water chemical

potential. At low bound water contents, the process can lead to very high

salt concentrations in the free porosity. In other words, when the water

209



Features of the VMP model

content in bentonite is low, the above result means that the most of the

water is in the bound state, since the salt concentration needed for the

equilibrium is very high (compare the chemical potentials in Figs. 2.8 (b)

and 8.5 (b)), which can be obtained only when the saturation of the free

porosity is very low.

11.3 Relations between the models with different variables

Feature 13. The relation of the elasticity tensors.

According to the VMP model, the relation between the bulk moduli at

constant bound water density, κn, and at constant bound water chemical

potential, κµ, with independent variables (C, nR) and (C, µ), respectively,

is

κn = κµ

(
1 +

9κµβ
2

K

)
= κµ

(
1 +

κµK

ρ2
w

)
(11.38)

for small deformations. Here, β = K
3ρw

is the coefficient for chemical expan-

sion and K = ∂n̄R(E,µ)
∂µ the density modulus. The similar relation between

the shear moduli is

Gn = Gµ. (11.39)

The relations between the moduli give means to transform the mod-

uli measured in certain experimental conditions to other conditions. For

example, κn can be measured keeping the bound water density constant

during the experiment, whereas κµ can be measured keeping the bound

water chemical potential constant (by equilibrating the bentonite sam-

ple with water vapour at constant relative humidity, for instance). The

first experiment is perhaps easier to carry out in practice. Thus, it would

be practical to measure κn and calculate κµ from it instead of measuring

κµ directly. Before this procedure can be used in practice, the relations

should be demonstrated experimentally, that is, they should be taken only

as hypothesis to be tested at this point.
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11.4 Parametrization

Feature 14. The VMP model can be parametrized with a rea-

sonable sized data set that can be obtained directly from experi-

ments.

The model can be parametrized with the following data:

• water adsorption isotherm at zero stress (powder) for the bentonite

types (interlayer cations, specific surface charge) types whose be-

haviour are simulated

• diffusion coefficient of bound water (for the simulated bentonite types)

• elastic material parameters (κ and G) in simulated conditions, for

example,

– for different bentonite types

– at different bound water contents

– at different free water contents (assuming maximum bound wa-

ter density)

– at different plastic strains (that is, at different compaction den-

sities at non-stressed state)

• plastic model at different conditions (for example bentonite type and

bound water content)

• free water potential dependence on water salinity (NaCl solution)

• pore size distribution data for free porosity model

• chemical species diffusion coefficient data.

The key assumption of the model is that the change in bound water vol-

ume (calculated with bulk water density) introduces same volume change

in the volume of the bentonite skeleton. Proving or improving this as-

sumption in specific simulation conditions also requires experimental data.

11.5 Comparison of the VMP model to other models

The differences between the VMP model and other modelling approaches

for bentonite have been pointed out throughout this monograph, but the

focus has been on the details in many occasions. To give an overall view,

how the VMP model relates to other models, the main differences have

been listed in the following.

The conceptual division of the structure of bentonite to a solid skeleton

with bound water and free porosity in the VMP model reminds the soil sci-

entific double porosity models, but in the VMP model strict definitions for
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the bound water and the free porosity is given (in Ch. 5), whereas in the

soil double porosity models such definitions are not commonly written.

In the VMP model, the definitions guide the construction of the math-

ematical model according to the conceptual model, whereas without the

strict definitions the mathematical model and its parameters are needed

to specify the exact meaning of the conceptual model in the soil models.

The latter practice can result to mismatches between the general con-

cept and the mathematical formulation. For example, the capillary action

driven flow in macroporosity in the soil models can be parametrized such

that it does not correspond to the conceptualized structure of the mate-

rial. In the model constructions, where all water in bentonite is assumed

to be adsorbed water and the capillary flow equations are used to describe

the transport of this water, the mismatch is obvious from the beginning.

The bound water in the VMP model is conceptualized to be mobile5

based on experiments and molecular dynamics simulations, which sug-

gest bound water mobilities up to bulk water mobility (see Ch. 2). On

the other hand, the microporosity water in soil models is commonly as-

sumed stagnant without justifying the choice. Acknowledging the bound

water mobile in the VMP model yields mathematical model where the pa-

rameter values (for example, the diffusion coefficient of the bound water)

fall into a meaningful range6 when simulating wetting experiments. If

the microporosity water is assumed stagnant, often the parameters for

macroporosity water transport (driven by capillary action) have to be cho-

sen such that the model does not represent the conceptual model behind

it7, since otherwise water would not move when the suction in simulations

is high, that is, the water content is low.

Swelling of bentonite is caused only by water movement from the free

porosity to the bound state or by the bound water transport in the VMP

model. The movement of macropore water to microporosity is also one of

the swelling mechanisms in the soil models, but there are also be several

other mechanisms that produce similar behaviour and that can be inde-

pendently parametrized. Therefore, the choice on swelling mechanism in

simulations is effectively left for the model user and not specified by the

5The transport of the bound water is driven by the bound water chemical poten-
tial gradient.
6The range suggested by direct experiments on the bound water mobility.
7The parameters often suggest pore sizes in below hundred nanometre range,
whereas the concept suggests pore sizes somewhere in micrometer range (inter-
granular porosity).
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model concept.

In the VMP model, the swelling is back-coupled to water movement to

and within the bound state consistently by using the Coleman-Noll proce-

dure, which gives general constitutive relations for the bentonite skeleton

dependent variables8. Consequently, for example the bound water intake

decreases when swelling pressure builds up in a bentonite sample in con-

fined conditions. In soil models, there is commonly no back-coupling and,

when there is, the consistency of it with the swelling has not been demon-

strated.

The model for capillary action driven flow in the free porosity has been

constructed using the micrometre scale pore size distribution of bentonite

and the general capillary action principles for chemically inactive porous

media in the VMP model9. In comparison to the common soil models, the

approach yields reasonable parametrization of the model, if the porosi-

ties in the conceptual models are considered. In the common soil mod-

els, the assumption of stagnant microporosity water results in a need

to parametrize the capillary action driven macroporosity water transport

model such that the parameters do not correspond to the conceptual model

(often the parametrization corresponds to nanometre scale pore sizes). As

a consequence, the capillary action driven flow in macroporosity as de-

scribed in the conceptual model is effectively omitted from these models.

In the VMP model, the definition of the free porosity together with the

strongly coupled chemoelastic model for the bentonite skeleton10 produces

a straightforward way to include the effects of salinity changes in the free

porosity on swelling of bentonite in the model construction. The approach

results in somewhat similar equations as the separate swelling pressure

models for bentonite11, but now they are one part of a much more gen-

eral model construction. It is uncommon to couple chemical effects to the

mechanical models for bentonite12 and the VMP model approach can be

considered as a new opening in such models with appealing simplicity.

The large deformation mathematical formulation of the VMP model with

the multiplicative decomposition of the deformation gradient to mechan-

8See Ch. 6.
9See Ch. 8.
10That is, the model with the strong coupling between the bound water and the
mechanical behaviour of bentonite.
11See Sec. 4.2.5 and Feature 2 in this chapter.
12With the noteworthy exception of work by Navarro et al. [2017] and also in the
articles referred therein.
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ically elastic and chemical distortions, with the two choices for chemical

independent variables13 and with free porosity can be considered as a

new theoretical development for chemoelastic porous materials undergo-

ing large deformations in general. The use of large deformation models for

swelling clays is uncommon, but the created theoretical basis is valid also

for other materials with similar properties. Especially, it should be noted

that the multiplicative decomposition yields new, corrected forms for the

constitutive equations for the depended chemical variables (with respect

to the strain variable). The strain variable is corrected in sense that it

results in the observed behaviour of swelling clays, that is, decrease in

the bound water intake when swelling stress increases in confined con-

ditions upon wetting14, what the standard expansion of the constitutive

equations at the reference configuration is unable to capture. It should be

also noted that results from the use of the two different independent vari-

ables for the bound water provides a new perspective on the chemoelas-

tic porous materials: elastic mechanical material parameters (especially

bulk modulus) should be considered condition dependent (the bulk modu-

lus at constant bound water density is different from the bulk modulus at

constant bound water chemical potential, but they are related as stated

in Ch. 7). This result is important for experimental work, since the mea-

surement time highly depends on the measurement conditions15.

Altogether, the VMP model provides a new conceptual view on swelling

clays (and other chemoelastic porous media) derived from observed ma-

terial behaviour and offers a consistently elaborated physical and mathe-

matical large deformation model for such materials.

13The bound water density or the bound water chemical potential.
14See the last subsections of Secs. 7.1 and 7.2 for discussion.
15The measurement times at constant chemical potential (or suction in soil sci-
ence terms) take much longer than at constant water content, but the latter
condition might be more difficult to obtain.
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A large deformation model for chemo-elastic porous media has been suc-

cessfully developed in this thesis. The term "chemoelastic" refers the cou-

pling between the chemically bound (that is, adsorbed) water in the mate-

rial structure and the mechanical behaviour of the material, whereas the

"porous media" term refers to the existing porosity in the material that is

not filled with the bound water. The model can be used to simulate the

behaviour of any material consisting of these ingredients, but the particu-

lar application kept in mind for the model is the compacted bentonite clay

buffer in geological disposal repositories for spent nuclear fuel.

The starting point for the thesis has been identifying

1. the requirements and conditions the geological disposal application

imposes on the buffer material and

2. the key properties and characteristics of bentonite for modelling the

behaviour of bentonite in macroscopic scale.

The found requirements for the model have been written in a form of a

guideline for a model for bentonite. The guideline can be summarized as

follows: A model for bentonite should primarily describe

• swelling

• water movement into the structure of bentonite that causes swelling

• effect of mechanical state on the water movement

• chemical effects on swelling

• mechanical behaviour (in various saturation states and of different

bentonite types)

• large deformations

• water movement along bentonite

– bound water (by diffusion)

– free water (by capillary action)

– water vapour (by diffusion) but only if an external vapour pres-
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sure difference is present

• salinity changes in the water in contact with bound water.

Existing modelling approaches for bentonite have been introduced and

reviewed critically in general and with respect to the suggested guide-

line for the bentonite model. The most commonly utilized soil scientific

models for bentonite have been found to be inadequate for bentonite in

many ways. For example, the functional forms of the parameters in wa-

ter transport models for unsaturated bentonite suggest a capillary action

driven flow, even though it is widely accepted that the most of the wa-

ter in bentonite is adsorbed onto the mineral surfaces instead of being

capillary condensed and the wetting profiles are diffusive instead of cap-

illary. As another example, the mechanical models for unsaturated ben-

tonite at different saturation degrees base on assumed general behaviour

of clays without proper experimental data to back up this assumption for

bentonite. Moreover, instead of being rigorously built according to gen-

eral principles of physics, attempts to couple the mechanical behaviour

and the water movement have led to complicated model constructions

whose underlying physical basis is unclear. When the theoretical basis

for the coupling is strong, the model has not reached a level of practical

use and often the shortcomings of the soil scientific models related to the

underlying physics are shared (for example, the capillary driven water

movement). Another general limitation for the models is the infinitesi-

mal strain theory for the mechanical model that has been utilized in the

models, even though the practical simulations of bentonite often include

large deformations. Concluding, there seems to be no satisfactory model

for bentonite, which could be applied for realistic simulations of bentonite

in different applications.

Instead of continuing from the existing approaches, the VMP model in

this thesis has been constructed starting from developing a conceptual

model based on the formulated guideline for a model for bentonite. Con-

ceptually, bentonite structure is divided into two:

1. the skeleton including solid material and bound water and

2. free porosity that can be filled with gas or water with dissolved salts.

The bound water is pictured as the water that adsorbs into the structure

of bentonite when the water vapour at certain relative humidity is equi-

librated with bentonite and that can be weighed. Unlike in the common

models suggested for bentonite, the bound water is thought to be mobile

and responsible for the most of the water movement in unsaturated ben-
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tonite. The strong interplay between the skeleton mechanical behaviour

and the bound water movement can be taken as the key component of the

model that results in the desired model features needed for describing the

behaviour of bentonite. The inclusion of free porosity in the model allows

a true double porosity description1 in which the movement of water in

unsaturated free porosity is driven by capillary action and salts can be

dissolved into the free pore water. Considering the effect of the salinity on

the free water activity (that is, the chemical potential of H2O component

of free water), the effect of salinity on bentonite swelling can be taken into

account.

A mathematical model has been developed for bentonite on the basis of

the conceptual model. The model consists of three separate parts, a model

for the bentonite skeleton, a model for the free porosity and a model for

plasticity. As a combination they form the final VMP model for bentonite.

All the model parts have been constructed in finite strain setting allowing

large deformations that often occur in practical bentonite applications.

The model for the bentonite skeleton is the most comprehensive part of

the final model. The aimed strong coupling between the bound water con-

tent and the mechanics of the skeleton has been achieved by building the

model on the general principles of physics instead of constructing it from

separate pieces without thinking the whole. The general mass, momen-

tum and energy balances lay the basis for a model of any bentonite-like

material undergoing processes including bound water transport, defor-

mation and heat transfer. Each balance law is written using two vari-

ables, the work-conjugate variables2, for each phenomena. To complete

the equations to a solvable form, the other of the variable pair should be

expressed as a function of the other, the independent variable. Also, fluxes

should be expressed with the independent variables and their gradients.

These constitutive functions specify the exact material behaviour.

If no a priori knowledge of the material behaviour was assumed, all the

constitutive relations should depend on all the independent variables and

also possibly the gradients of the independent variables. Only the general

principles of physics should restrict the form of the relations. This ap-

proach has been followed when constructing the bound water movement,

1Instead of lumping the adsorbed water and the water moving by capillary effect
together as has been done in many soil scientific models in practice.
2For example, the bound water mass fraction and the chemical potential for the
bound water transport, stress and strain for deformation or temperature and
entropy for heat transfer.
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deformations and heat transfer including model for the skeleton. Namely,

the principle of frame-indifference and the second law of thermodynamics

in the form of free energy imbalance have been utilized3 to obtain general

forms for the constitutive relations. The result is a strongly coupled model

for the skeleton which, in particular, allows

1. bound water content to affect the mechanical state of bentonite caus-

ing swelling and

2. the mechanical state of bentonite to affect the water movement of

the bound water decreasing the bound water content when bentonite

is stressed.

During the development of the constitutive theory, the equations and vari-

ables for thermal phenomena are kept in the model formulation to ease

the further model development, but they dropped from the thesis when

moving to the specific constitutive relations for bentonite in order to limit

the scope of this thesis.

Generally, models allowing large deformations are constructed using

two configurations of a material body, namely the referential (often non-

stressed) configuration and the spatial (that is, the current) configuration.

As a standard practice in the large deformation theory, the specific consti-

tutive relations for the material are defined on the referential configura-

tion often by simply linearising them. In this thesis, the standard practice

is followed for the model for the bentonite skeleton in isothermal condi-

tions4. The practice, however, results in wrong material behaviour for

bentonite if compared with experiments. If the volume of a bentonite body

is kept constant while wetting it (meaning that the total volumetric strain

is zero), the referentially expanded form for the stress relation suggests no

effect of the developing stress on water intake. This is in direct contradic-

tion with experimental evidence. To correct this unideal model behaviour,

an intermediate configuration between the referential and spatial con-

figurations has been utilized and the deformation gradient has been de-

composed multiplicatively in accordance with this concept. The elastic

stress-strain relation has been defined on this imaginary, elastically de-

stressed intermediate configuration at different chemical stretches which

follow from the swelling due to increased bound water content. As a result

3The so-called Coleman-Noll procedure is followed when considering the restric-
tions by the second law, see Ch. 6.
4with the exception of having a non-linear form for the non-stressed bound water
density-bound water chemical potential relation
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of using the multiplicative decomposition, general large deformation con-

stitutive relations that are valid also for large swelling states of bentonite

have been obtained and corrections for the simple referential relations

have been suggested.

The model for the skeleton has been constructed with two sets of inde-

pendent variables. The independent variable for the bound water is either

the bound water density (gravimetric bound water content times the dry

density of the solid material) or the chemical potential of the bound wa-

ter (which is a measure of the strength of the adsorption of bound water

in the bentonite structure). The two formulations allow straightforward

interpretation of experiments where the other of the variables is kept con-

stant. For example, the mechanical elastic parameters measured in a con-

stant bound water density can be utilized directly in the model with the

bound water density as the independent variable. Also when simulating

bentonite behaviour, the more practical (for example with respect to defin-

ing the boundary conditions) of the two formulations can be chosen. More-

over, the analysis carried out in the thesis results in a relation between

the elastic parameters obtained with the two formulations meaning that

a parameter that is measured while keeping one variable constant can

be transferred to the condition where the other variable is kept constant.

For example, the bulk modulus measured in constant bound water content

can be related to bulk modulus measured in constant chemical potential

(via, for example, relative humidity control of vapour in equilibrium with

the bound water). The relation, however, requires experimental evidence

before it can be relied on in practice.

As a consequence of separating the free porosity conceptually from the

skeleton and the free pore water from the bound water, the movement of

free water can be taken to be driven by capillary action. In standard soil

mechanical models, the capillary condensation is often lumped together

with the adsorption on mineral surfaces in practice making it effectively

neglected, because of the difference in strength between the phenomena.

Since the adsorption of water from vapour is taken to define the bound

water according the conceptual model in the thesis, the capillary driven

free water movement is parametrized using the pore size distribution at

macroscopic (micrometre) scale (of the free porosity) and the standard cap-

illary flow models. The pore size distribution is taken here as constant,

although in reality it evolves during the wetting of bentonite, since in-

creasing the bound water content induces pore structure changes.
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The separate free porosity that serves as the volume for chemical species

in bentonite also allows the model to take into account chemical effects of

different salt solutions on bentonite. The chemical composition of the free

pore water is considered to affect the free water potential which, in turn,

determines whether water moves into the bound state making bentonite

swell or towards the free pore space making bentonite shrink. The trans-

port mechanism for the salinity has been assumed diffusion.

Large deformation plasticity has been integrated into the model by uti-

lizing yet another multiplicative decomposition of the deformation gra-

dient, but now to plastic and non-plastic parts. The decomposition cor-

responds to having a new intermediate configuration at certain plastic

deformation but at zero stress and at reference bound water chemical

potential (or bound water density). The elastic and chemical effects de-

scribing model has been constructed at this intermediate configuration

with fixed plastic deformation meaning that the plastic (mechanically ir-

reversible) effects on the energy balance or the dissipation (or entropy

production) have not been considered in the work here, even though plas-

ticity is important part of mechanical behaviour of bentonite. A detailed

plastic model for a specific bentonite type would require an extensive set

of data from well conducted experiments and is not in the scope of the

thesis. Thus, also the detailed theoretical work on plasticity has been left

for the future.

The plastic model, the model for the bentonite skeleton and the model

for the free porosity as a combination form the final VMP model for ben-

tonite in the thesis. The illustrated features of the VMP model can be

summarized as follows.

The model

• includes a strong coupling between the bound water and bentonite

mechanics that

– describes the swelling of material through an extra term (that

corresponds to microstructural strain or Bishop’s stress in ge-

omechanics) in the constitutive relation for stress but with a

new coefficient that follows from assuming the bound water to

increase the volume of the material by the bound water volume.

– yields, as a special case, a similar expression for the swelling

stress that is often claimed for bentonite, according which the

pressure component of the swelling stress is proportional to the

bound water chemical potential difference at stressed and de-
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stressed states.

– suggests that the above previously separately considered phe-

nomena are the two directions of the strong coupling.

– generalizes the above result to large deformations.

– explains the effect elastic strain (or stress) on the bound water

content and transport, that is, the stressed bentonite adsorbs

less water than de-stressed bentonite.

• offers two alternative variables for the bound water (either the bound

water density or the bound water chemical potential can be used as

the variable), which is useful

– in simulations, because the variable can be chosen to corre-

spond to the natural boundary conditions in the simulated ap-

plication.

– when interpreting experiments, because the variable can be

chosen to correspond to the controlled variable and the obtained

parameters can be directly used in simulations.

– when changing the variable (for example, when the variable

kept constant in measuring the mechanical parameters is changed

to the other for simulations), since a relation between the elas-

tic parameters with different variables is suggested by the model.

• is a true double porosity model in which the adsorption of water and

the capillary action are separated such that

– the bound water movement by diffusion driven by bound water

chemical potential gradient is the main water transport mech-

anism.

– the movement of the free water is driven by capillary action.

– salts can be dissolved in the free pore water.

• explains the effect of salinity on the mechanical behaviour of ben-

tonite through the water movement between the bound state and

the free porosity,

– which is controlled by the chemical potential difference between

the water types, which depends on the salt concentration in the

free pore water.

– which results in swelling of bentonite when the salinity in the

free pore water decreases and bentonite is not in confined space.

– which results in increase in swelling stress when the salinity is

decreased and the bentonite volume is confined.

– which indicates that the most of the water is bound water when
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the bentonite is partially saturated.

• includes plasticity to certain extent.

• has been build in large deformation mathematical settings such that

it can be utilized in practical applications for bentonite that are not

limited to infinitesimal strains.

• can be used in simulations with somewhat small, physically mean-

ingful set of parameters that can be obtained relatively easily from

experiments.

The feature list indicates that the model captures in a unique way many

open questions related to bentonite models such as the effect of stress (or

strain) on water adsorption, the effect of water chemistry on the swelling

and large deformations. Therefore, the model has potential to become a

widely used model framework for chemically active clays and other simi-

lar type of materials.

For the simulations with the model to have some meaning in practi-

cal applications, the model should be parametrized carefully. This is the

important next step in the model development now that the mathemati-

cal framework has been established and some simulation have been run.

Since there are very limited sources of experimental data for example on

the mechanical behaviour of different bentonite types in varying condi-

tions, this step requires a great amount of experimental work to be per-

formed. Without such data, the simulation results cannot be claimed to

represent the behaviour of any specific bentonite type.

The experiments on the mechanical behaviour also relate to the devel-

opment of the plastic model. Experimental data is needed to characterize

the exact shape of the yield surface and the type of the plastic flow (the

details of hardening or softening). Without the plastic model based on

experimental work, I see little confidence in the simulation results.

Besides the plastic model, there is also room for development in the

chemical model for the salts dissolved in the free pore water. At the mo-

ment, only dissolved NaCl is considered in the model. Assuming that the

conceptual model here is followed, the salt solution chemistry together

with, for example, dissolution and precipitation reactions could be added

to the framework. Also the missing exchange reactions of the interlayer

cations could seen an important feature to add into the model in the fu-

ture. Other topics falling in the same category of features to improve, are

for example the dependence of free porosity wetting model on the evolu-

tion of the bentonite skeleton, the extension of the model to incorporate

222



Concluding summary

free pore water pressures above the air pressure, the inclusion of water

vapour and thermal effects.

After parametrizing the model meaningfully but before making it too

complicated by, for example, incorporating chemical reactions in the free

pore water, the simulation results with the model should be compared

carefully to the actual, precise behaviour of bentonite observed in experi-

ments. Only this way the underlying assumptions of the conceptual model

can be tested and accepted to be good enough or found to require refine-

ment. In addition, experiments on the fundamental questions such as

the nature of the water transport in bentonite (as adsorbed water, free

pore water or vapour) would be required to increase the conceptual un-

derstanding of the material and to further develop the conceptual figure

painted in this thesis.
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List of symbols

Sub- and superscripts

Ac chemical part of A

Amd A in multiplicative decomposition

Am mechanical part of A

Are A in referential expansion

AX superscript denoting bentonite type, X=Na, Ca or nat (natural)

A0 reference value of A

Operators

det determinant

dev deviatoric part of tensor

exp exponent function

ln natural logarithm

tr trace of tensor
∂A
∂b partial derivative of A with respect to b
dA
db derivative of A with respect to b

A−1 inverse of A

A−T inverse transpose of A

AT transpose of A

Ȧ material time derivative of A

A′ spatial time derivative of A

Div divergence in reference configuration

div divergence in spatial configuration

∇ gradient in reference configuration

grad gradient in spatial configuration

A : B tensor inner product of A and B

A ·B inner product of A and B

A⊗B outer product of A and B

A×B cross product of A and B
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List of symbols

Ā a function that gives a physical field A a point-wise value

Ă a function that gives a physical field A a point-wise value

Â a function that gives a physical field A a point-wise value

Ã a function that gives a physical field A a point-wise value

A∗ variable A in a new frame

Background

α model parameter related to capillary rise or Bishop’s stress

αm model parameter

βm model parameter

χ effective stress

γs water surface tension

κ bulk modulus

κT tangent bulk modulus

κc Cam-clay model parameter

κs BBM parameter

κw hydraulic permeability

λ plastic multiplier

λv fitting parameter in van Genuchten formulation

µ chemical potential

µ0 reference chemical potential

µwv water viscosity

ν Poisson’s ratio

φ porosity

ρw water density

ϑ temperature

ξ model parameter

Φ plastic potential

p̂ pressure component of effective stress

f yield function

g gravimetric acceleration

gw bentonite-water mixture potential (partial specific Gibb’s energy)

g0
w pure water potential

gc
w salt solution water potential

geq
w equilibrium water potential, eq = 0, v or c

gv
w water vapour potential

hc capillary rise height

hs a limit for capillary rise height

kr relative permeability
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List of symbols

p pressure, p = −1
3 trT

pc consolidation pressure, Cam-clay model parameter

pg gas pressure

pswell swelling pressure

pv water vapour partial pressure

p0
v pure water equilibrium vapour pressure

pc
v equilibrium vapour pressure related to gc

w

peq
v equilibrium vapour pressure related to geq

w

pref
v reference water equilibrium vapour pressure

pv
v partial pressure of water vapour

pw water pressure

p0 reference pressure in Cam-clay model

pvG fitting parameter in van Genuchten formulation

pv0 saturation vapour pressure

q von Mises shear stress, q =
√

3J2

rc radius of capillary tube or pore size

rs a limit for radius of capillary tube or pore size

sw suction

t time

v specific volume

v0 reference specific volume

w gravimetric water content

Demp empirical mass transport coefficient

Eev elastic volumetric strain (scalar)

G shear modulus

I1 first Cauchy stress invariant

J2 second deviatoric invariant of Cauchy stress

M Cam-clay model parameter

R universal gas constant

S saturation

Ti principal stress coordinates, i = 1, 2, 3

Vm molar volume of water

jw mass flux of water

u displacement vector

vw water infiltration velocity

Ėp plastic strain rate

E infinitesimal strain tensor

Ee elastic strain tensor
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List of symbols

EM,s
e macroscopic elastic strain related to suction loading

EM,T
e macroscopic elastic strain related to mechanical loading

EmM
e micro-macro interaction elastic strain

EM
e macroscopic elastic strain

Em
e microscopic elastic strain

Ep plastic strain tensor

EmM
p micro-macro interaction plastic strain

EM
p macroscopic plastic strain

I identity tensor

T Cauchy stress tensor

C elasticity tensor (4th order)

CBBM BBM elasticity tensor

CCC Cam-clay elasticity tensor

VMP model

α multiplier of diffusion coefficient in porous medium

αDP Drucker-Prager yield function parameter

αc multiplier of diffusion coefficient in porous medium

β coefficient of chemical expansion (per chemical potential change)

η specific entropy

ηR entropy density

γ coefficient of chemical expansion (per bound water density change)

κµ bulk modulus at constant chemical potential

κn bulk modulus at constant bound water density

κw spatial scalar permeability

κw0 reference permeability

κw permeability

λ plastic multiplier

λµ Lamé parameter at constant bound water density

λn Lamé parameter at constant chemical potential

λv parameter in van Genuchten formulation

µ chemical potential

µchem chemical part of chemical potential

µc chemical potential of bound water in non-stressed state

µmech mechanical part of chemical potential

µd mean of log-normal distribution

µv chemical potential of water vapour

µv water vapour chemical potential

µwv water viscosity
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List of symbols

µw chemical potential of free porosity water (H2O component)

ω specific grand-canonical energy

ωR referential grand-canonical energy

φ spatial free porosity or a function

φRH relative humidity

φR referential free porosity

ψ specific Helmholtz free energy

ψR referential Helmholtz free energy

ρ spatial mass density

ρR referential mass density

ρe density at intermediate configuration, ρe = detFeρ

ρs total mass density of solution

ρw density of water

σd standard deviation of log-normal distribution

ε specific internal energy

εR referential specific free energy

ϕ a function

ϑ temperature

Γ entropy production density

ΓR referential entropy production density

Φ̂ a constitutive function

Λ chemistry modulus, Λ = ∂µ
∂nR

Φp plastic potential

Υ temperature-chemical potential modulus, Υ = ∂ηR
∂µ

Ξ temperature-species-density modulus, Ξ = ∂ηR
∂nR

 entropy supply

a constant in isotropic chemical stress tensor: A = aI

b chemical stretch ratio

c NaCl concentration in free porosity

cµ heat capacity at fixed strain and chemical potential, cµ = ϑ∂ηR
∂ϑ

ci concentration of chemical species i in units kg/m3

cn heat capacity at fixed strain and bound water density, cn = ϑ∂ηR
∂ϑ

csi concentration of species i in units mol/l

da spatial area element

daR referential area element

dv spatial volume element

dvR referential volume element

f a function
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List of symbols

f (rc) pore radii distribution function

fy yield function

g (hc) capillary rise height distribution function

h spatial bound water supply

hR referential bound water supply

hc capillary rise height

hs limit for capillary rise height

k Drucker-Prager yield function parameter

k spatial supply rate

kR referential supply rate

kr relative permeability

l length

m spatial free pore water supply

mR referential free pore water supply

n bound water mass fraction

nR bound water density

nc
R bound water density in non-stressed state

ni mass fraction of chemical species i

pc Cam-clay yield function parameter

pg gas pressure

pv water vapour partial pressure

pw pressure of free pore water

pvG parameter in van Genuchten formulation

pv0 saturation vapour pressure

q heat supply

qR referential heat supply

r spatial NaCl supply

rR referential NaCl supply

rc radius of capillary tube or pore

s constant in isotropic chemical-density-stress tensor: S = sI

xi molar fraction of species i

At spatial area

∂P material region boundary

A referential area

B reference body

BF shorthand notation for partial derivatives related to vapour chem-

ical potential in Fick’s law

D diffusion coefficient (in solution)
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List of symbols

Dα mass transport coefficient in porous medium, Dα = αD

Dc NaCl diffusion coefficient in bulk water

Gµ shear modulus at constant chemical potential

Gn shear modulus at constant bound water density

I1 first Cauchy of Kirchhoff stress invariant

J volumetric Jacobian of F

J2 second deviatoric Cauchy or Kirchhoff stress invariant

J3 third deviatoric Cauchy or Kirchhoff stress invariant

Jc volumetric Jacobian of Fc

Je volumetric Jacobian of Fe

Jp volumetric Jacobian of Fp

Jtot volumetric Jacobian of Ftot

K density modulus, K = ∂nR
∂µ

L length

M Cam-clay yield function parameter

Mw molar mass of water

Ms molar mass of chemical species

Ni isotropic spatial mass transport coefficient, Nspatial
i = NiI

P material region

R universal gas constant

S saturation of free porosity

Tys yield stress

Ti principal stress, i=1,2,3

Bt spatial body

E internal energy or Euclidean space

H net entropy production

J entropy flow

K kinetic energy

Pt spatial region

Q heat flow

S net entropy

T energy flow related to chemical species transport

W mechanical external power

∂Pt spatial region boundary

χ motion

χt deformation, χt (X, t) = χ (X)

 entropy flux

b0 body force
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List of symbols

b0R referential body force

g a vector field

h spatial bound water mass flux

hR referential bound water flux

lα diffusive mass flux in porous medium

li diffusive mass flux of species i

m spatial free pore water mass flux

mR referential free pore water mass flux

n spatial surface normal

nR material surface normal

p a vector field

q heat flux

qR referential heat flux

r spatial NaCl mass flux or a position vector

rR referential NaCl mass flux

t spatial traction

tR referential traction

u a vector field or displacement

v spatial description of velocity

vw infiltration velocity of free pore water

X material point

x spatial point

κw spatial permeability tensor

τ Kirchhoff stress, τ = JT

A chemical stress tensor, A = ∂TRR
∂µ

Ae elastic chemical-stress tensor at fixed Ce

B left Cauchy-Green deformation tensor

Bp plastic left Cauchy-Green deformation tensor

C right Cauchy-Green deformation tensor

Ce elastic right Cauchy-Green deformation tensor

Cp plastic right Cauchy-Green deformation tensor

Ctot total right Cauchy-Green deformation tensor

D stretching

E Green-St.Venant strain

Ec chemical strain in additive decomposition of E

Ee elastic Green-St.Venant strain tensor

F deformation gradient (accounting for mechanical elasticity and

chemical expansion)
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List of symbols

Fc chemical distortion (in multiplicative decomposition of F)

Fe elastic distortion (in multiplicative decomposition of F)

Fp plastic distortion (in multiplicative decomposition of Ftot)

Ftot total deformation gradient

G a tensor field

I identity tensor

L velocity gradient

Mµ stress temperature tensor at fixed strain and bound water den-

sity, Mn = ∂TRR
∂ϑ

Mµ stress temperature tensor at fixed strain and chemical potential,

Mµ = ∂TRR
∂ϑ

Nµ referential mass transport tensor at constant chemical potential

Nn referential mass transport tensor at constant bound water den-

sity

Ni referential mass transport tensor, i = µ or n

Nspatial
i spatial mass transport tensor, i = µ or n

Q rotation

R rotation

S chemical-density-stress tensor, S = ∂TRR
∂nR

Se elastic chemical-density-stress tensor at fixed Ce

T Cauchy stress tensor

TPR plastic reference configuration first Piola stress

TRR second Piola stres

TR first Piola stress

Te elastic second Piola stress (at intermediate configuration)

U right stretch tensor

V left stretch tensor

Xp point at plastic intermediate configuration

C elasticity tensor

Cµ elasticity tensor at fixed chemical potential, Cµ = 2∂TRR
∂C

Cn elasticity tensor at bound water density, Cn = 2∂TRR
∂C

Cµe elasticity tensor at constant chemical potential at intermediate

configuration

Cne elasticity tensor at constant bound water density at intermedi-

ate configuration

K compliance tensor, inverse of elasticity tensor
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