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Chapter 1

Introduction

Symmetry and its breaking are central to the modern understanding
of the physical world. In conjunction with a handful of judiciously chosen
experiments and topological reasoning, they have guided us to formulat-
ing fundamental laws in the context of relativistic quantum field theory
as well as the theory of possible states of matter, their phase transitions
and universal behavior. Topological defects, such as quantized vortices –
the central topic of this thesis, affect the behavior at macroscopic scales.
The range of possible defects is governed by the broken symmetries and
topology of the system. The symmetries contained by the normal phase
of 3He are exceptionally rich, and support a variety of symmetry-breaking
phase transitions to macroscopically coherent, superfluid, states. Due to
the existence of these symmetry-breaking phase transitions and the zoo of
topological and nontopological defects allowed by the different superfluid
phases, 3He can be used as model systems for a wide range of research
topics ranging from turbulence and topological quantum computing to cos-
mology and grand unification scenarios.

In three-dimensional systems particles come in two flavors – in quan-
tum mechanics they are classified as either bosons of fermions, depend-
ing on their spin quantum number. Spin describes the intrinsic angular
momentum of a particle. Bosons are particles with integer spin, while
fermions have half-integer spins. At room temperature many important
macroscopic properties of atomic species are dominated by their electronic
structure rather than their spin. Same is true for helium – which has
two stable isotopes, namely 3He, whose properties are studied in this the-
sis, and 4He. Helium is an element consisting of two protons, two elec-
trons, and one (3He) or two (4He) neutrons – all of which have half-integer
spins. At room temperature and under atmospheric pressures both iso-
topes are gases that form no chemical bonds due to the completely filled
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highest-energy electron shell. Despite similarities in their chemical prop-
erties, at temperatures below ∼ 5 K the two isotopes show major differ-
ences. First, they have different liquefication temperatures – 4He liquefies
at about 4.2 K under atmospheric pressure while 3He liquefies at about
3.2 K under the same conditions. This difference is mostly due to different
atomic masses of the two species. As the temperature is decreased to about
2.2 K, 4He undergoes a transition to superfluid state as a consequence of its
bosonic nature – at sufficiently low temperatures bosons have the tendency
to populate the lowest allowed energy level of the system in large numbers,
a phenomenon called the Bose-Einstein condensation. (However, since 4He
is strongly interacting, the lowest-energy state is not an eigenstate of the
single-particle Hamiltonian – unlike for noninteracting bosons!) The su-
perfluid transition leads to a profound change in many macroscopic prop-
erties – notably the viscosity of the fluid sharply decreases, while its heat
conductivity increases significantly. 3He however, experiences transition to
a superfluid state only at temperatures below ∼ 1 mK [1]. Unlike bosons,
two fermions are prohibited to occupy the same quantum state due to the
Pauli exclusion principle. As a result the fermionic (quasi)particles of the
3He isotope may not populate the ground state in a similar way. Instead,
its superfluid transition is realized when two fermions form a composite
boson, the Cooper pair [2].

Superfluid (or superconducting) systems can be thought as manifesta-
tions of long-range order, characterized by a macroscopic wave function
called the order parameter. In the simplest examples, such as superfluid
4He or s-wave superconductors, the order parameter may be understood as
a complex number. Below the superfluid transition temperature, called the
critical temperature Tc, the absolute value of the order parameter increases
above zero while the phase acquires a definite value. Even such a simple
order parameter gives rise to fascinating properties, such as quantized vor-
ticity. Superfluids offer a unique platform for studying complex flows, such
as turbulence, as the total superfluid flow field is a sum over the flow fields
created by discrete and identical (up to the shape) miniature tornadoes –
the quantized vortices. Especially interesting are vortex dynamics and dis-
sipation mechanisms in the T → 0 limit, where damping of vortex motion
due to vortex interactions with bulk thermal excitations should vanish.

Due to hard-core repulsion and spin-exchange mechanism, 3He favors
pairing in a p-wave spin-triplet state [1], described by a complex 3×3 order
parameter matrix. Such an order parameter, in principle, supports multi-
ple superfluid phases. Indeed, three superfluid phases with unique prop-
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erties are encountered in open geometry and, more recently, techniques
to engineer novel superfluid phases in nanoconfined samples have been
demonstrated [3–11]. Superfluid phases may be classified based on their
remaining symmetries. Those symmetries, reflected in the order parame-
ter of the superfluid phases, are subgroups of the larger symmetry group
of the normal phase. The broken and remaining symmetries determine the
zoo of possible topological defects in each of these phases. Formation of
topological defects in symmetry-breaking phase transitions is unavoidable
due to the Kibble-Zurek mechanism [12–15]. Due to the existence of differ-
ent superfluid phase transitions and the richness of the symmetry group
describing the normal phase of 3He, we are able to explore some conse-
quences of symmetry-breaking during phase transitions, similar to those
that may have taken place after the Big Bang [14]. Moreover, some of
the observed superfluid phases offer experimental access to exotic topologi-
cal defects such as the half-quantum vortices – quantized vortices carrying
half quantum of circulation, which have been predicted to harbor Majorana
states. Such states are in the center of topological quantum computing sce-
narios [16, 17] – the approach taken by e.g. Microsoft to achieve quantum
supremacy.

Organization of the overview

This dissertation begins with a short introduction to superfluidity of 3He
in bulk and under nanoconfinement, followed by description of the nature
of quantized vortices and their dynamics. The experimental techniques ap-
plied in this thesis are reviewed in Chapter 2, after which the published
results of this thesis are summarized. The results are divided into two sec-
tions - Chapter 3 concentrates on dynamics of quantized vortices in 3He-B
in the zero-temperature limit and it is followed by studies on the structure
of vortices in novel superfluid phases encountered in nanoconfined samples
in Chapter 4. Finally, Chapter 5 summarizes and concludes the overview,
providing some thoughts about future prospects in the research field.

1.1 Superfluid 3He

In this chapter, we review the symmetries of superfluid phases of 3He en-
countered in bulk as well as in confinement by nafen; flow and nuclear
magnetic resonance properties for superfluid phases encountered in this
thesis are discussed in the relevant chapters.
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1.1.1 Superfluidity in bulk
At temperatures well below the Fermi temperature TF ∼ 1 K but above
Tc, 3He behaves as Fermi liquid, as described by Landau [18]. Proper-
ties of the Fermi liquid can be modeled through a weakly interacting gas
of excitations in the vicinity of the Fermi surface. These excitations come
in two flavors, as they may either be particle-like with |p| > pF, where
pF is the Fermi momentum, or hole-like with |p| < pF. According to the
Bardeen-Cooper-Schrieffer (BCS) theory [19], the presence of any attrac-
tive interaction, in the case of 3He arising from Van der Waals interaction
accompanied by spin-fluctuation exchange mechanism [1], there exists a
temperature below which the fermions tend to form a coherent macroscopic
condensate via formation of Cooper pairs. The spin-exchange mechanism
favors p-wave pairing with angular momentum l = 1. Simultaneously, the
antisymmetry of the fermionic wave function requires s = 1, where s is the
spin quantum number for the Cooper pair.

The formation of Cooper pairs becomes energetically favorable below
the critical temperature Tc ∼ 1 mK, and the liquid undergoes a phase tran-
sition to the superfluid state. Above the superfluid transition bulk 3He is
described by the symmetry group [20]

G = SO(3)L ×SO(3)S ×U(1)φ×T ×C×P, (1.1)

which includes continuous symmetries, three-dimensional rotations of co-
ordinates SO(3)L, rotations of the spin space SO(3)S, and the global phase
transformation group U(1)φ, as well as discrete symmetries, T is the time-
reversal symmetry, C is the particle-hole conversion symmetry, and P is
the space parity symmetry. The transitions from normal fluid to super-
fluid phases as well as transitions between different superfluid phases are
accompanied by spontaneous breaking of continuous and/or discrete sym-
metries in G. In bulk 3He three superfluid phases can be realized [1]; the
fully-gapped superfluid B phase characterized by broken relative spin-orbit
symmetry, the chiral px + ipy state known as the superfluid A phase, and
finally, the spin-polarized A1 phase in high magnetic fields.

Superfluid B phase

In the absence of magnetic field the superfluid B phase has j = l+ s = 0.
The requirement for the total angular momentum j = 0 allows three spin-
configurations for Cooper pairs, i.e. sz = {−1,0,1} and, respectively, lz =
{1,0,−1}. The B phase is characterized by broken spin-orbit symmetry, i.e.
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A1

Fig. 1.1 Superfluid phase diagram of bulk 3He. Under atmospheric pres-
sure 3He liquefies at ∼ 3.2 K. It remains liquid all the way to the absolute zero
temperature for pressures P � 30 bar. In bulk fluid, three different superfluid
phases are observed below the critical temperature – the time-reversal symmetric
B phase with isotropic gap, the chiral equal spin-pairing A phase with px + ipy
-type order parameter, and at high magnetic fields the A1 phase which only allows
Cooper pairs with both spins oriented along the magnetic field.

the relative orientation of the spin- and orbital vectors becomes locked. It
is reflected in the order parameter of the B phase [1]

AB
μ j =ΔBeiφRμ j(n̂,θ), (1.2)

where ΔB is the pressure- and temperature-dependent superfluid gap char-
acterizing the energy required to break a Cooper pair, φ is the superfluid
phase, and matrix R(n̂,θ) describes the rotation of spins with index μ rel-
ative to the orbital coordinates with index j around the vector n̂ by angle
θ. In equilibrium the spin-vector ŝ can be obtained from the orbital vector
l̂ by rotating l̂ around axis n̂ by the “Leggett angle” θ = arcsin(−1/4)≈ 104◦,
minimizing the spin-orbit interaction [21].

Taking into account the broken relative symmetry between the spin
and orbital parts of the order parameter, the remaining symmetry in the B
phase is [1, 20]

HB = SO(3)L+S×T ×C, (1.3)

where SO(3)L+S denotes the joint three-dimensional rotation in the coordi-
nate and spin spaces.
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A phase

The A phase is known as the equal-spin-pairing state, i.e. the Cooper pairs
consist of spins with the same sign and thus sz = {−1,1}. The order param-
eter of the A phase can be written as

AA
μ j =ΔAeiφd̂μ(m̂ j + in̂ j), (1.4)

where the vectors m̂ and n̂ (different from the n̂ vector in the B phase)
form an orthogonal triad with the Cooper pair orbital angular momentum
axis l̂ = m̂× n̂, d̂ is the spin anisotropy vector along which the total spin
of a Cooper pair vanishes, and ΔA is the maximum superfluid gap in the A
phase. In the A phase, any change of the order parameter phase φ→φ+φ′

may be compensated by rotating the orbital component of the order param-
eter about l̂ by an angle −φ′, leaving the order parameter invariant under
that particular combination of transformations. This combination corre-
sponds to a remaining relative U(1)φ+L symmetry. Additionally, rotation of
the spin space about vector d̂ leaves the order parameter unchanged, cor-
responding to a remaining U(1)S symmetry. The order parameter is also
symmetric under the transformation (d̂,m̂, n̂) → (−d̂,−m̂,−n̂) (equivalent
to (d̂,φ) → (−d̂,φ+π), corresponding to a discrete symmetry described by
the cyclic group Z2 (denoted Z2φ+S) of the order 2. In the A phase the time-
reversal symmetry is explicitly broken, and the remaining symmetries are
described by the group [1]

HA =U(1)φ+L×U(1)S×Z2φ+S×C. (1.5)

A1 phase

The last superfluid phase encountered in bulk fluid, the A1 phase, exists
only at a very narrow temperature region close to Tc, in the presence of
magnetic field. The A1 phase consists of Cooper pairs with both spins ori-
ented along the direction of the magnetic field. The order parameter of the
A1 phase can be written as

AA1
μ j =ΔA1 eiφ(d̂μ+ iêμ)(m̂ j + in̂ j), (1.6)

where d̂ and ê form an orthogonal triad in spin space with vector f̂ = d̂× ê
and ΔA1 is the maximum gap in the A1 phase. Similar to the A phase, a
gauge transformation AA1

μ j → eiφ′
AA1

μ j can be compensated by simultaneous
rotation of the orbital space by −φ′ about l̂, corresponding to remaining
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U(1)φ+L symmetry. On the other hand, the spin part of the order param-
eter has identical structure to the orbital part, and the gauge transforma-
tion can be compensated also by rotation of the spin space around f̂ by
−φ′, resulting in a conserved U(1)φ+S corresponding to simultaneous rota-
tion of the spin space and change of phase. Alternatively, one of the U(1)
symmetries may be interpreted as a simultaneous rotation of the orbital
and spin spaces. Additionally, the order parameter is symmetric under the
inversions (d̂, ê,φ) → (−d̂,−ê,φ+π) and (m̂, n̂,φ) → (−m̂,−n̂,φ+π), corre-
sponding to Z2φ+S and Z2φ+L symmetries, respectively. Thus, the order
parameter of the A1 phase is invariant under [1]

HA1 =U(1)φ+L×Z2φ+L×U(1)φ+S×Z2φ+S×C (1.7)

symmetry group.

1.1.2 3He under confinement by nafen

The presence of nanostructured confinement, i.e. thin slabs [8, 9] or various
aerogels [3, 5, 6, 11, 22], modify the superfluid phase diagram. Anisotropic
confinement may also alter the symmetry group of the normal phase of
3He by explicitly breaking the three-dimensional rotational symmetry in
the coordinate space. In this thesis we used commercially available nemati-
cally ordered material called nafen [3], which breaks the three-dimensional
continuous rotational symmetry SO(3)L in Eq. (1.1). The total symmetry
group of the normal phase is reduced to [20]

G′ = D∞L×SO(3)S×U(1)φ×T ×C×P , (1.8)

where D∞L contains rotations about the nafen anisotropy axis ẑ and π

rotations about perpendicular axes. This symmetry may also be written as
a product of rotations of the space around the anisotropy axis and reflection
with respect to the perpendicular plane, i.e. D∞L=̂SO(2)L×Z2L.

The resulting phase diagram in nafen of certain density [3] is shown in
Fig. 1.2. There are notable differences to the bulk phase diagram shown in
Fig. 1.1; the critical temperature is suppressed by a few percent and, more
importantly, novel superfluid phases – the polar, polar-distorted A (PdA),
and polar-distorted B (PdB) phases - are observed. In all these phases the
superfluid gap becomes anisotropic. Schematic illustrations of the super-
fluid gap in these phases are shown in Fig. 1.3.
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Fig. 1.2 Superfluid phase diagram of 3He under confinement by nafen.
Nanostructured confinement by uniaxial cylinders modifies the symmetries of 3He
in the normal fluid and below the superfluid transition temperature. The super-
fluid transition with the highest critical temperature under these conditions oc-
curs to the polar phase [23]. The phase diagram shown in this figure sketches the
measured phase diagram in a sample of nematically ordered aerogel called nafen-
90, which consists of nearly uniaxial strands of Al2O3 with density 90 mg/cm3. In
addition to the polar phase, polar-distorted A (PdA) and polar-distorted B (PdB)
phases are encountered at lower temperatures. There also exits a region in which
the PdA phase is obtained in cooling, and, if the PdB phase is reached, the PdB
phase is obtained on warming before transition back to the PdA phase at higher
temperatures.

Polar phase

The order parameter of the polar phase can be written as

AP
μ j =ΔPeiφd̂μm̂ j, (1.9)

where ΔP is the maximum superfluid gap in the polar phase. The orbital
anisotropy vector m̂ is locked parallel to the anisotropy axis of the nafen
confinement. That is, in the transition to the polar phase the orbital part is
fixed by the confinement and rotational symmetry is preserved only in the
plane perpendicular to m̂. As for any superconducting or superfluid state,
the phase acquires an expectation value and the gauge symmetry U(1)φ is
broken in the transition. The group of remaining symmetries in the polar
phase is

HP = D̃∞L× D̃∞S×T × P̃ . (1.10)
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Fig. 1.3 Schematic illustration (not to scale) of superfluid gaps in super-
fluid phases presented in Fig. 1.2. The polar phase and PdB phase gaps are
symmetric under rotation by the nafen axis, and the PdA phase gap is shown in
two projections as it lacks the rotational symmetry. For each phase, the maximum
gap is oriented along the anisotrypy axis of nafen strands, which have character-
istic diameter d1 ≈ 9 nm and separation d2 ∼ 50 nm.

Here the discrete symmetry P̃ is the inversion P combined with the phase
rotation eπi, and D̃∞L and D̃∞S are the symmetries in L and S spaces,
where π rotations about axes transverse to m̂ are combined with a phase
rotation eπi. Conversely, these symmetries may be written as D̃∞L=̂U(1)L×
Z2φ+L and D̃∞S=̂U(1)S×Z2φ+S.

It has been proposed [23] that the presence of infinitely long non-magnetic
uniaxial strands with specular scattering conditions at the strand surface
leads to superfluid phase transition to the polar phase with no suppression
in the critical temperature w.r.t. the bulk Tc. In realistic samples scatter-
ing is never completely specular, nor are the strands perfectly aligned, and
a small suppression of Tc is thus expected.



10 Introduction

Polar-distorted A phase

In our nafen sample, the polar-distorted A (PdA) phase is reached on cool-
ing via a second-order phase transition from the polar phase [3]. The order
parameter of the PdA phase is

APdA
μ j =ΔPdAeiφd̂μ(m̂ j + ibn̂ j), (1.11)

where 0 < b < 1 is a dimensionless parameter characterizing the gap dis-
tortion and ΔPdA(b) is the maximum gap in the PdA phase. For b = 0 the
order parameter of the polar phase is obtained, while b = 1 recovers the
order parameter of the bulk A phase. The remaining symmetry group in
the PdA phase is

HPdA =Z2φ+L× D̃∞S× P̃ . (1.12)

Similar to the bulk A phase, the time-reversal symmetry is explicitly bro-
ken in the PdA phase. Moreover, of the symmetries of the polar phase HP,
P̃ and D̃∞S are preserved due to similar spin structure of the order param-
eter. In the orbital space only π rotations about the axis l̂, in combination
with a phase rotation eπi, form a symmetry, i.e. the orbital symmetry is
reduced to a discrete symmetry Z2φ+L. The group HPdA is the subgroup
of HP, which reflects the fact that the PdA phase can be obtained by the
second-order phase transition from the polar phase.

Polar-distorted B phase

Depending on the confinement, the phase transition to the polar-distorted
B phase (PdB) may occur directly from the normal phase [4], via a first-
order transition from the PdA phase [3] (the situation in our sample), or,
in principle, via a second-order phase transition from the polar phase. The
order parameter of the PdB phase in zero magnetic field can be written as

APdB
μ j =ΔPdBeiφ(d̂μẑ j + q1ê1

μx̂ j + q2ê2
μŷ j) , (1.13)

where |q1| = |q2| ≡ q ∈ (0,1) describes the relative gap size in the plane
perpendicular to the strands. Vectors ê1 and ê2 are unit vectors in the spin
space. The maximum gap ΔPdB(q) is achieved along the nafen anisotropy
axis. For q = 0, the order parameter of the polar phase is obtained while
q = 1 recovers the order parameter of the bulk B phase. The remaining
symmetries in the PdB phase are

HPdB = D̃∞J×T × P̃ , (1.14)

where the subscript notation J refers to the symmetry of the combined ro-
tation of orbital and spin spaces simultaneously. The group HPdB is again a
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subgroup of HP, which reflects the fact that the PdB phase can in principle
be obtained by the second-order phase transition from the polar phase.

1.2 Quantized vortices
For a scalar order parameter, such as that in superfluid 4He, the superfluid
velocity vs is proportional to the gradient of the phase ∇φ. For such an or-
der parameter superflow is, a priori, irrotational, i.e. ∇×vs = 0. Rotation is,
however, allowed by creation of quantized vortices introducing the change
of phase by 2πν, where ν is an integer, around line-like singularities (vor-
tex cores) in the superfluid order parameter. The velocity field around the
vortex core is

vs(r)= ν
κ

2π
1
r
ϕ̂, (1.15)

where νκ is the total circulation around the vortex and thus is called the
quantum of circulation [κ = h(2m3)−1 for 3He, where m3 is the mass of a
3He atom], and ϕ̂ is the unit vector in the azimuthal direction. Let us
assume that at some location the phase of the superfluid takes the value
φ0. The order parameter in this point has to be singly valued on a loop
around the vortex and we get the condition

ψ0eiφ0 =ψ0ei(φ0+2πν), (1.16)

where ψ0 is the amplitude of the order parameter. It is easy to see that
ν has to be an integer, which is the reason vortices are said to be quan-
tized. By shrinking the imaginary loop to a point one can see that the
phase should take all possible values at this point. This is however impos-
sible, and as a result ψ0 → 0 on the singularity. The change of ψ from the
bulk value takes place on a characteristic length scale, called the coherence
length ξ(T). Vortices involving only the winding of the phase are known as
phase vortices, and they are the only type of vortices encountered in super-
fluids and superconductors with scalar order parameters. The quantization
of circulation has profound consequences.

First, the flow field produced by vortices are uniquely given by their
shape, unlike in classical flows (where also the strength of flow may vary
along the vortex). Second consequence of the quantization is that a vortex
cannot abruptly end in the bulk superfluid, but instead forms a loop or
ends at the boundaries. Consequentially, quantized vortices are said to be
topologically protected.
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Now let us consider examples of linear defects allowed by a more com-
plex order parameter resulting from triplet, or p-wave, pairing. In par-
ticular, the order parameter of the polar phase, Eq. (1.9), allows multiple
different types of vortices. Similar to the scalar order parameter, phase
vortices with ν= 1 leave the order parameter unchanged. There are, how-
ever, other possibilities allowed due to appearance of vectors d̂ and m̂. The
order parameter is left unchanged by a 2π winding of either vector. In the
experimental sample the winding of the m̂ vector is prohibited by locking
of the m̂-vector along the anisotropy axis of the nafen sample. On the other
hand, 2π winding of the d̂ vector leaves the phase constant and thus does
not promote mass flow (such vortices are called spin vortices).

Yet another type of vortex is allowed by the order parameter of the po-
lar phase. This type of vortex has ν = 1/2 so that the phase winds by π,
and while the m̂ is locked by the anisotropy, the order parameter is left un-
changed provided the vector d̂ also winds by π on a loop around the vortex
core. The requirements of uniqueness for the phase φ and for vector d̂ can
be satisfied at each point in space, if a semi-infinite (terminating on the
vortex core) virtual jump with φ→φ+π, d̂→−d̂ is introduced. The virtual
jump is essentially an identity transformation on the order parameter and
by itself leaves the order parameter unchanged. Vortices of this type are
known as half-quantum vortices (HQVs) [24–26] as they carry only half-
a-quantum of circulation. Illustrations of the different vortex types are
presented in Fig. 4.1.

From topological point of view, any linear combination of phase vortices,
spin vortices, and HQVs, is allowed. The possibilities with ν> 1 or winding
of the d̂ vector by more than 2π are not realized experimentally since they
cost additional energy.

1.2.1 Dynamics of quantized vortices in the B phase of
superfluid 3He

In superfluids vortex motion is strongly affected by mutual friction aris-
ing from interactions between thermal excitations and quantized vortices.
In fermion systems mutual friction is determined by interaction of bulk
thermal excitations with vortex-core-bound fermions. Vortex-core-bound
fermions refer to Andreev bound states localized within the vortex core
with sub-gap energies [27]. Now let us take a closer look at mutual fric-
tion.
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The superfluid flows around the vortex cores with an azimuthal velocity
given by Eq. 1.15. Vortex motion r(t)= r0+(vL−vn)t, where vL is the veloc-
ity of the vortex with respect to the normal fluid motion vn, leads to spectral
flow, i.e. to pumping of vortex-core-bound fermions along the zero-crossing
branch in the energy spectrum [28]. The energy levels of the core-bound
fermions are separated approximately by the “minigap” ħω0 ∼Δ2

B/EF �ΔB.
Relaxation of the core-bound fermions towards thermal equilibrium with
time constant τ leads to a net force acting on a vortex [29–31]

FN = D(vn −vL)⊥+D′ẑ× (vn −vL), (1.17)

where the parameters D and D′ are given by [32]

D = ρκ
ω0τ

1+ω2
0τ

2
tanh

Δ(T)
2kBT

(1.18)

and

D′ = ρκ

[
1− ω2

0τ
2

1+ω2
0τ

2
tanh

Δ(T)
2kBT

]
−ρsκ. (1.19)

Here τ is the average lifetime of Bogoliubov quasiparticles at the Fermi
surface [33], −ρsκ is the Iordanskii force [34, 35], and ρ = ρs +ρn is the
total fluid density where ρs and ρn are the densities of the superfluid and
the normal components, respectively.

In equilibrium and ignoring the vortex mass, the total force acting on a
vortex, including mutual friction and Magnus forces, equals zero. The force
balance can be written as [36]

(vn −vL)× ẑ+α(vn −vs)⊥+α′ẑ× (vn −vs)= 0, (1.20)

where the first term is the Magnus force. The mutual friction parameters
α and α′ are defined through D and D′ as

α= D/κρs

(D/κρs)2 + (1−D′/κρs)2 (1.21)

and

α′ = 1− 1−D′/κρs

(D/κρs)2 + (1−D′/κρs)2 . (1.22)

In the T → 0 limit the reactive parameter α′ ∼ α2 can safely be neglected,
and the dissipative term becomes

α∼ 1
ω0τ

. (1.23)
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The temperature dependence is dominated by the quasiparticle lifetime

τ∝ exp
(

Δ

kBT

)
. (1.24)

Fluid flows tend to become chaotic if the relative strength of inertial
forces exceeds that of the dissipative forces. Transition between stream-
lined, laminar, and chaotic, turbulent, dynamics is relatively well described
by a dimensionless quantity called the Reynolds number Re=UL/νk, where
U and L are the typical velocity and length scales, respectively, and νk is
the kinematic viscosity. In superfluid 3He-B similar meaning, ratio of in-
ertial and viscous forces, takes a different form due to damping by mutual
friction. Transition to turbulence in 3He-B can be expressed via the ’super-
fluid Reynolds number’ [37]

Reα = 1−α′

α
. (1.25)

This is the reason why superfluid 3He-B offers a unique environment to
study dissipative fluid motion, close to Tc the dissipation is dominated by
separation of energy levels of the vortex-core-bound fermions

ω0 ∝Δ2
BE−1

F → 0, (1.26)

where EF is the Fermi energy, and Reα → 0 in this limit. For T → 0 we have
τ→∞ and Reα →∞. In 3He-B the laminar-turbulent transition is not de-
fined by external parameters such as velocity of length scales, but rather,
by internal parameters, controllable in particular by temperature. As a re-
sult, the experimentally accessible range for Reα extends over many orders
of magnitude and is essentially only limited by the minimum temperature
in the setup.

In this thesis we focus on the T → 0 limit, where, a priori, vortex dy-
namics are expected to be turbulent. When approaching the absolute zero
temperature the density of bulk thermal excitations tends to zero and thus
dissipation from mutual friction is expected to vanish as well. Current re-
search focuses on open questions about the nature of the flow and possible
dissipation mechanisms in the zero-temperature limit [38–40].
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Chapter 2

Experimental techniques

2.1 Rotating cryostat
Superfluid reacts to rotation by creating an array of quantized vortices with
total angular momentum corresponding to solid-body rotation. The role of
rotation for superfluids is thus analogous to the role of magnetic field for
a type-II superconductor. The first ROTA cryostat, which became opera-
tional in 1982 [41], was built for studies of rotating superfluid 3He. Since
its early days the cryostat has seen numerous technical updates, and it
has been completely disassembled and reassembled once as the laboratory
was relocated to another building. The current setup (used for all the ex-
periments described in this thesis) consists of two mechanically isolated
co-rotating platforms and of the stationary equipment, such as the vac-
uum pumps. The ROTA cryostat is able to cool a macroscopic (around ten
cubic centimeters) 3He sample down to temperatures below 140 μK while
rotating with angular velocities up to 3 rad/s. The cooling proceeds in mul-
tiple stages with decreasing temperature and cooling power [42]. From the
hottest to the coolest stage, they are: a bath of liquid 4He at 4.2 K tem-
perature, the “1-K pot” – a continuously pumped volume connected to the
4He bath with a capillary running at ∼ 1 K temperature by evaporative
cooling of 4He, a continuously operated dilution refrigerator based on mix-
ing entropy of 3He with 4He able to operate at ∼ 10 mK, and finally the
adiabatic nuclear demagnetization stage made of copper and cooled down
by decreasing the initially large magnetic field adiabatically, which results
into decrease of temperature in the nuclear spin system of the copper stage
at constant entropy.

The lowest achievable temperature of the 3He sample is not limited
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Fig. 2.1 Overview of the lower platform of the ROTA cryostat. The cryo-
stat can be rotated with angular velocities up to 3 rad/s around the axis of the
blue helium dewar a. The sample volume is located on the axis of rotation with
a relative tilt angle less than 1◦. While stationary, the dilution refrigerator is
connected to the vacuum pumps via the pumping tubes b, which can be discon-
nected for the rotational single-cycle mode. The lower platform is isolated from
external vibrations with air springs c. For additional stability and reduced heat
leak, the supporting pillars d are further enforced by massive X-shaped stainless
steel structures e. Moreover, the cryostat stands on a platform isolated from the
foundations of the rest of the building (f shows the joint between the floor above
the foundation and that above the cryostat platform) for increased vibrational sta-
bility. The Earth’s magnetic field is compensated by saddle-shaped coils g to avoid
heating of the nuclear stage while rotating.
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by the temperature of the nuclear stage, but rather by the heat leak into
the sample. Even if the nuclear stage is colder than the sample, the large
Kapitza resistance [43] (resistance in heat conduction) between the nuclear
stage and the liquid sample prevents further cooling at the base tempera-
ture, determined by the power of the inbound heat leak. The surface area
between the sample volume and the nuclear stage is maximized by coating
part of the topmost surface of the nuclear stage with sintered silver. Never-
theless, to maintain sample temperatures of the order of ∼ 100 μK the heat
leak must be maintained at ∼ 10 pW level. The heat leak is minimized by
radiation shielding, proper thermalization of inbound wires, by mechani-
cally isolating the cryostat support from the structures of the building, by
placing all equipment with cooling fans to a separate mechanically isolated
platform, and by isolating the cryostat from external vibrations using air
springs.

While the cryostat is stationary, the dilution refrigerator is continu-
ously operated with vacuum pumps located outside the rotating platforms.
The tubes connecting the dilution refrigerator to the vacuum pumps can
be disconnected from the cryostat in preparation for rotation. While the
tubes are disconnected, the dilution refrigeration is operated in a single-
cycle mode by pumping the 3He already in the system with a cryopump – a
volume filled with charcoal located inside the dewar and kept at 5 K tem-
perature. The ROTA cryostat may be operated for approximately 20 hours
in the single-cycle mode before 3He in the mixing chamber runs out. A
more detailed description of the cryostat can be found in Refs. [41, 44–46]

2.2 Quartz tuning fork as a thermometer in
3He-B

Quartz tuning forks are commercially produced high-Q (where Q ≡ Δ f / f
is the quality factor) oscillators used as frequency standards in e.g. digi-
tal watches. Quartz is piezoelectric, and the forks can be excited using AC
voltage instead of mechanical excitation. Quartz tuning forks are nowa-
days commonly used for thermometry in the superfluid 3He research com-
munity [47–50].

The quartz tuning forks used in this thesis have fairly low intrinsic
damping, corresponding to the resonance width of the order of 10 mHz,
and resonance frequencies of ∼ 32 kHz. The width of the resonance is af-
fected in the presence of 3He by viscous dissipation (hydrodynamic limit,
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T � 0.3. . .0.4Tc), or produced by colliding thermal excitations (ballistic
regime, T � 0.2. . .0.3Tc), all of which carry momentum of the order of ∼ pF.
Specular or diffuse scattering of thermal excitations thus results in damp-
ing the fork’s motion due to change of total momentum by � 2pF.

In 3He-B at kBT �ΔB the thermal excitation density changes with the
Boltzmann factor and the resulting change of the fork’s resonance width
may be written as

Δ f =Δ f0 +Ce−ΔB/kBT , (2.1)

where C is a geometrical factor and Δ f0 is the width of the fork reso-
nance due to intrinsic damping. The geometrical factor scales as p4

F(P)
[48], where pF is the Fermi momentum. As seen from Eq. 2.1, the fork’s
resonance width changes exponentially as a function of temperature, mak-
ing it an extremely sensitive thermometer at low temperatures. Quartz
tuning forks are, however, secondary thermometers and thus have to be
calibrated against another thermometer for reliable measurement of tem-
perature. The fork used for publications I, II, and IV has an experimentally
determined geometrical factor C = 10.0±1.5 kHz at 0.5 bar pressure, cali-
brated against the known Leggett frequency, measured using NMR pick-up
coils, of bulk 3He-B at temperature of 0.37 Tc [51].

The fork used in publications III, V, and VI was calibrated at low tem-
peratures using a “self-calibration” scheme [53]. In the self-calibration
scheme the beginning of the ballistic regime (assumed to be 0.25Tc, when
the mean-free path of thermal quasiparticles exceeds dimensions of the
fork) is identified from change in the fork’s behavior, see Fig, 2.2. As the
sample is cooled, the fork shows an anomalous frequency maximum, if
enough 4He coverage at sample surfaces is present. In pure 3He the fork’s
resonance frequency should saturate in the ballistic regime as the added
mass, from viscous dragging of the normal component, disappears. We do
not fully understand the origin of the anomalous maximum in the presence
of a 4He film, but point out that it may originate from the change in 3He
quasiparticle scattering conditions on the fork’s surface [54]. This being
the case, the maximum occurs at around the temperatures at which the
quasiparticle flow is expected to change from the hydrodynamic to the bal-
listic flow regime. We thus assume that the maximum corresponds to the
onset of the ballistic regime, and use it as a fixed point T = 0.25Tc in the
self-calibration scheme. We get C = 18.0±2.5 kHz for this fork at 0.6 bar
pressure in the presence of 2.5 layers of 4He at surfaces. For temperatures
exceeding 0.3Tc the calibration is based on the measured Leggett frequency
of the bulk B phase surrounding the confined sample volume.
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Fig. 2.2 Transition to ballistic regime in the presence of 4He film. Quartz
tuning forks’ resonance widths plotted as a function of their resonance frequencies
in an adiabatic melting experiment [52] (QTF1 - all surfaces are saturated with
4He) and in the experimental cell used in publications III, V, and VI (QTF2 -
surfaces covered with � 2.5 layers of 4He). The forks’ resonance frequencies show
anomalous maxima at T ∼ 0.25Tc, taken as an onset temperature of the ballistic
regime. (Inset) Comparison of two datasets from the same experimental setup
with different amount of 4He coverage shows that the anomalous maxima appears
only in the presence of enough 4He at surfaces - in pure 3He such a maximum is
not seen [53].

2.3 Nuclear magnetic resonance
spectroscopy

Superfluid 3He is commonly studied using nuclear magnetic resonance
(NMR) spectroscopy, which is a non-invasive measurement scheme based
on the fermion nature of the 3He nucleus. Above the superfluid transition
temperature the presence of magnetic field results in Zeeman splitting of
the spin-up and spin-down states of the nucleus by ΔE = ħ|γ|H, where
γ≈−2.04×108 s−1T−1 is the gyromagnetic ratio of 3He and H is the mag-
nitude of the magnetic field. This results in absorption of energy in the
Larmor frequency 2π fL ≡ωL = |γ|H.
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In practice, the measurements are performed by applying a RF field
with constant frequency fRF while sweeping the magnitude of the magnetic
field in the direction perpendicular to the RF field. The measured spectrum
can then be converted into the frequency space using the relation

f − fRF

fRF
≈ HL −H

HL
, (2.2)

where the shift from the Larmor field HL = 2π fRF/|γ| is assumed to be
small.

We review the NMR properties of the superfluid B phase here, while
the NMR properties of the polar and polar-distorted phases are described
in Chapter 4 as they are closely related to observation of half-quantum
vortices in Publications III and V. For more detailed description of NMR in
the polar phase we refer to Refs. 55, 56, and 57, while NMR properties on
the PdA and PdB phases are discussed in Refs. 4, 5, and 58.

NMR in the superfluid B phase
The NMR absorption in the superfluid B phase corresponds to excitation
of transverse spin waves. Two types of transverse spin waves exist in 3He-
B - known as optical (gapped) and acoustic (gapless) magnons, as well as
longitudinal magnons, see Ref. 59 for details. Only optical magnons are
considered in the following discussion.

In the superfluid B phase the transverse NMR absorption frequency is
shifted from the Larmor frequency due to spin-orbit coupling and takes the
form

ω≈ωL + Ω2
B

2ωL
sin2βn, (2.3)

where ΩB(P,T) � ωL is the longitudinal resonance frequency known as
the Leggett frequency and βn denotes the angle between the vector n̂ and
the magnetic field. The texture (spatial variation of the order parameter
anisotropy vectors) determines the resonance frequency distribution in the
local oscillator model, where the sample is considered as a collection of
noninteracting oscillators with frequencies given by Eq. (2.3) with local
value of βn. The total absorption at given ω is then determined by the
volume filled with corresponding βn.

In a cylindrical container with its axis parallel to the static magnetic
field H, vector n̂ forms an axially symmetric distribution called the flare-
out texture [60]. At the cylinder axis H ∥ n̂, corresponding to absorption
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with the Larmor frequency. At the container walls the frequency shift cor-
responds to βn = arcsin(

�
4/5) ≈ 63.4◦. Reorientation of the n̂ vector be-

tween the axial and wall-determined values occurs on a length scale of the
magnetic healing length ξH [61].

In our experiments in the B-phase, we often use trapped magnon Bose-
Einstein condensate (BEC) as a probe for temperature and vortex dynam-
ics. The magnon BEC is manifested via a coherent precession of magne-
tization at a single common frequency, despite the fact that the radial n̂
texture provides a spectrum of possible precession frequencies. In fact, this
distribution of n̂ provides the radial part of the magnon trapping potential
while the axial trapping in provided by a minimum of the magnetic field in
the axial direction [62].

In the B phase measurements we extensively used pulsed NMR tech-
nique, where the magnon BEC is created by a short excitation pulse. The
magnons, excited at multiple energy levels in the trap simultaneously,
quickly condense to the ground state. The free induction decay of the
magnon BEC is simultaneously a measure of the temporal evolution of the
magnon number (signal amplitude) and of the ground state energy (com-
mon precession frequency) and thus of n̂ texture.

The decay of the magnon population in the absence of vortices is well
understood and proceeds via several dissipation mechanisms [63]. Those
are the spin diffusion [64], radiation damping due to coupling of the pre-
cessing magnetization to the NMR resonance circuit [65], and the Leggett-
Takagi relaxation [66]. The magnon BEC may live up to minutes at the
lowest temperatures in our experiments. In experiments it was found that
vortices provide extra dissipation channels for magnon relaxation [67, 68].
Recently, it has been suggested that the dissipation takes place via spin
wave radiation in vicinity of vortex cores [69]. Assuming that the contribu-
tion of each vortex is identical, the relaxation rate is proportional to inverse
of the vortex density n−1

v ∝Ω−1.

The magnetic (axial) part of the magnon BEC trapping potential re-
mains constant throughout the measurement. However, the textural (ra-
dial) part of the trapping potential is affected by the presence of vortices
[70] and via spin-orbit interaction with trapped magnons (dubbed self-
trapping) [62, 71]. In the experiments described in this thesis we stay
in the limit of low magnon density where the precession frequency of the
magnon BEC is unaffected by the self-trapping.
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The effect of vortices on the trap shape and the precession frequency
appears via modification of the equilibrium texture. Vortex contribution to
textural energy may be written as [51, 70, 72]

Fv = 1
5

amH2λv

Ω

∫
d3r

(
ωv · l̂

)2

ωv
, (2.4)

where am is the magnetic anisotropy parameter, ωv = 〈∇×vs〉 is vorticity,
and λv ∝Ω is a dimensionless parameter characterizing vortex contribu-
tion to the textural energy. The vortex effect is a sum of two contributions.
Namely, λv = λf +λc, where λf originates from the orienting effect of the
superflow around the vortex core, and λc is the vortex core contribution.
When vortices are not completely polarized along the axis of rotation, the
vorticity may be written as ωv =Ω+ω′

v, where Ω is the equilibrium part
and ω′

v is a random part with 〈ω′
v〉 = 0. The equilibrium λv is then replaced

by an effective value [70]

λeff =λv
1+ (ωv∥/Ω)2 − (ωv⊥/Ω)2√
1+ (ωv∥/Ω)2 +2(ωv⊥/Ω)2

, (2.5)

where ωv∥ and ωv⊥ are the averaged vorticities of the random part along
the axis of rotation and perpendicular to it, respectively. For details on
experimental determination of λeff and its effect on the energy levels in the
magneto-textural trapping potential we refer to Ref. 70.

Overall, by measuring the relaxation rate of magnon BEC we can deter-
mine vortex density, while from precession frequency we can find λeff and
thus vortex polarization.
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Chapter 3

Dynamics in bulk 3He-B at
ultra-low temperatures

This chapter is divided into two parts that summarize experiments as
well as the relevant theory from publications I, II, and IV.

3.1 Propagation of thermal excitations in
the presence of quantized vortices

In Publication I we studied the propagation of thermal excitations in the
presence of quantized vortices, focusing our attention on Andreev scatter-
ing. This section summarizes the relevant theoretical background and that
part of the results in which the Author was involved.

In the ballistic regime, i.e. when the mean-free path of thermal excita-
tions exceeds the relevant dimensions, thermal equilibrium is reached via
diffuse collisions between the thermal excitations and container walls. In
the absence of superfluid flow fields, thermal excitations carry momentum
p ∼ pF and energy ε ∼

√
Δ2 +ε2

p, where εp = p2(2m∗)−1 − εF is the effective
kinetic energy of the excitation measured with respect to Fermi energy
and m∗ is the effective mass which varies between ∼ 3m3 at zero bar and
∼ 6m3 at the melting pressure [73]. Excitations with εp > 0 have momen-
tum parallel to their velocity and are called quasiparticles, while excita-
tions with εp < 0 have antiparallel momentum and velocity vectors and are
called quasiholes.

In the presence of superflow, the energy spectrum of the thermal exci-
tations undergoes Galilean transformation, resulting in a modified energy



24 Dynamics in bulk 3He-B at ultra-low temperatures

0

Momentum

E
n
er

g
y

−p
f

p
f

−
p

f
v

s

E
n
er

g
y

−pf
pf

0

Momentum

Liquid stationary Liquid moving right

p
f
v

s

quasihole
quasiparticle

Fig. 3.1 Modification of thermal excitation dispersion relation in the
presence of counterflow. The dispersion relation ε(p) of thermal excitations
is symmetric for stationary fluid, and the excitations carry an average energy of
Δ+ kBT and momentum pF. The presence of counterflow leads to Galilean trans-
formation of the energy spectrum, which tilts the dispersion curve. If an excita-
tion has no allowed forward-propagating states, it undergoes Andreev reflection,
resulting in a change of flavor (particle-hole) of the excitation and in reversal of
its momentum.

spectrum [74]

ε(p)=
√
Δ2 +ε2

p +p ·vs. (3.1)

An excitation propagating through a non-uniform velocity field, such as
that created by quantized vortices, experiences a spatially varying dis-
persion curve. In the extreme cases some excitations, namely those with
p ·vs > 0, may not find further forward-propagating states with sufficient
energy, see Fig. 3.1. Assuming conservation of energy, the excitation is
Andreev-reflected, if √

Δ2 +ε2
p ≤Δ+p ·vs. (3.2)

In the process the excitation changes flavor and reverses its group velocity
although the change of momentum is much smaller than pF.

The change in the excitation momentum leads to a finite angle between
the incoming and outgoing trajectories of the excitation [74]

Δϕ= πħ
pF

√
πξb(m∗/m)

, (3.3)
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Fig. 3.2 Andreev reflection from a quantized vortex. A quasiparticle ap-
proaching a vortex with angle θ is Andreev-reflected, if the closest point of its tra-
jectory to a vortex, called the impact parameter b, gives ε+p ·vs(b)≤ 0, where the
superfluid velocity field is induced by a quantized vortex, Eq. (1.15). The incoming
and outgoing trajectories are separated by the Andreev angle Δϕ.

where b is the impact parameter defined in Fig. 3.2, called the Andreev-
angle.

In the experiment described in paper I we studied propagation of ther-
mal excitations in the ballistic regime through a volume containing a well-
defined cluster of vortices. The experimental setup, shown in Fig. 3.3, con-
sists of two volumes. The lower volume is directly connected to the sintered
heat exchanger volume and its temperature stays below 0.15Tc during the
measurements. It is connected to the upper volume via a small orifice. The
small size of the orifice supports a relatively large thermal gradient be-
tween the two volumes with temperature of the upper volume T > 0.2Tc.
The upper volume contains two quartz tuning forks, one of which is used
as a heater and another fork is used as a thermometer. Given the large
difference in the thermal excitation density due to the thermal gradient
over the orifice, the upper volume can be used as an effective black body
radiator (BBR) as pioneered by Lancaster [47, 75, 76]. The critical velocity
for vortex formation in the smooth-walled BBR volume was measured to be
of the order of 1.5 rad/s. In the lower volume, even though it has a smaller
diameter, the critical velocity for vortex formation was measured to be be-
low 0.1 rad/s. This counterintuitive result is understood by the fact that in
the presence of sharp features, found in the sinter volume by design, the lo-
cal fluid velocities are enhanced and thus easily exceed the critical velocity
related to vortex formation.
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Fig. 3.3 Andreev reflection from a cluster of vortices. The setup used
in Publication I is a cylindrical quartz-glass container consisting of two volumes
separated by a 0.7 mm thick wall with an orifice. The diameter at the upper end of
the orifice is ∼∅0.3 mm and at the lower end ∼∅1.1 mm. The bottom of the lower
volume is open to a heat sink. The volumes are connected only via the small orifice,
which results in a large thermal gradient across the orifice. Due to the resulting
difference in the thermal excitation density the upper volume essentially acts as
a blackbody radiator providing a beam of thermal excitations to the lower volume
via the orifice. In the presence of rotational drive with angular velocity Ω > 0
part of the thermal excitations entering the lower volume is Andreev reflected
by quantized vortices and returns to the upper volume, effectively increasing the
temperature above the orifice.
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The power generated by the heater fork in the BBR volume must even-
tually leave through the small orifice connecting it to the lower volume as
a beam of thermal excitations carrying energy. Assuming thermal equilib-
rium inside the BBR volume the heat leak through the orifice is given by

Q̇(Ω)=
∫

N(ε)vg(ε)ε f (ε)T dεdxdydφdθ, (3.4)

where N(ε) is the quasiparticle density of states, vg is the group velocity,
and T = T (ε, x, y,φ,θ,Ω) is the transfer function, equal to one if an exci-
tation leaving the orifice at (x, y) at an angle (φ,θ) reaches the heat sink,
and equal to zero if it returns to the BBR volume. The Fermi-distribution
function f (ε) for thermal excitations is approximated by the Boltzmann dis-
tribution e−ε/(kBT) in the limit kBT �Δ. The integration goes over the cross
section of the orifice, φ ∈ (0,2π), θ ∈ (0,π/2), and ε ∈ (Δ,∞).

When the superfluid sample is rotated with a constant angular velocity
Ω, the equilibrium configuration is a vortex array with density nv = 2Ω/κ.
For a constant heating power, we find that a larger portion of thermal ex-
citations returns to the BBR volume as the angular velocity is increased.
As a result, the temperature in the BBR volume increases with Ω. The
power generated inside the BBR volume can be expressed as a sum of the
Ω-dependent heat leak Q̇hl to the BBR and direct power Pgen generated by
the heater fork

Q̇hl +Pgen = 4πkB pF

h3 Te−
Δ

kBT (Δ+kBT)Ah(Ω), (3.5)

where Ah(Ω) is the effective area of the orifice, reduced from its physical
size due to the diffuse backscatter of thermal excitations from the container
walls (especially those at the orifice) and due to Andreev reflection from
quantized vortices. The fraction fr of heat reflected back into the radiator
is calculated as

fr(Ω)= Ah(0)− Ah(Ω)
Ah(0)

. (3.6)

Experimentally, the values of Ah are extracted from Eq. (3.5) by vary-
ing the heating power Pgen at constant angular velocity Ω. By controlling
the angular velocity, we control the fraction of Andreev reflected excita-
tions in the measurements. Therefore, the equilibrium temperature for
the same heating power Pgen in the upper volume increases for larger ro-
tation velocities. The resulting reflected fractions are shown in Fig. 3.4
and compared with numerical simulations. The Monte Carlo simulations
with equilibrium vortex lattice use realistic sample geometry, including the
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Fig. 3.4 Extracted reflection coefficients and comparison with simula-
tions. Reflection coefficients from simulations without fitting parameters, with
realistic geometry, and equilibrium vortex lattice, are in fair agreement with the
experimental data if diffusive scattering is assumed. However, if the wall reflec-
tions are specular, the reflection coefficient increases considerably as any Andreev
reflection from a quantized vortex, even after multiple wall reflections, results in
the excitation retracing its trajectory thus returning to the BBR volume.

cylindrical walls, the division plate, and the conical orifice with realistic
placement and cross-section. Comparison of the simulations and experi-
ments, Fig. 3.4, shows good agreement for diffuse scattering from walls,
while specular scattering conditions result in unrealistically high reflected
fraction of thermal excitations for any Ω> 0. Thus, the thermal excitations
lose their “memory” in the scattering processes, i.e. after a collision with
the container wall they do not retrace their original trajectories and thus
do not return to the upper volume directly even if they experience Andreev
reflection later on.

In conclusion, our analysis on Andreev reflection of thermal excitations
from a cluster of quantized vortices confirm that the experimental results
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are reproduced in numerical simulations using realistic geometry – pro-
viding a rigorous quantitative basis for interpretation of vortex imaging
techniques based on Andreev reflection of thermal excitations in 3He-B
[47, 77, 78]. Later good agreement between experiments and calculations
was demonstrated also for more complex vortex configurations in Ref. [79].
Imaging techniques based on Andreev reflection of thermal quasiparticles
from quantized vortices are thus especially useful for studying vortex dy-
namics and turbulence in 3He-B in the T → 0 limit.

3.2 Mutual friction in the T → 0 limit
In publications II and IV we studied the response of an equilibrium vortex
lattice to an abrupt spin-down (fast ramp of angular velocity from initial
value Ω0 to rest). In publication II we investigated the response of the su-
perfluid to spin-down at 0.5 bar pressure in the T → 0 limit using quartz
tuning-fork as a probe. Publication IV extends these studies to larger pres-
sures, additionally using NMR as a probe. The obtained pressure and tem-
perature dependences allowed further analysis of zero-temperature dissi-
pation mechanisms. Experimental setup sketched in Fig. 3.5 was used in
both publications. The measurements presented here are the first mea-
surements of the mutual friction parameter α in 3He-B at ultra-low tem-
peratures.

Under constant rotation with angular velocity Ωs around axis ẑ the su-
perfluid mimics solid-body motion, with vortices aligned along the axis of
rotation. Assuming that vortices remain highly polarized along the axis of
rotation after a perturbation such as a spin-down, as is typically the case
for rotating superfluids [80, 81], vortex reconnections may be ignored. Ad-
ditionally assuming that solid-body rotation persists during the spin-down,
the combined superfluid velocity of the quantized vortex lattice is

vs =Ωsẑ×r. (3.7)

Note that if a strong inhomogeneity along the axis of rotation is introduced,
e.g. with magnetic field profile stabilizing the AB boundary, the assump-
tion of solid-body rotation ceases to be valid [82]. However, we have not
observed signs of such inhomogeneity in our experiments. With this form
of vs, the Hall-Vinen-Bekarevich-Khalatnikov equation [31, 83] (ignoring
α′ ∼α2) can be written as [30]

dΩs(t)
dt

= 2αΩs(t)[Ω−Ωs(t)], (3.8)
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Fig. 3.5 Experimental principles for publications II and IV. a) A rotating
15-cm-long quartz-glass cylinder of ∅5.85 mm inner diameter. Vortex polariza-
tion and density are monitored using two sets of NMR pick-up coils, separated by
90 mm in the axial direction. The glass container is open from the bottom to the
heat exchanger volume with silver-sintered surfaces. b) The NMR set-up monitors
the magnon BEC trapped at the ground level of the potential well close to the sam-
ple axis. The trapping potential in the axial direction is created via a minimum of
magnetic field and in the radial direction by the spin-orbit energy resulting from
the n̂-texture, modified by the presence and polarization of vortices. c) An example
of pulsed NMR measurement. The relaxation rate of the signal includes a contri-
bution proportional to the vortex density, while the final frequency reflects the
energy of the ground state in the trap and thus depends on vortex polarization.
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where Ω is the angular velocity of the normal component, assumed to be
locked to the rest frame of the container. If a step-like change from Ω(t ≤
0)≡Ω0 to zero is performed at t = 0, the response Ωs(t) at t > 0 follows

Ωs(t)= Ω0

1+ t/τ
, (3.9)

where τ= (2αΩ0)−1. In reality, the deceleration is performed at a finite rate
and Eq. (3.8) has a more complex solution. However, at low temperatures
the typical time scales of the vortex dynamics are much longer than those
of the deceleration in our experiments, i.e. α� Ω̇/Ω2

0, and thus, Eq. (3.9) is
used in the analysis for all times t > 0 (where experimentally t = 0 is set to
the moment when Ω reaches zero).

The superfluid response is continuously monitored either by the reso-
nance width of the quartz-tuning fork (Fig. 3.6) or by measuring the relax-
ation of the magnon Bose-Einstein condensate (BEC) using the NMR coils
(Fig. 3.7). The measurements using the tuning fork are based on the sen-
sitivity of the fork’s resonance width to local quasiparticle density, which
on the other hand is a function of the vortex configuration due to Andreev
reflection of quasiparticles [74, 76]. The vortex configuration also affects
the textural part of the magnon BEC trapping potential thus modifying
the ground state energy of the magnon BEC [70].

The initial response of the vortex configuration is a short, turbulent,
burst which is seen in the fork as a sudden increase of the resonance width
(the decay of which can be related to a t−3/2 law expected for turbulent de-
cay of vortex line density [84, 85]), and in the magnon BEC as a fast change
of the trapping potential. The turbulent burst is followed by hours-long os-
cillating signal with increasing period, interpreted as laminar precession
of axially non-symmetric vortex bundle born as a result of the initial tur-
bulent burst. inhomogeneity of the precessing vortex bundle results in pe-
riodic changes both in the local Andreev scattering conditions (as observed
by the quartz tuning fork), as well as in the textural part of the trapping
potential for spin waves. We could not identify any hidden subharmonics
in the periodic signal clearly seen in the plots, and thus one oscillation pe-
riod is linked to one cycle around the cylindrical container, i.e. the angular
velocity of the vortex bundle can be extracted from

Ωs = 2π
p(t)

, (3.10)

where p(t) is the oscillation period. We fit the response using Eq. (3.9) with
two fitting parameters, Ωi ≡Ωs(t = 0) and τ, and extract the mutual friction
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Fig. 3.6 Response of the resonance width of the thermometer fork dur-
ing spin-down from Ω0 = 1.02 rad/s to rest. The observed initial overshoot of
the fork resonance width is caused by the heat produced by turbulent dissipation
and related partial loss of vortex density from the equilibrium vortex array after
the spin-down. Time t = 0 denotes the moment when the drive Ω reaches zero.
The insets show zoomed view of the late-time response, where the periodic oscilla-
tions originate from precession of a remnant non-symmetric vortex cluster around
the container, periodically modulating Andreev-reflection conditions around the
thermometer fork. The vortex cluster dissipates energy with finite rate, resulting
in a slowdown of the angular velocity of the vortex cluster and seen as increasing
oscillation period.

parameter α from

α= 1
2Ωiτ

. (3.11)

The time t = 0 here corresponds to the moment when the drive reaches
Ω(t) = 0. We find that Ωi = (0.6−0.8)Ω0 in our measurements. Thus, we
estimate that 20−40% of vortices are lost during the initial turbulent burst.

The extracted values of α are shown in Fig. 3.8 for different pressures.
In the ballistic regime α can be expressed as a function of the fork’s reso-
nance width as

α=α0 +BΔ f =α0 +BC exp(−Δ/kBT), (3.12)
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Fig. 3.7 Ground-state energy of the magnon BEC after a spin-down from
Ω0 = 1.02 rad/s to rest. The increase in the ground-state frequency at around
t = 0 is caused by a drop in the vortex density and decreasing polarization during
an initial turbulent burst. The insets show zoomed view of late-time behavior,
where oscillations in the ground state are caused by periodic modulation of spatial
distribution of the order parameter by a precessing vortex cluster.

where the coefficient B is the slope in Fig. 3.8 and C is the geometrical
factor in Eq. (2.1). We find that α has linear dependence on the width of the
quartz tuning-fork, as expected in the T → 0 limit. The measured values
BΔ f are compared with the expected behavior, Eq. (1.23), as a function of
pressure in Fig. 3.9. The low temperature minigap values are taken from
Ref. 86 by interpolating in Δ2

0 p−1
F using quadratic fit. While the pressure

dependence shows the expected behavior and the absolute value of α agrees
with earlier measurements at 29 bar pressure [82], the magnitude of α is
a factor of ∼ 6 smaller than the theoretical prediction for (ω0τ)−1. There is
currently no explanation for the discrepancy.

In addition, the measurements show a finite pressure-independent zero-
temperature extrapolation α0 ≡α(T = 0)∼ 5·10−4. Finite zero-temperature
dissipation has previously been observed in superfluid 4He [87, 88], as well
as in 3He-B [38, 77, 89]. The microscopic sources of dissipation, as well as
the role of the normal component, are quite different for the two superflu-
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Fig. 3.8 Dissipative mutual friction parameter α vs thermometer fork
resonance width Δf. The dashed line follows Eq. (3.12) at 0.5 bar pressure,
assuming α0 = 5 ·10−4 and BΔ f = (6ω0τ)−1. The solid lines are fits to Eq. (3.12)
at different pressures, using α0 and B as fitting parameters and taking Δ f as
measured. The resonance width–temperature conversion at 29 bar pressure is
shown at the top axis.

ids. In superfluid 4He the normal component has independent, often turbu-
lent, dynamics, which couples to the dynamics of the superfluid component
via mutual friction. Non-zero density of the normal component and thus
friction may exist even in the T → 0 limit when 3He impurities are present.
Otherwise, the zero-temperature dissipation is believed to originate from
acoustic emission by rapidly oscillating vortices, [83] which terminates the
Kelvin-wave cascade. In 3He-B the normal component is practically always
locked to the rest frame of the container, and its density vanishes exponen-
tially towards lower temperatures in accordance with Eq. 1.23.

In Publication IV we analyzed the possible sources of the observed zero-
temperature dissipation in detail. Based on this analysis, we can rule out
surface friction as a relevant dissipation mechanism, as it would lead to
qualitatively different behavior [90], see Fig. 3.10. Instead, we propose
that the observed dissipation is related to overheating of the vortex-core-
bound fermion states as proposed by M. Silaev in Ref. 91. The key compo-
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Fig. 3.9 Scaled mutual friction vs pressure. Blue squares show the experi-
mental data from Publications II and IV and the red circle is extracted from data
in Ref. 82, measured at 0.20 Tc, assuming the same geometrical factor C and
α0 = 5 ·10−4. Error bars correspond to the inaccuracy of the determination of the
geometrical factor C in Eq. (3.12). The lines follow (6ω0τ)−1 and correspond to
T = (0.20,0.165, and 0.13)Tc from top to bottom, respectively.

nent of the Silaev mechanism is that the vortex cores are in accelerating
motion. Based on our analysis, centrifugal motion of vortices during the
laminar decay can not lead to sufficient overheating. However, dragging of
vortex ends along the rough surface of the sinter volume could easily cre-
ate Kelvin waves (helical excitations on vortex lines) that propagate along
the vortices, providing constant source of acceleration. The analysis car-
ried out by Silaev also suggests that the presence of Kelvin waves should
dominate vortex dynamics below 0.2 Tc. For further support, we note that
α0 ≈α(T = 0.20Tc)−α(T = 0), i.e. that the observed zero-temperature dissi-
pation α0 is roughly equal to an increase in the mutual friction parameter
α caused by increase in the temperature by 0.2Tc.

Within this picture, one may expect that Kelvin waves are more likely
to be created at larger distances from the rotation axis where velocity of
the vortex ends w.r.t. the experimental container is larger. However, the
vortex system may still develop a quasi-uniform state in the whole volume
via transfer of Kelvin waves between nearby vortices [92]. Kelvin waves
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Fig. 3.10 Slowdown of the precession of the vortex bundle after a spin-
down to rest. The dots show an example decay at 9.5 bar pressure using data
from Fig. 3.7. The solid red line is a fit to laminar decay model, Eq. (3.9), which
only includes mutual friction. The dashed black line shows the behavior of the
model including surface friction, assuming that the residual dissipation α0 origi-
nates from surface friction.

are also expected to be created in the initial turbulent burst [93]. However,
in the absence of continuous generation of Kelvin waves any extra dissi-
pation related to the initial vortex waves should eventually die out as the
waves are damped. This notion contradicts our observations that a single,
time-independent, mutual friction parameter α is enough to fit the angular
velocity of the vortex bundle with extremely good precision.

In conclusion, we have studied the spin-down response of superfluid
3He-B in a cylindrical container at ultra-low temperatures, where ther-
mal excitations are extremely dilute, at multiple pressures. These are the
first measurements of the dissipative mutual friction parameter α at these
conditions and they reveal a finite, seemingly pressure-independent, zero-
temperature value originating from bulk dissipation. We propose that the
origin of this dissipation is Silaev mechanism [91] in the presence of Kelvin
waves, created when vortex ends drag along the rough surface of the heat
exchanger at the bottom of the experimental container. In future it would
be interesting to study the zero-temperature value of α in the absence of
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rough surfaces to confirm the universality of the dissipation mechanism.
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Chapter 4

Half-quantum vortices in
nanoconfined samples

The existence of half-quantum vortices was predicted decades ago in
3He-A [24]. Recently, HQVs have been observed in grain boundaries of
d-wave cuprate superconductors [94], in chiral superconductor rings [95],
and in Bose condensates [96, 97]. However, none of these systems offers
experimental access to vortex-core-bound fermion states, which have been
predicted to harbor non-Abelian anyons in 2D px+ipy superconductors and
superfluids [16]. The interchange of two anyons may result in a change of
global phase by a value different from π (fermions) or 2π (bosons), and
non-Abelian nature here leads to a system that has degeneracy – i.e. it
possesses multiple different states with identical particle configuration de-
pending on the history of particle exchanges. Non-Abelian anyons have
been predicted to allow creation of topological quantum computers [17].
Generally speaking, certain systems with non-trivial topology (usually con-
taining a remaining discrete Z2-symmetry [98]) may support HQVs.

In Publication III we studied possible topological defects in the super-
fluid polar phase. Particular attention was given to HQVs, since this was
the very first observation of HQVs in a system with core-bound fermion
states. In Publication V we extended these studies by looking at the fate of
HQVs after phase transitions to the polar-distorted A and polar-distorted B
phases in a less dense nafen sample supporting a different phase diagram.
The results of these publications will be reviewed here.
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Fig. 4.1 Vortex types in the polar phase. The phase of the order parameter
φ is shown as the background color. The spin anisotropy vector d̂ is locked to
the plane (green disks) perpendicular to the magnetic field H by magnetic energy.
In this plane, the vector d̂ rotates by π around the HQV core and by 2π around
the spin vortex core. In a tilted magnetic field (H ∦ m̂) the reorientation of the d̂
vector is concentrated in one or two solitons (illustrated with dashed lines) with
π winding, terminating at the HQV or at the spin vortex core, respectively. The
nafen strands, oriented along m̂, and the vortex lines are orthogonal to the figure.
The phase vortex and the HQV have hard cores (red discs) of the size of coherence
length ξ ∼ 40nm, while the spin vortex has a soft core (blue disc) of much larger
dipolar size ξD ∼ 10 μm.

4.1 Half-quantum vortices in the polar phase
In the polar phase the presence of magnetic field H > 3mT (larger than
the dipole field) fixes the spin anisotropy vector d̂ = îcosθ(r)+ ĵsinθ(r) in
Eq. (1.9), where î and ĵ are mutually orthogonal unit vectors in the plane
normal to H. The orbital anisotropy vector m̂ is pinned parallel to nafen
strands, m̂ ∥ ẑ. The spin-orbit interaction Fso ∝ (d̂ · m̂)2 then affects ori-
entation of d̂ in such a way that the distribution of θ is governed by the
Sine-Gordon equation

∇2θ = 1
2ξ2

D

sin2μ sin2θ, (4.1)

where ξD ∼ 10μm is the dipole length and μ is the angle of the magnetic
field with respect to ẑ.

The polar phase order parameter, Eq. (1.9), supports three different
vortex types discussed in Chapter 1 and illustrated in Fig. 4.1 – the singly
quantized phase vortices, the spin vortices (SV), and the HQVs. Reorien-
tation of d̂ outside of SV and HQV cores is governed by solitonic solutions
of Eq. (4.1). The SV becomes a termination line of two and HQV of one
π-soliton in the d̂ field. Each soliton connects a HQV or a SV to a HQV,
or to a SV, with opposite d̂ winding, or terminates at the sample boundary.
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The soliton width is ∼ ξD/sinμ. In the absence of magnetic field or with
magnetic field oriented along m̂, the spin-orbit energy Fso is invariantly at
the minimum for any d̂⊥ m̂, and solitons are not created.

In the superfluid state the spin-orbit coupling provides a torque acting
on the precessing magnetization, leading to a shift from the Larmor value
ωL = |γ|H. The sample regions where spin-orbit energy is at a minimum
form the main peak in the NMR spectrum at frequency [56]

ΔωP =ωP −ωL ≈ Ω2
P

2ωL
cos2μ. (4.2)

Here ΩP is the pressure- and temperature-dependent Leggett frequency in
the polar phase, characterizing the spin-orbit torque.

Soft cores of topological objects, such as the d̂ solitons, provide trap-
ping potential for standing spin waves as the spin-orbit energy is not at
minimum. Excitation of these waves leads to a satellite peak in the NMR
spectrum at frequency

ΔωPsat =ωPsat −ωL ≈ Ω2
P

2ωL

(
cos2μ+λP sin2μ

)
. (4.3)

Here λP(μ) is specific to the type of the topological object. For an infinite
planar d̂ soliton one has λP = −1, corresponding to the zero mode on the
soliton [1, 55, 56]. In this case one finds ΔωPsat(μ = π/2) = −ΔωP(μ = 0).
The signal from a d̂ soliton separating two HQVs is modified due to finite
soliton length and probably due to disorder in nafen confinement. As a
result, |λP| < 1 is expected. The HQV is analogous to a cosmological object
known as the Alice string [99]. A particle moving around an Alice string
flips its charge [100], while a quasiparticle going around a HQV flips its
spin quantum number. The spin polarization of the HQV core predicted in
Ref. 101 does not affect the signal, since for two HQVs bound by the soliton,
the winding of d̂ (and thus spin polarization) is in the opposite directions.

In the polar phase the spin-orbit interaction favors HQVs [26, 102], and
they are energetically preferable below Tc in the axial field. However, when
solitons are formed between HQV pairs in the tilted magnetic field, excess
of the spin-orbit interaction energy within solitons makes phase vortices
preferable. SVs can be created during cooldown if strong time-dependent
magnetic field is applied to generate a random distribution of vector d̂ [58,
103].

Experimentally HQVs are created by slowly cooling the sample in rota-
tion with constant angular velocity Ω from above Tc. The axis of rotation
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Fig. 4.2 NMR spectra in the polar phase in the presence of HQVs. (a)
Normalized spectra measured in transverse field μ = π/2 (blue thick line) shows
the HQV satellite at the negative frequency shift ΔωPsat and the main line at zero
frequency shift. In the axial field μ= 0 (red thin line) only the main line at positive
shift ΔωP is seen. This spectrum is not sensitive to presence of vortices as the spin-
orbit interaction results in no trapping potential for spin waves. (b) Temperature
dependencies of the satellite position in the transverse field |ΔωPsat(μ=π/2)| (blue
circles) and the main line position in the axial field ΔωP(μ= 0) (red squares) closely
match as expected for HQVs. The error bars show full width at half maximum of
the non-Lorentzian main line as an estimate of possible systematic error.

is parallel to the nafen strands. The results presented in this section were
obtained using the dense nafen (density 243 mg/cm3) sample at 7.1 bar
pressure and magnetic field 12 mT corresponding to NMR frequency of
ωL/2π = 374 kHz. Most of the phase diagram in this sample is filled with
the polar phase (at this pressure at the lowest reachable temperatures, the
PdB phase is obtained via a second-order phase transition – these results
are not discussed in this thesis). The Tc is suppressed by a few percent with
respect to the bulk Tc [3]. The experimental volume is connected to another
volume filled with bulk B phase, used for thermometry and coupling to nu-
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clear demagnetization stage. This volume contains a commercial quartz
tuning fork [49, 50], calibrated as described in Sec. 2.2.

In the experiment when the magnetic field is oriented transverse to the
nafen strands during cooldown, we observe only the bulk NMR line of the
polar phase, consistent with the creation of phase vortices. Phase vortices
do not cause winding of the spin anisotropy vector d̂ and thus yield no satel-
lite. When no magnetic field is applied or, alternatively, it is oriented along
the nafen strands during cooldown, and then turned to the transverse di-
rection below Tc, a satellite in the NMR spectrum is observed, Fig. 4.2 a.
Based on the following arguments, the satellite is interpreted as originat-
ing from d̂ solitons connecting pairs of HQVs.

First, the frequency of the satellite line conforms to expectations for a
d̂ soliton. In Fig. 4.2 the frequency shift −ΔωPsat(μ = π/2) is compared to
ΔωP(μ = 0) as a function of temperature. They are seen to closely match
each other and we find λP(μ = π/2) = −0.93±0.07. Deviation from the in-
finite soliton value λP = −1 is expected to increase with decreasing field
angle μ due to growing soliton width, which is qualitatively seen in Fig. 4.3.
Another difference from ideal case arises from the fact that the nafen strands
in the experimental sample are only approximately parallel, resulting in a
spatially disordered m̂-vector distribution [104]. This disorder causes a
spatially varying spin-orbit interaction within the d̂-solitons, affecting the
energy of the bound spin-wave state.

In the analysis we assume that the distance between vortex pairs, defin-
ing the soliton length, is independent of the angle μ, i.e. that the tension
of the soliton is not able to overcome the pinning of HQV hard cores of the
size of coherence length ξ ∼ 40nm on the nafen strands of ∼ 10nm diame-
ter. A related discussion can be found at the Supplementary Information
of Publication V. The strong pinning is confirmed by the observation that
after stopping the rotation the satellite in the NMR spectrum remains un-
changed for weeks, while the Magnus force, pulling vortices towards sam-
ple boundary, exceeds the soliton tension by a factor of 103.

The second observation in support of HQV is the dependence of the rela-
tive satellite peak intensity Isat on the angular velocity Ω of rotation, which
is applied during the cooldown. The measured satellite intensity at μ=π/2
is plotted in Fig. 4.4a. For solitons of the ξD width between pairs of vor-
tices, the expected signal is Isat = (nv/2) gsLξD [105]. Here L = bn−1/2

v is the
average soliton length, where gs ∼ 1 is a numerical factor, which depends
on the distribution of the trapped spin wave within the soliton. Numerical
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Fig. 4.3 Frequency shift of the HQV satellite. (a) Measured values of the
dimensionless frequency shift λP as a function of the field tilt angle μ (symbols)
are compared with numerical calculations for the uniform polar phase (solid line)
using theoretical value of ξD = 17μm. Leggett frequency ΩP is determined from a
separate measurement at μ= 0. Deviation from the infinitely-long d̂ soliton value
λP = −1 increases towards small μ. The disagreement between the experiment
and calculations likely originates from disorder in the nafen strand orientation
[104], which leads to fluctuations of the spin-orbit interaction energy within the
solitons. (b) Values of λP are found from positions of the HQV satellite ΔωPsat
(blue circles) and of the main line ΔωP (red squares). The red and blue solid lines
show results of Eqs. (4.2) and (4.3), respectively, for λP = −1. (c) Main line and
satellite line positions are determined using Lorentzian fits (thick black line) of
the dispersion signal (red line). For clarity, the lines have been shifted vertically.
Values of μ are marked above the lines. Similar fits are used in extracting the
satellite line intensity in Fig. 4.4. In panels (a) and (b) the bars show full width at
half maximum of the spectral lines.

factor b ∼ 1 depends on the vortex lattice. For very low vortex density and
long solitons L →∞ one has gs → 2. As a result, one expects Isat ∝Ω1/2, as
indeed seen in Fig. 4.4a. Comparison of the measurements with the theo-



4.1. Half-quantum vortices in the polar phase 45

  Ω1/2 (rad/s)1/2
0 0.5 1 1.5

I  s
at

0

0.05

0.1

0.15
a

τ
Q
-1  (s-1)

10-5 10-4 10-3

I  s
at

0.02

0.04

0.06

0.08
0.1

0.12
0.14
0.16

b

T = 0.43 T
c T = 0.69 T

c

Fig. 4.4 Intensity of the HQV satellite. (a) After cooldown in zero field (red
circles) Isat follows the expected dependence for HQVs Isat ∝Ω1/2. The solid line
is theoretical prediction for the equilibrium array of HQVs with no fitted param-
eters, ignoring vortices inevitably produced by the Kibble-Zurek mechanism. For
cooldowns in the transverse field (cyan squares) formation of HQVs is suppressed.
Residual intensity is attributed to the possible formation of the soliton sheets ter-
minating at the sample walls. The cooldown rate here is τ−1

Q = 5 · 10−6 s−1. (b)
For cooldowns at Ω = 0 rad/s the satellite intensity (symbols) follows dependence
Isat ∝ τ−1/4

Q (solid line) expected for vortices created by the Kibble-Zurek mecha-
nism, where the initial vortex density agrees with earlier measurements in 3He-B
[106]. In all cases spectra are measured at μ= π/2, and Isat is determined as the
area of the satellite normalized to the total area of the spectrum.

retical prediction for Isat shows good quantitative agreement, considering
absence of fitting parameters and simplicity of the model, which assumes
uniform polar phase and uniform distribution of HQVs.

A remarkable feature seen in Fig. 4.4a is that the satellite appears in
the zero-field cooldowns also in the absence of rotation. A phenomenon
called the Kibble-Zurek (KZ) mechanism [12, 14] is responsible for vortex
formation during the crossing of the 2nd order phase transition to the polar
phase. The KZ mechanism is expected to create various order-parameter
defects including vortices of all possible types. In the earlier observations of
the KZ mechanism in superfluid 3He-B the initially formed vortices rapidly
decay (or expand to fill the container with equilibrium vortex array in the
presence of rotation, if Reα � 1) [107–110]. In the nafen sample initially
formed HQVs freeze to due to the strong pinning. The scale for the inter-
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vortex distance is set by the KZ length

lKZ = ξ0(τQ/τ0)1/4. (4.4)

Here τ−1
Q = −d(T/Tc)

dt

∣∣∣
T=Tc

is the cooldown rate at Tc, ξ0 = ξ(T = 0) and the
order-parameter relaxation time τ0 ∼ 1ns. For HQVs the inter-vortex dis-
tance sets the length of the interconnecting solitons and thus the amplitude
of the satellite signal. The resulting dependence Isat ∝ nvlKZ ∝ l−1

KZ ∝ τ−1/4
Q

is indeed observed in the experiment, Fig. 4.4b. The magnitude of the
signal corresponds to the averaged soliton length of 1.4 lKZ, as has been
estimated as the initial inter-vortex distance also in the B phase of 3He
[106, 110]. The shift of experimental data in Fig. 4.4a above the theo-
retical expectation indicates that the KZ mechanism is important also in
cooldowns with applied rotation.

4.2 Polar-distorted phases
Under confinement by the less dense nafen-90 sample (90 mg/cm3), the
superfluid phase diagram accommodates three superfluid phases with dis-
tinct order parameters – the polar phase, the polar-distorted A (PdA), and
the polar-distorted B (PdB) phases [3]. The properties and symmetries
of those phases are discussed in Chapter 1. This Section concentrates on
studies of HQVs in the PdA and PdB phases.

4.2.1 Half-quantum vortices in the polar-distorted A
phase

The transverse resonance frequency of the bulk fluid in the PdA phase with
magnetic field in the direction parallel to the strand orientation, i.e. μ= 0
in Fig. 4.5 (a), is [3]

ΔωPdA =ωPdA −ωL ≈ Ω2
PdA

2ωL
, (4.5)

where ΩPdA is the frequency of the longitudinal resonance in the PdA
phase. The NMR line retains its shape during the second order phase tran-
sition from the polar phase but renormalizes the longitudinal resonance
frequency due to appearance of the order parameter component with b.

Since the m̂-vector is fixed by nafen parallel to the anisotropy axis, the
l̂-vector then lies on the plane perpendicular to it, prohibiting the forma-
tion of continuous vorticity [111] like the double-quantum vortex in 3He-A
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Fig. 4.5 The experimental setup and superfluid phase diagram in
nanoconfinement. (a) The 3He sample is confined by nafen-90, consisting of
nearly parallel Al2O3 strands with d2 = 8 nm diameter, separated by d1 ∼ 50 nm
on average. The strands are oriented predominantly along the axis ẑ, which is
alsot the axis of rotation. The sample is surrounded by rectangular NMR pick-up
coils. The static magnetic field transverse to the NMR coils can be oriented at an
arbitrary angle μ with respect to the ẑ axis. (b) The magnetic field, oriented along
the y-direction (μ = π/2) in this figure, locks the ê2-vector in the polar-distorted
B phase order parameter, Eq. (1.13). Vectors d̂ and ê1 are free to rotate in the
xz-plane by angle θ. (c) Sketch of the superfluid phase diagram in our sample in
units of Tc of the bulk fluid [3]. The purple arrows illustrate the thermal cycling
used in the measurements and the purple marker shows a typical measurement
point within the region where either polar-distorted phase can exist, depending
on the direction of the temperature sweep. The thermal cycling is performed at
constant 7 bar pressure.

[112]. Some planar structures in the l̂-vector field, such as domain walls
[113] or disclinations, remain possible but the effect of the l̂-texture on the
trapping potential for spin waves is negligible due to the large polar distor-
tion [3] (i.e. for b � 1).

In the presence of HQVs the excitation of standing spin waves localized
on the soliton leads to a characteristic NMR satellite peak in transverse



48 Half-quantum vortices in nanoconfined samples

Fig. 4.6 Survival of HQVs during phase transitions. The plot shows the
measured NMR spectra in transverse (μ = π/2) magnetic field in the presence of
HQVs. HQVs were created by rotation with 2.5 rad/s during the transition from
normal phase to the polar phase. The NMR spectrum includes the response of
the bulk liquid and the d̂-solitons, which appear as a characteristic satellite peak
at lower frequency. The satellite intensity in the PdA phase remains unchanged
after thermal cycling presented in Fig. 4.5 (c). The NMR spectrum in the PdB
phase at the same temperature, measured between the two measurements in the
PdA phase, is shown for reference.

(μ=π/2) magnetic field, c.f. Fig. 4.6, with frequency shift

ΔωPdAsat =ωPdAsat −ωL ≈λPdA
Ω2

PdA

2ωL
, (4.6)

where λPdA is a dimensionless parameter dependent on the spatial profile
(texture) of the order parameter across the soliton. For an infinite 1D d̂-
soliton, one has λPdA = −1, corresponding to the zero-mode of the soliton,
as in the polar phase [55, 56, 105, 114]. The measurements in the super-
cooled PdA phase, Fig. 4.6, at temperatures close to the transition to the
PdB phase give value λPdA ≈−0.9, which is in good agreement with theoret-
ical predictions and the polar phase measurements with nafen-243 sample.
This confirms that the structure of the d̂-solitons connecting the HQVs is
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Fig. 4.7 NMR spectra in the PdB phase. (a) The plot shows the measured
NMR spectrum in the PdB phase at 0.38 Tc for different HQV densities, controlled
by the angular velocity Ω at the time of crossing the Tc. The presence of KLS walls
produces characteristic features seen both as widening of the main line (located
at small positive frequency shift) and as a satellite peak with a characteristic
negative frequency shift. The inset shows magnified view of the satellite peak. (b)
The satellite intensity in the PdA phase at 0.56Tc (blue circles) and in the PdB
phase multiplied by a factor of 9 (red triangles) at 0.38Tc show the expected

�
Ω-

scaling. The solid black line is a linear fit to the measurements including data
from both phases. The non-zero Ω= 0 intersection corresponds to vortices created
by the Kibble-Zurek mechanism [12, 14, 115]. (c) The FWHM of the main line,
determined from the spectrum in panel (a), gives FWHM ≈ 3 kHz for 2.5 rad/s.
FWHM for other angular velocities is recalculated from the amplitude of the main
NMR line, shown in panel (a), assuming constant area.

similar in polar and PdA phases and the effect of the orbital part to the
trapping potential can be neglected. Furthermore, the satellite intensity
shown in Fig 4.7 (b) scales with

�
Ω, similar to the polar phase.

4.2.2 Walls bounded by strings in the polar-distorted
B phase

Since the HQVs exist both in the polar and PdA phases, a natural question
is to ask what is their fate in the PdB phase? The number of HQVs in
the polar and PdA phases can be estimated from the intensity (integrated
area) of the NMR satellite, a direct measure of the total volume occupied by
the d̂-solitons. When cooling down to the PdB phase from the PdA phase,
one naïvely expects the HQVs and the related NMR satellite to disappear
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since isolated HQVs cease to be protected by topology in the PdB phase.
However, the measured satellite intensity in the PdA phase before and
after visiting the PdB phase remained unchanged, c.f. Fig. 4.6, which is
strong evidence in favor of the survival of HQVs in the phase transition to
the PdB phase. Let us now consider the consequences of this observation
in more detail.

For a magnetic field oriented transverse to the uniaxial nafen anisotropy
axis ẑ, the order parameter of the PdB phase is given by Eq. (1.13). We
denote with θ the rotation of the spin space with respect to the orbital
space, defined in Fig. 4.5 (b), then sinθ0 = q2(2−2q1)−1 corresponds to the
minimum energy configuration for θ. The transverse frequency shift with
uniform θ = θ0 (i.e. the response of the bulk) is given as

ω2
⊥−ω2

L

Ω2
PdB

= q1 − q2
2. (4.7)

This frequency shift was reported also in Ref. 4.

In the axial field, with H oriented along the uniaxial anistropy, the ho-
mogeneous transverse frequency shift with uniform θ = θ0,∥ = sgn(q2)π/2 is
given as

ω2
∥ −ω2

L

Ω2
PdB

= 1+ 5
2
|q2|, (4.8)

which is also equal to the value reported in Ref. 4.

The q-parameter value is determined from the frequency shifts in Eqs.(4.7)
and (4.8), following a method described in Ref. 4. In the experimental re-
gion of interest, the distortion factor is given by

q = 2−5C
4

− 1
4

√
25C2 −36C+4, (4.9)

where
C = ω⊥−ωL

ω∥ −ωL
. (4.10)

The expression (4.9) is valid in the range q ∈ [0, (
�

14−2)/5]. To measure q,
we carefully prepare the state by cooling the sample through the superfluid
transition temperature at zero rotation in the transverse magnetic field to
avoid creation of half-quantum vortices. Then we cool the sample down
to the lowest temperatures and start warming it up slowly, continuously
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Fig. 4.8 The measured distortion parameter q as a function of tempera-
ture. The dots represent the measured values for q. The solid red line is an es-
timation of q, calculated based on Ginzburg-Landau theory with strong-coupling
corrections using two fitting parameters in the spirit of Ref. 4 and taking β pa-
rameter values from Ref. 116. The PdB phase critical temperature is shown by
dashed line for the transition to the PdA phase on warming. The jump in q at this
temperature reflects the fact that the PdB-PdA transition is of the 1st order.

monitoring the NMR spectrum. We perform two temperature sweeps, first
in the axial and then in the transverse field. This way we can measure
the q parameter in the coexistence region of the PdA and PdB phases. The
results of our measurements are shown in Fig. 4.8.

In the transverse magnetic field H exceeding the dipolar field ∼ 3 mT,
the order parameter vector ê2 in Eq. (1.13) becomes locked along the field,
while vectors d̂ and ê1 are free to rotate around the axis ŷ, directed along
H, with the angle θ between d̂ and ẑ, c.f. Fig. 4.5 (b). The order parameter
of the PdB phase on a loop around a HQV has the following properties.
The phase φ around the HQV core changes by π and the angle θ (and thus
vectors d̂ and ê1) winds by π. Consequently, there is a phase jump φ →
φ+π and related sign flips of vectors d̂ and ê1 along some direction in the
plane perpendicular to the HQV core. In the presence of order-parameter
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Fig. 4.9 Possible defect configurations in the PdB phase. Each HQV core
terminates one soliton - reorientation of the spin part of the order parameter de-
noted by the angle θ - and one KLS wall. The orientation of the d̂-vector is shown
as arrows where their color indicates the angle θ, based on numerical calculations
(presented in the Supplementary Information section of Publication V). (a) The
KLS wall is bound between a different pair of HQV cores as the soliton. Ignoring
the virtual jumps, the angle θ winds by π−2θ0 across the soliton and by 2θ0 across
the KLS wall. The order parameter is continuous across the virtual jumps, where
φ→ φ+π, θ → θ+π, and q2 →−q2. (b) The soliton and the KLS wall are bound
between the same pair of HQV cores. The total winding of the d̂-vector is π across
the structure. In principle, the KLS wall may lie inside or outside the soliton.
Here the KLS wall and the soliton are spatially separated for clarity.

components with q > 0, Eq. (1.13) remains single-valued if, and only if, q2
also changes sign. We conclude that the resulting domain wall separates
the degenerate states with q2 =±q and together with the bounding HQVs
has a structure identical to the domain wall bounded by strings – the KLS
wall – proposed by Kibble, Lazarides, and Shafi in Refs. 117, 118.

The KLS wall and the topological soliton have distinct defining length
scales [119, 120] – the KLS wall has a hard core of the order of q−1ξ0 and
the soliton has a soft core of the size of the dipole length ξD � q−1ξ0. The
combination of these two objects may emerge in two different configura-
tions illustrated in Fig. 4.9. The minimization of the free energy shows
that in the PdB phase the lowest-energy spin soliton corresponds to wind-
ing of the d̂-vector by π−2θ0 on a cycle around an HQV core. Additionally,
the presence of KLS walls results in additional solitons with winding of the
d̂-vector by 2θ0. These solitons can either extend between different pairs
of HQVs, Fig. 4.9 (a), while walls with total change Δθ =π are also possible
if both solitons are located between the same pair of HQVs, Fig. 4.9 (b).
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The appearance of KLS walls and the associated d̂-solitons leads to a
characteristic frequency shift

ΔωPdBsat =ωPdBsat −ωL ≈λPdB
Ω2

PdB

2ωL
, (4.11)

where the dimensionless parameter λPdB is characteristic to the structure
of the soliton. Numerical calculations in a 1D soliton model for all possible
solitons shown in Fig. 4.10 give the low-temperature values λsoliton ∼−0.8
for π−2θ0-soliton (“soliton”) and λbig ∼ −1.8 for its antisoliton, which has
π+2θ0 winding (“big soliton”). The (2θ0)-soliton (“ KLS soliton”) related to
the KLS walls outside spin solitons gives rise to a frequency shift experi-
mentally indistinguishable from the frequency shift of the bulk line. The
last possibility, the “π-soliton” consisting of a KLS soliton and a soliton,
c.f. Fig. 4.9 (b), gives λπ ∼−1.3 at low temperatures. The measured value,
λPdB ∼ −1.1 at the lowest temperatures, is shown in Fig. 4.10. The agree-
ment between the experimental λPdB ≈ −1.1 and theoretical λPdB ≈ −1.3
values is nearly as good as in the polar and PdA phases (both having ra-
tio of ≈ 0.9 between experimental and theoretical values), and we expect
the origin of the suppression to be similar (finite-size effects and disorder
in the sample). The measured values for λPdB, together with the fact that
the total winding of the d̂-vector is also equal to π in the PdA and polar
phases above the transition temperature, suggest that the observed soliton
structure in the PdB phase corresponds to the π-soliton in the presence of
a KLS wall.

In addition, the KLS wall possesses a tension ∼ ξq2Δ2
PdBN0 [120, 121],

where N0 is the density of states. Thus the presence of KLS walls applies a
force pulling the two HQVs at its ends towards each other. The fact that the
number of HQVs remains unchanged in the phase transition signifies that
the KLS wall tension does not exceed the maximum pinning force in the
studied nafen sample. Strong pinning of single-quantum vortices in B-like
phase in silica aerogel has also been observed previously [7]. An alternative
way to remove a KLS wall is to create a hole within it, bounded by a HQV
[117]. However, growth of such a HQV ring is also prohibited by the strong
pinning by the nafen strands. We also note that for significantly larger
values of q creation of a HQV vortex-antivortex pair within the KLS wall
may become energetically favorable and as a result the HQV pairs bounded
by KLS walls would eventually shrink to singly-quantized vortices.

The satellite intensity in the PdB phase, c.f. Fig 4.7 (b), scales as
�
Ω

– as in the polar and PdA phases. Although the scaling is identical, one
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Fig. 4.10 Frequency shift the HQV satellite as a function of temperature
in the polar-distorted phases. In the PdA phase the measured values are in
reasonable agreement with the theoretical prediction for a d̂-soliton with π wind-
ing, shown as the red dashed line. The corresponding values in the PdB phase
for the lowest-energy d̂-soliton (soliton) and its antisoliton (big soliton), as well as
the combined π-soliton (see text) are shown as dashed blue lines. The error bars
denote the uncertainty in the position of the satellite peak by 1.0 kHz and 0.5 kHz
in the PdB and PdA phases, respectively. The the uncertainty is taken as the full
width at half maximum (FWHM) of the satellite peak in the PdB phase and as
half of the FWHM due to improved signal-to-noise ratio in the PdA phase.

striking difference appears in the PdB phase – the satellite intensity nor-
malized to the total absorption integral in the PdB phase is smaller by
a factor of ∼ 9 compared to the PdA phase. Simultaneously, the original
satellite intensity in the PdA phase is restored after a thermal cycle shown
in Fig. 4.5 (a). There is currently no explanation for this observation.

Another effect of rotation in the PdB phase transverse (μ = π/2) NMR
spectrum is observed at the main peak, c.f. Fig. 4.7 (a). The full-width-at-
half-maximum (FWHM), extracted from the amplitude of the main peak
assuming w · h = const, where w is its width and h is height, scales as
∝�

Ω; Fig. 4.7 (c). Increase in the FWHM may indicate that the presence of
KLS walls enhances scattering of spin waves and thus results in increased
dissipation.
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Chapter 5

Summary and conclusions

This thesis includes experimental (supported by analytical and numer-
ical) studies on quantized vortices in different superfluid phases of 3He.
The first of the two main themes in this thesis are studies of dynamics of
quantized vortices in the zero-temperature limit in the fully-gapped super-
fluid B phase. This work confirms the theoretical background of a vortex
visualization technique based on Andreev-scattering of thermal excitations
from vortex cores by comparing experiments and simulations, and provides
observations and theoretical analysis on finite dissipation in the limit of
vanishing thermal excitation density in laminar vortex motion. It is shown
that in the zero-temperature regime Kelvin waves play a crucial role by
providing a temperature-independent dissipation mechanism in laminar
vortex motion after a spin-down. The second leading theme are the studies
on vortex structures in novel superfluid phases discovered very recently.
Particular attention is paid to vortices carrying half quantum of circula-
tion – half-quantum vortices or HQVs – in the polar, polar-distorted A, and
polar-distorted B phases.

The first step in this thesis was a quantitative analysis of a vortex vi-
sualization technique based on Andreev reflection of quasiparticles from
quantized vortices. In Publication I we show that in the ballistic regime
the heat flux through a small orifice supporting a large thermal gradient
is affected by Andreev scattering of thermal excitations from a vortex lat-
tice under steady rotation. We find excellent agreement between experi-
ments and simulations using realistic geometry, if diffuse scattering is as-
sumed. In conclusion, our results provide a rigorous quantitative basis for
interpretation of vortex imaging techniques based on Andreev-scattering
of thermal excitations in 3He-B [47, 77–79].
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In Publications II and IV we apply the Andreev scattering technique to-
gether with nuclear magnetic resonance techniques to probe the response
of an array of vortices to an abrupt spin-down of the container. The result-
ing dynamics show an initial turbulent burst lasting for a few minutes, fol-
lowed by hours-long laminar decay. The zero-temperature extrapolation of
the dissipation reveals a pressure-independent value, consistent with a dis-
sipation mechanism relying on overheating of vortex-core-bound fermions
states in the presence of accelerating motion by Kelvin waves [91], likely
generated by dragging of vortex ends along a rough surface at the bottom
of the experimental container. These are the first measurements of the
dissipative mutual friction parameter α in 3He-B at ultra-low tempera-
tures which, moreover, resulted in the unexpected discovery of finite zero-
temperature dissipation in laminar vortex motion.

Publications III and V report observations of half-quantum vortices in
different superfluid phases. These are the first observations of HQVs in
any system harboring vortex-core-bound fermion states, considered impor-
tant due to their potential applications in topological quantum computing.
Publication III is the first experimental verification of HQVs in any su-
perfluid phase of 3He, here the polar phase. We demonstrate that HQVs
can be created both by Kibble-Zurek mechanism in stationary sample, or
by applying rotation during the transition trough the critical temperature.
However, HQVs are energetically favored only in the absence of magnetic
field oriented transverse to the nafen strands. As a result, HQVs are not
created if the value of the magnetic field in the transverse direction ex-
ceeds the dipolar value ∼ 3 mT. The HQVs are identified by a characteristic
satellite signal in the NMR spectrum, whose dependence on the rotation
velocity and cooldown rate are consistent with theoretical predictions.

In publication V we study the fate of HQVs in phase transitions from
the polar phase to the polar-distorted A and polar-distorted B phases. The
order parameter of the polar-distorted A phase supports vortex-core-bound
non-Abelian Majorana states in 2D geometry. Although the experiments
reported in the publication are performed in three-dimensional samples,
the mere existence of HQVs in such a system is great news for the quan-
tum computing community. The survival of HQVs in the polar-distorted
B phase on the other hand is only possible due to strong pinning of HQV
cores to the strands in the sample since isolated HQVs are not topologically
protected in the fully gapped PdB phase. We report the first observation
of an analog to a cosmological composite defect, “(KLS) wall bounded by
strings”, predicted by Kibble, Lazarides, and Shafi decades ago. The HQVs
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survive in the PdB phase via creation of the KLS walls between a pair of
HQVs.

Most experimental results presented in this thesis (and generally in su-
perfluids) depend on the determination of temperature. As a development
of experimental techniques, in publication VI we have studied the behavior
of a thermometer quartz tuning fork immersed in 3He in the presence of
a 4He layer, needed for stabilization of the novel superfluid phases under
nanoconfinement. In particular, we have suggested a way to calibrate the
fork against its own intrinsic behavior by using the observed anomalous
maximum as a fixed point indicating transition to the ballistic regime.

In conclusion, the work presented in this thesis shows that 3He is a
very flexible experimentally accessible model system for a large number of
phenomena ranging from turbulence and cosmology to topological quantum
computing. The obtained results show promise in unveiling the underlying
phenomena in (quantum) turbulence, as well as demonstrate that various
types of linear (and planar) topological (as well as nontopological) defects
can be studied using the available experimental techniques. The amount
of possible future research paths is near infinite - in time one may be able
to engineer the preferred topology as well as sample dimensionality, gain-
ing access to even more exotic phenomena such as 2D px + ipy superfluids
or flat-band fermion states proposed to live at sample boundaries in the
polar phase. Last but not least, nanomechanical probes with sensitivity
comparable to the dissipation on a single vortex level are on the verge of
breaking through to experiments - allowing direct probing of Kelvin waves
with controllable excitation with a promise to settle a decade-old theoreti-
cal argument between renowned theoreticians in the field [39, 122].
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Matter 280 (1âĂŞ4), 43 , URL http://www.sciencedirect.com/
science/article/pii/S0921452699014428 (2000).

[89] V. B. Eltsov, J. J. Hosio, M. Krusius, and J. T. Mäkinen, Andreev re-
flection in rotating superfluid 3He-B, Journal of Experimental and
Theoretical Physics 119 (6), 1069, URL http://dx.doi.org/10.
1134/S1063776114120115 (2015).



References 69

[90] P. W. Adams, M. Cieplak, and W. I. Glaberson, Spin-up problem in
superfluid 4He, Phys. Rev. B 32, 171, URL http://link.aps.org/
doi/10.1103/PhysRevB.32.171 (1985).

[91] M. A. Silaev, Universal Mechanism of Dissipation in Fermi
Superfluids at Ultralow Temperatures, Phys. Rev. Lett. 108,
045303, URL http://link.aps.org/doi/10.1103/PhysRevLett.
108.045303 (2012).

[92] N. Hietala, R. Hänninen, H. Salman, and C. F. Barenghi, Leapfrog-
ging Kelvin waves, Phys. Rev. Fluids 1, 084501, URL https://link.
aps.org/doi/10.1103/PhysRevFluids.1.084501 (2016).

[93] R. Hänninen, Kelvin waves from vortex reconnection in superfluid
helium at low temperatures, Phys. Rev. B 92, 184508, URL https:
//link.aps.org/doi/10.1103/PhysRevB.92.184508 (2015).

[94] J. R. Kirtley, C. C. Tsuei, M. Rupp, J. Z. Sun, L. S. Yu-Jahnes,
A. Gupta, M. B. Ketchen, K. A. Moler, and M. Bhushan, Direct Imag-
ing of Integer and Half-Integer Josephson Vortices in High- Tc Grain
Boundaries, Phys. Rev. Lett. 76, 1336, URL https://link.aps.
org/doi/10.1103/PhysRevLett.76.1336 (1996).

[95] J. Jang, D. G. Ferguson, V. Vakaryuk, R. Budakian, S. B. Chung, P. M.
Goldbart, and Y. Maeno, Observation of Half-Height Magnetization
Steps in Sr2RuO4, Science 331 (6014), 186, URL http://science.
sciencemag.org/content/331/6014/186 (2011).

[96] K. G. Lagoudakis, T. Ostatnický, A. V. Kavokin, Y. G. Rubo,
R. André, and B. Deveaud-Plédran, Observation of Half-Quantum
Vortices in an Exciton-Polariton Condensate, Science 326 (5955),
974, URL http://science.sciencemag.org/content/326/5955/
974 (2009).

[97] S. W. Seo, S. Kang, W. J. Kwon, and Y.-i. Shin, Half-Quantum
Vortices in an Antiferromagnetic Spinor Bose-Einstein Condensate,
Phys. Rev. Lett. 115, 015301, URL https://link.aps.org/doi/
10.1103/PhysRevLett.115.015301 (2015).

[98] F. Zhou, Spin Correlation and Discrete Symmetry in Spinor Bose-
Einstein Condensates, Phys. Rev. Lett. 87, 080401, URL https://
link.aps.org/doi/10.1103/PhysRevLett.87.080401 (2001).



70 References

[99] C. Wu, J. Hu, and S. Zhang, QUINTET PAIRING AND NON-
ABELIAN VORTEX STRING IN SPIN-3/2 COLD ATOMIC SYS-
TEMS, International Journal of Modern Physics B 24 (03), 311
(2010).

[100] A. Schwarz, Field theories with no local conservation of the elec-
tric charge, Nuclear Physics B 208 (1), 141 , URL http://www.
sciencedirect.com/science/article/pii/0550321382901900
(1982).

[101] V. Vakaryuk and A. J. Leggett, Spin Polarization of Half-Quantum
Vortex in Systems with Equal Spin Pairing, Phys. Rev. Lett. 103,
057003 (2009).

[102] N. Nagamura and R. Ikeda, Stability of half-quantum vortices
in equal-spin pairing states of 3He, Phys. Rev. B 98, 094524,
URL https://link.aps.org/doi/10.1103/PhysRevB.98.094524
(2018).

[103] G. E. Volovik, J. Rysti, J. T. Mäkinen, and V. B. Eltsov, Spin, orbital,
Weyl and other glasses in topological superfluids, arXiv:1806.08177
(2018).

[104] V. E. Asadchikov, R. S. Askhadullin, V. V. Volkov, V. V. Dmitriev,
N. K. Kitaeva, P. N. Martynov, A. A. Osipov, A. A. Senin, A. A.
Soldatov, D. I. Chekrygina, and A. N. Yudin, Structure and proper-
ties of “nematically ordered” aerogels, JETP Lett. 101 (8), 556, URL
http://dx.doi.org/10.1134/S0021364015080020 (2015).

[105] C.-R. Hu and K. Maki, Satellite magnetic resonances of a bound pair
of half-quantum vortices in rotating superfluid 3He-A, Phys. Rev. B
36, 6871 (1987).

[106] C. Bäuerle, Y. M. Bunkov, S. N. Fisher, H. Godfrin, and G. R. Pickett,
Superfluid 3He Simulation of Cosmic String Creation in the Early
Universe, J Low Temp. Phys. 110 (1), 13, URL http://dx.doi.org/
10.1023/A:1022546213576 (1998).

[107] V. M. H. Ruutu, V. B. Eltsov, A. J. Gill, W. B. Kibble, M. Krusius,
Y. G. Makhlin, B. Placais, G. E. Volovik, and W. Xu, Vortex formation
in neutron-irradiated superfluid 3He as an analogue of cosmological
defect formation, Nature 382, 334 (1996).



References 71

[108] C. Bauerle, Y. M. Bunkov, S. N. Fisher, H. Godfrin, and G. R. Pickett,
Laboratory simulation of cosmic string formation in the early Uni-
verse using superfluid 3He, Nature 382, 332 (1996).

[109] Y. M. Bunkov, A. I. Golov, V. S. L’vov, A. Pomyalov, and I. Procaccia,
Evolution of a neutron-initiated micro big bang in superfluid 3He−
B, Phys. Rev. B 90, 024508, URL http://link.aps.org/doi/10.
1103/PhysRevB.90.024508 (2014).

[110] V. B. Eltsov, M. Krusius, and G. E. Volovik, Progr. in Low Temp. Phys.,
vol. XV, p. 1-137 (Elsevier, 2005).

[111] N. D. Mermin and T.-L. Ho, Circulation and Angular Momentum
in the A Phase of Superfluid Helium-3, Phys. Rev. Lett. 36, 594,
URL https://link.aps.org/doi/10.1103/PhysRevLett.36.594
(1976).

[112] R. Blaauwgeers, V. B. Eltsov, M. Krusius, J. J. Ruohio, R. Schanen,
and G. E. Volovik, Double-quantum vortex in superfluid 3He-A, Na-
ture 404, 471 (2000).

[113] J. Kasai, Y. Okamoto, K. Nishioka, T. Takagi, and Y. Sasaki, Chiral
Domain Structure in Superfluid 3He−A Studied by Magnetic Reso-
nance Imaging, Phys. Rev. Lett. 120, 205301, URL https://link.
aps.org/doi/10.1103/PhysRevLett.120.205301 (2018).

[114] M. M. Salomaa and G. E. Volovik, Quantized vortices in superfluid
3He, Rev. Mod. Phys. 59, 533, URL https://link.aps.org/doi/
10.1103/RevModPhys.59.533 (1987).

[115] S. Autti, V. V. Dmitriev, J. T. Mäkinen, A. A. Soldatov, G. E.
Volovik, A. N. Yudin, V. V. Zavjalov, and V. B. Eltsov, Observation
of Half-Quantum Vortices in Topological Superfluid 3He, Phys. Rev.
Lett. 117, 255301, URL https://link.aps.org/doi/10.1103/
PhysRevLett.117.255301 (2016).

[116] H. Choi, J. P. Davis, J. Pollanen, T. M. Haard, and W. P. Halperin,
Strong coupling corrections to the Ginzburg-Landau theory of super-
fluid 3He, Phys. Rev. B 75, 174503, URL https://link.aps.org/
doi/10.1103/PhysRevB.75.174503 (2007).

[117] T. W. B. Kibble, G. Lazarides, and Q. Shafi, Walls bounded by strings,
Phys. Rev. D 26, 435, URL https://link.aps.org/doi/10.1103/
PhysRevD.26.435 (1982).



72 References

[118] T. Kibble, G. Lazarides, and Q. Shafi, Strings in SO(10), Physics
Letters B 113 (3), 237 , URL http://www.sciencedirect.com/
science/article/pii/0370269382908292 (1982).

[119] G. E. Volovik, Half quantum vortices in the B phase of superfluid 3He,
JETP Letters 52, 358 (1990).

[120] M. Silveri, T. Turunen, and E. Thuneberg, Hard domain walls in
superfluid 3He−B, Phys. Rev. B 90, 184513, URL https://link.
aps.org/doi/10.1103/PhysRevB.90.184513 (2014).

[121] M. M. Salomaa and G. E. Volovik, Cosmiclike domain walls in super-
fluid 3He-B: Instantons and diabolical points in (k,r) space, Phys.
Rev. B 37, 9298 (1988).

[122] V. S. L’vov and S. Nazarenko, Spectrum of Kelvin-wave turbulence in
superfluids, JETP Letters 91 (8), 428, URL https://doi.org/10.
1134/S002136401008014X (2010).



rehto eht morf gnidaer trats dluohs uoY  
 .revoc

 
 rohtuA ehT

 

-o
tl

a
A

D
D

 
3

2
/

 9
10

2

 +e
bbei

a*GM
FTSH

9  NBSI 4-1148-06-259-879  )detnirp( 
 NBSI 1-2148-06-259-879  )fdp( 
 NSSI 4394-9971  )detnirp( 
 NSSI 2494-9971  )fdp( 

 
ytisrevinU otlaA  

ecneicS fo loohcS  
scisyhP deilppA fo tnemtrapeD  

 if.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 n
en

ik
ä

M 
er

eJ
re

dn
u 

dn
a 

se
ru

ta
re

p
me

t 
wo

l-
ar

tl
u t

a 
e

H³
 d

iu
flr

ep
us

 l
ac

ig
ol

op
ot 

ni 
se

ru
tc

ur
ts

 x
et

ro
v 

dn
a 

sc
i

ma
ny

D
 

 t
ne

me
nfi

no
c

 y
ti

sr
ev

i
n

U 
otl

a
A

 9102

 scisyhP deilppA fo tnemtrapeD

xetrov dna scimanyD  
lacigolopot ni serutcurts  

wol-artlu ta eH³ diuflrepus  
rednu dna serutarepmet  

 tnemenfinoc

 nenikäM ereJ

 LAROTCOD
 SNOITATRESSID

rehto eht morf gnidaer trats dluohs uoY  
 .revoc

 
 rohtuA ehT

 

-o
tl

a
A

D
D

 
3

2
/

 9
10

2

 +e
bbei

a*GM
FTSH

9  NBSI 4-1148-06-259-879  )detnirp( 
 NBSI 1-2148-06-259-879  )fdp( 
 NSSI 4394-9971  )detnirp( 
 NSSI 2494-9971  )fdp( 

 
ytisrevinU otlaA  

ecneicS fo loohcS  
scisyhP deilppA fo tnemtrapeD  

 if.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 n
en

ik
ä

M 
er

eJ
re

dn
u 

dn
a 

se
ru

ta
re

p
me

t 
wo

l-
ar

tl
u t

a 
e

H³
 d

iu
flr

ep
us

 l
ac

ig
ol

op
ot 

ni 
se

ru
tc

ur
ts

 x
et

ro
v 

dn
a 

sc
i

ma
ny

D
 

 t
ne

me
nfi

no
c

 y
ti

sr
ev

i
n

U 
otl

a
A

 9102

 scisyhP deilppA fo tnemtrapeD

xetrov dna scimanyD  
lacigolopot ni serutcurts  

wol-artlu ta eH³ diuflrepus  
rednu dna serutarepmet  

 tnemenfinoc

 nenikäM ereJ

 LAROTCOD
 SNOITATRESSID

rehto eht morf gnidaer trats dluohs uoY  
 .revoc

 
 rohtuA ehT

 

-o
tl

a
A

D
D

 
3

2
/

 9
10

2

 +e
bbei

a*GM
FTSH

9  NBSI 4-1148-06-259-879  )detnirp( 
 NBSI 1-2148-06-259-879  )fdp( 
 NSSI 4394-9971  )detnirp( 
 NSSI 2494-9971  )fdp( 

 
ytisrevinU otlaA  

ecneicS fo loohcS  
scisyhP deilppA fo tnemtrapeD  

 if.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 n
en

ik
ä

M 
er

eJ
re

dn
u 

dn
a 

se
ru

ta
re

p
me

t 
wo

l-
ar

tl
u t

a 
e

H³
 d

iu
flr

ep
us

 l
ac

ig
ol

op
ot 

ni 
se

ru
tc

ur
ts

 x
et

ro
v 

dn
a 

sc
i

ma
ny

D
 

 t
ne

me
nfi

no
c

 y
ti

sr
ev

i
n

U 
otl

a
A

 9102

 scisyhP deilppA fo tnemtrapeD

xetrov dna scimanyD  
lacigolopot ni serutcurts  

wol-artlu ta eH³ diuflrepus  
rednu dna serutarepmet  

 tnemenfinoc

 nenikäM ereJ

 LAROTCOD
 SNOITATRESSID


	Aalto_DD_2019_023_Mäkinen_verkkoversio



