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1. Introduction

The improbable is bound to
happen one day.

Statistics of Extremes
E. J. Gumbel

A macroscopic system is often approximated as a huge collection of in-
dependent subsystems. For such a system, averages are usually enough
to describe its physical properties. When the system size decreases, the
relative fluctuations become more and more prominent. These fluctuations
are often approximately described by a Gaussian distribution [1], in ac-
cordance with the central limit theorem [1–4]. However, the tails of the
distribution, describing the rare events, do not strictly follow the Gaussian
form. This departure is governed by the large deviation principle [5].

Although the rare events are seldom, their consequences can be tremen-
dous and therefore they have been studied in various context, such as
financial crises [6–8] and natural disasters [9, 10]. In electronics, the
study of rare events is important, for example, it can be used to determine
the accuracy of the devices. One such application is the calculation of
probability of dark counts in the threshold single photon detectors [11, 12].
However, the sporadic nature of rare events makes it difficult to gather
sufficient amount of data to carry out the statistical analysis. Fortunately,
the single-electron devices provide an excellent test bench [13] for studies
of rare events as they enable one to collect a huge amount of data and reli-
ably analyze the tails of the distribution for various fluctuating quantities,
such as current and entropy.

The rare events do not usually have a significant contribution on the
average of the distribution 〈x〉. However, it is possible that the average
of a function 〈f(x)〉 is strongly influenced by these rare events. In sta-
tistical physics, this is illustrated by the well known integral fluctuation
relations (IFRs) [14–17] derived for quantities such as work [16, 18] and
entropy production [17]. In the case of entropy production ΔS, the integral
fluctuation relation states 〈e−ΔS〉 = 1, where the strong but few negative
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fluctuations of ΔS have a significant impact on the average value of the
exponent e−ΔS . A sufficient condition for IFR is usually the corresponding
detailed fluctuation relation [17–26]. The fluctuation relations have been
confirmed in different experimental setups [27–31], including electronic
systems [32–34].

The average in the integral fluctuation relation is taken over all the
possible realizations. These realizations are usually stochastic in nature,
i.e., they fluctuate in time and from one realization to another. This
gives the field its name stochastic thermodynamics [35–37] when one
investigates the thermodynamic quantities, such as entropy production,
work and heat, at the level of individual trajectories.

For these quantities, theoretical bounds have been recently obtained,
quantifying the statistics of their extreme values during the time evolution.
One such study is done in Ref. [38] where a bound is derived for the
statistics of the minimum entropy production of a realization.

Another way to quantify the rare events is to investigate the time taken
by a stochastic trajectory to hit a given value for the first time, known
as the first-passage time [39, 40]. The study of first-passage times has
a long history starting from early 20th century [41, 42] and spans over
different fields, such as Brownian motion [39–44], biochemistry [45–50],
astrophysics [51, 52], decision theory [53–55], searching problems [56, 57],
and finance [8, 58]. Lately, they have also been applied to stochastic
thermodynamics [38, 55, 59–63]. However, these first-passage times and
the extreme fluctuations in the entropy production have not yet been
experimentally verified in an electronic setup.

In this thesis, we experimentally study these theoretical concepts using
single-electron circuits [64, 65]. These devices are made of metallic tunnel
junctions which were initially proposed in Refs. [66–71] and first realized
in Ref. [72]. The tunnel junction circuits are governed by the physics
of quantum tunneling and classical electrostatics. The thesis focuses on
experiments on single-electron transistors (SETs) and electronic double
dots consisting of two and three tunnel junctions connected in series. Here
and further, we use ‘double dot’ to refer to a device with two metallic
islands with a dimension of few 100 nm to 1 μm. The energy level spacing
in such islands is very small (≈ neV) compared to the other energy scales
in the device. In Chapter 2, we discuss the physics of these single-electron
devices in detail.

The devices used in this thesis are fabricated using the Fulton–Dolan
method [72–74]. Chapter 3 provides the fabrication method used to process
the samples and a brief discussion of the methods used to characterize
them, ending with a short note on the measurement setup.

Chapter 4 focuses on the study of the current output through an SET
coupled to the island of another SET. The measurements are done at low
temperatures and low bias voltages where the system is in the Coulomb
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blockade regime, and the SET acts as a bistable system. We filter the
output currents using two different filtering functions, namely low-pass
filtering (Sec. 4.2) and time averaging (Sec. 4.3), and compute their proba-
bility distributions. The low-pass filtering mimics the behavior of a slow
detector. We use the cumulants of low-pass filtered currents to compute the
transition rates between the system states. This method works even in the
case of a slow detector. Section 4.2 summarizes the results of Publication I.

In Sec. 4.3, we present the distribution of time-averaged current, which
can be used to study the current fluctuations through an electronic system
when coupled to a bistable fluctuator. The distribution demonstrates the
deviation of averages of fluctuations from the central limit theorem in the
long averaging-time limit, where the departure given by the large deviation
principle is evident. We observe the tail of the distribution due to rare
events and show the elliptic nature of the logarithm of the distribution. We
also observe a fluctuation relation for the departure of the time-averaged
current from its mean value. This section summarizes the findings of
Publication II.

Chapter 5 focuses on the statistics of the minimum stochastic entropy
production in an electronic double dot in nonequilibrium. Our experiment
essentially verifies the theoretical findings of Ref. [38] and emphasizes
the condition of steady state for the results to hold. The chapter starts
with a brief introduction to a master equation, governing the dynamics
of a Markovian system. Next, the definition of entropy production and
the corresponding fluctuation relations are provided. The chapter ends
with the extreme value statistics [9] of the entropy produced in the system
including the bounds on total entropy and heat exchange with environment.
This chapter presents the results of Publication III.

Chapter 6 focuses on the first-passage times for a fixed number of elec-
trons to be transferred through the double dot. The chapter starts with
a general introduction to the first-passage times and probabilities of ex-
treme values for a stochastic process, see Sec. 6.1. Subsequently, the
first-passage times for the transport of electrons through a tunnel junction
are computed, see Sec. 6.2. This simple model is then used to study the
more complicated dynamics of an electronic double dot, see Sec. 6.3. This
chapter provides the theoretical framework and experimental results of
Publication IV. Chapter 7 concludes the thesis with a brief note on possible
future directions of research on this subject.

This thesis can be read in the following manner: those who are interested
in the experimental part of the thesis, should start with Chapter 2 to get
an idea about the devices studied in this thesis and then read Chapter 3
for details on fabrication and sample characterization techniques. Those
who are more interested in understanding the physical quantities studied
in this thesis, without getting into the experimental details, may skip
Chapter 3. This thesis summarizes the findings of Publications I-IV, where
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the additional details can be found.

4



2. Physics of single-electron devices

This thesis presents the results of experiments done on single-electron sys-
tems. Before going into the details of the investigated physical quantities,
we will discuss the various electronic devices studied in this thesis.

This chapter starts with a brief introduction to tunnel junctions that
act as the building blocks of single-electron devices. Next, we present
the single-electron transistor (SET) and an electronic double dot. These
are the devices on which the experiments presented in this thesis have
been performed. The brief overview of the experimental methods, such as
fabrication details and basic characterization techniques, is presented in
Chapter 3.

2.1 Tunnel junction

A tunnel junction is made up of two metallic layers with a thin insulator
between them. In this work, based on the metals used, these two layers
can be either normal metallic (N) or superconducting (S). The samples
studied are made of aluminum and copper as the metallic layers. A 2-3 nm
thin aluminum oxide (Al2O3) layer is used as an insulator (I) between
them forming a NIS junction at temperatures below 1.2 K, i.e., the critical
temperature Tc of bulk Al [75]. The scanning electron micrograph in
Fig. 2.1 (a) shows one such tunnel junction with the Cu layer marked in
green and the Al layer in turquoise. The side view and a simplified sketch
of the junction are shown below the micrograph.

The Hamiltonian of a system with a tunnel junction connecting two
electrodes ‘left’ (L) and ‘right’ (R) can be written as [64]

Ĥ = ĤL + ĤR + ĤT . (2.1)

The ĤL and ĤR are the Hamiltonians of the electrodes. For example,
for normal-metal electrodes, they are given by ĤL =

∑
l εlâ

†
l âl and ĤR =∑

r εr ĉ
†
r ĉr where âl (ĉr) and â†l (ĉ†r) are the annihilation and creation opera-

tors associated with energy εl (εr) of the conduction electron reservoir in
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L    I   R L    I   R

(b) N   I   S(a)

Figure 2.1. (a) Top: Scanning electron micrograph (SEM) of a tunnel junction connecting
left (L) and right (R) electrodes. Bottom: A simplified sketch of the tunnel
junction (left) and its side view (right). (b) The energy diagram of the junction
with L as a normal metal (N) and R as a superconductor (S). The electrodes
are kept at a potential difference of V leading to a difference of eV in the
Fermi energies. The shaded region shows the function gi(E) = ni(E)fi(E), a
product of density of states ni(E) and Fermi function ni(E), for electrode i at
low temperatures near Fermi energy EF marked by the dashed line.

L (R). The tunnel Hamiltonian

ĤT =
∑
l,r

Tl,râ†l ĉr +H. c. (2.2)

accounts for the electron jump between the reservoirs via the tunnel junc-
tion. Here, the first term describes the annihilation of an electron in R

with wave vector r and the creation of an electron in L with the wave vector
l, leading to the transfer of an electron from R to L. The term Tl,r is the
corresponding tunnel matrix element. The second term is the hermitian
conjugate (H. c.) of the first term and accounts for the transfer of electrons
from L to R.

When an electron is transferred from one electrode to another, it carries
an electronic charge (−e) and energy with itself. The change in the total
charge of the electrodes leads to an electrical current while the change in
the energy of the system leads to a heat current. The energy carried by the
electron to the electrode after the transfer (for example, ε in Eqs. (2.8)) is
quickly redistributed between the surrounding particles such as electrons
and phonons and hence, it can be viewed as Joule heat associated with the
transition.

Treating the tunnel Hamiltonian (2.2) as a perturbation, the golden rule
calculation yields the transition rates as [64]

ΓL→R(ΔE) =
1

e2R

∫
dε gL(ε) hR(ε−ΔE) . (2.3)

Here, ΔE = −eV for a single tunnel junction with bias voltage V but for a
device with multiple junctions, such as a single-electron transistor and a
double dot, ΔE is the change in electrostatic energy of the device after the
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electron tunneling. In the latter case, the individual junction resistance R
should be much higher than the quantum resistance RK = h/e2 ≈ 26 kΩ

for the golden rule to be valid. In Eq. (2.3), the term gi(E) = ni(E)fi(E)

is the product of the normalized density of states in electrode i, denoted
by ni(E) = ρi(E)/ρi(0), and the Fermi function fi(E) = 1/[eE/(kBTi) + 1]

which gives the distribution of electrons in the electrode i at temperature
Ti. ρi(0) is the density of states (DOS) in electrode i at Fermi energy EF .
Here and further in the thesis, E is the energy counted with respect to the
Fermi energy EF . ρi(E) is the DOS of electrode i at energy E with respect
to its Fermi energy, and hi(E) = ni(E)[1 − fi(E)]. The tunnel resistance
R = �/[2πe2|T |2ρl(0)ρr(0)] is a combination of the densities of states in the
electrodes and the tunnel amplitude T under the assumption that Tl,r does
not vary with energy and momentum of the wave vectors l and r.

The normalized density of states in a normal metal is nN (E) = 1 near
the Fermi level EF . In a superconductor, the quasiparticle density of states
depends strongly on energy near EF (Fig. 2.1 (b)). This dependence is given
by the Bardeen, Cooper and Schrieffer (BCS) theory of superconductiv-
ity [76, 77]

nS(E) =
|E|√

E2 −Δ2
θ(|E| −Δ) , (2.4)

where the normalization is with respect to the density of states of the
superconductor in its normal state at the Fermi level1. The superconductor
energy gap Δ decreases with an increase in temperature and reaches 0 at
the critical temperature Tc of the superconductor. The value of Δ can be
determined in experiments from the I − V characteristics of the junction,
as 2Δ is the amount of energy needed to break a Cooper pair and create
two quasiparticles. These quasiparticles are responsible for carrying heat
in superconductors.

We define Ik→l
i→j as the average current from i → j due to the transfer

of electrons from k → l. As each electron carries −e charge with it, the
average current from L → R caused by the transfer of electrons from
L → R is the product of the electronic charge and the transition rate, i.e.,
IL→R
L→R = −eΓL→R(ΔEL→R). Here, ΔEL→R = ΔE, the subscript is added to

emphasize the difference in energy cost for an electron jump from L → R

and backwards. Similarly, the average charge current from L → R due to
the electron jumps from R → L, IR→L

L→R = eΓR→L(ΔER→L). Since the energy
cost is computed as the difference in total energy of the system before
and after the transition of electron, we have ΔER→L = −ΔEL→R = −ΔE.
Combining these, the net current through the junction from L → R is

InetL→R = IL→R
L→R + IR→L

L→R = −e[ΓL→R(ΔE)− ΓR→L(−ΔE)] . (2.5)

The rates can be computed using Eq. (2.3). For computing ΓR→L from

1For Al, the density of states in its normal state at Fermi level is 1.80 ± 0.35 ×
1047 m−3J−1 [78–82].
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Eq. (2.3), we switch the role of L and R electrodes, namely,

ΓR→L(ΔE) =
1

e2R

∫
dε gR(ε) hL(ε−ΔE) . (2.6)

When both leads are at the same temperature T , the transition rates follow
the detailed balance

ΓL→R(ΔE)

ΓR→L(−ΔE)
= e−ΔE/(kBT ) . (2.7)

Based on the golden rule calculation, the average heat currents generated
in the reservoirs L and R by the transition L → R are

Q̇L
L→R(ΔE) =

1

e2R

∫
dε (−ε) gL(ε) hR(ε−ΔE) and

Q̇R
L→R(ΔE) =

1

e2R

∫
dε (ε−ΔE) gL(ε) hR(ε−ΔE) .

(2.8)

Similarly, the average heat currents generated by the transition R → L

are

Q̇L
R→L(ΔE) =

1

e2R

∫
dε ε gR(ε) hL(ε−ΔE) and

Q̇R
R→L(ΔE) =

1

e2R

∫
dε (ΔE − ε) gR(ε) hL(ε−ΔE)

(2.9)

in L and R, respectively. The total heat released

Q̇tot =
∑

i=L,R

[Q̇i
L→R(ΔE) + Q̇i

R→L(ΔE)] = InetL→RV.

This heat current in the system is associated to a change in the entropy
of the system, with the rate of entropy production Ṡtot = InetL→RV/T for
the tunnel junction. We discuss the entropy production due to the flow of
electrons through the double dot and its connection to heat in Chapter 5.

In the following sections, we present briefly different devices that have
been used in the experiments carried out for this thesis. All the devices
discussed below are made of NIS tunnel junctions to suppress the rate of
electron transfer through the junction at low biasing conditions because of
the presence of a superconductor with BCS density of states on one side
of the junction. This facilitates the counting of single-electron transitions
using a single-electron transistor (SET) [13], a technique employed in all
the measurements presented in this thesis.

2.2 Single-electron box

In this section, we give a brief introduction to the simplest single-electron
device, a single-electron box (SEB), see for example Ref. [83]. It consists of
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a metal lead tunnel-coupled to an island. A scanning electron micrograph
(SEM) of a SEB is shown in Fig. 2.2 (a) where the lead and island are
colored in green and turquoise, respectively. In the figure, the island of the
SEB is capacitively coupled to a voltage source Vg via a capacitance Cg, and
the lead is connected to the common ground. This is a typical setup used
to investigate such a system. In the experiments, an SET is capacitively
coupled to the island whose charge population we are interested in. We
discuss such a setup in the next section.

(a) (b)

(c)

(d)

Figure 2.2. (a) Pseudo-colored SEM image of a single-electron box with its electrical
connections. The turquoise normal metal island is capacitively coupled (ca-
pacitance Cg) to a voltage source Vg and the green superconducting lead is
connected to a common ground. The electron (red circle, not to scale) on the
island can jump to the lead and back (sketched by yellow arrows) through
a tunnel junction of capacitance C when Vg is applied. (b) Schematic of the
electronic circuit in (a). The turquoise dashed box is the island with n as the
number of extra electrons on the island. (c) The variation of SEB energy with
change in the gate voltage for different n values mentioned in the legend. The
red curve shows the variation of n with Vg, corresponding to the minimum
energy of the SEB. (d) The change in the number of extra electrons on the
island n with an increase in the gate voltage.

The total energy of an SEB (for example, in Fig. 2.2) is given by

E(n, ng) = EC(n− ng)
2 . (2.10)

Here, n is the number of extra electrons, compared to the charge neutrality,
on the island at a given value of the gate voltage Vg, and we define the
“gate charge” ng = CgVg/e. The scale of the charging energy is EC =

e2/2(C +Cg), where, C is the capacitance of the tunnel junction in SEB. In
the experiments, the capacitance of a typical SEB is C + Cg ∼ 1 fF. This
ensures that the charging energy EC/kB ∼ 1 K is much larger than the
thermal energy kBT , a condition that needs to be satisfied for the single-
electron effects in the device to be dominant. This condition is satisfied for
all the devices used in this thesis when subjected to sub-K temperatures.
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The energy cost to transfer an electron onto (out of) the island ΔEn→n+1

(ΔEn→n−1) can be calculated using Eq. (2.10) as

ΔEn→n±1 = E(n± 1, ng)− E(n, ng) = EC [1± 2(n− ng)] . (2.11)

The transition rates for electron transfer to and from the island can be com-
puted using these energy costs in expressions (2.3) and (2.6), respectively.
These transition rates follow the detailed balance, as expected from (2.7),
when both the lead and the island are at the same temperature.

In Fig. 2.2 (c), we plot the dependence of the total energy (2.10) on ng for
fixed values of n (presented in different colors). When kBT � EC and ng

is close to 1/2, the island is populated with 0 or 1 extra electrons. Upon a
change in the gate charge by 1, for example between ng = 0 and 1, the n

corresponding to minimum energy changes from no extra electron to one
extra electron on the island. The system is switching between the two
charge states, n = 0 and 1, and the probability of the system to occupy
the third state is given by e−EC(2−max(ng ,1−ng))2/kBT /Z, where the partition
function Z =

∑
m e−E(m,ng)/(kBT ) takes care of the normalization. This

probability is exponentially suppressed at kBT � EC , making the SEB
a two-state system. This is the temperature regime used for the devices
presented in this thesis.

In the following section, we briefly discuss a single-electron transistor.
We demonstrate how to use it as a single-electron box and as a detector to
count the electron transfer in another single-electronic device capacitively
coupled to it.

2.3 Single-electron transistor

A single-electron transistor (SET) comprises of two tunnel junctions con-
nected in series. For example, the blue colored structure in Fig. 2.3 (a)
shows the scanning electron micrograph of an SET. The structure enclosed
in blue box in panel (b) illustrates the electronic circuit corresponding to
the SET. Figure 2.3 shows the two capacitively coupled SETs, one used
as a device and another one as a detector (blue structures). The change
in the number of extra electrons n on the turquoise island of the device is
inferred using the output current through the detector SET [74, 84–93]. In
the further text, this sample is also called as a single-dot or single-island
structure, due to the presence of only one device island in it.

Figure 2.3 (b) shows the schematic sketch of the device and detector SETs,
along with the measurement setup used in Publications II and I. The Vb

(Vb,det) connected to the left lead of the SET is the DC bias voltage source
for the device (detector). To measure the net current through the detector,
its right lead is connected to a digital multimeter via an amplifier with a
typical amplification factor of 1011 V/A. This net current through the SET
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(a) (b)

SET

Figure 2.3. (a) Pseudo-colored scanning electron micrograph of two capacitively coupled
single-electron transistors and (b) the corresponding electronic circuit of the
experimental setup. The yellow arrows show the direction of electron transfer
onto and out of the turquoise island. The SET with turquoise island is the
device with green leads and the blue SET is used as a detector. The number of
extra electrons on the device island n is affected by the gate voltage Vg, the
bias voltage Vb and the charge state on the detector island ndet.

is used to determine its parameters such as the resistance, capacitance
and charging energy, see Sec. 3.2 for details. The theory of SETs has been
developed in Refs. [70, 71, 94, 95].

To understand the dependence of the current on these parameters, we
first introduce the charging energy of the detector SET (uncoupled from
any other system) as

Ech,det(ndet) = ECdet
(ndet − ng,det)

2 , (2.12)

where the scale of the charging energy ECdet
= e2/(2CΣ,det) depends on the

total capacitance CΣ,det = Cdet,1 +Cdet,2 +Cg,det +Cc. The number of extra
electrons on the island ndet is influenced by the gate induced charge ng,det =

Cg,detVg,det/e. The net current through an SET is computed in a similar
manner as for a tunnel junction (2.5) with the energy cost of electron
transfer given by the change in its total energy Edet (2.13) corresponding
to the electron jump. The total energy is a sum of the charging energy
Ech,det(ndet) and the energy contribution due to the potential drop across
its two leads,

Edet(ndet) = Ech,det(ndet) +Ndet,LeVdet,L +Ndet,ReVdet,R . (2.13)

Here, Ndet,L (Ndet,R) is the total number of electrons in the left (right) lead
of the SET and Vdet,L (Vdet,R) is the potential of its left (right) lead.

The total charging energy of a system with a device SET capacitively
coupled to a detector SET (Fig. 2.3) is given by the sum of the charging
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energies of the individual SETs and their coupling energy, namely

E(n) =EC(n− ng)
2 + ECdet

(ndet − ng,det)
2 + 2Ec,det(n− ng)(ndet − ng,det) .

(2.14)

The first term is the charging energy of the device, where EC = e2/(2CΣ),
the total device capacitance is CΣ = CL + CR + Cg + Cc, n is the number
of extra electrons on the island of the device at the gate voltage Vg, and
ng = CgVg/e. The second term is the charging energy of the detector (2.12)
and the last term is the coupling energy between the device and detector,
where Ec,det = e2Cc/[2(CΣCΣ,det−C2

c )] depends on the coupling capacitance
Cc, the device capacitance CΣ and the detector capacitance CΣ,det. The last
term governs how strong is the influence of the device on the detector and
vice versa. This property of capacitive coupling enables us to use an SET
as a charge detector.

The total energy of the system is given by

Etot(n,NL, NR) =E(n) +NLeVL +NR eVR +Ndet,LeVdet,L +Ndet,ReVdet,R,

(2.15)

where the first term is the total charging energy of the system (2.14) and
the second and third terms are the contributions due to the potential drop
across the device. The total number of electrons in the left (right) lead
of the device SET is NL(NR) and the potential of its left (right) lead is
VL(VR). In the experiments, there is no potential drop across the device,
i.e., VL = VR = 0, resulting in a total energy (2.15) equivalent to E(n) (2.14)
plus the energy contributions due to the potential drop across the detector.

The energy costs of electron transfer onto (n → n+1) and out of (n → n−1)

the device island are given by the change in its total energy (2.15), namely

ΔEL
n→n±1 =Etot(n± 1, NL ∓ 1, NR)− Etot(n,NL, NR)

ΔER
n→n±1 =Etot(n± 1, NL, NR ∓ 1)− Etot(n,NL, NR) .

(2.16)

Here, the superscript L (R) implies the energy cost of electron trans-
fer through the left (right) junction of the device. Using these energy
costs (2.16) and Eqs. (2.3), (2.5) and (2.6), the rate of electron transfer
Γα
n→n±1 and the net current through the device I = Iα are computed. Here,

α = L(R) for transitions through the left (right) junction. The rates are
given by

ΓL
n→n±1 =

1

e2R

∫
dε gL(ε) hi(ε−ΔEL

n→n±1) ,

ΓR
n→n±1 =

1

e2R

∫
dε gi(ε) hR(ε−ΔER

n→n±1) ,
(2.17)

where the subscripts L, i and R correspond to the left lead, island and right
lead, respectively. The current from left to right through left and right junc-
tions are IL = −e

∑
n p(n)[Γ

α
n→n+1−Γα

n→n−1] and IR = −e
∑

n p(n)[Γ
α
n→n−1−
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Γα
n→n+1]. The currents through the junctions in series are equal due to the

conservation of charge. This gives the net current as

I = −e
∑
n

p(n)[ΓL
n→n+1−ΓL

n→n−1] = −e
∑
n

p(n)[ΓR
n→n−1−ΓR

n→n+1] , (2.18)

where p(n) is the probability to find n extra electrons on the device island
at steady state, calculated using the master equation [96]

dp(n, t)

dt
= Γn+1→n p(n+1, t)+Γn−1→n p(n−1, t)−(Γn→n+1+Γn→n−1) p(n, t) .

(2.19)
The steady state condition dp(n, t)/dt = 0 imposes the condition on the prob-
ability p(n, t) to be time-independent. Thus, we drop the time argument in
the stationary probability p(n) throughout the thesis.

The master equation (2.19) depicts the Markov dynamics of a system
with two possible jumps in the charge state from a given state n, namely
from n → n± 1. For a system with arbitrarily many jumps allowed from a
given state, the system dynamics is governed by a more generalized master
equation [96]

dp(n, t)

dt
=

∑
m(�=n)

Γm→n(t) p(m, t)−

⎛⎝ ∑
m(�=n)

Γn→m(t)

⎞⎠ p(n, t) . (2.20)

Here, we use the shorthand notation Γm→n(t) for the transition rate from
the initial state m to the final state n and p(n, t) is the occupation prob-
ability of the state n at time t. The time dependence in the transition
rates could be due to a controlled drive in the system or an uncontrolled
fluctuation in rates due to detector back-action. For the system at steady
state, such as the experiments on an SET and a double dot presented in
this thesis, the rates are considered to be time-independent.

The master equation (2.20) recovers Eq. (2.19) when we assume the rates
to be independent of time and allow only transitions to two neighbouring
states n ± 1 from any state n. For a system with 4-probable states, the
evolution equation (2.20) depicts the dynamics of its evolution with three
probable transitions from each state. We discuss more about such a system
in Sec. 2.4.

2.3.1 Measurement protocol

In the experiments, the bias voltage Vb,det of the detector SET is fixed such
that there is a maximum change in the detector output current I when
a jump in the system state n occurs. Next, the gate voltage Vg,det of the
detector is fixed such that a small change in Vg,det induces the maximum
change in I, i.e., |∂I/∂Vg,det| is maximized.

Both the device leads are connected to a common ground Vb = 0. This
ensures both the leads of the device to be at the same potential. This
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implies that the two leads of the device SET can be approximated as a
huge lead connecting to its island from two sides, thus making the device
SET act like an SEB.

During the measurements, the gate induced charge ng is kept fixed
to acquire a long time trace of the current I, around 48 hours with the
transition rate of electron jumps in device SET of the order of 100 Hz.
This ensures a large number of electrons jumping onto and out of the
device island, hence improving the statistics of the fluctuations, see for
example Fig. 4.4 and Publication II. The gate voltage Vg is used to control
the rate of electron transfer onto and out of the device island. In Figure 4.5,
we present the results with varying rates due to change in Vg.

The measurement output is the time trace from the detector SET. Fig-
ure 4.1 (a) shows one such trace. The high (low) level in the time trace is
interpreted as the presence (absence) of one extra electron on the turquoise
island. However, this does not give us information on the transition of
electrons into or out of the individual leads of the device. That is, given
the jump of an electron from a lead to the island, we cannot distinguish
whether the electron jump has occurred from the left lead or the right one.
This limitation is surpassed in an electronic double dot where we can check
the direction of electron transfer once an electron jump has occurred. This
is the focus of the next section.

2.4 Electronic double dot system

An electronic double dot [85, 97, 98] comprises of two metallic islands
tunnel-coupled to two leads and to each other. The orange box in Fig. 2.4 (a)
shows the electron micrograph of a double dot structure with green (N) and
cyan (S) islands tunnel-coupled to each other and to the red (S) and purple
(N) leads. Panel (b) shows the corresponding electronic circuit together
with the room-temperature measurement setup. As the double dot consists
of two islands, it can be approximated as a system with four states. As
mentioned earlier, all the tunnel junctions are of the NIS type. The top
green and bottom cyan SETs in the figure are used as detectors, each
capacitively coupled to the island of same color.

The output currents Idet,L and Idet,R through these detectors are used to
infer the charge state of the system, i.e., the number of extra electrons
on the islands of the double dot. For example, in Fig. 2.5 (a), we present
the color map of the rescaled2 detector output currents, iL and iR, at fixed
double dot bias voltage Vb and gate voltages Vg,L and Vg,R. The figure shows
four densely populated system states (nL, nR) = {(0, 0), (0, 1), (1, 0), (1, 1)}
with their probability density marked by the scale on right. Here, nL (nR)

2The rescaled current is defined as iα = [Idet,α− Imin
det,α]/[I

max
det,α− Imin

det,α], where Imax

(Imin) is the average value of the current I corresponding to state nα = 1(nα = 0).
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(b)(a)

Figure 2.4. (a) Sample micrograph of a metallic double dot with false color to identify its
different components. (b) Schematic of the electronic circuit corresponding
to the sample together with the measurement setup. The double dot part of
the sample (enclosed in the orange box) consists of two islands (green and
cyan structures) and two leads (red and purple). The leads and islands are
tunnel coupled to each other forming three NIS tunnel junctions in series, with
capacitances CL, Cm, CR and resistances RL, Rm, RR, corresponding to the
left, middle and right junction respectively. The electrons on each island can
transfer to the neighboring island or lead, shown by the yellow arrows. These
jumps within the islands and between the island and lead are monitored using
two single-electron transistors (SETs), one capacitively coupled to each island.
The coupling capacitances are Cc,L and Cc,R respectively for the left and right
island-detector couplers, gray rectangular structures between the islands
and SETs. The remaining gray structures are the gates to the double dot
and the detectors, each connected to a DC voltage source, Vg,L, Vg,R, Vg,det,L

and Vg,det,R via the capacitances, Cg,L, Cg,R, Cg,det,L and Cg,det,R, respectively.
The capacitances of the detector junctions are Cdet,L,1, Cdet,L,2, Cdet,R,1, and
Cdet,R,2. The DC voltages Vb, Vb,det,L, and Vb,det,R are applied across the
double dot and detectors, respectively. Adapted from Publication III.
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Figure 2.5. (a) The probability density of the normalized detector currents (iL, iR) obtained
from a 15 s time trace for double dot bias Vb = 90 μV, showing the four densely
populated charge states (nL, nR). The possible transitions between the states
are represented by the black arrows with the numbers indicating the number
of jumps per second, averaged over 7.5 hours. (b) The measured (symbols)
waiting-time distributions ψ(nL,nR)(t) for the states (nL, nR) in the double dot
at bias Vb = 90 μV. The solid lines are exponential fits to the experimental
values (symbols). Adapted from Publication III.
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is the number of extra electrons on the left (right) island of the double dot.
The black arrows indicate the transitions between different system states,
with the numbers presenting the average number of jumps in a second.

In Fig. 2.5 (b), we plot the waiting-time distributions ψ(nL,nR)(t) for the
four system states shown in panel (a). The waiting-time distribution
ψx(t) is defined as the probability of system to stay in a given state x

for time duration t before undergoing any transition. The exponential
probability density confirms the Markovian dynamics of the system
states. Hence, the time evolution of the system states is given by the
master equation (2.20), where the transition rates between the different
system states are governed by the system parameters, such as capacitances
Cx and resistances Rx, and the DC voltages applied to the leads Vx, see
Fig. 2.4 (b). This dependence is explained below.

The following subsections are arranged as follows. First, we mention the
dependence of total energy of the double dot system on the system parame-
ters, see Sec. 2.4.1. Then, we present a brief note on the transition rates
between different system states with a table consisting of the experimental
rates, see Sec. 2.4.2. Next, a brief note on the detector output currents is
mentioned (Sec. 2.4.3) followed by a discussion on the different physical
quantities that can be computed using the output currents, see Sec. 2.4.4.

2.4.1 Energy considerations

The total energy of a double dot system with each of its island capacitively
coupled to an SET (for example, the system in Fig. 2.4) is given by [97]

E(nL, nR) =Edot(nL, nR) + EC,det,L(ndet,L − ng,det,L)
2

+ EC,det,R(ndet,R − ng,det,R)
2

+ Ec,L(nL − ng,L)(ndet,L − ng,det,L)

+ Ec,R(nR − ng,R)(ndet,R − ng,det,R) +
NL −NR

2
eVb .

(2.21)

The number of extra electrons on the island of the left (right) detector SET
is ndet,L(ndet,R) and the total number of electrons in the left (right) lead is
NL(NR). The dimensionless gate induced charges of the metallic islands
read

ng,det,L =
Cg,det,LVg,det,L

e
, ng,det,R =

Cg,det,RVg,det,R

e
,

ng,L =
Cg,LVg,L

e
+

CLVb

2e
, ng,R =

Cg,RVg,R

e
− CRVb

2e
.

(2.22)

Here, we have considered a symmetric bias of the double dot, i.e., the
potentials of its left and right lead are Vb/2 and −Vb/2, respectively. In the
experiments, we apply an asymmetric bias, i.e., the potential of the left
lead is Vb while the right lead is grounded. The effect of this asymmetry on
the dimensionless charge (2.22) and the total energy of the system (2.21)
can be absorbed into shifts of the gate voltages Vg,L and Vg,R.
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The first term in Eq. (2.21) is the electrostatic energy of the double dot,
given by

Edot(nL, nR) =
EC1

2
(nL−ng,L)

2+
EC2

2
(nR−ng,R)

2+EC,m(nL−ng,L)(nR−ng,R) .

(2.23)
Here, the first two terms are the charging energies of the islands with
the scaling factors EC1 = e2C2/C

2
0 and EC2 = e2C2/C

2
0 determined by

the effective capacitance of both islands3, C1 and C2, and the capacitance
combination C2

0 = C1C2 − C2
m. The coupling energy is EC,m = e2Cm/C2

0 .
The second and third terms in Eq. (2.21) are the electrostatic energies of

the detectors, where EC,det,α = e2/[2CΣ,α] is the charging energy of detector,
α = L and R, with total capacitance CΣ,α = Cdet,α,1 + Cdet,α,2 + Cg,det,α +[
C−1c,L + (CL + Cg,L + Cm)−1

]−1.
The fourth and fifth terms in Eq. (2.21) describe the capacitive coupling

between the dots and the detectors, where the coupling energies Ec,L, Ec,R

are defined as

Ec,R =
2e2Cc,R

C2CΣ,R +
√
C2CΣ,R(C2CΣ,R + 4C2

c,R)
,

Ec,L =
2e2Cc,L

C1CΣ,L +
√
C1CΣ,L(C1CΣ,L + 4C2

c,L)
.

(2.24)

The last term in Eq. (2.21) is the energy contribution due to the potential
drop across the double dot.

We define n ≡ (nL, nR) to present the state of the double dot system, i.e.,
the state with nL (nR) extra electrons on the left (right) island. The energy
cost for the system to jump from a state n to m ≡ (mL,mR) is given by

ΔEn→m = E(mL,mR)− E(nL, nR) . (2.25)

From Eq. (2.25), we have ΔEn→m = −ΔEm→n. Thus, we need only six
energy costs to characterize all the 12 transitions in the double dot, see the
black arrows in Fig. 2.5 (a). The complete list of all six energy costs can be
computed using Eqs. (2.21) and (2.25). It can be found in the supplemental
material of Publication III, where this energy cost is referred to as the
Joule heat Qn

m associated with the transition m → n.
Using the energy cost (2.25), we can compute the transition rates be-

tween states, Γn→m, and the net current through the double dot in a similar
manner as for the tunnel junction, see Eqs. (2.3), (2.5) and (2.6). However,
the energy cost ΔEn→m, transition rate Γn→m and the net current calcu-
lated this way depend on the charge states of the detectors. For example,

3The effective capacitances of the double dot islands are C1 = CL + Cg,L + Cm +[
C−1

c,L + (Cdet,L,1 + Cdet,L,2 + Cg,det,L)
−1

]−1 and C2 = CR + Cg,R + Cm +
[
C−1

c,R +

(Cdet,R,1 + Cdet,R,2 + Cg,det,R)
−1

]−1.
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for the system to jump from (0, 1) to (1, 0) it reads

ΔEn→m =− (EC1 − EC,m)

(
1

2
− ng,L

)
+ (EC2 − EC,m)

(
1

2
− ng,R

)
− Ec,L(ndet,L − ng,det,L) + Ec,R(ndet,R − ng,det,R) .

(2.26)

This energy cost depends on the instantaneous values of charge states
of the detectors, ndet,L and ndet,R, and their gate induced charges, ng,det,L

and ng,det,R, along with the system state and gate induced charges. These
charge states of the detectors fluctuate in time with a typical frequency
of Imeas

det,α/e � 0.1 GHz which is much higher than our data acquisition rate
f = 25 kHz. Hence, we experimentally observe the current through the
double dot and the transition rates between system states corresponding
to the energy costs as an average over the detector charges. We present
this averaged energy costs with the superscript avg, i.e.,

ΔEavg
n→m = 〈ΔEn→m〉ndet,L,ndet,R

. (2.27)

This is the energy cost we obtain by neglecting the fluctuations due to the
detectors.

2.4.2 Transition rates

The averaged transition rates Γavg
n→m is the transition rate Γn→m averaged

over the detector charges, namely

Γavg
n→m = 〈Γn→m(ΔEn→m)〉ndet,L,ndet,R

. (2.28)

From the experimental data, we compute the transition rate from state n

to m using [85]

Γexp
n→m =

Nn→m

p(n)τ
. (2.29)

Here, Nn→m is the total number of jumps from state n to m during the
measurement time τ . The steady state probability of the states p(n) is
given by

p(n) = τn/τ , (2.30)

where τn is the time for which system stays in state n during time τ . We
present the list of transition rates Γexp

n→m corresponding to different bias
voltages Vb across the double dot in Table 2.1.

The non-averaged rates Γn→m satisfy the detailed balance condition

Γn→m

Γm→n
= e−ΔEn→m/(kBT ) (2.31)

at equilibrium with the same temperature T for electrons, phonons, and
noise. However, in the presence of back-action of the detectors the detailed
balance with electronic temperature Tel does not hold for the averaged rates
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Bias Transition rates Γm
n ≡ Γexp

n→m (in Hz)
(μV ) Γ

(0,1)
(0,0) Γ

(0,0)
(0,1) Γ

(1,1)
(0,0) Γ

(0,0)
(1,1) Γ

(1,0)
(0,0) Γ

(0,0)
(1,0) Γ

(1,1)
(0,1) Γ

(0,1)
(1,1) Γ

(1,1)
(1,0) Γ

(1,0)
(1,1) Γ

(1,0)
(0,1) Γ

(0,1)
(1,0)

90 644 131 14 4 52 39 41 43 167 54 25 30
65 120 71 3 2 51 30 34 35 88 98 46 21
50 104 76 8 7 274 177 149 156 81 98 39 22
25 73 98 1 3 37 27 24 38 55 144 41 20
-25 91 82 2 2 36 28 26 40 67 114 25 32
-50 101 72 10 9 371 287 205 252 78 87 21 36

Table 2.1. The transition rates for the double dot jumping from state n → m, Γexp
n→m,

calculated from the experimental data for different device bias voltages. All the
data are obtained from counting statistics of experimental traces for a duration
of at least 1 hour.

Γavg
n→m (2.28) and the averaged energy costs ΔEavg

n→m , i.e., Γavg
n→m/Γavg

m→n �=
exp [−ΔEavg

n→m/kBTel]. This is the case in the double dot system, where we
use the relation between the average entropy production rate 〈Ṡ〉 and Joule
heating 〈I〉Vb,

〈I〉Vb = Teff〈Ṡ〉 , (2.32)

to define an effective temperature Teff . The details on how to calculate the
entropy production in this case is provided in Chapter 5 and the appendix
of Publication III.

2.4.3 Current through the double dot

The net current through the double dot, averaged over the detector charges,
can be computed using Eq. (2.5). This net current is compared with the
experimentally measured current to characterize the double dot system.
See Sec. 3.2 for details on the characterization method.

Figure 2.6 shows the gate dependence of the measured current through
the double dot at bias voltage (a) Vb = 0 and (b) Vb = 120 μV. The
data presented here corresponds to the system configuration in which all
the electrodes are made normal by applying magnetic field H ≈ 150 mT
perpendicular to the structure. The black lines in (a) show the honeycomb
structure as expected from the energetics of the system [97]. The black
line shows the gate positions where the system switches between two
states and the triple points show the positions where the system switches
between three possible states. With an increase in bias voltage, these
triple points are enlarged to take the form of a triangle. For example, at
Vb = 120 μV in panel (b), we observe two overlapping triangles marking
the disappearance of the line between the two triple points.

In experiments, we fix the gate voltages of the double dot such that the
system stays at point P between two triple points. We present below the
measurement protocol briefly. For more details, we refer to the appendix of
Publication III.
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(b) (a)

Figure 2.6. Current through the double dot structure at bias voltage (a) Vb = 0 and (b)
Vb = 120 μV when all the electrodes are in the normal state. The black lines
in (a) illustrate the honeycomb structure of the stable charge states, where
the triple points are the gate voltage operating points with maximum current
through the system. In (b) the black lines depict the broadening of the triple
point when the bias voltage is increased. The marked location P shows the
midpoint of a line joining two triple points. The measurements were carried
out at a similar point to have access to four approximately equally probable
system charge states at non-zero bias.

2.4.4 Measurement protocol

A sketch of measurement setup is shown in Fig. 2.4 (b). In the experiments,
at first the bias and gate voltages of the detectors are fixed to optimize
the signal to noise ratio (SNR) in detector output currents, Idet,L and Idet,R,
at a fixed gate induced charges, nL and nR, of the double dot. Next, the
double dot bias voltage Vb is fixed while the right lead is left grounded.
The two gates Vg,L and Vg,R are kept fixed such that the system is at the
midpoint of the line connecting two triple points, for example point P in
Fig 2.6 (a). This ensures the accessibility of four states by the system
at finite bias. The measurement is carried out for several hours with a
feedback protocol to compensate for the low frequency background charge
fluctuations [99, 100] which induce additional effective gate voltages to
the double dot islands. The feedback checks the system state (nL, nR)
after every 15 s and provides a correction to the gates Vg,L and Vg,R once it
realizes that the system is no longer at point P .

By the end of the measurement, we have recorded a few hours of time
evolution of Idet,L and Idet,R. Figure 2.7 (a) shows a sample of the detector
output traces. We use such traces to infer the change in the charge state
of the system (nL, nR), see panel (b). The high (low) level of the detector
current implies the presence (absence) of one extra electron on the corre-
sponding island. Using the time dependence of these states (nL, nR) and
the definition (5.8), we compute the time trace of stochastic entropy produc-
tion, see Fig. 2.7 (c). Since, the system states (nL, nR) change between the
four probable values (see Fig. 2.5), the computed stochastic entropy pro-
duction has discrete steps without any experimental noise. Using the time
trace of stochastic entropy production, we compute its minimum value the
system can attain in a given time interval and study the statistics of such
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(a)

(b)

(c)

(d)

Figure 2.7. (a) A sample time trace of the current output from the left (right) detector,
Idet,L (Idet,R) for device bias Vb = 90μV, shown by the green (cyan) line. (b)
The corresponding time trace of system state (nL, nR) calculated based on
threshold detection and correlation analysis of the detector currents. (c) The
time trace of stochastic entropy production corresponding to the time trace
of (nL, nR). (d) The time trace of net number of electrons transferred n(t)
through left (green), middle (black) and right (cyan) junction of the double dot.
n(t) is calculated as the total number of electrons transported from right to
left minus the total number of charges transported in the reverse direction.

quantities. The computation of minimum stochastic entropy production
from the corresponding time trace is demonstrated in Fig. 2.8 (a) and (b).
For technical details, we refer to Chapter 5 and Publication III.

Furthermore, we use the time trace of system charge state (see Fig. 2.7 (b))
to compute the net charge transfered through each junction, see Fig. 2.7 (d).
The time trace of this net charge transfered trace allows us to compute the
first-passage times for certain amount of charge flow in a given direction.
Fig. 2.8 (c) demonstrates the first-passage time (red circles) for sample ex-
perimental traces (blue) obtained from double-dot with bias voltage 90 μV.
Such passage times are discussed in Chapter 6 and Publication IV.
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(c)

(a) (b)

Figure 2.8. (a) Sample time trace of stochastic entropy production for different bias voltage
across the double dot (see legend). (b) Zoomed view of blue rectangular region
in (a). The different symbols show the minimum stochastic entropy produced
for each trace in time t = 10 s. (c) Sample time trace of the net number of
electrons transferred N(t) through middle junction of the double dot (in blue
color) at bias voltage 90 μV. The red circles mark the first time N(t) = 10,
i.e., net 10 electrons pass through the middle junction of double dot system.
Adapted from Publications III and IV.
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3. Experimental methods

In this chapter, we present the experimental methods employed to obtain
the samples used in this work. The chapter starts with a brief introduction
to device fabrication methods. Next, the procedures used to check the
device functionality are discussed in Sec. 3.2. The chapter ends with a
brief note on the measurement setup

3.1 Sample fabrication

Figures 3.1 (a) and (b) show scanning electron micrographs of samples with
a single-island and a double-island structure, respectively. Different colors
of the metal layers indicate different fabrication steps. The panels (i-xix)
give a schematic overview of the steps used in the fabrication protocol,
with parameters listed in Table 3.1. We will now go through each step in
detail.

We start with a 525 μm thick Si wafer coated with a thermally-grown
300 nm thick layer of SiO2, see Fig. 3.1 (i). The wafer is then spin-coated
with an approximately 300 nm thick layer of positive e-beam resist (Allre-
sist AR-P 6200, 13% in anisole) using a spinner with 6000 rotations per
minute (rpm) for 1 min. After spinning, the polymer resist coated wafer
is baked at 150◦C for 10 min to evaporate the solvent and strengthen the
resist layer, see Fig. 3.1 (ii).

Next, the resist is exposed to a 100 kV electron beam (Vistec EBPG 5000+)
to define the shapes of the features in the ground plane layer (orange
structures in Fig. 3.1). The ground plane includes the coupler electrode
between the device and detector parts of the sample, the gates for the
device and detectors to vary the potential of the corresponding islands, the
bonding pads, the markers to align the wafer while writing the structures
in the subsequent EBL step, and a continuous ground plane electrode to
facilitate on-chip filtering of spurious microwave photons from reaching
the sample [101]. For small structures (typical dimension < 5μm) that will
be located close to the SET junctions, a low beam current (1 nA) is used.
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For large structures (> 5μm, usually few 100μm) that form the pads for
bonding different leads and gates, a high current (typically 100-200 nA)
is used. After EBL, the exposed wafer is developed using developer AR
600-546 for 3 min, followed by an isopropyl alcohol (IPA) rinse for 30 s, and
finally blow-dried using nitrogen, see Fig. 3.1 (iii).

The developed structures are metallized on the wafer by evaporating first
2 nm of Ti, then 30 nm of Au followed by another 2 nm of Ti using e-beam
physical vapor deposition (typical chamber pressure in the 10−8 or 10−7

mbar range), see Fig. 3.1 (iv). The first Ti layer increases the adhesion of
the gold layer to the SiO2 and the latter Ti layer improves the growth of a
subsequent aluminium oxide dielectric layer.

After evaporation, the wafer is immersed in AR 300-76 at 80◦C for around
2 hr, followed by IPA rinse and N2 dry, to remove the remaining resist and
unwanted metals from the surface. This step is called liftoff, see Fig. 3.1 (v).
At the end of this step, the fabrication of the ground plane is completed.

Next, we grow an approximately 50 nm thick Al2O3 dielectric layer on
the wafer, using the atomic layer deposition (ALD) technique, to isolate
the ground plane from the bias leads and tunnel junction structures, see
Fig. 3.1 (vi).

On the top of this ALD layer, a Ge-based hard mask [13] is prepared
as follows: First, we spin-coat the wafer with approximately 400 nm
polymethylmethacrylate (8.5)-methyl acrylic acid P(MMA-MAA) using the
spinner at 5500 rpm for 1 min followed by baking the wafer for 30 min at
180 ◦C, see Fig. 3.1 (vii). The next layer is 22 nm Ge, e-beam evaporated
at the rate of 0.15 Å/s, see Fig. 3.1 (viii). The last and topmost layer is
approximately 50 nm polymethyl methacrylate (PMMA) (molecular weight
2.2 million, 1.8% in anisole) spin-coated at 2500 rpm for 1 min followed by
1 min baking at 160 ◦C, see Fig. 3.1 (ix).

The wafer is then exposed to the electron beam for defining the final
mask pattern that includes the tunnel junctions, islands, and leads (blue,
green and red structures in Fig. 3.1). This step is followed by the pattern
development on the topmost layer using 30 s immersion in a 1:3 solution (by
mass) of methyl isobutyl ketone (MIBK) : IPA, IPA rinse, and subsequently
drying with N2, see Fig. 3.1 (x).

After this step, the pattern is transferred to the Ge layer by reactive
ion etching (RIE) with CF4 gas for 2 min and 20 s, see Fig. 3.1 (xi). Next,
the pattern is transferred to the copolymer layer during a typically 10 min
long oxygen plasma etch using the same RIE tool, see Fig. 3.1 (xii). This
phase also removes any remaining PMMA on top of the Ge film. The wafer
is then exposed to a more isotropic oxygen plasma etching for 30 min to
form a larger undercut profile in the copolymer layer. The isotropic etch is
achieved by increasing the RIE chamber pressure. Fig. 3.1 (xiii) shows the
side view of the mask at this stage of the sample fabrication.

Next, the final structures are deposited through the holes in the Ge
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and copolymer layers, followed by acetone liftoff. This metal deposition
step consists of three-angle shadow evaporation [74] with an in-situ oxi-
dation step between each pair of metallic layers. This is done to have an
individual control over the junction transparencies, resulting in engineered
resistances for the detector SETs and the device part of the sample.

As the first step of the final structure deposition, we evaporate 14
nm of Al, see Fig. 3.1 (xiv). This corresponds to the blue structures in
Fig. 3.1 (a, b); middle replica of the pattern at normal incidence.

After this step, the chip is exposed to 2 mbar of pure O2 for 2 min for in-
situ oxidation of the Al layer without breaking the vacuum, see Fig. 3.1 (xv).
The resulting, approximately 2 nm thick, Al2O3 [102] layer creates the
high-quality tunnel barrier for the NIS junctions in the detectors.

The oxidation step is followed by evaporation of 30 nm of Cu (red struc-
tures in Fig. 3.1 (a, b)) at an angle θ1 such that Cu from this evaporation
is shifted down by d1 with respect to Al from the first evaporation, see
Fig. 3.1 (xvi). This results in the detector tunnel junctions with an overlap
area of a1 × b1. The tilt angle θ1 is adjusted such that the desired shift
d1 = h tan(θ1) is obtained for the mask thickness h ≈ 420 nm.

Next, pure O2 at 5 mbar is used for 5 min to further oxidize the Al
layer, see Fig. 3.1 (xvii). This step thickens the insulating layer for the
NIS junctions in device part of the sample, and therefore increases their
resistance.

In the end, 50 nm of Cu (green structures in Fig. 3.1 (a, b)) is evaporated
at an angle θ2 such that the layer is shifted up by d2 with respect to the Al
layer, see Fig. 3.1 (xviii). This causes an overlap of area a2 × b2 between
the last Cu layer and the first Al layer, and thus forms the device tunnel
junctions.

The angles, θ1 and θ2, are adjusted such that the overlaps in the detec-
tor(s) are not affecting those of the device, and vice versa. After evaporation,
the unwanted metals and residual mask are removed by acetone liftoff,
followed by N2 dry, Fig. 3.1 (xix).

Sample θ1 θ2 d1 d2 a1 × b1 a2 × b2

Single-island 38◦ −23◦ 340 nm 210 nm 25× 50 nm2 25× 50 nm2

Double-island 36◦ −21.5◦ 335 nm 220 nm 30× 30 nm2 20× 20 nm2

Table 3.1. Fabrication parameters for the single-island and double-island samples. The
shifts di have a typical error bar of 5 nm due to uncertainties in setting the tilt
angles and determining the exact distances from SEM images. The junction
overlap areas ai × bi are by design.
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Figure 3.2. The device characterization and measurement setup. The fabricated sample
with Al-Al2O3-Cu tunnel junctions is glued with vacuum grease to the sample
holder, the structure circled in turquoise in panel (a), and the sample leads
are bonded to the copper pads on the sample stage. The sample stage is
mounted on a platform with electrical terminals where the resistances of
the tunnel junctions are checked using a digital voltmeter. Circled inset in
panel (a) shows a zoomed image of the sample chip with the bonding tool
of the Al wire bonder. The sample with desired resistances is connected to
the low-temperature measurement setup, (b) which is then inserted to the
dilution refrigerator He-dewar, black cylinder in (c) for cooling the sample to
sub-K temperatures.

3.2 Device characterization

After fabrication, scanning electron micrography (SEM) of the sample is
performed. This is the first test to check whether a batch of samples is good
or not. Then, if they look good, their junction resistances are measured.
To do so, the chip is bonded to a sample stage using a wire bonder (see
Fig. 3.2 (a)), and the resistances of the sample are measured using a digital
multimeter.

For samples with resistances higher than approximately 30 MΩ, the
multimeter is replaced by a room-temperature I − V measurement setup,
comprising of a voltage source connected to one lead of the structure and a
current preamplifier to the other. The input voltage V is varied and the
output current I from the amplifier is recorded. Next, Ohm’s law (V = IR)
is used to infer the sample resistance R.

The chip, with a sample of desirable resistances, is then cooled down
to the base temperature of the dilution refrigerator [103], around 50 mK,
starting with measurements to infer the capacitances, charging energies
and individual junction resistances.

3.2.1 Single-electron transistor

The I-V characteristics of a single-electron transistor are measured using
the setup shown in Fig. 2.3 (b) top, i.e., the blue SET. The bias voltage
Vb and gate voltage Vg are varied to record the device output current I at
each point in Vb and Vg. The resulting plot (for example Fig. 3.3 (a)) is
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0.6
0.8

-0.6
-0.8

(a) (b)

Figure 3.3. The I − V characteristics of a single-electron transistor. (a) The blue dots
are the measured output currents Imeas at different bias and gate voltages.
The black lines are computed using numerical simulations with parameters
mentioned in the inset. (b) The color map of the SET output current with gate
and bias voltages as the x and y-axis, respectively.

compared with the I-V characteristics obtained using standard numerical
simulations based on the Fermi’s golden rule and the master equation [104].
The comparison yields the sample resistance, capacitances and charging
energy as the fitting parameters to the experimental curve.

Blue dots in Fig. 3.3 (a) show the output currents measured at different
gate and bias voltages for an SET. The black line is obtained from the
simulation, assuming a charging energy Ec = 130μeV and total resistance
R = 1.6MΩ with the asymmetry in junctions RL/RR = 3.5. The asymmetry
is defined as the ratio of the left junction resistance RL = 1.2MΩ and that
of the right junction RR = 0.4MΩ.

The SET detectors in the double-island sample had resistances of the
order of 1 MΩ with charging energies ≈ 85± 5 μeV. For the single-island
sample, the total resistance of the device tunnel junctions was 50 MΩ while
the detector had total resistance of 10 MΩ. The charging energy for both
SETs was approximately 140 μeV.

3.2.2 Double-island structure

To obtain the I-V characteristics of the double-island structure, we modify
the measurement setup shown in Fig. 2.4 (b) as follows. First, we replace
the connection to ground from the right lead of the double-island by an
amplifier (Femto LCA-2-10T), with amplification coefficient 1012 V/A, con-
nected to a digital multimeter (Agilent 34410A). Second, we connect all
the electrical terminals in both the detectors to ground. After done with
these modifications to the circuit, we measure the output current, I, as a
function of the bias voltages Vb at different gate voltages Vg,L and Vg,R.

The high-bias I-V measurement yields the total resistance of all three
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(a)

(b)

0.8-0.8

Figure 3.4. The I-V characteristics and stability diagrams of the double-island. The
minimum (blue) and maximum (orange) current value at a given bias voltage
for the device while both the gate voltages Vg,L and Vg,R are varied in absence
of any externally applied magnetic field. The red and green symbols show the
maximum and minimum currents measured when the structure is subjected
to a magnetic field, H ≈ 150 mT. At this high H, the superconductivity of
aluminium is suppressed leading to increase in current through the double-
island structure. The stability diagram for the bias voltages (a) Vb = 0 and
(b) Vb = 120 μV in presence of the magnetic field. In inset (a), the honeycomb
pattern typical for a double-island device [97] is visible. The high current
spots correspond to the triple points at which the energies of three charge
states are degenerate and the electric current can flow through the device. In
inset (b), the triple points grow into triangles as the finite bias allows electrons
to pass through the double-island away from degeneracy. The shape of the
honeycomb structure and of the triangles allows us to determine the charging
energies of the islands [97].
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double-island junctions in series to be RL +Rm +RR � 55 MΩ. Figure 3.4
shows the maximum (orange) and minimum (blue) values of I for each
bias point Vb, at the base temperature ≈ 50 mK of the dilution refrigerator.
This gives the superconducting gap Δ = 200 μeV and the total charging
energy of the double-island EC,L+EC,m+EC,R = 110 μeV. Here, EC,L, EC,m

and EC,R are the charging energies of the left, middle and right junctions
of the double-island, respectively.

At bias voltages |Vb| � 3Δ/e, the direct measurement of current through
the double-island structure with a room-temperature preamplifier is not
possible due to the current being of the order of aA. To surpass this lim-
itation, we restore the measurement setup in Fig. 2.4 (b) and infer the
single-electron current through the structure using the output currents
Idet,L(t) and Idet,R(t) through the detectors.

To compute the individual charging energies of the double-island junc-
tions, we apply a magnetic field H ≈ 150mT to suppress the superconduc-
tivity in Al. Then, we measure the current through the double-island at
different bias voltages Vb while varying the gate voltages Vg,L and Vg,R to
obtain the stability diagram. Insets (a) and (b) in Fig. 3.4 show the stability
diagram for Vb = 0 μV and Vb = 120 μV, respectively. The corresponding
maximum and minimum values of I for different Vb are presented in the
main figure by the red and green symbols, respectively. Comparing the sta-
bility diagrams (a) and (b) to the theory from [97] we extract the charging
energies EC,L = 60 μeV, EC,m = 10 μeV, and EC,R = 40 μeV.

3.3 Measurement setup

The schematic sketch of the measurement setup for both a single-island
and a double-island structure is presented in Chapter 2. The measure-
ments presented in this thesis are performed at the base temperature
of the dilution refrigerator, close to 40 mK, and slightly elevated temper-
atures up to 250 mK. For details on the refrigeration techniques, refer
to [75].

The chips with either a single-island or a double-island sample were
enclosed in a sample holder (marked by the circle in Fig. 3.2 (a)) with
12 measurement lines for measuring current and changing bias or gate
voltages. The sample stage is then connected to the measurement setup,
an example of which is shown in Fig. 3.2 (b). It shows the insert of a plastic
dilution refrigerator [103] which is to be dipped in the He-dewar, black
cylinder in Fig. 3.2 (c), to maintain the sample at mK temperatures. All
the signal lines connecting the sample to the outer measurement setup
are filtered by Thermocoax cables [105], and the sample stage is thermally
anchored to the mixing chamber.

The measurement data from the experiments on single-island (double-
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island) were acquired at the sampling frequency of 50 kHz (25 kHz), which
is much higher than the transition rates of electron onto and out of the
device island, ≈ 100 Hz. The transition rates in detector island are ≈
GHz with a detector bandwidth of 10 kHz given by the output current rise
time. The superconductivity in the experiments is used as an appliance
to obtain slow electron transitions onto and out of the device island such
that these transitions can be followed by the detectors. All the measure-
ments apart from the ones for computing the double dot capacitance and
charging energy (mentioned in Figs. 2.6 and 3.4) were performed in the
superconducting state of Al (the superconductor used or NIS junctions in
this thesis).
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4. Current distribution of a bistable
system

A bistable system is one of the simplest dynamical systems. This bista-
bility is very common in nature [106], e.g., in solid state [107–109], mag-
netic [110–112], and biological systems [113]. In an electronic system (such
as SETs in Sec. 2.3), this bistability could be pictured as the jump between
two stable states in the system. However, it is not always easy to compute
these transition rates. For example, when the detector (used to witness the
system jumps) response time is larger than the time needed for system to
jump. In Publication I, we propose a new approach to determine the rates
that works even in such case.

The current through a bistable system has a bimodal distribution. How-
ever, when averaged over long time this distribution takes the form of an
ellipse [5, 106]. It is interesting to investigate this crossover from bimodal
to elliptic behavior. This is the focus of Publication II. This chapter pro-
vides the experimental results of Publications I and II, and the required
theoretical background.

We start with a general discussion of the current output from a bistable
system, which includes the telegraph signal and the white noise. Next, the
calculation of the distribution of the fluctuating current, filtered in two
different ways, is presented in brief. In Sec. 4.2, a procedure to compute
the transition rates between the system states using the distribution of
filtered current is presented. The chapter ends with theoretical results on
the properties of time-averaged current distribution in a general bistable
system, and its comparison to the experimental data from the experiments
on single-island structure, see Sec. 2.3 and Publication II.

4.1 Output current

The output current through the detector coupled to a bistable system (for
example the blue SET in Fig. 2.3) is presented by

Id(t) = Itel(t) + ξ(t) . (4.1)
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Figure 4.1. (a) Sample time trace and (b) the corresponding distribution of the output
current through a detector coupled to an SEB (see Fig. 2.3 for the measurement
setup). The filtered signal (4.3) and the corresponding distribution plotted in
panels (c) and (d), respectively, for τf = 1 ms. (e) and (f) are the filtered signal
and distribution with τf = 50 ms. Adapted from Publication I.

Here, the first term on the right hand side Itel(t) is the telegraph signal,
which shows the jumps between the system states and the relaxation after
a jump has occurred. The second term, ξ(t), incorporates the noise in the
detector output current caused by different sources, e.g., white noise, 1/f
noise, and 50 Hz noise due to pick-up from the power lines.

Figure 4.1 (a) shows a typical detector output current from a bistable
system. The cyan and green lines mark the two possible system states,
namely 0 and 1 extra electrons on the island of the system (e.g., the
turquoise island in Fig. 2.3), respectively. The variation of these states over
time is represented by Itel(t). The spreading shown in orange arrows is due
to the noise in output signal, ξ(t). Figure 4.1 (b) shows the corresponding
distribution of the current with two peaks, one corresponding to each state.

Next, we convolve the output signal, Id(t), with an arbitrary function f(t)

to obtain I(t) as

I(t) =

∫ ∞

−∞
dt′ f(t− t′) Id(t′) . (4.2)

We use different functional forms of f(t) to serve our purpose. For example,
to obtain the time-averaged current (so called "running average") over time
τf from initial time t− τf , we use f(t) = θ(t)θ(−t+ τf )/τf . Here, θ(x) is the
Heaviside step function

θ(x) =

{
0 , x < 0

1 , x > 0 .
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In order to apply a low pass filtering to the signal Id(t) with a bandwidth
of 1/τf , we use f(t) = e−t/τf θ(t)/τf .

In the following sections, we consider both the aforementioned convolu-
tion functions for two different configurations. First, we study a case in
which f(t) is a filtering function with no influence on detector response
time τf . Second, we assume a fast responding detector with function f(t)

to define the time-averaging of the detector output current Id(t).

4.2 Calculation of the transition rates using low pass filtering

In this section, we present a way to compute the transition rates of a
bistable system using the cumulants of the net current distribution. We
apply low pass filtering to the output signal Id(t), i.e., the convolved-current
I(t) in Eq. (4.2) takes the form

I(t) =

∫ ∞

−∞
dt′ e−(t−t

′)/τf θ(t− t′)/τf Id(t′) . (4.3)

The probability distribution of the resulting current is then computed
and the cumulants of the distribution are used to compute the transition
rates between the system states. The time convolution (4.3) models a
detector with the bandwidth 1/τf . Our goal is to show that the rates can
be determined even if the detector is quite slow.

Figures 4.1 (c) and (e) show the convolved current, I, for the sample traces
shown in Fig. 4.1 (a). The panels (d) and (f) illustrate the corresponding
distributions. We now present a framework to compute the probability
distribution of the output current for any bistable system.

4.2.1 Probability distribution

We introduce Pi(I, t) as the probability density distribution of the current
corresponding to system state i. Considering vanishing noise ξ(t) = 0, the
probability of system to be in state i is defined as

pi =

∫ I1

I0

Pi(I, t)dI .

Here, the current I1 (I0) corresponding to system state 1 (0) is the upper
(lower) bound of the integral as it is the maximum (minimum) value
current can acquire in the absence of any noise. The transition rate from
state 1 to 0 is denoted as γ↓ and from 0 to 1 as γ↑, with γΣ = γ↑ + γ↓.

The time evolution of distribution Pi(I, t) is given by the theory of stochas-
tic jump processes [96, 114]. The evolution equations of P0 and P1 read

∂tP0(I, t) = τ−1f ∂I [(I − I0)P0(I, t)]− γ↑P0(I, t) + γ↓P1(I, t) ,

∂tP1(I, t) = τ−1f ∂I [(I − I1)P1(I, t)] + γ↑P0(I, t)− γ↓P1(I, t) . (4.4)
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The first term, τ−1f ∂I [(I − Ii)Pi(I, t)], captures the relaxation time of the
system after a jump between the states has occurred, for example see the
green line in Fig. 4.1 (e). They account for the continuity of current. The
next two terms capture the change in probability Pi(I, t) due to the system
jumping from i to another state or from some other state to i. It accounts for
the discrete jumps in the system state. The first term becomes negligible in
the case detector response is very fast, γΣτf � 1. For situations where the
detector response is slower than the system transition rate, i.e., γΣτf � 1,
the first term becomes significant and cannot be ignored.

At steady state, ∂tPi(I, t) = 0. This results in the time-independent
distributions

P0(I) =
I1 − I

I1 − I0
P(I), P1(I) =

I − I0
I1 − I0

P(I) , (4.5)

with P(I) = P0(I) + P1(I). Using the time evolution equation (4.4), we
obtain the stationary distribution of I as

P(I) =
Γ(γΣτf )

Γ(γ↑τf )Γ(γ↓τf )
(I − I0)

γ↑τf−1(I1 − I)γ↓τf−1

(I1 − I0)γΣτf−1
, (4.6)

where Γ(x) is the gamma function. This functional form is well known in
statistics as the Beta distribution. To this distribution, we now convolve the
distribution of filtered noise, Wξ(I) =

〈
δ
(
I − 1

τf

∫ t
−∞ dt′ e−(t−t′)/τf ξ(t′)

)〉
,

in order to incorporate the influence of noise on the distribution (4.6),
namely

P (I) =

∫ I1

I0

dI ′Wξ(I − I ′)P(I ′) . (4.7)

This resulting distribution has now the information of both the telegraph
signal and the noise introduced due to the measurement.

In general, when the detector is faster than the transitions in the system,
the distribution of measured current for a bistable system has a bimodal
peak [Fig. 4.1 (b) and blue line in inset of Fig. 4.2 (a)]. In the case of slow
detector [Fig. 4.1 (f) and red line in inset of Fig. 4.2 (a)], the two peaks
merge and it is hard to resolve the two possible states of the system and
hence the relevant transition rates using the traditional method [115] (see
Sec. 4.2.3) is hard to compute.

Next, we present the use of distribution (4.7) to calculate the system
transition rates in such cases. In Fig. 4.2, the efficiency of this method
is demonstrated by analyzing the output currents Id from two samples:
sample A (blue lines) where γΣτf � 1 and traditional method can be
used to compute its rates, and sample B (red lines) where γΣτf  1 and
traditional method can no longer be used to compute its rates.
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(a)

(b)

(c)
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Figure 4.2. The cumulants, (a) C3 and (b) C4, from experiments on sample A (blue sym-
bols) and B (red symbols) and theory curves (solid lines), Eqs. (4.10), with
rates obtained by fitting these equations to the experimental data. Inset:
the probability distribution of current Id from sample A (blue), two peaks
corresponding to two system states are clearly visible, and sample B (red)
at bias voltage Vb = 200 μV, one peak, hard to identify the two states. (c)
Life-times distribution for system states 0 (blue) and 1 (green) for sample A.
(d) The rates γ↑ (orange dots) and γ↓ (red dots) calculated using traditional
threshold method for sample B at low bias values. The open circles are rates
calculated using fit to the cumulants (4.10) at Vb = 200 μV.

4.2.2 Transition rates

Using the distribution (4.7), we calculate the cumulants Ci of the output
current. The first cumulant gives the average current as

C1(τf ) = 〈I〉 = (γ↓I0 + γ↑I1)/γΣ , (4.8)

which is independent of time τf . The second cumulant C2 =
〈
(I − 〈I〉)2

〉
gives the variation of the detector output current Id as

C2(τf ) =
γ↑γ↓(I1 − I0)

2

γ2Σ(1 + γΣτf )
+ σ2

ξ (τf ) . (4.9)

Here, the first term is the variation of telegraph noise and the second term
σ2
ξ (τf ) is the variance of filtered noise, Wξ(I). This incorporates the noise

in our measured current. Thus, this is a relevant quantity to look at if
we are interested in understanding the noise component of our signal. As
our present focus is to infer the rates, we look for higher order cumulants,
which might depend on system transition rates.

The third and the fourth cumulants, skewness and kurtosis, respectively,
C3 =

〈
(I − 〈I〉)3

〉
and C4 =

〈
(I − 〈I〉)4

〉
− 3C2

2 normalized to their values at
τf = 0 are given by

C3(τf )
C3(0)

=
2

(1 + γΣτf )(2 + γΣτf )
+

C3,∞
C3(0)

,

C4(τf )
C4(0)

=
6[(γ↑ − γ↓)2(1 + γΣτf )− γ↑γ↓(2 + γΣτf )]

(1 + γΣτf )2(2 + γΣτf )(3 + γΣτf )[γ
2
↑ + γ2↓ − 4γ↑γ↓]

+
C4,∞
C4(0)

.

(4.10)
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They are not influenced by the Gaussian white noise. However, the effect of
non-Gaussian 1/f noise is captured by the long-time limit of the cumulants,
i.e., C3,∞ and C4,∞, which depends weakly on τf .

Since, the first terms in cumulants, C3 and C4 are dependent only on
system parameters, γ↑ and γ↓, and detector bandwidth τ−1f , they can be
jointly used to extract the rates γ↑ and γ↓ by fitting the dependence of the
cumulants on τf . Note that, this method of computing the rates does not
assume anything about the distribution of output current. That is, it works
equally well for simpler case in which the detectors are fast.

4.2.3 Experimental test of the cumulant method

Figure 4.2 (a) and (b) show the cumulants C3 and C4 obtained using ex-
perimental data (symbols) from samples A (blue) and B (red), along with
the theory fits (4.10) (solid lines) with γs computed by fitting Eqs. (4.10) to
the experimental plot. The samples A and B are single-island structures
with measurement setup similar to one in Fig. 2.3 (b). The transition rates
in sample B are made faster by increasing the bias voltage Vb such that
detector is not able to follow the transitions in the SET coupled to it, i.e.,
γΣτf  1.

As a test of the calculated rates, we also computed the rates for sample A
using the traditional method. This involves fitting the experimental
distribution of life-times h(t) of states to the ones expected from theory
given by

h0,1 =
2γ↑,↓γdete−λt/2 sinh

(√
λ2 − 4γ↑,↓γdet t/2

)√
λ2 − 4γ↑,↓γdet

. (4.11)

Here the effective detector bandwidth γdet = (τf ln 2)
−1 = 1443 Hz with

τf = 1 ms and λ = γΣ + γdet. Figure 4.2 (c) shows the theory fit Eqs. (4.11)
(line) to the experimental distribution (symbol) for states 0 (blue) and 1
(green). The rates computed using the cumulants are in agreement with
the ones from traditional method.

For sample B, the calculation using traditional methods is not possi-
ble. To check the results, we compute the transition rates for lower bias
voltages (dots in Fig. 4.2 (d) with experimental error bars) and compare
the extrapolated values from lower bias rates to the ones obtained for
200 μV bias using the cumulants. We find the extrapolated rates to be in
agreement with the rates obtained using cumulants.

4.3 Distribution of time-averaged currents

In this section, we present a framework for the calculation of probability
distribution of time-averaged current through a bistable system, and com-
pare it with the experimental results. The distribution has system specific
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properties and can be used to understand the fluctuations in an arbitrary
bistable system coupled to the measurement setup.

The section starts with the definition of time-averaged current and pro-
ceeds towards the calculation of distribution. Lastly, we discuss the short
and long averaging-time limit of the distribution and a fluctuation relation
that holds for the distribution.

We consider the time-averaging function, f(t) = θ(t)θ(−t + τ)/τ with
averaging-time τ , to convolve with the output signal Id. Consequently,
Eq. (4.3) can be used to define the time-averaged current Iτ (t) as

I(τ, t) =

∫ −∞

−∞
dt′

θ(t− t′)θ(−t+ t′ + τ)

τ
Id(t

′) =
∫ t

t−τ
dt′

Id(t
′)

τ
. (4.12)

Following the representation (4.1) for detector output current, we re-write
the time-averaged current as

I(τ, t) = [1−N (τ, t)]I0 +N (τ, t)I1 + ξτ , (4.13)

where ξτ is the time-averaged noise and the first two terms correspond to
the time-averaging of the telegraph signal Itel(t). The currents I0 and I1
denote the telegraph signal Itel(t) corresponding to 0 and 1 extra electrons
on the device island, respectively. For simplicity, we define the time trace
N(t) corresponding to the absence or presence of an extra electron on the
island of the system as rescaled Itel(t), such that

N(t) =

{
1 if Itel(t) = I1 ,

0 if Itel(t) = I0 .
(4.14)

Consequently, the time-averaged number of extra electrons on the is-
land [116] is given by

N (τ, t) =
1

τ

∫ t

t−τ
dt′N(t′) . (4.15)

and the rescaled average current (4.13) becomes

I =
I(τ, t)− I0
I1 − I0

= N (τ, t) + ξ̃τ . (4.16)

Here the last term ξ̃τ = ξτ/(I1 − I0) is the rescaled time-averaged noise.

4.3.1 Steady-state probability of states

For simplicity, we consider a configuration in which, the detector response
time is faster than the transitions between states, i.e., γΣτf � 1. In this
case, integration of the evolution equation of the probability distribution Pi,
Eq. (4.4), over the currents I0 and I1 gives us the time evolution equation
for probability pi corresponding to state i as (2.19)

∂tp0 = −γ↑p0 + γ↓p1 ,

∂tp1 = γ↑p0 − γ↓p1 .
(4.17)
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At steady state, there is no net change in probability and therefore,

p1 =
γ↑
γΣ

and p0 =
γ↓
γΣ

, (4.18)

where the total transition rate γΣ = γ↑ + γ↓ and we have assumed that
only 0 or 1 extra electron on the island is allowed, i.e., p0 + p1 = 1.

4.3.2 Probability distribution

The probability distribution P(N , τ) of the trace N(t) averaged over time τ

can be defined in terms of the generating function F (λ) as

P(N , τ) =

∫
dλ

2π
e−iλNF (λ) , (4.19)

where F (λ) = 〈eiλN 〉. Following Bagrets and Nazarov [117], it can be
expressed as

F (λ) = eTΛ(τ, λ)P (0) , (4.20)

where

eT = (1, 1), Λ(τ, λ) = exp

([
−γ↑ uγ↓
uγ↑ −γ↓ + iλ/τ

]
τ

)
, P (0) =

(
p0(0)

p1(0)

)
.

Here, we have introduced a parameter u = 1 such that after Taylor ex-
pansion, the term ∝ um gives the contribution of m jumps. Using the
generating function F (λ) in Eq. (4.20), we obtain the distribution

P(N , τ) =
∞∑

m=0

Pm(τ,N ) , (4.21)

where the distribution Pm(τ,N ) gives the contribution of trajectories with
m jumps. For no jump, i.e., m = 0, the distribution reads

P0(τ,N ) =
γ↑
γΣ

e−γ↓τ δ(N − 1) +
γ↓
γΣ

e−γ↑τ δ(N ) . (4.22)

For even m, the distribution is given by

Pm(τ,N ) = 2θ[N (1−N )]e−
γΣτ

2 e(γ↑−γ↓)(N−
1
2)τ

×
(
γ↑
γΣ

N +
γ↓
γΣ

(1−N )

)
(γ↑γ↓τ2)

m
2

m

N m−2
2 (1−N )

m−2
2[(

m−2
2

)
!
]2 ,

(4.23)

and for odd m, the distribution takes the form

Pm(τ,N ) = 2θ[N (1−N )]e−
γΣτ

2 e(γ↑−γ↓)(N−
1
2)τ

×
√
γ↑γ↓
γΣ

(γ↑γ↓τ2)
m
2
N m−1

2 (1−N )
m−1

2[(
m−1
2

)
!
]2 .

(4.24)
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Combining the distribution of different number of jumps, we obtain the
total distribution [see Publication II and Ref. [118] for details]

P(N , τ) =
γ↑
γΣ

e−γ↓τ δ(N − 1) +
γ↓
γΣ

e−γ↑τ δ(N )

+ θ[N (1−N )]e−
γΣτ

2 e(γ↑−γ↓)(N−
1
2)τ

[(
1 + 2

γ↑ − γ↓
γΣ

(
N − 1

2

))
×
I1
(
2
√

γ↑γ↓N (1−N )τ
)√

γ↑γ↓N (1−N )
+

4

γΣ
I0

(
2
√

γ↑γ↓N (1−N )τ

)]
γ↑γ↓τ
2

.

(4.25)

This expression shows the distribution of time-averaged system state
for any time τ . We incorporate the effect of noise as done for filtered-
current distribution P(I) by using Eq. (4.7). This allows us to obtain the
distribution for rescaled time-average current I [defined in Eq. (4.16)] as

P(I, τ) =
∫ 1

0
dN ′Wξ(N −N ′)P(N ′, τ) . (4.26)

Here, Wξ(N −N ′) is the distribution of noise in the detector output cur-
rent [see Publication II for details]. We discuss below the resulting distri-
bution in short and long-time limits.

4.3.3 Short-time limit

(b)(a)

Figure 4.3. (a) The probability distribution Pm(τ,N ) presents the contribution of trajecto-
ries with m jumps. (b) The sum

∑k
m=0 Pm(τ,N ) considering k the number of

total jumps during the averaging-time τ = 10 ms. The plot is generated for a
system with the transition rates γ↑ = 100 Hz and γ↓ = 300 Hz.

For very small averaging-time τ , there is a possibility that only few or no
jump have occurred in the system, during the time τ . If there is no jump,
P0(τ,N ) describes the probability distribution corresponding to the initial
state of the system. Similarly, if there is only few jumps in the system
during the time τ , individual jumps have a significant contribution to the
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probability distribution. The contributions of the first four jumps to the
total time-averaged distribution P(N , τ) are given by

P1(τ,N ) = 2
γ↑γ↓τ
γΣ

e−
γΣτ

2
+(γ↑−γ↓)(N− 1

2)τθ[N (1−N )] , (4.27)

P2(τ,N ) =
γ↑γ↓τ2

γΣ
e−

γΣ
2
τ+(γ↑−γ↓)(N− 1

2)τ [γ↑N + γ↓(1−N )] θ[N (1−N )],

(4.28)

P3(τ,N ) = 2
(γ↑γ↓)2τ3

γΣ
e−

γΣτ

2
+(γ↑−γ↓)(N− 1

2)τN (1−N ) θ[N (1−N )], (4.29)

and P4(τ,N ) =
(γ↑γ↓τ2)2

2γΣ
e−

γΣ
2
τ+(γ↑−γ↓)(N− 1

2)τ

×N (1−N ) [γ↑N + γ↓(1−N )] θ[N (1−N )].

(4.30)

The distributions Pm(τ,N ) for the first four jumps are plotted in Fig. 4.3 (a).
With an increase in number of jumps, the peak of distribution becomes
prominent at the mean value, i.e., 〈N〉 = γ↑/γΣ.

Figure 4.3 (b) shows the change in total distribution
∑k

m=0 Pm(τ,N ) with
an increase in the number of jumps k. This shows a rising trend with an
increase in the number of jumps k considered for the calculation of the sum∑k

m=0 Pm(τ,N ). This is also observed in the experimental time averaged
current distribution (Fig. 4.4) with increase in averaging-time τ for small
τ , e.g., change from 2 ms to 4 ms.

The results presented in Fig. 4.3 are for a system with total transition
rate γΣ = 400 Hz and averaging-time τ = 10 ms. This gives, the average
number of jumps system goes through in the time τ as 2γ↑γ↓τ/γΣ = 1.5.
Thus, the number of jumps larger than k = 4 has only a tiny effect on
the total distribution. As seen from Fig. 4.3, the distribution is limited
between 0 and 1 as expected because the system jumps between states
with 0 and 1 extra electrons on the island.

The distributions Pm(τ,N ) and
∑k

m=0 Pm(τ,N ) presented in Fig. 4.3 cor-
respond to the time-averaged number of extra electrons on the island. The
measured distribution of time-averaged normalized current P(I, τ) (4.16)
is presented in Fig. 4.4. The Gaussian shape of the distribution in small
averaging-time (turquoise) is due to an addition of the noise term to the
distribution. This is due to the fact that the delta function in Eqs. (4.22)
and (4.25) is replaced by the distribution of noise in the detector output cur-
rent Id after the convolution (4.26). This noise being Gaussian distributed
gives the shape to time-averaged current distributions P(I, τ).

An increase in τ reduces the presence of noise in the time-averaged
current, as the larger τ ensures the averaging of noise component of the
signal over larger time. This results in the narrowing of the Gaussian peak
with increase in averaging-time, e.g., τ = 80 ms and 320 ms in Fig. 4.4.
Consequently, the distribution P(I, τ) is dominated by the jumps between
system states, and the noise term ξ̃τ can be ignored for long averaging
times. Next, we discuss the properties of P(I, τ) for large τ .
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Figure 4.4. The variation of probability distribution of time-averaged normalized current
I with averaging-time τ on (a) linear and (b) log scale. Different colors cor-
respond to different τs mentioned in the legend. The theory curves (solid
lines) based on Eqs. (4.25) and (4.26) are in agreement with the experi-
ments (open symbols), without any extra fit parameter. The transition rates
are γ↑ = 130 Hz and γ↓ = 70 Hz. Adapted from Publication II.

4.3.4 Long-time limit

For averaging-time τ  1/γΣ, the first two terms in distribution (4.25)
are insignificant and the modified Bessel function can be approximated
as I0(x) � I1(x) � ex/

√
2πx. In this approximation, the distribution even-

tually takes on the large-deviation form [5] P(I, τ) ∝ e−θ(I)τ with the
convex rate function θ((I) = (

√
γ↑(1− I)−

√
γ↓I)2 following directly from

Eq. (4.25). The resulting distribution

lnP(I, τ)
τ

� −
[√

γ↑(I1 − I)−
√

γ↓(I − I0)
]2

I1 − I0
(4.31)

is in agreement with the previously found expression using the saddle
point approximation [106] and explains the elliptic behavior of distribution
P(I, τ) in sufficiently long-time limit (see Fig. 4.4 and Refs. [87, 116, 118,
119]). The terms I1 = 1 and I0 = 0 are the average normalized currents
corresponding to system state 1 and 0, respectively.

The transition rates between the two states of the system along with
the currents I1 and I0 define the width and the center of probability
distribution P(I, τ). The distribution is peaked at the mean current given
by 〈I〉 = γ↑/γΣ, while the spread is given by the product of transition rates.

To observe this dependence in experiments, we plot the logarithm of the
probability distribution P(I, τ) rescaled by averaging-time τ = 400 ms for
different transition rates (see caption) in Fig. 4.5 (a). The distribution ob-
tained from experiments (symbols) are in agreement with the theory (4.31)
(solid lines) using the transition rates γ↑ and γ↓ computed from the mea-
sured data.

Using the distribution (4.31), we define

G(I) ≡ 1

2
√
γ↑γ↓

{
lnP(I, τ)

τ
+

γ↑ΔI1 − γ↓ΔI0
I1 − I0

}
. (4.32)
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Figure 4.5. (a) The ratio of logarithm probability distribution to the averaging-time,
lnP/τ , for large averaging-time τ = 400 ms. The colors represent curves
corresponding to different transition rates (in Hz), γ↑/γ↓ = 40 /315 (turquoise),
109/248, 85/187, 88/98, 120/81, 166/55, and 285/20 (red). The symbols are
experimental data and solid lines are the theory plots based on Eq. (4.31) and
rates computed from experimental data. (b) The universal semicircle obtained
after transforming the experimental data (symbols) using Eq. (4.32) and the
red solid line is the universal semicircle (4.33). Adapted from Publication II.

This function does not depend on the system parameters, i.e., the transition
rates between the two states, γ↑ and γ↓. Here, we have defined the terms
ΔI0 = I−I0 and ΔI1 = I−I1 as the departure of time-averaged normalized
current I from the mean currents I0 and I1 corresponding to system states
0 and 1, respectively. The second term absorbs the tilt of the elliptic
distribution (4.31) and Eq. (4.32) can be re-written as

[G(I)]2 +
[
I − Imean

I1 − I0

]2
= 1 . (4.33)

Here, the mean current equals Imean = (I0 + I1)/2. The expression (4.33)
results in an universal semicircle (see Fig. 4.5 (b) and Publication II for
details) and is valid for any bistable system irrespective of its microscopic
details. In Fig. 4.5 (b), we present G(I) using the experimental data
(symbols) for different transition rates as in panel (a). The plot for different
rates collapse to an universal semicircle as expected from Eq. (4.33).

A further investigation of the distribution P(I, τ) in long-time limit (see
Eq. (4.31)) leads us to a fluctuation relation

1

τ
ln

[
P(I = Imean + J , τ)

P(I = Imean − J , τ)

]
= ΩJ . (4.34)

We observe the departure of average current J from its mean value Imean =

0.5 for the normalized time-averaged current I. The slope Ω = 2(γ↑ −
γ↓)/(I1 − I0) is a system dependent parameter and should hold for any
bistable system. In Fig. 4.6, we plot the left hand side of Eq. (4.34) for
data (symbols) from single-island experiment (same data set as presented
in Fig. 4.5) and the theory (4.34) with rates computed from experimental
data. We find a good agreement between the experimental results and
the expected theory. The relation (4.34) is similar to that of Gallavotti-
Cohen fluctuation theorem [21, 120] apart from the physical entity under
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Figure 4.6. Fluctuation relation (4.34) for the probability distribution of time-averaged
current P(I, τ). The symbols are experimental data from the single-island
sample (Fig. 2.3), and solid lines are theory, right-hand side of Eq. (4.34), with
transition rates obtained from experiments. Adapted from Publication II.

investigation. Here, we study the departure of the average current J from
Imean instead of a thermodynamic quantity, intensive entropy production,
studied in Gallavotti-Cohen fluctuation theorem.
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5. Stochastic thermodynamics of an
electronic double dot

As mentioned in the introduction, the usual thermodynamics of averages
is not enough to describe the fluctuations in physical properties of small
systems. The field of stochastic thermodynamics overcomes this limita-
tion by generalizing these concepts to systems where the fluctuations are
prominent. This is done by treating the thermodynamic quantities at the
trajectory level.

In this chapter, we discuss the stochastic entropy production and the
extreme values it can attain. The double dot system, described in Sec. 2.4,
offers an excellent test bench for these extreme-value statistics by provid-
ing a tool to determine the direction of electron transitions through the
device. This chapter presents the experimental results of Publication III
and theoretical concepts needed for it.

We start with a brief note on a Markovian master equation (already
mentioned in Eq. (2.20)) and its time reversed counterpart needed for the
definition of stochastic entropy production. Next, we define the stochastic
entropy production and present the fluctuation relations. Last, we present
the distribution for the extreme values of the entropy produced in a given
time for the double dot system (Sec. 2.4).

5.1 Master equation

We focus on Markovian dynamics of a system governed by the master
equation (2.20), namely,

dp(n, t)

dt
=

∑
m(�=n)

Γm→n(t) p(m, t)−

⎛⎝ ∑
m(�=n)

Γn→m(t)

⎞⎠ p(n, t) .

Here, Γm→n(t) is the transition rate from the initial state m to the final
state n and p(n, t) is the occupation probability of the state n at time t. For
simplicity, we assume that for every possible jump m → n, there exists a
possibility for jump in the reverse direction, i.e., Γn→m �= 0.
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The dynamics of backward (time-reversed) process is given by [36, 96]

dp̃(n, t̃)

dt̃
=

∑
m(�=n)

Γm→n(τ − t̃) p̃(m, t̃)−

⎛⎝ ∑
m(�=n)

Γn→m(τ − t̃)

⎞⎠ p̃(n, t̃) , (5.1)

where the time corresponding to the reversed process is t̃ = τ − t with a
reference time τ . Next, we define the stochastic entropy production for
such Markovian processes.

5.2 Stochastic entropy production

We define P ({ni, ti}N(τ)
i=0 ) as the probability of having a stochastic trajectory

such that the state of the system is n0 at initial time t0 = 0, the state
changes from ni−1 to ni at time ti with no change in state from time ti−1 to
ti, and the trajectory ends at time τ with no jump in the state from time
tN to τ . N(τ) is the total number of changes in the system state during
time τ . The stochastic entropy production [17, 37] associated with such
trajectory is given by

ΔS(τ) = kB ln
P ({ni, ti}N(τ)

i=0 )

P̃ ({ni, t̃i+1}0i=N(τ))
. (5.2)

Here, P̃ ({ni, t̃i+1}0i=N(τ)) denotes the probability to obtain the correspond-
ing reversed trajectory in the time-reversed process with tN+1 denoting τ .

An example of a stochastic trajectory obtained from the double dot experi-
ment is shown in Fig. 5.1 (a). The jumps in the trajectory correspond to the
change in charge state of the system. Figure 5.1 (b) shows the stochastic
entropy production for the trajectory in panel (a). We discuss below how to
obtain the time trace of stochastic entropy production using Eq. (5.2) and
the time evolution of the system state.

Using the Markovian master equations (2.20) and (5.1), for which the
probability of a jump ni → ni+1 is given by Γni→ni+1δt and the probability
of no jump is given by exp (−δt

∑
y Γni→y) with a short time step δt [36, 96],

the entropy production (5.2) associated with the trajectory simplifies to

ΔS(τ)

kB
= ln

p(n0, 0)

p̃(nN , 0)
+

N(τ)∑
i=1

ln
Γni−1→ni(ti)

Γni→ni−1(ti)
. (5.3)

Here, p(n0, 0) is the probability of the system to be in state n0 at time
t = 0 and p̃(nN , 0) is the probability of the system to be in state nN at the
beginning of backward trajectory, i.e., t̃ = 0. Considering the process
to be stationary, the transition rates in Eqs. (2.20) and (5.1) are time
independent, and hence the master equations are equivalent. In this
case, we use the steady state solution of the master equations as the
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(b)

(a)

Figure 5.1. (a) A sample experimental trajectory of change in double dot charge state at
bias voltage Vb = 90μV. (b) The corresponding stochastic entropy production
computed using Eq. (5.8).

initial probabilities of forward and backward processes. Consequently,
the entropy production (5.3) for the trajectory with stationary Markovian
dynamics becomes [24, 121]

ΔS(τ)

kB
= ln

p(n0)

p(nN )
+

N(τ)∑
i=1

ln
Γni−1→ni

Γni→ni−1

. (5.4)

Here, we have dropped the time argument from the probabilities of system
states and the transition rates because they are time-independent for a
stationary process. The Eq. (5.4) can be re-written as

ΔS(τ)

kB
=

N(τ)∑
i=0

[
ln

p(ni−1)
p(ni)

+ ln
Γni−1→ni

Γni→ni−1

]
=

N(τ)∑
i=0

ΔSni→ni+1

kB
, (5.5)

where the entropy production associated with the transition of the state of
the system from ni−1 to ni (ΔSni−1→ni) is the sum of the change in system
entropy1

ΔSsys
ni−1→ni

= kB ln

[
p(ni−1)
p(ni)

]
(5.6)

and the entropy flow to the environment

ΔSenv
ni−1→ni

= kB ln

[
Γni−1→ni

Γni→ni−1

]
. (5.7)

1The average of stochastic system entropy (s = −kB ln p(n)) over many realiza-
tions gives the Gibbs entropy 〈s〉 = −kB

∑
j p(nj) ln p(nj).
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(a) (b)

(c)

Figure 5.2. (a) The experimental time dependence of stochastic entropy production (5.8)
(red) and average Joule heating (purple) in the double dot with bias voltage
Vb = 90μV. Inset: the linear dependence of average Joule dissipation rate
〈I〉Vb on the average entropy production rate 〈Ṡ〉 for different bias voltages,
with slope given by Teff = (1.01± 0.16)K, see Eq. (2.32). (b) The probability
distribution function (PDF) of the entropy production for the double dot at
Vb = 90μV computed with ∼ 3×105 realizations of entropy production in time
τ = 1 s. (c) The experimental test of Eq. (5.13) (line) for data (symbols) in (b).

5.2.1 Stochastic entropy production in an electronic double dot

The total entropy production (5.5) can be re-written as

ΔS(t)

kB
=

N(τ)∑
i=1

ln
Nnj−1→nj

Nnj→nj−1

, (5.8)

where Nn→m is the number of jumps from state n to m integrated over all
realizations to approximate the steady state tunneling rates in Eq. (2.29)
(namely, Γexp

n→m = Nn→m/{p(n)τ}), while N(τ) is the total number of jumps
in a single experimental trace. In the experiments with double dot sample,
we use Eq. (5.8) to compute the stochastic entropy production correspond-
ing to the system state trace. For example, Fig. 5.1 (b) and Fig. 2.7 (c) show
the stochastic entropy production for the time evolution of system state
shown in Fig. 5.1 (a) and Fig. 2.7 (b), respectively. Figure 5.2 (a) shows a
similar time trace of sample stochastic entropy production for the double
dot system (red line) when kept at bias Vb = 90μV.

At equilibrium, the total number of jumps between any two states are
the same in the forward and reverse directions, resulting in the entropy
production ΔS(t) = 0 at all times t. In experiments, this could be attained
by setting the device bias voltage to 0. When driven out of equilibrium, the
total entropy of the system, here double dot + environment (which includes
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detectors, substrate), increases monotonically in time on average.
In a nonequilibrium steady state, both ΔS(t) and entropy flow to the

environment ΔSenv(t) increase on average with time, i.e., 〈ΔS(t)〉 > 0 and
〈ΔSenv(t)〉 > 0, in accord with the second law of thermodynamics. This
is realized in the double dot system (Fig. 2.4) by a DC bias voltage Vb

applied to one of its lead keeping the other lead grounded and the gates
fixed. If the environment consists of multiple thermal reservoirs with
temperatures Tk and the local detailed balance holds, then the entropy
flow to the environment can be written as ΔSenv/kB = −

∑
k Qk(t)/Tk with

Qk being the heat production in the kth reservoir.
If all the reservoirs are at same temperature T , ΔSenv reduces to the

usual thermodynamic definition of entropy,

ΔSenv(t) =
−Q(t)

T
, (5.9)

where the total heat production is defined as Q(t) =
∑

k Qk(t). In this case,
the system obeys detailed balance (2.31) with a fixed temperature T .

In the double dot experiments, due to the transition rates being an
average over the charge states of detector, the detailed balance (2.31)
does not hold for the system. However, we can use Eq. (2.32) to define
an effective temperature Teff as a proportionality constant between the
Joule dissipated power (given by 〈Q̇(t)〉 = 〈I〉Vb with 〈I〉 as the average
current through the system at bias voltage Vb) and the average rate of
stochastic entropy production 〈ΔṠ〉, see the inset of Fig. 5.2 (a). Using
this Teff , Eqs. (5.7) and (5.9), we can estimate the heat exchange between
the system and environment. We present the distribution of average
minimum entropy flow to the environment and its relation to the average
of maximum heat exchange with the environment in Sec. 5.4.

Figure 5.2 (a) shows the Joule heating (purple line) in the system due to
a net flow of electrons from one lead to another. This captures the average
increase in entropy and we infer that the total stochastic entropy produc-
tion ΔS(t) in the system is dominated by the heat dissipated because of a
net current through the system. In Fig. 5.2 (b) the probability distribution
of stochastic entropy production ΔS(τ) at a fixed time τ = 1 s in the double
dot with Vb = 90 μV is presented. In the following section, we discuss
briefly the properties of such distribution.

5.3 Distribution of entropy

In this section, we first discuss the properties of entropy production defined
by Eq. (5.2) along with the fluctuation relations. In the end, an experi-
mental test of detailed fluctuation relation is presented for the stochastic
entropy production in an electronic double dot.

Taking average of e−ΔS(τ)/kB over the possible forward trajectories, Eq. (5.2)
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gives the following expression [122]

〈e−ΔS(τ)/kB〉 =
∑

forward
trajectories

P̃ ({ni, t̃i+1}0i=N(τ))

P ({ni, ti}N(τ)
i=0 )

P ({ni, ti}N(τ)
i=0 )

=
∑

forward
trajectories

P̃ ({ni, t̃i+1}0i=N(τ)) ≤ 1

. (5.10)

Here, using Jensen inequality, we obtain 〈ΔS(τ)〉 ≥ 0 which is in accord
with the second law of thermodynamics. This result is true even without
the assumption done in Eqs. (2.20) and (5.1) for the transition rates, and
is a direct consequence of Gibbs’ inequality [123]. The equality

〈e−ΔS(τ)/kB〉 = 1 (5.11)

is obtained by assuming that all the initial states of the backward tra-
jectories have a non-zero probability to be an end state of the forward
process and all the end states of the reverse process have a non-zero
probability to be an initial state of the forward process. Together with
the assumption for transition rates in master equation (2.20), this gives
that if P ({ni, ti}N(τ)

i=0 ) = 0, then P̃ ({ni, t̃i+1}0i=N(τ)) = 0, i.e., the backward
probability is absolutely continuous [123] with respect to the forward
probability. This relation (5.11) is known as the integral fluctuation rela-
tion [16, 121, 124, 125]. It breaks down [126], i.e., 〈e−ΔS(τ)/kB〉 < 1, for the
absolute irreversible case [127]. In the case of a stationary process, the
expression (5.11) is valid as we assume that the initial distributions follow
the steady state solution.

The probability to obtain entropy ΔS(τ)/kB = s for a forward process is
given by [122]

P (ΔS/kB = s, τ) =
∑

forward
trajectories

P ({ni, ti}N(τ)
i=0 )δ

P ({ni,ti}N(τ)
i=0 ),exp(s)P̃ ({ni,t̃i+1}0i=N(τ)

)

= es
∑

forward
trajectories

P̃ ({ni, t̃i+1}0i=N(τ))δP̃ ({ni,t̃i+1}0i=N(τ)
),exp(−s)P ({ni,ti}N(τ)

i=0 )

= esP̃ (ΔS/kB = −s, τ) , for s ∈ R \ {−∞,∞} ,

(5.12)

where the last equality follows by defining that the reverse process of
the reserve process is the original forward process. This is known as the
detailed fluctuation relation [17, 37, 125, 128]. In the case of steady state,
it simplifies to

P (ΔS/kB = s, τ)

P (ΔS/kB = −s, τ)
= es , (5.13)

shown experimentally in Fig. 5.2 (c). Here, P̃ (ΔS/kB = −s, τ) = P (ΔS/kB =

−s, τ) because the transition rates in the stationary process are time in-
dependent and we have chosen the initial distributions of both forward
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and backward process to be the same. As a consequence of Eq. (5.13), the
cumulative distribution of entropy can be written as

P (ΔS/kB ≥ −s, τ) ≥ 1− e−s, s ≥ 0 . (5.14)

This provides the bound for entropy produced at a given time τ to have a
value larger than or equal to a negative entropy value, here −s. An experi-
mental test of detailed fluctuation relation (5.13) is presented in Fig. 5.2 (c).
The experimental result (symbols), obtained from the distribution in (b), is
in agreement with the expected theory (5.13) line.

5.4 Extreme values of entropy

Another way of quantifying the occurrence of negative entropy production
is to look at the minimum amount of entropy produced within the time
t. For this, we define ΔSmin(t) = min

0≤t′≤t
ΔS(t′) as the minimum entropy

produced in time t.
In this section, we present the statistics of ΔSmin(t), theoretically studied

in Ref. [38] and the results of experiments on double dot presented in
Publication III. We start with a sketch of the proof of Eqs. (5.17) and (5.18),
originally done in Ref. [38]. We then present the experimental test of
Eqs. (5.17) and (5.18) and provide a bound on the maximum heat exchange
between the environment and double dot system (5.20).

For a stationary process, the entropy production is given by Eq. (5.5), and
the exponentiated entropy e−ΔS(t)/kB is always a non-negative quantity
and has been shown to be martingale [129–133] in time (see Ref. [38] for
details on derivation), i.e.,

〈e−ΔS(t)/kB |{si, ti}ni=0〉 = e−sn/kB , t ≥ tn. (5.15)

Here we use the notation 〈X|Y 〉 ≡
∫
XP (X|Y )dX for the conditional ex-

pectation of X given Y, P (X|Y ) for the conditional probability density of X
given Y and {si, ti}n0 for a specific trajectory of stochastic entropy production
which attains value si at time ti from time t0 = 0 to tn. A trivial implication
of Eq. (5.15) is the integral fluctuation theorem, which is recovered in the
case we specify the trajectory {si, ti}n=0

i=0 as at t0 = 0, s0 = 0.
The martingality of e−ΔS(t)/kB allows us to use the properties of martin-

gale, such as Doob’s inequality [130]:

P

(
max
0≤t′≤t

e−ΔS(t′)/kB ≥ C

)
≤ 〈e−ΔS(t)/kB〉

C
=

1

C
, ∀C > 0 . (5.16)

Here, we have used Eq. (5.11) for the right hand side of the expression.
Equation (5.16) can be equivalently written as

P

(
min

0≤t′≤t
ΔS(t′)/kB ≤ −s

)
≤ e−s, s ≥ 0 , (5.17)
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Figure 5.3. The cumulative distribution (5.17) of minimum entropy production in time
t, ΔSmin = min

0≤x≤t
ΔS(x), for the double dot with bias (a) Vb = 25 μV and (b)

Vb = 90 μV for different values of time (see legend). The black lines are theory
curves 1− eΔSmin/kB (5.17) [38]. Adapted from Publication III.

where s = lnC and we have restricted s ≥ 0 because naturally prob-
ability is upper bounded by 1. The bound (5.17) can be re-written as
P (ΔSmin(t) ≥ −s) ≥ 1 − e−s, see Fig. 5.3. In Fig. 5.3, we plot the cumu-
lative distribution P (ΔSmin(t) ≥ −s) for the double dot sample with bias
voltage Vb. The experimental data (colored lines) obey the bound 1− e−s

(black lines).
Integration of (5.17) over all the possible values of s, gives the bound for

the minimum entropy [38]:〈
ΔSmin(t)

〉
≥ −kB , (5.18)

see Fig. 5.4 (a). Figure 5.4 (a) demonstrates the validity of the bound (5.18)
in the double dot experiment for bias Vb varying from −50 μV to 90 μV. The
bound is tightest for Vb = 25 μV, when the jumps in entropy production
ΔSni−1→ni [defined in Eq. (5.5)] are � kB and the time trace of entropy
production (5.4) can therefore be approximated as a continuous process for
which 〈ΔSmin(t)〉 = −kB [38, 134]. Using the definition of entropy exchange
with environment ΔSenv (5.7), we obtain a bound for minimum ΔSenv as

〈ΔSenv
min(t)〉 ≥ −kB

(
1 +

∑
n

p(n) ln
p(n)

pmin

)
, (5.19)

see Fig. 5.4 (b). Here, pmin = min
n

p(n) is the stationary probability cor-
responding to the least probable state. In Fig. 5.4 (b), we present the
experimental observation of 〈ΔSenv

min(t)〉 for different bias voltages across
the double dot system. The experiments (symbols) are in agreement with
the bound of Eq. (5.19) (dashed lines). For a system with all the states
equiprobable, the second term in the right hand side of Eq. (5.19) is 0. This
recovers Eq. (5.18) as ΔSsys

m→n is always zero.
For a system in thermal equilibrium at temperature T , the heat and

entropy exchange with environment are related by Eq. (5.9). Consequently,
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(b) (a)

Figure 5.4. The experimental time dependence of the average of (a) the entropy production
minimum 〈ΔSmin(t)〉 and (b) the minimum entropy exchange with environ-
ment 〈ΔSenv

min(t)〉 for different values of the bias voltage (shown in different col-
ors) in the double dot. The shaded area marks the bound (5.18) and the dashed
lines are the bound (5.19). The inset in (a) shows the variation of 〈ΔSenv

min(t)〉
with a rescaled time τ = 〈Ṡ〉t. The black curve is 〈ΔSmin(t)〉 for a system with
continuous ΔS(t), given by −erf(

√
τ/2)+ (τ/2)erfc(

√
τ/2)−√

τ/π exp(−τ/4),
see Ref. [38]. Adapted from Publication III.

using Eq. (5.19), we obtain the bound on maximum amount of heat ab-
sorbed by an isothermal mesoscopic system from its environment in a time
interval [0, t] as

〈Qmax(t)〉 ≤ kBT

[
1 +

∑
n

p(n) ln
p(n)

pmin

]
. (5.20)

This relation holds regardless of the system size or complexity. For systems
in contact with nonequilibrium environment, the average maximum heat
can be roughly estimated by replacing T with an effective temperature Teff

in Eq. (5.20).
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6. First-passage times and extreme
fluctuations

The first-passage time is defined as the time taken by a stochastic process,
such as entropy production in Chapter 5 and the net charge transfered
through a conductor in Sec. 2.4 (see Fig. 2.7), to reach a certain threshold
for the first time. This passage time has been studied over centuries [8, 39–
44, 58] in various contexts. However, the experimental results on the time
needed for a certain amount of electric charge to be transfered through a
conductor for the first time has not been presented before.

In Publication IV, we present the passage times for such events with the
experimental data from the double dot setup, see Sec. 2.4. This chapter
gives an overview of the theoretical background needed to understand
these results. The chapter is organized as follows. We start with the ex-
pressions for the first-passage probability and extreme values for a general
stochastic process. Next, we focus on the case of a tunnel junction which we
implement to obtain the passage times for the net charge transferred in a
more complicated structure, i.e., an electronic double dot system (Sec. 2.4).
The chapter ends with a short discussion on the fluctuation relation be-
tween the first-passage times for positive and negative thresholds on the
number of charge transfered through the double dot.

6.1 Introduction

Here we present a framework on how to calculate the statistics of the first-
passage times and extreme values associated with a stochastic process.
For the sake of simplicity, we focus on a process of charge transfer, for
example the net number of electrons transported through a double dot,
see Fig. 2.7 (d). However, the method presented here can be used for any
stochastic process.

We define N(t) as the number of charges (charge carriers) transferred
through a device in a given time t. The associated probability of N electrons
to tunnel through the device in time t is defined as P (t,N).
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6.1.1 Charge distribution P (t,N): its evolution equation and
properties

The time evolution equation of P (t,N) can, in general, be written as

∂P (t,N)

∂t
= [LP ](t,N) , (6.1)

where L is a linear operator. We can define the cumulant generating
function F(χ) corresponding to the distribution P (N, t) as

etF(χ) =
∑
N

eiχNP (t,N) , (6.2)

where χ is the counting field. The inverse transformation reads

P (t,N) =

∫ π

−π
dχ

2π
e−iχNetF(χ) . (6.3)

This is the discretized version of Eq. (4.19). We assume that the distribu-
tion P (t,N) satisfies the following fluctuation relation

P (t,N) = eγNP (t,−N) , (6.4)

where γ = eV/(kBT ) for N as the net number of charges transferred
through a device, subjected to bias voltage V at temperature T in time t.
P (t,−N) is defined as the probability of N electrons to tunnel through the
device in the direction opposite to bias in time t.

Using the distribution P (t,N), we construct a new distribution

PN0(t,N) = P (t,N)− eγN0P (t,N − 2N0). (6.5)

This distribution is the difference of two solutions to Eq. (6.1), namely,
P1(t,N) and P2(t,N) with initial conditions P1(0, N) = δN,0 and P2(0, N) =

eγN0δN,2N0 , respectively. Hence, PN0(t,N) is also a solution to Eq. (6.1).
This distribution PN0(t,N) has an interesting property of vanishing prob-

ability PN0(t,N0) = 0 for all t. This is known as an absorbing boundary.
This property is a consequence of the fluctuation relation (6.4).

In Fig. 6.1, we illustrate sample trajectories corresponding to the charge
transfer, N(t), through the double dot sample in time t. The blue lines
represent trajectories N(t) which touch the boundary (a) N0 = −9 and
(b) N0 = 9 within the first 6 seconds. The light blue indicates the traces
after they have been in contact with the boundary. The green lines are the
traces which do not touch the boundary within the 6 s time window.

6.1.2 Survival probability

Using the distribution PN0(t,N), we construct what we call survival proba-
bility Q(t,N0) of the trace to remain below (above) the positive (negative)
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Figure 6.1. Experimental demonstration of survival probabilities for different absorbing
boundaries N0 on the time traces of net number of electrons transferred
N(t) through an electronic double dot (Sec. 2.4). The survival probability is
calculated as the ratio of number of trajectories that do not touch or cross the
boundary to the total number of traces under consideration. The green (blue)
lines show the traces that survive (touch) the boundary with (a) N0 = −9 and
(b) N0 = 9 in time t = 6 s.

threshold N0 as

Q(t,N0) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

N0−1∑
N=−∞

PN0(t,N) if N0 > 0

+∞∑
N=N0+1

PN0(t,N) if N0 < 0 .

(6.6)

For positive N0, the sum is over all the possible values of N < N0 that the
trace can attain before hitting the boundary N = N0. As a consequence,
the sum of PN0(t,N) gives the probability of a trace N(t) to survive the
boundary N = N0. In the experiments, the distribution Q(t,N0) is cal-
culated as the ratio of number of traces that do not attain the value N0

during time t to the total number of traces under consideration.
In the case of negative N0, the summation over N > N0 results in the

survival probability Q(t,N0) as the sum of PN0(t,N) for all the traces before
they attain the boundary. The summations in Eq. (6.6) hold for the traces
where N is integer, like in the case of net electron transfer through an
electronic circuit (for example, see Fig. 6.1).

For the discrete traces Nα(t) with step size α �= 1 (for example in Sec. 6.2),
one could rescale the trace Nα(t) = αn(t). This results in the new modified
trace n(t) to be discrete with a step size 1 and the survival probability
can be again defined by Eqs. (6.6) with N replaced by n. In the case of
continuous N(t), the summations in Eq. (6.6) are replaced by integration,
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i.e.,

Q(t,N0) =

⎧⎪⎪⎨⎪⎪⎩
∫ N0

−∞
dNPN0(t,N) , if N0 > 0 ,∫ +∞

N0

dNPN0(t,N) , if N0 < 0 ,

(6.7)

where PN0(t,N) now denotes a probability density function.

6.1.3 First-passage-time distribution

Let us consider the time steps to be discrete, with the ith time step being
represented by ti. The difference Q(ti−1, N0)−Q(ti, N0) will result in the
probability of a trace N(t) to touch the boundary N0 for the first time at
t = ti. We call this time ti as the first-passage time. For the continuous
time case, we define the distribution of first-passage times, pN0(t), as the
time derivative of survival probability Q(t,N0),

pN0(t) = − ∂

∂t
Q(t,N0) . (6.8)

First-passage-time distribution pN0(t) (FPTD) gives the probability of
a trace to cross or touch the boundary N0 for the first time at t. The
expression (6.8) is valid for both discrete and continuous N0 because the
partial derivate only demands continuity in time.

6.1.4 Distribution of extreme-values

Assuming that all traces start with N = 0, the distribution Q(t,N0) is also
the probability of a trajectory N(t) to have an extreme value lying between
0 and N0, due to the presence of absorbing boundary at N0. For example,
in Fig. 6.1 (a) the traces that survive the boundary (green lines) have a
minimum value as N−

0 = N0 + 1 = −8 or higher.
Similarly, in panel (b), the traces with non-zero probabilities PN0(t,N)

(green lines) throughout the duration shown in the figure are the ones with
a maximum value limited to 8 or lower. The maximum (minimum) values
of the traces for positive (negative) boundaries are lower (upper) bounded
by 0, because all the traces follow the initial condition N(t = 0) = 0.

For positive threshold N0, the survival probability Q(t,N0) is the ratio of
number of traces which attain a maximum value of N(t) < N0 to the total
number of traces. In the case of discrete processes with the step size 1,
Q(t,N0) gives the probability of traces to have a maximum value of N0 − 1

or less. Similarly, Q(t,N0 + 1) gives the probability to have a maximum of
N0 or less. This results in the difference,

pmax(t,N0) = −Q(t,N0) +Q(t,N0 + 1) , (6.9)

as the probability of obtaining N0 as the maximum number of charges
transferred in a given time t. We call the distribution pmax(t,N0) as the
probability of obtaining N0 as the maximum of a trace.
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(b)(a)

Figure 6.2. (a) A sketch of a tunnel junction subjected to bias voltage Vb. An electron
tunnels from the left lead (green) to the right lead (turquoise) and backwards
with rates Γ+ and Γ− respectively. (b) An equivalent model showing a particle
jumping on a chain of sites, with forward and backward rates given by Γ+ and
Γ− respectively.

For N0 < 0, the difference

pmin(t,N0) = −Q(t,N0) +Q(t,N0 − 1) (6.10)

gives the probability of obtaining N0 as the minimum number of charges
transferred in a given time t. Thus, the distribution pmin(t,N0) is defined
as the probability of obtaining N0 as the minimum for a given trace.

For a continuous N(t), the differences in Eqs. (6.9) and (6.10) are replaced
by the partial derivates with respect to N at the boundary N0, i.e.,

pmax(t,N0) =
∂Q(t,N)

∂N

∣∣∣∣
N−

0

if N0 > 0

pmin(t,N0) =
∂Q(t,N)

∂N

∣∣∣∣
N+

0

if N0 < 0 . (6.11)

Here, N−
0 and N+

0 imply respectively the left and right derivative at the
boundary N = N0.

The formalism mentioned above is valid for a stochastic process of which
the probability distribution follows the fluctuation relation (6.4) and the
evolution equation can be written as Eq. (6.1). In the following sections, we
present the calculation of first-passage times pN0(t) for a tunnel junction
and then use this model to approximate these distributions for the net
number of charges transferred through a double dot system (see Sec. 2.4).

6.2 Charge transfer through a tunnel junction

Let us consider the simplest electronic setup, i.e., a tunnel junction (Sec. 2.4),
which allows the transfer of particles with charge e∗ = αe. Here, α is the
step size of the discrete stochastic trajectory, as mentioned in Sec. 6.1.2.
We define P (t,N∗) as the probability of N∗ such particles to tunnel through
the junction in time t. The rates of particles to jump from left to right and
vice versa are denoted as Γ+ and Γ−, respectively. Figure 6.2 (a) shows
the sketch of a tunnel junction with voltage Vb applied between the leads.
Panel (b) shows a similar model for the hopping process on the chain of
sites in a discrete lattice, i.e., an asymmetric random walk. The location of
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particle in latter is equivalent to the net number of electrons transferred
in an electronic circuit, such as the tunnel junction in Fig. 6.2 (a).

The evolution equation of P (t,N∗) for such a system is given by

∂P (t,N∗)
∂t

= Γ+P (t,N∗ − 1)− (Γ− + Γ+)P (t,N∗) + Γ−P (t,N∗ + 1), (6.12)

with the initial condition P (0, N∗) = δN∗,0. The cumulant generating
function is [135]

F(χ) = Γ+(e
iχ − 1) + Γ−(e−iχ − 1) , (6.13)

which describes a bidirectional Poissonian process. The solution to evolu-
tion equation (6.12) is well known and is given by

P (t,N∗) =
∫ π

−π

dχ

2π
eF(χ)t e−iN

∗χ = e−ΓΣt

(
Γ+

Γ−

)N∗/2
IN∗

(
2
√

Γ+Γ−t
)
,

(6.14)

with ΓΣ = Γ+ + Γ− and Iβ(x) is the βth order modified Bessel function of
the first kind with argument x. Additionally, the probability distribution
P (t,N∗) satisfies the fluctuation theorem

P (t,N∗)
P (t,−N∗)

=

(
Γ+

Γ−

)N∗

. (6.15)

Here, we have used the property of modified Bessel function, I−β(x) = Iβ(x)

if β is an integer. Using the distribution P (t,N∗) for particle transfer
through a tunnel junction, Eq. (6.14), and the definition of passage times,
Eq. (6.8), we obtain the FPTD

pN0(t) =
|N∗

0 |
t

IN∗
0

(
2
√

Γ+Γ−t
)(Γ+

Γ−

)N∗
0 /2

e−ΓΣt , (6.16)

where the effective boundary on particle transfer is

N∗
0 =

⌊
N0

α

⌉
. (6.17)

The symbol �a� represents rounding the argument a to nearest integer,
such that the modified Bessel function I�a�(x) has integer order �a�.

In the experiments, we can measure the electron transfer through the
double dot system in Fig. 2.4. Therefore, it is intuitive to define the
absorption boundary in terms of net electron flow. We denote this boundary
as N0. When using coarse-grained theoretical models, such as the one
in the next section, the net electron flow does not have to be exactly the
same as the net particle flow. However, the boundary N0 still imposes
the condition N∗

0 on the net particle flow such that the total amount of
charge transferred by the particles is the same as the one carried by
electrons, i.e., N∗

0 e
∗ = N0e. In the following section, we use this simple

model to approximate more complicated dynamics in an electronic double
dot system.
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(c)(0,0) 

(0,1) 

(1,0) 

(1,1) 

Figure 6.3. (a) The sketch of a double dot structure showing four probable configurations
the system can acquire. The black filled (open) circle represents the presence
(absence) of an extra electron on the island and black arrows are the possible
transitions. (b) The sketch showing four probable states in a double dot,
and the probable transitions between each state. For simplicity, we have
removed the transitions (0, 0) � (1, 1), see Fig 2.5, due to their negligible
number, < 1%, as compared to the most frequent ones. The electron transfer
from (0, 1) → (1, 0) is favored in the system, when a positive bias voltage
(Vb) is applied from the left lead. (c) The black lines are the three different
realizations of the time traces of the net number of electrons transported from
right to left island in the double dot with Vb = 90 μV. The red circles mark
the time it takes for these traces to touch the boundary N0 = 10 for the first
time. The blue circles illustrate the minimum number of electrons transferred
from right to left during the given time interval, i.e., 6 s. They can also be
interpreted as maximum number of electrons transferred against the flow.

6.3 Approximation for a double dot system

In this section, we use the fore-mentioned tunnel junction model to calcu-
late the distribution of first-passage times of electron transfer through an
electronic double dot, and compare it with the distribution obtained in the
experiments.

Figure 6.3 (a) and (b) show a schematic sketch of the sample with the four
system states and the possible transitions from each state. The sample
has three junctions and the net electron transfer through these three
junctions may differ at most by two electrons at a given time due to charge
conservation1.

In this section, we focus on the net charge transfer through the middle
junction of the double dot from right to left island. Figure 6.3 (c) shows
examples of net electron transfer traces for device bias 90μV. We define the
probability of N electrons to be transferred through the middle junction of
the double dot in time t as P (t,N). We can write the time evolution equa-
tion of this probability similar to Eq. (6.12). In this 4-level system model,
the fluctuation relation (6.4) does not hold2, see Fig. 6.5 (a). However, if we

1 Starting from the system with no (one) extra electron in any (each) of the island
the system may land up in a state with both islands filled with one (no) extra
electron at given time t. This will result in one extra (less) electron flow from
left and right lead to their corresponding island, leading to the time trace of net
charge transferred through middle junction differ from the one between both the
islands and the corresponding leads by 1 electron.
2 The slight deviation of experimental data points (Fig. 6.5 (a)) from the expected
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replace the 4-state model by a simpler tunnel junction model (Fig. 6.2), the
fluctuation relation holds and the effects of non-middle junction transitions
are captured in the third cumulant C3 of P (t,N) via the effective charge αe

of the particle transferred through the middle junction. This assumption
is valid when the cumulants of P (t,N) satisfy the condition

C1|C1C4 − C2C3|
12C3

2

(
N

C1t
− 1

)2

� 1 , (6.18)

where the time t is much larger than the system relaxation time 3 τr and
the number of charges transferred |N |  1. We have also assumed that
C1, C3 > 0, and C2

2 > C1C3. Once the above conditions are satisfied, we
compute the effective rates and charge α as follows.

Using the cumulant generating function (6.13), we obtain the first four
cumulants for the particle flow as

C∗1 = (Γ+−Γ−) , C∗2 = (Γ++Γ−) , C∗3 = (Γ+−Γ−) , C∗4 = (Γ++Γ−) . (6.19)

These cumulants, C∗j are related to the experimentally obtained cumulants
for the total number of electrons transferred (Cj) by a factor of the charge
of particle4, i.e., Cj = αjC∗j . These cumulants can be written as

C1 = α(Γ+−Γ−) , C2 = α2(Γ++Γ−) , C3 = α3(Γ+−Γ−) , C4 = α4(Γ++Γ−) .
(6.20)

Using Ci, we obtain the effective charge of the particle α and the rates as

α =

√
C3
C1

, Γ+ =
C1
2C3

(C2 + C1
√

C3/C1) , Γ− =
C1
2C3

(C2 − C1
√
C3/C1) . (6.21)

The fourth cumulant C4 can be presented as a function of rates and α:
C4 = α4(Γ+ + Γ−) = C3C2/C1. Similarly, in this approximation, all the
higher order cumulants of distribution P (t,N) can be presented in terms
of the first three cumulants of the distribution.

Using the effective charge and rates [defined in Eqs. (6.21)] to the first-
passage-time distribution for tunnel junction model (6.16), we obtain the
first-passage times for N0 electrons to transfer through the double dot
system as

pN0(t) = exp

[
−C1C2

C3
t

](
C2 +

√
C1C3

C2 −
√
C1C3

)N∗
0 /2 |N∗

0 |
t

IN∗
0

(
C1
√
C2
2 − C1C3
C3

t

)
,

(6.22)

black line is due to the limitations in validity of the detailed balance (2.31).
3 In the experiments, we calculate the system relaxation time as the inverse of
the eigenvalue of the transition rates matrix, which has the real part closest to
zero among its non-zero eigenvalues. τr = 8.7 ms for the double dot system at bias
voltage Vb = 90 μV.
4The charge transported by N∗ particles is same as the total amount of charge
transferred by N electrons, resulting in N = αN∗. This implies 〈N j〉 = 〈(αN∗)j〉
and Cj = αjC∗j .
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Figure 6.4. First-passage-time distributions for different threshold on net electron trans-
fer N for device bias 90 μV. The experimental data points (symbols), the exact
theory [59] (solid lines), and the theory (6.22) (dashed lines). The shaded
region shows the time regime where the theory (6.22) fails marked by condi-
tion (6.18). Adapted from Publication IV.

where the FPTD for N0 electrons to tunnel through the middle junction pN0

is same as the FPTD for N∗
0 charged particle, with effective charge α, to

pass through the junction and the effective number of charge transferred
N∗

0 = �N0/α�. In Fig. 6.4, we present the experimental FPTD (symbols) for
different threshold values for double dot sample with bias Vb = 90μV. The
theory (6.22) (dashed line) with cumulants calculated from experimental
data is in agreement with the experiments when the condition (6.18)
is satisfied. The shaded area marks the time for which the constraint
Eq. (6.18) does not hold.

The cumulants Cj can be computed directly from the electron counting
experiments using the probability distribution of the net number of elec-
trons transferred in fixed time t through the double dot system P (t,N).
It can also be calculated using the transition rates Γm→n for the system.
Table 2.1 provides a list of transition rates between different states in the
double dot at bias voltage ranging from −50 μV to 90 μV.

We compute the cumulants using both the above mentioned approach
and obtain the first four cumulants as C1 = 4.60 Hz, C2 = 9.27 Hz, C3 = 2.18

Hz, C4 = 3.96 Hz with an error bar of ±0.2 Hz, which is compatible with
the statistical uncertainty. The exact theory (solid line in Fig. 6.4) is
obtained using the approach mentioned in Ref. [59]. For details, see the
supplementary material of Publication IV.

Formally, the distribution (6.22) can also be obtained for a system without
any constraints on the validity of the fluctuation relation. In this case,
we assume that the system follows Markovian dynamics and exploit the
relation [136]

P (t,N) =

∫ t

0
dt′pN (t′)P (t− t′, 0) (6.23)

to compute the first-passage times pN (t) using the probability P (t,N).

65



First-passage times and extreme fluctuations

Taking the Laplace transform, the equation (6.23) can be re-written as

pN (t) =

∫ c+i∞

c−i∞
ds

2πi
est

∫ π
−π

dχ
2π

e−iχN

s−F(χ)∫ π
−π

dχ
2π

1
s−F(χ)

, (6.24)

where F(χ) is defined in Eq. (6.2). This is equivalent to the first-passage
distribution defined in Eq. (6.8) but without any restriction on the probabil-
ity distribution P (t,N) to satisfy the fluctuation relation (6.4). For details
on this approach, please refer to the supplemental material of Publication
IV. Next, we briefly discuss the behavior of passage times pN (t) in different
limiting cases on time and the distribution P (t,N).

In short-time limit, the modified Bessel function can be written as
In(t) ∼ tn/n! and exp(−t) → 1. This reduces the distribution (6.22) to

pN0(t) =

(
C2 +

√
C1C3

C2 −
√
C1C3

)N∗
0 /2 |N∗

0 |
t

(
C1
√
C2
2 − C1C3
C3

t

)N∗
0

∝ tN
∗
0−1 . (6.25)

We observe a power-law dependence of the distribution on time t in the
short-time regime. In long-time limit, the expression (6.22) reduces to

pN0(t) =
aN0

t3/2
exp (−Γt) . (6.26)

This recovers the exponential decay of the FPTD [59] with the parameters
aN0

5 depending on the cumulants and threshold charge N0, and the decay
rate Γ = C2

1/[C2 +
√
C2
2 − C1C3] depending only on the cumulants.

Additionally, we recover the well known passage time distribution of
diffusive processes [41, 42], using the Eq. (6.22) and assuming the proba-
bility P (t,N) to be a Gaussian distribution. In this case, we have only
first two cumulants, C1 and C2 as non-zero and in the long-time limit, the
distribution (6.22) simplifies to

pN0(t) =
|N |√
2πt3 C2

exp

[
− (N − C1t)2

2C2t

]
. (6.27)

Here, we have used the asymptotic limit [137] of the modified Bessel
function, i.e., In(x) � ex−n2/(2x)/

√
2πx.

The FPTD (6.22) suggests a relation between the passage times for
negative and positive threshold, namely

pN0(t)

p−N0(t)
=

(
C2 +

√
C1C3

C2 −
√
C1C3

)⌊√C1
C3N0

⌉

. (6.28)

Figure 6.5 (b) shows the ratio pN0(t)/p−N0(t) for experimental data, ex-
act theory and right hand side of relation (6.28). The inset presents
the ratio of total probability AN/A−N integrated over time, defined as

5 The functional form of aN is aN =
(
C2+

√C1C3
C2−

√C1C3

)N/2 |N |
[C2

2−C1C3]1/4
√

2πC1/C3
.
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(b) (a)

Figure 6.5. (a) The ratio of probability of charge distribution at a fixed time t = 1 s
for double dot with bias Vb = 90 μV. (b) The ratio of first-passage time
probabilities corresponding to −N and N net charge transfer through the
middle junction of double dot in time t, i.e., p−N (t)/pN (t). The symbols are
experimental data and the solid lines correspond to the ratio computed from
exact theory [59]. The dashed line is the approximation (6.28). The inset shows
the ratio of total probability integrated over time, AN/A−N . The symbols are
experimental data and dashed line the approximation (6.28).

AN =
∫∞
0 dt pN (t). The slope of ln[pN0(t)/p−N0(t)] v/s N0 curve is given by√

C1/C3 ln{(C2 +
√
C1C3)/(C2 −

√
C1C3)}. This is equal to the bias voltage

applied to the system normalized by thermal energy, i.e., Vb/{kBT} in
thermal equilibrium. Similar fluctuation relation for the first-passage time
on entropy produced by a system can be found in Ref. [38].
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7. Summary

This thesis has focused on charge and entropy statistics in electronic
systems. In the experiments, we used two different devices, a single-
electron transistor (SET) and an electronic double dot.

In Chapter 2, the basic physics of these devices were presented with the
measurement setup used for the research. We started with an introduc-
tion to the physics of a tunnel junction. Then, we presented the energy
considerations of electron transport in a single-electron box, an SET and
an electronic double dot. The double dot structure was discussed in more
detail. We showed that in the studied regime, it acts as a classical 4-level
system with Markovian dynamics. We also presented the honeycomb struc-
ture in the stability diagram as expected from such system at zero bias
voltage [97]. In Chapter 3, we presented the experimental details including
the sample fabrication and characterization steps.

In Chapter 4, we studied the filtered output current from a single-electron
transistor (SET). We proposed a method to infer the switching rates of a
random telegraph noise based on an analytical expression for the distri-
bution of the filtered current. The filtering function used to convolve with
the telegraph noise mimics the behavior of a slow detector. This method
of computing the transition rates should work even in the case of a slow
detector. We validated the model by applying it to the telegraph signal
generated by an SET, for which also the conventional threshold method
can be used. We demonstrated the efficiency of the proposed method by
applying it to an SET with a slow detector, for which the conventional
threshold method cannot be used. A possible next step would be to extend
the formalism to multi-level telegraph noise, so that it can be used for the
telegraph signal from devices such as the electronic double dot.

In Chapter 4, we also presented the distribution of the time-averaged
current. We showed from experimental data that the logarithm of the
distribution has an elliptic form in the long averaging-time limit, as sug-
gested by the large deviation principle. Additionally, we found a fluctuation
relation for the departure of time-averaged current from its mean value in
the long-time limit. These results are valid irrespective of the source of the
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bistable telegraph signal. Hence, the results can be used for detection and
characterization of spurious two-level fluctuators coupled to the devices.

In Chapters 5 and 6, we focused on the results obtained by measurements
on an electronic double dot. The double dot allows us to measure the
direction of electron flow [85, 98], unlike the single-island structures [13],
and hence provides an excellent test bench for the results of steady-state
thermodynamics.

In Chapter 5, we computed the total stochastic entropy production in the
double dot system at nonequilibrium steady state (NESS) using the time
trace of its state. Subsequently, we showed the validity of the infimum
law in the double dot system at NESS. Additionally, we presented a bound
on the entropy exchange with its environment, which depends on the
heterogeneity of the steady state distribution of system states. We verified
this bound with the experimental data. This theory can be further extended
to a system at non-stationary state and even further to a system which
follows quantum evolutions.

In Chapter 6, we focused on the experimental results on the first-passage
times of electron transport through the middle junction of the double dot.
The chapter presented the relevant theory developed in Publication IV and
its comparison to the experimental data. Furthermore, we presented the
experimental test of a fluctuation relation between the first-passage times
for a positive and a negative threshold of the same magnitude.

As a future step, the double dot sample can be used to study the back-
action in the electronic system. Additionally, with proper modification the
device can be used as a test bench for Cooper-pair splitting [138–152].

Recently, the thermodynamic uncertainty relations [62, 153, 154] have
been the subject of numerous theoretical studies. The double dot sample
presented in this thesis could be used as a test bench for these inequalities.
Additionally, the experimental study of these relations can be carried out
under the conditions where one of the assumptions of the theory is violated.
In this way, one can explore new regimes not covered by the existing theory.
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