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A quantum-circuit refrigerator draws energy from the quantum electric degrees of
freedom of a coupled circuit, thus decreasing the entropy of the circuit. This al-
lows rapid and on-demand initialization of the circuit, such as a qubit, imperative
for quantum computing. The initialization efficiency of the refrigerator depends
on the detailed properties of the coupled device and on the coupling scheme.

In this thesis, we study the efficiency and controllability of initializing a res-
onator supported by an additional resonator coupled to the refrigerator. The role
of the supporting resonator is to provide additional paths for the lower-frequency
primary resonator to relax, enhancing the operation of the quantum-circuit re-
frigerator. This elementary system provides information also for the initialization
of other components, such as qubits. The refrigeration is studied by deriving the
dynamics of the device from the first-principles, yielding transition rates between
different resonator states from which the resonator quality factor and the effective
temperature are derived.

The validity of the formulated model is verified by experimentally measuring
the quality factor of a superconducting resonator, which is found to be tunable
over three orders of magnitude. Furthermore, instead of applying dc bias, the
refrigeration effect can be achieved by driving the supporting resonator. Although
the goal of this thesis is to study the quality factor, we also observe an oscillatory
Lamb shift at high drive powers on the supporting mode.
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Päiväys: 7. tammikuuta 2019 Sivumäärä: 6 + 61
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Kvanttipiirijäähdytin johtaa pois energiaa siihen kytketyn piirin sähköisistä va-
pausasteista vähentäen piirin entropiaa. Tämä mahdollistaa nopean ja hallitun
kvanttimekaanisen piirin, kuten kubitin, alustamisen, mikä on välttämätöntä
kvanttilaskennalle. Jäähdyttimen alustamisen tehokkuus riippuu kytketystä lait-
teesta ja sen kykentätavasta.

Tässä diplomityössä resonaattorin alustamisen tehokkuuttaa tutkitaan kun
kvanttipiirijäähdyttimeen on kytketty ylimääräinen jäähdytystä tukeva reso-
naattori. Tukeva resonaattori mahdollistaa primaarisen alemman taajuuden
resonatoorin alustamisen useiden reittien kautta, mikä vahvistaa kvanttipii-
rijäähdyttimen toimintaa. Primaarinen resonaattori toimii työssä alkeellisena esi-
merkkisysteeminä, jonka pohjalta tuetun jäähdyttimen toimintaa voidaan tut-
kia ja tuottaa tietoa myös muiden komponenttien kuten kubittien alustamises-
ta. Laitteen toimintaa tutkitaan johtamalla sen dynamiikka perusperiaatteista
lähtien, ja siitä edelleen johtaen resonaattoritilojen väliset siirtymävauhdit sekä
primaariresonaattorin hyvyysluku ja laitteen efektiivinen lämpötila.

Laaditun teoreettisen mallin pätevyys varmennetaan kokeellisesti mittaamal-
la resonaattorin hyvyysluku, jolle saavutetaan kolmen suuruusluokan säätöväli.
Laite kykenee toimimaan myös ainoastaan tukevan resonaattorin miehityk-
sellä, jolloin vältytään aiemmalta häiriöalttiin tasajännitteen käytöltä kvantti-
piirijäähdyttimen päälle kytkemisessä. Vaikka työ keskittyykin hyvyysluvun tar-
kasteluun, tutkimme myös suurilla tukevan resonaattorin ajovoimilla havaittua
Lambin siitymää.
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Chapter 1

Introduction

Great progress has been recently made in the development of a quantum
computer. Such a machine is designed to exploit the quantum-mechanical
properties of light and matter, namely, the high dimensionality of a many-
particle quantum system, to gain advantage over classical computers to solve
computational problems [1, 2]. Rapid development has been achieved in
superconducting quantum circuits [3, 4], a promising approach to implement
a scalable large-scale quantum computer [5–9] and a variety of other quantum
devices [10], or for exploring fundamental physics [11].

Although superconducting quantum circuits can be readily manufactured
with relative ease with methods adopted from the well-established semicon-
ductor industry, they still face a challenge in the fast initialization of the
devices desirably to a pure quantum state. As the gate and measurement ac-
curacy of qubits has recently improved, quantum error correction, necessary
for large-scale operation, has become viable [12, 13]. The foreseeable quan-
tum error correction methods require multiple ancilla qubits for each logical
qubit to be corrected [14–17]. These ancilla qubits have to be initialized to
pure state for each cycle, and thus rapid qubit initialization is an imperative
element of a quantum computer [18].

A solution to such quick, accurate, and controllable initialization could be
an active refrigerator to evacuate entropy as desired [19, 20]. Refrigeration
of the electron systems in metals can be achieved using photon-assisted elec-
tron tunneling across normal-metal–insulator–superconductor (NIS) junc-
tions. The framework of incoherent single-charge tunneling in mesoscopic
junctions is well studied [21–23]. However, quantum devices are typically
designed to be well-isolated dissipative electron systems to have a sufficient
coherence time [24].

In order for electrons to tunnel across the NIS junctions, additional energy
is required to overcome the Bardeen–Cooper–Schrieffer energy gap in the
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CHAPTER 1. INTRODUCTION 2

superconductor. The energy gap owes to the fact that the single tunneling
electron must be bound into a Cooper pair in the ideal superconductor. The
required energy can be provided by a voltage source, thermal excitation, and
photons from a coupled quantum electric circuit. The tunneling rate can
be tuned in situ by applying a junction bias voltage near the onset of the
above-described tunneling events.

In this thesis, we consider an additional resonator in comparison to the
previously studied refrigerator circuit [25, 26]. This supporting resonator is
useful for controlling the refrigeration by providing additional types of tun-
neling events, depending on the controlled state of the supporting resonator.
Thus, the tunneling rate can be tuned with two parameters to rapidly and
accurately initialize quantum devices on demand.

This thesis proceeds by presenting the quantum-circuit refrigerator in
Ch. 2 together with theoretical preliminaries. In Ch. 3, the extended device
is introduced and the Hamiltonian of the device is derived. The Hamiltonian
is diagonalized, yielding the relaxation and excitation rates derived from the
first-principles as a function of both bias voltage and state of the supporting
resonator. The rates characterize the quality factor of the resonator, an indi-
cator for the effectiveness of the initialization, and the effective temperature,
which describes the ability to refrigerate. The thesis proceeds by discussing
the experimental setup and methods in Ch. 4. In Ch. 5, excellent agree-
ment between the model and the experimental results are found and Ch. 6
promptly concludes the thesis by summarizing the major findings: the cool-
ing rate can be tuned by three orders of magnitude between the off and on
state of the refrigerator, and an oscillatory Lamb shift appears in high-power
spectroscopy.



Chapter 2

Theoretical background

This chapter provides a brief background necessary for understanding the
work of this thesis. To begin, the operation principles of the introduced
quantum-circuit refrigeration are presented in detail in Sec. 2.1. Then, the
fundamentals for the analytical derivation of the dynamics of the coupled
circuit are discussed: circuit quantum electrodynamics in Sec. 2.2 and the
Fermi’s golden rule in Sec. 2.3. Unavoidably, the quantum-circuit refrigerator
perturbs the coupled circuit causing a Lamb shift, discussed in Sec. 2.4.
Finally, methods for designing resonators are introduced in Sec. 2.5.

2.1 Quantum-circuit refrigeration

The quantum-circuit refrigerator (QCR), developed in Refs. [25, 26], consists
of two NIS tunnel junctions, henceforth referred to as SINIS junctions. The
QCR is capacitively coupled to a circuit, such as an LC resonator, as shown
in Fig. 2.1b. The resonator is a central component in cQED and it is used
as an elementary system to study the QCR. It yields valuable information
for a variety of components such as state-of-the-art qubits, as they can be
described as slightly anharmonic oscillators. Therefore, our results directly
suggest applicability in a wide variety of quantum devices.

The SINIS junction consists of a pair of NIS junctions, illustrated in
Fig. 2.1a. The superconducting leads exhibit a Bardeen–Cooper–Schrieffer
(BCS) energy gap ∆ which the electrons on the normal-metal island need
to overcome to tunnel. The tunneling rate is controlled through an applied
bias voltage VB = 2V , where V is the bias on a single NIS junction. As
an electron on the metallic island tunnels across the junction, additional
energy quanta may be absorbed or emitted from or to the resonator in the
process. The tunable bias voltage may be set such that absorptive tunneling
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CHAPTER 2. THEORETICAL BACKGROUND 4

is energetically preferred, as is the case in Fig. 2.1a. The absorbed photons
cool the resonator which tends to relax to its ground state.

The tunnel coupling is considered a weak perturbation, since the tunnel-
ing resistance is assumed to be high RT ∼ 10 − 100 kΩ. It follows that the
junctions can be considered independent. While an electron tunnels across
one junction, the other junction acts as a parallel capacitance. Thus the
device can be modeled as shown in Fig. 2.1b.

This thesis extends the above-discussed QCR concept by coupling a sup-
porting resonator to the normal-metal island in Ch. 3. This provides more
paths for electrons to tunnel through the SINIS junction, possibly amplifying
the relaxation effect of the refrigerator.

2.2 Circuit quantum electrodynamics

The degrees of freedom of an electric circuit follow from the constraints im-
posed by the topology of the circuit. The constraints are described by Kirch-
hoff’s laws [27] ∑

all b around l

Φb = Φ̃l, (2.1a)∑
all b arriving at n

Qb = Q̃n, (2.1b)

where Φ̃l is the flux through the loop l, Q̃n is the charge of the node n, and Φb

and Qb are the branch fluxes and branch charges, respectively. The branch
fluxes Φb are obtained by the difference of the node fluxes Φn at the ends of
each branch.

The circuit topology is set by all branches of a spanning tree. The tree
is constructed by connecting a chosen reference node (ground) to each re-
maining node (active node) in the circuit only once with a set of branches.
The branches are two-terminal electrical elements, such as capacitors or in-
ductors. Each of the remaining branches defines a loop in the circuit. An
example of the method is demonstrated in Fig. 2.2

The Lagrangian is obtained by subtracting the energy 1
2L

Φ2
n of the in-

ductive elements from the energy C
2

Φ̇2
n of the capacitive elements, where the

dot denotes a temporal derivative. The Hamiltonian is obtained from the
Legendre transformation of the Lagrangian as

H0 =
∑

nodes n

Φ̇nQn − L0, (2.2)

where the conjugate charges of the node fluxes are defined as Qn = ∂L0/∂Φ̇n.
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(a)

Cj

V

Cm

Cc

L

Q,Φ

C Ztr

Cg

QN,ΦN(b)

Figure 2.1: (a) Energy diagram of sequential photon-assisted electron tun-
neling in an SINIS junction. The blue arrows represent absorptive tunneling
events to or from the normal-metal island and the red arrows emissive events.
The events are possible only if the initial state is occupied (red and brown)
and the final state is vacant (light grey). Thus, the emissive event to N is
forbidden, since the final state is not vacant, and the emissive event to S is
suppressed by the vanishing density of states in the superconductor gap of
size 2∆ (white). The bias voltage shifts the Fermi levels by eVB and thus de-
termines which events are possible when the energies of the assisting photons
alone is not sufficient. (b) Effective circuit diagram of the quantum-circuit re-
frigerator coupled to a single-mode resonator. The resonator (blue) is coupled
to the normal-metal island (red) of the refrigerator through the capacitance
Cc. tunneling occurs between the normal-metal and superconducting elec-
trodes, indicated by the red-grey symbol. The junction is associated with the
capacitance Cj and biased with V = VB/2. The other NIS junction acts as
a parallel capacitance, included in the capacitance Cm of the normal-metal
island to the ground. A transmission line, with a characteristic impedance
Ztr and coupling capacitance Cg, is needed for the readout of the resonator.
However, it is not considered further in this thesis. The node fluxes are de-
noted by ΦN and Φ, and their conjugate charges are QN and Q, respectively.
Panel (a) is adapted from Ref. [25] with the permission of the authors.
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Φ̃

Qb,ΦbQa,Φa

Figure 2.2: Example of a spanning tree (black) for a circuit consisting of
inductances and capacitances. The grey branches complete the loops and
the constant Φ̃ is the flux through the loop formed by the inductors.

2.3 Fermi’s golden rule

Photon-assisted electron tunneling events through the NIS junctions cause
perturbations in the states of the coupled resonators, resulting in transitions
between eigenstates. The rate of these transitions can be described by Fermi’s
golden rule. It gives the transition rate from an initial eigenstate |i〉 of a
Hamiltonian Ĥ0 to a final state |f〉 caused by a perturbing Hamiltonian ĤT

in the first order perturbation theory as [28]

Γi→f =
2π

~

∣∣∣〈f | ĤT |i〉
∣∣∣2δ(Ef − Ei), (2.3)

where eigenenergies corresponding to the eigenstates |i〉 and |f〉 are denoted
by Ei and Ef , respectively. The delta function with these eigenenergies relate
to the conservation of energy in the transition.

2.4 Lamb shift

The coupling of the resonator to the QCR arising from photon-assisted elec-
tron tunneling through NIS junctions exposes the quantum systems of the
resonator to a dissipative environment. This allows the exchange of energy
and information with the environment causing the sought-after relaxation
but also degradation of quantum coherence. The environment, even in a
vacuum state, can be modeled as broadband fluctuations which perturb the
original quantum system owing to the interaction. The fluctuations cause an
energy level renormalization of the system, known as the Lamb shift.

The Lamb shift for a resonator connected to a QCR can be derived from
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Lc

h2

h1

g w g

Figure 2.3: An example coplanar waveguide resonator of length Lc on an
oxide layer (grey, thickness h1) of a substrate (green, thickness h2). The
center conductor of width w is separated from the ground plane by gaps of
width g.

the microscopic Hamiltonian. The Lamb shift is given by [29]

ωL = −PV

∫ ∞
0

dω′

2π

(
γ(ω′)

ω′ − ωr

+
γ(ω′)

ω′ + ωr

− 2
γ(ω′)

ω′

)
, (2.4)

where PV indicates principal value integration, γ(ω′) is the coupling strength
of the resonator to the QCR and ωr is the fundamental resonance frequency.
The Eq. (2.4) describes the dynamic part of the Lamb shift, and, in addition,
a static contribution may arise in a device [29].

2.5 Resonator design

A superconducting coplanar waveguide (CPW) resonator consists of a narrow
centre superconductor of length Lc surrounded by two lateral superconduct-
ing ground planes separated from the conductor with gaps, as illustrated in
Fig. 2.3.

The eigenfrequency of the resonator depends on the capacitive and induc-
tive properties of the device as well as the length of the circuit. However, the
λ/2-resonator can support any positive integer multiples of the fundamental
resonance frequency and λ/4-resonator could support half-integer resonances.
Furthermore, the resonator can be occupied by a number of photons or be
relaxed to the vacuum state.

The fundamental resonance frequency is given by

f0 =
v

2L
=

1

2L
√
LlCl

, (2.5)

where we have used the phase velocity v = 1/
√
LlCl for electromagnetic waves

and the inductance and capacitance per unit length, Ll and Cl, respectively,



CHAPTER 2. THEORETICAL BACKGROUND 8

for a dielectric loaded unshielded CPW are obtained from [30–32]

Cl = 4ε0εeff
K(k0)

K(k′0)
, (2.6a)

Ll =
µ0

4

K(k′0)

K(k0)
, (2.6b)

where ε0 is the vacuum permittivity, µ0 is the vacuum permeability, K is the
complete elliptic integral of the first kind, and the effective permittivity εeff

is given by
εeff = 1 + q1(ε1 − 1) + q2(ε2 − ε1), (2.7)

where ε1 is the permittivity of the substrate the resonator is defined on and
ε2 is the permittivity of the oxide layer. The partial filling factors q1 and q2

are

q1 =
1

2

K(k1)

K(k′1)

K(k′0)

K(k0)
, (2.8a)

q2 =
1

2

K(k2)

K(k′2)

K(k′0)

K(k0)
, (2.8b)

and the elliptic moduli are

k0 =
w

w + 2g
, (2.9a)

k1 =
sinh

[
πw

4(h1+h2)

]
sinh

[
π(w+g)

4(h1+h2)

] , (2.9b)

k2 =
sinh

(
πw
4h2

)
sinh

[
π(w+g)

4h2

] , (2.9c)

k′i =
√

1− k2
i , i ∈ {0, 1, 2}. (2.9d)

In addition to the geometric inductance, Eq. (2.6b), microscopic super-
conducting resonators feature kinetic inductance. The kinetic inductance
is caused by the inertia of moving Cooper pairs within the superconductor
and may contribute noticeably to the full inductance. However, the kinetic
inductance is about two orders of magnitude lower than the geometric induc-
tance with the device parameter values chosen in this thesis [32] and thus we
neglect the kinetic contribution.

The value of the analytical expression for εeff depends sensitively on the
ratio between the substrate layer thicknesses and the dimensions of the CPW
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cross section and does not give accurate values for parameters close to those
chosen in this thesis [32]. In addition, fabrication details also affect the val-
ues and as such it is a common practice to measure the realized values in
the sample. Alternatively, Cl can be numerically calculated with finite ele-
ment electromagnetic simulations and Ll can be then solved from Eq. (2.6b).
In either case, resonators with a desired frequency can be designed with
Eq. (2.5).



Chapter 3

Analytical results

The amplification of the quantum-circuit refrigeration by the supporting res-
onator is studied by examining the resulting transition rates, quality factor,
and the effective temperature. We proceed by briefly describing the extended
device in Sec. 3.1. The Hamiltonian of the circuit is derived in Sec. 3.2, its
eigenstates in Sec. 3.3, and the transition rates in Secs. 3.4 and 3.5. The
quality factor and the effective temperature of the refrigerator are derived
from the transition rates in Sec. 3.6.

3.1 Extended device

As we show in this work, the relaxation rate of the resonator owing to a cou-
pled SINIS junction can be amplified by coupling a supporting LC resonator
to the normal-metal island. Figure 3.1 shows the circuit diagram of this sce-
nario. Photons stored in the supporting resonator will also provide energy
to the electrons, and hence increase tunneling across the NIS junctions. Im-
portantly, the tunneling electrons may simultaneously absorb photons from
both resonators. Such processes provide additional paths for the primary
resonator to lose entropy with an increased rate. The related transition rates
can be controlled through the photon number of the supporting resonator
and through the resonator frequencies.

The transmission lines and the capacitors, through which they are coupled
to the circuit, are needed for readout and external control. The coupling is
weak, which allows us to consider the transitions in the resonators due to the
SINIS junction and the transmission lines independently. The effects of the
transmission lines are studied in Ref. [25], and are not considered further in
this study.

10
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Cj

V

Cm C2 L2

Q2,Φ2

Cc2

Ztr2

Cg2

C1L1

Q1,Φ1

Ztr1

Cg1 Cc1

QN,ΦN

Figure 3.1: Effective circuit diagram of the extended scheme of a quantum-
circuit refrigerator coupled to two resonator modes. Two LC resonators
(blue) are coupled to the normal-metal island (red) of the refrigerator through
capacitances Cc1 and Cc2. tunneling occurs between normal-metal and su-
perconducting electrodes, indicated by the red-grey symbol. The junction is
associated with the capacitance Cj and biased with V = VB/2. The other
NIS junction acts as a parallel capacitance, included in the capacitance Cm

of the normal-metal island to ground. Transmission lines, with the charac-
teristic impedances Ztr1 and Ztr2 and coupling capacitances Cg1 and Cg2, are
needed for external driving and readout of the resonators. However, they are
not considered further in this study. The node fluxes are denoted by ΦN, Φ1,
and Φ2, and their conjugate charges are QN, Q1, and Q2, respectively.

3.2 Derivation of the circuit Hamiltonian

The Lagrangian of the core circuit is based on the four active nodes, the
spanning tree, and the branches [27] shown in Fig. 3.2. The nodes with
(Q1,Φ1) and (Q2,Φ2) are on the resonators, the node with (QN,ΦN) is on
the normal-metal island, and the node with (Qa,Φa) is an auxiliary variable.
The core circuit does not include the transmission lines. The ground node is
chosen to be at vanishing potential and flux.

The voltage source is first considered as a capacitor with capacitance CV
but is later reverted back to a fixed voltage. As each loop in the circuit is
interrupted by a capacitor, there are no static fluxes through them. Using
the loop rule of Eq. (2.1) the branch fluxes in Fig. 3.2 can be expressed in
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VΦb4

Cm

Φb6

C2

Φb8

Cc2

Φb7

QN,ΦN

CjΦb5

Qa,Φa

L2

Φb9

Q2,Φ2

Ztr2

Cg2

C1
Φb2

L1

Φb1Ztr1

Cc1

Φb3

Cg1

Q1,Φ1

Figure 3.2: Approach for determining the Lagrangian of the circuit of Fig. 3.1.
Arrows indicate branch fluxes in Eq. (3.1). The spanning tree (black) orig-
inates from the ground and terminates at the three nodes. The two trans-
mission lines and the tunnel junction are not part of the core circuit.

terms of the node fluxes as

Φb1 = Φ1,

Φb2 = Φ1,

Φb3 = ΦN − Φ1,

Φb4 = Φa,

Φb5 = ΦN − Φa,

Φb6 = ΦN,

Φb7 = ΦN − Φ2,

Φb8 = Φ2,

Φb9 = Φ2.

(3.1)

Taking the limit CV → ∞ fixes the auxiliary node at Φ̇a = V and the
Lagrangian can be written with the help of the above fluxes over branches,
as discussed in Sec. 2.2, and of Eq. (3.1) as

L0 =
Cj

2
(Φ̇N − V )2 +

Cm

2
Φ̇2

N

+
Cc1

2
(Φ̇N − Φ̇1)2 +

C1

2
Φ̇2

1 −
1

2L1

Φ2
1

+
Cc2

2
(Φ̇N − Φ̇2)2 +

C2

2
Φ̇2

2 −
1

2L2

Φ2
2,

(3.2)
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where the irrelevant constant
CjV

2

2
has been neglected. It is convenient to

continue in a matrix form by expressing the Lagrangian as

L0 =
1

2
Φ̇TCΦ̇− aT Φ̇− 1

2L1

Φ2
1 −

1

2L2

Φ2
2, (3.3)

where

C =

Cm + Cj + Cc1 + Cc2 −Cc1 −Cc2

−Cc1 Cc1 + C1 0
−Cc2 0 Cc2 + C2

 ,

Φ̇ =

Φ̇N

Φ̇1

Φ̇2

 , and a =

CJV0
0

 .
The Hamiltonian is obtained from the Legendre transformation, Eq. (2.2).
Since we aim to present the Hamiltonian as a function of the conjugate
charges instead of the temporal derivatives of the fluxes, the derivatives are
solved as a function of the conjugate charges from Qn = ∂L0/∂Φ̇n. In the
matrix form, this can be carried out as

Q = CΦ̇− a =

QN

Q1

Q2

 ,
Φ̇ = C−1(Q− a). (3.4)

Thus, the Hamiltonian is given by

H0 =
∑
l

QlΦ̇l −
∑
l,k

1

2
Φ̇lClkΦ̇k +

∑
l

alΦ̇l +
1

2L1

Φ2
1 +

1

2L2

Φ2
2

=
∑
l,k

1

2
(Ql + al)(C

−1)lk(Qk + ak) +
1

2L1

Φ2
1 +

1

2L2

Φ2
2, (3.5)

where al and Clk are elements of a and C, respectively. The resulting expres-
sion simplifies by denoting the total capacitance of the normal-metal island
to ground by CΣ = Cm + Cj and by renormalizing the capacitances of the
island and the resonators as

Cr1 =
C1

1− κ1CΣ − κ3C2

, (3.6a)

Cr2 =
C2

1− κ2CΣ − κ3C1

, (3.6b)
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CN =
CΣ

1− κ1C1 − κ2C2

, (3.6c)

κ1 =
Cc1Cc2 + C2Cc1

C∗
, (3.6d)

κ2 =
Cc1Cc2 + C1Cc2

C∗
, (3.6e)

κ3 =
Cc1Cc2

C∗
, (3.6f)

where we have denoted

C∗ =Cc1Cc2CΣ + C1Cc2(Cc1 + CΣ) + C2Cc1(Cc2 + CΣ)

+ C1C2(Cc1 + Cc2 + CΣ).
(3.7)

After quantization, the above definitions yield

H0 =
Q̂2

1

2Cr1

+
Q̂2

2

2Cr2

+
(Q̂N + CjV )2

2CN

+ κ1Q̂1(Q̂N + CjV )

+ κ2Q̂2(Q̂N + CjV ) + κ3Q̂1Q̂2 +
Φ̂2

1

2L1

+
Φ̂2

2

2L2

.

(3.8)

The applied voltage introduces a constant charge shift CjV which can be
eliminated with a gauge transformation [25], transforming states as |ψ′〉 =

e
1
~CjV Φ̂N |ψ〉 and the charge operator as

e
i
~CjV Φ̂N(Q̂N + CjV )e−

i
~CjV Φ̂N = Q̂N, (3.9)

due to the commutation relation [Φ̂N, Q̂N] = i~. Consequently, the Hamilto-
nian (3.8) simplifies into a voltage independent form

Ĥ0 =
Q̂2

1

2Cr1

+
Q̂2

2

2Cr2

+
Q̂2

N

2CN

+ κ1Q̂1Q̂N

+ κ2Q̂2Q̂N + κ3Q̂1Q̂2 +
Φ̂2

1

2L1

+
Φ̂2

2

2L2

,

(3.10)

The terms Q̂2
1, Q̂2

2, and Q̂2
N describe the charge states of the islands. The

cross terms Q̂1Q̂N, Q̂2Q̂N, and Q̂1Q̂2 describe the interaction between the
resonators and the island. The interaction between the two resonators has
a significant effect only if they are close to resonance. However, the purpose
of this work is to have the resonators at significantly different frequencies,
for example 8.8 GHz and 17.6 GHz, to induce tunneling owing to one of
the resonators. Thus, the resonator interaction term Q̂1Q̂2 is assumed to



CHAPTER 3. ANALYTICAL RESULTS 15

be negligibly weak. The validity of this assumption is further studied in
Appendix A. The resonator frequencies are chosen to well represent possible
applications and are close to those studied in Ref. [25].

We simplify the core Hamiltonian Ĥ0 by completing two squares contain-
ing Q̂1, Q̂2, and Q̂N terms into the form

Ĥ0 =
(Q̂1 + α1Q̂N)2

2C ′r1
+

(Q̂2 + α2Q̂N)2

2C ′r2
+

Q̂2
N

2C ′N
+

Φ̂2
1

2L1

+
Φ̂2

2

2L2

, (3.11)

where the capacitance ratios α1 and α2 and the renormalized capacitances
are given by

α1 =
Cc1(Cc2 + C2)

Cc2(Cc1 + CΣ) + C2(Cc1 + Cc2 + CΣ)
, (3.12a)

α2 =
Cc2(Cc1 + C1)

Cc1(Cc2 + CΣ) + C1(Cc1 + Cc2 + CΣ)
, (3.12b)

C ′r1 = C1 + α1

(
CΣ +

C2Cc2

Cc2 + C2

)
, (3.12c)

C ′r2 = C2 + α2

(
CΣ +

C1Cc1

Cc1 + C1

)
, (3.12d)

C ′N =
Cc2(C1 + Cc1)C2 + (C1 + Cc1)(C2 + Cc2)CΣ + Cc1(C2 + Cc2)C1

−Cc2(C1 + Cc1)α2 + (C1 + Cc1)(C2 + Cc2)− Cc1(C2 + Cc2)α1

.

(3.12e)
In Eq. (3.11), a change in the island charge Q̂N by e displaces the charge of
both resonators in the same fashion by αie, i ∈ {1, 2}, while not affecting the
resonator energies. The magnitude of the displacement is governed by α1

and α2, arising from the circuit parameters, especially from the refrigerator–
resonator coupling capacitances Cc1 and Cc2.

Setting one of the coupling capacitances to zero decouples the correspond-
ing resonator from the remaining circuit. The decoupled resonator appears
in the core Hamiltonian as an energy storage, no longer participating in the
dynamics of the other parts of the device. Excluding these decoupled terms
from Ĥ0, leads to the Hamiltonian derived in Ref. [25] for the circuit shown
in Fig. 2.1b.

3.3 Eigenstates of the core Hamiltonian

To derive the transition rates in the circuit, the core Hamiltonian Ĥ0 needs
to be diagonalized.
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To begin, note that the core Hamiltonian Ĥ0 and the island charge op-
erator Q̂N commute, i.e., [Ĥ0, Q̂N] = 0, indicating shared eigenstates. The
Hamiltonian can thus be written in terms of charge eigenstates of the island
|q〉, s.t. Q̂N |q〉 = eq |q〉, and the harmonic oscillator states of the resonators
|m1 ; q〉 and |m2 ; q〉 as

Ĥ0 =
∞∑

q=−∞

|q〉 〈q|

[
ENq

2 +
(Q̂1 + α1eq)

2

2C ′r1
+

(Q̂2 + α2eq)
2

2C ′r2
+

Φ̂2
1

2L1

+
Φ̂2

2

2L2

]

=
∞∑

q=−∞

∞∑
m1,m2=0

|m1; q,m2 ; q, q〉 〈m1; q,m2 ; q, q|[
ENq

2 + ~ωr1

(
m1 +

1

2

)
+ ~ωr2

(
m2 +

1

2

)]
,

(3.13)

where EN = e2

2C′N
, the resonator frequencies are ωr1 = 1/

√
L1Cr1 and ωr2 =

1/
√
L2Cr2, and for clarity, we have written the parametric dependence of the

states of the harmonic oscillators on q after the quantum numbers, separated
by semicolons, and separated the parts corresponding to the different systems
by commas. Above, the resonator eigenstates are Fock states

|m1; q,m2 ; q〉 = e−iα1q
e
~ Φ̂1e−iα2q

e
~ Φ̂2 |m1,m2〉 , (3.14)

which have their coordinates Q1 and Q2 shifted by the coupling to the charge
on the normal-metal island, α1eq and α2eq. The shift affects only the eigen-
states of the harmonic oscillators, not their energies.

3.4 Matrix elements of the tunneling Hamil-

tonian

Forward tunneling of an electron from the normal-metal island to the super-
conducting side may perturb the circuit, and induce a transition in the core
circuit from the state |m1; q,m2 ; q, q〉 to |m′1; q + 1,m′2 ; q + 1, q + 1〉. The
tunneling Hamiltonian in the used gauge of Eq. (3.9) is given by

ĤT =
∑
klσ

(Tlkd̂
†
lσ ĉkσe

−i e~ Φ̂N + H.c.), (3.15)

where the wave vectors of the normal-metal quasiparticles are denoted by l,
the spin indices by σ ∈ {↑, ↓}, and the fermionic annihilation operators by d̂lσ.
The wave vectors of the superconductor quasiparticles are denoted by k and
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the corresponding annihilation operators by ĉkσ. The tunneling probability
is proportional to the tunneling matrix elements Tlk. The voltage bias is
expressed in the operators with a time-dependent unitary transformation

ÛV (t) =
∏

kσ exp
(
i e~V tĉ

†
kσ ĉkσ

)
, transforming a Hamiltonian as

Ĥ ′ = Û †V ĤÛV . (3.16)

Neglecting the prime, the tunneling Hamiltonian transforms into

ĤT =
∑
klσ

[Tlkd̂
†
lσ ĉkσe

−i e~ (Φ̂N−V t) + H.c.], (3.17)

containing a time-dependent flux due to the applied voltage [25]. The tun-
neling transitions are governed by the tunneling operator

Θ̂ =
∑
klσ

Tlkd̂
†
lσ ĉkσ, (3.18)

simplifying the tunneling Hamiltonian into

ĤT = Θ̂e−i
e
~ (Φ̂N−V t) + H.c.. (3.19)

The transition rates between the initial and final eigenstates |i〉 and |f〉 of
the total Hamiltonian due to weakly perturbing tunneling events are given
by Fermi’s golden rule, Eq. (2.3). The eigenenergies corresponding to |i〉 and
|f〉 are Ei and Ef , respectively. The transition matrix elements expand as

〈f | ĤT |i〉 = 〈E ′,m′1 ; q′,m′2 ; q′, q′| ĤT |E,m1 ; q,m2 ; q, q〉

= e+i e~Vt 〈E ′| Θ̂ |E〉 〈m′1; q′,m′2 ; q′, q′| e−i
e
~ Φ̂N |m1; q,m2 ; q, q〉

+ e−i
e
~Vt 〈E ′| Θ̂† |E〉 〈m′1; q′,m′2 ; q′, q′| ei

e
~ Φ̂N |m1; q,m2 ; q, q〉 ,

(3.20)

where |E〉 is an eigenstate of the junction electrodes which is a direct prod-
uct of the those of the normal-metal island and of the superconducting lead.
Under the first order perturbation theory only single-electron tunneling pro-
cesses are considered, giving the matrix elements of the core circuit as

〈m′1; q′,m′2 ; q′, q′| e±i
e
~ Φ̂N |m1; q,m2 ; q, q〉

= δq±1,q 〈m′1; q ± 1,m′2 ; q ± 1|m1; q,m2 ; q〉
= δq±1,q 〈m′1; q ± 1|m1; q〉 〈m′2; q ± 1|m2; q〉 . (3.21)

Both overlap terms above are derived in the same way and hence the
subscripts 1 and 2 in the variable m are omitted below for simplicity. The
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overlaps between the eigenstates of each resonator can be calculated from
Eq. (3.14) and by noting that Φ̂ corresponds to the position coordinate in a

mechanical oscillator and is Φ̂ =
√

~
Crωr

(â† + â)/
√

2 where the capacitance

Cr corresponds to the mass of a mechanical oscillator and â† and â are the
creation and annihilation operators of a resonator, respectively. The overlap
can thus be calculated as

〈m′; q ± 1|m; q〉 = 〈m′| eiα(q±1) e~ Φ̂e−iαq
e
~ Φ̂ |m〉

= 〈m′| e±iα
e
~

√
~

Crωr
(â†+â)/

√
2 |m〉 . (3.22)

Noting the similarity between e±iα
e
~ Φ̂ and the displacement operator

D̂ = eµâ
†−µ∗â, (3.23)

e±iα
e
~ Φ̂ can be written as

e±iα
e
~ Φ̂ = e

±iα e~
√

~
Crωr

(â†+â)/
√

2

= D̂

(
±iα e

~

√
~

Crωr

/
√

2

)
. (3.24)

This is helpful as the matrix elements of the displacement operator are given
by [33]

〈m′|D(µ) |m〉 =

e−|µ|
2/2
√

m′!
m!

(−µ∗)m−m′Lm−m′m′ (|µ|2), m′ ≤ m,

e−|µ|
2/2
√

m!
m′!

(µ)m
′−mLm

′−m
m (|µ|2), m′ ≥ m,

(3.25)

where Lm−m
′

m′ are the generalized Laguerre polynomials. Thus, the absolute
value squared of the overlap can be expressed as

|〈m′; q ± 1|m; q〉|2 =

∣∣∣∣∣〈m′| D̂
(
±iα e

~

√
~

Crωr

/
√

2

)
|m〉

∣∣∣∣∣
2

M2
mm′ =

e
−α2 1

RK

π
Crωr m

′!
m!

(
α2 1

RK

π
Crωr

)l ∣∣∣Llm′(α2 1
RK

π
Crωr

)
∣∣∣2, m′ ≤ m,

e
−α2 1

RK

π
Crωr m!

m′!

(
α2 1

RK

π
Crωr

)−l ∣∣∣L−lm (α2 1
RK

π
Crωr

)
∣∣∣2, m′ ≥ m,

= e−ρρ|l|
(
m′!

m!

)sgn(l) ∣∣∣L|l|min(m′,m)(ρ)
∣∣∣2, (3.26)
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where min is the minimum of a set, sgn is the sign function, l = m − m′,
ρ = πα2 1

ωrCrRK
, and RK = h

e2
is the von Klitzing constant. Thus we obtain∣∣〈m′q±1,1

∣∣mq,1

〉 〈
m′q±1,2

∣∣mq,2

〉∣∣2
=

[
e−ρ1ρ

|l1|
1

(
m′1!

m1!

)sgn(l1) ∣∣∣L|l1|min(m′1,m1)(ρ1)
∣∣∣2]

×

[
e−ρ2ρ

|l2|
2

(
m′2!

m2!

)sgn(l2) ∣∣∣L|l2|min(m′2,m2)(ρ2)
∣∣∣2]

= M2
m1m′1

M2
m2m′2

, (3.27)

where and li = mi − m′i, i ∈ {1, 2} is the change in the resonator photon
occupancy number and the interaction parameters of the resonators 1 and 2
are, respectively,

ρ1 = πα2
1

1

ωr1Cr1RK

= πα2
1

Zr1

RK

, (3.28a)

ρ2 = πα2
2

1

ωr2Cr2RK

= πα2
2

Zr2

RK

. (3.28b)

3.5 Transition rates due to tunneling

The forward-tunneling transition rate
−→
Γ q,(m1,m2),(m′1,m

′
2) from the resonator

occupation states (m1,m2) to (m′1,m
′
2) under the charge state q of the island

can be calculated using Eqs. (2.3), (3.20), and (3.27) and by integrating over
the quasiparticle states in thermal equilibrium [34]. This results in

−→
Γ q,(m1,m2),(m′1,m

′
2)(V )

=
M2

m1m′1
M2

m2m′2

e2RT

∫∫
dεkdεlnS(εk)[1− fS(εk)]fN(εl)

× δ[εk − εl − eV + EN(1− 2q) + ~ωr1(m′1 −m1) + ~ωr2(m′2 −m2)],
(3.29)

where the experimentally measurable tunneling conductance 1/RT is brought
out of the integration because of the used density of states being dimension-
less. The Fermi–Dirac distributions fS(ε) and fN(ε) in the superconducting
and normal-metal electrodes, respectively, are given by

fS/N(ε) =
1

eE/(kBTS/N) + 1
, (3.30)
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where TS/N is the temperature of the respective electrode. The normalized
quasiparticle density of states in the superconductor nS is given by [35]

nS(ε) =

∣∣∣∣∣Re

{
ε+ iγD∆√

(ε+ iγD∆)2 −∆2

}∣∣∣∣∣, (3.31)

where ∆ is the BCS gap and the Dynes parameter γD determines the effective
density of subgap states. Equation (3.29) can be rewritten for convenience
as −→

Γ q,(m1,m2),(m′1,m
′
2)(V )

= M2
m1m′1

M2
m2m′2

RK

RT

−→
F (eV + ~ωr1l1 + ~ωr2l2 − E+

q ),
(3.32)

where E±q = EN(1 ± 2q) and the normalized rate of forward quasiparticle
tunneling for RT = RK at the energy bias E is

−→
F (E) =

1

h

∫
dε nS (ε)[1− fS(ε)]fN(ε− E). (3.33)

With the addition of another coupled resonator, the photon-assisted tunnel-
ing processes can draw additional energy quanta from both resonators. This
manifests as the additional energy term ~ωr2l2 in Eq. (3.32), relating to the
conservation of energy. In addition, to evaluate the transition rates we must
also consider simultaneous transitions in both resonators.

The backward-tunneling transition rate, inducing a core circuit transition
from the state |m1; q,m2 ; q, q〉 to |m′1; q − 1,m′2 ; q − 1, q − 1〉, is obtained
with almost identical steps as above, resulting in

←−
Γ q,(m1,m2),(m′1,m

′
2)(V )

= M2
m1m′1

M2
m2m′2

RK

RT

←−
F (eV − ~ωr1l1 − ~ωr2l2 + E−q ),

(3.34)

where the normalized rate of backward quasiparticle tunneling for RT = RK

at the energy bias E is

←−
F (E) =

1

h

∫
dε nS (ε)fS(ε)[1− fN(ε− E)]. (3.35)

These transition rates are derived for a single NIS junction, a half of the SINIS
junction. The other NIS junction is assumed to have an equal tunneling
resistances and junction capacitances, leading to identical transition rates
but with a reversed voltage. Thus, the transition rates for adding (’+’) or
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removing (’−’) an electron from the island owing to tunneling through the
SINIS junction can be written as [25]

Γ±q,(m1,m2),(m′1,m
′
2)(V )

= M2
m1m′1

M2
m2m′2

RK

RT

[
−→
F (eV + ~ωr1l1 + ~ωr2l2 − E±q )

+
−→
F (−eV + ~ωr1l1 + ~ωr2l2 − E±q )].

(3.36)

Following Ref. [25], the charge and resonator dynamics are considered
to be essentially independent and hence we trace over the stationary and
symmetric thermal distribution of the charge states pq from the resonator
transition rates to obtain the total transition rates of the two-resonator sys-
tem

Γ(m1,m2),(m′1,m
′
2)(V )

=
∑
q

pq[Γ
+
q,m1,m′1,m2,m′2

(V ) + Γ−q,m1,m′1,m2,m′2
(V )]. (3.37)

The transition rates are expanded to the first order in Eq since the charging
energy of the normal-metal island is much smaller than other energy scales.
The symmetry of the steady-state charge distribution causes its effect to
vanish except for an overall bias shift EN. Thus, the resonator transition
rate assumes the form

Γ(m1,m2),(m′1,m
′
2)(V )

= M2
m1m′1

M2
m2m′2

2RK

RT

∑
τ=±1

−→
F (τeV + ~ωr1l1 + ~ωr2l2 − EN).

(3.38)

3.6 Derivation of the quality factor

The single-photon transition rates for a single resonator are obtained by
tracing out the other resonator as

Γ̃01 =
∑
k,l

PkΓ(0,k),(1,l), (3.39a)

Γ̃10 =
∑
k,l

PkΓ(1,k),(0,l), (3.39b)

where Pk is the probability of the state k being occupied in the traced res-
onator. The single-photon excitation and relaxation rates can be modeled by
those generated by coupling to a bosonic thermal reservoir with the coupling
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strength γT and the mean thermal occupation NT = 1/{exp[~ωri/(kBTT)]−
1}, i.e.,

Γ̃01 = γTNT, (3.40a)

Γ̃10 = γT(NT + 1), (3.40b)

where the subscript T denotes the reservoir arising from the inelastic photon-
assisted tunneling. The validity of the above approximation of a thermal
reservoir is valid also for higher photon numbers provided that mρ � 1. In
this thesis, we study the effect of a classical drive on the supporting resonator,
which results in a coherent state

|α〉 = e−
|α|2
2

∞∑
k=0

αk√
k!
|k〉 , (3.41)

with the mean photon number n̄ = |α|2. Here, the likelihood of the Fock
state |k〉 being occupied is Poisson distributed

Pk = |〈k|α〉|2 = e−n̄
n̄k

k!
. (3.42)

Noting that M2
m,m+1 = M2

m+1,m, the coupling strength and the effective tem-
perature of the primary resonator are written using Eqs. (3.38)–(3.40b) as

γT = 2πα2
1

Zr1

RT

∑
k,l

PkM
2
kl

∑
`,τ=±1

`
−→
F (τeV + `~ωr1 + l2~ωr2 − EN), (3.43a)

TT =
~ωr1

kB

[
ln

(∑
k,l PkM

2
kl

∑
τ=±1

−→
F (τeV + ~ωr1 + l2~ωr2 − EN)∑

k,l PkM
2
kl

∑
τ=±1

−→
F (τeV − ~ωr1 + l2~ωr2 − EN)

)]−1

.

(3.43b)
The corresponding quantities for the supporting resonator are obtained by
interchanging the subscripts 1 and 2. Note that this study is focused on the
cooling of only the primary resonator, denoted by subscript 1. The quality
factor of the primary resonator is defined as

Q =
ωr1

γT

. (3.44)



Chapter 4

Experimental methods

This chapter sets up the stage for the experimental verification of the theory
formulated in Ch. 3. The two-resonator model is verified on a sample where
we utilize two modes of a single resonator. Mapping between these two ap-
proaches is provided in Sec. 4.1, which provides the foundation for designing
a sample with the desired parameters. The fabrication process of the sam-
ple is briefly described in Sec. 4.2 and the experimental sample is promptly
introduced in Sec. 4.3. The measurement setup is explained in Sec. 4.4 and
the performed reflection measurement is analytically written in Sec. 4.5 for
data analysis. The reflection measurement then yields the quality factor,
as described in Sec. 4.6. Although NIS thermometry is not experimentally
implemented, it is introduced in Sec. 4.7 for completeness.

4.1 Mapping from the distributed-element model

to the lumped-element model

The theory has thus far been developed in the lumped-element (LE) model, as
opposed to the distributed-element (DE) model describing our sample. The
main advantage of the DE model is to be able to account for the locations of
components within a resonator. The LE model on the other hand provides
a simpler theoretical description. Furthermore, lumped-element resonators
require significantly less space than coplanar waveguide (CPW) resonators
considered in the DE model, an advantage for scaling purposes.

However, the transition rate theory is experimentally studied on a CPW
sample. This is helpful as CPWs are widely used in previous research and
relatively simple to fabricate. In the sample, the two LC resonators cor-
respond to a single CPW resonator which is driven simultaneously at two
modes. Below, we provide a mapping from the DE model to the LE model

23



CHAPTER 4. EXPERIMENTAL METHODS 24

so that we can apply the theory developed in Ch. 3 to our experiments.
The map gives the relations between the physical parameters of the device

to these of the model. This is carried out by matching the frequencies of
the lowest cavity modes with the resonator frequencies, resulting in equal
excitation energies. The resulting mapping is given by [36]

C =
cLc

2
, (4.1a)

L =
2lLc

π2
, (4.1b)

where c is the capacitance per unit length, l is the inductance per unit length,
and Lc is the length of the CPW resonator.

4.2 Sample fabrication

The sample is fabricated on a high-purity 500-µm-thick silicon wafer passi-
vated with a 300-nm-thick thermally grown silicon oxide layer. The CPW
resonator is defined in a 200-nm-thick sputtered niobium layer with pho-
tolithography and reactive ion etching. A 50-nm-thick Al2O3 dielectric layer
for the parallel plate capacitors is then atomic-layer deposited on the whole
wafer at 200 ◦C. The NIS junctions, the transmission line, and the bonding
pads are defined with electron beam lithography and two-angle evaporation.
First, a 20-nm-thick superconducting Al layer is evaporated, followed by
in situ oxidation to form the thin tunnel barriers. Second, a 20-nm-thick
normal-metal Cu layer is evaporated.

4.3 Sample device

The theoretical model is verified on a device consisting of a single CPW
resonator coupled to a QCR by driving the resonator on two modes. A
schematic illustration of the device is included in Fig. 4.1. The supercon-
ducting resonator is coupled to the normal-metal island of the QCR with
a parallel plate coupling capacitance of 780 fF. The NIS tunnel junctions
of the QCR have tunneling resistances of 19.19 kΩ and on-chip RC filters
with ∼ 2 GHz cut-off are built into the QCR leads. The resonator with a
fundamental frequency of 8.82 GHz and characteristic impedance 42.8 Ω is
driven through a transmission line of 50 Ω impedance coupled with a 750 pF
capacitance.
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4.4 Measurement setup

In order to achieve superconductivity, the sample is kept at millikelvin tem-
peratures in a dry dilution refrigerator. The sample is attached to a gold-
plated copper sample holder which also contains a printed circuit board
(PCB). The sample is bonded to silver-plated copper leads in the PCB with
aluminum wires which are connected with coaxial cables to the measurement
setup, illustrated in Fig. 4.1.

Within the refrigerator, the CPW resonator port is connected to a cir-
culator, which guides the incoming signal to the sample and the outgoing
reflected signal to the amplification chain. The incoming signal, consisting
of a probe tone and an excitation tone, is attenuated to the single-photon
regime at various temperature stages to reduce noise. The probe signal for
the fundamental mode is produced with a Rohde & Schwartz ZNB40 vector
network analyser (VNA) and is used in the reflection measurements of the
sample. The second-mode drive tone is produced with a Giga-tronics 2550B
microwave signal generator and used to populate the higher mode at will.
The two tones are directly combined with a splitter and further attenuated.
The direct coupling with a splitter is justified as its nonlinerity is small,
causing little interaction between the heavily detuned coupled signals.

The fundamental tone in the outgoing signal is isolated and amplified at
20 mK, 50 K, and 300 K for readout. Within the dilution refrigerator the am-
plification is carried out with a traveling-wave parametric amplifier (TWPA)
[37], which significantly improves the signal to noise ratio, and further with a
high-electron-mobility-transistor (HEMT) amplifier. Furthermore, unwanted
reflections from TWPA or HEMT are handled with isolators at 20 mK and
the signal is sent to the room temperature setup. The SINIS junction bias
voltage port is connected with Thermocoax cables to a room temperature
Stanford Research Systems SIM900 battery-powered source.

At room temperature, all rf signals pass through dc blocks and the volt-
age passes through a 1-to-1000 divider. The signal reflected from the CPW
low-frequency resonator is further amplified and sent to the VNA for mea-
surement.

The VNA is used to implement the reflection spectroscopy, i.e., to mea-
sure the reflection coefficient of the sample while sweeping the frequency of
the probe tone. Once the probe tone is in resonance with the CPW resonator
reflection decreases significantly, thus the resonance frequency of the sample
is pinpointed. The width and depth of this dip are directly related to the
quality factor of the resonator and are dependent on the applied SINIS bias
voltage and the second-mode excitation power. Furthermore, the frequency
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Figure 4.1: Schematic illustration of the CPW resonator (blue) capacitively
coupled to the QCR (red) and through the transmission line to the (simpli-
fied) measurement setup. Reflections of the fundamental-mode probe signal
(frequency ωp/2π, power Pp) is measured with a VNA while a higher mode of
the resonator is driven with a supporting signal (ωs, Ps). Also a bias voltage
VB is applied to the QCR. The signals are coupled directly with a splitter,
attenuated to single photon regime at different temperature stages as indi-
cated, and guided to the sample with a circulator. The reflected signal is
diverted with the circulator, isolated, amplified, and filtered. The sample is
isolated from the noise generated by the amplifiers with isolators.
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of the second-mode tone can also be varied, resolving the second resonance
frequency of the sample. In addition, the measurement is able to reveal unin-
tended resonances present in the sample owing to, for example, imperfections
in the sample or in the sample holder. These resonances can be distinguished
from the sample resonator modes by their magnitudes and frequencies.

4.5 Reflection measurement

The reflection measurement data is processed by first removing spurious
background fluctuations. The background is determined independently on
the amplitude of each probe frequency sweep by fitting a linear model to the
tails of each sweep. The background spectrum is mostly caused by frequency
dependent attenuation in lines and components. These are separately mea-
sured and found to be linear in the relevant frequency range. The data is
then scaled according to the gain of the setup and an input-output reflection
model is fitted, as discussed next.

For the input-output model, the sample is modeled as a resonator coupled
to two transmission lines, one at each end. The SINIS junction is modeled as a
transmission line with coupling strength γT, Eq. (3.43a), in-going (outgoing)
mode is denoted by b̂in(t) [b̂out(t)], and with number of incoming photons〈
b̂†in(ω)b̂in(ω)

〉
= NS, where 〈·〉 takes the average. Note that the driven

second-mode influences the dynamics only through the coupling strength γT

and that processes in the SINIS junction involving multi-photon transitions
of the fundamental mode are neglected. Furthermore, excess damping is
captured in the damping rate γ1.

The input-output relations at the interfaces of the resonator are [38, 39]

âout(t) = −râin(t)− pb̂in(t) +
√
γtrâ(t), (4.2a)

b̂out(t) = −r∗b̂in(t) + p∗âin(t) +
√
γTâ(t), (4.2b)

where γtr is the coupling strength to the transmission line, and we assume
weak linear coupling between the resonator and the transmission line. The
complex parameters r and p account for any Fano resonance by accommo-
dating the direct coupling between the transmission line and the virtual
transmission line corresponding to the QCR [39]. The parameters satisfy
|r|2 + |p|2 = 1 to retain the unitarity of the scattering matrix. Note that if
no Fano resonance is present, the imaginary parts of the two parameters are
zero. The internal dynamics of the resonator are described by

dâ(t)

dt
= −iω1â(t)− γT + γtr + γ1

2
â(t) +

√
γtrâin(t) +

√
γTb̂in(t), (4.3)
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which is used to solve the input-output relations in the frequency domain,
yielding

âout =

[
−γT+γtr+γ1

2
+ i(ωp − ω1)

]
(râin(ωp) + pb̂in(ωp)) + γtrâin +

√
γTγtrb̂in(ωp)

γT+γtr+γ1
2

− i(ωp − ω0)
,

(4.4)
where ωp is the probe angular frequency. The phase of 〈b̂in〉 is random with

respect to 〈âin〉 and thus the effect of b̂in vanishes in our VNA measurement,
yielding

〈âout〉 =
2γtr − r [γT + γtr + γ1 − 2i(ωp − ω0)]

γT + γtr + γ1 − 2i(ωp − ω0)
〈âin〉 . (4.5)

The voltage reflection coefficient is expressed as

Γ = |Γ|eiϕ =
〈âout(ωp)〉
〈âin(ωp)〉

=
2γtr − r [γT + γtr + γ1 − 2i(ωp − ω0)]

γT + γtr + γ1 − 2i(ωp − ω0)
, (4.6)

with a Lorentzian-shaped magnitude

|Γ|2 =

4|r|2(ωp − ω0)2 − 8ry(ωp − ω0)[γtr − rx(γT + γ1)]
+ [2γtr − rx(γT + γtr + γ1)]2 + r2

y(γtr + γT + γ1)2

(γT + γtr + γ1)2 + 4(ωp − ω0)2
, (4.7)

where we have denoted rx = Re(r) and ry = Im(r) for clarity.
At each probe frequency of any given bias voltage and second-mode power

the Lamb shifted resonance frequency is located at minimum reflection oc-
curring at ωp = ω0. The full width at half maximum (FWHM) of the dip in
power corresponds to the total coupling strength γtot = γtr + γT + γ1. These
parameters are extracted from the data as fitting parameters of Eq. (4.7).

Furthermore, ideally for ry = 0 the reflection vanishes at critical points
where the impedances of the transmission line and the other electromagnetic
environments of the resonator are matched γtr = γT(V, n̄) + γ1 and ωp = ω0.
At these critical points, γtr is ideally given by the full width of the dip γcr

tot

as

γtr =
γcr

tot

2
. (4.8)

Note that the critical points can also be identified from the phase of the
reflection coefficient as it exhibits a full 2π phase winding about the critical
points [29]. In the presence of small but nonzero Fano resonance however,
the minimum of the reflection is achieved at γtr = rx

2−rx (γT + γ1), instead of
at the impedance matching condition. This implies that

γtr = rx
γcrtot

2
, (4.9)
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and a small systematic error is accrued when using Eq. (4.8).
The damping rate owing to excess losses γ1 can be extracted at zero

voltage and minimum second-mode excitation power Pe where the QCR is
effectively decoupled from the rest of the system, γT ≈ 0. Utilizing the
previously extracted γtr we have

γ1 = γtot − γtr. (4.10)

Furthermore, the total coupling strength can be more rigorously extracted
as a fitting parameter by directly fitting Eq. (4.6) to the reflection data in the
complex plane. This method is also able to extract the effects of the cross-
talk between cables as a complex translation as well as of the non-coinciding
measurement ports and resonator ports as a phase shift [40].

4.6 Extraction of the quality factor

Physically the quality (Q) factor describes the resonators ability to retain
energy. Thus, a high Q factor retains the resonator state longer, while a low
Q factor allows quick initialization of the resonator state. The Q factor can
be defined as

Q =
ω1

∆ωp

, (4.11)

where ∆ωp is the FWHM of the power spectrum line of the measured reflec-
tion coefficient S11, which is also equal to γtot. As a function of the excitation
frequencies of the resonator, the reflection coefficient S11 features as a nar-
row dip. Due to the fact that ∆ωp = γtot, the FWHM can be obtained
accurately by extracting the coupling strength γtot as a fitting parameter of
the Lorentzian Eq. (4.7) fitted to the square magnitude of the reflection data,
|S11(f)|2, valid near the fundamental frequency ωp ≈ ω1. Thus, the Q factor
is closely related to the coupling strength and is obtained as

QL =
ω1

γtot

, (4.12)

where QL is the loaded quality factor corresponding to the total coupling
strength. In general, a different coupling strength parameter can be used to
obtain the respective quality factor. The loaded quality factor QL is obtained
with the total coupling strength γtot, and the quality factor QT of the model,
Eq. (3.44), is obtained with the coupling strength owing to the QCR, γT.

There are alternative methods for measuring the Q factor, albeit which
are often used for more specialized problems. Firstly, the Q factor can be
extracted independent of reflection measurements by measuring the electron
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temperature of the QCR as a function of the frequency and power of the
supporting mode due to the linear dependence between the electron temper-
ature and the absorbed power at low excitation powers [26]. Secondly, the
coupling strength, and thus the Q factor, can be extracted by measuring the
reflected amplitude as a function of time [41] in a ring-down method.

4.7 Thermometry

The temperature of the normal-metal island can be measured with a pair of
current-biased NIS junctions. Assuming only elastic tunneling and assisted
by a bias voltage V , the current through an NIS junction is given by [42]

I(V, TN) =
1

eRT

∫ ∞
−∞

dE nS(E) [f(e− eV, TN)− f(E + eV, TN)] . (4.13)

As such, the current is strongly dependent on the occupied states on the
normal-metal island at subgap voltages. The states are Fermi–Dirac dis-
tributed and thus strongly dependent on the temperatures of the electrode.
However, the current is weakly dependent on the temperature of the super-
conductor due to the density of states nS. In general, the charging energy
of the island contributes to the current. The effect of the charging energy is
diminished by shunting the island to the ground while measuring the current
through the NIS junctions. The junctions can be utilized for thermometry by
measuring the current–voltage characteristics. For an SINIS structure with
two identical NIS junctions the voltages are divided by two in Eq. (4.13).

The method proceeds by first obtaining the Dynes parameter γD, ac-
counting for leakage current, and the energy gap parameter ∆ by fitting the
Eq. (4.13) to measured current–voltage characteristics. The temperature of
the normal-metal island can then be extracted by applying a small dc cur-
rent across the thermometer and measuring the voltage drop across it. Small
enough current avoids excessive heating or cooling effects, leading to high
sensitivity [42]. The measured voltage drop is converted to temperature by
calibrating the thermometer. The calibration relies on the electron temper-
ature of the normal-metal following closely the bath temperature T0 at high
bath temperatures. The relation results in a function g which converts the
measured voltage V (T0) = g−1(T0) into the electron temperature TN = g(V ).
The conversion function is obtained by slowly sweeping the bath temperature
across the range of interest.



Chapter 5

Results

This chapter presents the main results of this thesis. The chapter begins by
providing the experimentally realized device parameters in Sec. 5.1 and by
connecting the resonator modes with the reflection measurement in Sec. 5.2.
Based on the pinpointed resonances, the main reflection measurements are
shown in Sec. 5.3 and various coupling strengths of the system are extracted,
discussed, and compared with the theoretical model of Sec. 3.6. The quality
factor is further analysed in Sec. 5.5 and the observed Lamb shift is discussed
in Sec. 5.6. Although not directly measured, the effective temperature is
simulated using the realized parameters and briefly discussed in Sec. 5.7.

5.1 Parameters

The parameters used and extracted in this thesis are listed in Table 5.1. The
BCS gap ∆ of an NIS junction can be extracted by measuring the current
response to the voltage applied over the junction. At low temperatures and
voltages, no current flows through the junction as the electrons do not have
sufficient energy to tunnel. The current begins to flow once sufficient volt-
age, of the order of ∆, is applied. The energy gap is extracted from the
measured IV curve, Fig. 5.1, as a fitting parameter for Eq. (4.13), yielding
∆ = 208.5 µeV (∆/h ∼ 50 GHz). Furthermore, as mentioned in Sec. 4.7,
the fitting procedure yields the tunneling resistance RT = 19.19 kΩ and the
Dynes parameter γD = 4×10−4. We assume the NIS junctions to be identical
to each other. Note that the high measured tunneling resistance agrees with
the assumption made in Sec. 2.1 to consider the two junctions independent.

The capacitances Cc1 and CΣ are estimated with a parallel-plate model
by inferring the respective junction areas from SEM images of the sample
to be Cc1 = 780 fF and CΣ = 4 fF. We have used the dielectric constant

31
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Figure 5.1: Measured IV curve of an SINIS structure, which contains two
NIS junctions. The junctions are assumed identical. Any voltage and current
offsets have been removed.

ε ≈ 9.8× ε0 and d = 50 nm is the thickness of the deposited aluminum oxide
layer. The resonance frequencies of the CPW resonator are determined with
reflection measurements as discussed in Sec. 4.5.

5.2 Reflection measurement

The microwave reflection response of the sample to the probe tone is mea-
sured with a VNA as discussed in Sec. 4.5. The probe signal power is set
to 20 dBm at the output of the VNA which together with total attenuation
of −103 dBm leads to the single-photon regime in the resonator. Figure 5.2
shows the reflection measurements as the frequency of the supporting tone,
introduced to the sample at −53 dBm, is close to half-integer (not shown)
and integer multiples of the fundamental frequency of the resonator. The
supporting tone is attenuated by 20 dBm less than the probe tone, allowing
tuning of average photon number of the second mode by orders of magnitude
up from the single-photon regime, as opposed to the probe tone which is kept
at the single-photon regime.

Once the probe frequency matches a resonance, the magnitude of the
reflection coefficient decreases. The fundamental frequency of the resonator
is thus observed at ω1/2π = 8.8237 GHz. We search for the higher modes
of the resonator by varying the supporting tone and sweeping the probe
frequency. Once the supporting tone matches a resonance, the measured
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Table 5.1: Experimental parameters of a device similar to that shown in Fig. 3.1.
For comparisons between the one-resonator sample and the two-resonator theory,
we assume Cc1 = Cc2 = Cc and Zr1 = Zr2 = Zr. Note that the sample parameter
subscripts do not specify the resonator but the mode. Signal attenuation values
consider attenuation owing to the lines and the splitter as well as the attenuators
shown in Fig. 4.1. The renormalized normal-metal island capacitance is calculated
with Eq. (3.12e) and the interaction parameters with Eq. (3.28a).

Description Symbol Value Unit

First-mode resonance frequency ω1/2π 8.8237 GHz
Second-mode resonance frequency ω2/2π 17.6474 GHz
Resonator coupling capacitance Cc 780 fF
Total normal-metal island capacitance to ground CΣ 4 fF
Renormalized normal-metal island capacitance CN 742.7 fF
Resonator characteristic impedance Z1 42.8 Ω
Normal-metal (bath) temperature† TN 25 mK
NIS junction tunneling resistance RT 19.19 kΩ
Dynes parameter γD 4× 10−4

BCS gap ∆ 208.5 µeV
Primary-resonator interaction parameter ρ1 4× 10−3

Supporting-resonator interaction parameter ρ2 2.9× 10−3

Probe tone power Pp −5 dBm
Probe tone attenuation −103 dBm
Probe tone bandwidth 10 MHz
supporting-tone power Pe 20 dBm
supporting-tone attenuation −73 dBm
supporting-tone frequency ωe/2π 17.652 GHz
supporting-tone deviation 2 MHz
supporting-tone deviation rate 1 kHz

† TN fluctuates between 20 mK and 30 mK during the measurements.
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reflection is expected to decrease, per Eq. (3.44). No resonance is observed
at half-integer multiples of the fundamental mode, as expected. At integer
multiples only one resonance is observed, at 17.652 GHz. This is 4.6 MHz
above the expected 2ω1. The absence of signatures of the higher modes is
attributed to circulators, which are designed to operate in an interval between
3 GHz and 12 GHz and thus filter out the supporting tone when well beyond
the interval.

A parasitic feature is observed at approximately 28 MHz above the fun-
damental mode, which we attribute to imperfections in the sample design.
The parasitic feature appears to have negligible effect on the operation of the
QCR, and, furthermore, it is left out of the finer measurement range.

The measurements discussed below use the second mode as the supporting
mode. We sweep the supporting-tone frequency or power. The power sweep
measurement is used to extract the Lamb shifted resonance frequency ω1 and
the total damping rate γtot. The removal of background is demonstrated in
Fig. 5.3(a). A fit of Eq. (4.7) to the resulting magnitude of the reflection
coefficient corrected also by a frequency independent gain is demonstrated in
Fig. 5.3(b), which yields the parameters ω1 and γtot. The implemented fitting
procedure is, to some extent, sensitive to the initial values of the parameters,
which results in small errors at a few but not significant number of data
points.

5.3 Coupling strengths

Figure 5.4 demonstrates the fitting of Eq. (4.7) to the background-corrected
magnitude data. The method yields the total damping rate γtot correspond-
ing to the loaded quality factor.

The excess damping rate is determined by subtracting γtr from γtot,
Eq. (4.10), at minimum bias voltage V = 0 and supporting-tone power
essentially turned off, Pe = −89 dBm, i.e., the QCR is deactivated. The
extracted damping rates are shown in Fig. 5.5. Note that only the coupling
strength to the QCR should be dependent on bias or excitation power. How-
ever, the employed extraction method suggests that the external coupling
strength is logarithmically dependent on the excitation power, and thus, on
the average second-mode occupation n̄. We attribute this apparent depen-
dence on the inaccuracy of the method determining the critical point and
take γtr/2π = 1.4 MHz as a constant extracted at minimum Pe and nega-
tive voltage for further analysis. The excess damping rate is extracted with
this γtr as constant γ1/2π = 1.427 MHz. The critical points as well as the
resonances and damping rates can be more accurately extracted by fitting
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Figure 5.2: Reflection coefficient as a function of the probe and supporting
tone angular frequencies. No bias voltage is applied, and the supporting-
tone power reaching the sample is Pe = −53 dBm. Further parameters are
listed in Table 5.1. Values in each panel are separately normalized. The
fundamental mode appears as a dip in reflection at the resonance frequency
ωp/2π = ω1/2π = 8.8237 GHz. The second-mode resonance appears as a
discontinuity in the dip at ω2/2π = 17.652 GHz owing to the coupling of
the first mode to the QCR. Note that the resonance is 4.6 MHz above the
expected ω2 = 2ω1.
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(a) (b)

Figure 5.3: (a) Reflection measurement probe sweep (data points) and a lin-
ear background fit (red line). (b) Background- and gain-corrected reflection
coefficient for power (data points) and a fit to Eq. (4.7) (red line). Here,
eVB/∆ = 0.38 and Pe = −59.6 dBm. Other parameters are as in Table 5.1.

the reflection coefficient Eq. (4.6) in the complex plane to the combined data
of magnitude and phase, as discussed in Sec. 4.5. Note that this method
would need to fit an analytical expression to the unintended resonances of
the sample as well, such as the one shown in Fig. 5.2. Such a method is not
utilized in this work since the results from the magnitude data are accurate
enough for the goals of this thesis.

The coupling strength to the QCR is extracted by subtracting the other
damping rates from the total rate as γT = γtot − γtr − γ1. The result is
compared to the theoretical prediction of Eq. (3.43a) in Fig. 5.6. Note that
we have no independent method to map the supporting-tone power Pe to the
second-mode average occupation n̄ or to measure the occupation directly. In
general, the photon occupation of a resonator can be measured, for example,
with a dispersively coupled superconducting qubit [43] or absorptive current-
biased Josephson junctions [44, 45], although these methods would compli-
cate the measurement of the quality factor QT. Instead, the supporting-tone
powers and the corresponding mean photon numbers are matched according
to the locations of shared features in Figs. 5.6(a) and 5.6(b).

The theoretical model agrees quantitatively with the measured values. At
low supporting-tone power, the device operates as the recently well-studied
system of a single resonator mode coupled to a QCR [10, 25, 26, 29]. Three
regions of experimental interest are observed in the bias dimension. First,
at the deep subgap region, |eV ± ~ω1| � ∆, the tunneling is dominated by
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(a)

(b)

(c)

Figure 5.4: (a) Magnitude and (b) phase of the measured reflection as func-
tions of the bias voltage and probe tone frequency for various supporting-tone
powers Pe as indicated. Magnitude values have been jointly normalized. (c)
The total damping rate γtot as a function of bias voltage. Critical points (red
crosses) are searched for in the phase diagrams with a proper phase offset by
finding the last points experiencing a 2π jump.
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(a) (b)

Figure 5.5: (a) Extracted total damping rate γtot as a function of supporting-
tone power Pe and bias voltage V . The locations of critical points (red line)
are determined according to Fig. 5.4. (b) Extracted transmission line cou-
pling strength for positive (blue) and negative (red) bias as a function of
the excitation power Pe. The values are extracted as half the total damping
rate at critical points, Eq. (4.8), illustrated in (a), where the reflection ide-
ally vanishes due to the impedance matching between the transmission line
and the other electromagnetic environments, and the phase experiences a 2π
winding. For further analysis, γtr is determined at minimum Pe at negative
voltage (yellow line). Damping rate of the resonator by excess sources γ1 is
extracted by subtracting γtr from γtot, Eq. (4.10), at zero bias voltage and
minimum Pe where the QCR is effectively uncoupled from the rest of the
system.
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(a) (b)

Figure 5.6: (a) Measured and (b) computed coupling strength γT to the QCR,
Eq. (3.43a), as a function of supporting-mode power Pe and bias voltage V .
Parameters used in the numerical computation are those listed in Table 5.1.

the superconductor subgap states characterized by the Dynes parameter γD

in Eq. (3.31) and the QCR is deactivated. Second, at the thermal-activation
region, ∆/2 . eV −~ω1 and eV +~ω1 . ∆, thermally excited tunneling over
the superconductor gap starts to dominate, owing to the tails of the Fermi
distributions reaching beyond the energy gap of the superconductor density
of states. This results in exponential tunability of the coupling strength by
two orders of magnitude. Third, above the gap, |eV ± ~ω1| & ∆, the bias
energy alone is sufficient for the electrons to tunnel through the junction and
the coupling strength saturates to a given value.

5.4 Two-mode processes

If the supporting mode is excited, the three regions of experimental interest
observed in Fig. 5.6 are extended depending on the supporting-tone power Pe

leading to the second-mode occupation n̄. Furthermore, the above-discussed
regions are shifted in bias voltage owing to the supporting-mode photons
which compensate the voltage with the energy |l2|~ω2 of the participating
number of photons |l2|. For example, the above-gap region is located at
eV ± ~ω1 + l2~ω2 & ∆.

Two-mode tunnelling processes are demonstrated in Fig. 5.7, where the
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coupling strength γT is simulated such that tunneling processes involving
only zero-, one-, two-, or three-photon transitions in the second mode are
allowed. As the excitation power is increased, tunneling processes involving
multiphoton transitions in the second mode are observed. The locations of
these regions in Pe depends on the number of second-mode photons partici-
pating in the process. The bias voltage is thus compensated in a quantized
manner by integer multiples of the energy of the 17.6 GHz supporting pho-
tons, |l2|~ω2. These transitions occur once sufficiently high average support-
ing photon number is attained. Together the compensation and the photon
number give rise to the step-like pattern shown in Fig. 5.7.

Although the transition matrix elements M2
kl of the processes involving l2

photon transitions are heavily suppressed by ρ
|l2|
2 , c.f. Eqs. (3.27) and (3.43a),

they are also affected by the occupation as ∝
(
m′2!

m2!

)sgn(l2) ∣∣∣L|l2|min(m′2,m2)(ρ2)
∣∣∣2.

Note that the asymptotic behaviour for large n̄ of the factorial factor is ∝∼
n̄−|l2| while the asymptotic behaviour of the associated Laguerre polynomials
is described by [46]

L
|l2|
n̄ (ρ2) =

n̄
|l2|
2
− 1

4

√
π

e
ρ2
2

ρ
|l2|
2

+ 1
4

2

cos

[
2
√
n̄ρ2 −

π

2

(
|l2|+

1

2

)]
+O

(
n̄
|l|
2
− 3

4

)
, (5.1)

resulting in a transition matrix element behaviour of ∝∼ n̄−
1
2 . Thus, the

transition matrix elements do not diverge but remain within [0 1], as required
of elements of unitary matrices. In addition, the multiphoton transition
processes peak and become significant at certain high occupation numbers
owing to the cosine behavior of the Laguerre polynomials. The location of
this transition between the regions is primarily determined by the sufficient
number of photons available, e.g., three photons for a three-photon process,
but heavily shifted by the matrix elements from three to 700 as discussed
above. Furthermore, the regions are smeared by the Poisson distributed
average photon occupation, Eq. (3.42).

The multiphoton processes are visible in greater detail in the resonator
transition rates, Eq. (3.38), as shown in Fig. 5.8 for the dominating processes.
The coupling strength γT of each process is determined by the difference be-
tween the corresponding absorption and emission rates active in the region
of the step where a particular multiphoton process is dominating. However,
the emission rates are negligible within the step and elsewhere they are su-
perseded by the other absorption rates. Since the absorption rates are higher
for processes involving fewer photons owing to the ρ

|l2|
2 suppression and the

higher multiphoton processes of a previous step are available on the next
step at higher voltage, the coupling strength is the strongest at high bias V
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(a) (b)

Figure 5.7: (a) Theoretical coupling strength γT as a function of bias voltage
V and mean second-mode occupation n̄ for photon-assisted electron tunneling
processes concerning at most l2 ∈ {0, 1, 2, 3} photons simultaneously in the
second mode. (b) Associated Laguerre polynomials as functions of n̄ for the
same multiphoton processes.
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and high power Pe. Note that the plateaus of the steps at high n̄ are not flat
in the model due to the zeroes of the cosine factor of the related associated
Laguerre polynomials in Eq. (5.1) located at

2
√
n̄ρ2 =

π

2

(
l2 +

1

2
+ n

)
, n ∈ Z. (5.2)

The sharp edge between the steps is caused by the next relaxation-inducing
tunneling process superseding the previous in the region of thermal activa-
tion. The exponential increase in the tunnelling rate has a finite width, caus-
ing the observed smooth ascent onto the step. The steps become more pro-
nounced at lower temperatures where the Fermi–Dirac distribution converges
to a step function, shrinking the region of exponential growth of the transition
rates through Eq. (3.33). However, the temperature independent normalized
quasiparticle density of states nS dominates the exponential growth of the
transition rates at small temperatures.

Similarly, photon-assisted electron tunneling processes involving multi-
photon transitions in the primary mode are not observed. This follows from
the fact that the primary mode is at the single-photon regime and thus does
not overcome the ρ2

1 suppression in the matrix elements. Operating at a high
photon number would enable multiphoton processes in the primary resonator
as well.

However, the measurement in Fig. 5.6 differs qualitatively from the model
in the shape of the steps. The model predicts the steps to flatten with
increasing bias voltage, whereas the measurements reveal a non-monotonic
behavior with the coupling strength first increasing and then decreasing with
increasing bias at a certain Pe. The steps become effectively shifted to high
power at the higher bias side of each step. This fact suggests that the second
mode occupation n̄ induced by the supporting tone of power Pe is not linear
but a function of bias voltage. This may be due to the relaxation rates of the
second mode, the exponential growth of which coincides with the measured
shift, as shown in Fig. 5.8 as black lines, or, alternatively, by a Lamb shift
of the second mode resulting in the supporting tone being off the resonance,
hence effectively decreasing the power input to the second mode. However,
this Lamb shift is ruled out in Appendix B.

Let us discuss the first alternative above. In the low-bias half of each
step the corresponding active two-mode absorption rate dominates over the
corresponding second-mode relaxation rate, observed as a strong coupling
of the first mode. Beyond these small bias voltage regions of the steps,
the introduced number of supporting-mode photons is depleted by the dom-
inating second-mode relaxation processes, allowing only a fraction of the
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two-mode relaxation processes to occur, and hence only the second-mode-
independent primary-mode relaxation process is left active. This depletion
can be overpowered by increasing the supporting-tone power Pe. Such de-
pletion phenomenon is not captured by our model due to the fact that the
supporting-mode occupation is assumed to be static n̄. A dynamic n̄ is likely
necessary.

Furthermore, the fixed period of the oscillatory behavior of the coupling
strength as a function of the bias voltage in Fig. 5.6 is a coincidence owing to
the frequency of the selected supporting mode being twice that of the primary
mode. This results in the two-mode relaxation processes being located at
eV + {~ω1, ~ω1 + 2~ω1, ~ω1 + 4~ω1} and the supporting-mode relaxation
processes at eV + {2~ω1, 4~ω1}, yielding a constant ~ω1 energy difference
between these processes. If the supporting mode was three times the primary
mode, the locations would be eV + {~ω1, ~ω1 + 3~ω1, ~ω1 + 6~ω1} and
eV + {3~ω1, 6~ω1}, yielding alternating energy differences of ~ω1 and 2~ω1.
This behaviour can be verified either with a sample of lower fundamental
frequency or a setup with higher cut-off frequency in the drive line.

5.5 Quality factor

The extracted damping rates γtot and γT yield quality factors according to
Eq. (3.44). Here, we use Lamb-shifted resonance frequencies extracted in-
dividually at each point corresponding to a VNA probe sweep, as discussed
in Sec. 5.2. The Lamb shift is discussed in Sec. 5.6. Although the total
damping rate, which corresponds to the loaded quality factor QL, describes
the effect of the entire electromagnetic environment on the quality factor of
the resonator, we are interested only in the quality factor QT corresponding
to the QCR.

In Fig. 5.9, The extracted QT is compared with the prediction of the the-
oretical model Eq. (3.44), formulated in Ch. 3. Quantitatively the extracted
and computed quality factors agree. An exponential tunability of QT by
three orders of magnitude between 105.9 and 102.4 is available in two dimen-
sions. We conclude that the previously necessary SINIS junction bias voltage
[25, 26] can be made obsolete by driving on higher mode of the resonator or
by driving a coupled higher frequency resonator.
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Figure 5.8: Transition rates, Eq. (3.38), as functions of the bias voltage for
low n̄ ∼ 1 (left) and high n̄ ∼ 100 (right) supporting-mode occupation. Blue
lines indicate absorption rates involving one primary-mode photon and zero
(solid), one (dashed), two (dotted), or three (dash-dotted) supporting-mode
photons. Red lines indicate emission rates. Black lines indicate transition
rates that do not involve the primary mode, and the green solid line indicates
an absorption rate involving a relaxation by two photons in the primary
mode. Difference between the absorptive and emissive rates characterizes
the coupling strength γT, Eq. (3.43a), while their ratio characterizes the
effective temperature TT, Eq. (3.43b).
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(a) (b)

Figure 5.9: (a) Experimentally extracted and (b) computed [Eq. (3.44)] qual-
ity factor owing to tunneling processes in the QCR as a function of bias volt-
age V and (a) supporting-tone power Pe or (b) supporting-mode occupation
n̄. The parameters used in the numerical computation are listed in Table 5.1.

5.6 Lamb shift

The coupling to the QCR exposes the quantum system to broadband environ-
mental fluctuations arising from the photon-assisted tunneling, which may
absorb energy from the quantum system. These fluctuations cause significant
perturbation to the quantum system and lead also to a renormalization of
the energy spectrum of the system—the Lamb shift.

The Lamb shift can be directly observed in the reflection measurements,
top row of Fig. 5.4(a). At minimal supporting-tone power, the quantum
system experiences exponentially strengthening coupling to the QCR near
the gap energy |eV + ~ω1| ∼ ∆ at V ∼ ±0.8∆, resulting in a changing Lamb
shift. In Fig. 5.10(a), we show this negative Lamb shift in the resonance
frequency of the fundamental mode. It is extracted as in Sec. 5.2 by fitting
the input-output reflection model. Similar Lamb shift has been previously
observed and explained in Ref. [29].

However, the previously necessary voltage bias for coupling the quantum
system to the QCR can be compensated for with an applied supporting-
tone power Pe. Where the voltage is superseded by the supporting tone in
Fig. 5.10(b), negative Lamb shift is observed near the gap ~ω1 + 3~ω2 & ∆
since Pe is such that the photon-assisted electron tunneling processes involv-
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(a) (b)

Figure 5.10: Traces of the measured Lamb shift ωL at (a) minimum Pe and
at (b) zero bias voltage, averaged over the closest five traces.

ing the corresponding transition dominates. For increasing Pe, the Lamb
shift settles on a new level. Although the form of the Lamb shift is similar
as a function of the bias voltage and the supporting-tone power, the Lamb
shift is an order of magnitude greater when induced with the bias voltage.

The Lamb shift extracted for the full parameter space is shown in
Fig. 5.11(a). Curiously, ridges of positive Lamb shift and valleys of negative
shift appear at high enough Pe, together introducing an oscillatory behavior
as a function of bias voltage with a period of 2ω1/2π. Negative Lamb shifts
coincide with the bias voltage intervals where the primary-mode relaxation
processes dominate, ~ω1 +{0, 1, 2}×~ω2 +eV & ∆, while on the other hand,
the positive shifts coincide with the strongest domination by the supporting-
mode relaxation processes, {1, 2, 3} × ~ω2 + eV & ∆. Note that the l2 = 3
processes are only partially visible because 3~ω2 > ∆.

The above-discussed regions of the Lamb shift appear at sufficiently high
power Pe owing to the induced coupling to the multiphoton processes, i.e.,
the thermal-activation regime is achieved. Despite the depletion of the sup-
porting mode owing to photon-assisted tunnelling at finite bias voltage, re-
laxation processes was possible to be overpowered with high Pe, the positive
Lamb shift does not recede. Instead, the magnitude of the Lamb shift is
exacerbated by increased power until the corresponding coupling strength
γT begins to saturate owing to the Poisson distributed photon occupation
numbers.

At voltages beyond the gap, eV + ~ω1 & ∆, the effects of the support-
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(a) (b)

Figure 5.11: (a) Lamb shift ωL experimentally extracted and (b) Lamb shift
owing to tunneling processes involving the supporting mode, ωL − ωL(Pe =
−89 dBm), as functions of the excitation power Pe and the bias voltage V .
The Lamb shift owing to only the fundamental mode, ωL(Pe = −89 dBm),
is averaged over voltage traces of the five lowest power values.

ing mode are partially masked by the Lamb shift induced by the single-
photon primary-mode process. In Fig. 5.11(b), these effects are uncovered
by subtracting the single-photon primary-mode Lamb shift, determined at
low supporting-tone power Pe. The multiphoton Lamb shift saturates beyond
the gap, eV + ~ω2 > ∆, since no additional tunneling processes are possible.
The saturation shifts slightly to higher Pe since the l2 = 1 supporting-mode
relaxation is still in the process of saturating, see Fig. 5.8.

Note that the oscillatory Lamb shift is also directly observed in the reflec-
tion measurement shown in Fig. 5.4. A wing of negative and positive Lamb
shift spreads when sufficient supporting-mode power is applied to induce a
new multiphoton tunneling process. However, current theoretical models for
the Lamb shift, such as Eq. (2.4) shown in Fig. 5.11, are insufficient [29].
The additional supporting resonator affects the system indirectly by modi-
fying the coupling strength of the primary resonator. This is included in the
Lamb shift model by utilizing the coupling strength of the extended device,
Eq. (3.43a). This model predicts a negative shift Lamb if the primary mode
is strongly coupled to the QCR, including the steps, but does not explain the
observed positive Lamb shift. Although this may be explained by solving the
occupation of the supporting mode from its excitation power as discussed in
Sec. 5.3. Devising a new model is left out of the scope of this thesis.
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(a) (b)

Figure 5.12: (a) Measured and (b) predicted Lamb shift [Eq. (2.4)] as a
function of the supporting-mode power Pe or second-mode occupation n̄ and
bias voltage V . The predicted Lamb shift utilizes the standard Drude cut-off
γT/(1 + ω2/ω2

c ) [47] where the ratio ω/ωc = 12.87 is extracted by fitting the
theory to the data at low Pe and n̄.

5.7 Effective temperature

The effective temperature of the normal-metal island can be measured with
NIS thermometry as discussed in Sec. 4.7. However, this requires an addi-
tional SINIS junction in the QCR, which is not available in the measured
sample. Instead of measuring the temperature directly, it is simulated in
Fig. 5.13 with Eq. (3.43b) using the same sample parameters listed in Ta-
ble 5.1. Since the used sample parameters yield the simulated γT in good
agreement with the measurements, it is expected to provide a relatively ac-
curate approximation for the simulated TT.

Under the experimental conditions, i.e., bath temperature of 25 mK and a
second-mode supporting tune, TT does not dive below the bath temperature.
However, in a 100-mK bath, the effective QCR temperature goes below the
bath temperature, down to 72 mK, under bias voltage close to the BCS gap
and before processes involving supporting-mode transitions occur. Increasing
the supporting-mode occupation or the bias voltage beyond what is necessary
to induce these photon-assisted electron tunneling processes heats the device.
Only in certain regions the absorptive processes dominate over the emissive
processes, as demonstrated with transition rates in Fig. 5.8, and hence the
QCR cools the device.
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(a) (b) (c)

Figure 5.13: Calculated effective temperature of the QCR as an environment
for the resonator, TT, as a function of supporting-mode occupation n̄ and
QCR bias voltage V for (a) second mode, electron bath temperature TN =
25 mk, (b) second mode, TN = 100 mK, and (c) fifth mode, TN = 100 mK.
The cyan dashed lines demarcate regions where the QCR temperature is
below the bath temperature.



Chapter 6

Conclusions

In conclusion, the theory of a device recently referred to as a quantum-circuit
refrigerator (QCR) [25, 26] was extended in Ch. 3 to include a supporting-
resonator mode. The device is based on bias-voltage controlled electron tun-
neling in normal-metal–insulator–superconductor junctions and it can be uti-
lized to rapidly initialize qubits on demand. Such initialization is essential
for quantum computation and especially called for by quantum error correc-
tion [12]. By extending the device with a supporting-resonator mode, the
initialization can be amplified and controlled with the photon occupation of
the supporting resonator instead, a method which potentially avoids noise
due to the dc voltage connections.

The extended first-principles theory was experimentally verified in Ch. 5
on a sample containing a single resonator. We measured the voltage reflec-
tion coefficient of the fundamental mode while simultaneously driving the
second mode with different powers. The measured reflection coefficient was
used to extract the coupling strength of the primary mode to its dissipa-
tive environment, yielding three orders of magnitude of tunability owing to
the QCR. The exponential tunability is achieved both with the bias voltage
and with the supporting-mode excitation. The largest range of tunability is
available when both of these control parameters are combined. Nevertheless,
the supporting mode can be used to replace the bias voltage. Furthermore,
four steps in the coupling strength as functions of the bias voltage and the
supporting-tone power, corresponding to various multiphoton-assisted elec-
tron tunneling processes, are observed in a fair agreement with the model.
However, excessive bias voltage shifts these steps to higher supporting-tone
powers than predicted from the model, which is attributed to the depletion
of the supporting-mode occupation by tunneling processes involving only the
supporting mode. This leaves room for extending the theoretical model to
account for changes in the occupation.

50
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Furthermore, the experiments indicate that the device can operate with
an internal quality factor of 102.5 to up to 105.5, enabling distinct on and
off states. Thus, the device can be switched off when long coherence time
is desired, for example, when computations are being operated on a coupled
qubit, and the QCR can be turned on to rapidly initialize the qubit for the
next computation.

Although this thesis focuses on the on-demand dissipation of a resonator
in the single-photon regime, certain operations require a higher number of
photons. For example, qubit readout is typically carried out with an or-
der of 20 photons in the resonator. Such regime would enable multiphoton
transitions in the primary resonator as well, which is an interesting topic for
further studies.

In addition, the experiment revealed an oscillatory Lamb shift of the
primary mode extending from −8 MHz to 7 MHz, induced by the engineered
broadband environment of the quantum system. The oscillatory behavior of
the Lamb shift is attributed to the multiphoton tunneling processes.

The observed steps in the coupling strength corresponding here to mul-
tiphoton transitions can be engineered with the sample parameters and the
circuit. More steps can be added by increasing the superconducting gap and
by decreasing the supporting-resonator frequency. The steps can be removed
by doing the opposite. The steps can be shifted in voltage by changing
the frequency of the mode. Furthermore, additional supporting resonators
with separate coupling capacitances and driving powers would likely allow
engineering complex coupling strengths and Lamb shift patterns.
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of a broadband Lamb shift in an engineered quantum system,” arXiv
preprint arXiv:1809.00822, 2018.

[30] S. Gevorgian, L. J. P. Linner, and E. L. Kollberg, “CAD models for
shielded multilayered CPW,” IEEE Transactions on Microwave Theory
and Techniques, vol. 43, no. 4, pp. 772–779, 1995.

[31] K. Watanabe, K. Yoshida, T. Aoki, and S. Kohjiro, “Kinetic inductance
of superconducting coplanar waveguides,” Japanese Journal of Applied
Physics, vol. 33, no. 10R, p. 5708, 1994.
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Appendix A

Estimation of approximation er-
ror

The error arising from approximating the interaction term between the res-
onators, Q̂1Q̂2, as zero in Eq. (3.11) can be estimated by diagonalizing the
full system Hamiltonian. Using the relations

Q̂j =
√

~ωrjCrj

2
i(âj − â†j), j ∈ {1, 2}, (A.1a)

Φ̂j =
√

~ωrjLj
2

(âj + â†j), j ∈ {1, 2}, (A.1b)

we have for the exact Hamiltonian (3.10) at zero bias and charge QN

Ĥ0 =
Q̂2

1

2Cr1

+
Q̂2

2

2Cr2

+
Φ̂2

1

2L1

+
Φ̂2

2

2L2

+ κ3Q̂1Q̂2

= ~ωr1(â†1â1 +
1

2
) + ~ωr2(â†2â2 +

1

2
)

− κ3
1

2
~
√
ωr1ωr2Cr1Cr2(â1 − â†1)(â2 − â†2). (A.2)

We apply the rotating wave approximation and hence neglect the terms
proportional to â1â2 and â†1â

†
2. We also omit the constants and denote

κ3
1
2

√
ωr1ωr2Cr1Cr2 = g. Thus, we obtain

Ĥ0 ≈ ~ωr1â†1â1 + ~ωr2â†2â2 + ~g(â1â
†
2 + â†1â2)

= ~
(
â†1 â†2

)(ω0 + δ g
g ω0 − δ

)(
â1

â2

)
, (A.3)
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where ω0 + δ = ωr1andω0 − δ = ωr2. In the spirit of the Bogoliubov trans-
formation, we define a new set of annihilation and creation operators as

â′1 = uâ1 + vâ2, (A.4a)

â′†1 = u∗â†1 + v∗â†2, (A.4b)

â′2 = pâ1 + qâ2, (A.4c)

â′†2 = p∗â†1 + q∗â†2, (A.4d)

which satisfy identical bosonic commutation relations to those of the original
operators. After the desired Bogoliubov transformation, there are no cross
terms and hence we express the Hamiltonian as

Ĥ ′0 = ~
(
â′†1 â′†2

)(ω′r1 0
0 ω′r2

)(
â′1
â′2

)
= ~

(
â†1 â†2

)(u∗ p∗

v∗ q∗

)(
ω′r1 0
0 ω′r2

)(
u v
p q

)(
â1

â2

)
= ~

(
â†1 â†2

)(ω′r2p∗p+ ω′r1u
∗u ω′r2p

∗q + ω′r1u
∗v

ω′r2q
∗p+ ω′r1v

∗u ω′r2q
∗q + ω′r1v

∗v

)(
â1

â2

)
.

(A.5)

Two more equations arise from the bosonic commutation relations: [â′1, â
′†
1 ] =

uu∗ + vv∗ = 1 and [â′2, â
′†
2 ] = pp∗ + qq∗ = 1. The unknown parameters can

thus be solved, yielding

u = cos
θ

2
,

v = sin
θ

2
,

p = − sin
θ

2
,

q = cos
θ

2
,

tan θ =
g

δ
,

ω′r1 = ω0 +
√
δ2 + g2,

ω′r2 = ω0 −
√
δ2 + g2.

The old operators represented in terms of the new operators are

â1 = cos

(
θ

2

)
â′1 − sin

(
θ

2

)
â′2 and â2 = sin

(
θ

2

)
â′1 + cos

(
θ

2

)
â′2.
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In the transformed basis, the operators are a mix of operators of both
resonators. The diagonal part gains a factor of cos

(
θ
2

)
and the additional

contribution from the interaction with the other resonator has a factor of
± sin

(
θ
2

)
. The amount of mixing is strongly dependent on capacitances Cc1

and Cc2 and on the resonator frequencies: if the frequencies are equal, then
θ = π/2 and the interaction between the resonators is as important as the
interaction with the normal-metal island.

In this study, the approximation leading to Eq. (3.11) assumes a large
frequency difference between the two resonators. The resonators are set to
be at roughly 8.8 GHz and 17.6 GHz. For these two values and the rest of
the device parameters, shown in Table 5.1, the factors cos

(
θ
2

)
and sin

(
θ
2

)
differ by roughly two orders of magnitude. Thus, the interaction between
the resonators introduces only a small perturbation into the effective inter-
action strength between the normal-metal island and the resonators. The
approximation introduces slightly lower transition rates since the transition
paths where photons switch resonators are ignored.



Appendix B

Second-mode Lamb shift

Since the Lamb shift is determined by the coupling strength of a mode to
an environment, such as the QCR, it follows that the primary mode and the
supporting mode experience individual Lamb shifts. Since the measurements
in the other sections of this thesis have been carried out with a constant
supporting tone frequency ωe/2π = 17.652 GHz, the applied signal may be
off resonance. This would result in only a fraction of the applied power Pe toe
excite the system, effectively shifting such points to higher power as observed
in Fig. 5.6.

Fig. 5.11a shows the Lamb shift of the second-mode, where the Lamb shift
of the primary mode is corrected by using the resonance probe tone ωp + ωL

determined at the fixed signal power Pe = −53 dBm. The second-mode
Lamb shift can be indirectly observed by fixing the supporting-tone power
and sweeping its frequency while measuring the reflection of the primary
mode. The reflection decreases due to the coupling to the QCR through the
various processes at corresponding locations, Fig. 5.8, which couple also the
supporting mode with a dynamic strength resulting in a dynamic Lamb shift.

The same transition processes as discussed concerning the coupling
strength in Sec. 5.3 can be observed in Fig. B.1. Although l1 and l2 processes
appear at multiple resonances, all four primary mode relaxation processes
have their deepest dips centred at the frequency used in the previous mea-
surements: ωe/2π = 17.652 GHz, a 4.6 MHz shift from ω2/2π. Importantly,
the dips are not smeared and shifted as a function bias voltage. Thus, it
is not plausible for the Lamb shift of the supporting mode to explain the
slanted steps observed in Fig. 5.6.
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Figure B.1: Normalized probe tone reflection as a function of the bias voltage
V and supporting-tone angular frequency ωp. Measurement is done at high
supporting tone power Pe = −53 dBm. Further parameters are listed in
Table 5.1. Fundamental-mode Lamb shift, Fig. 5.12a, is taken into account
by using ωp + ωL for the angular frequency of the probe tone.
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