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1. Introduction

1.1 Motivation

The intersection of thermodynamics and quantum theory goes back to the very
inception of the latter. The photon or “quantum of light”, hinted by Planck and
later coined by Einstein, is born out of thermodynamic considerations [3, 4, 5, 6].
The field of quantum thermodynamics, as it is known today, is primarily fo-
cused on extending thermodynamic concepts, such as work, heat, and entropy,
to the description of small quantum systems [7]. This effort has been moti-
vated by the enormous technological advances in manipulating and measuring
individual atoms and particles as well as the creation of artificial atoms in super-
conducting circuits [8, 9]. There is also a growing interest in understating and
taking advantage of quantum effects in small machines such as heat engines or
refrigerators [10, 11, 12, 13, 14, 15].

At first sight, this extension may seem troubling since thermodynamics, as
presented in textbooks, describes systems with a large number of particles in
(quantum or classical) thermal equilibrium [16]. There is no reason a priori why
it should be valid outside the so-called thermodynamic limit. However, during
the past 20 years theoretical and experimental developments have been pro-
viding mounting evidence to the contrary. The extension of thermodynamics to
small systems comes in the form of fluctuation relations [17, 18, 19, 20] and sits
within a general framework known as (classical) stochastic thermodynamics [21].
Despite some criticism [22], this approach has proven incredibly successful. In
particular, it has provided a more detailed understating of the universal second
law of thermodynamics at the level of individual microscopic processes in and
out of equilibrium. Underlying this framework is the assumption that all the
physical properties of the system, such as position, velocity or energy, have
well-defined values at all times and that they are, in principle, measurable
along individual runs of an experiment. However, for quantum systems, this
assumption cannot be made, at least not in an obvious way. As a result, this
problem has triggered a diverse number of contrasting attempts to extend the
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successful picture of classical stochastic thermodynamic to the quantum regime.
It is the author’s opinion that one of the central questions is thus how to correctly
estimate the energy of an open quantum system for a single run of an experiment.
The results presented in this thesis give a small contribution towards answering
this question.

1.2 Overview

In the first part of this dissertation, the focus is set on a promising new experi-
mental protocol to measure work and heat dissipation in superconducting qubits1

along individual runs of an experiment. The protocol, known as calorimetric
detection, consists in measuring single quanta of energy exchanged between
the qubit and its environment. It provides a way of directly and continuously
measuring heat exchange. But to infer the work done on the qubit due to an
external driving source, one has to rely on the fact that there are only two avail-
able energy levels. To which extent the method can be extended to more complex
systems remains an open question. In Publication I this question is addressed
for the particular case of a quantum harmonic oscillator2. We show that under
certain conditions the average work can be directly measured or inferred as if the
system was a qubit. Another aspect of the calorimetric detection is that its low
heat capacity comes from its small size which may induce non-Markovian evolu-
tion for the qubit. In Publication II, the amount of non-Markovianity induced by
the calorimetric detection was studied using a previously developed model for
the qubit-environment evolution. Some surprising results are reported, most
notably that non-Markovianity does not necessarily decrease monotonically with
increasing environment size.

The calorimetric detection scheme is an example of a continuously monitored
system. But different experimental designs yield different answers. How heat
and work are identified depends on how the experiment is designed and, more
importantly, what is being measured [24]. The second part of this dissertation
focuses on a more detailed study of energy fluctuations in quantum systems. A
review of the different approaches on how to identify work in closed systems3

is first given. A recently reported no-go theorem is also reviewed which nicely
encapsulates all these approaches and serves as a way of categorising them.

In Publication III we put forward a different approach based on the intersec-
tion of the Bohmian interpretation of quantum mechanics and the quantum
Hamilton-Jacobi equation [25, 26, 27, 28]. Bohmian mechanics describes quan-
tum phenomena based on actual point-particle trajectories and the quantum

1A qubit is an idealised model of any system whose description is effectively captured
by only two energy levels [23].
2A quantum harmonic oscillator is another idealised model for any system whose energy
spectrum is composed of an infinite number of equidistant levels.
3In this context a closed system refers to a system evolving unitarily under a possibly
time-dependent Hamiltonian according to the Schrödinger equation.
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Hamilton-Jacobi equation tells us the Hamiltonian4 that generates them. With
these two ingredients, the classical definition of work can be straightforwardly
generalised to any closed quantum system. This generalisation retains two key
features, namely, 1) it generates a proper (positive and normalised) probability
distribution and 2) it respects the conservation of the average energy. However,
it also provides new insights. In particular, if one considers proper mixtures
of wave functions, the work distribution depends on the mixture itself. This
fact may be somewhat surprising from the standard interpretation perspec-
tive, but it is in complete accordance with empirical facts. Moreover, since this
approach is observer-independent [29], one can also treat measurements explic-
itly. This opens a new path to investigate the thermodynamic cost of quantum
measurements [30, 31, 32, 33, 34, 35].

Finally, in Publication IV we study the contributions to the energy fluctuations
of open quantum systems in single runs of an experiment. The description of
individual runs of experiments dealing with open systems can be described in
terms of stochastic wave functions resulting from the unravelling of the corre-
sponding master equation [36]. However, what the stochastic wave functions
represent is not entirely clear. The open system is, in general, entangled with
its environment. Thus, in the standard interpretation, it cannot be described
by a wave function of its own [29]. However, the Bohmian interpretation pro-
vides the concept of a conditional wave function as a way of ascribing a wave
function to an open system in a clear conceptual manner [27, 37]. We leverage
this approach to introduce the concept of conditional energy and identify three
distinct contributions to its fluctuations —1) an external contribution coming
from the explicit time dependence of the Hamiltonian, 2) an interaction contribu-
tion that depends only on the interaction Hamiltonian and 3) an entanglement
contribution which depends only on the entanglement between the system and
its environment. The entanglement contribution is particularly interesting as
it provides a direct link between entanglement and energy fluctuations at the
level of individual runs of an experiment. These quantities are experimentally
accessible via weak measurement schemes [38, 39], opening a possible new way
of quantifying entanglement.

4The Hamiltonian here refers to a function of phase-space coordinates and time, not the
Hamiltonian operator.
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2. Open quantum systems

In this chapter, the basic concepts of open quantum systems underlying this
work are outlined.

2.1 The reduced density operator of the system

In the theory of open quantum system one typically starts by considering the
combined evolution of the (open) system and its environment. The environment
contains all the degrees of freedom that we are not interested in but that are
relevant to the evolution of the system. Let H =HS⊗HE be the Hilbert space
associated with the combined system and environment, where HS is the Hilbert
space of the system and HE is the Hilbert space of the environment. The
combined system is assumed to be described by a pure state |ψ(t)〉 ∈ H and
evolves according to the Schrödinger equation (SE) ı∂t|ψ(t)〉 = Ĥ(t)|ψ(t)〉, where
Ĥ(t) is the relevant Hamiltonian. Let Â =∑k ak|ak〉〈ak| be an observable of the
system where {|ak〉}k are the eigenvectors of Â and {ak}k are the corresponding
eigenvalues (assume no degeneracies for simplicity). If a measurement of Â is
performed at time t, the probability of obtaining the result ak is given by [36],

pk =Tr
{
σ̂(t)

(|ak〉〈ak|⊗ 1̂E
)}=TrS

{
ρ̂(t) |ak〉〈ak|

}
, (2.1)

where 1̂E is the identity operator in HE, σ̂(t)= |ψ(t)〉〈ψ(t)| and ρ̂(t)=TrE {σ̂(t)}
is the reduced density matrix of the system. Equation (2.1) shows that all the
information relevant to determine the probabilities of measurement outcomes
of system observables is contained in the reduced density matrix. Rather than
determining the evolution of |ψ(t)〉, which in general is not possible, we can
instead find approximate solutions for the evolution of ρ̂(t). Finding and studying
these solutions for a diversity of systems is one of the main objective in the field
of open quantum systems.

13
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2.2 The Markovian master equation

Let the Hamiltonian be of the form Ĥ(t)= ĤS(t)⊗1E+1S⊗ĤE+Ĥint, where ĤS(t)
is the bare system Hamiltonian acting only on the system Hilbert space, ĤE

is the environment bare Hamiltonian, acting only on the environment Hilbert
space, and Ĥint is an interaction Hamiltonian that acts on both the system and
the environment Hilbert spaces. It follows from the Liouville-von Neumann
equation that the most general form for the evolution of the reduced density
matrix is,

dt ρ̂(t)=− ı
ℏ
[
ĤS(t), ρ̂(t)

]+D[σ̂(t)], (2.2)

where D[σ̂(t)]=−ıTrE
{[

1S ⊗ ĤE+Ĥint, σ̂(t)
]}

/ℏ. In general, this equation can-
not be solved exactly apart from some very specific cases. Thus, one needs to use
effective descriptions that are approximations of Eq. (2.2), usually referred to as
master equations. When dealing with a large thermal environment under weak
coupling and a clear separation of time-scales, a Markovian master equation can
be derived [36], namely,

dt ρ̂(t)=− ı
ℏ
[
Ĥeff(t), ρ̂(t)

]+
N∑

k=1

Γk

(
L̂k ρ̂(t) L̂†

k −
1
2

{
L̂†

kL̂k, ρ̂(t)
})

, (2.3)

where Γk ≥ 0 are dissipation rates, L̂k are known as Lindblad or dissipation
operators and Ĥeff is the effective Hamiltonian of the system and N is the total
number of Lindblad operators. Eq. (2.3) is known as the Gorini Kossakowski
Sudarshan Lindblad (GKSL) master equation. An effective Hamiltonian rather
than the bare Hamiltonian ĤS(t) is used because the interaction with the envi-
ronment typically leads to a re-normalization of the bare Hamiltonian. It has
been shown [40, 41] that any Markovian and linear dissipative system must
necessarily be of this form. Because of this, this equation can be applied to
effectively describe a variety of experimental scenarios and plays a central role
in the study of open quantum systems.

2.3 Stochastic Schrödinger equations

Master equations such as Eq. (2.3) can be unravelled into Stochastic Schrödinger
equations (SSE) of the form [36],

d |φ(t)〉 =− ı
ℏ

(
Ĥeff(t)+

ı
2

N∑

k=1

ΓkL̂†
kL̂k

)
|φ(t)〉d t

+
N∑

k=1

(
L̂k|φ(t)〉

||L̂k|φ(t)〉|| − |ψ(t)〉
)

d Nk(t), (2.4)

where d Nk(t) are independent Poisson increments satisfying d Nk d Nl = d Nkδk,l

and E[d Nk(t)] = Γk||L̂k|φ(t)〉||2 d t, where E[d Nk(t)] is the expectation value of
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d N(t). This is simply a multi-variable stochastic differential equation with
Poisson noise. One can solve it numerically according to the following scheme.
Consider a uniform time grid with an interval ∆t. At each time step t, either

(1) The state is updated smoothly according to the first term, with probability
p0 = 1−∑kΓk||L̂k|φ(t)〉||2∆t, such that the new state is given by |φ(t+∆t)〉 =
[1− (ı/ℏ)(Ĥeff(t)+ (ı/2)

∑N
k=1ΓkL̂†

kL̂k)]|φ(t)〉∆t, up to a normalization constant;
or

(2) The state undergoes a jump according to the second term, with proba-
bility Γk||L̂k|φ(t)〉||2∆t, such that, the new state is given by |φ(t +∆t)〉 =
L̂k|φ(t)〉/||L̂k|φ(t)〉||. Note that the condition d Nk d Nl = d Nkδk,l guarantees
that only one d Nk(t) is non-zero (and equal to one), at most.

Using this iteration scheme one can generate random trajectories of |φ(t)〉
within a certain time period, say, for t ∈ [0,T]. Let |φ( j)(t)〉 denote one such
trajectory. The reduced density matrix is then recovered as the statistical
average of the trajectories |φ( j)(t)〉, i.e.,

ρ̂(t)= E
[|φ(t)〉〈φ(t)|] := lim

M→∞
1
M

M∑

j=1

|φ( j)(t)〉〈φ( j)(t)|, (2.5)

where E[. . . ] represents the expectation value. In particular, one can show that
the expectation value of Eq. (2.4) (converted to its density matrix representation)
yields Eq. (2.3). Thus, Eq. (2.4) can be seen as a simple numerical tool to
calculate the reduced density operator. For large systems this is more efficient
than solving the Lindblad equation because it scales with N, rather than N2,
where N is the number of degrees of freedom [42]. However, SSEs contain
more information than the Lindblad equation. In particular, they can be used
to interpret individual runs of experiments where either the system or the
environment are being continuously monitored [23, 36].

2.4 Continuously monitored Markovian environment

A general and rigorous discussion on the use of SSEs to describe continuously
monitored systems can in found Refs. [23, 36]. Here, we outline how an SSE
naturally captures the description of a continuously monitored environment.
We note first that the word “continuously” is to be interpreted in the sense of
a coarse-grained time-scale. Time coarse-graining is required to justify the
Markovian assumption that at each point in time the system and environment
are uncorrelated and their evolution depends only on the state at that time.
In other words, the environment is measured at a finite rate f = 1/∆t, where
the time between the measurements ∆t is assumed to be large enough that
the Markovian approximation is justified but much shorter than the timescale
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in which the system evolves [36]. Now suppose that at time t the state of the
system-environment is |φ(t)〉|χ(t)〉 and that at time t+∆t a measurement of the
environment is performed. Assume that there are N +1 possible measurement
outcomes. Of those, N correspond to the cases where the environment state
has changed, i.e., χ(t+∆t) ̸= χ(t), and one corresponds to the case where nothing
happens, i.e., |χ(t+∆t)〉 = |χ(t)〉. In other words, there are N possible events
that can be detected in addition to the null event where nothing happens to the
environment. To give a concrete example, in the case of the calorimetric detection
(see Chapter 3), there are two possible events, a photon was either absorbed or
emitted by the calorimeter, in addition to the null event where neither absorption
nor emission is observed. Further, we assume that when outcome k is observed
at time t+∆t, the state is projected according to |φ(t+∆)〉 = L̂k|φ(t)〉/||L̂k|φ(t)〉||.
Then, the SSE in Eq. (2.4) provides the following interpretation. If the null
outcome is observed, the state evolves smoothly according to the case (1) in the
previous section. Otherwise, if event k is observed, the state jumps according to
case (2) in the previous section. A trajectory with N jumps for t ∈ [0,T] can be
specified by a set of of jump operators {L̂k j }

N
j=1, and times {t j}N

j=1, with t j > t j−1,
t1 > 0 and tN < T. The wave function at time T is then given by,

|φ(t)〉 = Ûnh(T, tN )L̂kNÛnh(tN , tN−1)L̂kN−1 . . . L̂k1Ûnh(t1,0)|φ(0)〉

= V̂N (t1,k1; . . . ; tN ,kN )|φ(0)〉 (2.6)

where Ûnh(t, t′)=T> exp{(ı/ℏ)
∫ t

t′ (Ĥeff(s)−ı
∑N

k=1ΓkL̂†
kL̂k)d s is the non-Hermitian

evolution operator that dictates the evolution in between jumps. The operator
V̂ (t1,k1; . . . ; tN ,kN ) := Ûnh(T, tN )L̂kNÛnh(tN , tN−1)L̂kN−1 . . . L̂k1Ûnh(t1,0) is a non-
unitary evolution operator that can be used to compactly specify the N jump
trajectory. Due to its non-unitary character, the squared norm of the wave
function is not conserved. However, it encodes the probability for that particular
trajectory to occur. That is, the probability for a particular trajectory specified
by V̂ (t1,k1; . . . ; tN ,kN ) to occur is given by,

p(t1,k1; . . . ; tN ,kN ) := ||V̂ (t1,k1; . . . ; tN ,kN )|φ(0)〉||2. (2.7)

Finally, note that Eq. (2.3) can equally well describe a scenario where no con-
tinuous monitoring is performed. One can still simulate the trajectories |φ( j)(t)〉
and recover the reduced density matrix. However, since no measurements are
actually being performed, the system and environment will, in general, be en-
tangled throughout their evolution. According to the standard interpretation,
the system does not have a wave function of its own in this case and the proper
way to interpret these trajectories becomes more opaque [29]. In Chapter 7, we
review a possible approach to tackle these cases.
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2.5 Non-Markovianity measures

At very low temperatures or strong coupling, the assumption that the environ-
ment relaxes much faster than the system cannot always be made and non-
Markovian effects become important [43, 44, 45]. In general, the evolution of the
system can no longer be captured by Eq. (2.3), but it has been recently shown
that even the general evolution in Eq. (2.2) can be written in a “Lindblad-like”
form, with the L̂k operators now dependent on the evolution of the combined
system and environment [46]. The study of non-Markovian open systems is
not new (see, e.g., Ref. [47]), but in more recent years considerable effort has
been put into addressing non-Markovian systems from a quantum information
perspective. This has lead to the development of new research topics such as
reservoir engineering, where the goal is to design environments to precisely tune
dissipation and decoherence rates of the system of interest [48, 49, 50, 51, 52].

One significant problem that arises is how to determine the degree of non-
Markovianity of the evolution, and different authors have proposed different
measures of non-Markovianity [53, 54, 55, 56, 57, 58, 59]. One such measure
is the Breuer-Laine-Pillo (BLP) one [58]. Let Φt2,t1 be a completely positive,
trace preserving (CPTP) map that determines the evolution of system, i.e.,
ρ̂(t2) =Φt2,t1

[
ρ̂(t1)

]
. Note that, in general, Φt2,t1 ̸=Φt2,t3Φt3,t1 , for t1 < t3 < t2,

i.e., the map is not divisible. The BLP measure is then formally defined as,

N (Φ)=max
ρ1

0,ρ2
0

∫

İ>0
d tİ (t), (2.8)

where ρ̂1
0 and ρ̂2

0 are two initial states and I (t) := D(ρ̂1(t), ρ̂2(t)) = ||Φt(ρ̂1
0)−

Φt(ρ̂2
0)||/2 is the distinguishability of the two states defined as the trace distance

between the two solutions at time t1 and Φt :=Φt,0. The integral is taken over
all regions where İ (t)> 0 and the maximisation is taken over all possible pairs
of initial states. The BLP measure offers a physical interpretation regarding
the information lost to the environment. For Markovian evolution, the trace
distance between any two solutions always decreases. Thus, the ability to
distinguish between the two solutions steadily decreases with time. In other
words, information about the initial state is continuously lost to the environment.
On the other hand, for non-Markovian evolution part of this information can flow
back from the environment to the system. This backflow of information is what
can be quantified by the BLP measure [48, 58]. Note that other measures can
yield different results e.g. a particular map can be considered non-Markovian
according to one measure but not by another. One advantage of the BLP measure
is that, contrary to other measures, it allows an interpretation in terms of
information flow between the system and the environment and it can be related
to thermodynamic properties [48].

1 The trace distance between two states ρ̂1 and ρ̂2 is defined as ||ρ̂1 − ρ̂2|| :=
Tr
{√

(ρ̂1 − ρ̂2)2
}

/2=∑i |λi|/2, where λi are the eigenvalues of ρ̂1 − ρ̂2.
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3. Calorimetric measurements of a
driven harmonic oscillator

Calorimetric measurements are a promising experimental setup to study energy
fluctuation in a continuously monitored open quantum system. In this Chapter,
we first review how work and heat are measured when the protocol is applied
to a qubit. We then summarize the results on a possible approach to measure
fluctuations in an harmonic oscillator.

3.1 Qubit

Calorimetric measurements are a particular case of continuously monitored
environments where the quantity being monitored is the temperature of the
environment (hereafter referred to as the calorimeter). If both the temperature
and heat capacity of the calorimeter are low enough, single quanta of energy
exchanged with the qubit should be observable. The evolution of the system is
modelled by a stochastic Schrödinger equation as described in Section 2.4. For
the case of qubit with energy splitting ℏω, there are two Lindblad operators, L̂0 =p
Γ0σ̂

(−) and L̂1 =p
Γ1σ̂

(+), where σ̂(−) (σ̂(+)) is the lowering (raising) operator.
If the calorimeter is in thermal equilibrium at inverse temperature β, the
transition rates obey detailed balance and are given by Γ0 = γ(1+N(β)) and Γ1 =
γ(N(β)), where γ is a parameter that determines the coupling strength between
the system and calorimeter and N(β)= 1/(exp[βℏω]−1) is the average thermal
occupation number of the calorimeter 1. The operator L̂0 (L̂1) is associated
with a photon absorbed (emitted) by the calorimeter and leaves the qubit in
its ground (excited) state. In between jumps, the state evolves according to
the non-Hermitian Hamiltonian Ĥnh = Ĥeff(t)+ D̂, where Ĥeff(t) = ĤS + ĤD(t),
ĤS = ℏωσ̂(+)σ̂(−), ĤD(t) is a time dependent driving Hamiltonian, assumed to be
weak compared to ĤS, and D̂ = L̂0L̂†

0 + L̂1L̂†
1 = γ(2N(β)+1)σ̂(+)σ̂(−) +γN(β)1̂.

Consider now a trajectory of N jumps from t = 0 to t = T described by the set of
jumps {i1, . . . , ıN } at times {t1, . . . , tN }, as described in Section 2.4. Heat is defined

1The calorimeter is modelled as an infinite bath of harmonic oscillators.

19



Calorimetric measurements of a driven harmonic oscillator

as the net sum of quanta exchanged with the environment, namely,

Q(i) = ℏω
N+1∑

j=1

(−1)i j , (3.1)

with the convention that positive heat corresponds to energy absorbed by the
calorimeter. The change in energy ∆E(i) is inferred from the the guardian
photons, i.e., by looking at the last jump prior to the driving period and first
jump after the driving period. This is possible because after each jump the
system remains in the corresponding eigenstate if the system is not being driven.
Let ℓ(i)

i ∈ {0,1} be the initial guardian photon for the ith trajectory and ℓ(i)
f ∈ {0,1}

the final guardian photon for the same trajectory. Then, ∆E(i) = ℏω(ℓ(i)
f −ℓ(i)

i )
and the work for ith trajectory is defined as

W (i) =∆E(i) +Q(i). (3.2)

Note that in Eq. (3.1), the last guardian photon is identified as the N +1 jump
(iN+1 := ℓ(i)

f ), which must be included as heat.

3.2 Harmonic Oscillator

Consider now the case of a driven harmonic oscillator with Hamiltonian Ĥeff(t)=
ℏωâ†â+λ0 sin(ωt)(â† + â), with λ0 ≪ ℏω, where â (â†) is the annihilation (cre-
ation) operator. Similarly to the qubit case, the evolution is described by the
jump operators L̂0 =

p
Γ0â and L̂1 =

p
Γ1â† and the non-hermition Hamiltonian

Ĥnh(t)= Ĥeff(t)+ D̂, where D̂ = L̂0L̂†
0 + L̂1L̂†

1 = γ(2N(β)+1)â†â+γN(β)1̂. While
the heat can be measured in the same way, the change in internal energy can
no longer be inferred from the guardian photons. After a jump, the state is
not necessarily projected to an energy eigenstate if it wasn’t in one before the
jump. One way to remedy this situation is to apply the TPM protocol do have
a well-defined initial and final energy. Let E(i)

i = ℏωn(i)
i and E(i)

f = ℏωn(i)
f be the

energy outcomes of a projective energy measurement before and after the driving
period for the ith trajectory, respectively, where n(i)

i ,n(i)
f ∈ {0,1,2, . . . }. Then, the

work done under the two measurement protocol is defined as,

W (i)
p =∆E(i)

p +Q(i), (3.3)

where Q(i) is defined as above (without any guardian photons) and ∆E(i)
p =

E(i)
f −E(i)

i . We refer to this quantity as the projective work. However, projective
measurements can be difficult to implement, especially if the system becomes
more complex. Although the change in energy cannot be inferred from the
guardian photons, they still contain relevant information.

3.2.1 The calorimeter two level approximation

The calorimeter protocol operates at low temperature. A possible approach is to
consider a two-level-approximation (TLA) where we assume that the harmonic
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Figure 3.1. The average and variance of the projective and calorimeter work for temperatures
βℏω= 1,2 and 5. The parameters used are λ0 = 0.01ℏω, ℏγ= 0.01λ0 and T = ℏπ/λ0.

oscillator is well approximated by its two lowest levels. Thus, we define,

W (i)
c := ℏω(ℓ(i)

f −ℓ(i)
i )+Q(i), (3.4)

as the work measured in the calorimetric protocol under the two-level approxi-
mation. The last term is the contribution from the last guardian photon, which
must be included as heat. We refer to W (i)

c as the calorimeter work to distinguish
it from the projective work. We can now compare the moments of the distribution
of Wc and Wp to determine to which extent this two level approximation can be
used.

3.2.2 Results

Unitary limit
In the unitary limit, the driving period is short enough that no jumps occur and
we can approximate the evolution as unitary. Thus, no heat is exchanged during
the driving period and the work is determined solely by the guardian photons.
At low temperature where only the two lowest levels of the harmonic oscillator
are relevant in equilibrium we can write kth moment of the calorimeter work as,
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〈Wk
c 〉u ≈ (ℏω)k w0k +w1keβℏω

1+ e−βℏω
, (3.5)

where the coefficients wnk can be expressed in terms of hypergeometric functions
(see Appendix A of Publication I). For the projective work, we find for the average
and variance,

〈Wp(t)〉u = ℏωµ(t)

[σ2
Wp

(t)]u = 2ℏω(N(β)+1/2)〈Wp(t)〉u, (3.6)

where µ(t) = λ2
0t2/4. Figure ?? shows the projective and calorimeter work at

different temperatures.
We see that at low temperature and short driving periods both the average and

variance of projective work and well approximated by the calorimeter work. For
longer driving periods, higher levels of the harmonic oscillator will be populated
and the TLA is no longer justified.

For higher temperatures, the average still follows a similar behavior to the
low temperature case. However, the variance has a more subtle behavior. If
the temperature is too high, a non-zero variance is present even in the limit of
vanishing driving times. Naturally, this is an artifact coming from the wrong
inference of the energy change. The TLA is no longer justified in this limit.

Single-jump correction
For longer driving times, jump correction have to be included. We can treat Unh

perturbatively and find corrections for trajectory with at most one jump. Using
second-order perturbation theory, we write,

Ûnh(t)≈e−
i
ℏ
λ0 tp

2
P̂ [1− i

ℏ

∫ t

0
dt1D̂(t1)− 1

ℏ2

∫ t

0
dt1

∫ t1

0
dt2D̂(t1)D̂(t2)] (3.7)

where D̂(t)=−iγΣ/2[Ĥ′(t)+x0(t)X̂ ], x0(t)=
√

2µ(t), Ĥ′(t)= â†â+Γ1/(Γ0+Γ1)+µ(t),
and X̂ = (â† + â)/

p
2. We then use this expansion to calculate the operator V̂0(T)

and V̂1(t1,k1) up to second-order in Γ0+Γ1. Fig. 3.2 shows one example for βℏω=
2. We plot in solid lines the analytical results coming from the perturbation
scheme and the markers show numerical results without approximation. As
expected, the longer the system is driven, the worst the approximation. Note,
however, that the error between the calorimeter and projective work for both
the average and variance decreases, compared to the unitary limit.

Overdamped limit
For ℏγ≫ λ0 the perturbative method fails and we have to resort to numeri-
cal solutions. We note first that the average calorimeter work will correctly
reproduce the average projective work. This is because the relaxation time to
equilibrium is faster than the time required for the driving to push the system
out of equilibrium. The system remains close to its equilibrium state with a
negligible change in its internal energy. Thus, 〈Wp〉 ≈ 〈Wc〉 ≈ 〈Q〉. However, this
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Figure 3.2. One-jump correction to the average and variace of the projective and calorimeter
work for temperature βℏω= 2. The dashed line shows the unitary limit results and
the solid lines show the analytical results using the perturbation technique. The
symbols show the numerical solution without any approximation.
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Figure 3.3. Numerical solutions for average and variance of the projective and calorimeter work
for different couplings γ/ω= 0.01,0.05 and 0.1 with λ0/�ω= 0.01 and β�ω= 2.
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is no longer true for the variance and, in general, higher moments. We illustrate
this in Fig. 3.3.

The results presented here show that, in certain limits, it is possible to used the
calorimeter protocol to infer the distribution of work of a driven open harmonic
oscillator.
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4. Non-Markovianity due to driving and
finite-size environment

The small size of the calorimeter required to detect single quanta events may
lead to non-Markovian effects. Understanding to which extent one may need
to take non-Markovian effects into account is important. For example, the
calorimeter may no longer stay in thermal equilibrium with a well-defined
temperature which would call into question how to correctly identify the heat.

4.1 The qubit-calorimeter model

Consider again a qubit with Hamiltonian Ĥc = ℏω0â†â+λ0 sin(ω0t)(â†+â) as our
system of interest where ℏω0 is the energy gap, â is the lowering operator and λ0

is the external driving strength. Recently, a finite environment master equation
(FEME) was introduced to explicitly model the finite size of the environment
in the calorimetric detection [1, 60]. In the FEME model, the calorimeter is
modeled as a collection of N qubits with Hamiltonian Ĥc =∑N

k=1ℏω0d̂†
k d̂k,

where d̂k is the lowering operator. The model assumes that the calorimeter
decoheres quickly into a microcanonical ensemble such that the state of the
combined system and environment ρ̂qc is given at all times by,

σ̂qc(t)=
N∑

n=0

σ̂q(n, t)⊗ σ̂c(En), (4.1)

where n is the number of excited qubits in the calorimeter and En = ℏωn is
the corresponding energy. The state σc(En) is the microstate ensemble of the
calorimeter eigenstates with energy En, i.e., σ̂c(En)=∑k |Ψk〉〈Ψk|δϵk,En /N(En),
where |Ψk〉 is an energy eigenstate of the calorimeter with energy ϵk and N(En)
is the total number of microstates with energy En. The reduced density operator
of the system ρ̂(t) is given by tracing σ̂qc(t) over the calorimeter, namely,

ρ̂(t)=
N∑

n=0

σ̂q(n, t). (4.2)

Note that σ̂textq(n, t) are not reduced density operators because they are not
normalized.
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Treating the drive and interaction with the calorimeter perturbately, it was
shown that the operators ρ̂(n, t) obey the following set of equations,

˙̂σq(n, t)= ı
ℏ

[σ̂q(n, t), Ĥq(t)]− Γ↑(n)
2

[σ̂q(n, t), ââ†]+Γ↓(n−1)âσ̂q(n−1, t)â†

+Γ↑(n+1)â†σ̂q(n+1, t)â− Γ↓(n)
2

[σ̂q(t, â†â)], (4.3)

where Γ↑(n) and Γ↓(n) are the transition rates associated with the Lindblad
operators â† and â, respectively. The transition rates depend on the calorimeter
energy En and are expressed as

Γ↓(n)= g(1−n)/N; (4.4)

Γ↑(n)= gn/N, (4.5)

where g is a tunable parameter representing the interaction strength between
the system and calorimeter. Because the transition rates depend on the state of
the calorimeter, the evolution of the qubit depends on its history, which leads to
non-Markovian behaviour. Note that the evolution of the combined system and
calorimeter is Markovian [60].

4.2 BLP measure and initial conditions

To evaluate the degree of non-Markovianity we use the BLP measure introduced
in Section 2.5. To have a well-defined map for the qubit, the initial state of the
combined system and calorimeter has to be factorised, i.e.,

σ̂qc(0)= ρ̂(0)⊗ σ̂c, (4.6)

and the calorimeter state σ̂c fixed. We take the initial state of the calorimeter as
a thermal state at inverse temperature β, such that, σ̂c := σ̂βc =∑N

n=0 pnσ̂c(En),
where pn = (N

n

)
exp{En−F} and F is the free energy. This implies ρ̂(n, t)= pnρ̂(0).

Let Φt be the map acting on the reduced density operator of the system, fixed
by the above-choice of initial conditions. The set of equations in Eq. (4.3) and
the trace operation in Eq. (4.2) are linear. Thus, it follows that the map Φt is
also linear, i.e., for any two initial states ρ̂1(0) and ρ̂2(0) and any two complex
numbers c1 and c2, we have that c1Φt(ρ̂1(0))+c2Φt(ρ̂2(0))=Φt(c1ρ̂

1(0)+c2ρ̂
2(0)).

Then, to evaluate the BLP measure, we only need to evolve the difference
between pairs of initial states ρ̃0 = ρ̂1(0)− ρ̂2(0). It has been shown that for a
qubit the pairs that maximizes the BLP measure are pure orthogonal states [61].
As such, we can restrict the search to pair differences of the form,

ρ̃0 =
(

cosθ eiφ sinθ

e−iφ sinθ −cosθ

)
, (4.7)

where θ ∈ [0,π) and φ ∈ [0,π) are the usual Bloch sphere angles. The initial
conditions to solve the set of equations in Eq. (4.3) are then ρ(n,0)= pnρ̃0.
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Figure 4.1. Information flow of the qubit Iint(t), calorimeter Iext(t) and their sum as a function
of time. The parameters used are βℏω = 2, λ0/ℏω = 0.08, g/ℏω = 0.066, N = 20,
θ = 1.69 and φ= 0. Inset: Region of the trace distance time derivative that contributes
to the BLP measure.

4.3 Trace distance

It is instructive to first look at the behavior of the information flow described by
İ (t). Let σ̂1

qc(t) and σ̂2
qc(t) be two solutions with initial conditions ρ̂1(0) and ρ̂2(0),

respectively, in accordance with Eq. (4.6). We now define two quantities, the
internal information as Iint(t) :=I (t) and the external information as Iext(t) :=
D(σ̂1

qc(t), σ̂
2
qc(t))−I (t). Figure 4.1 shows these two quantities and their sum for

a particular choice of initial conditions (see the caption for details).
We first note that if the combined qubit and calorimeter where isolated and

their joint evolution unitary, the sum of the internal and external information
would be constant. In other words, the information gained (lost) by the qubit
must equal the information lost (gained) by the environment. However, in the
FEME model, the combined calorimeter and qubit evolution is dissipative and
Markovian. Thus, the total information is Iint(t)+Iext(t) is constantly lost. We
also see that there are discontinuities in the external information flow. These
discontinuities appear because the trace distance is, in general, not differentiable
everywhere. The same doesn’t happen for the internal information because for a
two-level system is a particular case where the trace distance is differentiable
everywhere. The inset in Fig. 4.1 highlights one of the regions that contribute to
the BLP measure. One can say that, during those periods of time, information
flows back into the qubit. The BLP measure is calculated by maximising this
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area over all possible initial qubit state pairs.
From an experimental perspective, it is important to know which parameters

maximise or minimise the degree of non-Markovianity. In the next section, we
look at the interplay between the calorimeter size N, the driving strength λ0

and the coupling constant γ.

4.4 Influence of the system parameters on N (Φ)

Recall from Section 2.5 that we have introduced the quantity

N (Φ)=max
ρ1

0,ρ2
0

∫

İ>0
d tİ (t), (4.8)

as the degree of non-Markovianity according to the BLP measure. We cal-
culate N (Φ) for three different calorimeter sizes N = 5, 50 and 100 and for
λ0, g ∈ [0.01,0.1], shown in Fig. 4.2. All results are calculated with βℏω = 2.
Surprisingly, a non-Markovianity structure emerges characterized by “rays” of
constant N (Φ). This non-trivial structure shows that one cannot deduce that
the degree of non-Markovianity will decrease by increasing the calorimeter
size at constant λ0 and γ. Indeed, one can go from Markovian behaviour to
non-Markovian behaviour by increasing N. Another aspect is the fact that N (Φ)
vanishes when there is no driving. In this case, the set of equations in Eq. (4.3)
can be solved exactly and we find,

I (t)=
√

f 2(t)cos2θ+ g2(t)sin2θ, (4.9)

where f (t) = (N exp{−g(1+1/N)t}+1)/(N +1) and g(t) = exp{−gt/2}. Since f (t)
and g(t) are monotonically descreasing functions of time, İ (t)< 0 for all t and
N (Φ)= 0.

There are two figures of merit that might be useful in practical experimental
scenarios, namely, 1) the maximum amount of non-Markovianity Nmax(N) at
fixed size N and the parameters associated with it, and 2) the time at which
information starts to flow back tR (see Fig. 4.1). For the first case, Nmax(N) is
shown with a dotted line in Fig. 4.2 and it’s determined by the ratio aN =λ0/g
(see Fig. 4.3). From Fig. 4.3 we see that the maximum decreases monotonically
with increasing N. It is also noticeable that the maximum amount of information
flowing back into the system is not significant, even at very small calorimeter
sizes N ∼O (10).

In the second case, the behavior of tR is also not a monotonic function of the
calorimeter size. However, if we focus on the parameters that maximize N (Φ) a
clear pattern emerges (see Fig. 4.4) and we can write,

tR ≈ ℏ
λ0

. (4.10)

This relation shows that the recurrence time is independent of the calorimeter
size when the parameters are tuned according to the ratio aN . Thus, one
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Figure 4.2. BLP measure (102N (Φ), color scale) as a function of λ0 and g for N = 5 (top), 50
(middle) and 100 (bottom). The dashed lines indicate the line of maximum non-
Markovianity determined by the ratio aN , see the main text for details.
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Figure 4.3. The ratio aN =λ0/g that determines the maximum Nmax(N) as a function of N (top)
and the dependence of Nmax(N) on the calorimeter size N (bottom).

can easily control tR by adjusting the driving strength and coupling to the
calorimeter.

4.5 Conclusions

In this Chapter, it was shown how the finite size of the calorimeter induces
non-Markovian evolution for the qubit. The degree of non-Markovianity was
quantified using the BLP measure applied to a previously developed model for
the qubit-calorimeter system. Most noticeably, it was found that the degree of
non-Markovianity doesn’t necessarily decrease monotonically with the calorime-
ter size. Thus, by adjusting the driving strength or coupling between the qubit
and the calorimeter, it is possible to mitigate or enhance non-Markovianity.
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Figure 4.4. Recurrance time tR for three different calorimeter sizes N = 5, 50 and 100 as a
function of λ0. The coupling g is implicitly fixed by the ratio aN , see the main text
for details.
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5. Energy fluctuations in closed
quantum systems

In trying to extend the calorimetric protocol to a driven harmonic oscillator, we
saw one of the difficulties in addressing energy fluctuations in quantum systems.
The system can start and end in a state where its energy is not well-defined,
according to the orthodox interpretation of quantum mechanics. At the same
time, the energy fluctuations of its environment are continuously measured and
have a well-defined value. It thus seem paradoxical to state that the system
has exchanged energy with its environment without being able to even formally
define how much energy was lost or gained by the system. This problem was
circumvented by employing the two-point-measurement (TPM) protocol. Despite
its versatility, however, this solution also has its drawbacks. In this Chapter, we
expand on this topic by highlighting the difficulties in defining work in a closed
quantum system. Some of the different approaches in the literature are briefly
revised together with the no-go theorem for quantum work.

5.1 Motivation

To motivate the topic, consider a system at time t = 0 described by a state ρ̂

which can be pure or mixed. During a period T, the system is driven unitarily by
an external source according to a time-dependent Hamiltonian Ĥt such that the
state at time T is given by ρ̂′ = Ûρ̂Û† where Û =T> exp{ı

∫ T
0 Ĥt d t/ℏ} and T> is

the time-ordering operator arranging the terms from right to left with increasing
time. One then asks: How much work was done on the system by the external
driving source in this single run of the experiment? The problem is, of course,
that if ρ̂ and ρ̂′ do not correspond to eigenstates of Ĥ0 and ĤT , respectively, the
system does not have a well-defined energy change according to the orthodox
interpretation of quantum mechanics. This fact has lead to different approaches
on how to answer this question.
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5.2 Two-point measurement protocol

The two-point-measurement (TPM) protocol was first introduced by Tasaki [62]
and Kurchan [63] and has been extensively used in the context of, e.g., fluctuation
relations [62, 63, 64, 65, 66, 67], heat engines [10], many-body systems [68],
relativistic systems [69] and open quantum systems [70, 71, 72]. It consist of
the following procedure: 1) Measure Ĥ0 =∑i e i|e i〉〈e i| at time 0, resulting in
the eigenstate |e i〉 with energy e i, with probability pi = 〈e i|ρ̂|e i〉. 2) Evolve |e i〉
using the unitary Û. 3) Measure ĤT =∑ j e′j|e′j〉〈e′j| at time T, resulting in the
eigenstate |e′j〉 with energy e′j, with probability p j|i = 〈e′j|ρ̂′|e′j〉 = |〈e′j|Û |e i〉|2.
The work is then defined to be the difference in the energy outcomes, i.e.,

wtpm
i, j := e′j − e i.

This corresponds to a random variable W with distribution Ptpm(W = w) =∑
i, j wδw,wtpm

i, j
. The TPM protocol is particularly attractive because of its simplic-

ity of implementation and interpretation. Further, it satisfies both Jarzynski’s
and Crooks’ fluctuation relations [67]. This makes it a very useful quantity to
study out of equilibrium fluctuations, in particular, if the initial state is thermal.
This protocol, however, induces an evolution different from the undisturbed
process described in Section 5.1. It is the state |e i〉 resulting from the first
measurement that undergoes the unitary evolution, rather than the state ρ̂. A
consequence of this can be seen in the average work. In general, the average
work given by the TPM protocol differs from the change in the average energy of
the undisturbed process, i.e.,

〈W〉tpm =
∑

w
Ptpm(W = w)w ̸=Tr

{
ρ̂Ĥ0

}−Tr
{
ρ̂′ĤT

}
. (5.1)

This situation arises when energy coherences are present in the initial state,
i.e., [ρ̂, Ĥ0] ̸= 0. Different authors have shown that one can extract useful work
from these initial coherences [31, 73, 74, 75, 76]. In this sense, the TPM seems
inadequate to characterize these processes. Several authors have also noted
that during the measurement steps the system becomes open and the evolution
is not unitary [31, 77, 78]. Thus, the identification of the change in energy
∆e = e′j − e i with work is not straightforward since one should account for the
energy exchanged with the measuring device.

5.3 Other approaches

An earlier approach to study work fluctuation was based on a operator of
work [79, 80, 81, 82], defined as Ŵ := Û†ĤTÛ − Ĥ0 =∑w w|w〉〈w|. The work
distribution is then associated with the spectrum of Ŵ, i.e., PŴ (W = w) =
Tr
{
ρ|w〉〈w|}. This produces a positive distribution, by construction, and re-

spects the change in average energy of the undisturbed process. The spectrum
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of Ŵ is interpreted as the possible work values along individual runs. This,
however, leads to somewhat contradictory results [82]. Consider the case of a
cyclic driving protocol, such that, ĤT = Ĥ0 but [Û†ĤTÛ , Ĥ0] ̸= 0. Then, it is
possible to find an eigenstate |0〉 of Ŵ with w = 0 such that

〈0|(Û†ĤTÛ)k|0〉 ̸= 〈0|Ĥk
0 |0〉, k > 2. (5.2)

On one hand, according to the operator of work, if starting from the state |0〉,
the work done is zero with probability one. But on the other hand, moments of
the energy distribution higher than the second have changed, implying that the
work distribution should have non-zero variance. The operator of work has also
been criticised on the fact that work should describe a process, not a state, and
thus it cannot be described by an observable [64].

A different class of approaches involves quasi-probabilities and are based on,
e.g., full-counting-statistics [83], the consistent-histories interpretation [84] or
weak values [85]. While these approaches can be useful in identifying purely
quantum features of certain protocols [86], the fact that they do not form a
probability distribution means that it is mathematically impossible to construct
an underlying random variable. Thus, it is not clear how to interpret the
“moments” of the distribution nor how to assign a definitive value to an individual
run of an experiment. A thorough discussion on the different approaches can be
found in Ref. [2].

5.4 A “no-go” theorem from quantum work

Recently, a “no-go” theorem has been proven showing that no work distribu-
tion in closed quantum systems can simultaneous satisfy the following three
requirements [87], namely:

1. The work distribution is described by a positive operator valued measurement
(POVM), i.e., the probability of having done an amount of work w given an
initial state ρ̂ and driving protocol Û is given by p(w|ρ̂,Û)=Tr

{
ρ̂M̂w

}
, with

the condition
∑

{w} M̂w = 1̂, where the set {w} represents all possible work
values.

2. For initial states that commute with the initial Hamiltonian the work distri-
bution reduces to the TPM work distribution, i.e., given an initial state ρ̂D such
that [ρ̂D, Ĥ0] = 0, then p(w|ρ̂D,Û) =∑i, j pi p j|iδe′j−e i ,w, where pi = 〈e i|ρ̂D|e i〉
and p j|i = |〈e′j|Û |e i〉|2 (see Section 5.2).

3. The work distribution respects the change in the Hamiltonian expectation
value, i.e.,

∑
{w} wp(w|ρ̂,Û)=Tr

{
ρ̂′ĤT

}−Tr
{
ρ̂Ĥ0

}
.
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As an example, the TPM protocol satisfies 1 and 2 but not 3, the operator of
work satisfies 1 and 3 but not 2 and quasi-probabilities don’t satisfy 1. Note that
there can be a set of POVM operators {M̂w} that satisfy all three properties for
some specific choices of ρ̂ and Û . What is proven is that there is no such POVM
that satisfies all three properties for all ρ̂, Û , ĤT and Ĥ0.

Like all no-go theorems, this result can be read in different ways [88]. On
one hand, we can accept all three requirements and conclude that no work
distribution can be assigned to a closed system evolution. On the other hand,
one can re-think what should be the requirements for the work distribution in a
closed quantum system. For example, the first requirement implies a positive
distribution but the converse is not true. One can have a positive distribution
that is not described by a POVM. In Chapter 6 and Publication III we present a
new approach where this is the case.
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6. Quantum Work in the Bohmian
Framework

One of the difficulties encountered in defining work in quantum systems is
that the energy of the system is not always well-defined. One is then forced to
consider operational approaches, where the measurement protocol itself is used
to define work. However, in the Bohmian interpretation of quantum mechanics,
one can construct a well-defined and observer-independent energy for the system
based on the so-called quantum Hamilton-Jacobi equation. This formulation
leads to a natural extension of the classical work definition to the quantum
regime.

6.1 Bohmian Mechanics

Bohmian Mechanics (BM) is a non-local, realist interpretation of quantum
experiments [89]. Its inception dates back to de Broglie [90, 91], who has put
forward the idea that quantum experiments could be explained by point-particles
guided by a pilot-wave. This idea was later generalised by Bohm and others [25,
26, 89] into what is commonly known today as Bohmian Mechanics. This theory
yields the same predictions as the orthodox formulation, as far as outcomes of
measurements are concerned, but provides an objective, observer-independent
description of quantum phenomena. Bohmian Mechanics has been applied to a
variety of different problems [92, 93], from cosmology [94] to chemistry (see, e.g.,
Ref [95]), with different motivations, such as, the development of accurate and
efficient numerical methods [96]. In the next sections, a brief introduction to the
mathematical formulation of BM is provided, before discussing its application to
define work in a thermodynamics context.

6.1.1 Description of experiments

In the non-relativistic formulation of BM, systems are modelled by a collection of
N point-particle positions z⃗1, . . . , z⃗N , z⃗i ∈R3 and a wave function Ψ(⃗z, t), where
z⃗ := (⃗z1, . . . , z⃗N ) ∈R3N is the configuration vector. One typically works with the
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wave function in the position representation, written in polar form,

Ψ(⃗z, t)= 〈⃗z|Ψ(t)〉 = R(Ψ)(⃗z, t)exp{ıS(Ψ)(⃗z, t)/ℏ}, (6.1)

where |⃗z〉 is an element of the position basis and R(Ψ)(⃗z, t) ∈R+
0 and S(Ψ)(⃗z, t) ∈R

are the modulus and phase of the wave function at point z⃗ and t, respectively.
In BM, experiments are described in the following way. One begins by prepar-

ing an initial state Ψ(⃗z,0) for which the system is in a well-defined, but ran-
dom, initial configuration Z := (Z1, . . . ,ZN )1. The probability that the system
is in a configuration z⃗ inside an infinitesimal volume element dz is given by
P0(⃗z)dz := (R(Ψ)

)2 (⃗z,0)dz, i.e., the Born rule. A given protocol described by
a Hamiltonian Ĥt is then implemented and the system configuration evolves
deterministically. If measurements are carried out, they are treated like any
other interaction by including the configuration of the measuring apparatus
itself in the description. The combined system and measuring apparatus evolve
deterministically and the random outcome is traced back to our lack of knowl-
edge regarding the initial configuration Z, now both of the system and measuring
apparatus. When the experiment is repeated, a new initial configuration Z′ is
drawn from P0 which may lead to a different measurement outcome. A detailed
discussion showing how the standard description of measurements and the
notion of effective collapse and effective wave functions arises from this picture
can be found in Refs. [27, 98].

6.1.2 Dynamics

Suppose that the system Hamiltonian is of the form,

Ĥ(t)=
∑

i

P̂2
i

2mi
+ V̂ (Ẑ, t), (6.2)

where mi is the mass of particle i, P̂i is the three-dimensional momentum
operator of particle i, defined by 〈⃗z|P̂i|Ψ(t)〉 = (−ı∇iΨ)(⃗z, t)2 and V̂ (Ẑ, t) is the
potential energy operator dependent only on the position of the particles and
time t, such that, 〈⃗z|V̂ (Ẑ, t)|Ψ(t)〉 = V (⃗z, t)Ψ(⃗z, t), V (⃗z, t) ∈ R. Plugging Eq. (6.1)
into the Schrödinger equation (SE) ı∂tΨ(⃗z, t)= Ĥ(t)Ψ(⃗z, t) and equating the real
and imaginary parts, we find,

∂tρ
(Ψ)(⃗z, t)=−

N∑

i=1

∇i
(
ρ(Ψ)(⃗z, t) v⃗i (⃗z, t)

)
; (6.3)

−∂tS(Ψ)(⃗z, t)=
N∑

i=1

[∇iS(Ψ)(⃗z, t)
]2

2mi
+V (⃗z, t)+Q(Ψ)(⃗z, t), (6.4)

1It may also be the case that one does not know the initial wave function but only has
access to the reduced density operator, corresponding to a mixed state. In this case, a
similar description can be provided using an appropriate coarse-graining scheme [97].
2∇i is the gradient operator with respect to particle i position.
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where ρ(Ψ)(⃗z, t) := (R(Ψ))2(⃗z, t),

Q(Ψ)(⃗z, t)=−
N∑

i=1

ℏ2

2mi

∇2
i R(Ψ)(⃗z, t)
R(Ψ)(⃗z, t)

(6.5)

is the quantum potential and

v⃗(Ψ)
i (⃗z, t)= ∇iS(Ψ)(⃗z, t)

mi
= ℏ

mi
Im

(∇iΨ) (⃗z, t)
Ψ(⃗z, t)

(6.6)

is a velocity field, also known as the guidance equation. Equation (6.3) is a
continuity equation and Eq. (6.4) is the so-called quantum Hamilton Jacobi
(HJ) equation. The decomposition into Eqs. (6.3) and (6.4) shows that the SE
equally well describes the evolution of an ensemble of point particles —Eq. (6.3)
describes the evolution of the ensemble distribution and Eq. (6.4) describes the
motion of the individual point particles in the ensemble. According to HJ theory,
the energy of the system for a configuration z⃗ at time t is given by,

E(Ψ)(⃗z, t)=−∂tS(Ψ)(⃗z, t), (6.7)

and the momentum of the particle i by,

p⃗(Ψ)
i (⃗z, t)=∇iS(Ψ)(⃗z, t). (6.8)

Formally, the trajectories of each particle Z⃗(Ψ)
i (t|Z) given an initial condition Z

are given by integrating the velocity field in Eq. (6.6), namely,

Z⃗(Ψ)
i (t|Z)= Zi +

∫ t

0
d s v⃗(Ψ)

i
(
Z⃗(Ψ)(s|Z), s

)
. (6.9)

Note that these trajectories depend implicitly on the distribution of the ensemble
via the quantum potential. In Fig. 6.1 we illustrate three possible trajectories
for a driven harmonic oscillator, initially in its ground state (see the example in
Section 6.4).

6.2 Connection to the Aharonov-Albert-Vaidman weak values

It is interesting to note that there is a close relationship between the Bohmian
trajectories and the Aharonov-Albert-Vaidman (AAV) weak values and measure-
ments [38, 39]. The AAV weak value (hereafter simply referred to as weak value)
of an operator Ô with pre-selection on |ψ〉 and post-selection on |φ〉 is defined by,

φ〈Ô〉ψ := 〈φ|Ô|ψ〉
〈φ|ψ〉 . (6.10)

Taking |φ〉 = |⃗z〉 and |ψ〉 = |Ψ〉, we see that the momentum given by Eq. (6.8) is
the real part of the weak value of momentum post-selected on position, i.e.,

p⃗(Ψ)
i (⃗z, t)=ℜ

{ 〈⃗z|P̂i|Ψ〉
〈⃗z|Ψ〉

}
=ℜ{z⃗〈P̂〉ψ

}
. (6.11)
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Figure 6.1. Illustraction of three possible trajectories for a driven harmonic oscillator, initially in
the ground state (see the example in Section 6.4 for more details). For a given run of
the experiment, the particle starts at z0 with initial energy E(Ψ)(z0,0) and ends up
at zt := Z(Ψ)(t|z0) with energy E(Ψ)(zt, t). At any time point s during the evolution,
its energy is always well-defined and given by E(Ψ)(zs, s).

A similar relation exist for the HJ energy in Eq. (6.7), namely,

E(Ψ)(⃗z, t)=ℜ
{ 〈⃗z|Ĥ(t)|Ψ〉

〈⃗z|Ψ〉

}
=ℜ{z⃗〈Ĥ(t)〉ψ

}
. (6.12)

All these quantities are thus experimentally accessible.
Note that, for an energy eigenstate |e〉, E(e)(⃗z, t)= e such that the system has

energy e, independent of its configuration. Thus, from a Bohmian perspective,
when a strong energy measurement is performed on a state |Ψ〉, resulting in
an energy eigenstate |e〉, what is revealed is the energy of the system after the
measurement took place, as opposed to the energy E(Ψ)(⃗z, t) prior to the mea-
surement [27, 99]. The latter can only be inferred through weak measurements.
An analogous argument is valid for a momentum measurement.

6.3 Work in closed systems

The HJ theory also provides a Hamiltonian function in phase space H (Ψ)(⃗z, p⃗, t)
that generates the trajectories through Hamilton’s equation of motion, namely,

H (Ψ)(⃗z, p⃗, t)=
∑ p2

i
2mi

+V (⃗z, t)+Q(Ψ)(⃗z, t). (6.13)

The exact same trajectories in Eq. (6.9) will be generated by this Hamiltonian,
provided the same initial conditions (Z,P) =

(
Z, ∇S(Ψ)(Z,0)

)
are given, where

∇= (∇1, . . . ,∇N ). Accordingly, the same statistics concerning any observation are
recovered if the system has the initial phase-space distribution,

f (Ψ)
0 (⃗z, p⃗)= |Ψ(⃗z,0)|2δ( p⃗−∇S(Ψ)(⃗z,0)). (6.14)

Additionally, we can also explicitly prepare a different initial state for each run
of the experiment, i.e., a proper statistical mixture of pure states. For this case,
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we would also have a distribution over the initial possible wave functions {Ψ j} j

with probabilities {p j} j (p j ≥ 0,
∑

j p j = 1)3 .The initial phase space distribution
is obtained by summing over this distribution, namely,

f {Ψ j}
0 (⃗z, p⃗)=

∑

j

p j f (Ψ j)
0 (⃗z, p⃗). (6.15)

Note that we can have two different statistical mixtures {Ψ j} j and {Φi}i that
correspond to two different initial phase space distributions f {Ψ j}

0 and f {Φi}
0 but

to the same density operator ρ̂ =∑ j p j|Ψ j〉〈Ψ j| =
∑

i pi|Φi〉〈Φi|. These two
distributions are experimentally accessible as long as the two mixtures are
explicitly prepared (see also Ref. [36], Chapter 5).

We now have a description of the evolution of pure states in terms of phase-
space trajectories generated by a Hamiltonian function H (Ψ). As such, we can
extend the classical definition to the quantum case as,

W (Ψ) [Z⃗(Ψ)(s|Z)
]=
∫ t

0
∂sH

(Ψ)⏐⏐
Z⃗s,s

=
∫ t

0
ds E(Ψ)⏐⏐

Z⃗s,s
d s = E(Ψ)(Z⃗t, t)−E(Ψ)(Z⃗0,0)

:=W (Ψ)(t,Z), (6.16)

where we have used the shorthand notation Z⃗s := Z⃗(Ψ)(s|Z). Since Z⃗t depends
only on Ψ and Z, the work is completely determined by the initial configuration
and wave function. The work distribution is given by,

P(Ψ)(w)=
∫

dz|Ψ(⃗z,0)|2δ(w−W (Ψ)(t, z)), (6.17)

and for the case of a proper mixture of initial states by,

P {Ψ j}(w)=
∑

j

p jP(Ψ j)(w). (6.18)

This distribution is positive semi-definitive, normalized and respects the
conservation of average energy, i.e., 〈W〉{Ψ j} := ∫ dwP{Ψ j}(w) w = Tr

{
ρ̂(t)Ĥt

}−
Tr
{
ρ̂(0)Ĥ0

}
, where ρ̂(τ)=∑ j p j|Ψ j(τ)〉〈Ψ j(τ)| is the density operator associated

with the proper mixture. Note that the average is independent of the mixture
but higher moments will, in general, depend on the mixture.

It is worth emphasize that the work distribution in Eq. (6.18) is not captured by
a POVM. As such, there is no incompatibility with the no-go theorem presented
in Section 5.4.

6.4 Example: Driven harmonic oscillator

Consider the case of a driven harmonic oscillator with Hamiltonian,

Ĥ(t)= P̂2

2m
+ 1

2
mω2 X̂2 − Ẑ f1(t)+ P̂ f2(t), (6.19)

3We take the distribution to be discrete for simplicity’s sake.
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where m and ω are the oscillator mass and angular frequency, respectively, Ẑ
(P̂) is the position (momentum) operator and

f1(t)=−A sin(ωt), f2(t)=− A
mω

cos(ωt), (6.20)

where A is the driving amplitude. The eigenstates of this Hamiltonian are
given by |ñα〉 := D(α)|n〉, where |n〉 is an eigenstate of the undriven Hamiltonian
Ĥ0 = P̂2/2m+mω2Ẑ2/2, D(α) := exp{αâ†−α∗â} is the displacement operator and
α=−ıA/

p
2ℏmω3. The energy levels are given by En = ℏω(n+1/2+|α|2). The

evolution operator associated with this Hamiltonian is given by,

T̂(t,0)= exp
{

Atp
2ℏmω

[−âeıωt + â†e−ıωt]
}

eıĤ0 t/ℏ, (6.21)

where , â (â†) is the annihilation (creation) operator. Decomposing the SE into
the continuity and HJ equations, we find that the velocity field is given by,

v(z, t)= 1
m
∂xS(Ψ)(z, t)− f2(t), (6.22)

where S(Ψ) is again the global phase of the wave function.

6.4.1 Thermal state as a mixture of energy eigenstates

Consider an initially prepared mixture of energy eigenstates,

{ñα}∞n=0, pn = exp{−βℏωn}(1−exp{−βℏω}), (6.23)

such that ρ̂β = exp−βĤ(0)/Zβ =∑∞
n=0 pn|ñα〉〈ñα|, where β is the inverse tem-

perature and Zβ the partition function. The S-function for each eigenstate is
given by,

S(ñα)(z, t)=−ℏω
(

n+ 1
2

)
t+ A2t

2mω2 − A
ω

z [cos(ωt)+ωtsin(ωt)]

+ A2

4mω3

[
2ωtcos(2ωt)+ (ω2t2 −1)sin(2ωt)

]
. (6.24)

From Eq. (6.22) we can determine the trajectories Z(ñα)(t|Z) and, plugging the
result into Eq. (6.16), we find the work along and individual trajectories to be

W (ñα)(t,Z)= Aτ[Aτ+2mZωcos(ωτ)]
2m

. (6.25)

Thus, the work distribution given that the initial state is |ñα〉 is

P(ñα)(w)=
∫

dZ|〈Z|ñα〉|2δ(w−W (ñα)(t,Z)). (6.26)

The distribution associated with the eigenstate mixture is then given by

P {ñα}(w)=
∞∑

n=0

pnP(ñα)(w). (6.27)
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6.4.2 Thermal state as a mixture of coherent states

Consider now an initially prepared mixture of coherent states (eigenstates of
the annihilation operator),

{ηα}η, pα(η)=
(
eβℏω−1

)

π
exp

{−|η−α|2 [eβℏω−1
]}

, (6.28)

such that ρ̂β = exp{−βĤ(0)}/Zβ = ∫ d2ηpα(η)|η〉〈η|. The S-function for each
coherent state is given by,

S(η)(z, t)=− 1
2
ℏωt+ ℏAtηIp

2ℏmω
− z
[(

At+ηR
p

2ℏmω
)

sin(ωt)−ηI
p

2ℏmωcos(ωt)
]

−ℏ
(
ηR + Atp

2ℏmω

)
ηI cos(2ωt)

+ ℏ
2

[(
ηR + Atp

2ℏmω

)2

− [ηI ]2
]

sin(2ωt), (6.29)

where ηR (ηI ) is the real (imaginary) part of η. Similarlly to the previous case,
we determine the trajectories Z(η)(t|Z) from Eq. (6.22), and find the work to be
given by

W(t,Z)=Aτ
[

Aτ
2m

+
√

2ℏω
m

ηR

]
+ {A[ωτcos(ωτ)+sin(ωτ)]

+
√

2ℏmω3
[
ηR(cos(ωτ)−1)+ηI sin(ωτ)

]}

×
[
Z−ηR

√
2ℏ
mω

]
. (6.30)

Note that for the coherent states, we can have non-zero work even when A = 0.
This is a purely quantum effect that comes from the fact that for non energy
eigenstate the quantum potential is explicitly time dependent. However, keep in
mind that the average work always vanishes when the system is undriven. The
work distribution given that the initial state is |η〉 is then given by

P(η)(w)=
∫

dZ |〈Z|η〉|2δ(w−W (η)(t,Z)), (6.31)

and the distribution associated with the coherent state mixture by

P(η)(w)=
∫

d2η pα(η)P(η)(w). (6.32)

6.4.3 Comparison of work averages

As described above, the work average is independent of the mixture and in this
case given by 〈W〉 = (At)2/(2m). But higher moments will differ. To illustrate
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this, consider the “exponentiated work” average 〈exp{−βW}〉. To show that they
are different it suffices to look at the high temperature limit β≪ 1, for which we
find,

〈e−βW〉{η} = 1+βℏωsin2
(ωτ

2

)
+O(β2), (6.33)

for the coherent state mixture and

〈e−βW〉{n} = 1− β(Aτ)2

2m
sin2(ωτ)+O(β2), (6.34)

for the energy eigenstates mixture.
We see that the Jarzynski equality does not apply in general for the Bohmian

work. The reason for this is that each wave function contributes with a differ-
ent ensemble of trajectories and Hamiltonian function. Moreover, the initial
phase-space distribution is not of Boltzmann form, even if the mixtures’ density
operator is. For this particular driving, the free energy remains constant and the
Jarzynski equality reads 〈exp{−βW}〉 = 1. We see that this is correctly recovered
in the high-temperature limit β→ 0, which is the relevant classical limit here.

6.5 Conclusions

In this Chapter and Publication III we have explored a new approach to quantum
work. Based on the Bohmian interpretation and the Hamilton-Jacobi theory
we generalised the classical definition of work to any closed quantum process
in a straightforward manner. This approach has the advantage of providing
well-defined results for any such process, with a proper probability distribution.
Furthermore, it respects the conservation of average energy. It also introduces
new and unexplored facets of quantum work, such as its possible dependence
on the statistical mixture of states, when the mixture is known. This approach
can also provide a clear answer to the quantum-classical transition by studying
centre-of-mass dynamics [100], the high-temperature limit or large quantum
numbers.
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7. Energy exchange and the Conditional
Wave Function of open quantum
systems

In the previous chapter, we have used quantum phase-space trajectories to
study work in closed quantum systems, based on the quantum Hamilton-Jacobi
equation. In this Chapter, we take a step towards open quantum systems by
exploring the concept of the conditional wave function from Bohmian mechanics.

7.1 Motivation

In the limit of Markovian evolution and continuous monitoring, stochastic
Schrödinger Equations (SSE) can be derived to model the evolution of the state
in a single run. However, taking this approach beyond this limit is not entirely
straightforward. Under strong coupling or non-Markovian evolution, the system,
environment and measuring apparatus can be in a complicated entangled state.
In this case, according to the standard interpretation, the system does not have
a wave function of its own, i.e., there is no wave function that depends only on
the degrees of freedom of the system. Thus, while it is still possible to unravel
non-Markovian master equations into SSE [101, 102, 103], what the stochastic
state represents becomes unclear [29, 104, 105].

However, in the Bohmian interpretation, the concept of conditional wave
functions (CWF) provides a unique and conceptually clean way of defining a
wave function for any system entangled with other degrees of freedom [27, 37].
To study the fluctuation of energy, we introduce the concept of conditional energy
as the expectation value of the system Hamiltonian with respect to its CWF. We
show that this quantity naturally partitions into three distinct contributions,
namely, an external contribution due to the explicit time dependence of the
system Hamiltonian, an interaction contribution due to the presence of an
interaction Hamiltonian and an entanglement contribution which can be solely
attributed to the presence of entanglement. The entanglement contribution
provides a direct link between the energy fluctuation of an open system and the
entanglement between the system and its environment.
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7.2 Conditional Wave Functions

Consider again the case described in Section 6.1 of N point particles with wave
function Ψ(⃗z, t) and the Hamiltonian in Eq. (6.2). We now take particle i = 1 as
our system of interest and the remaining N −1 as its environment. Let x⃗ be the
configuration of the system and y⃗ the configuration of the environment, such
that, z⃗ = (⃗x, y⃗) and Ψ(⃗z, t) =Ψ(⃗x, y⃗, t). Also, let Y⃗ (t|Z) := (Z⃗(Ψ)

2 (t|Z), . . . , Z⃗(Ψ)
N (t|Z))

be the environment trajectory given the initial condition Z, as per Eq. (6.9). In
the position representation the CWF φ̃(Ψ)(⃗x, t|Z) is formally defined as,

φ̃(Ψ)(⃗x, t|Z) :=Ψ(⃗x, Y⃗ (t|Z), t)= 〈⃗x, Y⃗ (t|Z)|Ψ(t)〉 = 〈⃗x| φ̃(Ψ)(t|Z)〉, (7.1)

where |⃗x〉 is an element of the system position basis, |⃗x, Y⃗ (t|Z)〉 an element of
the combined system and environment configuration basis and | φ̃(Ψ)(t|Z)〉 is the
ket representation of the CWF. The crucial idea behind the CWF is that, given
the same initial condition Z, it generates the exact same system trajectory that
the wave function Ψ(⃗z, t) generates through Eqs. (6.6) and (6.9). If the same
trajectories are generated, the same statistical predictions are obtained. Note
that the CWF is conditioned on the trajectory of the environment and thus an
explicit function of x⃗ and t only. In this sense, it is a single-particle wave function.
A detailed discussion on CWFs can be found in Ref. [27].

While Ψ(⃗z, t) is a function of the combined system and environment con-
figuration and evolves according to a Schrödinger equation (SE), the CWF
is a function of the system configuration alone and evolves according to a
non-linear Schrödinger equation (NSE). If we split the Hamiltonian as Ĥ(t)=
ĤS(t)⊗1E +1S ⊗ ĤE+Ĥint, the NSE that governs the evolution of the CWF is
given by,

∂t φ̃
(Ψ)(⃗x, t|Z)=− ı

ℏ

{
〈⃗x|ĤS(t)|φ̃(t|Z)〉+ 〈⃗x, Y⃗t|Ĥint |Ψ(t)〉

+〈⃗x, Y⃗t|1S ⊗ ĤE |Ψ(t)〉− v⃗(Ψ)
Y⃗t

· 〈⃗x, Y⃗t|1S ⊗ P̂E|Ψ(t)〉
}

, (7.2)

where we have used the shorthand notation Y⃗t := Y⃗ (t|Z) and

v⃗(Ψ)
Y⃗t

· 〈⃗x, Y⃗t|1S ⊗ P̂E|Ψ(t)〉 :=−ıℏ
N∑

i=2

v⃗(Ψ)
i
(
Z⃗(t|Z), t

) · (∇iΨ) (⃗x, Y⃗t, t). (7.3)

Note that Eq. (7.2) is stochastic in nature despite having no explicit noise term.
Every time an experimental run is repeated the system and environment start
in a new configuration Z′ (as described in the previous Chapter), which leads to
a different trajectory of the environment and thus, in general, a different CWF
evolution.

For the purpose of calculations and presentation, it is more convenient to
express Eq. (7.2) in terms of the unnormalized density operator ˆ̃ρ(Ψ)(t|Z) =
| φ̃(Ψ)(t|Z)〉〈φ̃(Ψ)(t|Z)|. The evolution of ˆ̃ρ(Ψ) is then given by

dt ˆ̃ρ(Ψ)(t|Z)= dt ˆ̃ρ(Ψ)
S (t|Z)+dt ˆ̃ρ(Ψ)

int (t|Z)+dt ˆ̃ρ(Ψ)
ent(t|Z), (7.4)
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where

dt ˆ̃ρ(Ψ)
S =− ı

ℏ
[ĤS, ˆ̃ρ(Ψ)], (7.5)

dt ˆ̃ρ(Ψ)
int =− ı

ℏ
〈Y⃗t|[Ĥint, σ̂(Ψ)(t)]|Y⃗t〉E, (7.6)

dt ˆ̃ρ(Ψ)
ent =− ı

ℏ

[
〈Y⃗t|[ĤE, σ̂(Ψ)(t)]|Y⃗t〉E − v⃗(Ψ)

Y⃗t
· 〈Y⃗t|[P̂E, σ̂(Ψ)(t)]|Y⃗t〉E

]
, (7.7)

and σ̂(Ψ)(t) = |Ψ(t)〉〈Ψ(t)|. We have used the shorthand notation 〈Y⃗t|Â|Y⃗t〉E :=
TrE

{
1S ⊗|Y⃗t〉〈Y⃗t|Â

}
for any operator Â in the combined Hilbert space of the

system and environment, and |Y⃗t〉〈Y⃗t| is a projection operator into the subspace
spanned by the environment configuration basis element |Y⃗t〉.

Finally, we point out that the CWF also admits an operational interpretation
from weak values [39]. The CWF φ(Ψ)(x, t|Z) =Ψ(⃗x, Y⃗t, t) is the weak value of
the projection operator |⃗x〉〈⃗x|, pre-selected on Ψ and post-selected on the state
|pS = 0〉⊗ |⃗y= Y⃗t〉, where |pS = 0〉 is a zero-momentum eigenstate of the system
(see Section 6.2).

7.3 Conditional energy

To study the energy fluctuations of an open system, one could extend the def-
inition introduced in Chapter 6. This choice would, however, lead to some
difficulties. On the one hand, when the system and environment are entangled,
the quantum potential becomes a function of both the system and environment
degrees of freedom. One would then have to decide whether the quantum poten-
tial energy is part of the system energy, the environment energy or both. While
this would be more a matter of convention rather than a problem per se, it would
introduce some ambiguity in the analysis. On the other hand, the energy of the
system would be a function of the system configuration. In many experimental
scenarios, this configuration is not available or is not relevant for the level of
description sought. Thus, an approach at the level of the system CWF can be
more easily generalised and applied to a variety of experimental scenarios1.

We thus take a different route here. A common approach to study energy
fluctuations in open systems described by stochastic states is to look at the
expectation value of the system Hamiltonian. Following this approach, we define
the conditional energy u(Ψ)(t|Z) as,

u(Ψ)(t|Z) := 〈φ̃(Ψ)(t|Z)|ĤS(t)| φ̃(Ψ)(t|Z)〉
〈φ̃(Ψ)(t|Z)| φ̃(Ψ)(t|Z)〉 = Tr

{
ˆ̃ρ(Ψ)(t|Z)ĤS(t)

}

Tr
{

ˆ̃ρ(Ψ)(t|Z)
} . (7.8)

To avoid confusion, we’ll refer to Tr
{

ĤS(t)σ(Ψ)(t)
}

, i.e., the expectation value of
ĤS(t) at the level of Ψ(t), as the canonical average energy.

1 The CWF is still a function of the environment configuration trajectory which might
be impossible to track for large systems in practice. However, in some cases, suitable
approximations can be found to model the environment trajectory [106, 107].
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Using the NSE Eq. (7.4) we show that the conditional energy time derivative,
or conditional energy flow, can be divided into three distinct terms as,

dt u(Ψ)(t|Z)= dt u(Ψ)
ext (t|Z)+dt u(Ψ)

int (t|Z)+dt u(Ψ)
ent(t|Z), (7.9)

where

dt u(Ψ)
ext (t|Z)=Tr

{
ˆ̃ρ(Ψ)(t|Z) dt ĤS(t)

}

Tr
{

ˆ̃ρ(Ψ)(t|Z)
} ; (7.10)

dt u(Ψ)
int (t|Z)=

Tr
{(

ĤS(t)−u(Ψ)(t|Z)
)

dt ˆ̃ρ(Ψ)
int (t|Z)

}

Tr
{

ˆ̃ρ(Ψ)(t|Z)
} ; (7.11)

dt u(Ψ)
ent(t|Z)=

Tr
{(

ĤS(t)−u(Ψ)(t|Z)
)

dt ˆ̃ρ(Ψ)
ent(t|Z)

}

Tr
{

ˆ̃ρ(Ψ)(t|Z)
} . (7.12)

These three terms are identified as the external, interaction and entanglement
contributions to the energy flow based on the following observations. If the
system Hamiltonian has no explicit time dependency, usually associated with
an external control, ∂t ĤS(t) = 0 and the external term vanishes. If there is
no interaction Hamiltonian between the system and environment at time t,
Ĥint = 0, dt ˆ̃ρ(Ψ)

int = 0 and the interaction contribution vanishes. If there is no
entanglement between the system and environment at time t, the entanglement
contribution vanishes. To see this, consider a factorized state |Ψ(t)〉 = |φ(t)〉⊗
|χ(t)〉, with |φ(t)〉 the system wave function and |χ(t)〉 the environmental wave
function. Then, dt ˆ̃ρ(φ⊗χ)

ent (t|Z) = f (t|Z) |φ(t)〉〈φ(t)| with f (t|Z) a complex-valued
function that depends only on time and the initial conditions Z. Noting that the
conditional wave function reduces to |φ̃(φ⊗χ)(t|Z)〉 = 〈Y⃗t|χ(t)〉|φ(t)〉, we see that
Tr
{

ˆ̃ρ(φ⊗χ)(t|Z)
}= |〈Y⃗t|χ(t)〉|2 and the conditional energy reduces to u(φ⊗χ)(t|Z)=

|〈Y⃗t|χ(t)〉|2〈φ(t)|ĤS(t)|φ(t)〉/|〈Y⃗t|χ(t)〉|2 = 〈φ(t)|ĤS(t)|φ(t)〉. Thus, if follows from
Eq. (7.12) that the entanglement contribution vanishes as,

dt u(φ⊗χ)
ent (t|Z)= f (t|Z)

|〈Y⃗t|χ(t)〉|2
(〈φ(t)|ĤS(t)|φ(t)〉−u(φ⊗χ)(t|Z)

)= 0. (7.13)

Note that each of these terms can be non-zero while the others are zero. The
entanglement term, in particular, provides a direct link between the energy
fluctuations of an open quantum system and its entanglement with the environ-
ment.

To link these results with the canonical average energy, we must take the
statistical average of the conditional energy over all possible initial conditions
〈〈u(Ψ)〉〉(t) := ∫ dZ|Ψ(Z,0)|2u(Ψ)(t|Z). We find that,

〈〈u(Ψ)〉〉(t)=Tr
{

ĤS(t)σ(Ψ)(t)
}

, (7.14)

which shows that the average of the conditional energy over many runs of the
protocol indeed reproduces the expected canonical average energy. Furthermore,
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we can relate the statistical average of the conditional energy flows Eqs. (7.10)-
(7.12) to that of the time derivative of the canonical average dt Tr

{
ĤS(t)σ(Ψ)(t)

}
.

For the external contribution, we find that

〈〈dt u(Ψ)
ext 〉〉(t)=Tr

{
σ̂(Ψ)(t) dt ĤS(t)

}
, (7.15)

which confirms that the statistical average of the external contribution is just
the expectation value of the external work. From Eq. (7.14) it now follows that

〈〈dt u(Ψ)
int 〉〉(t)+〈〈dt u(Ψ)

ent〉〉(t)=Tr
{

ĤS(t) dt σ̂
(Ψ)(t)

}
, (7.16)

and, in particular, we can show that,

〈〈dt u(Ψ)
ent〉〉(t)=− ı

ℏ
Tr
{
σ̂(Ψ)(t) [û(Ψ)(t),Ĥint]

}
, (7.17)

where û(Ψ)(t) is a state-dependent operator whose elements in an arbitrary basis
are given by,

〈i|û(Ψ)(t)| j〉 =
∫

dy〈i|⃗y〉〈⃗y| j〉u(Ψ)(t, y⃗), (7.18)

where |i〉, | j〉 are vectors from the basis set, and u(Ψ)(t, y⃗) is the conditional energy
of the system at time t given that the environment is in a configuration y⃗ at the
same time2. Equation (7.17) shows that the entanglement contribution makes
a contribution to the canonical average energy flow only when an interaction
is present. This is in line with the notion that, on average, no energy flow can
come about from entanglement alone. In general, even in the presence of an
interaction Hamiltonian, Eq. (7.17) can be zero if, for example, [û(Ψ)(t),Ĥint]= 0.
A few relevant examples can be found in Publication IV. Here, we present a case
of “driving with entanglement” or steering.

7.4 Driving with entanglement

Consider two 1/2-spin particles, S and E, prepared in an entangled state,

Ψ(x, y,0)= 1p
2

⎛
⎜⎜⎜⎜⎜⎝

g(y)eıkx f (x)

g(y) f (x)

0

0

⎞
⎟⎟⎟⎟⎟⎠

, (7.19)

where x is the position of particle S, y is the position of particle E, f (x) =
4p1/(2π)exp{−x2/4}, g(y)= 4p1/(2π)exp{−y2/4}, k is a wave number and the spin
components are represented in the basis {| ↑E〉| ↑S〉, | ↓E〉| ↓S〉, | ↑E〉| ↓S〉, | ↓E〉| ↑S〉}.
We work in units of ℏ= 1 and assume both particles have mass one. An unitary

2Note that, like the CWF, the value of the conditional energy at time t depends only on
the environment configuration at the same time. The initial conditions are needed only
to determine its time evolution.
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operation Û = exp(−ıvtP̂E| ↑E〉〈↑E |)⊗1S acting only on particle E is then applied,
where v is a real-valued constant, t is the duration of the unitary and P̂E is the
momentum operator of particle E. At the end of this operation, the new state is,

Ψ(x, y, t)= 1p
2

⎛
⎜⎜⎜⎜⎜⎝

g(y−vt)eıkx f (x)

g(y) f (x)

0

0

⎞
⎟⎟⎟⎟⎟⎠

. (7.20)

For large enough vt, this operation splits the initial wave function into two wave
packets with disjoint y-support, one centered at (x, y)= (0,0) and another one at
(x, y)= (0,vt). We take particle S as our system of interest and look at its kinetic
energy by setting ĤS = P2

S/2. Since there is no explicit time dependence on ĤS

and no interaction term, the only contribution comes from the entanglement Eq.
(7.12).

The velocity field of particle E can be determined from the continuity equation
is configuration space [108]. For particles with spin, the probability distribution
in configuration space is given by taking the inner product in spin-space [99],
that is,

P(x, y, t)=
∑

s,s′
Ψ∗

s,s′(x, y, t)Ψs,s′(x, y, t)= g2(y+vt) f 2(x)/2+ g2(y) f 2(x)/2, (7.21)

where Ψs,s′(x, y, t) is the |sS〉|s′E〉 component of Ψ(x, y, t). Taking the partial time
derivative we find the continuity equation,

∂tP(x, y, t)+∂y[v(Ψ)
E (y, t)P(x, y, t)]= 0, (7.22)

where v(Ψ)
E (y, t) = vg2(y+ vt)/[g2(y+ vt)+ g2(y)]. With the assumption that the

velocity vanishes at infinity, the velocity field of particle E is given by v(Ψ)
E (y, t).

For the conditional energy we find the simple expression,

u(Ψ)(t|Z)= 1
2

[
1
4
+k2 g2(Yt −vt)

g2(Yt −vt)+ g2(Yt)

]
. (7.23)

The trajectories Y (t|Z) and the respective conditional energy u(Ψ)(t|Z) are plotted
in Fig. 7.1.

The results can be easily understood on physical grounds. Initially, the energy
is independent of y and simply the average of the energy of a Gaussian wave
packet with zero group velocity, E(0) = 1/8 and that of a Gaussian wave packet
with group velocity k, E(k) = E(0) +k2/2. As time evolves and the wave packets
begin to separate, the energy changes depending on the exact trajectory Yt. Once
the wave packets are well separated, only one term in Eq. (7.20) is relevant and
the wave function behaves as if effectively factorized [27]. As a consequence, the
energy converges either to E(0) or E(k).

Note that because there is no interaction, the canonical average energy re-
mains constant. However, in each run of the experiment, the system state can be
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-

-

Figure 7.1. (a) Particle trajectories Yt (normalized with the standard deviation) for evenly sep-
arated initial positions for the case of two entangled spin 1/2 particles. (b) The
conditional energy change corresponding to the trajectories in (a) normalized with
the splitting parameter Δ= k2/2.

“collapsed” to either one of the two wave packets by measuring first the position of
particle E. Thus, for each run of the experiment, the particle energy can increase
or decrease. These fluctuations can be directly attributed to entanglement and
inferred experimentally via weak measurements. A similar experiment was
reported in Ref. [109], where a photon is remotely steered via entanglement and
the trajectories reconstructed using weak measurement.

7.5 Conclusions

In this Chapter, we have presented a general way of describing energy fluc-
tuations at the level of individual runs of experiments based on the Bohmian
CWF. The main advantage of using the CWF is that it provides a conceptually
clean way of assigning a wave function to an open system. From single runs to
the ensemble average over many runs, different experimental scenarios can be
analysed and understood on general grounds.

The CWF reveals three distinct contributions to the energy fluctuations of the
open quantum system. They are, 1) an external contribution coming from any
explicit time dependence of the system bare Hamiltonian, also typically identified
as the external work [7], 2) an interaction contribution coming from the presence
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of an interaction Hamiltonian with its environment and 3) an entanglement
contribution, coming from the presence of entanglement between the open
system and its environment. We highlight the entanglement contribution since
it provides a direct link between energy fluctuations and entanglement without
evoking any information-theoretic arguments.

The close connection to weak values provides an operational interpretation of
the CWF and puts it within reach of experimental verification. Aside from its
theoretical interest, it can offer new ways to experimentally quantify the role of
entanglement in energy fluctuations and identify genuine quantum advantages
in novel devices such as quantum heat engines.
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8. Summary and Conclusions

The work presented in this thesis gives a small contribution to the understanding
of energy fluctuations in quantum systems. The thesis focuses primarily on
how to address energy fluctuations along individual runs of an experiment,
an essential step to fully import the successful picture of classical stochastic
thermodynamics to the quantum regime. This work was conducted in two parts.

In the first part, the experimental calorimetric detection protocol was anal-
ysed for a quantum harmonic oscillator. This protocol is designed to work at
low temperatures where single quanta of energy can be observed. Since only
the lowest levels of the system will be initially occupied, a simple “two-level
approximation” (TLA) was proposed and its validity compared to the results of
the two-point-measurement (TPM) protocol. Different ratios between the driving
and dissipation strength were analysed. In the limit of unitary driving, where
dissipation is negligible, analytic expressions are reported that allow recovering
the two-point measurement result. When the dissipation characteristic time
is of the same order as the driving time, the results for the unitary regime
were expanded based on second-order time-dependent perturbation theory. The
results are in good agreement with numerical simulation and show that the
error between the TLA and TPM decreases. Finally, numerical simulations were
carried out to study the case where the dissipation dominates. It was found that
the average work is in excellent agreement with the TPM result, even for more
extended driving periods.

Analysis of the calorimetric setup was carried out further by exploring pos-
sible non-Markovian effects due to the finite size of the environment. Using a
previously developed finite-environment master equation (FEME), the induced
non-Markovianity was quantified using the Breuer-Laine-Piilo (BLP) measure.
In particular, the dependence of the BLP measure on the environment size,
system driving strength and coupling to the environment were studied. A
non-trivial non-Markovian structure in the parameter-space was revealed. A
remarkable feature is that non-Markovianity does not decrease monotonically
with the environment size. By adjusting the driving strength and coupling to
the environment, one can induce or mitigate non-Markovian effects.

In the second part of this thesis, a more detailed and general analysis of
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energy fluctuations in quantum systems is undertaken. The main difficulty in
addressing energy fluctuations in quantum systems is that energy is not always
well-defined according to the standard interpretation of quantum mechanics.
While the TPM protocol is very versatile, it cannot capture processes with initial
energy superpositions. However, in the Bohmian interpretation of quantum
mechanics, it is possible to construct a well-defined energy for general quantum
processes. Together with the quantum Hamilton-Jacobi equation, this is lever-
aged to introduce a different approach to quantum energy fluctuation. First, it
is shown how the quantum Hamilton-Jacobi equation can be used to provide a
Hamiltonian function in phase-space that generates Bohmian trajectories. With
this crucial ingredient, any closed quantum process can be described in terms of
ensembles of trajectories generated by a Hamiltonian function in phase space.
One can then generalise the classical definition of work, as power integrated
along the system trajectory, to the quantum case. This approach leads to a
proper probability distribution of work that respects the conservation of average
energy. It also reveals an interesting new contribution coming from the quantum
potential, inducing purely quantum fluctuations. Another distinct feature arises
when explicitly prepared statistical mixtures of pure states are considered. In
that case, the work distribution is, in general, dependent on the mixture itself,
even when they correspond to the same density operator. These different dis-
tributions can be reconstructed from weak measurements and provide a new
perspective into the fluctuations of energy in closed quantum systems.

To carry the analysis to open systems, the Bohmian conditional wave function
was employed to define the conditional energy of the open system. It was shown
that there are three distinct contributions to the fluctuations of the conditional
energy: 1) An external contribution coming from the explicit time dependence
of the system bare Hamiltonian, typically associated with an external control
parameter; 2) an interaction contribution due to the presence of an interaction
Hamiltonian and; 3) an entanglement contribution due to the presence of entan-
glement between the system and environment. The entanglement contribution
is perhaps the most interesting as it provides a direct link between energy
fluctuations and entanglement. Such a connection is not readily available in
other stochastic approaches based on the standard interpretation.

The work developed here opens a new way to understand fluctuations of en-
ergy in open quantum systems through an observer-independent lens. The
close connection between Bohmian trajectories and weak measurements makes
these quantities experimentally accessible, offering a new form of experimen-
tal characterisation. In recent years, Bohmian trajectories have been applied
to tackle different problems, from transport in realistic nanoscale electronic
systems [96, 107, 110] and chemical reactions [92] to the study of the founda-
tions of quantum mechanics [109, 111, 112, 113, 114]. Developing a general
framework of stochastic quantum thermodynamic based on CWF is undoubtedly
a future possibility. What we have identified as the external contribution is
already related to what is commonly known as the external work. In the limit
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of weak interaction, continuous monitoring of the environment and Markovian
evolution, we expect the entanglement contribution to be negligible. Thus, heat
can be identified with the interaction contribution. For an entangled system and
environment, an exciting prospect is to determine some form of “entanglement
heat”, that is, the part of the energy exchanged that can be attributed directly
to entanglement. Future work is thus likely to be linked with developing these
ideas further, either through new numerical implementations or by inspiring
new experiments to test the limits of our current understanding of quantum
mechanics [115, 116, 117].
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