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Original Features

This thesis aims to improve understanding of ice loads from an ice-inclined

structure interaction process. Full-scale ice load campaigns are important

but expensive and difficult to organize. Computer simulations provide an

attractive alternative to study ice-structure interaction problems. This

work used a 2D combined finite-discrete element method (FEM-DEM)

based numerical simulation approach. The method describes ice failure

process and mechanics of individual ice floes in the system. Also, the model

intrinsically accounts for the accumulation of broken ice during the ice

structure interaction process. The load outputs from the simulation tool

were scattered in the same way as full-scale data had shown. Accordingly,

the analysis of the virtual experiments relied on the use of statistical

methods. The 2D FEM-DEM model itself is deterministic.

Due to observed wide scatter in the ice load data, the 2D FEM-DEM code

was used to produce a large number of simulations. These observations

enabled statistically powerful analyses having only a little space for false

data interpretation. Earlier research had shown that the ice thickness has

a dominant effect on peak ice loads in comparison to effects from other ice

related parameters (Publication I). Importantly, large samples also helped

to detect smaller parameter effects. This thesis studied eight simulation

sets. Individual sets had fifty slightly perturbed or parametrically similar

cases whereas parameterizations between different sets varied more. The

following features of this thesis are considered original:

(1) The simulations produced data which enabled to retrieve statistically

powerful results from the ice-inclined structure interaction problem.

Especially, in case of peak ice loads, the study showed that peak

load distributions are non-normal and that the distributions closely

follow a limiting extreme value distribution. For example, an ex-

treme value distribution of type 1 (Gumbel) matched well with the
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Original Features

peak ice load the data. Observed non-normal data stems from the

complex ice-structure interaction process itself as the simulations

were deterministic without any random inputs. (Publication II)

(2) This thesis studied the evolution of the ice failure process. Observed

processes had similarities with random processes. This interesting

result raised from the deterministic simulations in which the ice

sheets were homogeneous, and there were no random inputs in the

model. In the simulations, the random-like behavior stems from

the complex ice-failure process. Also, statistical properties of the

process varied as a function of the process stage. Ice load trends

from the process showed that loads increased continuously, but the

predictability of the ice failure process improved with an increase in

ice rubble volume. (Publication III)

(3) Earlier observations from discrete ice-structure interaction simula-

tions had shown that ice buckling is an important limit mechanism

on peak ice loads. This thesis presented a simple buckling model.

The model normalized the simulation data well, and therefore this

work supports earlier findings and underlines the importance of the

role of buckling phenomenon in the ice-inclined structure interaction.

The buckling model has only two ice parameters, namely, the ice

thickness and the effective modulus of ice. Also, the buckling model

predicted buckling lengths that were observed during the peak ice

load events of the simulations. (Publication IV)

(4) Also, earlier studies with the 2D FEM-DEM model had shown that a

plastic limit—maximum compressive stress in contacts—has a small

effect on peak ice loads. The effect of the plastic limit was found in

this thesis too, and it emerged as non-linear. Peak loads appeared to

be more dependent on the plastic limit at the low end of the plastic

limit parameter range. The buckling model of this thesis does not

account for the effect from the plastic limit at all. This also means

that the buckling may not be representative failure mechanism for

soft ice. (Sections 3.2 and 4.2)
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1. Introduction

1.1 Background

Arctic marine operations increase continuously due to developments in

Northern sea transportation routes, offshore drilling works, and in offshore

wind power production. The Arctic is a sensitive environment and requires

high standards for safety and efficiency of all operations. One of the main

factors in developing safe Arctic operations is a reliable prediction of sea

ice loads on structures. Current design techniques also assume that the ice

failure in bending causes lower ice loads than ice crushing. Arctic offshore

installations have often inclined walls, with an aim to help the ice to fail

due to bending of the ice sheet.

During an ice-structure interaction process, ice may fail in different

modes: creep, cracking, bending, buckling, spalling, and crushing (Sander-

son, 1988). Conditions behind the dominant failure mode of ice are complex.

Main factors on ice failure are driving forces, ice properties, and the geom-

etry of a structure. Especially, in case of wide offshore structures, ice fails

to smaller ice floes forming ice rubble. This ice rubble may accumulate in

front of the structure, and it either floats or becomes grounded. Ice rubble

accumulation changes the ice-structure interaction process (Määttänen,

1986; Sanderson, 1988; Palmer and Croasdale, 2013) and may also limit

operational access as mentioned by Palmer and Croasdale (2013).

Another important aspect of ice-structure interaction processes is their

random nature (Daley et al., 1998; Jordaan, 2001). Stochastic properties

of ice failure processes may evolve over time. Striking examples of ran-

domness are rarely occurring extreme events including a very large ice

load or an extensive ice rubble formation with a large stone lifted-off from

the sea bottom (see Figure 1). Often, ice loads show large scatter. This
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Introduction

phenomenon may take place even in simple conditions without ice rubble.

For example, the data from buckling experiments published by Sodhi et al.

(1983a) included variation which was successfully explained by lack of

control on boundary conditions in the test set-up. In general, predictions

on scattered data are reliable only if the sample size is large or if the source

of the scatter is well understood.

Ice load predictions are very challenging. Traditionally, engineers have

used simple analytical tools in ice load determination. For a review of

these methods see (Sanderson, 1988; Løset et al., 2006; Palmer and Croas-

dale, 2013). Recently, Paavilainen and Tuhkuri (2013) conducted a com-

bined finite-discrete element method based computer simulations on ice-

inclined structure interaction. Their approach accounted for details such

as anisotropic force chain networks (Majmudar and Behringer, 2005; Pe-

ters et al., 2005), which partly define the mechanical behavior of granular

materials including ice rubble. Currently, widely used ice load estimation

techniques do not take into account the effects from the force chains and

more research on ice loads is needed.

1.2 Ice actions on inclined structures

Estimation of ice loads is challenging because ice-structure interaction

processes are complex. This section briefly reviews selected techniques to

determine ice loads and highlights important phenomena that affect the

loads. The focus is in 2D ice-structure interaction processes and in peak ice

loads. The text also discusses some 3D effects. The content of this section

divides into four parts dealing with theoretical studies, full-scale data

based ice load determination, model-scale experiments, and stochasticity

in ice-structure interaction.

1.2.1 Theoretical models

A common approach to estimate ice loads in case of an inclined structure

is to use an analytical model that accounts for ice-breaking and ride-up

loads as sketched in Figure 2. For example, Ralston (1977) and Croasdale

(1980) have presented models that fall into this category. Nevel (1972)

concentrated on ice breaking and Frederking (1980) focused on dynamic ice

forces with a model that accounts for inertial effects from broken ice pieces.

Later on, Croasdale et al. (1994) extended an earlier model to deal with 3D
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Figure 1. An unusual ice rubble formation by the shoreline of the Gulf of Bothnia (approx-
imate decimal degrees of the site next to Ohtakari island: 64.087, 23.416). At
top, some people enjoying the ice during the sunny Easter Sunday 2017. The
upper right quarter of the photo on bottom shows a heavy stone, maybe one
cubic meter in volume, that peeks out from the same pile of broken ice.

effects and effects from broken ice. Quite recently released “Arctic offshore

structures” engineering standard (ISO/FDIS/19906, 2010) includes models

by Ralston (1977) and Croasdale et al. (1994).

Models presented by Croasdale (1980) and Croasdale et al. (1994) assume

that ice breaking occurs by bending and that the breaking pattern of ice

depends on the shape of a structure. The top of Figure 3 demonstrates

how a simple 2D theory provides a reasonable approach for ice-structure

13
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Figure 2. Geometry and forces in two dimensional analysis of ice-structure interaction
from the work by Sanderson (1988). An elevation Z indicates ice ride-up on the
structure.

interaction scenarios when a length of a transverse crack in ice in contact

with the structure equals with the width of the structure. The lower

part of the same figure suggests to account for a 3D effect when the

width of a structure is relatively small in comparison to the length of a

circumferential crack that tends to turn over to the sides of the structure

or in other words when the ice thickness h is large compared to the width

of the structure. Currently, the 2D theory is thought to be valid for wide

structures. If the structure is wide in comparison to h, the 3D effect from

the circumferential crack of Figure 3 is negligible.

During an ice-inclined structure interaction process, the ice sheet fails

into smaller ice floes which then possibly accumulate in front of the struc-

ture. The bypass flow of these broken ice pieces—clearing of ice—occurs

more easily with narrow structures than with wide structures. Also from

this perspective, an ice-structure interaction process has a more 3D nature

if the structure is narrow rather than wide. Consequently, 2D models could

be used to describe ice-structure interaction scenarios with wide structures.

Ice rubble may also affect unexpectedly to the ice-structure interaction

process. For example, Sanderson (1988) pointed out that accumulated

ice rubble in front of the structure presents an essentially vertical face

to advancing ice and in that way, all benefits of an inclined wall ought to

vanish.

Another mechanism that highlights the 3D nature of a typical ice-

structure interaction process is a non-simultaneous failure of ice. Figure 4

shows a schematic representation of a model first published by Ashby et al.

(1986). The model is based on a theory of probability and suggests that

a varying portion of a wide structure is loaded simultaneously by the ice,

14
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SIMPLE 2-D THEORY

LENGTH OF TRANSVERSE CRACK
EQUAL TO WIDTH OF STRUCTURE

CIRCUMFERENTIAL
CRACK REQUIRED
TO FAIL ICE SHEET

LENGTH OF CIRCUMFERENTIAL 
CRACK GREATER THAN
WIDTH OF STRUCTURESTRUCTURED

CRACK

3-D THEORY

Figure 3. An illustration of ice breaking against an inclined structure. The figure is a
modification from works by Croasdale (1980) and Croasdale et al. (1994). The
figure on top describes the ice failure in 2D and the figure on bottom applies in
3D.

see Figure 4a. According to the model, a local load has a very low value in

between high and relatively short-term peak values, see Figure 4b. Loads

from the model by Ashby et al. (1986) depend on statistical characteristics

of the ice-structure interaction process. As an outcome, the model suggests

that ice indentation pressure is inversely proportional to the square root

of the indentation area partly in the same way as full-scale ice load data

had shown.

Analytical models, including works by Ralston (1977) and Croasdale et al.

(1994), mostly assume that the ice sheet fails by bending. Even if this

might be true for most of the time, also other failure mechanisms exist.

Finite element modeling of ice-inclined structure interaction by Määttänen

(1986) and Määttänen and Hoikkanen (1990) outlined that existence of
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(a) (b)

Figure 4. A model for non-simultaneous failure of ice originally proposed by Ashby et al.

(1986). (a) An ice sheet composed of multiple independent regions of

width Li interacts with the structure of width D. (b) An assumed local

load response with ∆L being much smaller that Li. The figure and its

notations are adapted from the work by Sanderson (1988).

Figure 5. A schematic representation of a model accounting for ice pile-up in front of
a conical structure. The figure on bottom shows ice forces exerted on the ice
rubble and the ice sheet. Dashed lines in the ice on the bottom right corner
demonstrate locations for possible shearing and bending failures. The figure is
reproduced from the work by Määttänen and Hoikkanen (1990).

ice rubble in the system affects a bending moment distribution in ice and

ice failure conditions. Also, their study suggested that in case of thick ice,

shear failure of ice could limit ice loads as illustrated in Figure 5. On the

other hand, with thick ice, models by Croasdale (1980) and Croasdale et al.

(1994) suggest that the ride-up load is much higher in comparison to the

load required to break the ice.
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Figure 6. An example of a force chain that transmits the force through the ice rubble. The
figure is from the work by Paavilainen and Tuhkuri (2013). Labels on the figure
describe different parts of the model, and they were added for clarity.

Ice rubble also brings other side effects into ice-structure interaction

processes. Williams et al. (1986) studied the ice rubble behavior during

an ice-inclined structure interaction using a two-dimensional discrete

element model. Their findings suggested that a force transfer in the

rubble occurred through a near horizontally aligned group of broken ice

pieces forming a bridge for force transfer. Williams et al. (1986) also

noted that peak forces appeared just before buckling type of instability

in the ice. Later, near horizontally aligned as well as more complex force

chain networks were found and visualized by Paavilainen and Tuhkuri

(2013) who concluded that understanding loads on a structure requires

understanding and modeling of the force chains, see Figure 6.

1.2.2 Full-scale experiments

Besides theoretical models, ice load measurements provide an alternative

approach for ice load prediction. According to Sanderson (1988), the earli-

est full-scale ice load measurements are available starting from mid-1960s

when oil and gas companies started to show increasing interest on Arctic

oil and gas resources. The measurement projects fall into three categories

including narrow structures, Arctic structures and islands, and surface-

going vessels. From the perspective of this thesis, measurements from

wide structures are the most practical. Unfortunately, full-scale ice load

data sets for inclined structures are mostly from relatively narrow conical

structures as for example from bridge piers or from lighthouse foundations

(Brown and Määttänen, 2009).

Majority of full-scale ice load measurements and perhaps the best avail-

able data for wide structures is from the Canadian Beaufort Sea. According

to Sanderson (1988), these type of measurements started in the early 1970s

and are either from artificial or natural islands. The Molikpaq caisson

17



Introduction

structure, having a slope angle of 82 degrees at the water level and de-

ployed in 1984, is one of the most interesting one of these structures. The

work by Timco and Johnston (2004) reports peak loads from the Molikpaq

with prevailing ice properties (thickness), ice behavior (crushing, bending,

mixed-mode), loaded geometry (width), and with information about exis-

tence of ice-rubble during measured peak load events. This Molikpaq data

has been compared against data from the 2D FEM-DEM simulation code

and in general the loads from the code are on the same range as loads

from the measurements. Different comparisons are shown in the work by

Paavilainen et al. (2011) and in Publication I of this thesis.

A widely known and controversial data collection appears in a pressure-

area graph presented by Sanderson (1988) who plotted global ice inden-

tation pressures against a nominal contact area. A similar curve based

on local load measurements is given by Masterson et al. (2007). Figure 7

shows this local load data and different fits over it. The data in the plot

is from different sources, such as from load panels of size of 1.135 m

× 2.715 m installed on the Molikpaq offshore platform. A pressure-area

relationship p = 7.4A−0.7 from the work by Masterson et al. (2007) is also

adopted for the ISO/FDIS/19906 (2010) standard where the curve instructs

estimation of local ice pressures caused by thick massive ice features. A

prominent feature of these pressure-area data sets is that the pressure

decreases when the nominal contact area increases.

Timco and Sudom (2013) analyzed the Sanderson pressure-area curve

and concluded that the curve is a mixture of different data sources. As such,

the curve does not serve as a general purpose pressure-area estimation tool.

Timco and Sudom (2013) also summarized factors affecting the pressure

data in different ice-structure interaction conditions. Besides a loading

speed and ice failure mode, also ice properties like temperature, salinity,

grain structure, and direction of loading are likely to have an effect on

measured empirical pressures. Timco and Sudom (2013) suggested that

only appropriate case dependent subsets of the pressure-area data are

useful in ice pressure and load assessments. It is worth to mention that

indentation pressure values from pressure-area graphs are mostly valid

for considering full-scale crushing type failure mechanism.

1.2.3 Model-scale experiments

Model-scale experiments are also an appealing option to study ice-structure

interaction processes and ice loads. These type of experiments require a
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Figure 7. Local ice indentation pressure as a function of nominal contact area. The figure
is from the work by Masterson et al. (2007).

special facility called an ice laboratory or an ice tank where a problem un-

der interest can be studied using a model having smaller dimensions than

the actual engineering application. Benefits of laboratory experiments, in

comparison to full-scale experiments, come mostly from stable environ-

ment and good control and knowledge on ice properties. On the other hand,

there might be difficulties to reliably transform model-scale results back

to full-scale. Palmer and Croasdale (2013), for example, discusses three

case dependent scaling laws and present criticism on each of them. These

scaling laws are Froude and Cauchy laws and a fracture mechanics based

Atkins number.

Results from different types of model-scale test programs have been

reported since 1970s. For instance, Sodhi et al. (1983a) studied a buck-

ling phenomenon whereas Sodhi et al. (1983b), Timco (1984), and Saari-

nen (2000) reported experiments on ice actions against an inclined struc-

ture. Hopkins and Tuhkuri (1999) assessed a discrete element based

computer simulations of compressed ice floes with laboratory experiments

and Tuhkuri and Lensu (2001) conducted a series of laboratory experi-

ments in order to study an energy balance of an ice-structure interaction

process. Gürtner (2009) studied ice barriers as protective structures for

offshore operations by using model-scale experiments and a numerical

method. Lu et al. (2014) validated their new theoretical ice-structure in-
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teraction model with two series of model-scale experiments. Bridges et al.

(2016) studied an ice encroachment problem.

Here, the term random refers to all kinds of uncertainties in a process or

in value under interest. By this definition, the process is not necessarily

truly random. In a truly random process, the next state can be any one of all

possible states that the process can have and the next state is determined

by chance.

1.2.4 Stochasticity in ice-structure interaction

Often in practice, ice load data appears with a high scatter as presented

in Figure 7. This scatter alone is a form of uncertainty and based on it

Jordaan (2001) stated that ice loads appear as random. Here, the term

random refers to all kinds of uncertainties in a process or in a value

recorded from it. By this definition, the process does not necessarily appear

as a truly random where the next state can be any of all possible states that

the process can have. Furthermore, in a truly random process, the next

state is fully determined by chance. A common approach in an analysis of

a random load data is to use tools provided by statistics and the extreme

value theory. These tools are reviewed by Ochi (1981) and Jordaan (2005)

for instance. Unfortunately, quite often existing measured load data sets

are not large enough, and they are not universally admissible. Therefore,

as a part of a practical strength assessment of an offshore installation

encountering ice, there is a need to generate artificial and environmentally

mindful load observations and potentially use them in conjunction with

a risk analysis type of design philosophy described by Sanderson (1988).

Close to this, Brown et al. (2001) analyzed ice actions on the Confederation

Bridge piers having a conical shape.

1.2.5 Other earlier studies

Due to practical needs, ice loads are one of the main research interests

in the field of ice mechanics. Among the already mentioned references,

numerous studies on the subject have been published by many researchers.

Studies using numerical methods in which ice rubble is treated as a con-

tinuous material have been published by Heinonen (2004), Barker and

Croasdale (2004), Serré (2011), and Barker and Sayed (2012) for instance.

Finite element modeling including ice fracturing were applied by Kolari

et al. (2009) and Konuk et al. (2009). Numerical methods having discrete
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ice have been researched or applied by Hopkins and Hibler III (1991), Løset

(1994a,b), Hopkins (1998), Lau (2001), Hopkins et al. (1999), Tuhkuri and

Polojärvi (2005), Metrikin and Løset (2013), Metrikin et al. (2015), Ji et al.

(2015), and Van den Berg (2016), for instance.

Statistical studies on ice loads are common in ship applications in which

ice often breaks against an inclined ship hull. Again to mention few, ship-

ice interaction related studies have been published by Kheisin and Popov

(1973), Kujala (1994), Kujala et al. (2009), Suominen and Kujala (2014),

and Kotilainen et al. (2017) for instance. Research on statistics of ice loads

on fixed offshore structures have been published by Timco and Johnston

(2004), Timco and Frederking (2004), ElSeify and Brown (2006), Fransson

and Lundqvist (2006), Kärnä et al. (2006), Qu et al. (2006).

1.3 Aims of the work

Previous studies on ice-structure interaction have shown that ice loads

show up with an extensive amount of scatter. This scatter has many origins,

but an important source for it is a complex ice failure process including

ice-rubble accumulation. All ice rubble effects are not well understood,

partly because actual full-scale measurements are expensive and difficult

to organize.

This thesis focuses on ice load records that originate from virtual exper-

iments produced by the 2D FEM-DEM approach. The related computer

program is an in-house product of the ice mechanics research group at

the Aalto University. The 2D FEM-DEM model describes mechanics of all

individual ice floes in the system. Intrinsically, the model also accounts

for complex details of ice-structure interaction processes including the

ice failure and the ice rubble accumulation. Accordingly, the simulation

tool enables to study both the mechanics and statistics of ice-structure

interaction processes.

The content and outcomes of this thesis mostly build up from statistical

analyses of ice load records from the simulations. In general, the aim of

this work is to improve understanding on ice loads originating from an ice

failure process against an inclined rigid structure. In more detail the aims

of this work are:

• to investigate how the ice failure process evolves

• to study mechanisms that limit peak loads
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• to study peak ice load distributions

1.4 Scope and limitations of the work

Ice load data for this thesis comes from 2D FEM-DEM computer simula-

tions. In the simulations, an ice sheet moves against an inclined wall and

breaks into smaller ice floes. These broken ice floes form unconsolidated

ice rubble that accumulates in front of the structure. The simulations do

not account for the grounding of ice. Ice loads from a true ice-structure

interaction process have a high scatter. Also, the 2D FEM-DEM model

shows scatter in its data, and only a few of the model parameters clearly

affect the ice loads as shown by Paavilainen and Tuhkuri (2012), and the

statistical analysis in Publication I where a systematic statistical method

was used to create a regression model having an as small number of vari-

ables as possible to retain good agreement between the regression model

and the observed peak loads. The mentioned studies suggest that the ice

thickness h and the plastic limit σp are interesting parameters. Therefore,

the rest of this work treats h and σp as key parameters.

The data from simulations builds up from eight simulation sets with

fifty simulations in each. The total number of simulations is 400. With a

presence of high scatter, large data sets reduced the level of risk to false

data interpretation. Smaller data sets with a larger number of varied

parameters would have enabled a broader but statistically less reliable

scope for the work. The total number of 400 simulations was a practical

limit for this study due to lengthy simulation times.

The 2D FEM-DEM computer code describes ice-structure interaction

processes in two dimensions. The two-dimensionality limits the range

of feasibility of the model. For example, the model lacks in describing

phenomena, like a non-simultaneous failure of ice, that occur in structure’s

width direction. Also, a radial ice-cracking (see Figure 3) that is typical

in three-dimensional cone-ice interactions is out of the scope of this work.

In the model, a simple form of fluid resistance was applied instead of

solving complex fluid dynamics equations. In spite of these limitations, the

results are supposed to give valuable information about the ice-structure

interaction problem.
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1.5 Outline of the work

In addition to Chapter 1, this thesis has four main parts. Chapter 2 intro-

duces research methods which in brief include the 2D FEM-DEM model,

statistical methods, and a buckling model. Chapter 3 presents results from

the virtual ice-structure interaction experiments and statistical analyses.

The buckling model has a key role in the data interpretation as it is used to

normalize the peak ice load data. Chapter 4 discusses results and connects

observations of this work to earlier research on the same subject. Chapter

5 concludes the thesis by summarizing the main findings.
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2. Methods

The data for this work comes from a large number of 2D FEM-DEM

simulations. The 2D FEM-DEM model itself is a result of persistent work

carried out by the ice mechanics research group at the Aalto University.

The work by Paavilainen et al. (2009a) describes the code with many

details. Paavilainen et al. (2009b, 2011) performed validations which

suggested that the ice behavior and ice loads appeared to match reasonably

well with existing full-scale observations reported by Timco and Johnston

(2004) and laboratory observations reported by Timco (1991) and Saarinen

(2000). Later, Paavilainen and Tuhkuri (2012, 2013) applied the code in

ice mechanics research. Following sections describe the numerical model

and the simulation arrangement used in this thesis.

2.1 Numerical model

This section sketches the principles of the used numerical model. From

many parts, the description follows original sources by Hopkins (1992) and

Paavilainen et al. (2009a), but with slightly different notations. Main parts

of the model are the finite element and the discrete element descriptions.

The finite element part provides an elasticity and fracture capabilities into

the model whereas the discrete element part is for modeling contacts. The

present section continues by introducing the dynamic equations of motion

and ends by describing forces that contribute to the system.

2.1.1 Dynamic equations of motion

Explicit dynamic simulations of rigid bodies allow to treat each degree

of freedom independently from the others. A virtual work concept, see

the book by Belytschko et al. (2014) for instance, provides a mathematical

framework to derive dynamic equations of motions for a mechanical system.
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For a single rigid body B undergoing translations uX and uY , and a rotation

θ (see Figure 8a), a total virtual work δW must sum up to zero

δW = δuTfkin + δuTfint − δuTfext = 0, (1)

where δuT = {δuX δuY δθ} are first variations of rigid body displace-

ments and the rotation. Force vectors fkin, fint, and fext describe kinetic

forces, internal forces, and external forces acting on the rigid body, respec-

tively. These force vectors have three components from which the two first

are forces in X and Y directions, and the last one is the moment in the

third direction. A vector for the internal forces is reserved for massless

bonds that couple initially adjacent rigid bodies (see Figure 8b). In general,

internal and external forces in Equation 1 depend on rigid body displace-

ments u and velocities u̇, essentially in a non-linear manner. A product

of a dianogal mass matrix M and body accelerations ü = {üX üY θ̈}T

provides kinetic forces needed in Equation 1.The kinetic force vector is

fkin = Mü =




m0 0 0

0 m0 0

0 0 I0


 ü, (2)

where non-zero mass matrix components m0 and I0 are a mass and a

moment of inertia of the rigid body, respectively.

By definition, virtual displacements δu in Equation 1 are arbitrary and

generally non-zero. So, together with Equation 2, Equation 1 yields the

dynamic equations of motion

Mü = fext − fint. (3)

In multi-body systems, each rigid body has its own dynamic balance equa-

tion similar to Equation 3. Numerous finite-difference routines to solve the

equations of motion exist. The 2D FEM-DEM code uses an explicit velocity

Verlet algorithm in time stepping, see (Allen and Tildesley, 1989; Matuttis

and Chen, 2014) for instance. The velocity Verlet time stepping scheme

updates a current time increment q to a next time increment q + 1 in two

stages. The first stage updates positions from q to q + 1 and velocities from

q to half-step velocities at q + 1/2. The second stage finalizes velocities

from q + 1/2 to q + 1. An update of internal and external forces takes place

between the two stages of the time stepping scheme. The following text

introduces the internal and external forces.
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(a) (b)

Figure 8. A description of main components of the 2D FEM-DEM model. (a) A rigid

body B and positive directions of body’s translational degrees of freedom

uX and uY and rotation θ. (b) Two rigid bodies B1 and B2 coupled with

a shear deformable Timoshenko beam element E .

2.1.2 Internal forces

In the 2D FEM-DEM model, internal forces fint were outputs from the finite

element part of the code. Ice sheets built up as an assembly of adjacent

discrete elements joined by shear flexible Timoshenko beam elements.

Figure 8b shows a minimal example of such an assembly having only two

rigid bodies, B1 and B2, and one beam element E . A fictitious cohesive

crack model enriched the beam to account for the ice failure.

A formulation of the two-node beam element is from the work by Felippa

(2017). Figure 9 shows the beam in its initial and deformed configurations.

In the initial and the deformed configurations the beam length is L0 and

L, respectively. The beam thickness is h. An axial strain e, an engineering

shear strain γ, and a curvature κ of the beam are

e = (1 +
d uX
dX

) cos θ +
d uY
dX

sin θ − 1, (4)

γ = −(1 +
d uX
dX

) sin θ +
d uY
dX

cos θ, (5)

κ =
d θ

dX
. (6)

Above strain components are consistent with arbitrarily large rigid body

motion and small deformation. Displacements uX , uY and θ are functions

of a spatial coordinate X. The beam has two non-zero stress components

that are an axial stress σ and a shear stress τ . Based on the Hooke’s law,

the stress components are

σ = E(e− Y κ) and τ = Gγ, (7)
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where E is a modulus of elasticity, G = E/(2 + 2 ν) is a shear modulus,

and Y is a distance measured from the beam’s centerline in the initial

configuration. Coefficient ν is the Poisson’s ratio. Further, in the elasticity

calculations, a Timoshenko shear coefficient of 5/6 multiplied the shear

modulus to take into account a shear correction for the rectangular beam

cross section.

In the model, cracks in the ice developed progressively according to an

energy dissipating cohesive crack model (Hillerborg et al., 1976). The 2D

FEM-DEM code adopts a fracture criterion F for the crack model from the

work by Schreyer et al. (2006). Fracture surface F = 0 bounds a region for

an acceptable stress state in the cohesive crack model. A function for F is

F(σ̃, τ̃ , δmax) =
σ̃

σf
+
( τ̃
τf

)2
+
δmax

δcr
− 1

=
σ̃eff

σf
+
δmax

δcr
− 1,

(8)

where σ̃ and τ̃ denote reduced axial and shear stresses of a cracked model

and the effective stress σ̃eff is given by the equation

σ̃eff = σ̃ + σf

( τ̃
τf

)2
. (9)

In Equation 8, σf and τf are a tensile failure stress and a shear failure

stress of ice, respectively. A state variable δmax is a monotonically in-

creasing maximum crack opening displacement enabling to account for

progressively developing and irreversible cohesive bond failure. A parame-

ter δcr is a critical crack opening displacement at which the cohesive bond

becomes fully damaged. The fracture surface F = 0 is graphically depicted

in Figure 10a where τ̃ /τf is plotted against σ̃/σf with four different δmax/δcr

ratios.

In the system, the stress state σ̃eff of the cohesive crack model and

corresponding elastic stress state σeff of the Timoshenko beam model using

stresses σ and τ from Equation 7 have a relationship

σ̃eff = σeff −
Eδ

L0
, (10)

where δ ≥ 0 is an actual crack opening displacement. The crack model has

three different modes. First, the crack may have not been initiated or the

crack is closed when δ = 0. Secondly, during cohesive softening F = 0 and

the crack opening displacement δ increases together with δmax. In this

case, with a substitution of δ for δmax, the fracture criterion F = 0 yields

the linear softening function

σ̃eff = σf

(
1− δ

δcr

)
, δmax = δ. (11)
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Thirdly, when F < 0 and 0 < δ < δmax, the crack has formed, but the stress

state in the cohesive crack model is too low for crack propagation. Under

this un-/reloading situation, the effective cohesive stress is

σ̃eff = σf

( δ

δmax
− δ

δcr

)
, 0 < δ < δmax. (12)

Figure 10b shows the linear softening function and two instances of the

un-/reloading cohesive stress function with δmax/δcr ratios of 0.3 and 0.7.

While shifting from an un-uncracked state to a fully damaged state, the

cohesive bond dissipates energy of an amount of Gf = 1
2 σf δcr. To set-up

the cohesive crack model, either a fracture energy Gf or the critical crack

opening displacement δcr needs to be given as input for the simulation.

Within simulation increments, an update of the cohesive stress σ̃eff had

three steps:

1. Determine a reference stress σ̃ref
eff using Equation 10 with δmax = δ

2. Determine a reference value of the fracture criterion function F ref of

Equation 8 with the reference stress σ̃ref
eff from step 1

3. Determine new cohesive stress σ̃eff and crack opening δ depending

on the value of F ref from step 2:

• If F ref ≥ 0, use Equations 10 and 11

• If F ref < 0, use Equations 10 and 12

Once the new effective stress σ̃eff was found, the 2D FEM-DEM code

retrieved the stress components σ̃ and τ̃ by satisfying conditions

σ̃

τ̃
=
σ

τ
, sgn(σ̃) = sgn(σ), and sgn(τ̃) = sgn(τ) (13)

alongside with the definition of the effective stress from Equation 9. In

Equations 13, sgn(x) is a sign function that returns −1 for negative x, 1 for

positive x and zero for x = 0.

Integrals over an arbitrary Timoshenko beam cross-section A0 with

presumably non-linear stresses σ̃ and τ̃ yield a normal stress resultant

Nσ, a shear stress resultant Vτ and a bending moment Mσ. These stress

resultants are

Nσ =

∫

A0

σ̃dA0, Vτ =

∫

A0

τ̃ dA0, and Mσ = −
∫

A0

σ̃Y dA0. (14)
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In the same way, integration of strain rate dependent viscous stresses

return viscous stress resultants

Nd = η

∫

A0

(ė− Y κ̇) dA0,

Vd = η

∫

A0

γ̇ dA0,

Md = −η
∫

A0

(ė− Y κ̇)Y dA0,

(15)

where ė, γ̇, and κ̇ are the strain rates and η is a damping coefficient. In

Equations 14 and 15, integrals are evaluated for cross sections A0 in the

beam’s initial configuration. The 2D FEM-DEM solver evaluates integrals

numerically (Paavilainen et al., 2009a).

An interpolation of field variables uX , uY , and θ within an element leads

to a finite element formulation of internal forces needed in Equation 3.

According to Figure 9, the six degrees of freedom of a two-node Timoshenko

beam are uE = {uX1 uY 1 θ1 uX2 uY 2 θ2}T. An expression for the

internal virtual work of the beam is

δWint =

∫

L0
pTδe dX = δuT

E

∫

L0
BTp dX, (16)

where p is a vector of combined stress resultants p = {Nσ + Nd Vτ +

Vd Mσ +Md}T and δe = {δe δγ δκ}T is a vector containing first varia-

tions of the strain quantities. Further, Equation 16 uses a decomposition

δe = B δuE , where a kinematic matrix B relates first variations of strains

to first variations of node displacements δuE = {δuX1 δuY 1 δθ1 δuX2

δuY 2 δθ2}T. Comparing the right most expression in Equation 16 to

Equation 1, the internal force vector is found as

fE,int =

∫

L0
BT p dX, (17)

where the integral over L0 refers to a line integral over the beam axis in

the beam’s initial configuration. The beam formulation in the 2D FEM-

DEM code adopted linear interpolation functions for all field variables,

and a one-point Gaussian quadrature rule gave an approximation for the

line integral. At last, components of the obtained internal force vector

fE,int need to be distributed with correct rigid bodies. The first three items

of fE,int are for a rigid body sharing the node 1 with the beam and the last

three items of the internal force vector are for a rigid body sharing the

node 2 with the beam.
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Figure 9. Kinematics of the 2-node shear flexible beam model. The figure shows node
displacements uX1, uY 1, uX2, and uY 2, and node rotations θ1, θ2. Shear angles
at nodes are denoted by symbols γ1 and γ2. In the initial configuration, the
beam is symmetric with respect to it’s centerline (X axis in the figure). The
figure is modified from the work by (Felippa, 2017).
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Figure 10. (a) Fracture criterion surfaces F = 0 from Equation 8 and (b) effective

cohesive stress functions from Equations 11 and 12. In (b), the solid

line represents the linear softening function (Equation 11), and dashed

lines represent un-/reloading stage (Equation 12). Numbers next to

curves indicate δmax/δcr ratio.

2.1.3 External forces

The 2D FEM-DEM code evaluates external forces acting on a single rigid

body B as a sum of contact forces, buoyancy, fluid resistance and the gravity.

Therefore, an expression for the total external force is

fext = fcon + fbuo + fdrg + fgra, (18)
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where fcon, fbuo, fdrg, and fgra are vectors for the contact force, buoyancy,

drag force, and gravity, respectively. The following text introduces the

mentioned force components except the gravity which is simply fgra =

−m0 g {0 1 0}T.

Contact interactions

The 2D FEM-DEM code solves contact interactions for ice to ice and for

ice to structure contacts by using an elastic-viscous-plastic normal contact

force model together with an incremental tangential contact force model

with Coulomb friction as described by Hopkins (1992). Figure 11 shows a

schematic representation of two rigid bodies B1 and B2 in contact and the

basic geometric definitions for quantifying the contact. Figure 11a shows

contact arms r1 and r2 going from centroids of rigid bodies to the centroid

of an overlapping area shaded with gray color in the figure. Figure 11b

shows the total contact force ftot and normal n and tangential t directions

of the local contact coordinate system. The thick black line in Figure 11b

also shows the line of contact having a length of lc.

In the model, the normal contact force fn is

f q+1
n = kneA

q+1
ela + knv Ȧ

q+1, (19)

where Aela and Ȧ are an elastic overlap area and a rate of change of a

total overlap area, respectively. Constants kne = E and knv = 2ζ
√
m0E

are an elastic and viscous contact stiffnesses, respectively. The viscous

contact stiffness is a product of a critical damping coefficient of a simple

damped spring mass system and a damping ratio ζ having a value close to

unity. In the present 2D FEM-DEM model, the normal contact force is for

compression only meaning that fn ≥ 0. A plastic limit force fpl limits the

maximum value of the normal contact force. The plastic limit is

f q+1
pl = σp l

q+1
c , (20)

where σp is a plastic limit stress. Excess of the limit stress σp in the normal

contact is interpreted as a local ice crushing and the plastic limit models

the crushing strength of ice. During the local ice crushing, the model did

not create new ice features, nor did the block geometries change. The work

by Hopkins (1992) describes an incremental update of Aela and Ȧ including

required state variables.

In the model, the tangential contact force ft is

f q+1
t = f qt − kte v

q+1/2
t ∆t, (21)
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where kte = kne/(2 + 2ν) is a tangential contact stiffness and vt = tTvrel is

a tangential component of a relative velocity vector vrel at the centroid of

the overlap and ∆t is a time increment. The relative velocity is

vrel =




u̇X1 − θ̇1 rY 1 − u̇X2 + θ̇2 rY 2

u̇Y 1 + θ̇1 rX1 − u̇Y 2 − θ̇2 rX2



 . (22)

A magnitude of the tangential contact force from Equation 21 is limited

by the Coulomb friction condition |ft| ≤ µfn, where µ is a contact friction

coefficient.

Unit normal and tangent vectors n = {nX nY }T and t = {tX tY }T

define directions of normal and tangential contact forces, respectively. The

total contact force is ftot = fn n + ft t and overall contact force vectors for

rigid bodies B1 and B2 are

fB1,con =





fn nX + ft tX

fn nY + ft tY

fn r1 × n + ft r1 × t




,

fB2,con = −





fn nX + ft tX

fn nY + ft tY

fn r2 × n + ft r2 × t




.

(23)

In Equations 23, cross products are r1 × n = rX1 nY − rY 1 nX , r1 × t =

rX1 tY − rY 1 tX , r2 × n = rX2 nY − rY 2 nX , and r2 × t = rX2 tY − rY 2 tX .

A key part of contact modeling is a task to efficiently find discrete ele-

ments that are close to each other. Naturally, this contact search takes

place before contact force calculation. In the 2D FEM-DEM code, a method

described by Munjiza and Andrews (1988) performs the contact pair detec-

tion.

Buoyancy and drag force

In the model, the effect of water is accounted for by applying a buoyant force

and a simple fluid resistance force on each discrete element. Figure 12

shows geometric definitions for these forces. A vector r̃ = {r̃X r̃Y }T

connects a centroid of the rigid body B to the centroid of the submerged

area Aw. A linear velocity of the submerged part is ṽ = {ṽX ṽY }T and

lw is a projected width of the area Aw. The projected width is perpendicular

to the velocity vector ṽ. Components of ṽ in terms of velocity components

of the centroid of the rigid body are

ṽ =




ṽX

ṽY





=




u̇X − θ̇ r̃Y
u̇Y + θ̇ r̃X




, (24)
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(a) (b)

Figure 11. Geometric definitions for the contact force calculation. (a) Contact arms

r1 and r2 pointing from centroids of rigid bodies to the centroid of

the overlap area. (b) Total contact force ftot and normal and tangent

directions for the contact model. Figure (b) also shows the line of

contact having a length of lc.

Figure 12. Geometric definitions for the buoyancy and drag force calculation. A width
of the submerged area lw is measured in the direction perpendicular to the
velocity vector ṽ.

The buoyant force vector including the moment is

fbuo = ρwAwg
{

0 1 r̃X

}T
. (25)

The force vector for the fluid resistance is according to the quadratic drag

equation

fdrg = −1

2
ρwlwcd|ṽ|

{
ṽX ṽY r̃× ṽ

}T
, (26)

where |ṽ| =
√
ṽ2
X + ṽ2

Y is a velocity magnitude, and r̃× ṽ = r̃X ṽY − r̃Y ṽX .
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2.2 Ice-structure interaction simulations and simulation sets

The simulations had an ice sheet of constant thickness h moving against

an inclined rigid structure having an inclination angle α. For illustration,

Figures 13a-e show five different process stages from a sample case with

an ice thickness of h = 1.25 m. Figure 14a shows a load from the sample

case plotted with respect to an amount of pushed ice L and Figure 14b

shows a close-up of Figure 14a at the time of the largest load peak F p in the

process. A prominent feature in the load curve is a presence of consecutive

and varying load peaks.

In the simulations, the ice sheet was pushed from a control boundary

with a constant velocity of v = 0.05 m s−1. The control boundary located

at 100 m to the left from structure and the boundary had an additional

viscous damping according to the work by Liu and Li (2003). In addition,

at the control boundary, new elements were periodically added to the

system for keeping the location of the boundary approximately constant.

Consequently, during simulations, a total number of degrees of freedom in

the system increased monotonically.

As explained earlier, the geometry and mechanics of the ice sheet were

modeled by discrete elements that were joined together with Timoshenko

beam elements. The ice sheet failure initiated at locations where the

effective stress σ̃eff in the beam met the pre-defined failure stress crite-

rion. Also, already broken ice floes could again break into smaller floes,

see Figures 13b-e. Figure 13a shows individual discrete elements of the

sample case. Table 1 summarizes main parameters of the simulations. The

parameters came from the work by Paavilainen and Tuhkuri (2012) who

mostly picked the values from the work by Timco and Weeks (2010).

Table 2 summarizes all eight simulation sets S1–S8 defined for this work.

All sets have 50 simulations. The sets differ from each other by having

unique combinations of ice thickness h and plastic limit σp parameters.

In sets S1-S6 and in set S8, ice parameters did not vary, and ice sheets

were homogeneous. In the simulation set S7, the plastic limit parameter

varied discrete-element wise (spatially), and thus ice sheets were non-

homogeneous. For each discrete element in set S7, a value for the plastic

limit came from a continuous uniform distribution U(1, 2) MPa bounded by

values of 1 and 2 MPa. In set S7, the contact force model used the smaller

plastic limit value from the two rigid bodies in contact. All simulations,

except simulations with non-homogeneous ice, started with a small initial
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vertical velocity perturbation v0 given at the free end of the ice sheet close

to the structure, see Figure 13a and Table 2.

Solutions of the 2D FEM-DEM simulations are sensitive to initial condi-

tions. A small change in the initial velocity v0 yields to a drastic change in

the process. Figure 15 demonstrates this sensitivity by showing process at

the stage of L = 100 m from the three first simulations of the simulation

set S8. In Figures 15a, b, and c, velocity perturbations are 1 · 10−12 m s−1,

2 · 10−12 m s−1, and 3 · 10−12 m s−1, respectively. Figure 16 shows initial

parts of total horizontal force records from the simulations of Figure 15.

The three ice load records closely follow each other until the process has

reached a state between L = 10 m and L = 15 m. In spite of this sensitivity

to initial conditions, the 2D FEM-DEM code is deterministic. Munjiza

(2004) and Matuttis and Chen (2014) explain this type of sensitivity by a

highly non-linear nature of discrete element systems.

Earlier, many researchers have dealt with the previously described issue

of sensitivity to initial conditions. For example, Munjiza (2004) demon-

strates this effect by using a simple case where two rectangular discrete

elements with sharp corners move against each other and collide. Depend-

ing on the accuracy in the description of the contact geometry, the objects

either directly bounce away or undergo edge-to-edge contact with sliding.

It is clear, that a minuscule change in starting conditions would drastically

change the behavior of the system in this case. Lorenz (1963) presented

the first and most classical computational example on the sensitivity to

initial conditions. Later on, Lorenz (1993) illustrated the issue with a

simple pinball machine example that could be easily be reproduced by

using the discrete element solver of this work. As a summary, the issue

of the sensitivity to initial conditions is known and acknowledged in the

literature, but for brevity, its more extensive treatment is left out from this

work.

Parameter ranges in simulations were mostly the same as used by Paavi-

lainen and Tuhkuri (2012, 2013). The work leading to this thesis estab-

lished the simulations with non-homogeneous ice sheets (set S7) and cases

with high σp (set S8). The large σp value of 8 MPa in the set S8 may be

unrealistically high, but worth to study to have a better understanding on

the role of σp in the model. Figure 7 shows high indentation pressures for

indentation areas less than 1 m2, but with a more practical application

having a larger scale, the compressive strength is usually lower as the

research by Timco and Frederking (1990) suggests.
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Figure 13. An evolution of a simulated ice-structure interaction process. (a)-(e) Snap-

shots from five different process stages with L = 0 m, L = 62.5 m,

L = 125 m, L = 187.5 m, and L = 250 m, respectively. The ice thickness

is h = 1.25 m and the plastic limit is σp = 2 MPa. Individual discrete

elements are shown in the topmost figure.

2.3 Statistical tools

This section overviews the statistical methods of this thesis. The text be-

gins by presenting primary statistical measures, probability distributions,

and a procedure for maximum likelihood estimation. The section continues
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Figure 14. (a) A typical ice load record for a complete simulation (L = 0 . . . 250

m). (b) A close-up around the occurrence of the global peak load F p

when L = 140 . . . 150 m. The load data is from the process shown in

Figure 13.

by describing methods for the goodness of fit testing and for comparing two

distribution means. At last, this section introduces a time series analysis

technique for analyzing evolution of ice failure processes.

2.3.1 Primary statistical measures

Primary statistical measures describe information in regard to scattered

data. In this thesis, these measures include a sample mean, a sample

standard deviation, a sample coefficient of variation, and a sample maxi-

mum. Table 3 shows definitions of the statistical measures with a sample

{x1, x2, . . . , xn} having a size of n.

2.3.2 Probability distributions

A cumulative distribution function Fcdf(z) defines a random variable Z

and yields a probability that Z will take a value less or equal than z. A

probability density of Z is Fpdf(z) = d
dzFcdf(z). Based on the extreme value

theory (Gumbel, 1958; Castillo, 1988; Ferreira and de Haan, 2015), this

work assumes that peak load observations F p closely follow one of the
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Figure 15. Process stages from the three first simulations of the simulation set S8 at L =

100 m. The only difference between the cases (a)-(c) is in the initial velocity

pertubation v0. Figures clearly show different ice floe arrangements.
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Figure 16. Initial parts of total horizontal force records from the simulations shown
in Figure 15. Legends (a), (b), and (c) refer to the cases of Figures 15a-c,
respectively. The only difference between the cases is in the initial velocity
perturbation v0. The figure clearly shows the divergence of load records after
L = 10 m and large variation in achieved maximum loads within the shown
range.

three limiting extreme value distributions (EVD). The limiting EVDs for

the maxima are the type 1 (Gumbel), the type 2 (Fréchet), and the type 3

(Weibull) distributions. Table 4 shows cumulative distribution functions of
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the EVDs having a location parameter a, a shape parameter b, and a scale

parameter c.

Table 1. Summary of simulation parameters.

Description Symbol Value(s) Unit

General Gravitational acceleration g 9.81 m s−2

Drag coefficient cd 2.0 -

Water Density ρw 1010 kg m−3

Ice Velocity v 0.05 m s−1

Thickness h 0.5, 0.875, 1.25 m

Effective modulus E 4 GPa

Poisson’s ratio ν 0.3 -

Density ρi 900 kg m−3

Tensile strength σf 600 kPa

Shear strength τf 600 kPa

Plastic limit σp 1, 2, 8 MPa

Fracture energy Gf 12 J m−2

Contact Elastic contact stiffness kne 4 GPa

Damping ratio ζ 0.9 -

Ice-ice friction coefficient µii 0.1 -

Ice-structure friction coefficient µis 0.1 -

Structure Slope angle α 70 deg

Solver Time increment size ∆t 2.0 10−5 s

Table 2. Description of simulation sets. Within each perturbed set with varied v0, the
initial velocity perturbation was v0 = i · 10−12 m s−1, where i = 1 . . . n is a unique
running number for each simulation within a set.

Set h [m] σp [MPa] n v0 varied

S1 0.5 1 50 Yes

S2 0.5 2 50 Yes

S3 0.875 1 50 Yes

S4 0.875 2 50 Yes

S5 1.25 1 50 Yes

S6 1.25 2 50 Yes

S7 1.25 U(1, 2) 50 No

S8 1.25 8 50 Yes
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2.3.3 Maximum likelihood estimation

In statistics, a maximum likelihood estimation (MLE) is a standard and one

of the most important methods to find optimal parameters for statistical

models. The maximum likelihood estimation relies on maximizing a log-

likelihood function (or minimizing a negative log-likelihood function). For

the details of the method, see the work by Van der Vaart (1998) for instance.

In this work, the MLE technique gave the optimal parameter values

for the EVDs. Location parameters of the EVD type 2 and the EVD

type 3 distributions were fixed in advance to simplify the fitting process,

and so all three limiting EVDs had two free parameters to search for.

Advantageously, MLE solutions for the two-parameter versions of the

EVDs exist in literature, (Mann, 1984; Forbes et al., 2011).

2.3.4 Empirical distribution function

An empirical distribution (EDF) is a device to quantify the distribution

of a sample. EDF does not make any parametric assumptions about the

underlying data, and therefore empirical distributions are non-parametric

Table 3. Primary statistics for a sample {x1, x2, . . . , xn} of size n.

Sample statistic Symbol Expression

Mean MEAN
1

n

∑n
i=1 xi

Standard deviation SD

√
1

n− 1

∑n
i=1 (xi −MEAN)2

Coefficient of variation CV
SD

MEAN

Maximum MAX max{x1, x2, . . . , xn}

Table 4. Cumulative distribution functions Fcdf(z) of the three limiting extreme value
distributions having z = (x − a)/c. Parameters a, b > 0, and c > 0 define the
location, shape, and scale of the distributions, respectively. The variable for the
quantity under interest is x. For reference, see (Castillo, 1988).

EVD type Fcdf(z) Parameters Condition

1 Gumbel exp
{
− exp(−z)

}
a, c −∞ < z <∞

2 Fréchet exp
{
− z−b

}
a, b, c z > 0

3 Weibull exp
{
− (−z)b

}
a, b, c z < 0
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counterparts of parametric cumulative distribution functions. According

to Anderson and Darling (1954), the empirical distribution function of a

sample {x1, x2, . . . , xn} is

Fn(x) =
number of xi ≤ x

n
, i = {1, 2, . . . , n}. (27)

An equivalent definition expressed by means of an indicator function is

given by Van der Vaart (1998). This work uses empirical distribution

functions in order to quantify and visualize sample distributions, but

EDFs also have a key role in assessing the goodness of fit when fitting

statistical models on data.

2.3.5 Goodness of fit tests

A goodness of fit test provides information about how well a specified distri-

bution fits on a data. This work uses a computer simulation version of an

EDF based technique for assessing the goodness of fit. An implementation

of the method followed techniques discussed by Lilliefors (1967), Parsons

(1982), and Keutelian (1991).

The trustworthiness of the goodness of fit testing improved by using

two different test measures known as the Kolmogorov-Smirnov and the

Anderson-Darling statistics. These statistics are functions of Fcdf(x) and

Fn(x), and equations for them are

TKS = sup
x

∣∣Fn(x)− Fcdf(x)
∣∣

and

TAD = n

∫ ∞

−∞

[Fn(x)− Fcdf(x)]2

Fcdf(x)[1− Fcdf(x)]
dFcdf(x).

(28)

According to Anderson and Darling (1954), TAD is essentially sensitive

to differences between tail parts of Fn(x) and Fcdf(x). Stephens (1974)

gives expressions of TKS and TAD in forms that are suitable for computer

implementations.

An algorithm for the goodness of fit testing has four tasks:

1. Specify Fcdf(x) and determine its parameters using the MLE and the

observed data of size n.

2. Calculate a reference test statistics Tobs (KS or AD) using the ob-

served data.

3. Pick B random samples of size n from the specified distribution and

calculate the test statistics T (KS or AD) for each sample.
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4. Calculate a p-value by evaluating a fraction #{T ≥ Tobs}/B, where

the numerator is a count of how many times T is greater or equal

than Tobs.

The p-value is an achieved significance level of the test. If the p-value is

smaller than a user-defined threshold significance level pthr, the test has

found statistically significant evidence that the EDF do not stem from

the specified distribution. Alternatively, if the p-value is larger than the

threshold significance level, the test has found no evidence against the

similarity between the EDF and the specified distribution.

2.3.6 Two sample test for equal means

A book by Efron and Tibshirani (1993) introduces a recipe for testing if

two samples have an equal mean. This method, Algorithm 16.2 in the

book, has no strict requirements for the sample data. The method accepts

different sample sizes and the test also works well with slightly skewed

samples. If input data for this test is normally distributed, the test is

essentially a two-tailed unequal variances t-test (Walpole et al., 2012). An

outcome of the test is an achieved significance level p. If the p-value is

smaller than a user-defined threshold significance level pthr, the test has

found evidence that the mean values of the two samples differ from each

other in a statistically significant way. Alternatively, if the p-value is larger

than the threshold significance level, the observed difference could stem

from a pure chance.

This thesis uses the two-sample test to asses how many observations are

required to find a statistically significant difference between two sample

means. For this, as a first step, two distributions with different means were

specified. As a second step, for retrieving a p-value, random samples of

size n from the specified distributions were analyzed using the two-sample

test. Many p-values from many repetitions (B) of the second step enabled

to derive a fraction #{p ≥ pthr}/B where the numerator is a count of how

many times the p-value is greater or equal than a user-defined threshold

significance level pthr. This fraction estimates a statistical power that is a

probability that the test correctly finds the difference between means of the

tow distributions. The power value clearly depends on the threshold value

pthr. A step by step guide for similar power value calculation is discussed

by Feiveson (2002).
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2.3.7 Significance and power

Previously described statistical methods require the threshold significance

level pthr as an input from the user. The power value depends on the thresh-

old significance level and on the statistical test in use. The significance

and power values together quantify the overall reliability of the test. In

brief, a typical value for the threshold significance level is smaller or equal

than 0.05. A value of 0.05 originates from the suggestion by Fisher (1936).

Correspondingly, a typical acceptable value for the statistical power in a

well designed statistical test is 0.8 or greater. For example, Cohen (1988)

and Chernick and LaBudde (2011) mention these two numbers.

2.3.8 Time series analysis

A study on trends in ice failure processes describes smoothed responses of

the model instead of just focusing on a single load history (Publication III).

A tool to form the time series statistics in a concise form has two simple

steps:

1. Calculate concurrent mean, standard deviation, and maximum statis-

tics from multiple load observations as shown by Figure 17.

2. Fit representative parameterized function over the smoothed mean,

standard deviation and maximum statistics from step 1.

Figure 17 sketches the derivation of the load statistics from multiple

concurrent load observations. For clarity, the figure shows only three

fictitious load curves (Figure 17a) and three load output time steps i− 1, i,

and i + 1 (Figure 17b). This work performs the time series analysis for

each simulation set S1–S8 independently. Load observations required in

step 1 of the tool are from all fifty simulations, or from a smaller selected

subset of simulations, of a single set. Further, a representative function for

the mean, for the standard deviation, and for the maximum load statistics

has a form β1L
β2 , where the amount pushed ice L represents the process

time. A non-linear least squares procedure presented by Marquardt (1963)

gave the case-dependent constants β1 and β2.

2.4 Ice floe buckling

This section introduces a simple buckling model. The model defines a

dimensionless peak load that is useful in the later parts of this work. In
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Figure 17. Illustration on derivation of the concurrent mean, standard deviation, and
maximum ice load statistics. (a) Three fictitious load data records at load
output steps i − 1, i, and i + 1. (b) Derived concurrent statistics from the
fictitious loads. Table 3 describes the statistics. (Publication III)

addition, the following text explains how the buckling model relates peak

loads and model parameters from the simulations.

2.4.1 Buckling model

A buckling model in Figure 18 enables to study a relationship between the

buckling phenomenon and global peak ice load occurrences. Figures 18a

and b show this model in its initial and buckled states, respectively. The

model consists of a rigid rod simulating an ice floe of length Lf . In the

initial stage, the ice floe is lying in equilibrium on an elastic foundation

modeling water. A modulus of the foundation is k = ρwg, where ρw is a

water density and g is a gravitational acceleration. Additionally, discrete

springs having spring constants K1 and K2 support the floe from its ends.

A load P in the model is from a direct ice-structure contact or from contact

between the ice sheet and the ice rubble pile. Observations from the ice-

structure interaction simulations justify the use of this type of buckling

model since peak load events occurred at times when broken ice floes

and an ice rubble pile were present in the vicinity of the structure, see

Figures 13b-e.

The simple buckling model describes different buckling modes depending

on the values of spring constants K1 and K2. Table 5 demonstrates four

buckling mode shapes based on simple combinations of spring constants K1

and K2. In modes 1 and 2, the rigid ice floe buckles alone. In mode 1, the

spring constants K1 and K2 are zeros and the discrete springs have no role.

In mode 2, the spring with K1 is infinitely stiff and the spring constant

K2 is zero. Modes 3 and 4, assume that the elastic ice sheet behind the
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rigid ice floe contributes to the buckling by generating a compliant vertical

support in the left end of the ice floe with spring constant K1. Appendix

A shows a derivation of a general buckling load formula and Appendix B

shows a detailed derivation of equivalent spring constants K̃3 and K̃4. The

buckling load from the model is

P =
k2L3

f + 4k(K1 +K2)L2
f + 12K1K2Lf

12(kLf +K1 +K2)
. (29)

A definition of a floe length Lf = χLc, where χ is a dimensionless buckling

length multiplier and Lc = 4
√

4EI/k is a characteristic length of a floating

ice beam, allows to express Equation 29 in a simpler form. By plugging the

definition of the floe length into Equation 29, buckling loads for all modes

in Table 5 simplify to the form

P = Λ(χ)
√
kEI, (30)

where Λ(χ) is a dimensionless peak load, E is a modulus of elasticity, and

I = h3/12 is a second moment of area of the floe having a unit width.

Table 5 shows mode dependent expressions for Λ(χ). The normalized

buckling load from the work by Sodhi et al. (1983a) is very similar to Λ(χ).

Coon (1974) considered buckling of compacted ice floes using the expression

of mode 1 of Table 5. Carter et al. (1998) used a buckling load for mode

2 of Table 5 to describe buckling of ice compressed against a wide dam

structure.

The described modeling approach based on the rigid ice floe is simple.

For reference, Figure 19 shows a comparison of the simple model and

a slightly more complex model based on an implementation of elastic

Timoshenko beam finite elements. Illustrations in Table 5 show actual

mode shapes from the finite element implementation. Figure 19a shows,

mode dependent Λ(χ) factors plotted with respect to χ from elastic and

rigid models and Figure 19b shows a ratio of the Λ(χ) from the elastic

finite element model to the Λ(χ) from the rigid model. The figures suggest

that differences between the solutions from the elastic and rigid models

are small within the shown range for χ. A maximum deviation between

solutions is about 10% when χ < 1. Based on this, the use of the buckling

model of Figure 18 is reasonable.

2.4.2 Global peak loads and the buckling

In this thesis, the F p value from each simulation together with simulation

parameters k, E, and I, define an input for the buckling related analysis.
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(a) (b)

Figure 18. The buckling model in (a) its initial and (b) buckled states. The model is formed
by a rigid ice floe of length Lf resting on an elastic foundation with modeulus
k modeling water. Spring constants K1 and K2 adjust the boundary conditions
for the buckling models of Table 5. Compressive load P is due to the interaction
with other ice floes or with the structure. (Publication IV)
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Figure 19. Relationships of Λ(χ) and dimensionless χ factor for buckling modes 1–4. (a)
Comparison of Λ(χ) values from the fully elastic numerical model and from
the rigid model (Equation 30). (b) A ratio of Λ(χ) from the elastic model to the
Λ(χ) from the rigid model. Data is plotted as a function of dimensionless χ.
(Publication IV)

With that input, the work utilizes the buckling model in three different

ways:

1. To express a normalized peak load from a simulation by solving the

dimensionless factor Λ(χ) from Equation 30 and by substituting F p

for P . This yields

Λ(χ) = F p/
√
kEI. (31)

2. To express buckling mode dependent dimensionless buckling length

factors χ using the normalized peak load of Equation 31 and mode

dependent Λ(χ) relationships from Table 5.

3. To express buckling mode dependent floe lengths Lf using the rela-

tionship Lf = χLc, where Lc = 4
√

4EI/k.
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Table 5. Four buckling modes and mode dependent spring constants K1 and K2 for the
model of Figure 18. P = Λ(χ)

√
kEI is the buckling load and Λ(χ) is a mode-

dependent factor representing the dimensionless peak load. Factor χ gives the
buckling length through Lf = χLc as described in the text. (Publication IV)

Mode K1 K2 Λ(χ)

1
PLf

0 0
χ2

6

2
P

Lf

∞ 0
2χ2

3

3
P

Lf

K̃3 ∞ 12χ+ 8χ2

9χ+ 12

4
P

Lf

K̃4 ∞ 12χ+ 4χ2

3χ+ 6
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3. Results

3.1 Trends in time series load data

Figure 20 shows the mean, the standard deviation, and the maximum

statistics over concurrent ice load observations from the simulation set

S5 where h = 1.25 m and σp = 1 MPa. Figure 20 also shows exponential

curves of form β1L
β2 fitted on the data. Figures 20a,c, and e have data from

10 first simulations (n = 10) of the simulation set, and Figures 20b,d and f

have data from all 50 simulations (n = 50) of the simulation set. Tables 6,

7 and 8 give values of the fit parameters β1 and β2 yielded by the curve

fitting procedure with n = 50. The tables also show estimated standard

errors of the parameters.

The data and exponential fits in Figure 20 illustrate how trends in the

mean, in the standard deviation, and in the maximum statistics increase

during the simulated ice failure processes. The graphs in Figure 20 are

for a single simulation set, but the same characteristics apply to other

cases as well. The data for the mean statistics in Figures 20a and b show

anomalous high load peaks in the early process stage when L < 15 m.

A root cause of these peaks is that all loading processes, from a specific

set, follow each other closely until the solutions diverge. For this reason,

the fits account the data only when L > 15 m. Furthermore, it is worth

to remind that the fits for the maximum load statistics in Figures 20e

and f merely illustrate trends which do not give magnitudes of the peak

loads. Actual load peaks F p reach much higher values than the fits over

concurrent time-series maximums.

A prominent feature in Figure 20 is the effect of the sample size n. For

the mean statistics in Figure 20b, the three fits for n = 10, n = 30, and

n = 50 are almost on top of one another. With the standard deviation
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in Figure 20d, the same holds only for fits with n = 30 and n = 50. In

Figure 20f, for the maximum statistics, all three fits deviate from each

other without showing convergence. In addition, Figures 20a and b for

mean statistics show that fluctuation in the data around the fits decreases

with increasing sample size. The same holds for the standard deviation in

Figures 20c and d. However, with maximums in Figures 20e and 20f, the

magnitude of fluctuation increases with increasing sample size. Similar

observations could stem from random data suggesting that the simulated

failure process is random-like.

Figure 21 shows the exponential fits for the six first simulation sets

S1–S6 where the ice thickness h varies from 0.5 m to 1.25 m, and the

plastic limit σp varies from 1 MPa to 2 MPa. The data show the mean,

the standard deviation, and the maximum statistics. The figure suggests

that increasing the ice thickness clearly increases loads. The effect of the

plastic limit parameter is generally minor. The plastic limit has a larger

effect on the standard deviation and on the maximum load statistics than

on the mean statistic. This implies that the effect of the plastic limit is

related to mechanisms that limit the loads in the ice-structure interaction

process.

Figure 22 represents comparisons of exponential fits for the mean, the

standard deviation, and the maximum statistics from simulation sets S5–

S8. This data is for thick ice, but it has different σp values. Virtually

in all cases, the data is bounded by curves from sets S5 and S8 having

smallest and largest σp, respectively. In the simulation set S7, the σp varied

spatially within ice sheets and had an expected value of 1.5 MPa. The data

suggests that the non-homogeneity in ice sheets of the simulation set S7

do not change the general trends of the load curves. Also, according to

the figure, the load increase caused by increasing σp seems to vary during

the process. The mean load statistic increases by factor of 1.02–1.14 when

σp increases from a value of 1 MPa to 2 MPa and by factor of 1.12–1.32

when σp increases from a value of 1 MPa to 8 MPa. Correspondingly, the

maximum load statistic increases by factor of 1.04–1.37 when σp increases

from a value of 1 MPa to 2 MPa and by factor of 1.22–1.57 when σp increases

from a value of 1 MPa to 8 MPa. Mentioned values suggest that the effect

of σp is more observable from maximum loads than from mean loads.

Figure 23 shows derived coefficient variation curves as a function of

the process stage L. The curves are formed case dependently by dividing

the exponential fit for the standard deviation by the exponential fit for

50



Results

the mean. Figure 23a shows the CV data from the sets S1–S6 having

three different h levels and two different σp levels. Figure 23b shows the

corresponding data from the sets S5-S8 having thick ice but various σp

levels. For reference, Figure 23a and b show the curve for S6 with dashed

lines. Interestingly, irrespective of different model parameterizations, the

CV curves have similar trends. In all cases, the CV is initially high and

continuously decreases during the rubble forming ice-structure interaction

process. Decreasing CV value means that the loading process turns out to

be more predictable with increasing process time L.

Table 6. Fit parameters and their standard errors for exponential fits of the form β1L
β2

[kN/m], where L is the process stage in meters. The data is for the mean load.
(Publication III)

Set β1 SE(β1) β2 SE(β2)

S1 0.76 0.094 0.69 0.026

S2 0.96 0.13 0.64 0.03

S3 1.7 0.29 0.67 0.035

S4 2.6 0.41 0.6 0.034

S5 4.5 0.5 0.58 0.024

S6 5.7 0.82 0.54 0.03

S7 3.5 0.58 0.63 0.034

S8 7.0 0.86 0.52 0.026

Table 7. Fit parameters and their standard errors for exponential fits of the form β1L
β2

[kN/m], where L is the process stage in meters. The data is for the standard
deviation. (Publication III)

Set β1 SE(β1) β2 SE(β2)

S1 4.7 0.35 0.28 0.018

S2 4.6 0.49 0.29 0.025

S3 15 1.8 0.21 0.028

S4 17 2.1 0.21 0.03

S5 22 2.5 0.25 0.026

S6 39 4.4 0.15 0.027

S7 23 3.0 0.24 0.03

S8 44 4.9 0.14 0.026
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Figure 20. Ice load data and fitted trends on each time step: (a)-(b) mean ice load, (c)-(d)
standard deviation, and (e)-(f) maximum ice load. The data is from simulation
set S5 with h = 1.25 m and σp = 1 MPa. L is the amount of pushed ice. The
left-hand side figures show the data and fits for ten first simulations (n = 10)
and the right-hand side figures show the data and fits for all fifty simulations
(n = 50). For reference, the right-hand side figures also show fits for n = 10,
n = 30. (Publication III)

3.2 Peak load observations

Figure 24a shows the absolute global peak load observations F p for all the

data from simulation sets S1–S8. The number of observations in each data

set is 50. Error bars in the figure describe the mean peak load values with

their standard deviations. The data and the figure suggest that peak loads

depend strongly on the ice thickness. Table 9 shows the primary statistics
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Figure 21. Exponential fits for the ice load data from the six first sets of 50 simulations
S1–S6, see Table 2: (a) mean ice load, (b) standard deviation, and (c) maximum
ice load on each time step. L = 15 . . . 250 m is the amount of pushed ice, h is
the ice thickness, and σp is the plastic limit. (Publication III)

of the peak loads in a numeric format. The mean value of the global peak

load in the set S5 with h = 1.25 m is approximately 3.5 times larger than

the same value from the set S1 with h = 0.5 m.

Figure 24b shows mean values of dimensionless peak load observations

Λ(χ) that are obtained by dividing peak loads F p by a case dependent factor

of
√
kEI as shown in Equation 31. Again, error bars indicate the standard

deviation of the data. The mean value of the dimensionless data from

the simulation set S1 is approximately 1.1 times larger than the mean

value of the data from simulation set S5. The figure suggests, that the

dimensionless buckling load Λ(χ) effectively eliminates the ice thickness
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Figure 22. Exponential fits for the ice load data from the four sets of 50 simulations S5–S8
with ice thickness of h = 1.25 m, see Table 2: (a) mean ice load, (b) standard
deviation, and (c) maximum ice load on each time step. L = 15 . . . 250 m is the
amount of pushed ice and σp is the plastic limit. (Publication III)

effect seen in Figure 24a. In other words, the buckling model normalizes

the data well.

Figures 25a and b show peak load records from selected simulation sets.

Figure 25a presents the peak load data from simulation sets S2, S4, and

S6 with σp = 2 MPa as a function of the ice thickness h. According to the

figure, an increase in the ice thickness increases the peak loads and their

scatter. Figure 25b shows the peak load data from simulations sets S5,

S6, and S8 with h = 1.25 m as a function of the plastic limit. The figure

indicates that also an increase in the plastic limit increases the peak loads.

However, the concave downward shape formed by lines connecting the

mean values of the data groups in Figure 25b suggests that the change
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Figure 23. Derived coefficient of variation trends CV = SD/MEAN: (a) CV from exponen-
tial fits for simulation sets S1–S6 with three different ice thickness h values.
(b) CV from exponential fits for simulation sets S5–S8 with thick ice. All curves
are drawn with solid lines except the dashed curve for set S6. L is the amount
of pushed ice. (Publication III)

in peak load weakens with increasing σp. The effect of σp is undoubtedly

non-linear.

Figure 26 compares peak load observations from simulation sets S5, S6,

and S7 having thick ice. Sets S5 and S6 had homogeneous ice sheets with

constant σp, and the set S7 had non-homogeneous ice sheets. The figure

shows the data as a function of the plastic limit. In the plot, straight dotted

lines connect the standard deviation error bars of simulation sets S5 and

S6. These dotted lines also fit well to corresponding data from the set S7

having an expected value of 1.5 MPa for σp. The data suggests that the

applied non-homogeneity in ice did not cause an observable effect on peak

Table 8. Fit parameters and their standard errors for exponential fits of the form β1L
β2

[kN/m], where L is the process stage in meters. The data is for the maximum
load. (Publication III)

Set β1 SE(β1) β2 SE(β2)

S1 23 1.7 0.29 0.018

S2 20 2.0 0.33 0.024

S3 69 7.0 0.23 0.025

S4 78 8.7 0.23 0.028

S5 100 11 0.27 0.028

S6 180 18 0.17 0.026

S7 100 12 0.28 0.029

S8 200 21 0.18 0.026
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Figure 24. Global peak load data. (a) Global peak load F p observations. (b) Dimensionless
peak load Λ(χ) observations. The data is shown for all simulation sets S1–S8
(see Table 2). Upper figure shows the ice thickness h [m] and the plastic limit
σp [MPa] parameter values of the sets. Error bars describe mean values and
standard deviations of the data. (Publication IV)

loads. Consequently, the observed scatter merely stem from other reasons

as from the complicated ice failure process.

Table 10 shows results from two-sample tests with the dimensionless

peak load data plotted in Figure 24b. Cells of the table show p-values from

the tests and numbers less than 0.05 indicate a statistically significant

deviation between the two means. For instance, mean values from the data

pair S3-S5 are not statistically significantly different as the p-value is as

high as 0.798. In the table, boldface numbers highlight cases for which the

p-value is higher than 0.05.

Table 10 also shows that majority of the p-values are less than 0.05 and

observed differences are mostly statistically significant. This stems from

the used sample size which is large enough to detect even small parameter

effects. Simulation sets S2, S4, and S6 have a common σp but different ice

thicknesses. The p-values of the table do not indicate significant differences

when comparing the data sets S2, S4, and S6 with each other. This result

supports earlier visual findings from Figure 24b and suggests that the

dimensionless peak load normalizes the peak load data well.
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Figure 25. Parameter effects on peak ice load F p observations. (a) Peak ice loads by means
of the ice thickness h from simulation sets S2, S4, and S6 with σp = 2 MPa. (b)
Peak ice loads by means of the plastic limit σp from simulation sets S5, S6, S8
with h = 1.25. Error bars depict mean values and standard deviations of the
data. Dotted lines connect mean values of adjacent sets.
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Figure 26. Effect of non-homogeneity in peak ice load F p observations. The data is from
simulation sets S5–S7 with h = 1.25 m (see Table 2). In sets S5 and S6, ice
sheets were homogeneous and the plastic limit σp was 1 MPa and 2 MPa,
respectively. In set S7, ice sheets were non-homogeneous having an expected
value of 1.5 MPa for σp. Dotted straight lines connect error bars of data sets
S5 and S6.

3.3 Peak load distributions

Figure 27 shows histograms of dimensionless peak load data Λ(χ) from

simulation sets S1–S6. Figures 27a and b show the data from simulation

sets S1 and S2 having h = 0.5 m, respectively. Figures 27c and d present

the data from sets S5 and S6 having h = 1.25 m, respectively. Figures 27e

and f present the histograms for combined data sets S135 and S246, re-

spectively. The set S135 contains all 150 observations from simulation

sets S1, S3, and S5 having a common σp but different ice thicknesses.
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Likewise, the set S246 holds all data from simulation sets S2, S4, and

S6. The histograms of the figure suggest that dimensionless peak load

distributions are non-normal having longer tails on the right than on the

left. Figures 28a and b compare empirical distribution functions of data

from individual and combined sets. The similarity of EDF curves from

different cases justifies combining the data.

Tables 11 and 12 summarize results from studies on distributions of the

dimensionless peak load data. The studies account for the three limiting

extreme value distributions from Table 4. Table 11 shows the optimal

values for the distribution parameters a, b, and c after the MLE fitting

Table 9. Primary statistics (see Table 3) of global peak load observations from all simula-
tion sets. In each set, the number of observations n is 50. (Publication II)

Set MEAN SD CV

kN/m kN/m

S1 190 40 0.21

S2 210 42 0.20

S3 390 87 0.23

S4 480 130 0.27

S5 670 150 0.22

S6 770 190 0.25

S7 730 170 0.24

S8 990 230 0.23

Table 10. Achieved significance levels (p-values) from two-sample tests with dimensionless
peak load Λ(χ) observations (Figure 24b). The significance level of 0.05 is
exceeded in cases with boldface p-values (no statistcally significant difference).
Within the two-sample tests the number of repetitions B was 1000.

S1 S2 S3 S4 S5 S6 S7 S8

S1 0.014 0.005 0.135 0.006 0.566 0.572 0.000

S2 0.000 0.647 0.000 0.099 0.004 0.001

S3 0.000 0.798 0.002 0.021 0.000

S4 0.000 0.325 0.040 0.001

S5 0.003 0.057 0.000

S6 0.263 0.000

S7 0.000
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Figure 27. Frequencies of dimensionless peak load Λ(χ) observations from Figure 24b.
(a)–(b) Data for thin ice from simulation sets S1 and S2. (c)–(d) Data for thick
ice from sets S5 and S6. (e)-(f) Data from combined sets S135 and S246. Notice
that in (e) and in (f) the sample size n is 150, otherwise n = 50.

procedure. Location parameters (a) of the EVD type 2 and the type 3

distributions were fixed to values of 0 and 1, respectively, as explained

in Chapter 2. Figure 24b clearly shows that all dimensionless peak load

observations Λ(χ) locate between values of 0 and 1.

Table 12 shows the results of the goodness of fit tests with the dimen-

sionless peak load observations. The table shows p-values from analyses

with the Kolmogorov-Smirnov and the Anderson-Darling test statistics. In

brief, the tests indicate no significant difference between the analytical

hypothesized and the data-based empirical distributions if p > 0.05. In

most of the cases, p-values are high. Table 12 presents highest p-values

with boldface symbols separately for the Kolmogorov-Smirnov and the

Anderson-Darling tests. The Anderson-Darling test suggests that the EVD

type 1 distribution is the best model for all simulation sets. Figure 29

shows histograms and corresponding fitted probability density function for
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Figure 28. Empirical distributions (see Equation 27) of dimensionless peak load Λ(χ)

observations from Figure 24b. (a) Data for cases with σp = 1 MPa from
simulation sets S1, S3, and S5 separately and from the combined data set
S135. (b) Data for cases with σp = 2 MPa from simulation sets S2, S4, and S6
separately and from the combined data set S246.

the combined data sets S135 and S246. The figure confirms similarities

between the data and all fitted extreme value distributions.

Table 11 showed fit parameters for the dimensionless peak load data.

Based on these parameters, Figure 30 illustrates fitted EVD type 1 prob-

ability densities scaled-up to meet the full peak load values. The figure

demonstrates how different ice thickness and plastic limit levels from sim-

ulation sets S1–S6 change the peak load distributions. The distributions,

where σp = 2 MPa, yield higher loads and scatter than distributions with

σp = 1 MPa. In up-scaling from dimensionless peak load data to full peak

load values, the location and scale parameters from Table 11 needed to be

multiplied by a case dependent factor of
√
kEI.

Figures 24, 25b and 30 suggest that the plastic limit σp affect the peak

load values. The effect of the parameter is not very strong but worth study-
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Table 11. MLE parameter estimates for EVDs (see Table 4) with dimensionless peak load
Λ(χ) observations. Values of a for the EVD type 2 and the type 3 distributions
were fixed to values of 0 and 1 in advance.

EVD 1 EVD 2 (a = 0) EVD 3 (a = 1)

Set a c b c b c

S1 0.268 0.044 6.327 0.264 15.776 0.730

S2 0.295 0.052 5.799 0.291 12.907 0.701

S3 0.232 0.047 4.574 0.227 15.829 0.765

S4 0.282 0.061 4.546 0.275 10.940 0.714

S5 0.235 0.046 5.078 0.230 15.912 0.763

S6 0.270 0.055 4.827 0.264 12.659 0.726

S135 0.244 0.049 4.729 0.238 14.890 0.754

S246 0.282 0.058 4.805 0.276 11.861 0.714

S7 0.255 0.056 4.358 0.249 12.927 0.741

S8 0.348 0.073 4.816 0.340 8.420 0.646

Table 12. Summary of p-values from goodness of fit tests for EVDs with dimensionless
peak ice load Λ(χ) data. Results are for the Kolmogorov-Smirnov and the
Anderson-Darling tests. Boldface symbols indicate largest p-values and best
fits. Small p-values (p < 0.05) are striked through. In goodness of fit testing, the
number of repetitions B was 1000. (Publication II)

Kolmogorov-Smirnov Anderson-Darling

Set EVD 1 EVD 2 EVD 3 EVD 1 EVD 2 EVD 3

S1 0.642 0.370 0.492 0.624 0.514 0.441

S2 0.951 0.550 0.852 0.817 0.542 0.630

S3 0.018 0.029 0.010 0.074 0.009 0.070

S4 0.290 0.227 0.066 0.522 0.191 0.178

S5 0.872 0.782 0.613 0.835 0.517 0.676

S6 0.548 0.109 0.593 0.660 0.227 0.300

S135 0.603 0.054 0.215 0.527 0.001 0.298

S246 0.438 0.261 0.058 0.691 0.018 0.116

S7 0.781 0.641 0.458 0.883 0.112 0.848

S8 0.932 0.470 0.938 0.962 0.259 0.933
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Figure 29. Histograms of dimensionless peak load Λ(χ) observations from Figure 24b. (a)
Data from simulation set S135. (b) Data from simulation set S246. Continuous
curves in figures depict probability density functions of the three EVDs (see
Table 4) with parameters given in Table 11. (Publication II)

ing. A relative change between mean values of EVD type 1 distributed sets

S135 and S245 from Table 11 is approximately 15%. Table 13 shows results

from a power analysis of the two-sample test using these hypothesized

distributions. The data of Table 13 show power probabilities as a function

of sample size n with two significance threshold levels pthr = 0.01 and

pthr = 0.05. Figure 31 graphs the data of Table 13. The figure shows that

the curve with pthr = 0.05 achieves the target power probability of 80%

when the sample size n is over 40. In brief, this means that for observing

a similar 15% difference in 80% of the time between two data collections,

the sample size of 40 per data collection is the minimum demand.

62



Results

0

5

10

15

0 0.2 0.4 0.6 0.8 1 1.2 1.4

P
ro

ba
bi

lit
y

de
ns

it
y
×
10

−
6

F p [MN/m]

σp [MPa]: 1
2

h = 0.5 m

h = 0.875 m

h = 1.25 m

Figure 30. Fitted EVD type 1 (Gumbel) probability distributions for peak ice loads F p

from simulation sets S1–S6. Solid and dashed lines describe cases with plastic
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shown on top of distributions. For the curves, parameters of Table 11 were
multiplied case dependently by a factor of

√
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Figure 31. Power values from the results of Table 13. The figure shows results with
resepect to the sample size n and for two different threshold p-values (pthr =

0.01 and pthr = 0.05). Error bars indicate the 95% confidence intervals for
the estimated power values. Dotted lines connect error bars having the same
threshold p-value and dashed horizontal line indicates the statistical power of
80%. (Publication II)

3.4 Peak load occurrence

Figure 32 shows empirical distributions and corresponding histograms

of recorded global peak load occurrence times from the simulation sets

S1–S6. The figure depicts the occurrence time by using the process stage L.

Empirical distributions indicate cumulative probabilities and histograms

show peak load frequencies as a function of L, respectively. Figures 32a
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and b show data from sets S1 and S2 with thin ice and Figures 32c and d

present data from sets S5 and S6 with thick ice. Figures 32e and f have

data from combined sets S135 and S246 of 150 having 150 observations

in each set. In general, these figures indicate that global peaks from

simulations with 0 ≤ L ≤ 250 m can occur already in an early process

stage, even if L < 50 m, but mostly the peak loads show up later when the

model has a relatively large ice rubble formation in front of the structure.

Empirical distributions and histograms of Figure 32 do not account for

peak load magnitudes. Figure 33 presents dimensionless global peak loads

Λ(χ) as a function of their process stage L. Organization of the data in the

figure is the same as is in Figure 32. Solid lines in Figure 33 are linear fits

over the data points, and shaded regions describe 95% confidence intervals

for the fits. Fits and confidence intervals come from a standard approach

for linear regression fits presented by Walpole et al. (2012), for instance.

The figures also show slopes of the fits. In general, slope values are small,

and linear fits are almost horizontal. This means that the early load peaks

(L < 50 m) may be almost as high as load peaks from a later process stage.

In spite of that, Figure 33 suggests, that the majority of global load peaks

and highest global load peaks tend to occur at later stages having a large

ice-rubble pile in front of the structure.

3.5 Observations on buckling lengths

Data points in Figure 34 show the dimensionless χ factors from simulation

sets S1–S8. The figure shows χ factors separately for modes 2–4 of Table 5.

The figure omits the data for mode 1 that yields unreasonably large buck-

ling lengths. It is justified to assume that Lf < Lc as the floes breaking

of the intact ice sheet in bending, would roughly have the length of Lc at

maximum. Additionally, Figure 34 shows two horizontal lines that stem

Table 13. Estimated statistical power values for the two-sample tests with fitted EVD
type 1 distributions and the combined dimensionless peak ice load Λ(χ) from
sets S135 and S246. The table shows results with respect to the sample size
n and for two different threshold p-values (pthr = 0.01 and pthr = 0.05). The
number of repetions B was 2000. Figure 31 shows these results graphically.

n 10 20 30 40 50 60 70

pthr = 0.01 0.064 0.216 0.403 0.562 0.696 0.799 0.863

pthr = 0.05 0.235 0.459 0.658 0.803 0.863 0.922 0.959
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Figure 32. Occurrence times of global peak load observations expressed by means of
L. The left column shows empirical cumulative probabilities and the right
column shows histograms of global peak load observations. (a)-(b) Data from
simulation sets S1 and S2 for thin ice (h = 0.5 m). (c)-(d) Data from simulation
sets S5 and S6 for thick ice (h = 1.25). (e)-(f) Data from simulation sets S135
and S246 with combined data. Solid lines describe the data for cases with
σp = 1 MPa and dashed lines describe the data for cases with σp = 2 MPa.
(Publication II)

from minimum and maximum ice breaking length values reported by Lau

et al. (1999) and Frederking (1980), respectively, and summarized by Li

et al. (2003). Interestingly, almost all the χ values for modes 2–4 resulting

from the simulated ice-structure interaction processes fall between these

limits.

Figure 35 shows three examples of peak load events. The χ factors

for each event were calculated using the Λ(χ) value of that event (see

Equation 31 and Table 5). Each figure shows the ice floes at the peak

load and immediately after the load drop. The figures illustrate how

the ice floes under compression between the ice sheet and the structure

have gone through a buckling-like failure between the two different time
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Figure 33. Dimensionless peak load Λ(χ) observations as a function of their occurrence
time expressed by means of L. (a)-(b) Data from simulation sets S1 and S2
for thin ice (h = 0.5 m). (c)-(d) Data from simulation sets S5 and S6 for thick
ice (h = 1.25). (e)-(f) Data from simulation sets S135 and S246 with combined
data. Continuous lines represent linear fits on data and gray areas cover 95%
confidence intervals for the fits. Figures also show slopes of the linear fits.
(Publication II)

instances expressed by means of L. The actual time difference between the

presented model configurations is four seconds. The observed length of the

buckled ice mass, or floe, appears to be on the range of buckling lengths

χLc indicated in the figure and predicted by using the buckling model and

the information shown in the figure.
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Figure 34. Dimensionless χ factors for buckling modes 2, 3, and 4 of Table 5 using the
dimensionless peak load Λ(χ) values of Figure 24b. In the figure, the data
points for mode 3 have a little offset to the left and horizontal dashed lines
describe full-scale breaking length factors defined in the same way as χ and
summarized for example by Li et al. (2003). (Publication IV)
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Figure 35. Examples of buckling events with different ice thicknesses: (a) h = 0.5 m,
(b) h = 0.875 m, and (c) h = 1.25 m. The figures show three dimension lines
that indicate the buckling length χLc, where χ is a buckling-load-dependent
buckling length factor for buckling modes 1–4 (see Table 5) and Lc is the
characteristic length. In all shown cases σp = 2 MPa. (Publication IV)
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4. Discussion

4.1 Trends in time series load data

The results of the time series analysis and fitted exponential curves for the

mean, the standard deviation, and the maximum statistics showed that

the studied ice-structure interaction process did not reach a stationary

state within the studied process range of L = 0 . . . 250 m. Smoothed loads

given by fits increased continuously throughout the process. However,

derived exponential fits for the coefficient of variation CV decreased as

L increased. Not only high CV values mean high variation in loads but

also, as stated by Jordaan (2005), high probability for extreme peak loads.

Decreasing CV implies that the ice failure process from the simulations

becomes more predictable while the volume of the ice rubble pile in front

of the structure increases.

According to the results, the fit parameters β1 and β2 of the fitted expo-

nential curves for the mean, the standard deviation, and the maximum

statistics depend on the sample size n which is also the number of sim-

ulations accounted for the determination of the trends. Figures 20b, d

and f showed fits with different number of simulations included into the

trends. After 30 simulations, the mean and the standard deviation statis-

tics hardly changed with increasing n. However, at the same time, the

maximum statistics kept on increasing and showed no convergence. This

type of behavior is typical for random processes, and it is interesting to

see that the ice structure interaction processes from the deterministic 2D

FEM-DEM model produce random-like data without any random input in

the system.

In the 2D FEM-DEM code, the maximum load would not increase to

infinity, but in the end, it could reach a physical limit corresponding
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to a continuous crushing of ice. More detailed analysis on this subject

is presented in Publication III. Equation 20 and substitution of the ice

thickness h for the length lc yields an equation for the continuous crushing.

Seemingly, an occurrence of the crushing would be more likely, the smaller

the plastic limit is. However, with the plastic limit of 8 MPa (simulation set

S8), the crushing load is 104 kN m−1. This load is 20 times larger than the

load level of 500 kN/m−1 from Figure 22c or 10 times larger than the mean

peak load level of 990 kN/m−1 from Table 9. So, occurrence of continuous

crushing is highly unlikely at least with high σp values.

Results from Figures 21 and 22 showed that the plastic limit σp affected

the ice load records. The change in plastic limit changed more trends

for standard deviation and the maximum statistics than for the mean

statistic. This finding suggests that the observed effect of the σp is related

to mechanisms that limit ice loads in ice-structure interaction. In the

simulation set S7 with non-homogeneous ice sheets, the plastic limit had

values from the uniform distribution bounded by values of 1 MPa and

2 MPa. Figure 22 indicated that the trends from these simulations did

not differ much from similar curves of simulations with homogeneous ice

sheets. This fact partly implies that the variation in the data mainly

stem from the complex ice-structure interaction process rather than from

non-homogeneity in ice.

4.2 Peak loads and buckling

Figure 24a showed the peak load data from the simulations, and Figure 24b

showed the dimensionless peak load data Λ(χ) derived through the simple

buckling model introduced in Chapter 2. According to the buckling model,

2D peak loads depend only on two ice parameters, namely, F p ∝
√
Eh3,

where the ice thickness dominates. As the buckling model had a good

ability to normalize the peak loads, this study suggests that the buckling

is an essential limiting mechanism for peak ice loads in the 2D FEM-DEM

model. From this part, the results support findings by Williams et al.

(1986) and Paavilainen and Tuhkuri (2013), who made observations on

the effect of force chains, chain-like sequences of ice blocks under high

compression. In their research, peak loads occurred just before buckling

type of instability in ice. The simple buckling model partly quantifies

the force chain buckling-related peak ice load values in an ice-inclined

structure interaction process.
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In this work and in the earlier research by Paavilainen and Tuhkuri

(2012, 2013) the plastic limit σp had an effect on the peak loads. Figure 25b

showed peak load data having a constant ice thickness of h = 1.25 MPa and

varying plastic limit σp. In the figure, peak loads increased with increasing

σp, but the effect of the plastic limit seemed to decrease the higher the value

of it was. This result is interesting and hints that with extremely hard ice,

the peak loads do not necessarily show a clear functional dependence on σp.

On the other hand, with softer ice, the functional depencence of F p on σp

is non-linear. The presented buckling model do not account for the plastic

limit effect and may not work well with soft ice having low σp. Soft ice,

having a relatively low crushing strength, tends to fail by crushing instead

of buckling as presented by Shadrin and Panfilov (1962), Kerr (1978), and

Sanderson (1988).

Table 5 showed four different buckling modes that all could, in principle,

explain the observed peak loads. Figure 34 presented corresponding dimen-

sionless buckling length factors χ for modes 2–4 from all simulation sets.

Interestingly, almost all χ records in Figure 34 fell between the lines from

full-scale observations summarized by Li et al. (2003). Different modes

of Table 5 ultimately represent different boundary conditions, and these

boundary conditions mainly prescribe the variability in the χ values of

Figure 34. Kerr (1978) proposed a buckling load formula where effects

from fluctuating boundary conditions have a key role. Sodhi et al. (1983a)

conducted laboratory experiments on ice buckling and, and also explained

the scatter in their data with lack of control on boundary conditions.

4.3 Peak load distributions

The results, from Figures 27 and 30 for instance, showed that peak load

distributions are non-normal and that they have a skewed shape with

longer right tails than left tails. In the data, this non-normality stem from

an occurrence of rare and extremely high peak loads. Furthermore, the

EVD type 1 distribution for modeling extremes of random data matched

well with the peak load observations from the simulations. This finding is

interesting, as in the majority of simulations ice sheets were homogeneous

and there were no random inputs in the model. Even in the case where ice

sheets were non-homogeneous, see Figure 26, the scatter in the data was

similar in comparison to cases with homogeneous ice. In general, these
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observations suggest that non-normality and the scatter in set-wise data

are merely resulting from the complex ice failure process itself.

The EVD type 1 distribution provided a starting point for assessing how

large sample sizes are sufficient for reliable parameter effect detection.

This topic is interesting and helps to interpret observed differences between

different data groups. For example, a large deviation between mean values

of any two data sets very likely represents a real parameter effect. In

contrast, smaller observed differences may be real or caused by chance.

Figure 31 showed results from a statistical power analysis with the two-

sample test. For this test, the data came from EVD type 1 distributions

having approximately a 15% difference between the two means. According

to the Table 31 and Figure 31, to reach the commonly used level of 80% in

statistical power requires surprisingly large samples. With a significance

level of 0.05, the acceptable power needs 40 observations per distribution

(80 observations in total). Used sample size within each simulation set

was 50, as shown in Table 2. Therefore, Figure 31 suggests that, with the

data of this work and with the significance level of 0.05, the two sample

test finds corresponding 15% difference in mean values about 85% of the

time.

4.4 The effect of model parameters on peak loads

It is interesting to compare dimensionless peak loads Λ(χ) from a single

simulation set to corresponding values from the earlier work by Paavi-

lainen et al. (2011) and Paavilainen and Tuhkuri (2012, 2013), who per-

formed 207 2D FEM-DEM simulations. In their work, a number of pa-

rameters were varied as shown in Table 14. For example, slope angle α

varied between 20◦ and 70◦. In simulation sets S1–S8 of this work, the

slope angle had a constant value of 70◦. Figure 36 shows results from data

comparisons using data from simulation set S7 with non-homogeneous ice

sheets.

Figure 36a shows histograms from the two data groups on top of one an-

other whereas Figure 36b compares empirical distributions (Equation 27)

of the same data sets. Interestingly, the difference between the statistics

of the two data groups is small. The difference between the mean values is

less than 7%. This means, that the buckling model is capable to normalize

the data well and that parameters, other than the ice thickness h, likely

have only a weak effect on peak loads. The strong ice-thickness effect was
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Figure 36. Comparison of dimensionless peak load observations Λ(χ) from the simulation
set S7 to corresponding values from 207 simulations (S207) by Paavilainen
et al. (2011) and Paavilainen and Tuhkuri (2012, 2013). (a) Comparison
using non-parametric histograms. (b) Comparison using emprical cumulative
distributions.

also observed in the statistical regression analysis presented in Publication

I. As the observed difference in the mean values is small in comparison to

the level of the scatter in the data, large sample sizes would be required

for verifying that such a small effect is real (see Section 4.3).

4.5 Peak load occurrence

During an ice-structure interaction process, accumulating ice rubble may

change the conditions under which the ice breaks, as has been proposed by

Määttänen (1986), Sanderson (1988), Määttänen and Hoikkanen (1990),

Daley et al. (1998). For example, Sanderson (1988) suggested that an

Table 14. Parameter ranges used by Paavilainen et al. (2011) and Paavilainen and Tuhkuri
(2012, 2013) in their 207 ice-structure interaction simulations. Other parame-
ters in these simulations the symbols here are in line with Table 1.

Parameter Unit Value(s) or range

h m 0.25 - 1.25

E GPa 2.5 - 5

σf kPa 0.2 - 0.6

τf kPa 0.195 - 0.6

σp MPa 1, 2

µii - 0.1 - 1

µis - 0.05 - 0.35

α deg 20 - 70
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extensive ice rubble accumulation may even nullify advantages of an

inclined structure which turns to present essentially a vertical face to

advancing ice. Therefore, it is interesting and essentially important to

recognize conditions in which high global peak loads occur.

Figures 32 and 33 showed that global peak loads occur already in early

process stages. However, empirical distributions and corresponding his-

tograms of Figure 32 indicated that the frequency of global peak loads

from simulations with 0 ≤ L ≤ 250 m tends to be dominating at later

process stages. Figure 33 completed Figure 32 by indicating that peak

load magnitudes increase only a little with increasing L. In other words,

the increase in the volume of rubble accumulation does not significantly

increase the peak load values themselves but increases the probability of

their occurrence. This phenomenon has a practical implication, as short

experiments tend to underestimate ice-loads.

4.6 On the accuracy of the numerical solution procedure

The 2D FEM-DEM model used in this work describes the ice-structure

interaction process with many details. In the model, individual ice floes,

cracks, and contact conditions are associated with geometries having phys-

ical meanings. For example, Figure 11 demonstrated the geometry for the

line of contact and Figure 13 showed individual ice floes. All these detailed

geometries are available to be visualized at any process stage, and in the

simplest case, an assessment of the validity of the solution partly relies on

visual observations. It is clear, that if something unexpected occurs, the

analyst should be skeptical against the model and its outcome.

In general, inaccuracies are an inevitable part of all computer simula-

tions. In the present model, these inaccuracies arise from limited-precision

floating-point arithmetics and from truncation errors resulting from the

use of the velocity Verlet time integrator. These errors accumulate for each

degree of freedom of the model throughout all simulation time increments.

Although this work does not provide a rigorous method to separate physical

and numerical reasons behind the observed data, there is some evidence–as

discussed before in Sections 4.1 and 4.3—that the load variability mainly

stems from the complex ice-structure interaction process itself. In other

words, the solutions are not too much affected by numerical inaccura-

cies as the introduction of non-homogeneity in ice, which was expected
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to be a much more important source of load variability than numerical

inaccuracies, did not change the outcome of the model significantly.

Finally, it is worth to mention, that applications having non-homogeneous

ice sheets or randomized model geometries are not excuses to completely

omit the discussion about numerical versus physical reasons behind the

observed data. In the same way, as discussed by Munjiza (2004), incon-

sistencies or even obvious errors in the applied model cannot be justified

by otherwise complex model behavior due to the sensitivity to initial con-

ditions. These guidelines apply to a large assortment of problems to be

considered by using the discrete element method or some other numerical

tool with the same characteristics.
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5. Conclusions

This thesis focused on an ice-inclined structure interaction problem. The

data from eight different sets having unique ice thickness h and plastic

limit σp combinations came from the 2D FEM-DEM simulation tool. Each

set had fifty slightly perturbed or parametrically similar deterministic

simulations, and the total number of simulations was 400. In the simula-

tions, the ice thickness levels were 0.5 m, 0.875 m, and 1.25 m. The plastic

limit levels were 1 MPa, 2 MPa, and 8 MPa. In one data set, the plastic

limit was picked from the uniform distribution bounded by values of 1 MPa

and 2 MPa. Due to large scatter in the data, the analysis partly relied on

statistical methods. The following items summarize the main findings of

the work.

Trends in time series ice load data

(1) The mean, the standard deviation, and the maximum statistics from

the processes closely followed trends of the form β1L
β2 as shown in

Figure 20. The parameters β1 and β2 were affected by the sample

size n. The mean and the standard deviation statistics tend to con-

verge whereas the maximum statistics increased with increasing n.

This suggests that simulated lengthy ice failure processes appeared

random-like and at least in theory ice loads could reach the physical

limit defined by the continuous crushing of ice even if the structure

is not vertical. (Section 4.1)

(2) Trends of simulated ice loads increased continuously during the ice

failure process, and the loads did not reach a stationary state. The ice

thickness had a strong effect on the ice load trends. The plastic limit

had a minor effect on the loads and the effect seemed to be related to

mechanisms that limit ice loads in ice-structure interaction. Applied

77



Conclusions

non-homogeneity in ice did not affect the load trends significantly.

(Section 4.1)

(3) The derived coefficient of variation CV trend was initially high and

then continuously decreased during the ice-structure interaction pro-

cess. The decreasing coefficient of variation suggests that the ice

structure interaction process becomes more predictable with increas-

ing volume of ice rubble in the system. (Section 4.1)

Peak ice loads

(4) According to the results of this work, when the system has a sub-

stantial amount of ice rubble between the intact ice sheet and the

structure, the peak ice load on an inclined structure mainly depends

on the ice thickness. (Sections 4.2 and 4.4)

(5) The derived buckling model normalized the 2D FEM-DEM peak ice

load data well. This suggests the buckling governs the peak ice loads.

According to the buckling model, 2D peak loads depend only on two

ice parameters, namely, F p ∝
√
Eh3. The buckling model partly

quantifies the force chain buckling-related peak ice loads values in

an ice-inclined structure interaction process. (Sections 3.2 and 4.2)

(6) The plastic limit had a minor effect on the peak ice loads. However,

this study revealed that at least with thick ice (h = 1.25 m) the peak

loads have a non-linear functional dependence on the plastic limit.

The plastic limit effect appeared to be stronger with soft ice than

with hard ice. The presented buckling model does not account for

the plastic limit effect and therefore it may not work with soft ice.

Plastic limit non-homogeneity in ice sheets had no significant effect

on peak load observations. (Sections 3.2 and 4.2)

(7) The buckling model predicted buckling lengths Lf = χLc, which

matched to observations from peak ice load events in the simulations.

The buckling lengths fell between the limits for observed ice breaking

lengths yielded by ice-structure interaction processes in full-scale.

(Sections 3.5 and 4.2)

(8) Distributions of global peak load observations from the lengthy sim-

ulations were non-normal. The peak load data matched fairly well
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to limiting extreme value distributions even if the model had no

random inputs and the ice sheets were homogeneous. This finding

suggests that the scatter in the data stems from the complex ice

failure process itself. In addition, the data followed well The EVD

type 1 (Gumbel) distribution. (Sections 3.3 and 4.3)

(9) This thesis compared normalized peak loads of this work to corre-

sponding values from an older data set having a wider range of

varied parameters. The comparison showed that the difference in

the mean values of the two data sets was small relative to the level

of the scatter in data. This result calls large sample sizes for seeking

other parameter effects than the strong effect from the ice thickness.

(Section 4.4)

(10) High peak loads may occur even in the early stage (L < 50 m) of the

ice-structure interaction process. A large amount of rubble in front of

the structure does not necessarily increase peak ice load levels, but

the likelihood of high peak loads occurring is higher once a rubble

pile has increased in size. (Sections 3.4 and 4.5)

Future work

This work applied the 2D FEM-DEM approach in research on ice-inclined

structure interaction problem. In spite of limitations of the 2D nature

of the model, the results show several interesting renarks. Partly, the

results matched well with full-scale observations. This gives confidence to

the 2D model but also encourages to continue developing similar tools for

three-dimensional analyses.

The 2D model is still useful. For example, the plastic limit effect should be

studied and understood more thoroughly. Results of this thesis suggest that

peak ice loads in the full-scale ice-inclined structure interaction problem

are governed by ice buckling. However, the observed non-linear plastic

limit effect means that also ice crushing has a role. For example, the role of

the ice crushing may have significant implications on model-scale testing

where the ice is often artificially weakened by the addition of different

substances into it.
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Appendix A: Buckling load

Figures 18a and b showed the buckling model in its unloaded and buckled

states, respectively. The model consists of an axially loaded rigid rod of

length Lf resting on an elastic foundation and having two springs with

spring constants K1 and K2 attached to its ends. The foundation modulus

is k. Solving the buckling load for the model is fairly straightforward using

the principle of stationary potential energy.
The total energy Π = U + V of the model is a sum of the potential energy

U of the elastic foundation and the springs, and the potential energy V
of the axial load P . These energy contributions, as a function of a floe
deflection w at x = 0 to the direction of positive y co-ordinate and floe
rotation θ (see Figure 18), are given by

U =
1

2
k

∫ Lf

0

(w + ξ sin θ)2dξ +
1

2
K1w

2 +
1

2
K2(w + Lf sin θ)2, (32)

V = −PLf(1− cos θ), (33)

Π =
k

2

∫ Lf

0

(w + ξ sin θ)2dξ +
1

2
K1w

2 +
1

2
K2(w + Lf sin θ)2 − PLf(1− cos θ). (34)

With small rotations sin θ ≈ θ and cos θ ≈ 1− 1
2θ

2. Substitutions of these
into the previous equation and taking the first variation of it gives the first
variation of the total energy

δΠ =
1

6




δw

δθ





T 


6(kLf +K1 +K2) 3Lf(kLf + 2K2)

3L(kLf + 2K2) −2Lf(3P − kL2
f − 3K2Lf)




︸ ︷︷ ︸
C




w

θ




. (35)

Critical buckling load Pcr is solved from the requirement that detC = 0 for
the previous equation to yield a non-trivial solution. The critical buckling
load reads

Pcr =
k2L3

f + 4k(K1 +K2)L2
f + 12K1K2Lf

12(kLf +K1 +K2)
. (36)
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Appendix B: Equivalent stiffness

The buckling model uses elastic springs for modeling different buckling

modes as Figure 18 showed. The spring constants corresponding to modes

3 and 4 have a mode-dependent equivalent stiffness values K̃3 and K̃4,

respectively. The equivalent stiffness values were calculated using ap-

proximate solutions for the deflection of a semi-infinite beam on elastic

foundation as follows.

The equivalent spring stiffness K̃3 for buckling mode 3 (see Table 5) was

defined using the deflection of a semi-infinite beam under a simultaneous

lateral and axial loads shown in Figure 37a. The deflection is given by

(Hetényi, 1979)

w(x) =
P0

γk

(
2λ2

3β2 − γ2

)
e−βx

(
2βγ cos γx+ (β2 − γ2) sin γx

)
(37)

where P0 is the axial load and the lateral load P is included into

β =

√
λ2 − P

EI
and γ =

√
λ2 +

P

EI
, (38)

where λ = 1/Lc is the inverse of characteristic length Lc = 4
√

4EI/k. The

deflection w0 at the loaded end x = 0 of the beam is

w0 = w(x)
∣∣∣
x=0

=
P0

γk

(
2λ2

3β2 − γ2

)
2βγ (39)

and can be solved for P0 to yield the equivalent spring stiffness. Plugging

β and γ in this equation and solving it for P0 gives

P0 =
2kλ2EI − kP

2λ2
√
EI
√

4λ2EI − P
w0 = C1w0, (40)

where

C1 =
2kλ2EI − kP

2λ2
√
EI
√

4λ2EI − P
. (41)

This can be simplified by expanding it to Taylor series with respect to P in

the neighborhood of P = 0

C1 =
k

2λ
− 3k

16λ3

P

EI
− 5k

256λ5

(
P

EI

)2

− 7k

2048λ7

(
P

EI

)3

− . . . (42)

Equivalent stiffness K̃3 was defined using the first two terms of this series

K̃3 =
k

2λ
− 3k

16λ3

P

EI
=

1

2
kLc −

3

4

P

Lc
. (43)

The simplest way to derive the equivalent spring stiffness K̃4 for buckling

mode 4 (see Table 5) is to use the deflection of an infinite beam under
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Figure 37. Equivalent stiffnesses for buckling modes 3 and 4 (see Table 5) were, respec-
tively, defined using the deflection of an (a) end-loaded semi-infinite beam on
an elastic foundation and an (b) infinite beam on an elastic foundation loaded
at x = 0. In both cases the beam was loaded by an axial load P and a lateral
load P0.

combined lateral and axial loads shown in Figure 37b. This reads (Hetényi,

1979)

w(x) =
P0

2k

(
λ2

βγ

)
e−βx (γ cos γx+ β sin γx) . (44)

The deflection at x = 0 is

w0 = w(x)
∣∣∣
x=0

=
P0

2k

λ2

β
. (45)

Substitutions of β and γ from Equation 38 to this equation, and solving it

for P0 yields

P0 =
k
√

4λ2EI − P
λ2
√
EI

w0 = C2w0 (46)

where

C2 =
k
√

4λ2EI − P
λ2
√
EI

. (47)

Taylor series for C2 with respect to P in the neighborhood of P = 0 is

C2 =
2k

λ
− k

4λ3

P

EI
− k

64λ5

(
P

EI

)2

− k

512λ7

(
P

EI

)3

− . . . (48)

Again, the first two terms of this series are used to define equivalent spring

stiffness K̃4, but this time after dividing them by two to account for the

semi-infinite beam used to model the buckling mode 4 (see Hetényi (1979)

for the details and Table 5 for the buckling modes). The expression for K̃4

is

K̃4 =
1

2

(
2k

λ
− k

4λ3

P

EI

)
= kLc −

P

2Lc
. (49)
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