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1. Introduction

In a visionary lecture at the annual meeting of the American Physical Society in
1959 [31], world-renowned physicist Richard Feynman suggested the possibility
of atomic-level control and manipulation of matter to the extent of being able
to write all the 24 volumes of the Encyclopedia Britannica on the head of a pin.
Over the past 60 years since Feynman’s lecture, the goal of nanometer scale, or
nanoscale, engineering has evolved to a field now known as nanotechnology, a
field which, by virtue of its ambitious goals, has broad implications for science,
technology and society at large [74].

In the 1980’s, crystallographer Nadrian Seeman founded a new branch of
bottom-up nanotechnology [82], known as structural DNA nanotechnology, where
DNA, the biological polymer known for being a storage medium of hereditary
information of living organisms, is employed as a nanoscale building material
for manufacturing novel nanostructures and nanosystems. Structural DNA
nanotechnology was further revolutionized in 2006, when in an article featured
on the front cover of Nature [77], Paul Rothemund introduced the versatile
and robust DNA origami technique for the design and assembly of custom
two-dimensional shapes.

In DNA origami, a long single viral strand called a scaffold strand is folded into
a target custom shape using hundreds of short synthetic strands called staple
strands. In Rothemund’s design scheme, the target 2D shape is approximated
by an array of horizontal DNA double helices. These helices are interconnected
via scaffold crossovers in a raster-filling routing of the scaffold, and through
staple crossovers in the complementary routings of the staple strands. In 2009,
Douglas et al. [21] extended Rothemund’s scheme to a 3D design by pleating a
2D sheet of parallel helices into a packed 3D bundle of helices.

Packed DNA origami designs such as those of Rothemund and Douglas et al.
typically require non-physiological multivalent cations (e.g. Mg2+ ions) [21] or
high concentrations of monovalent ions (e.g. Na+) [63], and are susceptible to
denaturation in physiological conditions [40]. In contrast, wireframe designs
have a hollow architecture and are suitable for nanostructures targeted to fold
or remain stable in low salt concentrations. Moreover, the sparser density of
wireframes enables the construction of larger structures for a fixed set of strand
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sizes. Wireframe designs also offer other advantages such as the ability to
encapsulate molecular cargo.

The primary goal of this dissertation is to present a novel, general and highly
automated DNA origami design scheme for assembling large wireframe nanos-
tructures. We introduce a graph-theoretic approach to model strand routing
requirements and to algorithmically find DNA origami scaffold- and staple rout-
ings for the design and synthesis of complex mesh wireframes. Focusing on
the theoretical aspects of scaffold routings, the dissertation also presents an
algorithm for finding unknotted routings on more complex mesh topologies.

More recently, RNA, the polymer engaged in more functional roles in cells,
has rapidly advanced as a nanoscale programmable material [49]. In this
direction, Geary, Rothemund and Andersen [35] recently introduced a landmark
approach for cotranscriptionally folding single-stranded RNA origami shapes. In
a related work, Geary and Andersen [36] describe potential barriers to folding
related to a routing of the strand in larger shapes. This dissertation presents a
combinatorial design framework for routing an RNA strand to a target shape so
that the likelihood of a cotranscriptional folding trap is minimized.

1.1 Structure of the Dissertation

The dissertation consists of a background/summary part and five publications.
Chapter 2 provides a short background to structural DNA nanotechnology, with
a focus on DNA origami and wireframe design principles. Chapters 3, 4 and 5
constitute the theoretical background for the dissertation. Readers familiar
with graph theory and basic topology can skip Chapters 3 and 4 and start from
Chapter 5. Chapter 6 gives a summary of our DNA origami design approach
and the results in Publication I, Publication II, Publication III and Publication
IV. Chapter 7 provides a short background to single-stranded RNA origami
and an alternative presentation of the combinatorial framework introduced
in Publication V.

The aim in Publication I is the design and synthesis of polyhedral DNA wire-
frames. The goal of Publication II is the design and assembly of 2D polygon
meshes, including those with interior features. Publication III deals with the
topological requirements of scaffold routings for more complex mesh topologies
and introduces our algorithm for addressing these requirements. The effects of
design choices on the stiffness of DNA wireframe rods are investigated in Publi-
cation IV. Publication V presents a combinatorial model for 2D RNA origami
design, focusing on addressing a potential cotranscriptional folding trap.
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2. DNA Nanotechnology

We know of DNA as the biological molecule carrying the genetic information
that passes from parents to offspring of living organisms. In the past 40 years
however, DNA has found a new role as a general-purpose nanoscale construction
material separate from its information storage function in biology. In this
Chapter, we first provide a short overview of the structure of a DNA molecule
and then introduce its new role as a nanoscale building substrate. Finally, we
present the versatile and generic DNA origami technique, which serves as a
basis for our design approach.

2.1 DNA Structure

One of the most recognized scientific achievements of the twentieth century is
the discovery of the double-helical structure of DNA by Watson and Crick [95].
Watson and Crick discovered that DNA is composed of two antiparallel strands
which wind around a helical axis. For our purpose, we shall not need the atomic
details of the constituents of DNA but for completeness we shall present a short
account of the basic units comprising a DNA molecule.

A (single) deoxyribonucleic acid (DNA) strand is a chain, or heteropolymer,
composed of repeating units, or monomers, called nucleotides. Figure 2.1 shows
two complementary single DNA strands and the constituent subunits. A nu-
cleotide of DNA is a molecule composed of three units: a five-carbon deoxyribose
sugar (orange-colored units in Figure 2.1), a phosphate group (yellow-colored
units), and one of four possible types of nitrogen bases. The four nitrogen bases
are adenine (A), cytosine (C), guanine (G) and thymine (T), colored green, red,
violet and purple in Figure 2.1, respectively. The type of a nucleotide is thus
identified by the type of the nitrogen base in the nucleotide. The phosphate
group in a DNA nucleotide is connected to the fifth carbon of the sugar while the
nitrogen base is connected to the first carbon in the sugar. The sugars and phos-
phates constitute the backbone of the DNA strand and bond in an alternating
fashion along the backbone. Note that the phosphate groups in a DNA strand
are negatively charged.
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Figure 2.1. The molecular subunits of two complementary DNA strands. Figure reproduced with
permission from [7].

A nucleotide in a DNA strand is adjacent to either one or two nucleotides.1

If all nucleotides are adjacent to two other nucleotides, the strand is circular;
otherwise it is linear. Two nucleotides in a DNA strand are linked through
a bond between the third sugar in one nucleotide to the phosphate group of
the other nucleotide; we can define a direction from the first nucleotide to the
second nucleotide. This local direction yields a global five-prime-to-three-prime
direction. If a nucleotide in a linear strand has a phosphate group not attached
to another nucleotide, then it is the five-prime (5′) end. If a nucleotide in a linear
strand has no nucleotide attached at the third carbon, then it is a three-prime (3′)
end. Given that the nitrogen bases determine the nucleotide, we can effectively
encode the information in a linear DNA strand through a 5′-3′, or 3′-5′, sequence
of nitrogen bases. For a circular strand, one nucleotide needs to be chosen as a
starting point for its sequence representation.

The chemical structure of the nitrogen bases favours the formation of hydrogen-
bonding between Watson-Crick base-pairs: adenine with thymine (A-T), and
cytosine with guanine (C-G) [95]. The two bases in a Watson-Crick base-pair
are said to be complements. A 5′-3′ DNA sequence is said to be complementary
to an equivalent-length 3′-5′ sequence, if for all indices, the base in the first
sequence is a complement of the base in the second sequence. For example, the
two strands in Figure 2.1 have complementary sequences ( 5′ACTG3′ for the left
strand, and 3′TGAC5′ of the right strand). Two complementary DNA strands

1A single nucleotide by itself would not, at least in our case, be an interesting strand.
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(a) A simplified model of a DNA
double helix.

(b) A cylindrical model of the space filled by
a DNA double helix

Figure 2.2. Two simple models of a DNA double-helix geometry generated from the design tool
vHelix [8].

are energetically favored to form a double-stranded DNA in a process called
hybridization [3, p. 277].

A double-stranded DNA consists of two hybridized strands with complemen-
tary sequences. Watson and Crick showed that double-stranded DNA in physio-
logical conditions (B-DNA) has a double-helical three-dimensional conformation
where the two strands wind as right-handed helices around a common helical
axis. A simplified model of a DNA double helix which we have been using in our
work is shown in Figure 2.2a. In Figure 2.2a, the nucleotides are represented
by small beads and the nucleotide-to-nucleotide connections along the backbone
using small arrows. The two strands in a DNA double helix are antiparallel in
the sense that if one fixes a direction for the helical axis, as shown by the green
arrow in Figure 2.2a, one of the strands goes in the 5′-3′ sense along the helical
direction, while the other strand goes in the 3′-5′ sense.

A DNA double helix has a diameter of around 2 nm. The distance between two
consecutive base-pairs in a DNA double helix is around 0.34 nm, and there are
10 to 10.5 base-pairs in one turn [84]. DNA is thus a nanoscale object.

From a mechanics point of view, a short DNA double helix (up to a few tens
of nanometers) can be roughly approximated by a stiff cylindrical rod [87] as
sketched in Figure 2.2b. Over longer ranges, the stiffness of double-stranded
DNA is usually expressed by the so-called persistence length, a parameter charac-
terizing the exponential decay in the correlation between tangents defined along
a contour of double-stranded DNA. The persistence length of double-stranded
DNA in physiological solutions is between 40 to 50 nm [87]. On the other hand,
single-stranded DNA is highly flexible in the range of a few nanometers.
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2.2 Structural DNA Nanotechnology

While the linear-form double-helical DNA enables replication and consequently
hereditary transfer [3], it is the branched forms of DNA which inspired Seeman
to pioneer the field of structural DNA nanotechnology [84]. According to See-
man [84], he was looking for a method to crystallize biological macromolecules
when he realized he could program branched DNA molecules to self-assemble
into a crystal lattice (cf. the 2D array on the right in Figure 2.3), concomitantly
organizing the cargo biomolecule into a crystal [82].

Figure 2.3. A schematic for how a stable four-way DNA junction with sticky-ends (left) can be
programmed to self-assemble to a two-dimensional array (right). The 3′-ends of the
strands are depicted with half arrow heads. Figure reproduced from [83] with the
permission of ANNUAL REVIEWS in the format thesis/dissertation via Copyright
Clearance Center.

Branched DNA molecules appear as intermediates in the biological processes
of DNA replication [3, pp. 254–255] and genetic recombination [3, p. 284]. For
instance, the Holliday junction is a four-way branched DNA molecule that is
transiently generated when two double-stranded DNA molecules with similar
sequences are exchanging strands during genetic recombination. The Holliday
junction consists of four strands, each of which spans two double-helical domains,
and together constitute four double-helical domains flanking a four-way branch
point (see the structure on the left in Figure 2.3 for an analog). However, because
of the similarity, or so-called homology, of the sequences, the Holliday junction is
resolved, in a reaction called branch migration, into two new double-stranded
DNA molecules at the end of genetic recombination.

In his founding work on structural DNA nanotechnology, Seeman [82] proposed
and implemented a method to design new sequences for stable branched DNA
molecules, i.e., those which are immobile with respect to branch migration.
The sequence design was further improved by Seeman and Kallenbach [81],
and stable DNA junctions were soon synthesized by Kallenbach et al. [53].
By designing four-way junctions whose strands extend with unbound single-
stranded “sticky-end” domains (labelled as X, X’, Y and Y’ in Figure 2.3), Seeman
concluded that one can assemble crystals (cf. the 2D array on the right in
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Figure 2.3) using sticky-ended cohesion (X with X’, and Y with Y’); the sticky
ends are designed to have complementary sequences. (Sticky-ended cohesion
has since been shown to result in a double-helical geometry [73], albeit with
strand breaks, also known as nicks, interrupting strand continuity.) However,
four-armed DNA junctions have been shown to be floppy and to assume inter-
arm angles as low as 60◦ [71]. Nevertheless, Mao et al. [61] have managed
to construct a rhombus motif from four-arm junctions which assembles into
two-dimensional rhomboidal lattices.

After Seeman’s pioneering works, various types of more rigid DNA motifs
have been rationally synthesized and have served as nanoscale building blocks.
Fu and Seeman [34] introduced five types of double-crossover DNA molecules;
for instance, the DAE motif contains two antiparallel crossovers which are an
even number of half-turns apart. In their double-crossover motifs, two double
helices are first aligned as parallel cylinders so that the strands are in phase
in two locations, i.e. the crossover locations. The strands are then broken and
reconnected so that they cross over to the other cylinders. Double-crossover
motifs with sticky-end overhangs have been assembled into two-dimensional
crystals [99] as well as algorithmic Sierpinski crystals [79].

Square crystals from an X-shaped motif [101], hexagonal crystals from a Y-
shaped motif [45], and regular 2D arrays from a 5-pointed-star motif [103] have
also been demonstrated. In 2009, Seeman and co-workers [108] demonstrated
the assembly of 3D crystals above 250 µm in dimension using a tensegrity-
triangle motif, thus achieving Seeman’s [82] original goal of arranging nucleic
acids into 3D lattices. Numerous DNA nanostructures have been constructed
and we shall not attempt to provide a full account of the field in this dissertation.
We refer the reader to the recent book by Seeman [84] and the review by Seeman
and Sleiman [85] for a comprehensive treatment. We thus shift our focus to
wireframe DNA nanostructures and the DNA origami technique, which are the
basis for the method introduced in this dissertation.

Already in 1991, Chen and Seeman [13] had designed and synthesized a DNA
nanostructure with the topology of the edge-skeleton, or wireframe, of a cube.
Applying a series of biochemical operations, Chen and Seeman arranged six
circular DNA strands along the face boundaries of the cube, thereby rendering
the twelve edges of the cube with two-turn double helices, and the corners,
or vertices, of the cube with three-way DNA junctions. Using similar strand
routings but with solid support chemistry, Zhang and Seeman [107] synthesized
a truncated octahedron’s wireframe, albeit with short double-helical arms pro-
truding outside the skeleton of the polyhedron. By first annealing four linear
strands to a tetrahedral wireframe and then ligating the strand nicks, Goodman
et al. [37] synthesized a chiral tetrahedral wireframe whose vertices are three-
way DNA junctions and whose edges are double helices. Using a hierarchical
approach, He et al. [46] designed a three-point-star motif, which depending on
the flexibility of the motif and its concentration in solution, assembles into one
of three possible symmetric polyhedral wireframes (tetrahedral, dodecahedral,
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buckyball-shaped).
In what can be considered a prelude to Rothemund’s DNA origami, Shih et

al. [86] folded a 1.7-kilobase single-stranded DNA into an octahedral wireframe
using five 40-bases-long synthetic helper strands. By globally routing the long
single strand around a tree of edges,2 Shih et al. rendered five of the tree edges
as double-crossover motifs using the aid of the helper strands, and rendered the
remaining seven edges as paranemic-crossover motifs [106].

2.3 DNA Origami

Structural DNA nanotechnology gained considerable momentum when Rothe-
mund introduced the (scaffolded) DNA origami technique in 2006 [77]. In his
ground breaking paper, Rothemund reported the construction of six different
two-dimensional shapes, four of which have complex outlines and/or internal
features (see Figure 2.4). Moreover, he demonstrated that these shapes can
be decorated with patterns in an addressable manner, and hence can serve as
nanoscale breadboards.

Figure 2.4. 2D DNA origami shapes demonstrated by Rothemund [77]. Top layer: Scaffold
raster-filling routing of the target shapes. Bottom layer: Atomic force microscopy
(AFM) images of the folded shapes. Each of the AFM image panels correspond to
a 165×165 nm imaged area. Figure adapted by permission from Springer Nature:
Nature [77] copyright 2006.

In DNA origami, a single long (∼7 kilobase) DNA strand called a scaffold
strand, typically derived from the M13mp18 viral genome, is folded using hun-
dreds of short synthetic strands called staples. A staple is composed of different
segments which are complementary to different parts of the scaffold. Rothe-
mund demonstrated that by mixing the scaffold and the staples (with around a
100-fold excess of staples) in a single test tube buffer, and heat-annealing the
solution from 95 ◦C to 20 ◦C in a few hours, the target 2D shapes fold with up to
90 percent yield.

Rothemund designed the scaffold and staple strands for a target shape in
a multi-step process illustrated in Figure 2.5. First (a), the target shape is
approximated through a set of parallel cylinders. Next (b), the scaffold strand
(black strand) is routed through these cylinders in a raster-fill fashion so that

2The tree is a spanning tree of the octahedral skeleton. See Chapter 3 for a definition of
spanning tree.
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Figure 2.5. Design process of 2D DNA origami. Figure reprinted by permission from Springer
Nature: Nature [77] copyright 2006.

the scaffold strand constitutes half of the material in each of the cylindrical
domains. The scaffold crossover locations are marked by the short red strokes.
Third (c) and (d), staples (colored strands), which are around 16 bases long, are
routed (mostly) between two helices to complement the scaffold in the cylindrical
domains. Finally (e), staples are reconnected and merged to create longer staples
(mostly 32 bases long) which bridge the seam created by scaffold crossovers.

Scaffolded DNA origami alleviated the need for careful sequence design, high
purification of strands, and precise control of strand concentrations. Rothemund
attributes the robustness of DNA origami to factors such as strand displacement
which allows the overtaking of unwanted self-folding of scaffold or undesired
binding of staples by the full-length binding of the target staples.

DNA origami was extended to 3D structures by Douglas et al. [21] by a pleated-
layering design strategy, whereby a 2D sheet is layered in a zigzag fashion to
create a honeycomb-cross-section 3D parallel packing of the double helices.
Using controlled addition and deletion of base-pairs, the group soon constructed
similar packed 3D DNA origamis with targeted twists and curvatures [19]. In
contrast to volume-filling approaches, others have constructed polyhedral- [5],
or curved [41] 3D structures by filling only the surfaces of the solids. Douglas et
al. [20] have demonstrated a surface-filled logic-gated DNA origami barrel for
delivery of molecular cargo to target cells.

Recall that (Figure 2.1 and Section 2.1) a DNA strand has a negatively charged
backbone due to the presence of the phosphate groups. This means that closely
packed DNA double helices will tend to repel each other through electrostatic
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forces between like-charged molecules. Because of such electrostatic forces
between closely packed DNA double helices, volume-filling designs typically
require high counteracting positive-ion concentrations for proper folding and
stability. This potentially limits the application of highly packed designs for
biomedical purposes [40], where cation concentrations are typically low. Wire-
frame constructions provide a promising alternative in such settings due to
the inherent sparsity of their architecture. Moreover, wireframe architectures
not only offer potential advantages for structures aimed at biomedical appli-
cations, but also significantly expand the design space for DNA origami based
nanofabrication.

In the paper which introduced 3D DNA origami, Douglas et al. [21] had also
hierarchically assembled an icosahedral wireframe using three double-triangles,
each of which is a DNA origami construct. However, while highly general
techniques for lattice-packed DNA origami designs have been long available,
a general design framework for DNA origami wireframes had previously been
missing. In a first step addressing this gap, gridiron wireframe constructions
limited to four-way junctions were recently introduced by Han et al. [42]. In this
dissertation, we introduce a highly general and highly automated DNA origami
wireframe design strategy for the construction of two- and three-dimensional
DNA nanostructures. Using our new design strategy, we investigate the physio-
logical stability, material efficiency and stiffness of wireframe constructions.
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3. Graph Theoretic Preliminaries

We model the DNA origami wireframe design problem in a graph-theoretic
framework. In this Chapter, we give basic definitions of the graph-theoretic
terminology used in the theoretical parts of the dissertation, including the
referred publications and their supplementary information. We further give a
brief exposition on Eulerian tours and related concepts. The Chapter focuses on
the purely combinatorial aspects of graphs and Eulerian tours.

3.1 Basic Notions

An (abstract) multigraph G is a 2-tuple 〈V (G),E(G)〉, where V (G) is a finite
non-empty set of vertices and E(G) is a finite set of edges disjoint with V (G),
along with a map from E(G) to the family of 2-subsets of V (G). When clear from
context, we do not specify the map taking the edges to the 2-subsets. An edge e
is incident to a vertex v if v is in the 2-subset image of e. A vertex is an endpoint
of an edge if the edge is incident to it. The endpoints of an edge are said to
be adjacent vertices. Two edges are said to be adjacent edges if they have an
endpoint in common. The degree of a vertex is the number of edges incident
to the vertex. Two edges of a multigraph with the same endpoints are said to
be parallel. Note that parallel edges are distinct even though they have the
same endpoints. An edge in a multigraph is simple if it has no parallel edge. A
(simple) graph is a multigraph where all the edges are simple. A complete graph
on n vertices, for a positive integer n ≥ 2, is a graph where for any two vertices,
there is an edge incident to both.

A walk W on a multigraph G is a finite sequence (v0, e0,v1, e1, . . . ,vl−1, e l−1,vl),
where l is a non-negative integer, vi ∈V (G), and e i ∈ E(G) with endpoints vi and
vi+1. Note that the elements of W need not be distinct. W is said to be a walk of
length l from v0 to vl and said to visit or trace its edges. Reversing W yields a
walk from vl to v0 which we mostly view as equivalent to W , but when we wish
to emphasize the v0 to vl direction, we call W oriented. If, for all 0≤ i < j ≤ l−1,
e i and e j are distinct, W is a trail. If all the vertices and edges are distinct, W is
a (simple) path. If v0 and vl are the same, W is said to be closed. If W is both
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closed and a trail, then it is a closed trail, or synonymously a circuit. If W is a
circuit of length at least two and vi ̸= v j, for 0≤ i < j ≤ l− l, then W is a (simple)
cycle. We also sometimes view and refer to some graphs as paths and some
multigraphs as cycles. A path graph is a graph for which there exists a path
which contains all of the vertices and edges of the graph. A cycle multigraph is a
multigraph such that there is a cycle which contains all the vertices and edges
of the multigraph.

Two vertices in a multigraph G are said to be connected if there is a walk on G
between them. A multigraph G is said to be connected if, for any two vertices u
and v in V (G), there exists a walk on G from u to v. Otherwise, G is said to be
disconnected. Note that there is a walk from u to v if and only if there is also a
path from u to v. Thus, there is a path from any vertex to another in a connected
multigraph. A multigraph on at least k+1, for an integer k ≥ 2, vertices is said
to be k-connected if the removal of any k vertices (including all edges incident to
them) does not yield a disconnected multigraph. A multigraph H whose edge set
E(H) is a subset of the edges of a multigraph G and whose vertex set V (H) are
the endpoints of the edges in E(H) is said to be a subgraph of G. H is said to be
induced by E(H). If V (H)=V (G), then H is said to be a spanning subgraph of
G. The relation walk-from-to is an equivalence relation on V (G) and partitions
V (G) into equivalence classes which lie in distinct connected subgraphs called
the connected components of G.

A forest is a graph which does not contain any cycles and a tree is a connected
forest. The connected components of a forest are trees. The number of edges
in a tree is one less than the number of vertices, and the number of edges in
a forest is the number of vertices in the forest minus the number of connected
components of the forest. Hence, for any positive integer n, a tree with n vertices
has at least as many edges as any forest with n vertices. We apply this inequality
in the proof of Theorem 2 in Publication III. If a spanning subgraph of a graph
is a tree, then it is called a spanning tree. A co-tree of a spanning tree of a graph
is the subgraph induced by all the edges not in the spanning tree.

Counting incident edge-vertex pairs in two different ways, i.e. double counting
pairs of type (v, e) where e is incident to v, shows that the sum of the degrees of
vertices in a graph is twice the number of edges in the graph. A parity argument
based on this relation yields the following well-known fact [52, p. 4] about the
count of odd-degree vertices in graphs.

Proposition 1 (Handshaking lemma). The number of odd-degree vertices in a
graph is even.

In Publication III, we also use the basic fact that any graph of maximum
degree two consists of connected components, each of which is either a path or a
cycle. A related basic fact we shall find useful is that a 2-regular multigraph,
i.e. a multigraph where all the vertex degrees are two, consists of connected
components each of which is a cycle.
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3.2 Eulerian Tours

The historical beginning of graph theory is attributed to the first investigations
of Eulerian tours by Leonhard Euler when he, in 1736, pondered about the
possibility of traversing all the seven bridges in the city of Königsberg (present
day Kaliningrad) without repetition [30]. Two and a half centuries later, Eu-
lerian tours, as we shall see in Chapter 6, have found applications in DNA
nanotechnology. A formal definition of an Eulerian tour is given in Definition 1.

Definition 1. An Eulerian tour, or synonymously, Eulerian circuit on a connected
multigraph is a closed walk which visits every edge exactly once.

(a) An Eulerian multigraph. (b) An Eulerian tour.

Figure 3.1. An Eulerian multigraph and an Eulerian tour on the multigraph.

An Eulerian tour on a multigraph is sketched with a blue curve in Figure 3.1b.
We view Eulerian tours up to circular shift equivalence, but will find their orien-
tation relevant. A connected multigraph which admits an Eulerian tour is said
to be Eulerian. For instance, the multigraph depicted in Figure 3.1a is Eulerian.
Theorem 1 states a well-known characterization of Eulerian multigraphs [52, p.
13].

Theorem 1 (Euler 1741 [30], Hierholzer 1873 [47]). A multigraph is Eulerian
if and only if it is connected and every vertex has an even degree.

Given an Eulerian multigraph, we can compute an Eulerian tour of the multi-
graph using, for instance, the linear-time Hierholzer’s algorithm [47]. Briefly,
Hierholzer’s algorithm starts at a vertex and keeps following edges, marking
them as traced along the way, until it returns to the starting vertex and has no
edge to exit from. This process yields a circuit, but does not necessarily trace
every edge. The algorithm then repeats the process from a vertex in the circuit
with an unmarked incident edge until it obtains another circuit. The new circuit
is then spliced into the original circuit to yield a larger circuit tracing more
edges. The process is repeated, enlarging the circuit, until eventually all the
edges have been traced.

For a non-Eulerian connected graph, we are interested in a minimum-length
closed walk which traces every edge. A postman tour on a connected graph is a
closed walk which traces every edge at least once. Note that unlike an Eulerian
tour, a postman tour can trace an edge multiple times. A postman tour on a
connected graph G can naturally be viewed as an Eulerian tour on an Eulerian
multigraph G′, where an edge which is traced k ≥ 2 times by the postman tour
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is represented by k parallel edges in G′; the Eulerian tour thus traces each of
the k parallel edges exactly once in the multigraph G′. It will become apparent
in Chapter 6 why we shall find this view convenient.

(a) A simple graph. (b) Odd degree vertices in the graph.

2 2

3

3

3 3

(c) A perfect matching. (d) The reconditioned graph.

Figure 3.2. A reconditioning of a non-Eulerian graph for the purpose of finding a Chinese
postman tour.

A Chinese postman tour on a connected graph is a postman tour of minimum
length. The Eulerian tour in Figure 3.1b can be viewed as a Chinese postman
tour of the graph in Figure 3.2a. Note that if a connected graph contains no odd-
degree vertices, a Chinese postman tour on the graph must also be an Eulerian
tour. If a connected graph is not Eulerian, a Chinese postman tour must trace
some edges more than once. In particular, the Eulerian multigraph related to
the Chinese postman tour must have some non-simple edges (cf. Figure 3.2d).

Given a multigraph G, a doubling of a simple edge e is the addition of a new
edge f to E(G) to obtain a multigraph G′ such that f is parallel to e in G′; f is
said to be a double edge of e in G′. For any connected graph, doubling every edge
yields an Eulerian multigraph, and thus there is a postman tour on the graph
which traces every edge at most twice. Since an Eulerian tour on an Eulerian
multigraph can be found by Hierholzer’s algorithm, the core problem for finding
a Chinese postman tour on a connected graph is determining a minimum number
of edges to double in the graph so that it becomes an Eulerian multigraph. We
call the process of doubling a minimum subset of the edges of a connected graph
G to construct an Eulerian multigraph G′ a reconditioning of G.

Note that if, in an Eulerian multigraph, there are three or more parallel edges
with the same two endpoints, we can remove two of the parallel edges while
keeping the degrees of the endpoints even and the multigraph connected. Thus,
we indeed need no more than double a subset of the edges in a graph for its
reconditioning. More broadly, if G′ is an Eulerian multigraph resulting from a
reconditioning of a graph, the subgraph of G′ induced by the double edges is
a forest. Indeed, if this subgraph contains a cycle, removing the edges in this
cycle from G′ keeps the degrees of the vertices even while leaving G′ connected.
This would contradict the minimality of the added double edges. We apply this
observation in our approximation bound proof in Theorem 2 of Publication III.
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If u and v are odd-degree vertices in a connected multigraph G, adding a
parallel edge to each edge in a path from u to v flips the parities of the degrees
of u and v without affecting the parities of the degrees of other vertices. (See the
two red paths between the four red vertices in Figure 3.2b and compare them
with the double edges in Figure 3.2d.) Among the paths from u to v, a shortest
path from u to v would thus provide an optimal way of fixing the parities of
u and v. Recall that (Proposition 1), the number of odd-degree vertices in a
graph is even. A scheme for reconditioning a connected graph is to pair up its
odd-degree vertices (cf. Figure 3.2c) and fix their parities by adding parallel
edges along the shortest paths between them (Figure 3.2d). Note that given two
pairs of odd-degree vertices in the graph, the two shortest paths one selects may
share the same edge, in which case, applying these paths to fix the parities of the
vertices would lead to the creation of three parallel edges. Moreover, the overall
cost of a certain pairing of the odd-degree vertices, in terms of the generated
total number of additional parallel edges, depends on the sum of the lengths of
the shortest paths implied by the pairings. The optimal way to pair odd-degree
vertices which leads one to find a Chinese postman tour can be formulated as a
search for minimum-weight perfect matchings [25].

A matching in a graph is a set of edges no two of which share a common
endpoint. A perfect matching is a matching such that every vertex in the graph
is an endpoint of some edge in the matching. By a weighted graph, we mean
a graph along with a function from the set of edges to the positive integers.
Figure 3.2c shows a weighted complete graph on four vertices with the subgraph
induced by the perfect matching highlighted in red. For a weighted graph, the
weight of a matching is the sum of the weights of the edges in the matching.

Let G be a non-Eulerian connected graph with 2k odd-degree vertices for
some positive integer k ≥ 1. To recondition G to an Eulerian multigraph G′,
we construct a weighted complete graph K2k whose vertex set corresponds
bijectively to the set of odd-degree vertices in G. The weight of an edge e in
the complete graph is the length of a shortest path between the two odd-degree
vertices in G corresponding to the endpoints of e. Figure 3.2c shows the complete
graph constructed from the graph in Figure 3.2a. A minimum-weight perfect
matching (cf. red subgraph in Figure 3.2c) in the complete graph determines
the optimal way to pair the odd-degree vertices so that doubling the edges along
the shortest paths between paired vertices yields the required reconditioning
of G to an Eulerian multigraph. In particular, if u and v are the endpoints
on an edge in a minimum-weight perfect matching of the complete graph, the
edges in a shortest path between the two corresponding odd-degree vertices
in G are doubled. To compute a minimum-weight perfect matching on the
complete graph, we employed the O (|V (K2k)|3) Edmonds’ Blossom algorithm [25]
as implemented in the Lemon graph library [18]. In the worst case, all the
vertices in G are of odd degree and the Edmonds algorithm applied to K2k

would take time O (|V (G)|3). By repeated application of breadth first search,
shortest paths between all pairs of odd-degree vertices can be computed in
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time O (|V (G)|2 +|V (G)| |E(G)|)=O (
⏐⏐V (G)3

⏐⏐). Thus, a reconditioning of G can be
computed in time O (

⏐⏐V (G)3
⏐⏐).

Since a connected graph can be reconditioned to an Eulerian multigraph, we
can thus focus on Eulerian multigraphs. We shall find a few additional notions
related to Eulerian tours useful for our discussions of constrained Eulerian tours
in Chapter 5. A transition at a vertex v in a multigraph is an unordered pair
{e, f } such that e and f are adjacent edges incident to v. We say a transition is a
retraction if e and f are parallel edges. If we considered {e, f } as an ordered pair
(e, f ), then we have an oriented transition, where e would then be the inward
edge and f would be the outward edge. Two oriented transitions with a common
edge are said to be coherent with respect to that edge if the edge is outward in
one and inward in the other.

A transition system at a vertex in an Eulerian multigraph is a partitioning of
the edges incident to a vertex as a set of transitions at the vertex. A transition
system of an Eulerian multigraph is a collection of transition systems at each
vertex. An orientation of a transition system, either at a particular vertex or for
the whole multigraph, is an assignment of orientations to each transition in the
transition system. An oriented transition system is coherent if, for every edge,
the two oriented transitions sharing the edge are coherent with respect to the
edge.

A circuit decomposition, or closed-trail decomposition, of an Eulerian multi-
graph is a collection of edge-disjoint circuits such that every edge is in exactly one
circuit. For instance, an Eulerian circuit itself yields a circuit decomposition com-
prised of a single circuit. Note that a circuit (v0, e0,v1, e1, . . . ,vl−1, e l−1,vl = v0)
in an Eulerian multigraph can be viewed as a collection of transitions of the
form {e i, e i+1 mod l} at vertices vi+1 mod l , for 0 ≤ i ≤ l−1. Likewise, an oriented
circuit can be viewed as a collection of oriented transitions.

It then follows from the definitions that a circuit decomposition of an Eulerian
multigraph defines a transition system. If {a,b} is a transition at a vertex u and
{b, c} is a transition at a vertex v adjacent to u, we can follow the transitions
in the form (a,u,b,v, c) to form segments of circuits. Following transitions
in such a way shows that a transition system, in turn, also yields a circuit
decomposition. This is easy to check by constructing a graph whose vertices
bijectively correspond to transitions and whose edges are those between its
vertices such that the corresponding transitions have a shared edge. Such
a graph is 2-regular and its cycle components determine the circuits in the
decomposition. In case this graph only consists of a single cycle component, it
corresponds to an Eulerian circuit and we call it a detachment of the Eulerian
circuit.
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We employ the highly general but well-studied notion of a topological surface
as a unifying concept for defining the underlying spaces of the 2D and 3D DNA
wireframe nanostructures under consideration in this dissertation. The different
classes of shapes covered in Publication I, Publication II, and Publication III
are best understood through the classification theorem of compact, connected,
orientable surfaces, and the primary goal of this Chapter is to introduce the
concepts needed to present this theorem. The Chapter also serves as a short
background for Publication III. We refer the reader to the book by Lee [58] for a
fuller picture.1 Other accessible references are the books by Armstrong [6] and
Kinsey [55].

4.1 Geometric Primitives

We assume throughout this Chapter that n is in {1,2,3}. We work in ordinary Eu-
clidean spaces Rn which consist of all n-tuples x = (x0, . . . , xn−1) of real numbers,
namely points or vectors. We identify the x-y plane of R3 with R2. Recall that
Euclidean spaces are endowed with the usual vector space properties, the Eu-

clidean norm ∥x∥ =
√∑n−1

i=0 x2
i and the dot product x ·y=∑n−1

i=0 xi yi. We denote

the Euclidean distance
√∑n−1

i=0 (xi − yi)2 between two points x = (x0, . . . , xn−1)
and y = (y0, . . . , yn−1) by ∥x−y∥. We denote the two-dimensional half-space
{(x0, x1) : x1 ≥ 0} by H2. A line segment between two distinct points x and y is
the set {λx+ (1−λ)y : λ ∈R,0≤λ≤ 1}. A set P ⊆Rn is said to be convex if the line
segment between any two points in P is a subset of P.

The open unit, or standard, n-ball is the set Bn = {x ∈ Rn : ∥x∥ < 1} and the
unit, or standard, n-sphere Sn is the set {x ∈Rn+1 : ∥x∥ = 1}. The closed unit, or
standard, n-ball is the set of points in Rn satisfying Bn = {x ∈Rn : ∥x∥ ≤ 1}. An
open n-ball of positive real radius r centered at c is the set {x ∈Rn : ∥x−c∥ < r}.
We use analogous terminology for closed n-balls and n-spheres with specified

1Note that the book by Lee [58] is mostly framed in the more general notion of topological
manifolds. Surfaces are simply 2-manifolds.
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radii and centers. For both the open and closed variants, we often use 2-disk,
or simply disk, to refer to the 2-ball. We refer to the unit 1-sphere as the unit
circle and the unit 2-sphere simply as the unit sphere. A subset of Rn is said to
be bounded if it is a subset of some finite-radius n-ball centered at the origin.
We call the set of points in R3 defined by {(x, y, z) ∈R3 : (

√
x2 + y2 −2)2 + z2 = 1}

the standard torus. By the standard annulus, we mean the set of points {x ∈
R2 : 1≤ ∥x∥ ≤ 2}.

A translation of a point x by a vector t is the point x+ t, and a translation
of a set A by t is the set consisting of the translations of all the points in A by
t. An affine subspace is a translation of a linear subspace by some vector. The
dimension of an affine subspace is the dimension of the corresponding linear
subspace. If A is a subset of Rn, the affine hull of A is the affine subspace in
Rn which can be described as any affine combination

∑l
i=0λixi, where λi ’s are

reals such that
∑l

i=0λi = 1, of any non-empty finite set of points {x0, . . . ,xl} in A.
The dimension of A is the dimension of its affine hull. An affine combination
where the coefficients λi are non-negative is called a convex combination, and
the convex hull of A is the convex set formed from all convex combinations of
points from A.

Let k ≤ 3 be a non-negative integer. A set {v0, . . . ,vk} of points in R3 are said to
be linearly independent if

∑i=k
i=0 λivi ̸= 0 for all possible set of reals {λ0, . . . ,λk}

where at least one λi is non-zero. In other terms, none of the points can be
expressed as a linear combination of the others. They are said to be affinely
independent if v0 −v1, · · · ,v0 −vk are linearly independent. By convention, a
single point is considered as affinely independent. A k-simplex (in R3) is the
convex hull [v0, . . . ,vk] determined by a set {v0, . . . ,vk} of affinely independent
points called the vertices of the k-simplex. A k-simplex is k-dimensional. In
simpler terms, the four types of simplices in order of increasing dimensions are:
a point, a line segment, a triangular region and a tetrahedral solid. As we shall
see in Chapter 5, we work with simplices in graph-like complexes, and thus
we often call a 0-simplex a vertex, a 1-simplex an edge and a 2-simplex a face.
However, note that simplices, unlike vertices and edges of an abstract graph,
have additional geometric data. Given a k-simplex σk, any non-empty subset of
its vertices form an affinely independent set and form a simplex which we call a
facet of σk.2

Let l ≥ 3 be a positive integer. A set of l points v0, . . . ,vl−1 in R3 are said to be
convexly independent if none of them can be expressed as a convex combination
of the others. A convex polygon is a two-dimensional set formed from the
convex hull of a finite set of convexly independent points in R3. Analogously,
a convex polyhedron is a three-dimensional set formed from the convex hull of

2Note that many of the references cited (e.g. [11], [58]) only refer to the simplices
formed from the k-subsets of σk as the facets of σk and the simplices formed by all
the non-empty subsets as the faces of σk. However, since we work in the ordinary
three-dimensional geometry and with graphs on surfaces, where faces are usually the
2-dimensional elements, we use the alternative terminology presented here. This is also
consistent with the terminology used in Publication III.
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a finite set of convexly independent points in R3. A facet of a convex polygon
(resp. polyhedron) P is a non-empty convex subset F of P which is equal to the
intersection of P with a plane {x ∈R3 : x ·a= b,a ̸= (0,0,0) ∈R3,b ∈R}, where for
any x ∈ P, it holds that x ·a≤ b. The vertices of P are its zero-dimensional facets,
its edges are the one-dimensional facets and its faces are the two-dimensional
facets. A convex polygon (resp. polyhedron) is the convex hull of its vertices [11, p.
45]. Every facet of a convex polygon (resp. polyhedron) is the convex hull of some
non-empty subset of its vertices ( [11, p. 35, p. 45]. Hence, the two-dimensional
facets of a convex polyhedron are convex polygons.

4.2 Topological Spaces

A topological space is a 2-tuple 〈X ,T 〉, where X is a non-empty set of points3

and T is a collection of subsets of X , such that: (1) both ∅ and X are in T ,
(2) an intersection of any finite number of elements of T is also in T , and (3)
any, possibly infinite, union of elements of T is also in T . We usually call the
collection T a topology on X , but since we will work with fixed topologies, we will
later start omitting T and speak of X as a topological space. The elements of T

are called the open sets of the topological space 〈X ,T 〉. A closed set is a subset of
X which is a complement of an open set. The closure of a set A ⊆ X , denoted by
A, is the intersection of all closed sets containing A. The topological interior

◦
A

of a set A is the union of all open sets contained in A. The topological boundary
of a set A ⊆ X is the set X \ (

◦
A∪ (X \ A)). A set N is called a neighborhood of

x ∈ X if it is an open set which contains x.
In the usual topology of Rn, a subset O of Rn is an open set if for any x in O

there exists a real number ϵ> 0 such that the ϵ-radius, x-centered open n-ball is
a subset of O. As a concrete example, consider the usual topology of R1 implied
by definition. The open interval (a,b), where a and b are some real numbers
with a < b, is an example of an open set, while the closed interval [a,b] is an
example of a closed, but not open, set. Moreover, [a,b] is the closure of (a,b).
The interval (a,b) is the topological interior of [a,b]. The endpoints a and b
constitute the topological boundary of [a,b]. For any real number x, the interval
(x− r, x+ r), where r is some positive real number, is an open set which contains
x and thus (x− r, x+ r) is a neighborhood of x.

In the usual topology of Rn, it follows from the union condition on topological
spaces that any union of open n-balls is an open set. The open n-balls constitute
the “basic units” of the usual topology of Rn in the sense that any open set can
be expressed as the union of open n-balls and the open n-balls form a so-called
basis for the usual topology of Rn. A basis for a topological space 〈X ,T 〉 is a
collection β of open sets, called basic open sets, such that any open set in T is
equal to a possibly empty, or infinite, union of the basic open sets. A topological
space with a countable basis is called second countable. The open intervals (a,b),

3The points here are just elements of X and need not be points in Euclidean space.
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where a and b are rational numbers, constitute a basis for the usual topology of
R1 [6, p. 31] ; hence, R1, with respect to the usual topology, is second countable.
More generally, the set of open n-balls whose radii are rational numbers and
whose centers are rational coordinates form a basis for the usual topology of
n-dimensional Euclidean space [58, p. 33]. Hence Euclidean spaces are second
countable with respect to their usual topology. A topological space is said to be
Hausdorff if any two distinct points have disjoint neighborhoods. For instance,
the Euclidean space Rn is Hausdorff with respect to the usual topology but is not
Hausdorff with respect to the trivial topology 〈Rn, {∅,Rn}〉. In this dissertation,
we always assume the usual topology of Euclidean space.

One simple way to construct a new topological space from a topological space
X is to take a set Y ⊆ X and let its open sets be derived from the open
sets of X through intersection with Y . A topological space 〈Y ,TY 〉 is said
to be a subspace topology relative to a topological space 〈X ,TX 〉 if Y ⊆ X and
TY = {OY ⊆Y : OY =OX ∩Y for some OX ∈TX }. For instance, the usual topol-
ogy of R2 is the same as the subspace topology of R2 derived from the usual
topology of R3. For any subset of a topological space, we assume the subspace
topology unless the topology is explicitly stated otherwise.

If βX is a basis for a space X , then βY = {Bx ∩Y : Bx ∈βX } is a basis for any
subspace Y [58, p. 53]. If βX is countable, βY is also countable; thus, any
subspace of a second countable space is second countable. If X is Hausdorff and
y and y′ are any two elements of Y , we know there exist neighborhoods NX and
N ′

X , with respect to X , of y and y′ which are disjoint. Then NX ∩Y and N ′
X ∩Y

constitute disjoint neighborhoods of y and y′ with respect to Y and thus Y is
also Hausdorff.

A topological space X is said to be compact if for every collection of open sets
whose union is X , there is also finite subcollection whose union is X . A subspace
Y of Euclidean space is compact if and only if Y is a closed set (in the usual
topology of the Euclidean space) and it is bounded [6, p. 55] [58, Theorem 4.40,
p. 98]. For example, the closed unit disk is compact while the open unit disk and
the plane are not. A topological space is connected if there are no two disjoint
non-empty open sets whose union is the whole space. A maximally connected
non-empty subspace is called a connected component. Noting that two connected
subspaces which have a point in common form a connected union, it is easy to
check that a topological space partitions into a set of connected components [58,
Proposition 4.18, p. 91].

A central theme in topology is the study of functions between topological
spaces which preserve continuity. A function h from a topological space X
to a topological space Y is continuous if for any open set OY of Y , the set
OX = h−1(OY )= {x ∈ X : h(x)= y, for some y ∈OY } is open. Since the inverse of a
union of sets is the union of the inverses of the sets, it follows that a function is
continuous if and only if the inverses of all basic open sets are open.

A continuous bijective function with a continuous inverse is called a homeo-
morphism. A space X is said to be homeomorphic to a space Y if there exists
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a homeomorphism taking X to Y . A space is homeomorphic to itself through
the identity function which takes points to themselves. If X is homeomorphic
to Y through the function f , then the bijective inverse f −1 yields a homeo-
morphism from Y to X ; hence, it is equally valid to say two spaces are home-
omorphic rather than emphasize one direction. If X is homeomorphic to Y
through f : X →Y and Y is homeomorphic to Z through g : Y → Z, the bijective
composition g ◦ f : X → Z is a homeomorphism from X to Z. Hence, homeomor-
phism is an equivalence relation of topological spaces. Homeomorphisms retain
Hausdorffness, second-countability, connectedness [58, Corollary 4.8, p. 88] and
compactness [58, Corollary 4.33, p. 95].

As an example, a translation followed by radial projection shows that a convex
polyhedron is homeomorphic with the closed unit 3-ball and that a convex
polygon is homeomorphic with the closed unit disk [58, Proposition 5.1, p. 128].
Intuitively, this means that a convex polyhedron can be inflated into a ball.

Let f be a function from a space X to a space Z. A restriction of f to a subspace
Y of X is the function f |Y : Y → f (Y ) such that f |Y (y) = f (y) for all y ∈ Y . We
use the following property of restrictions of homeomorphisms in Theorem 1
of Publication III.

Proposition 2. If f : X → Z is a homeomorphism from a space X to a space Z
and Y is a subspace of X, then the restriction f |Y : Y → f (Y ) is a homeomorphism,
where f (Y ) is the subspace topology inherited from Z.

Proof. The restriction f |Y is injective since f |Y (y1) = f (y1) = f (y2) = f |Y (y2)
implies y1 = y2 by the injectiveness of f . It is surjective by construction. To
show it is continuous, let O be an open set in f |Y (Y ). By the bijectiveness of
f |Y , f |−1

Y (O) = f −1(O) ⊆ Y ; since f −1(O) is open in Z and f −1(O) = f −1(O)∩Y ,
f |−1

Y (O) is open in Y , as desired. To show the inverse is continuous, let O′ be an
open set in Y . Then, f |Y (O′)= f (O′)⊆ f (Y ) and since f (O′) is open in Z (by the
continuity of f −1), f |Y (O′)= f (O′)∩ f (Y ) is also open in f (Y ).

An application of homeomorphism restriction on radial projection shows that
the union of all the polygonal facets of a convex polyhedron is homeomorphic
to the unit sphere (cf. [58, Proposition 5.1]). Intuitively, this means that the
surface of a convex polyhedron can be inflated to a sphere.

4.3 Surfaces

Intuitively, a surface is a space which locally looks like the plane. A more formal
definition is presented in Definition 2.

Definition 2. A topological surface is a second-countable, Hausdorff topological
space where every point has a neighborhood homeomorphic to R2.

In Section 2.1 of Publication III, we state the neighborhood homeomorphism
condition in the definition of a surface through the condition of being locally
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homeomorphic to R2. That is simply a shorter form of saying that every point
has a neighborhood homeomorphic to R2, as given in Definition 2. Note that
if there is a homeomorphism f from a space X to a space Y , and a point x in
X has a neighborhood N homeomorphic to R2, by homeomorphism restriction
(Proposition 2), f (N) is a neighborhood of f (x) which is homeomorphic to R2.
Recalling (Section 4.2) that Hausdorffness and second-countability are retained
through homeomorphisms, it follows that any space homeomorphic to a surface
is also a surface.

Perhaps the simplest example of a surface is R2 itself. It follows from the
discussion in Section 4.2 that R2 is Hausdorff and second countable. Moreover,
R2 is a neighborhood of every point in R2 and thus every point in R2 has a
neighborhood homeomorphic to R2. The open unit disk is homeomorphic to R2

(see [58, p. 28] for an explicit homeomorphism) and hence is also a surface. Thus,
we could as well define surfaces based on every point having a neighborhood
homeomorphic to the open unit disk. We call a space homeomorphic to the open
unit disk a topological open disk. In these terms, the intuition is that for any
point on a surface, we can find in the vicinity of the point a topological open disk
containing the point.

Stereographic projection [58, p. 57] shows that the unit sphere minus the north
pole (0,0,1) is a surface homeomorphic to R2. A similar projection from (0,0,−1)
of the unit sphere without the south pole shows that the north pole also has a
neighborhood homeomorphic to R2. Thus, the unit sphere is another example
of a surface. Neither R2 nor the unit sphere minus the north pole are compact
spaces. On the other hand, it is clear that the unit sphere is a closed set in the
usual topology of R3 and that it is bounded. Hence the unit sphere is a compact
surface. We call a surface homeomorphic to the unit sphere a topological sphere.

(a) A rectangle whose boundaries are marked for identification.

(b) A cylindrical surface obtained by glueing the horizontal bound-
aries of the rectangle.

(c) A torus obtained by glueing the cylindrical boundaries.

Figure 4.1. A sketch showing a torus as an identification space. The arrow marks indicate the
identification scheme.
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Another example of a compact surface is the standard torus introduced in
Section 4.1 [58, p. 57]. Up to homeomorphism, a torus (cf. Figure 4.1c) can be
also viewed as being constructed from a rectangular region R = {(x, y) ∈R2 : 0≤
x ≤ 4,0 ≤ y ≤ 1} (cf. Figure 4.1a) by first identifying or glueing the horizontal
boundaries, {(x,0) ∈ R2 : 0 ≤ x ≤ 4} and {(x,1) ∈ R2 : 0 ≤ x ≤ 4}, to form a cylinder
(cf. Figure 4.1b) and then glueing the cylinder boundaries, that is, those derived
from {(0, y) ∈R2 : 0≤ y≤ 1} and {(1, y) ∈R2 : 0≤ y≤ 1}, together. This construction
is made precise through the notion of an identification space.

Let X be a topological space and let P be a partition of X , that is P is a
collection of disjoint non-empty subsets of X whose union is X . Let Y be a
set whose elements are the equivalence classes of P and let q : X → Y be the
obvious function which takes x ∈ X to y ∈ Y which corresponds to the set in
P that contains x. Introduce a topology on Y such that a subset U of Y is
open if and only if q−1(U) is open. Then Y is said to be an identification space,
and the elements of an equivalence class are said to be identified to form the
identification space. In the torus example, X is the rectangle R. The partition
PR consists of (1) all singleton sets {(x, y)}, for each (x, y) such that 0< x < 4 and
0< y< 1, (2) all unordered pairs {(x,0), (x,1)}, for each 0< x < 4, (3) all unordered
pairs {(0, y), (1, y)}, for each 0< y< 1, and (3) {(0,0), (0,1), (4,0), (4,1)}.

An example of a topological space which is not a surface is the conical shape
determined by the set of points in R3 satisfying x2 + y2 = z2. The point (0,0,0) of
the conical shape has no neighborhood homeomorphic to R2. The definition of a
surface presented in Definition 2 is not adequate to capture the meshes we have
in Publication II. For those, we need the larger class of surfaces with boundary,
as defined in Definition 3.

Definition 3. A topological surface with boundary is a second-countable, Haus-
dorff topological space where every point has a neighborhood homeomorphic to
R2 or H2.

Given a surface with boundary S, a point of S is said to be an interior point if
it has a neighborhood homeomorphic to R2. It is said to be a boundary point if
it has a neighborhood homeomorphic to H2. The set of all interior points form
the (surface) interior while the set of all boundary points form the (surface)
boundary ∂S. A point cannot be both an interior point and a boundary point (see
Theorem 2.59 and the related discussion in [58, p. 44]), and hence the interior is
disjoint with the boundary. The boundary, as a subspace, is composed of disjoint
connected components called the boundary components. For a compact surface,
each of the boundary components is homeomorphic to the standard circle [58, p.
182].

Note that according to the definitions given, a surface with boundary is not
necessarily a surface. On the other hand, a surface is a surface with an empty
boundary [58, Corollary 2.60, p. 44]. One of the simplest compact surfaces with
a non-empty boundary is the closed unit disk. Every point in the topological
interior (with respect to R2) of the closed unit disk has a neighborhood homeo-
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morphic to R2, while every point in its topological boundary has a neighborhood
homeomorphic to H2. A topological (closed) disk is a topological space homeomor-
phic to the closed unit disk. The standard annulus is an example of a surface
with two boundary components.

Consider again the rectangle R = {(x, y) ∈R2 : 0≤ x ≤ 4,0≤ y≤ 1}; the identifi-
cation space obtained by identifying (0, y) to (1,1− y), for 0≤ y≤ 1, is a surface
with boundary called the Möbius strip. It is the familiar surface we obtain if
we take a rectangular strip of paper, give it a half twist, and glue the two ends
together. A surface with boundary is said to be orientable if no subset of it is
homeomorphic with the Möbius strip.

An open subset D of a surface S is a called a regular coordinate disk if there is
an open set N containing the closure D of D, along with a homeomorphism h
from N to an r′-radius x-centered open disk in R2, such that, for some 0< r < r′,
h takes D to an x-centered r-radius open disk B and D to the closure B of B. If
S is a connected surface and D is a regular coordinate disk of S, then S \ D is a
surface with boundary whose boundary is homeomorphic to the unit circle [58, p.
124].

Figure 4.2. The connected sum of two tori.

Let S1 and S2 be two compact connected surfaces with regular coordinate
disks D1 and D2, respectively. Let S′

1 = S1 \ D1 and S′
2 = S2 \ D2 be the surfaces

with boundaries obtained by removing the corresponding coordinate disks. Let
X = {(x, i) : i ∈ {1,2} and x ∈ S′

i} be the set of ordered pairs in the abstract disjoint
union of S′

1 and S′
2. Let h be a homeomorphism from ∂S′

1 to ∂S′
2. Consider the

topological space Y constructed from X by glueing, through h, S′
1 and S′

2 along
their boundaries. The identification space Y is a compact connected surface [58,
p. 124] and is said to be the connected sum of S1 and S2. In simpler terms,
the connected sum of S1 and S2 is the surface obtained by first removing the
interiors of topological closed disks on S1 and S2 and glueing the resulting
spaces along their boundaries. A connected sum of two tori is depicted in
Figure 4.2. We interpret the connected sum of a single surface as leaving the
surface untouched. The connected sum of compact connected surfaces does not,
up to homeomorphism, depend on the choice of the disks (D1 and D2) or the
homeomorphism h between the surface boundaries (∂S′

1 and ∂S′
2) [58, p. 165, p.

273].
We can now state the foundational classification result which sheds light on

the type of meshes in consideration in Publication I, Publication II, Publication
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III and Publication IV. The theorem constitutes of two parts: the first part
exhausts all possible types of surfaces, and the second part distinguishes the
different types of surfaces. The theorem (presented in a more general form) and
its proof can be found in [58]. (See Theorem 6.15, p. 174, for the first part and
Theorem 10.22, p. 267, for the second part.)

Theorem 2 (Classification theorem of compact, connected, orientable surfaces).
A compact, connected, orientable surface is homeomorphic to a either a sphere, or
to the connected sum of g tori, for some positive integer g. Moreover, a topological
sphere is not homeomorphic to the connected sum of g tori, and the connected
sum of g1 tori is not homeomorphic to the connected sum of g2 tori for any two
distinct positive integers g1 and g2.

Convention 1. Here onwards, by surface (with boundary), we shall mean a
compact, connected, and orientable surface (resp. with boundary).

Every surface with boundary is homeomorphic to a surface with k topological
open disks removed, where k is a non-negative integer corresponding to the
number of boundary components [58, p. 182]. For instance, the closed unit disk is
homeomorphic to the closed lower hemisphere {(x, y, z) ∈R3 : x2+y2+z2 = 1, z ≤ 0},
i.e., the surface with boundary obtained from the unit sphere by removing the
open upper hemisphere.

A topological sphere is said to have genus zero and a connected sum of g
tori, for g > 0 is said to have genus g. The surface depicted in Figure 4.2 has
genus 2. For a surface with boundary S, the genus is defined as the genus of
surface from which the topological open disks are removed to obtain S. The
Euler characteristic χ(S) of a surface with boundary S is the quantity 2−2g−k,
where g is the genus and k is the number of boundary components. In terms of
the Euler characteristic, the classification theorem (Theorem 2) simply states
that the class of a surface can be identified through its Euler characteristic (see
also [58, Corollary 10.25, p. 268]). For surfaces with boundary S, the number of
boundary components and the Euler characteristic determine the class of S [55,
p. 87].
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5. Embedded Spaces

A topological embedding of a space X into a space Y is an injective continuous
function f : X →Y such that X is homeomorphic to f (X ). That is, a topological
embedding takes the domain X homeomorphically to its image f (X ), which is a
subset of Y . We more often refer to the image f (X ) of a topological embedding as
an embedding. Intuitively, an embedding of X into Y is a non self-intersecting
topological copy of X in Y . In this Chapter, we discuss three varieties of embed-
ded spaces: mesh skeleta as the mathematical models of our input wireframes,
surface embedded multigraphs for reconditioned mesh skeleta, and knots for
topological considerations related to scaffold routings.

5.1 Polygonal Meshes

Although topological surfaces, with or without boundary, are well-defined math-
ematical models for representing a great variety of shapes, even topological
spheres can be embedded wildly in R3 [4]. Moreover, as the construction of the
topological torus as an identification space shows, a topological surface can be
an abstract space and not necessarily a subspace of R3. To model shapes in
R3 which can be assembled from DNA and to make computation possible, we
work with discrete surfaces composed of triangles, or more generally of convex
polygons. For this purpose, we present the notion of triangulated and polygonal
meshes.

A (geometric) simplicial complex (in R3) is a finite non-empty collection Σ of
simplices (in R3) which satisfy the following conditions: (1) if a simplex is in Σ,
all its facets are also in Σ, (2) if two simplices have a non-empty intersection,
their intersection is a facet of both. If the largest dimension of a simplex in
Σ is k, Σ is said to be k-dimensional. A two-dimensional simplicial complex is
shown in Figure 5.1a. The dots represent the 0-simplices, the line segments the
1-simplices, and the shaded regions the 2-simplices. Another simplicial complex
is shown in Figure 5.1b. The underlying space or carrier |Σ| of a simplicial
complex Σ is the union of all simplices in Σ endowed with the subspace topology
inherited from R3. For simplicity, we do not always distinguish between a
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(a) A simplicial complex. (b) A triangulated topological disk.

(c) A triangulated topological torus. (d) A triangulated topological annulus.

Figure 5.1. Simplicial complexes and triangulated meshes with boundary.

simplicial complex and its carrier. A subset of a simplicial complex, which is
itself a simplicial complex is called a subcomplex.

We work with one- and two-dimensional simplicial complexes. A one-dimensional
simplicial complex defines an abstract graph with the 0-simplices yielding the
graph vertices and the 1-simplices corresponding to the graph edges. Thus, we
apply graph-theoretic terms for one-dimensional simplicial complexes. Let Σ be
a two-dimensional simplicial complex. The 1-skeleton, or also simply skeleton,
of Σ is the subcomplex composed of all simplices in Σ with dimension less than
or equal to 1. That is, it is the collection of vertices and edges in Σ. The star
of a vertex v in Σ is the subcomplex formed from the collection of all simplices
which contain v, or are facets of a simplex that contain v. For instance, the star
of the red vertex in Figure 5.1a is the bowtie-like subcomplex consisting of every
simplex except the red edge; the star of the central vertex in Figure 5.1b is the
whole complex. We consider a triangulated mesh to be a simplicial complex with
a surface topology imposed on its underlying space, as given in Definition 4.

Definition 4. A triangulated mesh (with boundary) is a two-dimensional sim-
plicial complex (in R3) whose underlying space is a topological surface (resp. with
boundary).

The following properties of triangulated meshes with boundary are intuitively
clear (recall that every point in a surface with boundary locally looks like R2 or
H2); topological arguments for the properties can be found in [67, pp. 37–39].
The carrier of the star of any vertex in a triangulated mesh with boundary is
a topological closed disk. For instance, the simplicial complex in Figure 5.1b
is a triangulated mesh with boundary and the stars of the vertices have this
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property. On the other hand, the complex in Figure 5.1a is not a triangulated
mesh with boundary and the underlying space of the star of the red vertex is
not a topological closed disk. Any edge in triangulated mesh with an empty
boundary is a facet of exactly two faces. For a triangulated mesh with boundary,
an edge is a facet of either a single face, or of exactly two faces. Every edge in
Figures 5.1b fulfills either of these two conditions, but the red edge in Figure 5.1b
is not a facet of any face. We call an edge an internal edge if it is a facet of
exactly two faces and a boundary edge otherwise. The combinatorial boundary of
a triangulated mesh with boundary is the collection of all boundary edges along
with their vertices. A vertex in the combinatorial boundary is a boundary vertex;
otherwise it is an internal vertex. The carrier of the combinatorial boundary
corresponds to the boundary of the underlying surface.

We use triangulated surface (with boundary) as a synonym for triangulated
mesh (resp. with boundary), especially when we wish to highlight the topology
of the underlying space. For instance, we refer to the mesh in Figure 5.1b as
a triangulated topological disk. A triangulated topological torus is shown in
Figure 5.1c. For clarity of illustration of more complicated meshes, we no longer
highlight the vertices with thick dots. A triangulated topological annulus is
shown in Figure 5.1d. Note that some faces of the annulus occlude others due to
the 2D projection, but the mesh is a simple ribbon with alternating triangles.

Let us define a convex quasi-polygon to be a set which is either a 0-simplex,
a 1-simplex or a convex polygon. A polygonal complex is a finite non-empty
collection of convex quasi-polygons such that (1) if a convex quasi-polygon is in
the collection, then its facets are also in the collection, (2) the intersection of
two convex quasi-polygons is either empty or a facet of both. In simple terms, a
polygonal complex is a generalization of a two-dimensional simplicial complex
which admits convex polygons in place of 2-simplices. By the symmetry of
definitions, the notions of a carrier, a skeleton and a star of vertex can be defined
for a polygonal complex in an analogous way to a two-dimensional simplicial
complex. A polygonal mesh is also defined similarly, as presented in Definition 5.

Definition 5. A polygonal mesh (with boundary) is a polygonal complex (in R3)
whose underlying space is a topological surface (resp. with boundary)

The collection of all the vertices, edges and faces of a convex polyhedron is
an example of a polygonal mesh. A triangulated mesh (with boundary) is a
particular type of a polygonal mesh (resp. with boundary) where all the poly-
gons are triangles. On the other hand, every polygonal mesh with boundary
can triangulated without introducing new vertices [80, Proposition 2.9, p. 13].
Triangulation arguments show that the combinatorial properties of triangu-
lated meshes with (possibly empty) boundary mentioned after Definition 4 hold
for polygonal meshes with (possibly empty) boundary. The notions of inter-
nal/boundary edge/vertex and combinatorial boundary are defined analogously.

An orientation of a polygon is an orientation of its bounding cycle. Two orien-
tations of a polygon are considered equivalent if one is a cyclic shift of the other.
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An orientation of an edge is an ordering of its two vertices. The two possible
orientations of an edge are considered inequivalent. An orientation of a polygon
induces an orientation on its edges. Since the carrier of a polygonal mesh with
boundary is orientable (recall Convention 1), its polygons can be assigned orien-
tations so that each edge incident to two polygons inherits opposite orientations
from the two polygons (cf. the discussion in [6, pp. 154–156]). Thus, we say that
a polygonal mesh with boundary has a coherent orientation. Since the carrier of
the star of a vertex in a polygonal mesh with boundary is a topological closed
disk, a vertex is in at most one boundary component. These two properties are
the two conditions explicitly specified for the input meshes in Publication II.

We denote the vertices, edges and faces of a complex (two-dimensional sim-
plicial complex, or a polygonal complex) by V (Σ), E(Σ) and F(Σ). The Euler
characteristic χ(M) of a triangulated mesh M with or without boundary is
given by |V (M)|− |E(M)|+ |F(M)| and corresponds to the Euler characteristic
of |M| [67, Theorem 5, p. 149, Theorem 9, p. 150]. Triangulating a polygonal
mesh with boundary without introducing new vertices leaves the number of
vertices the same and increases the number of edges and faces equally. Thus,
the Euler characteristic of a polygonal mesh with boundary is also given by
|V (M)|−|E(M)|+|F(M)|. The genus of a mesh with boundary M, triangulated or
polygonal, is given by (2−χ(M)−k)/2, where k is the number of connected com-
ponents in the combinatorial boundary. The meshes constructed in Publication I
and Publication IV are genus-zero triangulated meshes which are polyhedral in
the sense specified in Definition 6.

Definition 6. A polyhedral mesh is a polygonal mesh whose underlying space is
a topological sphere.

Polyhedral meshes are three-dimensional in the sense that their underlying
space is three-dimensional. When we refer to the dimension of a mesh, we
are referring to the dimension of the carrier of the mesh. In particular, note
that since the underlying spaces of our meshes (with boundary) are surfaces
(with boundary), which are locally like R2 (or H2), the topological dimension
of all meshes (polyhedral or otherwise) in consideration in this dissertation is
two. It will become evident in Section 5.2 and Section 5.3 that the existence
of a non-empty boundary, in matters relevant for our purposes, brings more
topological complexity to a genus-zero mesh than the dimension of the solid
possibly enclosed by the mesh.

5.2 Graphs on Surfaces

Let X be a subspace of R3. By a curve on X , we mean a continuous image of
[0,1] on X . An arc is an embedding of [0,1] in X . The endpoints of an arc are
the images of 0 and 1 and an interior point of an arc is a point which is not an
endpoint. A closed curve on a space X is a curve where the images of 0 and 1 are
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the same. A simple closed curve is a closed curve such that no two points in [0,1)
have the same image. A curve, or arc, is piecewise-linear if it is the underlying
space of a one-dimensional simplicial complex. We shall always assume our
curves and arcs to be piecewise-linear, but often draw them smoothly for clarity.
An orientation of a curve, or of an arc, is an order relation on it induced from the
natural order on [0,1].

A topological embedding of a multigraph in R3 is an injective mapping of the
vertices to points in R3 and a mapping of the edges to arcs such that (1) the
endpoints of an edge are mapped to the endpoints of the arc which is the image
of the edge (2) no two arcs have an interior point in common, (3) an arc does not
contain any image of a vertex which is not an endpoint of the arc’s preimage.
For simplicity, we refer to both a vertex and its image under the embedding
map as a vertex. Likewise, we refer to both the edge and its image arc as an
edge. Similarly, we also refer to the image of the multigraph as the embedding.
An embedding of a multigraph may lie entirely in a subspace of R3 such as on
the carrier of a polygonal mesh with boundary; the skeleton of such a mesh
is an example where the edges are embedded as straight line segments. As
we shall see in Chapter 6, we work with reconditioned mesh skeleta for the
purpose of finding Chinese postman tours of the skeleta. In this case, when
we add double edges (cf. Section 3.2) to recondition the skeleton of a polygonal
mesh with boundary, we embed the added double edges in the interior of the
carrier of the mesh. In particular, we embed a double edge at an ϵ-distance
geometrically parallel to the original skeletal edge, except at the ϵ neighborhoods
of the endpoints, where the double edge slants to meet its endpoints.

If there exists an embedding of a multigraph in R2, the multigraph is said to be
planar. For instance, the graphs of polyhedral meshes are planar. Indeed, using
a homeomorphism from the carrier of a polyhedral mesh to the standard sphere,
we obtain an embedding of the graph on the standard sphere. Stereographic
projection (after a suitable rotation if the north pole lies on the graph) yields
an embedding of the polyhedral mesh graph in R2. A reconditioned polyhedral
mesh skeleton is also a planar multigraph as the added double edges can be
embedded alongside their parallel edges. Likewise, a reconditioned skeleton of a
2D polygonal mesh with boundary is a planar multigraph. On the other hand,
the complete graph on five vertices is a non-planar graph [97, Theorem 6.22, p.
246].

A topological embedding of a multigraph on a surface with boundary, and
on R2, defines, for each vertex, a cyclic counter-clockwise ordering of the edges
incident to the vertex. Any two topological embeddings which, for each vertex,
define the same cyclic ordering are considered combinatorially equivalent and a
(combinatorial) embedding represents an equivalence class of combinatorially
equivalent topological embeddings. An embedding O1 is said to be mirror
isomorphic to another embedding O2 if all the cyclic orders in O1 are simply the
reverses of all the corresponding cyclic orders in O2. Theorem 3 is an important
result for the meshes under consideration in Publication I (see also Theorem

39



Embedded Spaces

III.52 in [33, p. III.52]).

Theorem 3 (Whitney’s unique embedding theorem [98]). A 3-connected planar
graph has a unique embedding in R2, up to mirror isomorphism.

The skeleton of a triangulated polyhedral mesh is 3-connected [44, p. 105].
Thus, Whitney’s theorem allows us to take the abstract graph of a triangulated
polyhedral mesh, and apply a planar embedding algorithm to obtain, up to mirror
isomorphism, the same embedding as the embedding of the skeleton on the car-
rier of the polyhedral mesh. In Publication I, we compute the embedding of the
skeleta of triangulated polyhedral meshes by applying the Boyer-Myrvold planar
embedding algorithm [10] on the abstract graphs extracted from the meshes. By
Steinitz’s theorem, the skeleton of a convex polyhedron is 3-connected [11, pp.
95–97] and Whitney’s unique embedding theorem also applies to the abstract
graphs of convex polyhedra.

However, other types of planar graphs may have non-unique planar embed-
dings. In particular, graphs of genus-zero polygonal meshes with non-empty
boundary, such as those found in Publication II, can have non-unique embed-
dings. Thus, in Publication II, we compute the embeddings from the descriptions
of the polygons’ orientations. Since polygonal meshes with boundary have a
coherent orientation and a vertex is in no more than one boundary component,
we can compute the local order around a vertex from such a description by
swinging between the polygons in the star of the vertex. Briefly, for an internal
vertex v, we can start from any edge e0 incident to v, and out of the two polygons
for which e0 is a facet, we can use the polygon for which the induced orientation
on e0 is towards v to find the next edge e1 in the polygon’s orientation. We set
e1 as the next edge in the local order around v and repeat the process using e1,
viewed as oriented towards v, to yield the next edge e2 in the order around u.
The process can be continued until reaching e0 again. For a boundary vertex,
we can carry out the same procedure by starting from a boundary edge incident
to the vertex.

For topological considerations of DNA origami scaffold routings, we find two
types of topologically constrained Eulerian tours important. Let G be an Eule-
rian multigraph embedded on a surface with boundary, or on R2, and v a vertex
in G. Two transitions {a,b} and {c,d} at v are said to cross if when one goes in
the cyclic order around v, one comes across the edges from the two transitions in
an alternating fashion. For instance, the transitions cross if the local cyclic order
of edges incident to v is of the form (. . . ,a, . . . , c, . . . ,b, . . . ,d, . . . ) but do not cross if
it is of the form (. . . ,d, . . . ,a, . . . ,b, . . . , c, . . . ). We consider two transitions which
share an edge to be non-crossing. A circuit is non-crossing if it does not contain
crossing transitions. A circuit decomposition of G is non-crossing if there are no
two transitions in the decomposition (either from the same circuit, or from two
different circuits) which cross.

A non-crossing Eulerian tour is an Eulerian tour without any crossing tran-
sitions. A non-crossing Eulerian tour on an Eulerian graph embedded in R2
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(a) An Eulerian graph. (b) A crossing Eulerian tour.

(c) A non-crossing Eulerian tour. (d) An A-trail.

Figure 5.2. Various types of Eulerian tours on an Eulerian graph embedded in R2.

(Figure 5.2a) is shown in Figure 5.2c. For comparison, an Eulerian tour which
has three crossings at three different vertices is shown in Figure 5.2b. Note
that since there are no crossing transitions, we can topologically embed a non-
crossing Eulerian tour as a simple closed curve which runs along the edges and
transitions only inside small neighborhoods at the vertices. In other terms, we
can embed the detachment of a non-crossing Eulerian tour as a simple closed
curve on the surface with boundary while keeping it properly close to the em-
bedding of the multigraph (cf. the definition of detachment in Publication III).
Abrham and Kotzig [1] have proved that an Eulerian multigraph embedded
on the plane always admits a non-crossing Eulerian tour. A short proof of this
fact was also given by Grossman and Reingold [88]. More recently, Tsai and
West [91] gave an alternative proof by showing that the number of crossing
transitions in an Eulerian tour can be reduced by re-splicing the tour through
a repairing of crossing transitions. In Publication III (Lemma 7), we gave a
linear time algorithm for computing non-crossing Eulerian tours for Eulerian
multigraphs embedded on any surface. We present the algorithm in a clearer
pseudocode format in Chapter 6.

For a multigraph embedded on a surface with boundary, or on R2, two edges
which are consecutive in the order around a vertex are said to be neighbors. An
A-trail is an Eulerian tour where all the transitions are composed of neighboring
edges.1 An A-trail of the Eulerian graph in Figure 5.2a is shown in Figure 5.2d.
Since a transition composed of neighboring edges cannot cross any other tran-
sition, an A-trail is also a non-crossing Eulerian tour. A non-crossing Eulerian
tour may have a transition composed of non-neighboring edges, as shown by the

1Note that an A-trail is a closed trail. Perhaps “A-tour” or “A-circuit’‘ might be more
descriptive, but we stick to the established terminology [33] and remain consistent with
the attached publications.
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straight transition (Figure 5.2c) at the red vertex (Figure 5.2a). Eulerian multi-
graphs embedded in either R2 or on a surface may not admit A-trails. In fact,
Bent and Manber [9] have proved that the problem of deciding whether an Eule-
rian multigraph embedded on a surface admits an A-trail, even when restricted
to embeddings on the plane, is NP-complete.2 More strongly, Døvling-Andersen
and Fleischner [23] have proven the NP-completeness of deciding whether an
A-trail exists on an Eulerian polyhedral mesh skeleton, or in other terms, on
an embedding of an Eulerian 3-connected planar graph in the plane. However,
Fleischner [33] conjectures that Eulerian triangulated polyhedral mesh skeleta
always admit A-trails. In our design of genus-zero polygonal meshes with bound-
ary, which includes polyhedral meshes as a subset, we have not encountered
reconditioned skeleta for which our implementation could not find an A-trail. For
an Eulerian multigraph of maximum degree four, a non-crossing Eulerian tour
is also an A-trail and thus such embedded multigraphs always admit A-trails.

5.3 Knots

Let the open sets of the Cartesian product R3× [0,1] be all the possible unions of
the elements of the basis B = {O1×O2 : O1 is open in R3 and O2 is open in [0,1]}.
An isotopy of R3 to itself is a continuous function h : R3× [0,1]→R3 such that, (1)
for all t ∈ [0,1], ht : R3 → R3, where ht(v) = h(v× {t}), is a self-homeomorphism
of R3, (2) h0 is the identity function. Two subspaces X1 and X2 of R3 are said
to be ambient isotopic if there is an isotopy of R3 such that h0(X1) = X1 and
h1(X1)= X2. By homeomorphism restriction (Proposition 2), note that ht(X1)
is a topological embedding of X1. Intuitively, X1 is ambient isotopic to X2 if
one can time-continuously deform X1 to X2 without self-intersections or tears.
Ambient isotopy is an equivalence relation on the subspaces of R3 [64, p. 37].
Let X2 be a subspace of R3 which is homeomorphic to a standard object X1

(e.g. standard torus). We say X2 is a standard embedding of X1 if it is ambient
isotopic to X1; otherwise, it is a knotted embedding of X1.

By a (piecewise linear) knot, we mean a simple (piecewise-linear) closed curve
in R3. An unknot, or a trivial knot, is a knot ambient isotopic to the standard
circle. We say a knot is non-trivial, or knotted, if it is not a trivial knot. We
apply the Jordan-Schönflies theorem [67, p. 71] (see also [76, p. 9]), presented
in Theorem 4, in the unknottedness proof in Theorem 1 of Publication III.

Theorem 4 (The Jordan-Schönflies theorem). If C is a simple closed curve in
R2, then the space R2 \ C consists of two connected components, one of which
is bounded, homeomorphic to the open unit disk and has C as its topological
boundary. If C is a simple closed curve on a topological sphere S, S \ C consists
of two connected components, each of which is homeomorphic to the open unit
disk and has C as its topological boundary.
2Note that Bent and Manber [9] use the term “non-intersecting Eulerian circuits” in
place of A-trails.
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Note that in the context of the Jordan-Schönflies theorem, the (surface) bound-
ary of the closure of the open disk is the same as its topological boundary with
respect to R2 [67, p. 5]. Theorem 4 is applied together with Proposition 3 in
the proof of Theorem 1 of Publication III. Proposition 3 is a special case of a
well-known characterization of trivial knots (see Theorem 10.6 in [6, p. 224]).
It follows from the shellability of triangulated topological disks [24, p. 63] and
triangle-move equivalence of knots [64, pp. 44–46]. Briefly, shellability of a tri-
angulated topological disk means that one can order the faces of a triangulated
topological disk such that one can remove the faces of the disk in the order
ensuring that each intermediate complex is a disk. This enables an inductive
proof of Proposition 3 through repeated triangle-based shortcutting, or detouring,
of the knot according to the shelling order of the faces of the disk.

Proposition 3. The carrier of the boundary of a triangulated topological disk is
a trivial knot.

Proposition 4, presented below, is the core component of Theorem 1 in Publica-
tion III. The result is also implicitly applied in Publication I.

Proposition 4. A knot on the carrier of a triangulated topological disk/sphere
is trivial.

Proof. Let K be a knot on (the carrier of) a triangulated topological disk M.
Since |M| is a topological disk, there is a homeomorphism h from |M| to the
standard closed disk such that h(K) is a simple closed curve in R2. By the Jordan-
Schönflies theorem, h(K) bounds a topological disk D which lies in h(|M|). Since
the inverse of a homeomorphism is a homeomorphism, h−1(D) is a topological
disk on |M| whose boundary is K . Thus, h−1(D) is a topological disk embedded
on |M|. In particular, h−1(D) can be triangulated so that it is the carrier of a
triangulated topological disk whose boundary is K [80, Theorem 2.11, p. 16].
By Proposition 3, K is a trivial knot. The claim with respect to triangulated
topological spheres likewise follows by applying the Jordan-Schönflies theorem
on a sphere.

On the other hand, knotted embeddings of the standard circle which lie on a
standardly embedded torus exist. Explicit parametric equations for generating
knotted embeddings of the standard circle on a standardly embedded torus can
be found in [16, p. 9]. A piecewise linear version of a trefoil knot is illustrated in
Figure 5.3a and its embedding on a standardly embedded torus is illustrated in
Figure 5.3b. An identification space point of view of the trefoil knot on a stan-
dardly embedded torus is shown in Figure 5.3c. Visually simpler to see knotted
embeddings of the standard circle can be formed by taking a knotted torus and
a simple closed curve on it which runs along the longitudinal direction; see the
trefoil knot drawn in blue in Figure 5.3d. Similarly, a boundary component of a
knotted embedding of the standard annulus yields a knotted embedding of the
standard circle, as illustrated in Figure 5.3e.
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(a) A trefoil knot. (b) On a standardly embedded torus.

(c) On an identification space for a standardly embedded torus.

(d) On a knotted embedding of a torus. (e) On a knotted embedding of an annulus.

Figure 5.3. A trefoil knot on standard and knotted embeddings.
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6. DNA Origami Mesh Wireframes

There are a great variety of possibilities for designing custom two- and three-
dimensional structures using DNA. One class in this design space, which makes
a fairly efficient use of the strand nucleotides, is the wireframe design strategy,
whereby single helices, helical bundles, or a mix of both, are joined in junctions
to form a DNA rendering of a one-dimensional simplicial complex. A relatively
well-defined subclass of wireframes which lends itself well to analysis is the class
of skeleta of polygonal meshes with boundary. Hence, our broadest definition of
a (mesh) wireframe is a skeleton of a polygonal mesh with boundary. We work
with different kinds of meshes, and correspondingly wireframes, in the different
publications. Triangulated polyhedral meshes are covered in Publication I
and Publication IV, 2D polygonal meshes with boundary in Publication II, and
positive-genus (≥ 1) triangulated meshes in Publication III.

At the design stage, the routing of a circular DNA strand in a target geometry
can be modeled, with respect to the backbone chain connectivity, as a simple
closed curve, or a knot, and that of a linear strand as an arc. Within such a
model, one can reasonably formulate topological and combinatorial constraints
that a set of strand routings must fulfill for a design to be considered feasible
and/or suitable for a particular application. In this Chapter, we present our
generic DNA origami based approach for designing wireframe nanostructures
respecting connectedness and unknottedness constraints while being suitable
for applications requiring sparser architecture.

6.1 Eulerian Routings for Wireframes

Our broad aim is to create a design approach and tool which would allow a user
to be able to automatically generate a DNA origami strand set for his or her
target wireframe. Recall from Section 2.3 that our approach is motivated by
the need to create large designs with a minimal amount of helix packing for
applications such as in biomedical research. For this purpose, we aim to design
DNA wireframes such that, ideally, there is a single double helix placed per each
edge of the mesh skeleton. Figure 6.1d and Figure 6.1c show this ideal setting
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for a DNA octahedral wireframe. The strand routing principles applied in the
four publications ( Publication I, Publication II, Publication III, Publication
IV) are based on the same overall principle, but Publication III only focuses on
unknotted scaffold routings. Here, we present a more unified framework and
note the distinctions along the way.

(a) The octahedron’s planar graph. (b) The strand routings.

(c) Target 3D conformation of the helices. (d) Cylinder render of the helices.

Figure 6.1. DNA origami rendering of an octahedral wireframe based on Eulerian tours.

The overall scheme is that the scaffold strand is globally routed along all the
edges of the wireframe so that it changes helical domains at the vertices. The
staples are then routed from the midpoints of edges to midpoints of adjacent
edges to complement the scaffold routings so that the scaffold-to-staple bindings
form the DNA double helices comprising the nanostructure, while the scaffold
and staple crossovers at the vertices compose the junctions of the DNA wire-
frames. Figure 6.1b illustrates our strand routing scheme in a planar embedding
of the octahedral graph (Figure 6.1a), while Figure 6.1c shows a coarse-grained
nucleotide-level model of the target 3D conformation. Since the scaffold-to-staple
bindings form the double helices, the goal of having one helix per edge would
require that the scaffold traces each edge exactly once. In other terms, the
scaffold routing should be based on an Eulerian tour of the input mesh skeleton.

By Theorem 1, we are only able to achieve our aim of routing the scaffold ex-
actly once per edge if and only if every vertex in the mesh has an even degree. If
the mesh skeleton is not Eulerian, the optimal way to route the scaffold without
significantly altering the mesh topology is according to a Chinese postman tour
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of the skeleton. For this purpose, in Publication I, Publication II, Publication
IV, we first recondition the mesh skeleton. In the case of the positive-genus tri-
angulated meshes in Publication III, which have greater topological complexity,
we first cut the meshes to triangulated topological disks [17, 29] and derive the
number of edges to double from a reconditioning of subcomplexes of the resulting
disks. In all cases, we guarantee that no edge of the input mesh has more than
one parallel edge after the processing. Thus, we continue our present discussion
of the design approach assuming that the input is a multigraph on a polygonal
mesh with boundary derived from doubling a subset of the edges in the skeleton.

To distinguish between the various constraints, and to complement the scaffold
routing scheme in Publication III with staple routings, we give a step-by-step
view of the constraints and strand routings. For this purpose let, for the rest
of this Section, G be the skeleton of a polygonal-mesh-with-boundary M and G′

be the Eulerian multigraph embedded on |M| obtained by doubling a subset of
the skeletal edges. Our unconstrained scaffold routing is thus an Eulerian tour
on G′ and yields one helix per each edge in G′. In the unified view, the result is
that there are single double-helix renderings of each edge in G for which there
is no parallel edge in G′, and two double-helix renderings for the edges which
have parallel edges in G′. In Publication I, Publication II and Publication IV,
since G′ is a Chinese postman tour reconditioning of G, there are as few two
double-helix renderings as possible. In Publication III, G′ is ensured to have at
most two-thirds of the edges in G doubled.

Let us first ignore the 5′-to-3′ strand directions and describe the structural
requirements for composing the double-helical domains of G′. To obtain the
eventual double-helical domains on the edges of G′ from the Eulerian scaffold
routing, we route the complementary staples so that they comprise the other
halves of the double-helical domains. A staple routing starts from the middle
of (the double-helical render) of an edge a in G′ and is routed up to the middle
of an adjacent edge b so that the staple constitutes a quarter of each of the
resulting two double-helical domains (cf. Figure 6.1b and Figure 6.1c). The
staple transition from a to b forms part of the junction corresponding to the
common vertex.1 In this scheme, a staple routing can be modeled as a transition
(recall the definition of a transition from Section 3.2). Staple routings must not
overlap and all domains must be fully covered. This implies that the collection of
all staple routings should correspond to a transition system of G′. Thus, first and
foremost, the scaffold and staple routings must yield a pair of transition systems
of G′ such that, for each incident vertex-edge pair in the embedded multigraph
G′, there is one transition at the vertex per a transition system: one emanating

1This staple routing scheme avoids potential blocking of double helix formation at an
edge b when a staple routed along a trail (u,a,v,b,w, c, x) binds the scaffold in edges a
and c before binding b. For instance, suppose the green and yellow staples in Figure 6.1b
are joined at the nick site and imagine the joined strand binds the scaffold at the two
side edges before binding the bottom edge. In such a state, the joined strand will have
difficulties fully winding around the scaffold strand to achieve the target 3D double-helix
rendering of the bottom edge.
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from a scaffold routing and one from a staple routing (cf. Figure 6.1b).
However, not all strand routings (scaffold plus staple), as described above,

yield properly connected junctions. For instance, if both transition systems are
the same, the strand routings would only form degenerate two-way junctions,
instead of the target junctions with as many arms as the degrees of the vertices.
This target junction formation constraint on the strand routings can be modeled,
analogous to the strong traces model for coiled-coil protein assembly in [32],
through the vertex figure multigraph implied by the transition systems. In
particular, given a pair of transition systems and a vertex v in G′, we construct a
new multigraph Hv whose vertices are in a one-to-one correspondence with the
edges incident to v and whose edges are implied by the transitions at v. That is,
two vertices in Hv are made to be adjacent if only only if there is a transition in
G′ containing the two edges which correspond to the two vertices. We call Hv a
(DNA origami) vertex figure at v induced by the pair of transition systems. Since
an edge appears in exactly two transitions of the two induced transition systems
at v, Hv is a 2-regular multigraph and is composed of cycle components. While
the target is to have a single junction corresponding to v, there will only be as
many junctions as there are cycle components in Hv. Thus, a given routing of
the scaffold and staples must ensure that Hv is a single connected cycle for each
v in G′.

Since strands in a double helix are antiparallel, the 5′-to-3′ direction of the
scaffold routing is important and thus the Eulerian scaffold routings are ori-
ented. Since the two staples composing an edge must be oriented along the
same direction, the staple routings must form coherent oriented transitions. Let
C = (. . . , ev

0,v, ev
1, . . . , ev

d−2,v, ev
d−1, . . . ) be an oriented Eulerian tour on G′, where

v is a degree d vertex and {(ev
0, ev

1), . . . , (ev
d−2, ev

d−1)} is the oriented transition
system at v. Then, designing the staple routings at v to be the oriented tran-
sitions {(ev

1, ev
2), . . . , (ev

d−1, ev
0)} meets, ignoring the orientations, the connected

cycle requirement on the vertex figure for the formation of target junctions. To
see that this stapling scheme also yields coherent staple routings, let u be a
vertex adjacent to v and e an edge between them. Note that e is in two oriented
transitions from C, one at v and another at u. Edge e is inward in the transition
at u if and only if it is outward in the transition at v. If it is inward at v, it is
outward in the staple transition at v but inward in the staple transition at u;
thus the staple transitions are coherent at e. Analogous reasoning shows that
staple transitions are coherent if e is outward at v. This shows that we can
always route the scaffold as an oriented Eulerian tour and complement it with
staple routings such that we form antiparallel double helices corresponding to
the edges while ensuring we obtain properly connected junctions with as many
arms as the target vertex degrees.

We have thus shown that an arbitrary Eulerian scaffold routing can be stapled
to form a DNA mesh wireframe respecting the combinatorial constraints on
strand orientations and junction connectivity. However, Eulerian tours on
embedded multigraphs such as G′ will generally cross at vertices and this leads
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to topological considerations on our strand routings. Since the circular scaffold
strand is unknotted in solution, any feasible scaffold routing at the design stage
must also be unknotted. Our Eulerian scaffold routings, as presented so far, can
be knotted for three different reasons.2

First, let us suppose we have an Eulerian tour on G′ which has crossing
transitions at a vertex v. In this case, the closed curve image of the tour would
self-intersect at v due to the crossing transitions. Nevertheless, we can consider
the knottedness of crossing Eulerian tours by resolving the self-intersections
through an embedding in R3 of the detachment of the Eulerian tour, where the
detachment vertices corresponding to the crossing transitions can be made to
lie in an ϵ-radius v-centered 3-ball (cf. the geometric definition of detachment in
Section 2.2 in Publication III or Figure 5.2b). There are various possibilities for
embedding the detachment and some of these embeddings may be non-trivial
knots (compare Figure 5.2b and Figure 5.3a). Analyzing the unknottedness of all
such possible detachments can be a challenge. On the other hand, non-crossing
Eulerian tours can be detached to simple closed curves on the carrier of the mesh.
Hence, we work with scaffold routings based on non-crossing Eulerian tours.
Publication III considers general non-crossing Eulerian tours, while Publication
I, Publication II and Publication IV deal more specifically with A-trail scaffold
routings.

Figure 6.2. A knotted A-trail scaffold routing along the wireframe of an annulus embedded in a
knotted manner.

Second, for meshes with boundary and positive-genus meshes, recall from
Section 5.3 that the carrier of the mesh can be knotted. Thus, even a simple
closed curve on such a mesh can be a non-trivial knot. Based on this observation,
it is easy to construct mesh skeleta such that even scaffold routings based on
non-crossing Eulerian tours or based on A-trails are knotted. An example of a
knotted A-trail in a knotted embedding of an annulus is shown in Figure 6.2.
Note that this is despite the fact that the abstract graph of this mesh is planar.
In Publication III, we also give an example of a knotted A-trail for a knotted

2Here the unknottedness consideration is from the perspective of the global routing of
the scaffold along the wireframe. Since there is no scaffold self-binding in the design,
the nucleotide-level helicity of the scaffold at the individual edges and how that might
play a role in the knottedness of the scaffold in the exact 3D configuration of the DNA
wireframe is not under the modeling consideration.
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torus embedding (see Figure 2 in Publication III and Figure 5.3d).

Figure 6.3. A knotted A-trail scaffold routing for a standardly embedded torus. Image in top
left panel adapted with permission from Springer International Publishing AG:
LNCS, [65], copyright 2017.

Third, recall from Section 5.3 (Figure 5.3b and Figure 5.3c) that there are
non-trivial knots on standardly embedded tori. This enables the construction of
knotted A-trails on standardly embedded tori. A knotted A-trail on a standardly
embedded triangulated positive-genus mesh is illustrated in Figure 6.3. At the
top left is an identification space point of view for a standardly embedded torus
mesh such as that of Figure 5.1c. The other three panels illustrate intermediate
steps in a continuous deformation of the routing to a trefoil knot on a torus (cf.
Figure 5.3b and Figure 5.3c).

For the triangulated polyhedral mesh wireframes in Publication I, a scaffold
routing based on A-trails (if such exist) ensures, by Proposition 4, that the
routing is unknotted. In Publication II, we consider 2D polygonal meshes with
boundary, and thus our A-trail scaffold routings are simple closed curves on
a plane and hence unknotted [76, p. 11]. In Publication III, we consider the
unknottedness constraint on scaffold routings on triangulated meshes of positive
genus. For this purpose, we cut the mesh to a triangulated topological disk and
apply a non-crossing Eulerian tour on a reconditioned subcomplex of the disk.
This again ensures, by Proposition 4, the unknottedness of the routing.

The unknottedness of a scaffold routing is a strict constraint on the design
since an unknotted scaffold in solution cannot, without breaking and rejoining
the backbone chain, conform to the configuration in the design. A more local
constraint for the formation of clean junctions is that, given a non-crossing
scaffold routing, the staple routings should cross neither the scaffold routing nor
each other. An application of the Jordan curve theorem (Theorem 4) shows that
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oriented A-trails on Eulerian multigraphs embedded in R2, or equivalently on
a topological sphere, visit the edges incident to a vertex in either a clockwise
or counter-clockwise order of the edges around the vertex [33, Lemma VI.53,
p. VI.72]. (See Figure 6.1b for an example and Figure S1.5 in Publication
I for an illustration.) Thus, an oriented A-trail scaffold routing traces the
edges incident to a vertex in an inward-outward alternating manner and the
aforementioned stapling scheme yields strand routings where there are neither
staple-to-scaffold nor staple-to-staple crossings. This follows by noting that,
in this setting, the strand routings are such that all transitions, in both the
scaffold-induced transition system and the staples-induced transition system,
are composed of neighboring edges.

On the other hand, A-trail scaffold routings on positive-genus meshes cannot
always be stapled without crossings while meeting the orientation requirements.
The red vertex in Figure 6.3 demonstrates an example. In the case of non-
crossing Eulerian tours, even for Eulerian multigraphs embedded in R2, non-
crossing Eulerian scaffold routings cannot always be stapled without any strand
crossings (see Figure S1.3 in Supplementary Note 1 of Publication I or attempt
stapling the red vertex in the non-crossing Eulerian tour in Figure 5.2c).

6.2 Algorithms for Eulerian Tours

In Section 6.1, we presented our Eulerian tour based strand routing schemes
for mesh wireframes and identified A-trails and non-crossing Eulerian tours as
two important types of Eulerian tours in the topological considerations. Here,
we present algorithms for finding non-crossing Eulerian tours on Eulerian
multigraphs embedded on any surface, and for finding A-trails for Eulerian
multigraphs embedded in R2. We assume the input is an adjacency list, where
the edges incident to a vertex are listed in the cyclic order of the edges around
the vertex. That is, it is an adjacency list representation of the combinatorial
embedding. Methods to obtain a combinatorial embedding from a description of
the abstract graph of a mesh, or from a description of polygons in the mesh are
discussed in Section 5.2.

The algorithm for computing non-crossing Eulerian tours is presented in
Algorithm 1. The algorithm first computes (Lines 1 to 3) a non-crossing transition
system by pairing neighboring edges. From this transition system, the induced
non-crossing circuit decomposition is computed (Line 5 to 15). Finally, the
circuits are re-spliced until a single non-crossing Eulerian tour is generated
(Lines 16 to 21). An argument why Algorithm 1 produces a non-crossing Eulerian
tour is given in Lemma 7 of Publication III. For an Eulerian multigraph G
embedded on a surface, the algorithm runs in O (|V (G)|+ |E(G)|) time.

Our algorithm (Algorithm 2) for finding A-trails is based on the following
observation. Let G be an Eulerian multigraph embedded in R2. First, note that
there is only one possible type of transition system at a vertex of degree 2. Now,
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Algorithm 1: Algorithm for computing non-crossing Eulerian tours
Input: An adjacency-list-representation A of an Eulerian multigraph G

embedded on a surface.
Output: A non-crossing Eulerian tour.
/* Compute an initial transition system */

1 for each vertex v do
2 for every other edge e in A[v] do
3 Pair e with the next edge f in A[v] to create a transition {e, f } at v;

/* Compute a circuit decomposition from the initial transition system */

4 Mark all edges as having not been assigned to circuits;
5 for each edge e in G do
6 if e has not been assigned to a circuit then
7 Assign to e a pointer to a new circuit C;
8 Mark e as being assigned to a circuit;
9 u ← one of the endpoints of e;

10 f ← the mate of e at u;
11 while f is not the same as e do
12 Assign to f a pointer to the circuit C;
13 Mark f as being assigned to a circuit;
14 u ← the other endpoint of f ;
15 f ← the mate of f at u;

/* Re-splice the circuits in the decomposition to join them until there

is a single circuit */

16 for each vertex v do
17 for each edge e in A[v] excluding the first edge do
18 if e is not in the same circuit as the previous edge f then
19 Repair e, at v, with f ’s old pair at v;
20 Repair f , at v, with e’s old pair at v;
21 Update the circuit pointers of f and f ’s old pair to e’s circuit

pointer;
22 Compute a circuit C, in the same manner as in Lines 11 to 15, from the final

transition system;
23 return C

let v be a vertex in G whose degree d is at least four, and let (ev
0, . . . , ev

d−1) be
the counter-clockwise local order of the edges incident to v. Since the only two
neighbors of ev

0 are ev
1 and ev

d−1, ev
0 must be paired with either ev

1 or with ev
2 in

any transition in an A-trail C of G, if such C exists. If ev
0 is paired with ev

1, then
ev

2 must be paired with ev
3 since ev

1 is already paired with ev
0. Continuing along

the same lines, we see that a pairing of ev
0 with ev

1 implies that the transition
system at v induced by C is of the form {{ev

0, ev
1}, {ev

2, ev
3}, . . . , {ev

d−2, ev
d−1}}. Let us

call this type of transition system an even-odd transition system at a vertex. On
the other hand, if ev

0 was paired with ev
d−1, the transition system at v must be
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of the form {{ev
d−1, ev

0}, {ev
1, ev

2}, . . . , {ev
d−3, ev

d−2}}. Let us call this type of transition
system an odd-even transition system at a vertex. Thus, C induces one of
two possible types of transition systems at each vertex in G. Following the
transitions according to this specific combination yields C since there is a one-to-
one correspondence between transition systems and circuit decompositions (see
Section 3.2). On the other hand, if a specific combination of even-odd/odd-even
transition systems at the vertices yields a circuit decomposition with at least
two circuits, the transition system does not result in an A-trail. Hence, the
problem of finding an A-trail amounts to finding a combination of even-odd/odd-
even transition systems at the vertices which yield a circuit decomposition with
exactly one circuit.

For a branch-and-bound search for A-trails in the space of even-odd/odd-even
transition systems, we apply a splitting-and-checking procedure (Lines 14 to
30) based on the above observation. Let G be an Eulerian multigraph embedded
in R2. Let v be a vertex with degree d at least four, and let (ev

0, . . . , ev
d−1) be the

counter-clockwise local order of the edges incident to v. An even-odd splitting of
G at v is the embedded multigraph Ĝ with the following properties: (1) the
vertex set of Ĝ consists of all the vertices in G, excluding v, and d

2 new vertices
v̂0, . . . , v̂ d

2 −1, (2) the edge set of Ĝ is the same as in G, except that, for 0≤ i ≤ d
2 −1,

ev
2i and ev

2i+1 are reassigned v̂i as an endpoint in place of v, and (3) the order
of edges around the other vertices remains the same, and the order at v̂i is set
to (ev

2i, ev
2i+1). An odd-even splitting is the same, except that now, in condition

(2), ev
2i+1 and ev

2i+2 mod d have v̂i as an endpoint, and in (3) the order at v̂i is
(ev

2i+1, ev
2i+2 mod d). A splitting at v is either an even-odd splitting or an odd-even

splitting. We call the v̂i split vertices. Note that split vertices have degree
two. A splitting of a vertex results in a multigraph where there are still no
odd-degree vertices, but which may be disconnected. A splitting also reduces the
number of vertices whose degree is at least four. There is a natural one-to-one
correspondence between the even-odd/odd-even transition systems of Ĝ with
those of G where the transition system at v is fixed according to the type of
splitting applied at v.

A sequence of splittings of all vertices whose degree is at least four results
in a 2-regular multigraph. If the 2-regular multigraph is connected, it maps
to a single circuit decomposition comprised of neighboring transitions from
which we can read off an A-trail for the input Eulerian multigraph. If the
multigraph becomes disconnected after a certain sequence of splittings, following
the transitions in the original multigraph according to the type of applied
splittings yields a circuit which does not contain every edge. No continuation
of the sequence of splittings would change the transitions in the circuit, and
thus no continuation of this sequence can lead to a discovery of an A-trail for the
input multigraph. Recall that (Section 5.2) the notion of an A-trail is equivalent
to a non-crossing Eulerian tour for Eulerian multigraphs with maximum degree
four and such graphs always admit non-crossing Eulerian tours. Thus, we only
need to consider splittings of vertices with degree at least six.
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Algorithm 2 recursively splits, and then checks for the connectedness of the
multigraph after each splitting, stopping either when there are no longer addi-
tional vertices to split, or when the splitting leads to the multigraph becoming
disconnected. As a heuristic for the order of splitting vertices, we used a modified
version of breadth first search where the vertices adjacent to a vertex are visited
according to the cyclic order of the edges incident to the vertex. The heuristic is
designed to quickly prune incompatible splittings, i.e. those which lead to the
multigraph becoming disconnected.

For an Eulerian multigraph G, Algorithm 2 runs in time O (2k∆(|V (G)| +
|E(G)|)), where k is the number of vertices in G with degree at least six and ∆ is
the maximum degree of a vertex in G. The branch-and-bound complete search
tree has size O (2k), and the ∆ factor comes from the fact that each splitting adds
at most ∆ vertices while the number of edges remains the same.

6.3 Designs and Experiments

We implemented a design pipeline integrating the A-trail based scaffold routing
algorithm3 and employed the design pipeline, in conjunction with vHelix, to gen-
erate various two- and three-dimensional meshes in Publication I, Publication
II and Publication IV. To obtain the DNA-helix geometrical representations of
the strands, a model based on a rigid-body/spring system was employed. In the
model, DNA helices are represented as rigid cylindrical solids (cf. Figure 2.2b)
which are connected through small springs according to the strand transitions
between the cylindrical solids. A spring relaxation simulation of the model (see
Supplementary Note 2 in Publication I) was used for relaxing potential strains
emanating from the opposition of the strand routings to the helical phasing of
the strands in a double-helical geometry. A one-by-one modification of the cylin-
drical lengths, together with a spring relaxation per modification, was performed
to obtain less strained arrangements of the double helices in space. In almost all
designs, the remaining strand gaps in the relaxed geometries were filled with
unpaired single-stranded linkers in vHelix. The scaffold sequences and staple
sequences were generated in vHelix and post-processed in Microsoft Excel. The
design details are available in the corresponding methods and supplementary
notes of the publications.

In Publication I, the generality of the approach was corroborated through
the synthesis of seven large triangulated polyhedral meshes with complex ge-
ometries (see Figure 2 in Publication I). The number of faces in the polyhedral
meshes range from 80 in a subdivided icosahedral mesh to 206 in a helix-like
mesh. The combinatorial nature of the design approach enabled the synthesis of
geometries exhibiting curvature, helicity and distinctive geometric features. The
versatility of the method developed was demonstrated by folding a nanoscale
bunny from a reduced variant of the so-called Stanford bunny [92], a standard

3The source code is available at https://github.com/mohamma1/bscor.
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Algorithm 2: Algorithm for computing A-trails.
Input: An adjacency-list-representation A of an Eulerian multigraph G

embedded in R2.
Output: An A-trail of G, if such exists, no otherwise.

1 Ĝ ←G;
2 has_A-trail ← true;
3 Using breadth first search which goes through adjacent vertices according to

the cyclic order defined by the embedding, find and order vertices in Ĝ with
degree at least six. Let the order be Π;

4 if Π is not empty then
5 if splitAndCheck(Ĝ, Π, 1, even-odd) returns false then
6 has_A-trail ← false;
7 if splitAndCheck(Ĝ, Π, 1, odd-even) returns true then
8 has_A-trail ← true;
9 if has_A-trail is true then

10 Ĉ ← a non-crossing Eulerian tour of Ĝ;
11 C ← Ĉ where the split vertices are replaced with the original vertices in

G;
12 return C;
13 return C;

14 Procedure splitAndCheck(Ĝ, Π, i, type):
15 Split Π(i) according to type;
16 if Ĝ becomes disconnected then
17 Remove the split vertices and reassign Π(i) as the endpoint of its

original incident edges (from G);
18 return false;
19 else
20 if i is less than the size of Π then
21 if splitAndCheck(Ĝ, Π, i+1, even-odd) returns true then
22 return true;
23 else
24 if splitAndCheck(Ĝ, Π, i+1, odd-even) returns true then
25 return true;
26 else
27 Remove the split vertices and reassign Π(i) as the

endpoint of its original incident edges (from G);
28 return false;
29 else
30 return true;

model well known in computer graphics. It was also shown that four of the
designs fold and remain stable in buffers commonly used in biomedical research.
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Publication II presents the design and synthesis of a variety of two-dimensional
polygonal meshes with boundary, including meshes with internal holes and
meshes with complex outlines (see Figure 3 in Publication II). An investigation
of three types of tessellated meshes based on three convex polygonal units (a
hexagon, a square and a triangle) showed that the triangle-tessellated meshes
render to well-formed DNA nanostructures which cover about 70 percent more
surface area than packed 2D DNA origami. On the other hand, the hexagon-
tessellated and square-tessellated structures showed deformations, validating
that non-triangulated meshes may not always assume the target geometry.

In Publication IV, the stiffness of various DNA wireframe rod designs is
explored through experiments and coarse-grained molecular dynamics simula-
tions [89]. A theoretical analysis (see Figure 1 in Publication IV) predicted the
existence of an optimal edge length for base-scaled and isotropically scaled wire-
frame rods due to a competition between thermal fluctuations of the individual
edges and the geometric effects determined by the edge lengths. The simula-
tions supported the theoretical prediction for base scaling, but were inconclusive
for isotropic scaling. Simulations and experiments showed that a wireframe
rod stiffens with increasing size of the cross-section polygon. The experiments
validated that the sealing of nicks reduces flexibility, and showed that rendering
axial edges with two double helices can lead to increased stiffness, even when
accounting for the additional strand bases.
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7. Algorithmic Design of RNA Origami

RNA, the close biological cousin of DNA, has also attracted researchers as
a nanoscale construction material. In this emerging area of RNA nanotech-
nology, novel RNA constructs of various sizes and shapes have been demon-
strated [15, 38, 49, 43]. In a landmark work in the area, Geary, Rothemund
and Andersen [35] introduced a single-stranded RNA origami technique which
permits the folding of RNA nanostructures in a cotranscriptional fashion, thus
promising large-scale cell-based production of nucleic acid nanostructures. They
demonstrated their technique by constructing 2D rectangular tiles which assem-
ble into hexagonal lattices. In a related work, Geary and Andersen [36] suggested
possible obstacles that may arise during cotranscriptional folding of larger and
more complex 2D shapes. In Publication V, we present a combinatorial frame-
work for systematic exploration of optimal RNA renderings of a broad class
of 2D shapes with respect to criteria such as cotranscriptional folding traps.
In this Chapter, we give a brief introduction to RNA and an overview of our
combinatorial formulation using the terminology established in the preceding
chapters.

7.1 RNA Structure and Motifs

A ribonucleic acid (RNA) strand is, like a DNA strand, a chain composed of
nucleotides, except that an RNA strand is composed of RNA nucleotides. An
RNA nucleotide also consists of a sugar, a phosphate and a nitrogen base. The
difference to a DNA nucleotide is that (1) an RNA nucleotide has a ribose sugar,
which, unlike the deoxyribose sugar in DNA, has a hydroxyl group attached to
the second carbon, and (2) in an RNA nucleotide, uracil (U) replaces thymine (T)
as one of the types of nitrogen bases. In RNA, the most favorable base pairings
are the Watson-Crick pairings U-A, C-G, and the wobble base pairing G-U.

In contrast to DNA, RNA mostly exists in single-stranded form in the cell,
and although the polymers look similar, a single-stranded RNA is more reactive
and typically folds by itself into a shape [3, p. 302]. RNA is produced in the
cell from a DNA template in an enzymatic process called transcription. The
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enzymes which catalyze RNA transcription are called RNA polymerases. In RNA
transcription, an RNA strand is extended one nucleotide at a time according
to the sequence in the DNA template. There is evidence [57] that RNA folds
cotranscriptionally, i.e., during the process of transcription, instead of awaiting
the production of the whole transcript before beginning the process of folding.

Figure 7.1. Two RNA motifs used by Geary et al. [35] for the design of 2D RNA rectangular
tiles. Left: an RNA A-helix. Right: an HIV dimerization initiation site (DIS)
kissing loop complex [28]. Adapted by permission from American Association for the
Advancement of Science (AAAS): Science [35] copyright 2014.

An RNA fold consists of various types of motifs which RNA nanotechnologists
have exploited for constructing artificial RNA structures [49]. Two fundamental
motifs used by Geary et al. [35] in their RNA origami design strategy are
presented in Figure 7.1.

The first, an instance of which is shown on the left in Figure 7.1, is a double-
helical motif called an A-helix. (In Figure 7.1, the solid curves illustrate the
strand backbones while the small features protruding from the curves indicate
the nitrogen bases.) The A-helix, like the DNA double helix, is composed of
antiparallel strands winding helically around a common helical axis. There
are however some differences in the geometrical details. For instance, in an
RNA A-helix, there are around 11 base-pairs per turn and the distance between
consecutive base-pairs is around 0.29 nm.

The second motif is a (180°) kissing loop complex [28]. (An example instance
is shown on the right in Figure 7.1.) A kissing loop complex is composed of
two hairpin motifs (cf. the blue and gray folds in Figure 7.1). A hairpin motif
consists of an A-helical stem region with paired nucleotides and a loop region
with unpaired nucleotides. The two hairpin motifs in a kissing loop complex
connect through a pairing of the bases in their loop regions, as for instance,
indicated by the red bars in Figure 7.1. From the point of view of the ends, a
kissing loop complex of the same length as a given A-helix is in phase with the
A-helix (cf. Figure 7.1), and thus, can be substituted for the A-helix in a larger
RNA design.

One of the simplest RNA tiles synthesized by Geary et al. [35] is shown in
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Figure 7.2. A two-helix-tall RNA tile with antiparallel crossovers spaced an even number of
half-turns apart. Figure adapted by permission from American Association for the
Advancement of Science (AAAS): Science [35] copyright 2014.

Figure 7.2. It is conceptually made of two A-helices aligned in parallel so that
they are in phase at two crossover sites for reciprocal exchange of strands. A
single-stranded RNA tile fold is then realized from this conceptual arrangement
through a linking of the strand segments into a continuous routing of the single
strand. The single strand is made to cross over between the two conceptual
A-helices at the two crossover locations. In the final tile, four hairpin motifs
flank the two crossover locations outward from the tile. The loop regions of
the outward hairpin motifs are highlighted in red in Figure 7.2. Between
the two crossover locations, the single-stranded routing results in a kissing
loop complex in the conceptual upper A-helix (cf. the blue colored region in
Figure 7.2). The conceptual lower A-helix retains the A-helix stem domain
between the two crossovers. This A-helix stem domain contains the 3′-5′ nick
site for the otherwise continuous circular strand forming the whole tile. In
Figure 7.2, the 5′-end is indicated with the black dot.

7.2 A Design Framework for RNA Origami

Let us define a pixel to be a convex polygon formed from the convex hull of four
vertices (x, y), (x+1, y), (y+1, x), (x+1, y+1) in R2, where x and y are some
integers. By a bitmap shape, we mean a polygonal complex composed of vertices,
edges and pixels such that (1) every vertex and edge is a facet of some pixel,
and (2) the complex has a connected 1-skeleton. By a grid graph, we mean
the 1-skeleton of a bitmap shape, viewed as a graph embedded in R2. By an
M×N complete grid, for M ≥ 2, N ≥ 2, we mean the skeleton of the bitmap shape
composed of all the (M−1)×(N−1) pixels which can be made from vertices (x, y),
(x+1, y), (y+1, x), (x+1, y+1), where x and y are integers such that 0≤ x ≤ N−1
and 0≤ y≤ M−1. An edge in a grid graph formed from the convex hull of two
vertices (x, y) and (x+1, y) is a horizontal edge, otherwise it is a vertical edge. A
pixel thus has two horizontal edges and two vertical edges as a facet. Note that
since a vertex in a bitmap shape is a facet of at least one pixel, it is also a facet of
at least one horizontal edge and one vertical edge. By a perimeter vertex in a
bitmap shape, we mean a vertex which is a facet of exactly one horizontal edge.

In Publication V, we present a grid-graph design approach for single-stranded
RNA-origami tile renderings of bitmap shapes. In the publication, we focus
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on designing tiles which minimize the likelihood of “polymerase trapping” of
a proper folding, but the design framework can be adapted to explore further
constraints and/or optimization criteria.

(a) A 3×2 grid graph. (b) A “U” spanning tree based tile.

(c) An “H” spanning tree based tile. (d) An “E” spanning tree based tile.

Figure 7.3. A 3×2 grid graph and three possible tiles derived from three possible spanning trees
of the graph. Figure adapted by permission from Springer International Publishing
AG: LNCS, [66], copyright 2018.

The starting point of our design scheme is a target bitmap shape that a user
wishes to assemble as an RNA origami tile. A 3×2 grid graph for constructing
rectangular tiles which are conceptually made from three parallel horizontal
A-helices (cf. Figure 7.2 and the related discussion in Section 7.1) is illustrated
in Figure 7.3a. Analogous to our DNA origami wireframe design schemes, we
render the vertices and edges of the grid graph using RNA structural compo-
nents.

In particular, we render each horizontal edge of the input grid graph as either
an A-helix stem domain or as a 180◦ kissing loop complex; in both cases, the
length of the resulting motif is some fixed integer number of full turns to ensure
that the final continuous strand remains on the same side of the helical axis
after tracing the edge. For instance, Figure 7.3b illustrates a case where the
lowest horizontal edge of the grid graph in Figure 7.3a is rendered as an A-helix
stem domain, while the other two horizontal edges are rendered as kissing
loop complexes. In Figure 7.3b, the single strand backbone is illustrated with
the blue curve, the stem base pairings with small faint dotted lines and the
kissing loop pairings with red dashed lines. On the other hand, the vertical
edges designate possible crossover locations. The net effect is that there are thus
parallel cylinders running horizontally from perimeter vertices to perimeter
vertices, and these cylinders are connected through the strand crossovers at a
subset of the vertical edges. At every perimeter vertex, we add a short-stem
hairpin motif with an inactive loop so that the loop points in the horizontal
direction where the vertex does not have an incident horizontal edge. For
simplicity of discussion, we ignore these capping hairpin motifs at perimeter
vertices.
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The primary challenge is to globally route the linear single-stranded RNA
on the grid graph so that the desired RNA structural components are placed
on the targeted elements of the grid graph. In our design scheme, the 5′-end
of the strand is located close to the 3′-end, and thus, it will convenient at first
to describe the design process with a circular strand. The linear routing can
be thought of as simply selecting a nick site after a circular routing. For the
global routing of the circular strand, we utilize a spanning tree of the grid graph
and a routing which goes twice around the spanning tree. (Three different tiles
derived from three different spanning trees of the grid graph in Figure 7.3a are
shown in Figures 7.3b, 7.3c and 7.3d.) A twice-around-a-tree walk is a closed
walk on a tree which visits every edge exactly twice. A twice-around-a-tree walk
can alternatively be viewed as an Eulerian tour on a doubling of the tree (i.e., a
doubling of every edge in the tree).

(a) A subdivision of horizontal co-tree edges.

w

a

a*

v

e

(b) A doubling of the subdivided graph.

(c) An A-trail on the processed graph. (d) The final routing.

Figure 7.4. A subdivision-and-doubling of the 3×2 grid graph induced by the H spanning tree,
and an A-trail model of the strand routing based on this processing. Subfigure
(d) adapted by permission from Springer International Publishing AG: LNCS, [66],
copyright 2018.

In our case, we can model the complete global strand routing as an A-trail
on a processed version of the input grid graph. Let G be a grid graph and T a
spanning tree of G. Let e be a horizontal edge in the co-tree with endpoints u
and v, which are embedded at (x, y) and (x+1, y), respectively. By a subdivision
of e in G, we mean the new embedded graph obtained by adding a new vertex w
at (x+0.5, y) and replacing e with two new edges: an edge e l whose endpoints are
u and w and which is embedded as the line segment between u and w, and an
edge er whose endpoints are w and v and which is embedded as the line segment
from w to v. Let us call w a kissing loop vertex. For example, the subdivisions of
the co-tree edges of the H spanning tree (Figure 7.3c) are shown in Figure 7.4a;
the resulting kissing loop vertices and their incident edges are colored red. Let
Ĝ be the connected embedded graph obtained from G by subdividing all the
horizontal edges in the co-tree, and removing all the vertical edges in the co-
tree. Let Ĝ′ be the Eulerian multigraph obtained by doubling every edge of
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Ĝ. We call Ĝ′ a subdivision-and-doubling of G. Our strand routing around the
spanning tree T, with an additional splicing of the hairpins at the horizontal
co-tree edges, can be viewed as an A-trail on Ĝ′, where the A-trail is composed of
retracting transitions at kissing loop vertices and non-retracting transitions at
every non kissing loop vertex whose degree is at least four. (Compare the A-trail
in Figure 7.4c of the multigraph in Figure 7.4b with the routing in Figure 7.4d.)

Different spanning trees of a grid graph lead to different A-trails on the
subdivision-and-doubling of the grid, and eventually to different tile renderings
of the bitmap shape. We can thus, in principle, explore the vast space of possible
spanning trees of a grid graph to search for optimal RNA tile renderings of a
target bitmap shape.

7.3 Cotranscriptional Folding Traps

In Publication V, we employ our spanning tree based design scheme to find RNA
tile renderings which minimize the risk of polymerase trapping. Briefly, by poly-
merase trapping, we mean the blocking of the formation of an A-helical domain
during a cotranscriptional folding of an RNA shape. In a polymerase-trapped
state, two strand segments are unlikely to be able to wind around each other
to form a target A-helical domain due to the presence of the cotranscriptional
complex, i.e., the RNA polymerase plus the DNA template. This occurs if some
kissing loop complexes have formed before the transcription of the 3′-side strand
segment composing the target A-helix domain. Here, we present a combinatorial
formulation of this objective based on the A-trail model introduced in Section 7.2.
We refer the reader to Publication V for a further account of the modeling details
and the algorithm we developed.

w

a

a*

Figure 7.5. A polymerase trapping of the formation of an A-helix stem domain during cotran-
scriptional folding of the H spanning tree based tile.

Let C be an oriented A-trail on a subdivision-and-doubling Ĝ′ of a grid graph
G obtained from a spanning tree T. Our polymerase trapping minimization
objective depends on the cotranscriptional direction from the 5′ to the 3′-end,
and thus we linearize C by designating some non-kissing-loop-vertex v in Ĝ′,
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along with an edge e incident to the vertex, as a starting point of C. For the
A-trail in Figure 7.4c, this designation is signaled by the 5′ dot; see also the
labels on the vertices and edges in Figure 7.4b. We denote the linearization
of C through v and e by Cv,e. We thus view Cv,e as being a linearly ordered
sequence v, e, . . . ,v and we can think of the cotranscriptional folding process as
transcribing the RNA strand in the Cv,e order.

Now suppose the linearization Cv,e is of the form v, e, . . . ,w, . . . ,a, . . . ,w, . . . ,
a∗,u, . . . ,v, where w is a kissing loop vertex, a and a∗ are horizontal parallel
edges. If, during the cotranscriptional process, the kissing loop complex has
formed at w, we can view the scenario, from the perspective of Cv,e, as the
closed walk w, . . . ,a, . . . ,w having formed a closed curve. Such a closed curve
for the routing in Figure 7.4c can be seen in the boundary of the gray shaded
region in Figure 7.5. In order for a and a∗ to render to an A-helix, the RNA
strand segments (corresponding to) a and a∗ must wind around each other (cf.
the signal given by the red arcs in Figure 7.5). However, if the kissing loop
remains closed at w, the strand segment a∗ is not able to wind around a since
the still-present transcriptional complex (RNA polymerase and DNA template)
that is bound to the strand at a∗ is, given the size of the complex, highly unlikely
to thread through the closed curve formed by w, . . . ,a, . . . ,w. This scenario is
sketched for the H spanning tree based routing in Figure 7.5; the polymerase is
sketched as the orange disk and the DNA template is the sketched as the black
strand. A polymerase trapping of the formation of the a− a∗ A-helical stem
pairing is more likely if the kissing loop at w closes before the transcription of a∗.
Thus, the longer the walk w, . . . ,a∗,u, the longer it takes for the transcription of
a∗ while there is a likelihood of the kissing loop closing. However, since vertical
edges only correspond to crossovers, which essentially weigh for zero length in
the strand, we only count the number of horizontal edges in w, . . . ,a∗,u. Thus,
we define the polymerase trapping cost of the triple 〈w,a,a∗〉 as the number of
horizontal edges in w, . . . ,a∗,u. We then define the polymerase trapping cost of
Cv,e to be the maximum polymerase trapping cost of a triple in Cv,e over all
possible such triples in Cv,e. The polymerase trapping cost of a spanning tree
T of a grid graph G is the minimum cost over all possible linearizations of an
oriented A-trial on the subdivision-and-doubling of G induced by T.

Given a grid graph G, we thus aim to find a spanning tree T∗ of minimum
polymerase trapping cost. Without other additional constraints, the following
construction shows that there is always a zero-cost spanning tree for any grid
graph. Let G be a grid graph. Let T be the subgraph of G induced by taking
all the horizontal edges in G and a maximal set of vertical edges which do not
form a cycle in conjunction with the horizontal edges. We first show that T is
a spanning tree of G. Clearly, the set of all horizontal edges do not form a
cycle and since the addition of the vertical edges does not introduce a cycle, T
is a forest. Recall that any vertex in a grid graph is incident to at least one
horizontal edge. Thus, T spans all the vertices in G. Now suppose, for the
sake of contradiction, that T is not connected and is composed of at least two
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connected components. Since all the horizontal edges are already in T and G is
connected, there must exist a vertical edge whose addition to T would decrease
the number of connected components. The addition of such a vertical edge to T
would not introduce any cycle. But this contradicts the maximality of the set of
vertical edges selected. To see that T has a zero polymerase trapping cost, note
that since all the horizontal edges in G are in T, the subdivision-and-doubling
of G induced by T does not contain any kissing loop vertex. The cost of any
linearization of the oriented A-trail on the subdivision-and-doubling is zero since
there exists no triple 〈w,a,a∗〉, where w would be a kissing loop vertex.

Unfortunately, the all-horizontal-edges spanning tree described above can
result in a flexible RNA origami tile. The tile in Figure 7.3d that is based on
the E spanning tree illustrates this situation. Assuming a hinge-like model
of a crossover, a single crossover joining two cylindrical domains would not
prevent out-of-plane rotational flexibility. As such, the crossovers in the E-tile
would permit rotational freedom of the A-helix cylinders with respect to the axis
formed by the vertical line (parallel to the y-axis) passing through the crossover.
Inspired by the more rigid DNA double-crossover motifs of Fu and Seeman [34]
and as a first attempt to mitigate against such flexibility, we imposed in our
design scheme a two-crossover-per-row constraint on the spanning trees. That
is, if a horizontal line {(x, y+0.5) ∈ R2 : x ∈ R} through y+0.5, for an integer
y, intersects a vertical edge in the input grid graph G, it must intersect at
least two vertical edges of a feasible spanning tree. Note that, for complete
grid graphs, any spanning tree which includes all the horizontal edges would
violate this constraint as the existence of two vertical edges in a row would,
in contradiction, imply that that there would be a cycle in the spanning tree.
While the two-crossover-per-row constraint, assuming a rigid-body model of the
horizontal cylinders from perimeter vertices to perimeter vertices, seems like a
necessary and sufficient condition for ensuring no out-of-plane flexibility in a tile
render of a complete grid, we have found it to be insufficient for arbitrary grids.
For instance, the spanning tree for the smiley routing in Figure 7 of Publication
V respects this constraint, but a number of possible flexing crossover locations
can be identified.

On the other hand, if a spanning tree does not contain at least one horizontal
edge, there is always a cost one emanating from the rendering of this edge as
a kissing loop complex. Indeed, suppose G is a grid graph and T is a spanning
tree of G which does not contain at least one horizontal edge e in G. Let w be
the kissing loop vertex derived from e in the subdivision-and-doubling Ĝ′ of G
induced by T. Note that w has degree four in Ĝ′. Since a linearized oriented
A-trial in Ĝ′ cannot start at w and has retracting transitions at w, it must be of
the form .. . ,b,w,b∗, . . . ,a,w,a∗,u . . . , where (b,b∗) and (a,a∗) are the two pairs
of parallel edges incident to w. Thus the triple 〈w,a,a∗〉 has a cost one. We say
a spanning tree which has a polymerase trapping cost one has a near-zero cost.

For complete grids, there are always near-zero-cost spanning trees which
respect the two-crossover-per-row constraint. To see why, let G be a complete
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Figure 7.6. A near-zero-cost routing for a 3×3 grid.

M×N grid. We construct the spanning tree T∗ of G by taking all the vertical
edges in G and all the lowest most horizontal edges, i.e., those edges lying in
the horizontal line {(x,0) ∈ R2 : x ∈ R}. Such a spanning tree resembles a comb.
An example of this type of spanning tree for a 3×3 grid is shown in black in
Figure 7.6. For the linearized oriented A-trail on the subdivision-and-doubling
Ĝ′ of G, we choose the vertex v at the origin and the lower horizontal edge in Ĝ′

incident to v (cf. the 5′ dot in Figure 7.6). The trail thus proceeds by visiting all
the lower parallel edges in Ĝ′ emanating from the horizontal edges in T∗ and
then continuous in a counter-clockwise direction (cf. the orientation of the blue
curve in Figure 7.6). In this trail, all the lower double edges of the spanning
tree horizontal edges are visited before any kissing loop vertex and thus there
is no cost associated with these edges. Hence, the only costs are the unit costs
associated with the edges incident to the kissing loop vertices.

Although the above comb-like spanning trees for complete grids yield near-
zero-cost solutions respecting the two-crossover-per-row constraint, it is not
clear if they would be optimal in other respects. For instance, the long kissing
loop seams in such designs might pose their own challenges. Nevertheless, the
spanning-tree design framework can accommodate additional constraints and a
systematic exploration of the space of spanning trees can potentially be used to
design RNA tiles meeting additional design criteria.
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8. Discussion and Related Work

Nucleic acids have become viable programmable materials for bottom-up en-
gineering of nanoscale systems with emerging applications in nanomedicine,
materials science and biophysics [85, 14, 49]. The predictability of DNA hy-
bridization and the ability to synthesize programmed DNA strands has enabled
the assembly of a variety of nanoscale DNA constructs [99, 86, 77, 96, 54, 48]
including dynamic structures [62] and systems [104, 90]. Recent works [94, 72]
have further scaled the size and production mass of DNA nanostructures.

Design tools have supported the design and synthesis of DNA nanostructures
since the earliest days of DNA nanotechnology [107]. DNA origami design [22]
and simulation [12] tools have been regularly used for lattice-packed DNA
origami designs. To further advance the applications of DNA nanotechnology for
areas such as biomedicine, robust computational methods and tools that enable
the rapid design and synthesis of wireframe nanostructures by non-experts can
be of great significance. In this regard, the work in this dissertation ( Publication
I, Publication II, Publication IV) presents a general and highly automated design
method for the construction of large polyhedral and 2D mesh wireframes.

In our work, we adopted an Eulerian-tour graph-theoretic model for the design
and synthesis of a broad class of DNA nanostructures. Veneziano et al. [93] have
presented an alternative, highly general, spanning-tree approach for the design
and synthesis of polygonal mesh wireframes. In the DNA origami approach
of Veneziano et al., the scaffold is routed in a twice-around-the-tree fashion
similar to the single-stranded RNA routing presented in Chapter 7, but in their
case, staples, instead of kissing loops, are used to join the retracting scaffold
transitions in the co-tree edges. Although their method is not restricted to
spherical topologies, the presence of a large number of staple joins in tree-based
origami has been hypothesized to potentially lead to aggregation problems
for large designs [8]. A detailed comparison of the two approaches is given by
Orponen [70]. Previous design approaches [86, 78, 105], although not formulated
in such terms, can also be viewed from a spanning-tree perspective [70].

In the related area of DNA computing, Adleman [2] experimentally demon-
strated a solution for a small instance of the directed Hamiltonian path problem
in 1994. The construction of 3D DNA structures for DNA computing purposes
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had been theoretically proposed as early as 1999 [50]. Eulerian tours have been
considered in DNA graph computations which use circular strands for reporting
their solutions [51]. A solution to a three-colorability graph problem has also
been experimentally demonstrated [100].

Motivated by DNA origami design, the computational complexity of Eulerian
tours with transition costs has been recently studied [26].1 Ellis-Monaghan et
al. [27] were the first to show that Eulerian tours can be knotted for a torus mesh
wireframe. Morse et al. [68] have recently studied the knotting of A-trails on
toroidal wireframes and shown that A-trails on checkerboard-colorable toroidal
meshes are always unknotted. In Publication III, we present an algorithm
with strong approximation guarantees for finding unknotted postman tours
on positive-genus triangulated meshes. Although the present DNA origami
scaffold strands in use are unknotted, knotted DNA strands have been previously
synthesized [69].

Other types of walks on embedded multigraphs have been studied theoreti-
cally [32] and employed for the experimental synthesis of protein [39] and DNA
nanostructures [56]. The so-called antiparallel-strong-traces variant [32] is
based on an antiparallel double tracing of the edges of an embedded graph which
ensures proper junction formation at vertices (cf. the discussion in Section 6.1).
A single-stranded self-threaded DNA following a strong double trace was used
to build a nanoscale square pyramid [56]. A modified variation of a strong
double trace was implicitly employed earlier by Li et al. [59] for the synthesis of
a tetrahedral DNA nanostructure. Graph embeddings admitting antiparallel
strong traces were characterized through the existence of spanning trees such
that each connected component of their co-trees has an even number of edges
(Theorem 4.1 in [32]). Since a triangulated polyhedral mesh M such as that of
a tetrahedron has 3 |V (M)|−6 edges (cf. [97, p. 242]), any co-tree of a spanning
tree of its skeleton must have 2 |V (M)|−5 edges, and thus, a parity argument
shows that such embedded graphs cannot admit antiparallel strong traces.

Single-stranded nucleic acid design schemes [59, 35, 56, 43] such as those
based on strong traces offer better possibility for replication and cell-based
mass production, but can present topological challenges due to self-winding
(cf. Figure 9 in [78]) and kinetic challenges due to potential incorrect binding.
In Publication V, we consider a folding trap that may arise in cotranscriptionally
folding single-stranded RNA tiles and propose a combinatorial framework for
designing tiles avoiding such traps. The work in Publication V is still early and
we are presently investigating other constraints that can be integrated to the
design framework. For obtaining the eventual RNA sequences, algorithms and
tools for RNA sequence design [75, 102, 60] need to be integrated in the design
pipeline.

1Eulerian tours with transition costs are related to the NP-hard A-trail problem [9].
Given an instance of an A-trail problem, all transitions composed of neighboring edges
can be assigned a cost zero and all other transitions can be assigned large positive
values. The existence of an A-trail in such an instance should imply the existence of an
Eulerian tour with zero total transition cost and vice versa.
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The ability to control matter at the nanoscale fundamentally expands the tech-
nological landscape through the possibility of rational arrangement of molecules
for target applications. In this respect, nucleic acids have been demonstrated
as highly programmable materials for a variety of possible new applications.
As the applications of DNA and RNA nanotechnology are being further ex-
plored, general and automated design methods which allow low-barrier entry for
researchers outside the field can be a significant factor in advancing the field.

This dissertation presents a novel, highly general, and highly automated de-
sign approach for the synthesis of 2D and polyhedral wireframe DNA nanostruc-
tures suitable for applications requiring sparse architecture. The generality of
the method was experimentally demonstrated through the assembly of nanoscale
origami which exhibit complex geometric features. In a theoretical extension of
the method introduced, the dissertation also presents an algorithm for finding
unknotted DNA scaffold routings on triangulated meshes with more complex
topology. Building on the work of the landmark results of Geary, Rothemund and
Andersen, the dissertation introduces a theoretical design framework for the de-
sign of two-dimensional RNA origami bitmap shapes avoiding cotranscriptional
folding traps, and which have possibilities for cell-based mass production.

Nucleic acid nanostructures have intricate internal geometries and further
work is needed to get more precise geometric control over the assembled nanos-
tructures. The theoretical methods in Publication III and Publication V need
to be validated through experimental work. There is plenty of room in the
design space of nucleic acid nanotechnology to investigate strand routings on
broad categories of shapes so that they meet the necessary combinatorial and
topological constraints. Enabled by well abstracted and highly automated de-
sign tools addressing such requirements, experimentalists can potentially go
through design-and-test cycles quickly and further advance the role of nucleic
acid nanotechnology in society.
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