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1. Introduction

Modern technologies allow for effective measurement of large amounts

and various types of data, calling for suitable analysis methods for knowl-

edge extraction. Great amounts of research has been conducted on how to

model the ever larger data sources while providing generalizability to new

measurements as well. Meanwhile, there has been lesser focus on ways to

model the relations of heterogeneous data sources (also called data views).

Traditional data analysis methods, developed to study the relations of

variables in a single data source, do not ideally generalize to multiple

heterogeneous data sources, the relations of which can be even more im-

portant than the structure within them. This includes Bayesian latent

variable models, which are a key tool in machine learning, as they form

a principled framework for understanding the generation of data, incor-

porating prior information in the model, as well as evaluating the uncer-

tainties of the model.

The analysis of drug response and brain imaging studies with machine

learning tools is a key contribution of this thesis. The former can in-

clude measurements related to the chemical structure of the drugs, as

well as the gene expression, copy number variation and methylation of

the studied cell lines. Modern brain imaging studies, on the other hand,

can contain natural stimuli with rich features (such as an auditory story),

as well as measurements from multiple subjects, each different from one

another. Studying the relations and structure of these data sources can

bring insight into the problem at hand, be it the chemical action mecha-

nism of drugs or the language processing of the brain, as well as result in

accurate predictions of missing parts of the data.

This thesis studies Bayesian latent variable models that allow gaining

insight on the relations of multiple data sources. The research conducted

is based on a recent model group factor analysis (GFA) [1], which is pio-

11



Introduction

neering work for modelling relations within multi-view data. Application

of multi-view models, such as GFA, in life sciences requires carefully tak-

ing into account existing prior information regarding the measurements,

and the similarities of observations, as well as whole data sources.

1.1 Contributions and organization of the thesis

This thesis presents new Bayesian latent variable models for joint mod-

elling of multiple data sources. These models are designed to suit the

needs of applications in life sciences, with specifically drug response and

brain imaging studies in mind.

Publication I provides a literature survey of models related to group

factor analysis and presents a novel low-rank formulation for modelling

relations of data sources. The approach is demonstrated in an analysis of

functional magnetic resonance imaging (fMRI) data with subjects listen-

ing to a piece of music, as well as in a drug response analysis, evaluating

similarities of drugs.

Publication II presents a framework for joint decomposition of paired

matrices and tensors, and further extends it by allowing a more flexi-

ble decomposition for the tensors, called relaxed multi-tensor factoriza-

tion. The performance of the methods is demonstrated in a brain imaging

study, where an auditory story is decomposed jointly with related brain

responses, and in a toxicogenomics problem, where structural descriptors

of drugs, gene expression of cells and drug toxicity are related.

Publication III examines GFA with sparse priors as a biclustering method

for multiple data sources, and extends the formulation to allow for data

sources paired in two modes. The presented methods are utilized in a drug

response study, where the biclustering prior results in an interpretable

and predictive posterior. The tools needed for this work are collected in

a software package, implementing the full data analysis pipeline and a

replication of the drug response study, presented in Publication IV.

Publication V presents a framework that allows posterior inference for

challengingly large models (i.e., big data), by partitioning the data into

parts, and performing a three-step inference procedure, parallelizing over

the data partitioning. The performance of this approximate inference

technique is demonstrated in movie recommendation and drug-protein in-

teraction tasks.

Finally, Publication VI applies Bayesian reduced-rank regression (BRRR;

12
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[2]) to explain heritable and environmentally affected modes of brain ac-

tivity. The study demonstrates how modern machine learning tools are

able to perform genome-wide association even for studies where there are

more phenotypes (i.e., outcome variables) than subjects.

This thesis is organized as follows: Chapter 2 motivates the use of

Bayesian latent variable models, discussing their properties and infer-

ence. Chapter 3 presents the multi-source models used and developed in

the thesis. The application of these models in drug response studies is

discussed in Chapter 4, and the application in brain imaging studies in

Chapter 5. The thesis is concluded with a discussion in Chapter 6.
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2. Bayesian Latent Variable Models

Statistical inference is focused on gaining knowledge and making predic-

tions based on observations, and Bayesian latent variable models are no

exception. Formally, given observations Y, we assume a generative pro-

cess

p (Y|Θ) , (2.1)

defining the probability of the observations Y given latent (i.e., unob-

served) variables Θ. Equation (2.1) is known as the likelihood of the

observations, and it is generally motivated by the assumption that the ob-

servations can be described with a lower dimensional (more interpretable)

set of latent variables. In Bayesian modelling the latent variables are also

given a prior p(Θ), stating the prior beliefs about them before any data

is observed. The prior can reflect various degrees of belief: a very even

(flat) distribution over the possible space of Θ is called an uninformative

prior, as opposed to an informative prior. The former allows, given the

likelihood, the observations Y alone to determine the latent variables Θ,

whereas the latter can be used to affect them based on prior knowledge or

assumptions.

In Bayesian latent variable models, defined by the prior and the likeli-

hood, inferring the latent variables (specifically, their distribution) relies

on the use of Bayes’ theorem:

p(Θ|Y) =
p(Y|Θ)p(Θ)

p(Y)
, (2.2)

where p(Θ|Y) is called the posterior distribution of the latent variables,

and p(Y) is the probability of observing Y without regard to Θ. The pos-

terior distribution is the final product of Bayesian latent variable mod-

els, allowing for gaining knowledge and making predictions based on the

observations Y. Having the distribution also allows for quantifying the

uncertainty of the conclusions, as well as the predictions.
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Matrix factorization methods, used to present a data matrix Y in a lower

dimensional space, are discussed in this chapter, along with tensor factor-

ization methods, applied to higher-order data matrices. This is followed

with a discussion of sparse models and model inference.

2.1 Matrix factorization

Let us assume observations presented in a matrix YN×D, such that yi,: is

an observation of D features. In order to gain knowledge about Y, if D is

very small, it is often meaningful to inspect a visualization of the observa-

tions and look at some simple statistics of the different features. However,

as D increases, this will no longer be effective, or even feasible. Assum-

ing that the features are not independent, it is meaningful to present the

observation matrix as

Y ≈ XW�, (2.3)

where XN×K is a low-dimensional (K < min(N,D)) description of the ob-

servations, and WD×K is a low-dimensional description of the features,

that is, a mapping from the latent dimension (the K components) to the

observation space. Here the parameter K defines the dimensionality of

the latent space, i.e., the complexity of the factorization model. It is typi-

cal to assume zero-mean columns in Y (centering done as a preprocessing

step), as this avoids having to set a feature mean parameter. The most

well-known matrix factorization methods are factor analysis (FA; [3]) and

principal component analysis (PCA; [4]).

Usually the likelihood for Equation (2.3) is defined as a normal distri-

bution

p(Y|X,W) =

N∏
i=1

N (
yi|Wxi,Λ

−1
)
, (2.4)

where Λ is the precision matrix (i.e., the inverse covariance matrix) of

the residuals yi −Wxi. Alternative choices include Laplace distribution,

better suited for data containing outliers [5] and Gaussian scale mixture,

allowing more robust parameter inference if both the rows and columns

have varying noise scales [6]. The choice of Λ is crucial for the likeli-

hood, as in principle the mean term Wxi is used to model the latent sig-

nal of the observations, whereas Λ models the covariance structure of

the residual noise. Fully parameterized precision, as used for example in

Bayesian probabilistic matrix factorization [7], assumes that the residual

contains structure not captured by the component model. On the other
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hand, limiting the precision to be a diagonal matrix, or even of form τID,

such as in [8], assumes that the component model captures all the co-

variance present in Y. It is also important to note that here we assume

independent and identically distributed (i.i.d.) observations, which allows

decomposing the likelihood in Equation (2.4) into a product of N indepen-

dent factors.

Furthermore, for Bayesian purposes, the most common prior distribu-

tion for elements of X and W are normal distributions with zero mean

and unit variance, resulting in dense parameters. The variance of these

distributions can be adjusted if informative priors regarding the scale of

the components are desired. Sparse priors will be discussed in Section

2.3. For a fully parameterized Λ, it is typical to assume a Wishart dis-

tribution, with e.g. scale matrix I and D degrees of freedom [7], whereas

the elements of a diagonal precision matrix are typically given gamma

distributions with shape aτ and rate bτ . Setting aτ = bτ ≤ 1 leads to what

is generally considered an uninformative prior. If prior knowledge exists

about the signal-to-noise ratio, it can be used to define an informative

prior for the precision matrix Λ.

2.2 Tensor factorization

Tensor factorization extends matrix factorization principles to tensors,

i.e., “matrices” with 3 or more modes. Here only tensors with 3 modes,

i.e., observations YN×D×L are discussed, but the principles can be directly

generalized to any number of modes, each associated with parameters de-

scribing the reconstruction from the latent space. A common likelihood

for the observations is defined as

p(Y|X,W,U) =

N∏
i=1

D∏
j=1

L∏
l=1

N
(
yi,d,l|

K∑
k=1

xi,kwj,kul,k, τ
−1
d,l

)
, (2.5)

again assuming i.i.d. observations, with U introduced as the parameter

associated with the third mode of the tensor. The factorization in Equa-

tion (2.5) is equivalent to the CANDECOMP/PARAFAC (CP) factorization

[9, 10], also knows as the tensor rank decomposition. Other types of tensor

factorization schemes have been studied as well [11]. The prior distribu-

tions of the parameters can be chosen using the same principles as with

matrix factorization.
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2.3 Sparse models

In many applications of Bayesian latent variable models it is restrictive to

assume that certain low-dimensional structure is present in all the obser-

vations and features. An alternative assumption can be made by setting

sparse priors for the models parameters, generally resulting in observa-

tions (or features) being associated only with structure strongly present

in them. In many tasks sparsity can also help in regularizing the model

to avoid overfitting, as well as result in more easily accessible knowledge

about the data. In the domain of matrix factorization, one alternative for

imposing sparsity for latent weights W is to define them an automatic

relevance determination (ARD) prior [12]:

wd,k ∼ N
(
0, α−1

d,k

)
(2.6)

αd,k ∼ G (aα, bα) ,

where the Gamma-distributed αd,k is used to learn the scale of each effect.

By setting suitable values for shape aα and rate bα, wd,k that contribute

only little to the likelihood will be pushed towards zero by learning a high

value for αd,k. For example aα = bα = 10−14 results in an uninformative

prior that is able to induce sparsity [1]. The ARD prior can also be used to

perform model complexity selection [1, 8]. If the elements of W are given

precision αk, opposed to αd,k in Equation (2.6), components contributing

only little to the likelihood will be pushed towards zero. Thus initializing

the model with a high K, and using a threshold to omit weak components

results in inferring the model complexity. Here the prior of the residual

noise plays a crucial role: if a large proportion of noise is assumed, more

components will be shut down.

The ARD prior is a conjugate prior, resulting in normal and gamma dis-

tributions for W and α, conditional on the other model parameters. It

has the drawback that some threshold is needed to distinguish “approx-

imately zero” and non-zero values. An alternative prior imposing binary

sparsity is

wd,k ∼ hd,kN (0, 1) + (1− hd,k)δ0

hd,k ∼ Bernoulli (πk)

πk ∼ Beta (aπ, bπ) ,

called the spike-and-slab prior [13]. Here πk controls how likely it is that

w:,k is used to explain data (with hd,k = 1 corresponding to the slab and
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0 to the spike). The spike-and-slab prior can be combined with ARD by

changing the precision of the normal distribution to allow also learning

differing scales for different features and/or components.

2.4 Model inference

At the simplest, the posterior of the model parameters Θ can be inferred

with the Bayes’ theorem. However, the denominator in Equation (2.2)

needs to be estimated as

p(Y) =

∫
p(Y|Θ)p(Θ)dΘ ;

an integral which usually is not tractable, that is, presentable in closed

form. Not being able to estimate the denominator of the Bayes’ theorem

necessitates the use of approximation schemes. Different schemes can be

divided broadly in two categories. In the first, the posterior is approxi-

mated as

p(Θ|Y) ≈ q(Θ),

where q denotes the user chosen (simple) functional form. In the other,

Markov chain Monte Carlo (MCMC), the goal is to obtain samples from

the posterior distribution, and use a finite number of these samples to

approximate it.

2.4.1 Variational Bayesian inference

In variational Bayesian (VB) inference the posterior is approximated by

a variational distribution q(Θ). The log-marginal distribution can be for-

mulated as

ln p(Y) =

∫
q(Θ) ln p(Y)dΘ

=

∫
q(Θ) ln

p(Y,Θ)

q(Θ)
dΘ−

∫
q(Θ) ln

p(Θ|Y)

q(Θ)
dΘ

:=L(q) +DKL(q||p),

where it is divided in two terms that are interpreted as the lower bound,

L(q), and the KL-divergence between the posterior and the variational

distribution, DKL(q||p). As ln p(Y) is a constant, it it possible to maximize

the lower bound in order to minimize the divergence between the posterior

p(Θ|Y) and q(Θ).

A common assumption for the variational distribution follows mean field
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theory [14], where subsets of the parameters, denoted with Θi, are as-

sumed independent:

q(Θ) =
∏
i

qi(Θi).

Given the factorized variational distribution, the maximum of the lower

bound w.r.t. qj(Θj) is achieved at

E[ln p(Y,Θ)|{qi (Θi)}i �=j ] + const. (2.7)

This results in an iterative mean field variational Bayesian algorithm,

where each qj(Θj) is updated at a time according to Equation (2.7). The

iteration is needed since the optimum of qj(Θj) depends on the expecta-

tions of the other factors. The lower bound is convex with respect to each

of the factors qi(Θi), so convergence to a local optimum is guaranteed [15].

For models inferred with VB, it is customary to use conjugate priors, re-

sulting in closed-form distributions in Equation (2.7). In other cases the

lower bound can be maximized utilizing for example numerical methods

[16]. Detailed derivation of the VB procedure can be found in [17].

2.4.2 Gibbs sampling

Markov chain Monte Carlo methods are intended for sampling from a

probability distribution of interest, such as the posterior distribution p(Θ|
Y). They operate iteratively by returning a sample Θ(i+1), given a state

Θ(i). There are alternative ways of forming the sampling distribution

p(Θ(i+1)|Θ(i),Y), such that it converges to the distribution of interest as

i → ∞.

Gibbs sampling is an MCMC method where the model parameters Θ

are split into subsets {Θj}Jj=1 that are sampled sequentially from

p
(
Θ

(i+1)
j |{Θ(∗)

k }k �=j ,Y
)
, (2.8)

where the asterisk denotes the most current sample of the parameters. In

practice, Gibbs sampling is initialized with some reasonable parameter

values Θ0, and the sampling is continued until it converges. The conver-

gence can be estimated based on e.g., the Geweke diagnostic [18]; for a re-

view of different methods, see [19]. Notably, as the sampling assumes the

remaining parameters to be fixed, a single update does not fully capture

dependencies between the parameters. To counter this, it is customary to

analyze a collection of Gibbs samples instead of just a few. It is helpful

to assume conjugate priors for the parameters, allowing the sampling in

Equation (2.8) to be performed from a closed-form distribution.
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2.4.3 Prediction and missing value handling

Many data sets contain features that are only partially observed, and ide-

ally all of them should be included in the model, in order to get maximal

statistical strength. Here we limit to analysis regarding data missing at

random, i.e., assumption that whether an element is observed is indepen-

dent of its value. Missing values are handled in the Bayesian context by

defining the likelihood only for the observed parts of Y. In matrix factor-

ization, this corresponds to the likelihood

p(Y|X,W) =

N∏
i=1

D∏
j=1

N
(
yi,j |x�

i wj , τj

)Ji,j
, (2.9)

where Ji,j equals 1 for observed elements of Y and 0 for the missing val-

ues. This formulation allows natural use of all the observed data, and

implies that e.g. wj is updated based on the observations of the jth fea-

ture only, and the rest can be predicted using the inferred wj and X. Here

it is worth noting that parameters corresponding to features (or samples)

with no observations will follow their prior distribution, generally result-

ing is predictions with zero mean. For simplicity, Equation 2.9 is limited

to matrix factorization with a diagonal covariance matrix (with elements

τ ), but the missing value handling generalizes beyond this in a straight-

forward manner.

It is also possible to infer the model parameters sequentially, which can

be useful e.g. in case of large data (resulting in high computational time)

that is augmented later with smaller batches of data. In this case the

parameters are first inferred for the larger data set Y, and the new pa-

rameters later for the new data batch Y′, given the shared parameters.

For example in matrix factorization, the inference task for new observa-

tions of the data can be formulated as

p(X′|Y′, q(W)), (2.10)

where q(W) has been learned earlier from Y. The inference in Equation

2.10 is generally really fast, as it does not depend on the original (larger)

data Y, and only the latent variables X′ need to be sampled, opposed to

alternating between the dependent X and W. Here q(W) denotes either

the variational distribution or the collection of posterior samples of W.

Further, X′ and W can be used to predict any missing values in Y′.
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2.4.4 Scalable inference

Model inference in Bayesian latent variable models is often a computa-

tionally demanding task: updating the variational distributions or sam-

pling new parameters will generally include matrix operations, such as

products and inverses. When the data set Y is large, it can be pro-

hibitively expensive to iterate the inference procedures sufficiently long

for them to be practical. Furthermore, the data set Y can be too large

to store in the memory of a standard computer, or even a supercomputer.

In this kind of situations, it is necessary to divide the data into parts,

and perform inference in parallel with a large number of CPUs for these

manageable submodels, with the goal of getting the best possible approx-

imation of the posterior distribution. Communication between supercom-

puter nodes handling the different parts of the data allows for accurate

inference, but as the number of nodes increases, the communication time

begins to dominate the computational complexity [20]. To counter this,

it is possible to infer the submodels with minimal communication, us-

ing a framework called embarrassingly parallel MCMC [21, 22, 23, 24].

There, each of the submodels is inferred independently of each other, af-

ter which they are aggregated together to approximate the full posterior

distribution. Various techniques for aggregating subset posteriors have

been reviewed in [25].

The aggregation step of embarrassingly parallel MCMC is extremely

challenging if the model parameters Θ are unidentifiable, which is usually

the case especially in matrix factorization, where the data reconstruction

XW� equals that of XRR−1W�, if R is any rotation matrix. To alleviate

this problem, Publication V presents posterior propagation framework,

build on top of Bayesian matrix factorization [7], where the posteriors of

submodels are passed onwards as priors of related submodels. Specifi-

cally, if the rows of Y are split into I parts and the columns into J parts,

with one subset denoted as Y(i,j), the procedure is started by inferring the

posterior

p
(
X(1),W(1)|Y(1,1)

)
,

using Gibbs sampling. This is followed by the second stage, where Gaus-

sian approximations of the samples of X(1,1) and W(1,1), denoted with

function q, are set as the priors of the corresponding subsets of samples

and features, respectively. The following submodel inferences can be run

22



Bayesian Latent Variable Models

in parallel using I + J − 2 cores:

p
(
X(i),W(1)|Y(i,1), q

(
W(1)

))
∀i = 2, ..., I

p
(
X(1),W(j)|Y(1,j), q

(
X(1)

))
∀j = 2, ..., J.

Finally, the rest of the submodels,

p
(
X(i),W(j)|Y(i,j), q

(
X(i)

)
, q

(
W(j)

))
∀i = 2, ..., I ∧ j = 2, ..., J

can be inferred in parallel using (I − 1)(J − 1) cores. The usage of the

posteriors as priors of further stages is shown to aid in preserving identi-

fiability, and in most cases, it is sensible to aggregate the parameters X(:)

and W(:) of different submodels by simply averaging them (with the ex-

cessive weight of q
(
X(1)

)
and q

(
W(1)

)
subtracted, as they are propagated

multiple times). In the experiments of Publication V, using the posteriors

of the first stages subsequently as priors was shown to induce dependen-

cies for the largely parallel inferences, resulting in accurate prediction of

missing values in a short time. The procedure was shown to outperform

three state-of-the-art posterior aggregation algorithms applied to naive

embarrassingly parallel matrix factorization. Furthermore, the presented

posterior propagation methodology is directly applicable to any Bayesian

matrix factorization method.

23



Bayesian Latent Variable Models

24



3. Analysis of Multiple Data Sources

Many practical uses of machine learning methods, such as the Bayesian

latent variable models, occur in settings where there exist data from mul-

tiple different sources, each somehow related to the other. Suitable models

can be used to uncover the relations of the data sources, as well as to pre-

dict missing data from all the relevant observations. Matrix and tensor

decomposition based approaches will be discussed here, as well as related

regression methods, where one data source is set to be predicted by the

others.

3.1 Group factor analysis

Besides the internal stucture within matrices, also the relations between

different data matrices are generally of interest when analyzing a group

of matrices Y(1), Y(2), ..., Y(M). Besides variation that is shared across

all the data sources, more specific relations can occur. Matrix factoriza-

tion could be applied directly to Y(:) as well, if these are collected to-

gether in a larger matrix Y′. This kind of a treatment makes an im-

plicit assumption that the different data sources are homogeneous, and

can be directly thought of as just one larger data matrix. Often this kind

of an assumption is unrealistic, and even if the inferred model could be

able to learn differences between parts of the matrix Y′, it will likely de-

grade the model’s predictive and interpretative performance. A solution

for explicit handling of multiple data sources in factor analysis has been

coined as multi-battery factor analysis (MBFA) [26, 27]. MBFA assumes

that there are K components shared by all the data sources, as well as

a specific number of component specific to each data source, explaining

away variance that is not related to any of the other data sources. The

MBFA problem has gained attention recently, with some solutions includ-
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ing [28, 29, 30, 31, 32]. A related problem is that of canonical correla-

tion analysis (CCA), which aims to find the dependencies of two matrices

[33, 34].

Extending beyond MBFA and CCA, ideally any subset of the data sources

should be able to contain structure not present in the other data sources.

This would allow for maximal flexibility in identifying the latent struc-

ture, and would prevent any irrelevant data sources from affecting the

components. A straightforward solution for this would be specifying K

components to affect each subset of the data sources [35], but this results

in an exponential model complexity with respect to the number of data

sources M . A solution avoiding this problem was presented in [8] for two

data sources, and extended to multiple data sources in [1] and Publication

I, as well as in [36, 37]. Specifically, each data source Y
(m)
N×Dm

is given the

likelihood

Y(m) =

N∏
i=1

N
(
y
(m)
i |W(m)xi,Λ

(m)−1
)
,

where W
(m)
Dm×K is given a group sparse prior determining the scale of its

columns w
(m)
:,k . Multiple formulations exist for this group sparsity prior,

but in practice they serve the same purpose: if only little evidence of com-

ponent k is found in data source m, then w
(m)
:,k is pushed (close) to zero.

This in turn means that the model is able to divide each of the total of K

components to explain structure in any subset of the data sources. This

includes components that are shared across all the data sources, as well

as those specific to a single data source. The model is intended to ex-

plain all (or most) of the covariance structure using the flexible component

model, and thus it uses a diagonal precision matrix Λ(m) , or possibly even

Λ(m) = τmIDm . Either choice allows learning different scales of residual

variance for the different data sources, which can be crucial when analyz-

ing heterogeneous data collections, as it allows giving more weight to the

most reliable observations. Non-Bayesian models addressing the group

factor analysis problem include [38] and [39].

3.1.1 Model sparsity

Two ways of imposing group sparsity are discussed here. To begin with,

the ARD prior is used in Publication I as follows:

w
(m)
:,k ∼ N

(
0, α−1

m,kIDm

)
αm,k ∼ G (

10−14, 10−14
)
.
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Here αm,k determines the scale of component k in the mth data view: high

precision implies that the component has little effect in it. The prior of

each element of α has an expected value of 1, and variance of 1014, making

the prior very uninformative. The GFA model defined with this ARD prior

is inferred with variational Bayesian techniques.

Publication IV uses a more flexible spike-and-slab prior defined as:

w
(m)
d,k ∼ hm,kN

(
0, α−1

m,k

)
+ (1− hm,k) δ0 (3.1)

αm,k ∼ G (1, 1)

hm,k ∼ Bernoulli (πm,k) (3.2)

πm,k ∼ Beta (1, 1) ,

where hm,k is a binary variable indicating whether component k is present

if the mth data source. Alternatively, if feature-wise sparsity is sought, it

is possible to replace hm,k with h
(m)
d,k in Equations (3.1) and (3.2), as de-

scribed in Publication III and [40]. In this case variable πm,k (the proba-

bility of associating component k with data view m), ties the data sources

together.

As both the group sparsity priors contain variable α determining the

scale of the components, it is not necessary to include this information in

the prior of X. Hence, if components that are present in all the samples

of the data are sought, N (0, 1) is a reasonable prior for the elements of X,

as used in Publication I. However, if it is more meaningful to assume the

components to be present in a subset of the observations only, it is possible

to give X a feature-wise sparse spike-and-slab prior, as demonstrated in

Publication III, where the model is also extended to account for data sets

paired in two modes (extending for arbitrarily paired data source would

be possible, as demonstrated in [41]). Feature-wise sparsity in both the

modes results in a novel method of biclustering multiple data sources.

Some relevant work for biclustering a single data source are presented in

[42, 43, 44].

Software package GFA1 implements a Gibbs sampler for all the options

discussed above. The software is introduced in Publication IV. Alterna-

tive sparsity priors for GFA include the three-parameter beta prior [45],

that utilizes separate variables to induce global (related to the whole data

collection), component-specific and local (feature-wise) sparsity [46].

1Available in https://cran.r-project.org/package=GFA.
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3.1.2 Low-rank approximation

If the number of data sources M grows very high, the group sparsity as-

sumption of GFA may be too flexible, not fully benefitting on the statistical

strength of numerous related data sources. To counteract this, Publication

I uses the ARD prior to enable group sparsity, but sets:

logα = UV� + a1� + 1b�

um,r, vk,r, am, bk ∼ N (0, 1),

where UM×R is a low-dimensional description of component activities in

data sources, and VK×R similarly a low-dimensional representation of the

component structure. The length M vector a models the mean profiles of

the data sources (some with more/less activity that the others), and the

length K vector b the mean profiles of the components. Here R determin-

ing the rank of α is a crucial parameter determining the complexity of the

group sparsity. The experiments in Publication I are performed for a va-

riety of ranks, and the results describe the complexity of the investigated

data sets; also methods for choosing R based on predictive RMSE, lower

bound and computational time are discussed. Further, the applicability

of using U to visualize data sources, along with their relations, is shown.

For R = 2 this can be done by simply making a scatter plot of the ma-

trix U, resulting in data sources with similar component structure shown

near each other.

3.2 Multi-tensor factorization

Generalizing GFA for a collection of tensors {Y(m)
N×Dm×Lm

}Mm=1 (including

matrices with Lm = 1) is achieved using CP decomposition by defining the

following likelihood:

p(Y|Θ) ∼
M∏

m=1

N∏
i=1

Dm∏
d=1

Lm∏
l=1

N
(
y
(m)
i,d,l|

K∑
k=1

xi,kw
(m)
d,k u

(m)
l,k ), τ−1

m

)
. (3.3)

The model is completed by giving N (0, 1) priors to the elements of X, and

spike-and-slab prior defined in Equation (3.1) for W(m). Further, U(m) is

set as 11×K for matrices (Lm = 1), and given the N (0, 1) prior for ten-

sors. This model has been presented in [47] and Publication II, coined

as multi-tensor factorization (MTF), enabling modelling the relations of

data sources of different shapes, bound together by the shared latent com-

ponents X. The posterior distribution is inferred using Gibbs sampling.
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Earlier research regarding coupled matrix-tensor factorization (generally

limited to one tensor only) has been performed using non-probabilistic

models [48, 49, 50, 51], assuming an underlying CP decomposition for

tensors and using a gradient-based least squares optimization approach.

3.2.1 Relaxed decomposition

The key assumption of CP factorization, namely that each Y
(m)
:,:,l (called a

tensor slab) shares the same X and W(m), with merely a deviation of scale

allowed by U(m), can often be limiting. In the context of brain imaging,

this corresponds to assuming that all the subjects share exactly the same

(spatial) response structure, if the data dimensions are ordered as tem-

poral, spatial and subject. On the other hand, treating the tensor slabs

independent a priori limits the statistical strength gained by the repeated

measurements. To provide a continuum between these choices, Publica-

tion II proposes the following model:

y
(m)
n,d,l ∼ N

(
x�
nw

(m)
l,d , τ−1

m,l

)
w

(m)
l,d,k ∼ h

(m)
l,k N

(
u
(m)
l,k v

(m)
d,k , (α

(m)
d,k )−1

)
+
(
1− h

(m)
l,k

)
δ0 (3.4)

xn,k, u
(m)
l,k ∼ N (0, 1)

v
(m)
d,k ∼

⎧⎪⎨⎪⎩0, if Lm = 1,

N
(
0, (β

(m)
d,k )−1

)
, otherwise.

α
(m)
d,k ∼

⎧⎪⎨⎪⎩Gamma(1, 1), if Lm = 1,

λ, otherwise.

h
(m)
l,k ∼ Bernoulli(πk)

πk ∼ Beta(1, 1)

β
(m)
d,k , τm,l, λ ∼ Gamma(1, 1).

For data matrices (Lm = 1) this corresponds to a standard GFA model

with the spike-and-slab prior. Each tensor, however, is constructed from

a relaxed CP decomposition, where Equation (3.4) allows for deviation

from the mean profile UV�, governed by the precision parameter λ. In-

finite precision would correspond to using a strict CP decomposition, as

in MTF, whereas λ → 0 would eliminate the dependencies between the

tensor slabs. The uninformative Gamma prior, however, allows learning

the degree of similarity that the tensor slabs have, in terms of the CP

decomposition.

29



Analysis of Multiple Data Sources

3.3 Reduced-rank regression

In many applications of machine learning, it is sufficient to be able to

make predictions for one data source given the other(s), and the genera-

tive process of the rest is of negligible interest. For this kind of tasks, there

exists a wide range of different regression models from regularized linear

regression [52] to highly non-linear random forests [53]. In the scope of

this dissertation, the most interesting are (linear) reduced-rank regres-

sion models, introduced in [54], that infer a latent space through which

the regression takes place. Denoting Y as the target variables and XN×P

as the covariates, the difference to the factorization models discussed is

that, in general, only the latent space relevant to p(Y|X) is sought, while

p(X) is considered uninteresting. Bayesian reduced-rank regression2 [2]

is defined as

Y = (XΨ+Ω)Γ+E,

where ΨP×K maps the covariates into the K-dimensional latent space,

and ΓK×D projects the latent space into the observation space. The ΩN×K

contains factors representing latent noise, and EN×D describes residual

noise in the observation space. The priors for elements of Ψ and Γ are set

as normal distributions with two precision parameters, one implementing

element-wise sparsity, and the other providing overall scale of the compo-

nents, allowing automatic model complexity detection [2].

2http://research.cs.aalto.fi/pml/software/latentNoise/
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4. Multi-view Models for Drug
Response Studies

A fundamental question in life sciences is how chemical entities affect

living cells. The responses are often diverse, and genome-wide measure-

ments, along with suitable modelling tools for the complex data, are in-

tended to provide insight to the action mechanisms [55]. This is especially

of interest in drug response studies, where the effects of drugs on cells, ei-

ther in living biological entities (in vivo, e.g. in humans) or outside of their

biological context (in vitro), are inspected. Modern tools allow efficiently

surveying the expression of the whole genome for a large number of cells

[56], that is, inspecting how different genes are expressed as proteins,

which are the functional units of the cell. The gene expression of cells

before and after administrating a drug are naturally key to understand-

ing the effects of the drugs, but fully uncovering their action mechanisms

requires other data sources as well. Relevant sources include DNA (and

RNA) methylation, that is, the process of adding methyl groups affect-

ing the activity of a DNA segment, without changing the actual sequence

[57]. Similarly, copy number variation, i.e., the number of times a DNA

sequence is repeated in the genome, as well as mutations in the genes, in-

spected using exome sequencing are key to functioning of the cell [58, 59].

Publication I studies a data collection measured for studying connec-

tions among diseases, as well as drug action and the related chemical pro-

cesses [60]. The collection contains the gene expressions of three cancer

cell lines (HL60, MCF7 and PC3; in vitro), after administrating N = 684

different drugs. Along with chemical descriptors (VolSurf) of the drugs,

the data are organized as M = 430 matrices with N samples each: 13

data sources of different types of chemical descriptors, as well as 139 func-

tional pathways containing a total of 1032 genes for each of the cancer cell

lines. GFA with low-rank ARD prior separates the distinct cell lines from

each other without using any labels, showing that their expression levels
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have significantly differing patterns. The quality of the factorization, i.e.,

modelling the relations between the functional pathways and the chem-

ical descriptors, was evaluated in a drug retrieval task similar to [61].

That is, the latent variables X were used to evaluate the similarities of

the drugs, and the quality of these results was assessed using an external

database of drug function. Starting with the raw data, the VolSurf de-

scriptors resulted in a much greater precision than the gene expression.

GFA with a rank above 2 (and below full rank) managed to improve the

VolSurf precisions, whereas the compared methods (FA, sparse FA, MBFA

and similarity component analysis [38]) resulted in poor precisions, close

to the level of gene expression only. Similar results were obtained when

comparing the predictive RMSE for a left-out data set, given the others

(model trained with N = 616). These results imply that GFA is able to

learn meaningful relations of the chemical descriptors and the related

physiological responses, and can be useful in drug retrieval tasks.

If a data collection of interest contains very heterogeneous measure-

ments, it can be useful to utilize sparse priors for both X and W, result-

ing in bicluster components, each of which affect a subset of the samples

and features. This approach is adopted in Publication III, studying a data

collection provided in a public NCI-DREAM drug sensitivity prediction

challenge [62]. The collection contains measurements for N = 53 cancer

cell lines, with the goal of predicting the drug responses for a left-out set

of 18 cell lines. GFA was inferred to describe the relations of gene ex-

pression, DNA methylation, protein abundance and exome sequence, as

well as the drug sensitivity measurements. As the number of observa-

tions is very low, the residual noise was given a mildly informative prior,

assuming signal-to-noise ratio 0.5. Furthermore, the model parameters

were inferred with 50 independent Gibbs sampling chains, each start-

ing from a different initial set of parameters; the predictions were av-

eraged over all the acquired posterior samples. This application of GFA

resulted in a prediction score that would have won the DREAM challenge,

demonstrating that GFA is able to infer action mechanisms of drugs. Fur-

thermore, including functional connectivity fingerprints (calculated with

PaDEL-Descriptor [63]) in the analysis, paired with the second mode of

the drug sensitivity data, improved the score by a small amount. Analysis

of the acquired components (biclusters) showed e.g. structure differenti-

ating basal and luminal cell lines and associations with multiple cancer

genes.
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5. Multi-view Models for Brain Imaging
Studies

The human brain is an incredibly complex organ that allows acquiring

and processing information, problem solving and creativeness, among other

things. The brain contains tens of billions of neurons [64], each connected

to several thousand other neurons by synapses. This neural network is

responsible for the advanced information processing of humans and, as

its functioning is not fully understood yet, a challenging subject of study

for many. Traditionally the functioning of the brain has been assessed

through its host in behavioral studies, but modern technologies allow

more direct measures: Magnetoencephalography (MEG; [65]) measures

changes in magnetic fields around the brain, caused by neurons firing,

resulting in temporally high-resolution recordings. Functional magnetic

resonance imaging [66], on the other hand, measures the oxygenation of

blood in the brain, serving as a proxy for neuronal activity, that is fu-

eled with oxygenated blood. In contrast to MEG, this results in high

spatial, but low temporal resolution, with one image recorded through-

out the brain typically every 2 seconds. Both the imaging modalities re-

sult in large amounts of measurements with complex structure and large

amount of variance irrelevant to the experiment (as it is difficult to isolate

the brain), creating the need for suitable analysis methods.

Brain imaging studies have traditionally focused on studying the effects

of relatively simple stimuli, or certain aspects of more complex stimuli, in

order to obtain a reasonable signal-to-noise ratio [67]. However, studies

show that responses to rich natural stimuli elicit more diverse brain re-

sponses than the simplified setups; see e.g. [68, 69, 70]. This raises the

need for intelligent analysis methods that are able to account for complex

relations between the stimuli and the brain responses. Furthermore, in-

dividual subjects can deviate significantly from the average in terms of

their brain activity, and means for accounting this are needed as well.
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The ability of relaxed multi-tensor factorization to account for inter-

subject differences was studied in Publication II with measurements of

9 subjects listening to an auditory book for an hour in an MEG scan-

ner [71]. The MEG recordings were stored in a tensor YN×D×L with

N = 28547 samples, D = 70 features (standard mapping of the 204 MEG

channels to a lower dimensional space) and L = 9. The tensor was fac-

torized along with a 13-dimensional description of the power spectrum

of the auditory stimulus. The quality of the factorization was estimated

using the predictive RMSE of the model from the auditory features to

the brain responses: relaxed MTF resulted in the best predictions with

all the tested training set sizes (ranging from 5 to 35 minutes of record-

ings). For very short recordings, the strict CP assumption of MTF worked

as a decent regularizer, yielding accuracy close to that of relaxed MTF.

With more observations, however, the assumption limited the predictive

performance, whereas GFA (each subject treated independently of each

other) achieved predictions comparable to relaxed MTF. This shows that

with enough data, also overly flexible assumptions can give good results.

With longer time courses, a non-probabilistic coupled matrix-tensor fac-

torization method [48] performed similarly to MTF, whereas its asymmet-

ric version [49] did not relate the auditory signal and the brain responses

at all. Relaxed MTF resulted in 1 to 4 shared component between the au-

dio and the brain over different sample sizes: one component observed in

all the posterior samples described the energy of the speech signal (with

two peaks, corresponding to words and pauses between words), which was

associated with auditory areas of the brain. As all the story descriptors

were related to the power spectrum of the audio, only limited commonali-

ties between the audio and the brain could be found.

Genome-wide association studies (GWAS) have been performed to esti-

mate the genetic determinant of neurophysiological disorders, see e.g. [72,

73], as well as to analyze the brain activity of healthy subjects [74, 75, 76].

The studies are statistically challenging, as they aim to infer which genes

or single nucleotide polymorphisms (SNPs), with dimensionality between

tens of thousands and tens of millions, affect certain high-dimensional

phenotypes [77]. In this kind of tasks, in order to maintain maximal sta-

tistical strength, it is beneficial to perform the data analysis using re-

gression methods, where only latent variables relevant to the phenotype

are inferred. We studied the experiment reported in [78] using Bayesian

reduced-rank regression, where the latent space is utilized only to explain

34



Multi-view Models for Brain Imaging Studies

brain activity given the genotype data. Publication VI reports a regression

analysis for measurements of 150 thousand SNPs regarding 201 subjects,

used to explain a total of 9 minutes of MEG recordings for each subject,

with three conditions: eyes open, eyes closed, and making voluntary hand

movements. In order to make the free-form recordings co-occurring, we

inspected their power spectra (204 MEG channels × 21 frequency bands).

BRRR allowed performing GWAS in this challenging domain in a statis-

tically powerful way [79] by searching for low-dimensional descriptions

of the MEG power spectrum. The approach resulted in statistically sig-

nificant associations between the genome and the MEG power spectrum,

providing insight into the genetic determination of brain activity.

We also applied BRRR to identify familial components from the MEG

recordings of siblings in Publication VI, resulting in modes of brain re-

sponses (the latent space) similar within families. These modes could be

identified already with a couple of seconds of data, and they served as fin-

gerprints identifying later time courses of subjects’ themselves accurately.
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6. Discussion and Conclusions

This thesis has shown that latent variable models for multiple data sources

are able to identify low-dimensional structure describing data collections,

resulting in accurate predictions of missing values. These properties are

demonstrated in the included publications with simulated data, as well

as drug response and brain imaging studies, including a genome-wide as-

sociation study.

This thesis has introduced several novel multi-view methods, each suit-

able for somewhat different application needs. In Publication I, group fac-

tor analysis was extended to allow implicit modelling of the data source

relations, especially suitable for collections of a large number of data

sources. This approach extended previous research on multi-battery fac-

tor analysis (e.g. [26, 32]) and provided a novel tool for visualizing the

relations of data sources. GFA was also adapted for data sources paired in

two modes with sparse priors in Publication III, resulting in interpretable

biclusters describing the relations of different measurements on cancer

cell lines and drugs, and providing superior predictions for the drug sen-

sitivities of the cell lines. The work was published as an open-source soft-

ware package in Publication IV, allowing easy application by researchers

and practitioners in a wide range of problems.

Furthermore, joint factorization of multiple tensors was extended in

Publication II by proposing a framework forming a continuum between

strict tensor factorization and in some cases overly flexible matrix fac-

torization. This approach enables accurate joint modelling of similar data

sources (e.g., recurrent experiments, such as brain imaging measurements

of several subjects), while allowing for differences between them. In con-

trast, traditional tensor factorization methods, such as [47, 48], resort to

stricter assumptions.

The applications discussed have been for data collections of moderate
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size, allowing model inference using either variational Bayesian tech-

niques or Gibbs sampling for the full data collection. However, for sig-

nificantly larger data collections this may no longer be feasible in a rea-

sonable time. This issue was addressed in Publication V by proposing a

framework for partitioning a data matrix, and inferring smaller submod-

els in parallel. This approach, coined as posterior propagation, was shown

to produce reasonably good predictions in a fraction of the wall-clock time

of the inference with full data. The framework is generalizable for multi-

view data as well, but this is left as future work.

Finally, Bayesian reduced-rank regression was shown to be able to per-

form a genome-wide association study with as few as 200 subjects in Pub-

lication VI, with the phenotype (MEG spectral power) consisting of thou-

sands of features and the genotype of 150 thousand SNPs. Joint mod-

elling of the two data sources (genotype and the phenotype) through a

low-dimensional latent space was shown to enable this kind of an ap-

plication, resulting in interesting findings regarding both the heritable

features of brain activity, and their genetic determination.

In summary, this thesis has presented new Bayesian latent variable

models that are suitable for gaining knowledge from various types of

data collections and the relations of the data sources. The models were

shown to exceed state-of-the-art level predictive power, and result in in-

terpretable findings regarding drug response and brain imaging studies.

In this thesis, only linear relations between the data sources were sought,

and non-linear extensions of the presented latent variable models could

provide even further influence for this type of analysis. Finally, there

lies great potential for gaining insights and encountering novel modelling

problems in applying the presented methods wider within life sciences, as

well as beyond them.
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