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1. Introduction 

Modern industry has ever higher requirements for efficient rotating machinery 
and smaller vibration, which leads to an increasing demand for precise large-
scale rotor components and the precision manufacturing of large rotor systems. 
The large-scale rotor systems are used, for example, in the fields of power gen-
eration, the maritime industry, papermaking and in steel and non-ferrous metal 
manufacturing. For instance, as the renewable energy sources, such as wind tur-
bines, increase their market share (International Energy Agency, 2017) their re-
liability and safety are key factors for their successful operation and thus for 
ensuring the high availability of critical infrastructure. 

Bearings are critical components of a rotor system, since they suspend the ro-
tor during the operation and sustain the forces exerted by the external loads and 
vibration. A conventional arrangement of rolling element bearings features an 
outer raceway (ring) attached to the housing, an inner raceway attached to the 
rotor, and the rolling elements between the raceways. The bearing elements 
contain geometrical errors from the manufacturing process, which cause typi-
cally harmful vibration at frequencies proportional to the rotating velocity of the 
rotor. Significant bearing element excitations considering large flexible rotors 
are caused by the errors in the roundness profile of the bearing inner ring, which 
is installed on the rotor shaft and rotates at the same frequency (Publication I). 

Bearing failure and bearing excitation related vibration present in the rotor 
system reduces the lifetime of the machine, increases the production downtime 
and causes unscheduled maintenance breaks, leading to considerable yet avoid-
able costs. In addition, in the fields of papermaking and steel and non-ferrous 
metal manufacturing, where the rotor body surface is used to modify the end 
product, the rotor surface movement towards the paper web or metal strip di-
rection (run-out) is crucial to ensure the high quality of the production. This 
periodic motion is observed as unwelcome, periodic thickness variation. As a 
whole, the run-out of a large rotor is the sum of the rotor central axis movement 
and the rotor surface roundness profile (Widmaier, 2012).  The rotor surface 
geometry can be enhanced for the production conditions using, for example, a 
roundness measurement and compensative grinding method for paper machine 
rolls presented by Kuosmanen (2004).  

Rotor balancing is a well-known and commonly used method to reduce the 
rotor central axis movement and the bearing reaction forces derived from static 
and dynamic unbalance (Harris and Piersol, 2002). Furthermore, the improved 
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roundness of the bearing assembly has a significant effect on the central axis 
movement of the rotor at operating speeds (dynamic run-out) (Publication I). 

Roundness is a core indicator of the quality of rotating components. The bear-
ings, unbalance, bending stiffness variation (Widmaier, 2012) and the round-
ness error of the rotor itself have a considerable effect on the rotational accuracy 
of a rotor. Bearings are typically considered as replaceable components of the 
rotor assembly, and hence are not tailored for a specific rotor. The motion of the 
rotor central axis as well as the subcritical vibration resonance of the rotor can 
be caused by the roundness errors of the bearing components (Publication I; 
Heikkinen et al., 2018). 

Bearings and their components are mass-produced with an effective quality 
control. However, the bearing assembly on the final rotor application is seldom 
under investigation in terms of bearing roller raceway roundness or waviness. 
The demand for more accurate or higher speed rotors may introduce a require-
ment to fit the bearing inner ring on the rotor shaft in an optimal angular posi-
tion. In this position, the roller path roundness error of the bearing inner ring 
is minimized together with the harmful waviness components. The roundness 
profile of the installed bearing inner ring is composed of a rotor shaft roundness 
profile at the bearing installation cross-section and the thickness variation of 
the bearing inner ring and a possible adapter sleeve. (Publication II). However, 
the thickness variation values or profiles of the bearing components are typically 
not supplied by the bearing manufacturers, with provided information limited 
to the roundness values. The thickness variation is a much more important fea-
ture than the roundness of an uninstalled bearing. The information related to 
the thickness variation of the ring-shaped bearing components is crucial to 
achieve the optimized roundness profile of the final installed bearing inner ring. 
(Publication III) 

 Research problem 

The subcritical (below natural frequency) behaviour of flexible rotors is im-
portant in many industrial fields. Typically, the rotor assembly is designed to 
operate within a definite rotating frequency range. The excitations caused by the 
bearing inner ring are dependent on the rotating frequency of the rotor and the 
number of undulations (waviness number or harmonic components) of the 
roundness profile of the roller raceway. One undulation per revolution (eccen-
tricity) excites the rotor at its own rotating frequency; resonance and thus in-
creased vibration is apparent when the rotor speed approaches its natural fre-
quency. Balancing is used to decrease the negative effect, since the phenomenon 
is seen as a deviation of the rotating axis and the centre of mass axis of the rotor. 
However, two undulations per revolution (ovality) excite the rotor at twice the 
frequency of the rotor itself, which leads to resonance at a rotor speed of half the 
natural frequency. Consequently, three undulations per revolution (triangular-
ity) excite the rotor three times per revolution, leading to resonance at one third 
of the natural frequency. These superharmonic bearing excitations produce res-
onance peaks within the subcritical (below natural frequency) speed range and 
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occur when the ratio between the natural frequency and the rotating frequency 
is a positive integer.  

Typically, large flexible rotors are designed to operate within the subcritical 
speed range, i.e., below the natural frequency of the rotor. In this context, the 
natural frequency of the rotor is typically considered to be the natural frequency 
of the first bending mode. In critical applications, designs below the half-critical 
speed are utilized. (Juhanko, 2011) Some rotors are designed to operate within 
a wide speed range covering the frequencies 1/2, 1/3, 1/4…1/N times the natural 
frequency. Within this subcritical speed range, the low-order undulations of the 
roundness profile of the bearing inner ring are one source for superharmonic 
(integer multiples of the rotating frequency) excitation causing subcritical vi-
brations. 

Bearing inner and outer ring thickness variation is one of the components de-
termining the quality of a bearing. In large bearings, the ring is relatively thin 
and flexible compared to the rotor shaft and housing in the final assembly. Thus, 
the rings deform to the shape of the adjacent parts and the roundness of indi-
vidual components becomes less significant. Consequently, such as in the case 
of a bearing inner ring, the final roundness profile consists of the geometry of 
the shaft and thickness variations of the possible adapter sleeve and the bearing 
inner ring (Figure 1). Thus, the clearance of an installed roller element bearing 
may be affected by the thickness variation leading to declined wear and dynamic 
behaviour properties. 

 

Figure 1. Schematic visualizing the formation of the roundness error of an installed bearing inner 
ring. On the left hand side, the roundness error (in this case the 3rd harmonic component, trian-
gularity) is caused by the roundness error of the shaft, on which the relatively thin, but evenly 
thick inner ring has been tightened and thus deformed. On the right hand side, the roundness 
error is caused by the triangular thickness variation of the bearing inner ring. In reality, the round-
ness error is a combination of both these error types (Publications II and III). 

Despite the important role of the roundness profile of the bearing inner ring, 
the roundness profile of the installation shaft, the installed bearing ring and the 
thickness variation of the bearing elements are seldom investigated in the prac-
tical engineering or in the research studies.  

Roundness measurement machines are widely available for measurements 
with certain size limits (diameter typically below 500 mm, length typically be-
low 1000 mm). Typically, they use one run-out sensor for measuring the round-
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ness profile, since the high-accuracy bearing of the roundness measuring ma-
chine confirms the accurate rotating motion of the workpiece. The thickness 
variation can be calculated when the run-out profile of both inner and outer sur-
faces is known. The absolute value of the thickness may be difficult to determine 
in the case of separate measurements of inner and outer roundness profiles as 
these devices typically only produce relative deviation measurements. The 
roundness measurement machine could be equipped with two styluses for di-
rectly measuring the thickness variation of a bearing inner or outer ring by con-
currently measuring both sides. However, a roundness measurement machine 
cannot be used for large rotor and bearing measurements due to the size of the 
workpieces. For example, the rotors in the paper industry have diameters of 
over 500 mm and lengths of several meters up to 12 m. Consequently, using 
such a device to measure the roundness profile of a bearing inner ring installed 
on a rotor shaft is impossible. 

The roundness and thickness variation of larger components can be measured 
with coordinate measuring machines (CMM), which are able to determine the 
coordinates of any point reachable by the stylus of the machine. Therefore, a 
CMM can be used to measure the geometry of bearing element surfaces. The 
thickness and roundness are calculated utilizing the measured point data. Meas-
urements with a CMM are influenced by many error contributions and in the 
case of roundness and thickness variation profile measurements, the long meas-
urement chain increases the uncertainty of the measurement, which reduces the 
accuracy of the results. CMMs for large objects such as large bearings and rotors 
are available but at a significant cost. 

 Objective of the research 

The main objective of the research was to find the effect of bearing geometry on 
the subcritical vibration of a flexible rotor by the means of experimental re-
search and to be able to measure and separate the root causes for the errors in 
the installed bearing inner ring roundness profile. Consequently, a method to 
measure the inner ring roundness profile was developed and analysed in addi-
tion to the device to measure the thickness variation of a large bearing ring.  
As discussed in the previous section, the bearing inner ring raceway roundness 
profile can be a significant source of harmonic excitation leading to subcritical 
resonance vibration. The present study focuses on the low order waviness com-
ponents of the roundness profile, i.e.,  from two to four undulations per revolu-
tion, which excite the rotor at frequencies two, three and four times the rotating 
frequency of the rotor. When these excitation frequencies equal the natural fre-
quency of the rotor system, a resonance vibration can be observed. Therefore, 
these excitations induce harmonic vibration resonance at rotor angular frequen-
cies 1/2, 1/3, 1/4 multiplied by the natural frequency. 

The roundness profile of a rolling element bearing raceway comprises the ro-
tor shaft roundness and thickness profiles of a possible conical adapter sleeve 
and the inner ring. A relatively thin walled adapter sleeve and the inner ring of 
the bearing are assumed to be flexible components that adapt to the roundness 
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profile of the shaft. Consequently, the thickness variations of these components 
should be accounted for in the metrological analysis leading to the final geome-
try of the installed inner ring. Alternatively, if it is possible to disassemble the 
bearing, the inner ring geometry can be measured when the ring is still attached 
to the shaft, which gives a relatively accurate estimate of the raceway profile un-
der operation. 

To achieve the objectives, the following methods were developed: 
 Deforming the bearing inner ring roundness profile (Publication I) 
 Measuring the bearing inner ring roundness profile, while the ring is 

assembled on the rotor shaft (Publications I and II) 
 Measuring the thickness variation of large bearing elements (Publica-

tion III) 

 Motivation and limitations of the research 

The particular motivation for the present study is to reduce the harmful subcrit-
ical vibrations present in the industrial size flexible rotors. The subcritical vi-
bration can increase the number of unscheduled maintenance breaks and pro-
duction downtime, limit the usable speed ranges of industrial processes and 
cause quality variations in the end product in the paper, and non-ferrous metal 
and steel industries. 

This research focuses on experiments to achieve a deeper understanding of 
the rotor excitations caused by the bearing inner ring. However, the work was 
conducted using one test rotor with standard bearings, which may limit the gen-
eralisability of the results. Furthermore, forces and loads typical to the process 
are commonly exerted to the rotor but their effect on the rotor behaviour were 
not analysed during this study.  

Rotor balancing and the excitation caused by the bending stiffness variation 
are out of the scope of this study. The balance of the rotor was not altered during 
the research. In addition, external loads were not exerted into the rotor. Also 
the review of theoretical rotor dynamics and its analytical and numerical solu-
tions is limited to basics, since the emphasis is on the experimental research. 

 Scientific contribution 

Publication I presents new scientific findings of the effect of low-order waviness 
components (in this case, orders 2, 3 and 4) of an installed bearing inner ring 
on the subcritical resonance vibration of a large rotor. The research utilized an 
industry-scale rotor system (paper machine roll) for the experimental measure-
ments. An appropriate experimental measurement series was conducted using 
different bearing inner ring roundness profiles featuring several waviness com-
ponent distributions as inputs. The results of the study clearly show that a sig-
nificant connection exists.  

Publications I and II present a novel device and a method to measure the 
roundness profile of an installed bearing inner ring. The measurement uncer-



Introduction 

16 

tainty of the device, focusing especially on the phase of the harmonic compo-
nents, was investigated in Publication II using the Monte Carlo simulation ap-
proach. The results clearly show that the measurement method is valid for the 
presented application and that the phase uncertainty of the harmonic compo-
nents of the roundness profile may be significantly high in certain situations. 

The thickness variation of the bearing elements is a key quality measure for 
the dynamic properties of a bearing, as presented by Figure 1 and investigated 
in Publication I. In Publication III, a novel device and method for the thickness 
variation measurement of large bearing inner and outer rings is proposed and 
the quality of the measurement is analysed. The results show that the measure-
ment method is appropriate for the proposed application and that the quality of 
the measurement is comparable with commercially available roundness meas-
urement machines without the typical size and weight limits. 

Multiple simulation models and numerical solutions for the bearing excitation 
problem have been introduced, as presented in Chapter 2. These numerical ap-
proach studies typically only investigate situations, in which the waviness num-
ber of the bearing inner ring is considerably higher than the waviness numbers 
investigated in this study. The size of the bearings and thus the number of roller 
elements in the existing studies are limited, leading to a situation, in which the 
waviness of order close to the number of roller elements induces the most sig-
nificant vibration excitations. Additionally, the rotor size and mass in the earlier 
published bearing excitation studies has been remarkably smaller, limiting the 
practicality of the results in industrial applications. Experimental results con-
cerning bearing excitations in a rotor system have been limited. Measured re-
sults have typically been used for validation purposes of mathematical or simu-
lation models. In addition, the measurements have been conducted using small 
laboratory-scale test devices.  

Commercial roundness measurement machines are widely available for labor-
atory-scale measurements. However, devices for measuring the roundness pro-
file of large workpieces are seldom presented and analysed.  The present study 
introduces a novel device and a method to measure the roundness profile of an 
installed bearing inner ring.  The device is based on the multipoint method orig-
inally presented by Ozono (1974) and further investigated, for example, by 
Väänänen (1993) and Widmaier et al. (2016). The phase of the harmonic com-
ponents of the roundness profile, or the uncertainty of the phase, has received 
little attention in previous research. However, the phase of the waviness com-
ponents of a roundness profile is important when considering applications 
where the measured roundness profile is used as a feedback for the precision 
manufacturing procedure (such as 3D predictive grinding for round workpieces, 
e.g., presented by Kuosmanen, 2004). The phase errors of the measured wavi-
ness components can affect the acquired roundness profile in a way, which fi-
nally doubles the error when used as feedback data for the manufacturing pro-
cess. 

The typical quality measure of bearings widely used in the industry is the 
roundness of the bearing elements. The thickness variation of the bearing rings 
is assessed by ISO 1132-1 (2000) and the measurement setup is defined by ISO 
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1132-2 (2001). However, the designs of the actual measurement devices and 
methods, the uncertainty analyses of these devices and research studies con-
cerning the thickness variation of bearing components are scarcely published. 

 Research methods 

The present study focuses on experimental research including the numerical 
and visual analysis of the measured, simulated and calculated results. In addi-
tion, the literature review investigates the most important previous research 
and standards related to this study. The rotor subcritical dynamic response, the 
bearing inner ring roundness profile and the bearing element thickness varia-
tion were measured in the laboratory environment, and post-processed and an-
alysed with a computer utilising the Fast Fourier Transform to discover the phe-
nomena occurring multiple times per revolution. The modified geometries of 
the installed bearing inner ring were achieved using a trial-and-error method.  

The experimental approach is particularly useful to investigate the occurring 
phenomena directly. An alternative approach is to build a dynamic simulation 
model utilising, for example, the finite element method and all the available ge-
ometrical data to predict the dynamic response. However, the inaccuracy of the 
input data may limit the usability of the results. This experimental research is 
considered to provide highly valuable input, comparison and validation data for 
development of the simulation model.  
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2. State-of-the-art review 

 Rotor 

A rotor is the core component of a rotating machine and an essential part of the 
design process of such a machine is addressing the dynamic properties of the 
rotor. In the simplest cases, the rotor can be represented as a beam element. As 
the complexity of the system and quality demands for the calculation accuracy 
increases, the number of the elements can multiply and the complexity of the 
basic elements can increase. Complicated systems are often analysed by means 
of the finite element method (FEM). (Friswell et al., 2010) 

The mathematical formulae and models describing the rotor behaviour and 
vibration are presented, for example, by Friswell et al. (2010) and Krämer 
(1993). They also present the methods for efficient FEM utilization in rotor dy-
namics problems. In the present study, the emphasis was on experimental re-
search, and thus the analytical equations and solutions for the vibrational prob-
lems are not presented. In addition, problems that are more complicated, such 
as the present research problem, are solved and simulated by numerical meth-
ods. 

The flexibility or rigidity of the rotor is dictated by the properties of the whole 
rotor system consisting of the rotor, bearings and foundation. If the rotor is 
short, solid and it has a large diameter, it is substantially stiffer than the foun-
dation and the bearings, and the system can be modelled as a rigid rotor on flex-
ible bearings and foundation. In the opposite situation, the best way to model a 
system may be a flexible rotor on a rigid foundation. Often both of the compo-
nents must be modelled to be flexible. 

ISO standard 21940-12 (2016) considers balancing and provides several crite-
ria for determining the flexibility of the rotor, one of which is the following: 

If the first flexural resonance speed exceeds the maximum service speed by at 
least 50 %, then the rotor can often be considered rigid for balancing purposes. 

According to the ISO standard, the flexibility of the rotor can also be determined 
by accelerating the rotor to a full operating speed and observing the vibration 
levels. If no significant change of the vibration levels with the increasing rotating 
speed is observed, the rotor can be considered rigid.  

A flexible rotor, such as the paper machine roll used in this research as a test 
rotor, can be described as a flexible beam having an unlimited number of 
eigenmodes with the corresponding natural frequencies. The natural frequency 
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of a large flexible roll refers typically to the natural frequency of the first flexible 
bending mode as shown by Figure 1. Other modes can also be present in the 
rotor vibration. (Juhanko, 2011) 

Critical speed is the angular frequency that equals the natural frequency. At 
the close proximity of the critical speed, also called resonance, the magnification 
function of the vibration is at its maximum and vibration may increase exces-
sively even if the excitation force or displacement is small.  
 

 

Figure 2. Eigenmodes for a homogeneous and symmetrically supported rotor. Rigid rotor modes 
are on the left and flexible rotor modes on the right. Typically, the natural frequency of a large 
flexible rotor refers to the natural frequency of the first bending mode on the upmost right. 
(Juhanko, 2011) 

A simple model of the magnification of the vibration is presented in Figure 3. 
When the frequency of the external or internal excitation of the rotor system 
equals the natural frequency of the system, the vibration is amplified depending 
on the damping ratio of the system. Greater damping values result in lower am-
plitudes at resonance. However, greater damping leads also to wider frequency 
range in which vibration amplifying is detected. Passing the critical speed shifts 
the phase of the vibration -180 degrees, being shifted by -90 degrees at the nat-
ural frequency. (Friswell et al., 2010, Krämer, 1993) 
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Figure 3. Example diagram representing the frequency response of a one-degree-of-freedom 
oscillator. Above: Magnification of vibration amplitude. Below: Vibration phase shifting. The fre-
quency ratio r is the ratio of excitation frequency divided by the natural frequency. When the 
frequency ratio is 1, i.e., the excitation frequency equals the natural frequency, the vibration am-
plitude is magnified excessively. ζ represents different damping ratios. (Adapted from Friswell et 
al., 2010) 

Excitation of the rotor can also be produced with a frequency higher than the 
rotor angular frequency itself. Possible sources for these excitations include ex-
ternal loads and vibration, bending stiffness variation and bearing excitations. 
The latter two are phase locked with the rotor leading to an excitation frequency 
proportional to the rotor speed. Consequently, this excitation can cause forced 
resonance vibrations at natural frequency even below the critical speed of the 
rotor. These are called subharmonic resonances or subcritical resonance vibra-
tions. The subharmonic resonances occur at angular velocities, which are an in-
teger fraction of the natural frequency. (Lee, 1993) For example, a triangular 
bearing inner ring excites the rotor three times during a revolution. Subhar-
monic resonance is observed at an angular frequency, which is one third of the 
natural frequency of the system. 

 Bearing 

Bearings are essential to the rotating machinery, as that couple the rotor to the 
supporting foundation. Several different types of bearings exist, ranging from 
various types of hydrodynamic journal bearings to rolling element or ball bear-
ings. In this study, rolling element bearings are used, and thus this review fo-
cuses on these.  

The rolling element bearings provide a good load capacity and stiffness, but 
they also contain numerous moving parts which influence the dynamics of the 
rotor system and ultimately of the entire machine (Friswell et al., 2010). More-
over, the foundation on which the bearing housing is installed, is an integral 
part of the bearing assembly and its properties. In most cases, the foundation 
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can be considered relatively stiff compared with the other parts of the rotor as-
sembly. However, when large rotors running at relatively high speeds are in 
question, the flexibility of the foundation may substantially affect the system 
dynamics. 

The test rotor used in this research was a paper machine roll. A typical way to 
support such a roll is to use spherical roller bearings.  Rolling element bearings 
can sustain large loads, and in addition, their running speed ranges fit the ap-
plication well. Figure 4 presents a schematic of a spherical rolling element bear-
ing, which has rollers in two rows. This bearing type can bear large radial loads 
and it accepts small loads in the axial direction. Hence, if the axial loads are not 
substantial, the bearing can lock the rotor position axially. In a typical construc-
tion, the outer ring of the bearing is stationary and the inner ring rotates with 
the rotor. The inner surface of the outer ring is spherical: this enables an in-
clined orientation of the rotor shaft compared to the bearing housing. In typical 
bearing arrangements, this may be caused by errors in the assembly and align-
ment of the rotor in relation to the bearing housings. Moreover, in large and 
flexible rotor assemblies, the initial rotor bending due to the gravity leads to 
different inclinations of the rotor relative to the housings. (Airila et al., 2010, 
Kivioja et al., 2007) 

 

Figure 4. Spherical rolling element bearing. Black arrow points to the main load direction; white 
arrows indicate that the bearing can also bear smaller loads in that direction. The picture on the 
right describes the angular error tolerating properties. (Airila et al., 2010) 

The bearing with numerous moving elements can act as a significant source of 
excitation in a rotor system. All these excitation sources result from manufac-
turing inaccuracies of individual bearing elements, and they are always present 
to some extent. The final excitation frequencies can be calculated with common 
equations presented by bearing manufacturers and, for example, by Slocum 
(1992), when the dimensions of the elements and the rotating frequency of the 
rotor are known.  

The excitation sources arising from the bearing elements can be divided into 
two main categories. Firstly, most of the excitation sources are not directly syn-
chronized to the angular frequency of the rotor, i.e., they do not occur at fre-
quencies, which are integer multiplies of the rotor frequency. This includes the 
rolling elements vibration, cage frequency and excitation caused by outer ring 
roundness profile variations. Secondly, the excitation caused by the inner ring 
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(or generally rotating ring) of the bearing is directly phase locked and thus syn-
chronized with the rotor angular motion. In this study, the research is focused 
on the inner ring excitations. Slocum (1992) expresses the frequency fi produced 
by the inner ring with the following equation:  

 
 (1)  

where z is the waviness component number of the bearing and ω is the angular 
frequency of the rotor and the inner ring. For example, an oval bearing results 
in the waviness component number 2, triangular 3 etc. 

 Metrology and signal processing 

The definition of some common metrological principles and standards is vital 
to achieve a deep understanding of the topic. Additionally, in the frequency do-
main phenomena, the utilization of Fourier analysis is essential to discover the 
noteworthy results after the measurements. The following presents the metro-
logical aspects in terms of definitions and Fourier analysis utilization. 

2.3.1  Roundness 

Roundness is defined by the ISO standards 12181 (2011) and 1101 (2017) as a 
feature of a circular cross-section of an object. ISO 1101 provides instructions 
for geometric product specifications and tolerancing. The definition of the 
roundness tolerance (in this example 0.03 mm, Figure 5) is as follows:  

For both the cylindrical and conical surfaces, the extracted (actual) circumferen-
tial line, in any cross-section of the surfaces, shall be contained between two co-
planar concentric circles, with a difference in radii of 0.03 mm. 

 

Figure 5. Roundness tolerance declaration example (ISO 1101, 2017). 

If the information of the waviness components of the roundness profile or the 
form of the roundness error are required by the application, the measurement 
of the actual roundness profile is essential. (Haitjema et al., 1996, Neugebauer, 
2001, Thalmann et al., 2012) In this study, instead of roundness tolerances, 
roundness profiles were used. An important part of roundness profile presenta-
tion is the centre point selection problem. Whitehouse (1994) presents four 
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methods to resolve this problem, each of them producing a slightly different fi-
nal roundness value. A popular method to define the centre point is to use the 
least squares circle (Figure 6). This method was used in the present study. 

 

Figure 6. Least Squares Method for roundness profile centre point selection. The red circle is the 
least squares circle, the centre point of which is used. The centre is chosen in a way that the sum 
of the squares of the profile deviations is minimized. (Whitehouse, 1994, Juhanko, 2011) 

2.3.2 Static and dynamic run-out 

ISO 1101 (2017) defines the run-out for geometric product specifications. The 
definition of the total radial run-out tolerance (in this example 0.1 mm, Figure 
7) is as follows:  

The extracted (actual) surface shall be contained between two coaxial cylinders 
with a difference in radii of 0.1 mm and the axes coincident with the common 
datum straight line A–B. 

 

Figure 7. Total radial run-out tolerance declaration example. (ISO 1101, 2017) 

In this study, instead of run-out tolerances, run-out profiles are used. For the 
measurement of the run-out profile, the workpiece must be rotated around the 
datum axis, while the measurement probe location and orientation do not 
change. The schematic of a radial run-out measurement in a certain cross sec-
tion is presented in Figure 8. 
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Figure 8. Radial run-out measurement. (Juhanko, 2011) 

The run-out can be defined for static and dynamic components. The run-out is 
static, when the run-out values and profile do not change due to the angular 
velocity of the workpiece. Static run-out is caused, for example, by bending (long 
rotor in horizontal position), roundness error of the workpiece surface, and er-
ror motion of the rotating axis due to bearings. (Juhanko, 2011)  

The dynamic run-out, used in this research, changes with the rotor angular 
velocity. The dynamic run-out can be caused, for example, by the workpiece de-
formation caused by centripetal acceleration and bending due to unbalance. In 
addition, vibration, especially subharmonic resonance vibration, affects the dy-
namic run-out profile of the rotor. The vibration can be caused, for instance, by 
bearing excitation, bending stiffness variation or other excitation sources. 
(Juhanko, 2011) 

2.3.3 Thickness variation of bearing rings 

The origin for the thickness variation of bearing elements are investigated, 
among others, by Deng et al. (2017). The relatively thin bearing inner or outer 
ring is deformed by the clamping during the manufacturing process.  The bear-
ing functional surfaces, such as the roller races are turned and ground to a de-
sired round profile under tension by the clamping forces. Depending on the 
clamping method of the machine tool, different forms of thickness variation are 
deliberately produced. 

ISO 1132-1 (2000) assesses the thickness variation of bearing components and 
defines the thickness deviation as a single value. For example, in the case of the 
bearing inner ring, the definition is the “difference between the largest and the 
smallest of the radial distances between the bore surface and the middle of the 
race-way on the outside of the inner ring”. The standard does not instruct on the 
measurement of thickness variation profiles, which would discover the form of 
the thickness variation and enable the detection of the harmonic components. 

Figure 9 presents the measurement setup defined by ISO 1132-2 (2001). Three 
equally spaced fixtures support the ring in the vertical direction. Two radial fix-
tures placed at 90° to each other support the workpiece radially in the middle of 
the raceway inside the ring. A measurement gauge probes the raceway surface 
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opposite to one radial support. The standard introduces a similar setup for outer 
ring measurements. 
 

 

Figure 9. Measurement of variation in thickness between inner ring raceway and bore, ISO 1132-
2 (2001) (Publication III). 

Roundness measurements feature strongly in research, and the improvement of 
the uncertainty and accuracy of the roundness measurements in addition to the 
comparison measurements are presented frequently (Chetwynd and Siddall, 
1976, Neugebauer, 2001, Thalmann et al., 2012, Haitjema et al., 1996, Haitjema, 
2015, Morel and Haitjema, 2002). However, the thickness variation measure-
ments and measurement methods of rings are scarcely presented in the litera-
ture. Besides the standard ISO 1132, Mao et al. (2009a, 2009b) proposed a de-
vice and method to measure the thickness variations of bearing components in 
an automated quality control station. However, the study focused on the auto-
mation of the measurement procedure in mass production rather than on the 
quality of the measurement. 

2.3.4 Error motion of the rotational axis 

In the previous chapter, run-out and the reasons that cause run-out were intro-
duced. One important cause is the error motion of the rotational axis, and it is 
briefly discussed below.  

The error motion of the rotational axis (Figure 10) can be caused by different 
factors. During the manufacturing process (turning, grinding) the rotor can be 
supported and clamped in different setups, and various different machine tools 
can be used. If the rotor is supported without the final assembly bearings during 
the manufacturing process, the error motion of the imperfect bearings causes 
error motion for the whole rotor after the installation. (Widmaier, 2012) The 
use of the rotor assembly bearings during the manufacturing is recommended 
if the run-out in a certain direction must be minimized. However, this leads to 
an increased roundness error of the rotor surface. The error motion component 
of the bearing towards the machine tool cutting bit or grinding wheel is copied 
to the roundness profile of the rotor. (Kuosmanen, 2004) 

The error motion of the rotational axis leads to a situation in which the rotor 
has a significant radial run-out profile, even if the rotor is perfectly round. When 
the rotor run-out profile is measured, both components, the rotor roundness 
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profile and the error motion of the rotational axis are included. The commonly 
used four-point method, presented in Chapter 3.1, is able to separate the two 
profiles from each other. (Widmaier, 2012) 

 

Figure 10. Error motion of a rotor rotational axis. In this example, the rotational axis movement 
path forms a circle. The error motion causes run-out, as shown by stage 6, even with a perfectly 
round rotor. (Widmaier, 2012) 

 In large and flexible rotors, the error motion also varies depending on the axial 
cross section of the rotor. For example, the following phenomena can cause the 
variation: axially varying unbalance, centrifugal forces and bending due to grav-
ity and initial bending due to thermal bending. Generally, these aspects are 
strongly dependent on the angular velocity of the rotor. (Widmaier, 2012) 

The differences in principal moments of inertia of a rotor cross section cause 
bending stiffness variation, which is one important source of rotational axis er-
ror motion. Variation of the principal moments of inertia may result from 
grooves in the rotor shell (Kuosmanen and Väänänen, 1999) or uneven mass 
distribution (Pullinen et al., 1997). 

The error motion of the rotating axis is a significant source of excitation. For 
example, a bending stiffness variation causes an excitation with a twofold fre-
quency compared with the rotating frequency of the rotor. The bearing inner 
ring geometry (ovality, triangularity, etc.) causes error motion and excitation 
proportional to the dominating waviness component. 

2.3.5 Monte-Carlo based measurement uncertainty estimation 

Measurement uncertainty is a key quality measure of a measurement method. 
The measurement uncertainty can be analysed and estimated using the GUM 
(Guide to the expression of uncertainty in measurement) method with a linear 
Taylor series (BIPM et al., 2010). The GUM method is straightforward and com-
monly used where the measurement method and model are simple, linear and 
well defined. However, for complex measurements methods, determining the 
sensitivity coefficients is challenging.  

The GUM method was expanded by implementing Monte-Carlo simulations 
to evaluate the uncertainty (BIPM et al., 2008). In Monte-Carlo based uncer-
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tainty analysis, the typically normally distributed error sources are fed ran-
domly into the measurement model during a vast number of iterations. The 
Monte-Carlo simulations allowed the introduction of randomised input quanti-
ties of the error sources and the evaluation of their contributions to the meas-
urement uncertainty. The benefit of the method is in using the actual measure-
ment model to evaluate the uncertainty, and thus non-linear and highly complex 
measurement models and methods can be used. (Brizard et al., 2005, Morel and 
Haitjema, 2002, Wübbeler et al., 2008) 

2.3.6 Fourier analysis for waviness and harmonic rotor responses 

The Fourier transform is a mathematical analysis tool, which is used to repre-
sent general periodic functions with an infinite series of trigonometric func-
tions, i.e., sines and cosines. In engineering, the analysis method is widely used 
to investigate periodic phenomena, including vibration and roundness. 
(Whitehouse, 1994, Kreyszig, 2006, Widmaier, 2012) In the present study, the 
method was used to analyse the thickness variation measurements of the bear-
ing components in addition to the roundness of the installed bearing inner ring 
and the vibration response of the rotor. 

The Fast Fourier transform (FFT), originally developed by Cooley and Tukey 
(1965), is a computationally efficient method to calculate a Fourier transform 
for discrete and non-infinite data, such as measurements. The measurement 
signal is decomposed into harmonic (sinusoidal) components with the FFT. The 
transformed data is stored as complex numbers, from which the phase angle 
and the absolute value information of the sinusoidal components can be calcu-
lated. Inverse FFT can be used to restore the complex values back to original 
measurement data. Filtering certain frequencies is effortless: the complex num-
bers representing unwanted frequency components are set to zero before the 
inverse FFT (Mosier-Boss et al., 1995). 

The Fourier series can be used to represent a roundness profile. By transfer-
ring the roundness profile, the amplitude and the order of the waviness compo-
nents differing from the ideal round shape are discovered. Typically, consider-
ing the roundness measurements, only higher than the first order (n≥2) are rel-
evant. The lower components, the zeroth and the first (offset and eccentricity, 
respectively) can be compensated by choosing the origin or the central point 
differently, and thus are not considered as a part of the roundness profile. In 
thickness variation and rotor dynamic measurement, the first order component 
can be investigated as well, describing the thickness variation occurring once 
per revolution, or the vibration occurring once per revolution. 

Figure 10 presents examples of the application of the FFT in analysing round-
ness or run-out profiles. The upper row figures show four different profiles. 
They are analysed and the results are shown by the lower row graphs. The first 
profile, (Figure 11a), depicts an eccentric run-out, such as in Figure 10, and leads 
to the 1st harmonic number amplitude of a. Figure 11b shows an oval shaped 
roundness profile. The profile is composed of two successive sinusoidal waves 
plotted in polar coordinates: the profile results in the 2nd harmonic component, 
i.e., the 2nd waviness number or a 2-lobe form. Consequently, a triangular profile 
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(Figure 11c) results in the 3rd harmonic component. Profile (Figure 11d) is com-
posed of two different sinusoidal components. The bar chart shows the ampli-
tudes of both of the components. The phase angles of the components are not 
indicated in the figure. 

 

Figure 11. Example of roundness or run-out profiles and their harmonic components produced 
by FFT analysis. (Widmaier, 2012)  

This method can be used to analyse the amplitudes of the different waviness 
numbers of roundness or thickness variation profiles. Moreover, as the rotor 
radial vibration is in practice measured as a dynamic run-out profile, FFT can 
be used to determine the amplitudes and phase angles of its harmonic compo-
nents. 

 Vibration excited by bearing waviness 

The first research studies focusing on the excitations caused by the bearing wav-
iness were conducted by Gustafsson and Tallian (1963) and Yhland (1967). In 
their experimental investigations, they found the number of lobes (the har-
monic components or the waviness components) in the roundness profile of a 
bearing inner ring multiplied by the inner ring rotating frequency to be a signif-
icant source of excitation – as also proposed by Slocum (1992). Similar results 
were confirmed by Aktürk (1999) with his mathematical model featuring the 
waviness in bearing elements. The upgraded model was later used by Arslan and 
Aktürk (2008) to study the excitation caused by a defective inner ring. 

The connection between the waviness of the bearing inner ring and the exci-
tation to the rotor system is communicated with the following expression (Gus-
tafsson and Tallian, 1963, Yhland, 1967 and Aktürk, 1999): the inner ring wavi-
ness of the orders 

 
 (2)  

causes excitation at frequencies 
 

 (3)  

where q ≥ 0 and p ≥1 are integers, u is the number of rolling elements, ωi is the 
angular frequency of the inner ring and ωc is the angular frequency of the cage 
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holding the rolling elements. When q is set to zero, the subcritical harmonic ex-
citation frequencies produced by the bearing inner ring are found. The subcrit-
ical resonance occurs at rotor angular velocities when the Equation 3 gives the 
natural frequency of the rotor. In the present study, the investigation is limited 
to cases, where q is set to zero, to discover the excitation caused by the bearing 
inner ring.  

Changqing and Qingyu (2006) proposed a dynamic model for bearing excita-
tion featuring the Hertzian model for the contact forces between the elements 
of the bearing. The investigated waviness number of the roundness profile was 
as high as 18. Harsha et al. (2003, 2004a, 2004b, 2006a, 2006b) developed a 
similar model. Equations 2 and 3 are confirmed by using dynamic models for 
rotor interaction as well. In the study, the waviness numbers higher than 5 were 
investigated, and most of the interest was focused on the excitation caused by 
the ball pass frequency (ωi - ωc). The excitations occurring at the ball pass fre-
quency are considered more important in applications in which the number of 
bearing roller elements is close to the dominating waviness number. A similar 
study by Jang and Jeong (2002) included the gyroscopic moment of the ball and 
the centrifugal forces to the dynamic model. However, the research was again 
limited to waviness numbers higher than 15. 

Babu, Tandon and Pandey (2014) developed a dynamic six degrees of freedom 
simulation model of a rigid rotor. In addition, the research included measure-
ments for validation. The investigated waviness number orders were 6, 15 and 
25. Shah and Patel (2016) studied local defects in the bearing inner and outer 
rings. The study included a bearing waviness of order 7. Both the studies con-
firmed Equations 2 and 3. 

Liu et al. (2014) measured the vibration of a ball bearing outer ring and com-
pared that to the waviness of the inner and outer race of the bearing, which were 
measured as well. It was found that the waviness has the most important influ-
ence on the vibration close to the natural frequency of the system. In addition, 
the research suggested that the waviness of the outer ring contributes more to 
the vibration.  

A multi-body simulation approach including an elastic ball bearing model and 
a flexible rotor was introduced by Sopanen and Mikkola (2003a, 2003b). The 
rotor response affected by the bearing inner ring waviness of orders 2, 3, 4 and 
5 was studied. A similar roundness profile (similar amplitudes and phases of the 
waviness components) of the bearing inner ring was emulated by both of the 
two bearings supporting the rotor. The results of the study suggested that at ro-
tor frequencies 1/2, 1/3, 1/4, 1/5 times the natural frequency, significant sub-
critical resonance vibrations could be observed. The authors suggest that the 
waviness components of the inner rings of the bearings clearly caused the reso-
nances. The subcritical resonances were found to be harmful, if the operating 
speed range of the rotor coincides with the frequencies in question. However, it 
was also suggested that the excitation is weaker if the phase angles of the wavi-
ness components of the roundness profiles of the two bearings differ from each 
other. 
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A dynamic simulation model of a spherical roller bearing including a Hertzian 
contact model was developed by Ghalamchi, Sopanen and Mikkola (2013). The 
study features a rigid rotor supported by two similar bearings as well. The sim-
ulation model accepts the input of the waviness components of the roller paths. 
Heikkinen (2014) exploited a similar spherical roller element bearing model in-
cluding the waviness of the bearing inner and outer rings. The simulation model 
emulated the waviness components, which were first measured experimentally. 
The study included a FEM-modelled large flexible rotor (paper machine roll). 
The simulation results were compared with experimental measurements. The 
frequency of the 2nd harmonic subcritical resonance was detected accurately in 
both horizontal and vertical directions. The other harmonic resonance compo-
nents were vaguely observed and their frequencies deviated from the measured 
results. Moreover, the amplitude of the 2nd harmonic resonance vibration dif-
fered remarkably compared to the measurement. The inaccuracy of the results 
was mooted to arise from the imperfections of the model. The main imperfec-
tion was supposed to be the stiffness description of the foundation. 

A publication, in which the author has contributed (Heikkinen et al. 2018), 
investigated the subcritical vibration of large rotors with simulations, but the 
results were compared against experimental measurements as well. The low or-
der waviness (in this case orders 2, 3 and 4) of the bearing inner ring roundness 
profiles was included in the simulation. In the results produced by the simula-
tion model, the effect of the bearing waviness of order 2 on the 2nd harmonic 
subcritical vibration resonance amplitude was clearly observable. The frequency 
of the 2nd harmonic subcritical vibration was detected accurately, but the ampli-
tude was significantly different than the measured amplitude. The effect of wav-
iness of orders 3 and 4 on corresponding subcritical vibration components was 
found as well. In the simulation study, mathematically round bearings and bear-
ings emulating the measured bearing geometry of the reference equipment were 
compared. Consequently, the measured bearing roundness profile created sig-
nificantly higher 2nd harmonic subcritical vibration. 

Although many research studies have been made considering the waviness of 
the roller element paths of the bearings, the field lacks a thorough experimental 
study of the effect of the lower order waviness components of the bearing inner 
ring roundness profile on the vibration of a large and flexible rotor. The closest 
earlier research studies have been published by Sopanen and Mikkola (2003a, 
2003b), Ghalamchi et al. (2013) and Heikkinen et al. (2014, 2018), all proposing 
numerical simulation models to investigate the effect of the low order waviness. 
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3. Materials and methods 

 Four-point method 

The four-point roundness measurement method is a combination of the com-
mon two-point diameter variation measurement and the Ozono (1974) three-
point roundness measurement. 

The two-point method (Figure 12, sensors S1 and S4) can be used to measure 
diameter variation profiles or absolute diameters where the distance between 
the sensors is known. However, this method is not useful for roundness or 
roundness profile measurements from workpieces supported by their own bear-
ings because of the harmonic filtration: with two sensors, the odd waviness com-
ponents (e.g., 3-lobe) cannot be separated from the motion of the workpiece 
central axis. With even lobe shapes, such a problem does not exist (Juhanko, 
2011, Muralikrishnan and Raja, 2008, Whitehouse, 1994, Widmaier, 2012, Wid-
maier et al., 2016). The diameter variation profile is calculated unambiguously 
from the two sensor signals of the two-point method by summation (addition or 
subtraction) (Widmaier et al., 2016). 

One of the first multipoint methods for roundness measurement was pre-
sented by Ozono (1974). The Ozono three-point method uses three run-out sig-
nals (Figure 12, sensors S1, S2 and S3) measured from the workpiece surface. 
The three point method can separate the central axis movement from the round-
ness profile and thus does not suffer from the major harmonic filtration when 
the lobe number is below 35 and sensor angles 0°, 38° and 67° are used. The 
method can be optimized for other lobe number ranges as well by using different 
sensor angles (Kato et al., 1991, 1990, Janssen et al., 2001). The derivation of 
the final roundness profile from the sensor signals is complicated. Conse-
quently, the method can be used to calculate the centre point movement as well. 
The equations mathematically describing the method are presented, for exam-
ple, by Widmaier et al. (2016).  
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Figure 12. Probe orientations in a four-point roundness measurement system. Probes S1 and S4 
are used with the two-point method. Probes from S1 to S3 are used with the Ozono three-point 
method. In the four-point method, all four probes are utilized. (Publication II) 

The two-point method suffers from the harmonic filtration, which results in the 
inability to discover the odd-numbered waviness components of a roundness 
profile (Juhanko, 2011, Whitehouse, 1994). However, the even-numbered com-
ponents are measured correctly. The four-point method, originally presented by 
Väänänen (1993), is commonly used for roll roundness measurements in the 
paper and steel industry (Widmaier et al., 2016) and it combines the three-point 
Ozono method with the two-point method. The idea is to use the three-point 
method for the measurement of the odd harmonic components and the two-
point method to measure the even components. Finally, the measurement re-
sults are combined together after the FFT. The combined result is considered to 
be more accurate than the individual methods (Väänänen, 1993, Widmaier et 
al., 2016). The combination of the harmonic components from different meas-
urements is presented in the calibration of roundness standards as well 
(Haitjema, 2015). 

In Figure 13 the outline of the method is presented. First, the diameter varia-
tion and roundness profiles produced respectively by the two- and three-point 
method are transformed to the frequency domain to discover the amplitudes 
and phases of the harmonic components. Second, the odd components are fil-
tered out from the two-point method, and even components are filtered out 
from the output of the three-point method. Third, the combination is created, 
representing the resulting harmonic components of the roundness profile. Fi-
nally, the dataset can be inverse transformed to reveal the final roundness pro-
file. 
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Figure 13. Schematic of the principle of combining two-point (Δr) and Ozono three-point (m) 
methods. FFT ( ) is utilized to filter out odd and even harmonic roundness components in two- 
and three-point measurements. The 0th and 1st terms are filtered out as well, since they are not 
used to calculate the roundness profile. Finally, the results are combined to reveal the final har-
monic roundness components (G), containing even components from the two-point method and 
odd components from the three-point method. With inverted FFT ( -1) the measured roundness 
profile can be reconstructed. (Publication II) 

 Test rotor 

The test rotor was a paper machine roll, the response of which was measured 
with the four-point method by separating the rotor roundness profile from the 
rotor central axis movement reliably. The four-point method was used to ensure 
that the possible deformation of the roll could not affect the response measure-
ments. 

The measurement setup (Figure 14) was built on a CNC (computer numeri-
cally controlled) roll grinding machine. The grinding machine controlled the ro-
tor rotating frequency and the position of the measurement frame. The bearing 
housings were installed on steel stands fixed on a concrete machine bed. An 
aligned universal joint connected the rotor to the drive unit to prevent the exci-
tation resulting from the sinusoidal angular velocity variation. 

 

 

Figure 14. Rotor dynamic response measurement setup built on a roll grinding machine in the 
laboratory at Aalto University. (Publication I) 

Figure 15 presents the main dimensions of the test rotor in millimetres. The 
measured cross-sections are displayed and numbered from 1 to 5. 
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Figure 15. The main dimensions of the rotor and measured cross-sections from 1 to 5. (Publica-
tion I) 

 Test bearings 

The rotor system was equipped with spherical roller bearings (SKF 23124 
CCK/W33) in both drive and tending side of the rotor. In the bearing assembly, 
a conical adapter sleeve (H 3124) was used. The main dimensions of the bearing 
are presented in Figure 16. The two-row bearing contained 21 rolling elements 
in both rows.  

The bearing inner ring roundness profile of the tending side bearing was 
measured while installed on the rotor shaft (Publications I and II). The meas-
ured cross-sections are presented in Figure 16 as well. The curvature of the 
measured bearing surface led to some unavoidable alignment error of the sensor 
probe contact relative to the workpiece implying that the sensor measurement 
direction does not coincide with the normal direction of the surface. The diam-
eter of the ball contact of the probe was 3.2 mm. However, the error was con-
sidered insignificant, since the curvature was small, and the emphasis was on 
the bearing geometry changes instead of absolute values.  Cross-sections 2 and 
5 represent the middle cross-sections of both roller element rows. 

 

Figure 16. The main dimensions of the spherical roller bearing SKF 23124 CCK/W33 supporting 
the rotor and the measurement cross-sections. 

Figure 17 presents two bearing elements, which were measured with the thick-
ness variation measurement device developed during the present study. The 
surfaces, from which the thickness variation was measured, are indicated in the 
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figure. The bearing on the right side is the same, which was used to support the 
rotor in Publication I.  

 

Figure 17. Schematic drawings of the measured elements. On the left SKF 7340 BCBM (referred 
to as large bearing in Publication III). On the right SKF 23124 CCK/W33 (referred to as small 
bearing in Publication III). 

The roundness profile of the installed tending side bearing inner ring was mod-
ified to investigate the effect of different roundness profiles on the subcritical 
vibration response of the rotor. Altogether, four altered roundness profiles of 
the installed bearing inner ring were achieved: oval, triangular, quadrangular 
and minimum error. The drive side bearing was not modified to discover the 
effect of the roundness profile changes in a reliable way. 

Figure 18 presents the case, in which oval roundness profile with amplified 2nd 
waviness component was achieved. The modification of the roundness profile 
was realised by inserting thin steel strips (thickness 0.01 mm – 0.03 mm) be-
tween the conical adapter sleeve and the shaft. A similar procedure was used to 
construct the other roundness profiles. The minimum roundness error was 
achieved by using multiple steel strips in several angular positions. After each 
modification, the roundness profile was measured to ensure the appropriate re-
sult. Consequently, the components were installed in the same angular positions 
throughout the research. 

 



Materials and methods 

36 

 

Figure 18. Two steel strips inserted between the rotor shaft and the bearing conical adapter 
sleeve to achieve an oval form of the bearing inner ring. (Publication I) 

 Measurement setups, data acquisition and processing 

3.4.1 Rotor dynamic response measurement 

Four triangulation reflective laser sensors (Matsushita NAIS LM 300) measured 
the dynamic run-out of the rotor for the four-point method (Figure 19). Tactile 
sensors could not be used due to high surface velocity. The accurate reflection 
was ensured by painting the measurement surface with an optimal white colour. 
An amplifier converted the laser sensor displacements to voltages (1 V corre-
sponds to 1 mm). 

 

Figure 19. The four-point method applied to roll dynamic response measurement with laser sen-
sors. (Publication I) 
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An incremental rotary encoder (Heidenhain ROD 420 with 1024 pulses/revolu-
tion) detected the angular position of the rotor. The encoder reference pulse 
triggered the measurement enabling an absolute measurement of the rotor an-
gle.  

The data acquisition card National Instruments USB-6215 acquired the meas-
urement data. The card features 16-bit analog inputs for voltages from -10 to 
+10 V. The card contains only one multiplexed A/D-converter (analog-to-digital 
converter) with a maximum sampling rate 250 kS/s, which signifies that each 
channel for the four measured displacements had a maximum sampling rate of 
62.5 kS/s. The measurement was programmed with LabVIEW. 

The encoder reference pulse triggered the measurement and the pulse train 
signal (1024 pulses/revolution) generated an external measurement clock. A 
differential line receiver (Texas Instruments SN75175) received the differential 
signals and conveyed them as single-ended pulses to the data acquisition card. 

The laser sensor signals were low-pass filtered with a two-stage RC-filter (cut-
off frequency 1940 Hz) to prevent aliasing. Since the encoder used as a sample 
clock source was connected rigidly to the roll, the actual sampling rate varied 
during the measurement series due to the different roll rotating frequencies. 
The roll rotating frequencies from 4 Hz to 18 Hz during the measurements re-
sulted in sampling rates from 4096 Hz to 18432 Hz, since the encoder produced 
1024 pulses each revolution. The lowest sampling rate exceeded twice the cut-
off frequency of the low-pass filter, ensuring the appropriate anti-aliasing. 

 

 

Figure 20. The measurement procedure and data acquisition. LPF is a low-pass filter and DIFF. 
REC. is a differential line receiver. (Publication I) 

The encoder pulse train generated an external sampling clock for the measure-
ment to enable an accurate synchronous averaging (McFadden, 1987). The syn-
chronous averaging improves the quality of a measured signal when the meas-
ured system has reached a steady state, and when measuring the data during 
similar multiple cycles of the system is possible.  

The synchronous averaging is typically implemented to reject the non-peri-
odic components from the periodic signals. The periodic signals are present and 
often of interest, for example, in rotating machinery (Braun, 2011). In the orig-
inal method, the trigger signal, which is phase locked with the rotating compo-
nent in question, indicates the periods of the signal of interest (McFadden, 1987, 
McFadden and Toozhy, 2000). In the present study, the method was imple-
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mented following Hochmann and Sadok (2004), who suggested using an exter-
nal sample clock phase locked with the rotating component for the data acqui-
sition. 

In the present study, the external sample clock was generated by the encoder 
TTL-level (transistor-transistor logic) square wave pulse train of 1024 
pulses/revolution. Since the encoder was connected rigidly to the rotor, 1024 
samples were collected at the same angular positions during each revolution. 
Altogether 100 revolutions of data were acquired. Finally, the synchronous av-
erages were calculated for the 4 dynamic run-out signals measured by the laser 
sensors: 100 samples at equal angular positions were averaged to achieve the 
final improved estimate of the dynamic run-out at each of the 1024 angular po-
sitions. 

After the synchronous averaging, the four-point algorithm was applied to the 
four dynamic run-out signals to remove the roundness profile of the measured 
cross-section from the motion of the central axis. Finally, the central axis move-
ment data representing the dynamic response of the rotor were investigated 
with FFT to discover the harmonic components of the rotor vibration. 

3.4.2 Bearing inner ring roundness measurement 

Four digital length gauges (Heidenhain MT12) measured the static run-out of 
the installed bearing inner ring. The sensors feature ball contacts for tactile 
probing. The length value is sensed through the photoelectric scanning of a 
grated measurement scale. The error of the sensors was confirmed to stay within 
±0.2 μm by VTT MIKES, which is the national metrology institute of Finland. 

The four sensors were supported by an aluminium frame (Figure 21). The sen-
sor fittings were machined to the frame with one mounting in a machine tool to 
ensure the accurate angular positioning of the sensors. Due to the short meas-
urement time (30 s) and laboratory environment, the thermal properties of al-
uminium were not regarded as a major issue.  

The measurement device measured the bearing inner ring, which was installed 
on the rotor shaft to discover the roundness profile in operating conditions. 
Consequently, the bearing could not sustain the rotor while being measured, 
and therefore separate rollers supported the rotor throughout the measure-
ment. The angular position of the rotor and the bearing was measured with an 
incremental rotary encoder (Heidenhain ROD 420 with 1024 pulses/revolu-
tion). 
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Figure 21. Bearing inner ring measurement setup. The bearing inner ring was measured, while 
installed on the rotor shaft. Other bearing components, such as roller elements, roller element 
holders and the outer ring were uninstalled prior to the measurement. During the measurement, 
the rotor was supported with two additional rollers. (Publication II) 

The measurement data were acquired with a Heidenhain IK 220 interface card 
from the same manufacturer as the sensors. The card processed the signals pro-
duced by the sensors. Customised software read the digitized values from the 
card to the memory of the computer. 

The measurement was triggered by the encoder, which was again used as an 
external sample clock to ensure the acquisition of the static run-out samples at 
equal angular positions. Furthermore, the small variations in the rotating fre-
quency of the bearing did not affect the distribution of the samples, since the 
encoder was rigidly connected to the bearing.  

 

Figure 22. Measurement procedure and data acquisition for the bearing inner ring roundness 
measurement. (Publications I and II) 

Finally, the four static run-out signals were inputted to the four-point algorithm. 
The algorithm calculated the roundness profile by separating the bearing cen-
tral axis movement from the data. The roundness profile was analysed by FFT 
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to discover the amplitude and phase of the harmonic components of the round-
ness profile. 

3.4.3 Bearing ring thickness variation measurement 

The measurement principle of the thickness variation measurement was to lo-
cate the bearing element (outer or inner ring) on the device, rotate the element 
and continuously measure the bearing thickness with two tactile length gauges. 
During the measurement, one sensor was inside the ring and another outside 
the ring. The sum of the sensor values represented the thickness value at each 
angular position. The device and the differential measurement unit are pre-
sented in Figure 23 and Figure 24. 

 

 

Figure 23. Schematic of the measurement device and the realized device. (Publication III) 

 

Figure 24. The differential measurement unit. The sensors were reset by touching the sensor tips 
together. The steel bar was used to set the vertical measurement height (Z-axis) by touching the 
flat bearing side surface. (Publication III) 

Three equally spaced precision roller element bearings supported the measured 
bearing element in the vertical direction. DC-motor equipped with a rubber 
wheel rotated the workpiece. The rubber wheel and two bearings in the opposite 
side supported the element in the horizontal direction. An angular encoder 
(Heidenhain 454M, 500 pulses per revolution) equipped with a spring-loaded 
metal wheel determined the angular position of the workpiece regardless of pos-
sible minor variations in the rotation speed. 

Heidenhain MT12 length gauges measured the thickness variation directly. 
They were installed onto a relatively stiff one-piece frame. The position of the 
differential measurement frame was adjusted using precise linear guides and 
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adjusting screws. A magnetic linear gauge (Balluff BML0019) recorded the 
measurement height in the vertical direction. A steel rod attached to the differ-
ential measurement frame (Figure 24) was used to determine the absolute 
measurement height relative to the bearing dimensions by touching the flat 
bearing side surface. The rod was later removed to proceed to the actual meas-
urement. 

Figure 25 presents the data acquisition process. Two Heidenhain IK 220 in-
terface cards acquired the data at a sampling rate of 100 Hz. The card supplied 
by the sensor manufacturer was responsible for the signal processing, filtering 
and digitalization of the raw sensor signals. Finally, the digitized values were 
available for reading. 

 

 

Figure 25. Measurement procedure and data acquisition of bearing thickness variation measure-
ment. (Publication III) 

Each measurement consisted of 20 revolutions of raw data. The revolutions 
were detected using the zero trigger and the data related to each revolution were 
stored separately.   

Figure 26 presents the measurement data processing. The thickness variation 
data of each revolution were then interpolated using the angular position data 
produced by the encoder to represent accurately one revolution with equal an-
gular steps between the samples. Next, the 20 revolutions of the interpolated 
thickness variation data was FFT analysed to discover the harmonic compo-
nents. Since the FFT enables the effortless filtering out of the high frequency 
components, the “low pass” filter was set to 15 undulations per revolution. Fi-
nally, the remaining 15 harmonic components of the 20 revolutions of the data 
were averaged (average of complex numbers containing both the amplitude and 
the phase information) in the frequency domain. The output was a single fre-
quency domain dataset representing the improved estimates of the harmonic 
components of the thickness variation profile. The thickness variation profile 
was then reproduced from the averaged frequency domain data by utilizing in-
verse FFT. This frequency domain based averaging method was used to prevent 
the unwanted, non-periodic noise components from affecting the measurement 
result and to improve the measurement result. In addition, the number of sam-
ples per revolution varied slightly and the sample clock was not phase locked 
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with the rotating workpiece, and thus synchronous time domain averaging 
(McFadden, 1987) could not be used. 

Examining the harmonic component distribution of the thickness variation 
profile enables the analysis of the amplitude and phase of a certain waviness 
component directly, which improves the revealing of the dominant type of devi-
ations present in the measured element. 

 

 

Figure 26. The measurement data processing. (Publication III) 

 Procedures for experiments and analyses 

3.5.1 The rotor dynamic response and installed bearing geometry (Publi-
cation I) 

The connection between the roundness profile of the installed bearing inner ring 
and the rotor dynamic response was investigated with the following procedure: 

1. The rotor steady-state dynamic response was measured from 4 Hz to 18 
Hz with 0.2 Hz increments. The data was analysed with FFT to identify 
the subcritical resonances and their amplitudes. 

2. The bearing inner ring roundness profile was measured in six sections at 
the non-drive, i.e. tending end after the outer ring and the roller elements 
were disassembled. The roundness profile was analysed in the frequency 
domain to discover the harmonic components of the roundness profile. 

3. The bearing inner ring was modified (Figure 18) to increase the ovality (2-
lobe) of the roundness profile. The roundness profile was measured to 
confirm the successful modification. 

4. Stages 1 and 2 were repeated. 

5. The roundness profile of the inner ring was modified to a triangular (3-
lobe) shape with the same manner as in stage 3. 

6. Stages 1 and 2 were repeated. 

7. The roundness profile of the inner ring was modified to a quadrangular 
(4-lobe) shape with the same manner as in stage 3. 

8. Stages 1 and 2 were repeated. 

9. The roundness profile of the inner ring was modified with the same man-
ner as in stage 3 to minimize the roundness error of the installed bearing 
inner ring. 

10. Stages 1 and 2 were repeated. 
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The tending side bearing was reassembled multiple times during the procedure. 
Each time, the components were assembled to the same angular positions to 
enable the consideration of the influence of the harmonic components of the 
roundness profile. The drive side bearing was not modified during the study. 

3.5.2 Uncertainty of the inner ring roundness profile measurement 
(Publication II) 

The separate uncertainty and error sources influencing the overall uncertainty 
of a measurement method are normally examined through uncertainty budgets 
and uncertainty evaluation. The uncertainty sources and their sensitivity coeffi-
cients are collected into a table in a typical GUM approach. There is no direct 
counterpart for these sensitivity coefficients in the Monte Carlo based uncer-
tainty analysis, but the approach can be emulated with Monte Carlo simulations. 
The simulation is performed one error source at a time, while the other error 
sources remain at their best estimates or zero. Finally, the results of the Monte 
Carlo simulation can be used to discover the sensitivity coefficients. 

In an earlier published study, Juhanko (2011) manufactured a calibration disc 
(Figure 27), the roundness profile of which consisted of harmonic components 
from 2 to 30 UPR (undulations per revolution), each having an amplitude of 10 
μm. The phase angles of the components were chosen in a way, which mini-
mized the roundness error of the disc.  

 

Figure 27. A) Calibration disc profile with harmonic components from 2 to 30 undulations per 
revolution originally presented by Juhanko (2011). This profile was used in the present study to 
estimate the uncertainty of the measurement method. B) The amplitudes of the harmonic com-
ponents were all 10 μm. The phases were optimized to minimize the roundness error. 
(Widmaier et al., 2016, Publication II) 

Consequently, the roundness profile of the manufactured calibration disc devi-
ates from the designed profile due to inaccuracies in the manufacturing process. 
Hemming et al. (2014) and Widmaier et al. (2014) present the design and 
measurements of calibration discs, including the specific one presented here, 
the roundness profile of which is used in the present study. The four-point 
method was compared against a reference roundness measurement machine by 
measuring the calibration disc. In the study, the deviations in the amplitudes of 
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the harmonic components were less than 1 μm (Widmaier et al., 2016). To pro-
duce results comparable with the previous studies, the calibration profile (Fig-
ure 27) was used as an input to estimate the uncertainty of the bearing inner 
ring roundness measurement in the present study as well.  

The present study introduces an uncertainty analysis of the installed bearing 
inner ring roundness profile measurement based on the four-point measure-
ment. The idea behind the simulational Monte Carlo based uncertainty assess-
ment was to bias the roundness data of the calibration profile with the suitable 
distributions of error contributions. A large quantity of the simulated and biased 
roundness data was inputted as an artificial measurement data into the four-
point algorithm with a Python program. The following procedure was used: 

1. The roundness data of the calibration profile was used as an input. 

2. The sensor signals from S1 to S4 artificially measuring the calibration 
roundness profile were biased mathematically based on the estimated dis-
tributions of realistic error sources. 

3. The biased sensor signals from S1 to S4 were inputted to the four-point 
algorithm. 

4. The amplitudes and phases of the harmonic components of the resulted 
roundness profile (Figure 13) were calculated by the four-point algorithm. 

Stages from 1 to 4 repeated 100000 times  

5. The averages and standard deviations of the resulted amplitudes and the 
circular means and circular standard deviations of the resulted phases of 
the harmonic components were calculated. 

The error sources and their probability distribution functions (PDF) are pre-
sented in the four-item list below. The PDFs of all error sources were assumed 
to be normally distributed.  

1. Scale error of the probes S1 – S4. Based on the calibration experience of 
VTT Mikes (national measurement institute of Finland), the standard un-
certainty of the Heidenhain MT12 probes was estimated to be 0.3 μm. The 
error was randomly generated from the error distribution separately for 
each sensor for each measured point of the artificial roundness measure-
ment. 

2. The angular position of the probes S1 – S4 (Figure 28). The theoretical 
angular positions of the sensors are 0°, 38°, 67° or 180° in polar coordi-
nates (Figure 12). Väänänen (1993) and Kato et al. (1991, 1990) suggested 
that the uncertainty of the method is sensitive to these angles. The angular 
positioning uncertainty of the sensors assembled in the frame (Figure 21) 
was estimated to be 0.25°. The angular positioning error was randomly 
generated from the error distribution once for each probe during each ar-
tificial roundness measurement. 

3. The vertical position of the frame (y-axis error) (Figure 28). The standard 
uncertainty of the vertical positioning accuracy of the frame was assumed 
to be 0.25 mm. The 0° and 180° probes were used to position the frame 
precisely in the horizontal direction (x-direction). The vertical positioning 



Materials and methods 

45 

error was randomly generated from the error distribution once during 
each artificial roundness measurement. 

4. Temperature error. The standard uncertainty of the temperature change 
during the measurement was estimated to be 0.5 °C. The temperature of 
the frame was assumed to change linearly during the measurement from 
the initial value (20 °C) to the final value randomly generated from the 
error distribution. The effect of the thermal error was modelled as a linear 
thermal expansion of the frame (the frame shape remained unchanged). 
The origin of the expansion was the centre of the frame, where the sensor 
axes intersected. 

The error contributions are presented in Table 1. The final number of the error 
contributions is 10, when the scale error and angular position error is consid-
ered separately for each sensor. 

Table 1. Error sources and their statistical distributions (notation following BIPM et al., 2008) in 
the present study. (Publication II) 

Error source PDF 
Parameters 

μ σ 

1. Scale error of the probe N(μ, σ2) 0 μm 0.3 μm 

2. Angular position error of the probe N(μ, σ2) 0° 0.25° 

3. Vertical position error of the frame N(μ, σ2) 0 mm 0.25 mm 

4. Temperature error N(μ, σ2) 20°C 0.5°C 

    

 

Figure 28. Left: Angular position error of the probe. Right: Vertical position error of the frame. 
(Publication II) 

3.5.3 Bearing inner ring thickness variation measurements (Publication 
III) 

The quality and usefulness of the thickness measurement device and method 
was assessed by comparing the device with a large scale CMM (Figure 29) Mi-
tutoyo Legex 9106 at the national metrology institute of Finland VTT MIKES. 
The E0, MPE value (Maximum Permissible Error) defined in ISO 10360-1 (2000) 
of the CMM is (0.35 + L/1000) μm, where L is length in mm, and it is verified 
with interferometrically calibrated gauge blocks regularly. The diameter of the 
measured bearing was 420 mm, indicating a position error estimate of 0.72 μm. 
However, as discussed earlier, due to the long measurement chain, a higher er-
ror estimate can also be expected. 

Angular 
error 

Vertical 
error 
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Figure 29. Comparison measurement with Mitutoyo Legex 9106 coordinate measurement ma-
chine. 

Since the estimated position error of the CMM was relatively high compared to 
the actual values of the thickness variation, a comparison measurement series 
against a Talyrond 31c roundness measurement machine (Figure 30) was con-
ducted as well. VTT MIKES calibrated the roundness measurement machine 
with flick standards (Thalmann et al., 2012) resulting in maximum deviation of 
0.2 μm compared to the roundness value of the standards. The best achievable 
calibration uncertainty of these flick standards is in the order of 0.1 μm through 
comparison measurements (Thalmann et al., 2012). The size and weight of the 
measurable workpieces was limited, and thus a smaller bearing element was 
used during the measurement comparison.  

 

 

Figure 30. Comparison measurement with Talyrond 31c roundness measurement machine. 

The roundness measurement machine measured two run-out profiles, inside 
and outside the workpiece at the same vertical position. The same FFT filtering 
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was applied to the run-out profiles as described in 3.4.3. However, this time only 
one revolution of data was acquired, and multiple revolutions of data were not 
averaged. This reflected the accuracy and typical measurement procedure of the 
machine. Finally, the sum of the run-out profiles was calculated to determine 
the thickness variation profile. 

The repeatability of the device was analysed by measuring the thickness vari-
ation of two different elements (large bearing cylindrical and spherical, small 
bearing) 20 times. Each of the 20 measurements consisted of 20 rounds of 
measurement data for the final estimate calculation. Between the measure-
ments, the device was reset and zeroed, including the vertical position of the 
measurement frame and the placement of the bearing on the device.
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4. Results 

This chapter presents the main results acquired during this research. Some of 
the results are excluded from this introductory part of the dissertation, but they 
can all be found in the publications attached. 

 In the present study, the phase values of the harmonic components are ex-
pressed in the coordinate system of the corresponding harmonic component in 
question. For example, the 15th harmonic component represents thickness vari-
ations which occur 15 times per revolution. The full period of the 15th harmonic 
is thus 360° / 15 = 24° in the workpiece coordinates. If there is a need to analyse 
the phase deviations or errors with respect to the workpiece coordinates, the 
values must be divided by the harmonic component number in question.  

 Effect of the roundness profile of an installed bearing inner 
ring on the subcritical vibration (Publication I) 

In Figure 31, the measured roundness profiles of the bearing inner ring installed 
on the rotor shaft are presented. Furthermore, Figure 32 presents the ampli-
tudes of the harmonic components (the 2nd - the 6th) of the roundness profiles. 
The original, unmodified bearing inner ring roundness profile was clearly dom-
inated by the 2nd harmonic (2 lobes per revolution) component and the round-
ness value was 27.4 μm. The modification of the roundness profile was able to 
increase the amplitude of the desired component so as to make it the dominat-
ing component in the oval, triangular and quadrangular cases. Nevertheless, the 
other components were affected in each case as well, e.g., the amplitude of the 
4th harmonic component increased significantly when the oval geometry was 
desired. Although there were some differences between the measured cross-sec-
tions (the Figures present the 2nd and the 5th), they were not considered signifi-
cant. Moreover, the modification increased the roundness error as well in the 
oval (55.5 μm), triangular (45.7 μm) and quadrangular (34.0 μm) cases. How-
ever, the roundness error decreased to 10.4 μm when the roundness error was 
intentionally minimized. In addition, compared to the original roundness pro-
file, all the harmonic components decreased, and none of them was observed to 
dominate the distribution.  
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Figure 31. Tending side (non-drive side) bearing inner ring roundness profiles in five different 
cases. Only the profiles measured in the middle of both rolling element paths are presented (2nd 
and 5th section, Figure 16). The roundness profile scale is the same in each case. (Publication I) 

 

Figure 32. The waviness component amplitudes of the bearing inner ring roundness profiles in 
five different cases. The different cases correspond to the roundness profiles presented in Figure 
31. Only the amplitudes in the middle of both rolling element paths are presented (2nd and 5th 
section, Figure 16). 2H. stands for the 2nd harmonic waviness component equal to two lobes per 
revolution etc. (Publication I) 
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Figure 33 presents the resulting frequency spectra of the rotor dynamic re-
sponse measurements at the middle cross-section of the rotor (2000 mm, Fig-
ure 15).  The rotor response was measured with five different roundness profiles 
(Figure 31) of the inner ring of the tending side (non-drive side) bearing. The 
responses are presented in the horizontal and vertical direction. A bar chart 
(Figure 34) presents the resonance peak amplitudes of the harmonic component 
in each case. Overall, the increase in the amplitude of a certain harmonic com-
ponent of the inner ring roundness profile significantly increased the amplitude 
of the corresponding harmonic vibration component. Due to the different stiff-
nesses and damping ratios of the foundation, and the allegedly dissimilar exci-
tation force amplitudes in the horizontal and vertical directions, the observed 
amplitudes and their changes were dissimilar, but the similar reaction to the 
roundness profile alterations was discovered.  When the roundness error of the 
inner ring was minimized, all the resonance peak amplitudes of the harmonic 
components decreased except for the vertical 3rd harmonic, which grew margin-
ally. 
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Figure 33. Subcritical harmonic vibration components of the rotor at the middle cross-section 
(2000 mm) presented as a frequency spectrum in each bearing deformation case. Spectra are 
presented separately for horizontal and vertical direction. The 1st harmonic vibration (eccentricity) 
was excluded from the study. (Publication I) 
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Figure 34. The resonance peak amplitudes of subcritical harmonic vibrations in five different 
cases. Both horizontal (x) and vertical (y) direction amplitudes are presented. (Publication I) 

 The uncertainty of the inner ring roundness measurement 
(Publication II) 

The results of the Monte Carlo uncertainty simulation are presented in Figure 
35. These results derived from all the error contributions stated in Chapter 3.5.2 
and using the calibration profile presented in the same chapter as an input. 
Overall, only minor variations were observed in the averages of the measured 
harmonic components. The average of the even component amplitudes de-
creased with increasing harmonic number. However, both the amplitude and 
phase uncertainty of specific harmonic components was found to be substantial. 
The even harmonics phase uncertainty increased almost linearly with the grow-
ing harmonic component number. Significantly higher uncertainties were found 
in the odd harmonic components compared to the even harmonic components. 
In particular, this distinction was observed in the amplitude uncertainties. The 
maximum standard uncertainties were 1.31 μm (27th) and 15.73° (29th). 

In Publication III, the sensitivity of the bearing inner ring roundness meas-
urement to the phases of the harmonic components of the roundness profile 
under investigation was studied as well. In contrast to the calibration profile, 
the phases of the harmonic components of the input profile were generated ran-
domly. However, all the amplitudes of the harmonic components were 10 μm. 
Remarkable deviations in the averages or uncertainties of the harmonic compo-
nents were not detected. In other words, the results were the same as in Figure 
35, in which the calibration profile with optimized phase distribution was used 
as an input roundness profile.  
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In Publication III, the sensitivity of the method was investigated carefully one 
error contribution at a time and setting the others to zero. The highest sensitiv-
ity was found in the angular positioning of the sensors and in the vertical posi-
tioning of the measurement frame. 

 

Figure 35. Simulation output with all error sources (quantities presented in Table 1) and 100000 
iterations. Phases are normalized, i.e., the difference between the mean value and the original 
value is shown. (Publication II) 

 Device and method for thickness variation measurement 
(Publication III) 

Figure 36 presents the thickness variation profiles acquired from the cylindrical 
surface of the large bearing with the developed device and the reference CMM. 
In general, the agreement of the profiles was fair. The most significant fluctua-
tions were measured similarly by both the devices. 

 

Figure 36. Comparison measurement of the cylindrical surface of the large bearing element 
(TMM vs. CMM). Maximum difference of 0.41 μm was detected at angle 129.4°. (Publication III) 

Figure 37 presents the comparison of the amplitudes and phases of the 15 lowest 
harmonic components. The first harmonic component represents thickness var-
iation, having one maximum and minimum per revolution. Consequently, the 
second component has two undulations per revolution etc.  

The amplitudes and phases of the harmonic components agreed reasonably 
well. The largest difference in the amplitudes was 0.068 μm (15th component). 
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However, the phase differences of 11th, 13th, 14th and 15th component were rela-
tively high, the largest being 140° in the 14th component. 

 

 

Figure 37. Amplitudes and phases of the harmonic components of the thickness variation pro-
file. The value on top of the bars represents the difference between the values. (Publication III) 

Figure 38 presents the thickness variation profiles acquired from the cylindrical 
surface of the small bearing with the developed device and the reference round-
ness measurement machine. In general, the profiles agreed well. Both devices 
detected the fluctuations similarly. The only substantial differences were ob-
served in the angular position range 140°-240°. 

 

Figure 38. Comparison measurement of the small bearing element (TMM vs. Talyrond). Maxi-
mum difference of 0.28 μm was detected at angle 105.6°. The maximum difference value may 
be misleading, since it was observed at a steep gradient of the thickness profiles and the differ-
ence seems to be caused mainly by the phase error. 

Figure 39 presents the harmonic component comparison between the thickness 
measurement machine and the roundness measurement machine. All the com-
ponents agreed well. The largest amplitude difference was observed in the 7th 
component (0.057 μm). The phases of the harmonic components were appro-
priately similar as well. The largest difference was detected in the 12th compo-
nent (29.1°). 
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Figure 39. Amplitudes and phases of the harmonic components of the thickness variation profile. 
The value on top of the bars represents the difference between the values. 

The thickness variation profiles measured for the repeatability test of the device 
are presented in Figure 40. The test features 20 measurements of the cylindrical 
surface of the large bearing. Due to the averaging procedure of the measurement 
method, each measurement included of 20 revolutions of raw data. 

The repeatedly measured thickness variation profiles agreed cleanly. Only 
some slight amplitude variations were detected and all the fluctuations were 
measured likewise. The standard deviation of the thickness variation (max 
thickness value – min thickness value) was 0.0177 μm. 

 

 

Figure 40. Large bearing cylindrical surface repeatability with TMM. Maximum difference of 
0.16 μm was detected at angular position 272.7°. Average thickness variation (max value - min 
value) was 2.35 μm. STD of the thickness variation was 0.0177 μm. 

Figure 41 presents the averages and standard deviations of the amplitudes and 
phases of the harmonic components. The amplitudes were detected precisely, 
since the largest standard deviation was 0.008 μm in the first component. How-
ever, the standard deviation of the phases had to have two remarkable outliers, 
127.8° in the 9th and 69.3 at the 14th component. A possible explanation for out-
liers may be the low amplitudes of the corresponding harmonic components. 
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Figure 41. The averages and standard deviations of the amplitudes and phases of the har-
monic components. The yellow bar represents the average and the error bar represents the 
standard deviation (average ± standard deviation). 

The 20 repeatability test thickness variation profiles measured from the small 
bearing cylindrical surface are presented in Figure 42. The profiles agreed again 
cleanly. Again, only slight amplitude deviations were observed and all the fluc-
tuations were detected similarly. However, the standard deviation of the thick-
ness variation was 0.0407 μm, being higher compared to the large bearing re-
peatability. 

 

Figure 42. Small bearing repeatability. Maximum difference of 0.37 μm was detected at angular 
position 345.1°. Average thickness variation was 3.15 μm. STD of the thickness variation was 
0.0407 μm. 

Figure 43 presents the amplitudes and phases of the harmonic components re-
lated to the small bearing repeatability measurement. All components featured 
low standard deviations. The second harmonic component had the highest am-
plitude standard deviation (0.019 μm), and the highest phase standard devia-
tion was found in the first component (11.6°). 
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Figure 43. The averages and standard deviations of the amplitudes and phases of the har-
monic components. The yellow bar represents the average and the error bar represents the 
standard deviation (average ± standard deviation). 
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5. Discussion 

In this study, the correlation between the harmonic components of the bearing 
inner ring roundness profile and the peak amplitudes of the subcritical reso-
nance vibration of the rotor was investigated. Overall, the increase in the ampli-
tude of a certain harmonic component of the inner ring roundness profile in-
creased the amplitude of the corresponding subcritical harmonic vibration com-
ponent significantly. The harmonic subcritical resonance frequencies can be cal-
culated by dividing the natural frequency of the system with a positive integer. 

The results show that the measured rotor system had differing eigenfrequen-
cies in the vertical and horizontal directions. The natural frequencies were c. 30 
Hz in the vertical direction and c. (circa) 21.6 Hz in the horizontal direction 
based on the subcritical resonance frequencies. The asymmetric stiffness (stiffer 
in the vertical direction) of the foundation is the obvious explanation. 

In Figure 33 (original and oval cases, vertical direction) it can be seen, that the 
vertical 2nd harmonic response is affected by the 2nd harmonic resonance vibra-
tion in the horizontal direction. An additional peak in the vertical direction 2nd 
harmonic response curve was observed. However, the horizontal direction re-
sponse was not observably affected by the vertical direction vibration. In gen-
eral, the amplitudes of the resonances were remarkably higher in the horizontal 
direction due to the dissimilar stiffness and damping ratio of the foundation and 
the potential effect of different excitation forces in horizontal and vertical direc-
tions. 

The significantly asymmetric natural frequencies may have caused one addi-
tional feature: the remarkably high vertical 3rd harmonic resonance amplitude 
at c. 10 Hz in the triangular case may have partially been caused by the horizon-
tal 2nd harmonic resonance vibration at about the same frequency (10.8 Hz). 

Finally, the roundness error of the bearing inner ring installed on the rotor 
shaft was minimized. All the amplitudes of the investigated harmonic compo-
nents of the roundness profile reduced considerably (Figure 32). The subcritical 
resonance peak amplitudes declined substantially (Figure 34), confirming the 
importance bearing inner ring roundness profile as a source of vibration excita-
tion. The micrometre range modifications of the roundness profile of the in-
stalled bearing inner ring had a magnified effect on the rotor dynamic behaviour 
and rotational accuracy particularly at the subcritical resonance frequencies. 

The rotor vibration results obtained during the present study agree with the 
simulation results in the earlier published research, e.g., by Sopanen and Mik-
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kola (2003a, 2003b) and Heikkinen et al. (2014, 2018). In addition, the equa-
tions describing the bearing inner ring based excitations are confirmed (Equa-
tions 2 and 3 in Chapter 2.4). 

In the present study, the measurements did not focus on acquiring the most 
accurate estimates of the true value, but rather on discovering the changes and 
differences between the cases. However, the accuracy of the rotor response 
measurement was analysed by Juhanko (2011), who proposed an expanded un-
certainty of U ≤ 2 μm for the rotor dynamic measurement device.  

The harmonic component focused uncertainty evaluation of the installed 
bearing inner ring roundness measurement is presented in Figure 35. In the 
evaluation, all the error contributions considered in Chapter 3.5.2 were applied. 
The error contributions (probe scale, probe position, frame position and tem-
perature) and their uncertainties represent the best-estimated measurement 
conditions. 

Within the low-order harmonic component range (below the 10th), the maxi-
mum amplitude uncertainty was c. 0.5 μm. The low-order harmonic compo-
nents are important regarding the effect of the installed bearing inner ring 
roundness errors on the subcritical vibration of rotors, which was investigated 
in the present study as well. The maximum uncertainty of the amplitudes of the 
harmonic components within the full range (2nd - 30th) was c. 1.3 μm for the odd 
components and c. 0.2 μm for the even components 

The phase uncertainty of certain harmonic components was found to be sub-
stantial. Within the low-order range, the maximum uncertainty was limited to 
c. 5°. The maximum within the full range was as high as c. 16° for the odd com-
ponents and c. 5° for the even components. However, as described in the begin-
ning of the Chapter 4, the phase values and uncertainties are expressed in the 
coordinate system of the corresponding harmonic component, which may lead 
to misinterpretation if not considered. 

In the sensitivity analysis, the highest errors were produced by the angular 
positioning of the sensors and the vertical positioning of the frame. The meas-
ured roundness profile (the phases of the harmonic components) did not affect 
the measurement uncertainty. 

To evaluate the reasons and root-causes for the roundness profile variations 
of an installed bearing inner ring, a device was built to measure the thickness 
variation of the bearing elements. 

The comparison measurements with the CMM agreed fairly, which may have 
been caused by the limitations in the CMM accuracy, as discussed already in 
Chapter 3.5.3. The long measurement chain between the measurand and the 
final thickness value is considered as an additional source of uncertainty. In ad-
dition, small differences in the vertical measurement height of the CMM and in 
the selected reference plane of the measurement may affect the measurement 
significantly.  

The reference roundness measurement machine provided a lower uncertainty 
and a shorter measurement path for the comparison measurement. The bearing 
element measured with the roundness measurement machine was used in the 
tending side bearing of the rotor investigated during this study. The agreement 
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of the thickness variation profiles was considered very good in general, and no 
substantial differences in the harmonic components were observed.  

The significantly better agreement with the roundness measurement machine 
may be traced to various reasons. The uncertainty of the roundness measure-
ment machine was more appropriate considering the measured thickness vari-
ation values. Moreover, the measurement principle of the roundness measure-
ment machine is similar to the proposed device, at least when compared to the 
CMM measurement: the bearing is rotating and the run-out or thickness varia-
tion profile is acquired with a probe continuously in contact with the measured 
surface.  

The thickness measurement machine featured a good repeatability of the 
measurements. The standard deviations of both the thickness variation values 
and the harmonic components were considered satisfying, although some out-
liers in the standard deviations of the phases of some harmonic components 
were found. It is suggested, that the low amplitudes of the very components may 
give an explanation to the increased phase standard deviations. 

The measurement chain of the proposed thickness measurement machine is 
short due to the direct probing of the measurand in question. Moreover, as dis-
cussed before, both the reference measurement devices have a substantially 
longer measurement chain between the probed value and the thickness value. 
Therefore, judging by the comparison and repeatability measurement results as 
well, there is a possibility that the proposed device is more reliable for the thick-
ness variation profile measurements of large bearing elements. Consequently, 
the developed device and method are designated for a special measurement task 
and thus the usability is limited in other approaches. The measurement princi-
ple of the roundness measurement machine is similar to the developed device. 
However, the proposed design of the thickness measurement machine features 
a possibility for scaling the method for large bearings without major weight and 
dimension limits. 

Since the uncertainty of the measurement sensors of the thickness variation 
measurement device is of the order ±0.2 μm, the combined uncertainty of the 
difference of their readings can be estimated to be c. 0.3 μm. Other error 
sources, such as alignment, vibration and thermal expansion can be assumed to 
increase the uncertainty. However, the repeatability results suggest similar or 
lower values to the method. It is suggested that the 20-round average of the 
lowest 15 harmonic components is partly the reason for the good repeatability. 

In this study, the roundness profile of the tending side bearing was modified 
and its effect analysed. Further research is required to determine the interaction 
between the excitations from both of the bearings supporting the rotor. Simula-
tion models (Sopanen and Mikkola 2003a, 2003b, Heikkinen et al., 2018) may 
be used to research the issue and to design an appropriate experimental proce-
dure to investigate the problem. In addition, this study investigated a rotor with-
out any other external load than the gravitational force. In the industrial appli-
cations, such rotors seldom exist. Further research is needed to investigate the 
effect of bearing inner ring based excitations to the subcritical vibrations when 
external loads are present in the rotor system.
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6. Conclusion 

In the present study, the effect of the assembled bearing inner ring geometry on 
the large rotor subcritical vibration was examined. The results suggest that a 
clear correlation exists. The measurement uncertainty of the used methods was 
either analysed earlier (Juhanko, 2011) or during the present study (Publication 
II). Considering the measurement accuracy limitations, the results remain valid 
and usable. 

The typical practical engineering design criteria of large rotors in the field of 
paper manufacturing, for example, aim at adjusting the rotating frequency 
range of the rotor under operation below the half-critical speed (2nd H) 
(Juhanko, 2011), since the problems caused by the half-critical vibration reso-
nance are widely recognized. Some rolls may be designed to operate within the 
range between the half-critical and critical speed because of the physical size 
(diameter) limits of the application. However, as suggested in this study, the 3rd 
and the 4th harmonic resonance vibrations may produce remarkable amplitudes 
as well. Considering the traditional design criteria, they may appear within the 
operational rotational frequency range restricting the available production 
speed range and reducing the quality of the end product. For example, the prob-
lematic 3rd harmonic resonance of a rotor designed to operate under the half-
critical speed has been encountered by the research group of the author in in-
dustrial trouble-shooting cases. Both increasing and decreasing the rotating fre-
quency settled the resonance problem.  

In the paper industry, the vibration of a paper machine roll within the ampli-
tude range from 10 to 100 μm at the operational speed causes remarkable coat-
ing (peak-to-peak c. 3 g/m2), thickness (peak-to-peak c. 1.5 μm) and gloss 
(peak-to-peak 5%) variations in the paper. They are essential quality measures 
significantly affecting the printing process and printing quality (Kuosmanen, 
2004). Accordingly, as the results of this study suggest, the bearing inner ring 
caused subcritical excitations can lead to troublesome vibration problems (am-
plitudes hundreds of micrometres) when considering the demanded rotating 
accuracy in the field of paper manufacturing. Furthermore, this study shows the 
vibration amplitudes reduced substantially by minimizing the roundness error 
of the bearing inner ring.  

The bearing geometry was modified in this study by inserting thin steel strips 
between the rotor shaft and the conical adapter sleeve, which could be one 
method to minimize the roundness errors of assembled bearing inner rings. 
However, the steel strips may wear, deform the rotor shaft or move during the 



Conclusion 

62 

possibly heavy operation resulting in declined advantages. The industrial utili-
sation would require an appropriate experimental test series under varying 
loads and long-term continuous operation. 

As an alternative to the steel strip method, the roundness profile of the rotor 
shaft, on which the bearing is installed, could be modified by grinding. The 
roundness profile could be designed in a way, which minimizes the final round-
ness error of the assembled bearing inner ring.  After all, the roundness profile 
of the installed bearing inner ring is a sum of the roundness profile of the rotor 
shaft and the thickness variations of the inner ring and the possible adapter 
sleeve. If the bearing is installed directly without the conical adapter sleeve, the 
same approach could be used to grind the installation cone of the rotor shaft. 
For non-circular precision grinding purposes, the 3D grinding method can be 
used (Kuosmanen, 2004). This method could remove the unpredictabilities re-
lated to the usage of the steel strips. Initial tests regarding this method have 
been made recently by the research group with promising results. 

Moreover, one obvious option is to reduce the thickness variation of the bear-
ing inner ring and of the possible conical sleeve. The relatively low thickness 
variation values were found surprising compared to the roundness tolerances 
given for the bearings of this size. It must be noted that only two sample work-
pieces were used in the analysis of the device. The thickness variation profile of 
the conical adapter sleeve was not analysed during this study, but it is clear that 
its thickness variation affects the final roundness profile of the installed bearing 
inner ring as well. 

The results of this study suggest that the bearing manufacturers should par-
ticularly focus on minimizing the thickness variation of the bearing inner ring 
and the possible conical adapter sleeve instead of the roundnesses of the indi-
vidual elements. The roundness of a separate inner ring is irrelevant as the inner 
ring is tightened to a stiffer shaft, having a roundness profile of its own. In terms 
of further research, a standardized way of measuring the thickness variation 
profiles of different bearing element geometries (spherical, cylindrical and con-
ical) should be investigated.  

If the thickness variation of the individual components is minimized, the rotor 
manufacturer could concentrate on the machining of a rotor shaft for the bear-
ing installation with an optimized roundness profile - either cylindrical or coni-
cal - for a direct installation without a conical adapter sleeve. This assures the 
interchangeability of the components, since the rotor installation shaft would 
not be tailored for a certain bearing.  

The methods developed during this research provide great opportunities for 
the manufacturers to develop the dynamic properties of the bearing assembly of 
a large rotor. The bearing thickness variation measurement device and method 
can be used to analyse the root causes for the roundness errors of an installed 
bearing inner ring. Furthermore, the device and the method could be used in 
the quality control of bearing elements, in addition to the roundness measure-
ments.  

 The results produced by the roundness measurement method for the installed 
bearing inner ring were shown to give direct suggestions about the dynamics of 
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a large rotor. The uncertainty of the method was proven appropriate for this use, 
and the main contributors to the uncertainty were discovered. The method can 
directly be used to measure the roundness profile of the bearing installation 
shaft during the manufacturing process of the rotor to reduce the roundness 
error.





65 

References 

Airila, M., Ekman, K., Hautala, P., Kivioja, S., Kleimola, M., Martikka, H., 
Miettinen, J., Niemi, E., Ranta, A., Rinkinen, J., Salonen, P., Verho, A., Vile-
nius, M., Välimaa, V., 2010. Koneenosien suunnittelu. 5th ed. Helsinki, Fin-
land: WSOYpro. 796 p. ISBN 978-951-0-20172-5. 

Aktürk, N., 1999. The effect of waviness on vibrations associated with ball 
bearings. Journal of Tribology 121, 667–677. 
https://doi.org/10.1115/1.2834121  

Arslan, H., Aktürk, N., 2008. An investigation of rolling element vibrations 
caused by local defects. Journal of Tribology 130, 041101. 
https://doi.org/10.1115/1.2958070  

Babu, C.K., Tandon, N., Pandey, R.K., 2014. Nonlinear vibration analysis of an 
elastic rotor supported on angular contact ball bearings considering six de-
grees of freedom and waviness on balls and races. Journal of Vibration and 
Acoustics 136, 44503. https://doi.org/10.1115/1.4027712  

BIPM, IEC, IFCC, ILAC, ISO, IUPAC, IUPAP, OIML, 2008. Evaluation of 
measurement data — supplement 1 to the Guide to the expression of uncer-
tainty in measurement — propagation of distributions using a Monte Carlo 
method. International Organization for Standardization, JCGM. 

BIPM, IEC, IFCC, ILAC, ISO, IUPAC, IUPAP, OIML, 2010. Guide to the Ex-
pression of Uncertainty in Measurement (GUM 1995 with minor corrections). 
International Organization for Standardization, JCGM. 

Braun, S, 2011. The synchronous (time domain) average revisited. Mechanical 
Systems and Signal Processing 25, 1087–1102. 
https://doi.org/10.1016/j.ymssp.2010.07.016  

Brizard, M., Megharfi, M., Verdier, C., 2005. Absolute falling-ball viscometer: 
evaluation of measurement uncertainty. Metrologia 42, 298–303. 
https://doi.org/10.1088/0026-1394/42/4/015  

Changqing, B., Qingyu, X., 2006. Dynamic model of ball bearings with internal 
clearance and waviness. Journal of Sound and Vibration 294 23–48. 
https://doi.org/10.1016/j.jsv.2005.10.005  

Chetwynd, D.G., Siddall, G.J., 1976. Improving the accuracy of roundness 
measurement. Journal of Physics E: Scientific Instruments 9(7): 537. 

Cooley, J.W., Tukey, J.W., 1965. An algorithm for the machine calculation of 
complex Fourier series. Mathematics of computation 19, 297–301. 



References 

66 

Deng, S., Lu, Y., Zhang, W., Sun, X., Lu, Z., 2018. Cage slip characteristics of a 
cylindrical roller bearing with a trilobe-raceway. Chinese Journal of Aero-
nautics 31, 351-362. https://doi.org/10.1016/j.cja.2017.07.001   

Friswell, M., Penny, J., Garvey, S., Lees, A., 2010. Dynamics of rotating ma-
chines. Cambridge, United Kingdom: Cambridge University Press. 526 p. ISBN 
978-0-521-85016-2. 

Ghalamchi, B., Sopanen, J., Mikkola, A., 2013. Dynamic model of spherical 
roller bearing, Proceedings of the ASME Design Engineering Technical Confer-
ences 8. https://doi.org/10.1115/DETC2013-12102   

Gustafsson, O.G., Tallian, T., 1963. Research report on study of the vibration 
characteristics of bearings, Research Laboratory SKF industries. 

Haitjema, H., 2015. Revisiting the multi-step method: Enhanced error separa-
tion and reduced amount of measurements. CIRP Annals 64, 491–494. 
https://doi.org/10.1016/j.cirp.2015.03.001   

Haitjema, H., Bosse, H., Frennberg, M., Sacconi, A., Thalmann, R., 1996. In-
ternational comparison of roundness profiles with nanometric accuracy. 
Metrologia 33, 67-73. https://doi.org/10.1088/0026-1394/33/1/9  

Harris, C.M., Piersol, A.G., 2002. Harris’ shock and vibration handbook, 
McGraw-Hill, New York. 

Harris, P.M., Cox, M.G., 2014. On a Monte Carlo method for measurement un-
certainty evaluation and its implementation. Metrologia 51, 176–182. 
https://doi.org/10.1088/0026-1394/51/4/S176  

Harsha, S.P., Sandeep, K., Prakash, R., 2003. The effect of speed of balanced 
rotor on nonlinear vibrations associated with ball bearings. International 
Journal of Mechanical Sciences 45, 725–740. https://doi.org/10.1016/S0020-
7403(03)00064-X  

Harsha, S.P., Sandeep, K., Prakash, R., 2004a. Non-linear dynamic behaviors 
of rolling element bearings due to surface waviness. Journal of Sound and Vi-
bration 272, 557–580. https://doi.org/10.1016/S0022-460X(03)00384-5  

Harsha, S.P., Kankar, P.K.K., 2004b. Stability analysis of a rotor bearing sys-
tem due to surface waviness and number of balls. International Journal of Me-
chanical Sciences 46, 1057–1081. 
https://doi.org/10.1016/j.ijmecsci.2004.07.007  

Harsha, S.P., 2006a. Rolling bearing vibrations — the effects of surface wavi-
ness and radial internal clearance. International Journal for Computational 
Methods in Engineering Science and Mechanics 7, 91–111. 
https://doi.org/10.1080/155022891010015  

Harsha, S.P., 2006b. Nonlinear dynamic analysis of a high-speed rotor sup-
ported by rolling element bearings. Journal of Sound and Vibration 290, 65–
100. https://doi.org/10.1016/j.jsv.2005.03.008  



References 

67 

Heikkinen, J., Ghalamchi, B., Viitala, R., Sopanen, J., Juhanko, J., Mikkola, A., 
Kuosmanen, P., 2018. Vibration analysis of paper machine's asymmetric tube 
roll supported by spherical roller bearings. Mechanical Systems and Signal 
Processing 104, 688–704. https://doi.org/10.1016/j.ymssp.2017.11.030  

Heikkinen, J., 2014. Vibrations in rotating machinery arising from minor im-
perfections in component geometries, Doctoral dissertation. Lappeenranta 
University of Technology, Lappeenranta. 

Hemming, B., Widmaier, T., Palosuo, I., Esala, V.-P., Laukkanen, P., Lillepea, 
L., Simson, K., Brabandt, D., Haikio, J., 2014. Traceability for roundness 
measurements of rolls. 9th International DAAAM Baltic Conference INDUS-
TRIAL ENGINEERING 24-26 April 2014. Tallinn, Estonia, 232–237. 

Hochmann, D., Sadok, M., 2004. Theory of synchronous averaging. IEEE Aer-
ospace Conference Proceedings 2004: pp. 3636–3653. 
https://doi.org/10.1109/AERO.2004.1368181  

International Energy Agency (IEA), 2017. World Energy Outlook 2017. ISBN 
978-92-64-28230-8.  

ISO 10360-1, 2000. Geometrical product specifications (GPS) - Acceptance 
and reverification tests for coordinate measuring machines (CMM). Interna-
tional Organization for Standardization. www.iso.org 

ISO 1101, 2017. Geometrical Product Specifications (GPS). Geometrical toler-
ancing – Tolerances of form, orientation, location and run-out. www.iso.org 

ISO 1132-1, 2000. Rolling bearings – Tolerances – Part 1: Terms and defini-
tions. International Organization for Standardization. www.iso.org  

ISO 1132-2, 2001. Rolling bearings – Tolerances – Part 2: Measuring and 
gauging principles and methods. International Organization for Standardiza-
tion. www.iso.org  

ISO 12181-1, 2011. Geometrical product specifications (GPS) -- Roundness -- 
Part 1: Vocabulary and parameters of roundness. www.iso.org 

ISO 12181-2, 2011. Geometrical product specifications (GPS) -- Roundness -- 
Part 2: Specification operators. www.iso.org 

ISO 21940-12, 2016. Mechanical vibration. Rotor balancing. Part 12: Proce-
dures and tolerances for rotors with flexible behaviour. www.iso.org 

Jang, G.H., Jeong, S.W., 2002. Nonlinear excitation model of ball bearing 
waviness in a rigid rotor supported by two or more ball bearings considering 
five degrees of freedom. Journal of Tribology 124, 82–90. 
https://doi.org/10.1115/1.1398289  

Janssen, M., Schellekens, P., De Veer, B., 2001. Advanced spindle runout-
roundness separation method. Advanced Mathematical and Computational 
Tools in Metrology V, 212-219. https://doi.org/10.1142/9789812811684_0024   

Juhanko, J. 2011. Dynamic geometry of a rotating paper machine roll. Doc-
toral dissertation. Aalto University, Espoo. ISBN 978-952-60-4364-7. 



References 

68 

Kato, H., Nakano, Y., Nomura, Y., 1990. Development of in-situ measuring 
system of circularity in precision cylindrical grinding. Bulletin of the Japan So-
ciety for Precision Engineering 24, 130-135.  

Kato, H., Sone, R.Y., Nomura, Y., 1991. In-situ measuring system of circularity 
using an industrial robot and a piezoactuator. International journal of the Ja-
pan society for precision engineering 25, 130–135. 

Kivioja, S., Kivivuori, S. & Salonen, P. 2007. Tribologia – kitka, kuluminen ja 
voitelu. 5th ed. Helsinki, Finland: Otatieto. 346p. ISBN 978-951-672-355-9. 

Krämer, E. 1993. Dynamics of rotors and foundations. Berlin Heidelberg, Ger-
many: Springer-Verlag. 384 p. ISBN 978-3-662-02800-1.  

Kreyszig, E. 2006. Advanced engineering mathematics. 9th ed. Hoboken, NJ, 
USA: Wiley. 1094 p. ISBN 978-0-471-72897-9. 

Kuosmanen, P., Väänänen, P., 1999. Method for continuously balancing and 
reducing the elastic asymmetry of a flexible rotor, particularly a roll or a cylin-
der. U.S.Pat. 5,940,969. 

Kuosmanen, P., 2004. Predictive 3d roll grinding method for reducing paper 
quality variations in coating machines. Doctoral dissertation. Espoo: Helsinki 
University of Technology. Publications in Machine Design 2/2004. ISBN 951-
22-7014-5. 

Lee, C.-W., 1993. Vibration analysis of rotors. Dordrecht, the Netherlands: 
Kluwer Academic Publishers. 315 p. ISBN 0-7923-2300-9. 

Liu, W., Zhang, Y., Feng, Z.J., Zhao, J.S., Wang, D., 2014. A study on waviness 
induced vibration of ball bearings based on signal coherence theory. Journal of 
Sound and Vibration 333, 6107–6120. 
https://doi.org/10.1016/j.jsv.2014.06.040  

Mao, Y., Yuekang, S., Jie-ang, Z., 2009a. Bearing thickness auto-measuring 
and classifying system. 2009 WRI World Congress on Computer Science and 
Information Engineering, Los Angeles, CA, 505-509. 
https://doi.org/10.1109/CSIE.2009.412  

Mao, Y., Yuekang, S., Jie-ang, Z., 2009b. MSA based on bearing thickness 
auto-measuring and classifying system, 2009 ISECS International Colloquium 
on Computing, Communication, Control, and Management, Sanya, 303-307. 
https://doi.org/10.1109/CCCM.2009.5268064     

McFadden, P.D., 1987. A revised model for the extraction of periodic wave-
forms by time domain averaging. Mechanical Systems and Signal Processing 1, 
83–95. https://doi.org/10.1016/0888-3270(87)90085-9  

McFadden, P.D., Toozhy, M.M., 2000. Application of synchronous averaging 
to vibration monitoring of rolling element bearings. Mechanical Systems and 
Signal Processing 14, 891–906. https://doi.org/10.1006/mssp.2000.1290  



References 

69 

Morel, M., Haitjema, H., 2002. Task specific uncertainty estimation for round-
ness measurement. Proc. of the 3rd Euspen International Conference, Eindho-
ven, the Netherlands, May 26th-30th, 2002, 513-516. 

Mosier-Boss, P.A., Lieberman, S.H., Newbery, R., 1995. Fluorescence rejection 
in Raman spectroscopy by shifted-spectra, edge detection, and FFT filtering 
techniques. Applied Spectroscopy 49, 630–638. 

Muralikrishnan, B., Raja, J., 2008. Computational surface and roundness me-
trology. Springer Science & Business Media. 262 p, ISBN 978-1-84800-296-8. 

Neugebauer, M., 2001. Uncertainty analysis for roundness measurements by 
the example of measurements on a glass hemisphere. Measurement Science 
and Technology 12, 68–76. https://doi.org/10.1088/0957-0233/12/1/309  

Ozono, S. 1974. On a new method of roundness measurement on the three 
point method. Proceedings of the ICPE, Tokyo. pp. 457–462. 

Pullinen J., Juhanko J., Kuosmanen P., 1997. The effect of renewing on the dy-
namic behavior of a backing roll. Helsinki University of Technology. Labora-
tory of Machine Design, Publication C 286, Espoo. 75 p. ISBN 951-22-3741-5. 

Shah, D.S., Patel, V.N., 2016. Study on excitation forces generated by defective 
races of rolling bearing. Procedia Technology 23, 209–216. 
https://doi.org/10.1016/j.protcy.2016.03.019  

Slocum, A.H., 1992. Precision machine design. New Jersey, USA: Prentice 
Hall. 750 p. ISBN 0 13-690918-3. 

Sopanen, J., Mikkola, A., 2003a. Dynamic model of a deep-groove ball bearing 
including localized and distributed defects. Part 1: theory. Proceedings of the 
Institution of Mechanical Engineers. Part K: Journal of Multi-Body Dynamics 
217 (2003a) 201–211. https://doi.org/10.1243/14644190360713560  

Sopanen, J., Mikkola, A., 2003b. Dynamic model of a deep-groove ball bearing 
including localized and distributed defects. Part 2: implementation and re-
sults. Proceedings of the Institution of Mechanical Engineers. Part K: Journal 
of Multi-Body Dynamics 217, 213–223. 
https://doi.org/10.1243/14644190360713560  

Thalmann, R., Spiller, J., Küng, A., Jusko, O., 2012. Calibration of Flick stand-
ards. Measurement Science and Technology 23, 94008. 
https://doi.org/10.1088/0957-0233/23/9/094008  

Väänänen, P., 1993. Turning of flexible rotor by high precision circularity pro-
file measurement and active chatter compensation. Licentiate’s thesis. Espoo, 
Helsinki University of Technology. 

Whitehouse, D.J. 1994. Handbook of surface metrology, Bristol, United King-
dom: Institute of Physics Publishing. 988 p. ISBN: 0-7503-0039-6. 

Widmaier, T. 2012. Optimisation of the roll geometry for production condi-
tions. Doctoral dissertation. Aalto University, Espoo. ISBN 978-952-60-4879-
6. 



References 

70 

Widmaier, T., Hemming, B., Juhanko, J., Kuosmanen, P., Esala, P., Lassila, A., 
Laukkanen, P., Haikio, J., 2016. Application of Monte Carlo simulation for 
estimation of uncertainty of four-point roundness measurements of rolls. 
Precision Engineering 48, 181-190. 
https://doi.org/10.1016/j.precisioneng.2016.12.001  

Widmaier, T., Kuosmanen, P., Hemming, B., Esala, V.P., Brabandt, D., Haikio, 
J., 2014. New material standards for traceability of roundness measurements 
of large scale rotors. Proceedings of the 58th Ilmenau Scientific Colloquium. 9 
p. 

Wübbeler, G., Krystek, M., Elster, C., 2008. Evaluation of measurement 
uncertainty and its numerical calculation by a Monte Carlo method. 
Measurement Science and Technology 19, 84009. 
https://doi.org/10.1088/0957-0233/19/8/084009  

Yhland, E.M., 1967. Waviness measurement - an instrument for quality control 
in rolling bearing industry, Proceedings of the Institution of Mechanical Engi-
neers, Conference Proceedings 182, 438–445



 

-o
tl

a
A

D
D

 
3

81
/

 8
10

2

 +d
fjbi

a*GM
FTSH

9  NBSI 3-5918-06-259-879  )detnirp( 
 NBSI 0-6918-06-259-879  )fdp( 
 NSSI 4394-9971  )detnirp( 
 NSSI 2494-9971  )fdp( 

 
ytisrevinU otlaA  

gnireenignE fo loohcS  
gnireenignE lacinahceM fo tnemtrapeD  

 if.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 a
la

tii
V 

en
ia

R
 n

oi
ta

rb
i

V 
ro

to
R l

ac
it

ir
cb

uS
 n

o 
yr

te
mo

e
G 

gn
i

R 
re

nn
I 

gn
ir

ae
B 

de
lb

me
ss

A f
o t

ce
ff

E
 y

ti
sr

ev
i

n
U 

otl
a

A

 8102

 gnireenignE lacinahceM fo tnemtrapeD

delbmessA fo tceffE  
gniR rennI gniraeB  

lacitircbuS no yrtemoeG  
 noitarbiV rotoR

 alatiiV eniaR

 LAROTCOD
 SNOITATRESSID


	Aalto_DD_2018_183_Viitala_verkkoversio



