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Abstract
In many ind u s t rial ﬁ e l d s , l arg e ﬂ e xib l e ro t o rs are c o mmo nl y o p e rat e d w it h in t h e s u b c rit ic al s p e e d
range, where the bearings are a considerable source of vibration excitation. The dynamic properties
and the rotational accuracy of a bearing are greatly affected by the roundness proﬁle of the bearing
inner ring installed on the rotor shaft. The ﬁ nal roundness proﬁ le of the inner ring is the sum of
the roundness proﬁ le of the rotor shaft roundness and the thickness variations of the relatively
ﬂ exible inner ring and the possible conical adapter sleeve.
The excitation based on the roundness errors of a bearing inner ring is observed at a frequency,
which is the rotor rotating frequency multiplied by the number of undulations in the roundness
proﬁ le of the ring. Therefore, subcritical resonance is observable at rotor frequencies, which are
integer fractions of the natural frequency of the system, i.e., when the bearing excitation frequency
equals the natural frequency of the rotor system.
The present study investigated the effect of the roundness proﬁ le of the installed bearing inner
ring on the subcritical vibrations of a ﬂexible rotor. The roundness proﬁle of the assembled bearing
inner ring was measured and modiﬁ ed to ﬁ ve different geometries to investigate different excitation cases. Finally, the roundness error of the inner ring was minimized. The rotor subcritical
response was measured with each bearing inner ring geometry. The analysis was focused on the
2nd, 3rd and 4th harmonic subcritical resonances, occurring at 1/2, 1/3 and 1/4 of the natural
frequency. In addition, the uncertainty of the bearing roundness proﬁ le measurement based on
the four-point method was analysed. The four-point roundness measurement method is able to
separate the roundness proﬁle from the error motion of the rotating axis during the measurement.
Conventional roundness measurement machines could not be used to measure the roundness of
an installed bearing inner ring due to the large size of the workpiece. Finally, a device and a method
f o r m e a s u ri n g t h e t h i c kn e s s va ri a t i o n o f l a rg e ro l l e r e l e m e n t b e a ri n g ri n g s w a s p re s e n t e d t o i n ve s tigate the root causes for the out of roundness of the installed bearing inner ring.
The results clearly suggest that the roundness components of the installed bearing inner ring
signiﬁ cantly affect the rotor subcritical vibration. The increased amplitudes of certain waviness
components of the bearing inner ring roundness proﬁ le increased the corresponding subcritical
vibration amplitude. Minimizing the roundness error decreased the vibration substantially. In
addition, the uncertainty analysis of the roundness measurement of the installed bearing inner ring
conﬁrmed that the method is valid and the uncertainty is acceptable for the application. Moreover,
the device and method for thickness variation measurement of the bearing elements was found to
reach a comparable level of measurement accuracy with conventional roundness measurement
machines, but without similar dimensional restrictions and with a more direct measurement chain.
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Tiivistelmä
Suuret joustavat roottorit ovat laajasti käytössä monilla teollisuuden aloilla. Tyypillisesti näitä
roottoreita käytetään alikriittisellä pyörimisnopeusalueella, jossa laakerit ovat merkittävä värähtelyherätteiden lähde. Laakerin dynaamisiin ominaisuuksiin ja pyörimistarkkuuteen vaikuttaa
hu omat t avast i root t orin akse lille ase nne t un laake rin sisäke hän ymp y rämäisy ysp roﬁ ili, joka koostuu asennusakselin ympyrämäisyysproﬁ ilista, sekä verrattain joustavan laakerin sisäkehän että
mahdollisen kartiomaisen kiristysholkin paksuusvaihteluista.
Laakerin sisäkehän ympyrämäisyysproﬁ ilin tuottamat herätteet havaitaan taajuudella, joka on
roottorin pyörimistaajuus kerrottuna sisäkehän ympyrämäisyysproﬁilin aaltomaisuuksien määrällä. Siten alikriittinen resonanssi voidaan havaita roottorin pyörimistaajuuksilla, jotka ovat roottorin
ominaistaajuuden murto-osia. Tällöin herätteen taajuus vastaa roottorin ominaistaajuutta.
Tutkimuksessa selvitettiin asennetun laakerin sisäkehän ympyrämäisyysproﬁ ilin vaikutusta
joustavan roottorin alikriittisiin värähtelyihin. Ympyrämäisyysproﬁilia muokattiin ja lopulta viiden
e ri l a i s e n p ro ﬁ i l i n t u o t t a m i a h e rä t t e i t ä a rvi o i t i i n . Vi i m e i s e s s ä t a p a u ks e s s a y m p y rä m ä i s y y s p ro ﬁ i l i n
ympyrämäisyysvirhe minimoitiin. Jokaisessa tapauksessa laakerin sisäkehän ympyrämäisyysproﬁ ili ja roottorin dynaaminen vaste mitattiin. Tutkimuksessa keskityttiin toiseen, kolmanteen
ja neljänteen harmoniseen alikriittiseen resonanssiin, jotka voidaan havaita pyörimistaajuuksilla
1/2, 1/3 ja 1/4 kertaa ominaistaajuus. Lisäksi työssä analysoitiin nelipistemenetelmään perustuvan
laakerin ympyrämäisyysproﬁilin mittausmenetelmän mittausepävarmuutta, sillä tavallista ympyrämäisyysmittakonetta ei voitu käyttää mitattavien kappaleiden suuren koon ja massan vuoksi. Nelip i s t e me ne t e l mä l l ä vo i d a a n m i t a t a y mp y rä mä i s y y s p ro ﬁ i l i h u o l i m at t a mi t at t a van ka p p a l e e n p y ö ri miskeskiön liikkeestä. Asennetun laakerin ympyrämäisyysvirheiden juurisyiden analysoimiseksi
esiteltiin menetelmä ja laite laakerin sisä- ja ulkokehien paksuusvaihteluproﬁ ilien mittaamiseksi.
Tulokset osoittivat ympyrämäisyysproﬁ ilin soikeuden, kolmiomaisuuden ja nelikulmaisuuden
vaikuttavan merkittävästi roottorin toiseen, kolmanteen ja neljänteen harmoniseen alikriittiseen
resonanssiin, jotka voidaan havaita pyörimistaajuuksilla 1/2, 1/3 ja 1/4 kertaa ominaistaajuus.
Aa l t o mai s u u s ko mp o ne nt it vai ku t t a va t me rki t t ä väs t i ro o t t o ri n al ikri it t i s e e n väräh t e l y y n. Y mp y räm ä i s y y s p ro ﬁ i l i n aa l t o m a i s u u s ko mp o ne nt i n a m p l i t u d i n ka s va t t a m i n e n ka s va t t i va s t a a va n a l i kri i t tisen harmonisen värähtelykomponentin amplitudia. Ympyrämäisyysvirheen minimointi vähensi
alikriittistä värähtelyä huomattavasti. Asennetun laakerin sisäkehän ympyrämäisyysproﬁ ilin
mittausepävarmuusanalyysi osoitti, että mittausmenetelmä on luotettava. Laakerielementtien
paksuusvaihtelumittalaiteen todettiin saavuttavan mittaustarkkuudessa tavallisiin ympyrämäisyysmittakoneisiin verrattavan tason, mutta ilman samankaltaisia kokorajoituksia.
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1. Introduction

Modern industry has ever higher requirements for efficient rotating machinery
and smaller vibration, which leads to an increasing demand for precise largescale rotor components and the precision manufacturing of large rotor systems.
The large-scale rotor systems are used, for example, in the fields of power generation, the maritime industry, papermaking and in steel and non-ferrous metal
manufacturing. For instance, as the renewable energy sources, such as wind turbines, increase their market share (International Energy Agency, 2017) their reliability and safety are key factors for their successful operation and thus for
ensuring the high availability of critical infrastructure.
Bearings are critical components of a rotor system, since they suspend the rotor during the operation and sustain the forces exerted by the external loads and
vibration. A conventional arrangement of rolling element bearings features an
outer raceway (ring) attached to the housing, an inner raceway attached to the
rotor, and the rolling elements between the raceways. The bearing elements
contain geometrical errors from the manufacturing process, which cause typically harmful vibration at frequencies proportional to the rotating velocity of the
rotor. Significant bearing element excitations considering large flexible rotors
are caused by the errors in the roundness profile of the bearing inner ring, which
is installed on the rotor shaft and rotates at the same frequency (Publication I).
Bearing failure and bearing excitation related vibration present in the rotor
system reduces the lifetime of the machine, increases the production downtime
and causes unscheduled maintenance breaks, leading to considerable yet avoidable costs. In addition, in the fields of papermaking and steel and non-ferrous
metal manufacturing, where the rotor body surface is used to modify the end
product, the rotor surface movement towards the paper web or metal strip direction (run-out) is crucial to ensure the high quality of the production. This
periodic motion is observed as unwelcome, periodic thickness variation. As a
whole, the run-out of a large rotor is the sum of the rotor central axis movement
and the rotor surface roundness profile (Widmaier, 2012). The rotor surface
geometry can be enhanced for the production conditions using, for example, a
roundness measurement and compensative grinding method for paper machine
rolls presented by Kuosmanen (2004).
Rotor balancing is a well-known and commonly used method to reduce the
rotor central axis movement and the bearing reaction forces derived from static
and dynamic unbalance (Harris and Piersol, 2002). Furthermore, the improved
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roundness of the bearing assembly has a significant effect on the central axis
movement of the rotor at operating speeds (dynamic run-out) (Publication I).
Roundness is a core indicator of the quality of rotating components. The bearings, unbalance, bending stiffness variation (Widmaier, 2012) and the roundness error of the rotor itself have a considerable effect on the rotational accuracy
of a rotor. Bearings are typically considered as replaceable components of the
rotor assembly, and hence are not tailored for a specific rotor. The motion of the
rotor central axis as well as the subcritical vibration resonance of the rotor can
be caused by the roundness errors of the bearing components (Publication I;
Heikkinen et al., 2018).
Bearings and their components are mass-produced with an effective quality
control. However, the bearing assembly on the final rotor application is seldom
under investigation in terms of bearing roller raceway roundness or waviness.
The demand for more accurate or higher speed rotors may introduce a requirement to fit the bearing inner ring on the rotor shaft in an optimal angular position. In this position, the roller path roundness error of the bearing inner ring
is minimized together with the harmful waviness components. The roundness
profile of the installed bearing inner ring is composed of a rotor shaft roundness
profile at the bearing installation cross-section and the thickness variation of
the bearing inner ring and a possible adapter sleeve. (Publication II). However,
the thickness variation values or profiles of the bearing components are typically
not supplied by the bearing manufacturers, with provided information limited
to the roundness values. The thickness variation is a much more important feature than the roundness of an uninstalled bearing. The information related to
the thickness variation of the ring-shaped bearing components is crucial to
achieve the optimized roundness profile of the final installed bearing inner ring.
(Publication III)

Research problem
The subcritical (below natural frequency) behaviour of flexible rotors is important in many industrial fields. Typically, the rotor assembly is designed to
operate within a definite rotating frequency range. The excitations caused by the
bearing inner ring are dependent on the rotating frequency of the rotor and the
number of undulations (waviness number or harmonic components) of the
roundness profile of the roller raceway. One undulation per revolution (eccentricity) excites the rotor at its own rotating frequency; resonance and thus increased vibration is apparent when the rotor speed approaches its natural frequency. Balancing is used to decrease the negative effect, since the phenomenon
is seen as a deviation of the rotating axis and the centre of mass axis of the rotor.
However, two undulations per revolution (ovality) excite the rotor at twice the
frequency of the rotor itself, which leads to resonance at a rotor speed of half the
natural frequency. Consequently, three undulations per revolution (triangularity) excite the rotor three times per revolution, leading to resonance at one third
of the natural frequency. These superharmonic bearing excitations produce resonance peaks within the subcritical (below natural frequency) speed range and
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occur when the ratio between the natural frequency and the rotating frequency
is a positive integer.
Typically, large flexible rotors are designed to operate within the subcritical
speed range, i.e., below the natural frequency of the rotor. In this context, the
natural frequency of the rotor is typically considered to be the natural frequency
of the first bending mode. In critical applications, designs below the half-critical
speed are utilized. (Juhanko, 2011) Some rotors are designed to operate within
a wide speed range covering the frequencies 1/2, 1/3, 1/4…1/N times the natural
frequency. Within this subcritical speed range, the low-order undulations of the
roundness profile of the bearing inner ring are one source for superharmonic
(integer multiples of the rotating frequency) excitation causing subcritical vibrations.
Bearing inner and outer ring thickness variation is one of the components determining the quality of a bearing. In large bearings, the ring is relatively thin
and flexible compared to the rotor shaft and housing in the final assembly. Thus,
the rings deform to the shape of the adjacent parts and the roundness of individual components becomes less significant. Consequently, such as in the case
of a bearing inner ring, the final roundness profile consists of the geometry of
the shaft and thickness variations of the possible adapter sleeve and the bearing
inner ring (Figure 1). Thus, the clearance of an installed roller element bearing
may be affected by the thickness variation leading to declined wear and dynamic
behaviour properties.

Figure 1. Schematic visualizing the formation of the roundness error of an installed bearing inner
ring. On the left hand side, the roundness error (in this case the 3rd harmonic component, triangularity) is caused by the roundness error of the shaft, on which the relatively thin, but evenly
thick inner ring has been tightened and thus deformed. On the right hand side, the roundness
error is caused by the triangular thickness variation of the bearing inner ring. In reality, the roundness error is a combination of both these error types (Publications II and III).

Despite the important role of the roundness profile of the bearing inner ring,
the roundness profile of the installation shaft, the installed bearing ring and the
thickness variation of the bearing elements are seldom investigated in the practical engineering or in the research studies.
Roundness measurement machines are widely available for measurements
with certain size limits (diameter typically below 500 mm, length typically below 1000 mm). Typically, they use one run-out sensor for measuring the round-
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ness profile, since the high-accuracy bearing of the roundness measuring machine confirms the accurate rotating motion of the workpiece. The thickness
variation can be calculated when the run-out profile of both inner and outer surfaces is known. The absolute value of the thickness may be difficult to determine
in the case of separate measurements of inner and outer roundness profiles as
these devices typically only produce relative deviation measurements. The
roundness measurement machine could be equipped with two styluses for directly measuring the thickness variation of a bearing inner or outer ring by concurrently measuring both sides. However, a roundness measurement machine
cannot be used for large rotor and bearing measurements due to the size of the
workpieces. For example, the rotors in the paper industry have diameters of
over 500 mm and lengths of several meters up to 12 m. Consequently, using
such a device to measure the roundness profile of a bearing inner ring installed
on a rotor shaft is impossible.
The roundness and thickness variation of larger components can be measured
with coordinate measuring machines (CMM), which are able to determine the
coordinates of any point reachable by the stylus of the machine. Therefore, a
CMM can be used to measure the geometry of bearing element surfaces. The
thickness and roundness are calculated utilizing the measured point data. Measurements with a CMM are influenced by many error contributions and in the
case of roundness and thickness variation profile measurements, the long measurement chain increases the uncertainty of the measurement, which reduces the
accuracy of the results. CMMs for large objects such as large bearings and rotors
are available but at a significant cost.

Objective of the research
The main objective of the research was to find the effect of bearing geometry on
the subcritical vibration of a flexible rotor by the means of experimental research and to be able to measure and separate the root causes for the errors in
the installed bearing inner ring roundness profile. Consequently, a method to
measure the inner ring roundness profile was developed and analysed in addition to the device to measure the thickness variation of a large bearing ring.
As discussed in the previous section, the bearing inner ring raceway roundness
profile can be a significant source of harmonic excitation leading to subcritical
resonance vibration. The present study focuses on the low order waviness components of the roundness profile, i.e., from two to four undulations per revolution, which excite the rotor at frequencies two, three and four times the rotating
frequency of the rotor. When these excitation frequencies equal the natural frequency of the rotor system, a resonance vibration can be observed. Therefore,
these excitations induce harmonic vibration resonance at rotor angular frequencies 1/2, 1/3, 1/4 multiplied by the natural frequency.
The roundness profile of a rolling element bearing raceway comprises the rotor shaft roundness and thickness profiles of a possible conical adapter sleeve
and the inner ring. A relatively thin walled adapter sleeve and the inner ring of
the bearing are assumed to be flexible components that adapt to the roundness
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profile of the shaft. Consequently, the thickness variations of these components
should be accounted for in the metrological analysis leading to the final geometry of the installed inner ring. Alternatively, if it is possible to disassemble the
bearing, the inner ring geometry can be measured when the ring is still attached
to the shaft, which gives a relatively accurate estimate of the raceway profile under operation.
To achieve the objectives, the following methods were developed:
x Deforming the bearing inner ring roundness profile (Publication I)
x Measuring the bearing inner ring roundness profile, while the ring is
assembled on the rotor shaft (Publications I and II)
x Measuring the thickness variation of large bearing elements (Publication III)

Motivation and limitations of the research
The particular motivation for the present study is to reduce the harmful subcritical vibrations present in the industrial size flexible rotors. The subcritical vibration can increase the number of unscheduled maintenance breaks and production downtime, limit the usable speed ranges of industrial processes and
cause quality variations in the end product in the paper, and non-ferrous metal
and steel industries.
This research focuses on experiments to achieve a deeper understanding of
the rotor excitations caused by the bearing inner ring. However, the work was
conducted using one test rotor with standard bearings, which may limit the generalisability of the results. Furthermore, forces and loads typical to the process
are commonly exerted to the rotor but their effect on the rotor behaviour were
not analysed during this study.
Rotor balancing and the excitation caused by the bending stiffness variation
are out of the scope of this study. The balance of the rotor was not altered during
the research. In addition, external loads were not exerted into the rotor. Also
the review of theoretical rotor dynamics and its analytical and numerical solutions is limited to basics, since the emphasis is on the experimental research.

Scientific contribution
Publication I presents new scientific findings of the effect of low-order waviness
components (in this case, orders 2, 3 and 4) of an installed bearing inner ring
on the subcritical resonance vibration of a large rotor. The research utilized an
industry-scale rotor system (paper machine roll) for the experimental measurements. An appropriate experimental measurement series was conducted using
different bearing inner ring roundness profiles featuring several waviness component distributions as inputs. The results of the study clearly show that a significant connection exists.
Publications I and II present a novel device and a method to measure the
roundness profile of an installed bearing inner ring. The measurement uncer-
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tainty of the device, focusing especially on the phase of the harmonic components, was investigated in Publication II using the Monte Carlo simulation approach. The results clearly show that the measurement method is valid for the
presented application and that the phase uncertainty of the harmonic components of the roundness profile may be significantly high in certain situations.
The thickness variation of the bearing elements is a key quality measure for
the dynamic properties of a bearing, as presented by Figure 1 and investigated
in Publication I. In Publication III, a novel device and method for the thickness
variation measurement of large bearing inner and outer rings is proposed and
the quality of the measurement is analysed. The results show that the measurement method is appropriate for the proposed application and that the quality of
the measurement is comparable with commercially available roundness measurement machines without the typical size and weight limits.
Multiple simulation models and numerical solutions for the bearing excitation
problem have been introduced, as presented in Chapter 2. These numerical approach studies typically only investigate situations, in which the waviness number of the bearing inner ring is considerably higher than the waviness numbers
investigated in this study. The size of the bearings and thus the number of roller
elements in the existing studies are limited, leading to a situation, in which the
waviness of order close to the number of roller elements induces the most significant vibration excitations. Additionally, the rotor size and mass in the earlier
published bearing excitation studies has been remarkably smaller, limiting the
practicality of the results in industrial applications. Experimental results concerning bearing excitations in a rotor system have been limited. Measured results have typically been used for validation purposes of mathematical or simulation models. In addition, the measurements have been conducted using small
laboratory-scale test devices.
Commercial roundness measurement machines are widely available for laboratory-scale measurements. However, devices for measuring the roundness profile of large workpieces are seldom presented and analysed. The present study
introduces a novel device and a method to measure the roundness profile of an
installed bearing inner ring. The device is based on the multipoint method originally presented by Ozono (1974) and further investigated, for example, by
Väänänen (1993) and Widmaier et al. (2016). The phase of the harmonic components of the roundness profile, or the uncertainty of the phase, has received
little attention in previous research. However, the phase of the waviness components of a roundness profile is important when considering applications
where the measured roundness profile is used as a feedback for the precision
manufacturing procedure (such as 3D predictive grinding for round workpieces,
e.g., presented by Kuosmanen, 2004). The phase errors of the measured waviness components can affect the acquired roundness profile in a way, which finally doubles the error when used as feedback data for the manufacturing process.
The typical quality measure of bearings widely used in the industry is the
roundness of the bearing elements. The thickness variation of the bearing rings
is assessed by ISO 1132-1 (2000) and the measurement setup is defined by ISO
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1132-2 (2001). However, the designs of the actual measurement devices and
methods, the uncertainty analyses of these devices and research studies concerning the thickness variation of bearing components are scarcely published.

Research methods
The present study focuses on experimental research including the numerical
and visual analysis of the measured, simulated and calculated results. In addition, the literature review investigates the most important previous research
and standards related to this study. The rotor subcritical dynamic response, the
bearing inner ring roundness profile and the bearing element thickness variation were measured in the laboratory environment, and post-processed and analysed with a computer utilising the Fast Fourier Transform to discover the phenomena occurring multiple times per revolution. The modified geometries of
the installed bearing inner ring were achieved using a trial-and-error method.
The experimental approach is particularly useful to investigate the occurring
phenomena directly. An alternative approach is to build a dynamic simulation
model utilising, for example, the finite element method and all the available geometrical data to predict the dynamic response. However, the inaccuracy of the
input data may limit the usability of the results. This experimental research is
considered to provide highly valuable input, comparison and validation data for
development of the simulation model.

17

2. State-of-the-art review

Rotor
A rotor is the core component of a rotating machine and an essential part of the
design process of such a machine is addressing the dynamic properties of the
rotor. In the simplest cases, the rotor can be represented as a beam element. As
the complexity of the system and quality demands for the calculation accuracy
increases, the number of the elements can multiply and the complexity of the
basic elements can increase. Complicated systems are often analysed by means
of the finite element method (FEM). (Friswell et al., 2010)
The mathematical formulae and models describing the rotor behaviour and
vibration are presented, for example, by Friswell et al. (2010) and Krämer
(1993). They also present the methods for efficient FEM utilization in rotor dynamics problems. In the present study, the emphasis was on experimental research, and thus the analytical equations and solutions for the vibrational problems are not presented. In addition, problems that are more complicated, such
as the present research problem, are solved and simulated by numerical methods.
The flexibility or rigidity of the rotor is dictated by the properties of the whole
rotor system consisting of the rotor, bearings and foundation. If the rotor is
short, solid and it has a large diameter, it is substantially stiffer than the foundation and the bearings, and the system can be modelled as a rigid rotor on flexible bearings and foundation. In the opposite situation, the best way to model a
system may be a flexible rotor on a rigid foundation. Often both of the components must be modelled to be flexible.
ISO standard 21940-12 (2016) considers balancing and provides several criteria for determining the flexibility of the rotor, one of which is the following:
If the first flexural resonance speed exceeds the maximum service speed by at
least 50 %, then the rotor can often be considered rigid for balancing purposes.

According to the ISO standard, the flexibility of the rotor can also be determined
by accelerating the rotor to a full operating speed and observing the vibration
levels. If no significant change of the vibration levels with the increasing rotating
speed is observed, the rotor can be considered rigid.
A flexible rotor, such as the paper machine roll used in this research as a test
rotor, can be described as a flexible beam having an unlimited number of
eigenmodes with the corresponding natural frequencies. The natural frequency
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of a large flexible roll refers typically to the natural frequency of the first flexible
bending mode as shown by Figure 1. Other modes can also be present in the
rotor vibration. (Juhanko, 2011)
Critical speed is the angular frequency that equals the natural frequency. At
the close proximity of the critical speed, also called resonance, the magnification
function of the vibration is at its maximum and vibration may increase excessively even if the excitation force or displacement is small.

Figure 2. Eigenmodes for a homogeneous and symmetrically supported rotor. Rigid rotor modes
are on the left and flexible rotor modes on the right. Typically, the natural frequency of a large
flexible rotor refers to the natural frequency of the first bending mode on the upmost right.
(Juhanko, 2011)

A simple model of the magnification of the vibration is presented in Figure 3.
When the frequency of the external or internal excitation of the rotor system
equals the natural frequency of the system, the vibration is amplified depending
on the damping ratio of the system. Greater damping values result in lower amplitudes at resonance. However, greater damping leads also to wider frequency
range in which vibration amplifying is detected. Passing the critical speed shifts
the phase of the vibration -180 degrees, being shifted by -90 degrees at the natural frequency. (Friswell et al., 2010, Krämer, 1993)
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Figure 3. Example diagram representing the frequency response of a one-degree-of-freedom
oscillator. Above: Magnification of vibration amplitude. Below: Vibration phase shifting. The frequency ratio r is the ratio of excitation frequency divided by the natural frequency. When the
frequency ratio is 1, i.e., the excitation frequency equals the natural frequency, the vibration amplitude is magnified excessively. ζ represents different damping ratios. (Adapted from Friswell et
al., 2010)

Excitation of the rotor can also be produced with a frequency higher than the
rotor angular frequency itself. Possible sources for these excitations include external loads and vibration, bending stiffness variation and bearing excitations.
The latter two are phase locked with the rotor leading to an excitation frequency
proportional to the rotor speed. Consequently, this excitation can cause forced
resonance vibrations at natural frequency even below the critical speed of the
rotor. These are called subharmonic resonances or subcritical resonance vibrations. The subharmonic resonances occur at angular velocities, which are an integer fraction of the natural frequency. (Lee, 1993) For example, a triangular
bearing inner ring excites the rotor three times during a revolution. Subharmonic resonance is observed at an angular frequency, which is one third of the
natural frequency of the system.

Bearing
Bearings are essential to the rotating machinery, as that couple the rotor to the
supporting foundation. Several different types of bearings exist, ranging from
various types of hydrodynamic journal bearings to rolling element or ball bearings. In this study, rolling element bearings are used, and thus this review focuses on these.
The rolling element bearings provide a good load capacity and stiffness, but
they also contain numerous moving parts which influence the dynamics of the
rotor system and ultimately of the entire machine (Friswell et al., 2010). Moreover, the foundation on which the bearing housing is installed, is an integral
part of the bearing assembly and its properties. In most cases, the foundation
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can be considered relatively stiff compared with the other parts of the rotor assembly. However, when large rotors running at relatively high speeds are in
question, the flexibility of the foundation may substantially affect the system
dynamics.
The test rotor used in this research was a paper machine roll. A typical way to
support such a roll is to use spherical roller bearings. Rolling element bearings
can sustain large loads, and in addition, their running speed ranges fit the application well. Figure 4 presents a schematic of a spherical rolling element bearing, which has rollers in two rows. This bearing type can bear large radial loads
and it accepts small loads in the axial direction. Hence, if the axial loads are not
substantial, the bearing can lock the rotor position axially. In a typical construction, the outer ring of the bearing is stationary and the inner ring rotates with
the rotor. The inner surface of the outer ring is spherical: this enables an inclined orientation of the rotor shaft compared to the bearing housing. In typical
bearing arrangements, this may be caused by errors in the assembly and alignment of the rotor in relation to the bearing housings. Moreover, in large and
flexible rotor assemblies, the initial rotor bending due to the gravity leads to
different inclinations of the rotor relative to the housings. (Airila et al., 2010,
Kivioja et al., 2007)

Figure 4. Spherical rolling element bearing. Black arrow points to the main load direction; white
arrows indicate that the bearing can also bear smaller loads in that direction. The picture on the
right describes the angular error tolerating properties. (Airila et al., 2010)

The bearing with numerous moving elements can act as a significant source of
excitation in a rotor system. All these excitation sources result from manufacturing inaccuracies of individual bearing elements, and they are always present
to some extent. The final excitation frequencies can be calculated with common
equations presented by bearing manufacturers and, for example, by Slocum
(1992), when the dimensions of the elements and the rotating frequency of the
rotor are known.
The excitation sources arising from the bearing elements can be divided into
two main categories. Firstly, most of the excitation sources are not directly synchronized to the angular frequency of the rotor, i.e., they do not occur at frequencies, which are integer multiplies of the rotor frequency. This includes the
rolling elements vibration, cage frequency and excitation caused by outer ring
roundness profile variations. Secondly, the excitation caused by the inner ring
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(or generally rotating ring) of the bearing is directly phase locked and thus synchronized with the rotor angular motion. In this study, the research is focused
on the inner ring excitations. Slocum (1992) expresses the frequency fi produced
by the inner ring with the following equation:
݂ ൌ  ݖή ߱ǡ

(1)

where z is the waviness component number of the bearing and ω is the angular
frequency of the rotor and the inner ring. For example, an oval bearing results
in the waviness component number 2, triangular 3 etc.

Metrology and signal processing
The definition of some common metrological principles and standards is vital
to achieve a deep understanding of the topic. Additionally, in the frequency domain phenomena, the utilization of Fourier analysis is essential to discover the
noteworthy results after the measurements. The following presents the metrological aspects in terms of definitions and Fourier analysis utilization.
2.3.1

Roundness

Roundness is defined by the ISO standards 12181 (2011) and 1101 (2017) as a
feature of a circular cross-section of an object. ISO 1101 provides instructions
for geometric product specifications and tolerancing. The definition of the
roundness tolerance (in this example 0.03 mm, Figure 5) is as follows:
For both the cylindrical and conical surfaces, the extracted (actual) circumferential line, in any cross-section of the surfaces, shall be contained between two coplanar concentric circles, with a difference in radii of 0.03 mm.

Figure 5. Roundness tolerance declaration example (ISO 1101, 2017).

If the information of the waviness components of the roundness profile or the
form of the roundness error are required by the application, the measurement
of the actual roundness profile is essential. (Haitjema et al., 1996, Neugebauer,
2001, Thalmann et al., 2012) In this study, instead of roundness tolerances,
roundness profiles were used. An important part of roundness profile presentation is the centre point selection problem. Whitehouse (1994) presents four
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methods to resolve this problem, each of them producing a slightly different final roundness value. A popular method to define the centre point is to use the
least squares circle (Figure 6). This method was used in the present study.

Figure 6. Least Squares Method for roundness profile centre point selection. The red circle is the
least squares circle, the centre point of which is used. The centre is chosen in a way that the sum
of the squares of the profile deviations is minimized. (Whitehouse, 1994, Juhanko, 2011)

2.3.2

Static and dynamic run-out

ISO 1101 (2017) defines the run-out for geometric product specifications. The
definition of the total radial run-out tolerance (in this example 0.1 mm, Figure
7) is as follows:
The extracted (actual) surface shall be contained between two coaxial cylinders
with a difference in radii of 0.1 mm and the axes coincident with the common
datum straight line A–B.

Figure 7. Total radial run-out tolerance declaration example. (ISO 1101, 2017)

In this study, instead of run-out tolerances, run-out profiles are used. For the
measurement of the run-out profile, the workpiece must be rotated around the
datum axis, while the measurement probe location and orientation do not
change. The schematic of a radial run-out measurement in a certain cross section is presented in Figure 8.
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Figure 8. Radial run-out measurement. (Juhanko, 2011)

The run-out can be defined for static and dynamic components. The run-out is
static, when the run-out values and profile do not change due to the angular
velocity of the workpiece. Static run-out is caused, for example, by bending (long
rotor in horizontal position), roundness error of the workpiece surface, and error motion of the rotating axis due to bearings. (Juhanko, 2011)
The dynamic run-out, used in this research, changes with the rotor angular
velocity. The dynamic run-out can be caused, for example, by the workpiece deformation caused by centripetal acceleration and bending due to unbalance. In
addition, vibration, especially subharmonic resonance vibration, affects the dynamic run-out profile of the rotor. The vibration can be caused, for instance, by
bearing excitation, bending stiffness variation or other excitation sources.
(Juhanko, 2011)
2.3.3

Thickness variation of bearing rings

The origin for the thickness variation of bearing elements are investigated,
among others, by Deng et al. (2017). The relatively thin bearing inner or outer
ring is deformed by the clamping during the manufacturing process. The bearing functional surfaces, such as the roller races are turned and ground to a desired round profile under tension by the clamping forces. Depending on the
clamping method of the machine tool, different forms of thickness variation are
deliberately produced.
ISO 1132-1 (2000) assesses the thickness variation of bearing components and
defines the thickness deviation as a single value. For example, in the case of the
bearing inner ring, the definition is the “difference between the largest and the
smallest of the radial distances between the bore surface and the middle of the
race-way on the outside of the inner ring”. The standard does not instruct on the
measurement of thickness variation profiles, which would discover the form of
the thickness variation and enable the detection of the harmonic components.
Figure 9 presents the measurement setup defined by ISO 1132-2 (2001). Three
equally spaced fixtures support the ring in the vertical direction. Two radial fixtures placed at 90° to each other support the workpiece radially in the middle of
the raceway inside the ring. A measurement gauge probes the raceway surface
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opposite to one radial support. The standard introduces a similar setup for outer
ring measurements.

Figure 9. Measurement of variation in thickness between inner ring raceway and bore, ISO 11322 (2001) (Publication III).

Roundness measurements feature strongly in research, and the improvement of
the uncertainty and accuracy of the roundness measurements in addition to the
comparison measurements are presented frequently (Chetwynd and Siddall,
1976, Neugebauer, 2001, Thalmann et al., 2012, Haitjema et al., 1996, Haitjema,
2015, Morel and Haitjema, 2002). However, the thickness variation measurements and measurement methods of rings are scarcely presented in the literature. Besides the standard ISO 1132, Mao et al. (2009a, 2009b) proposed a device and method to measure the thickness variations of bearing components in
an automated quality control station. However, the study focused on the automation of the measurement procedure in mass production rather than on the
quality of the measurement.
2.3.4

Error motion of the rotational axis

In the previous chapter, run-out and the reasons that cause run-out were introduced. One important cause is the error motion of the rotational axis, and it is
briefly discussed below.
The error motion of the rotational axis (Figure 10) can be caused by different
factors. During the manufacturing process (turning, grinding) the rotor can be
supported and clamped in different setups, and various different machine tools
can be used. If the rotor is supported without the final assembly bearings during
the manufacturing process, the error motion of the imperfect bearings causes
error motion for the whole rotor after the installation. (Widmaier, 2012) The
use of the rotor assembly bearings during the manufacturing is recommended
if the run-out in a certain direction must be minimized. However, this leads to
an increased roundness error of the rotor surface. The error motion component
of the bearing towards the machine tool cutting bit or grinding wheel is copied
to the roundness profile of the rotor. (Kuosmanen, 2004)
The error motion of the rotational axis leads to a situation in which the rotor
has a significant radial run-out profile, even if the rotor is perfectly round. When
the rotor run-out profile is measured, both components, the rotor roundness
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profile and the error motion of the rotational axis are included. The commonly
used four-point method, presented in Chapter 3.1, is able to separate the two
profiles from each other. (Widmaier, 2012)

Figure 10. Error motion of a rotor rotational axis. In this example, the rotational axis movement
path forms a circle. The error motion causes run-out, as shown by stage 6, even with a perfectly
round rotor. (Widmaier, 2012)

In large and flexible rotors, the error motion also varies depending on the axial
cross section of the rotor. For example, the following phenomena can cause the
variation: axially varying unbalance, centrifugal forces and bending due to gravity and initial bending due to thermal bending. Generally, these aspects are
strongly dependent on the angular velocity of the rotor. (Widmaier, 2012)
The differences in principal moments of inertia of a rotor cross section cause
bending stiffness variation, which is one important source of rotational axis error motion. Variation of the principal moments of inertia may result from
grooves in the rotor shell (Kuosmanen and Väänänen, 1999) or uneven mass
distribution (Pullinen et al., 1997).
The error motion of the rotating axis is a significant source of excitation. For
example, a bending stiffness variation causes an excitation with a twofold frequency compared with the rotating frequency of the rotor. The bearing inner
ring geometry (ovality, triangularity, etc.) causes error motion and excitation
proportional to the dominating waviness component.
2.3.5

Monte-Carlo based measurement uncertainty estimation

Measurement uncertainty is a key quality measure of a measurement method.
The measurement uncertainty can be analysed and estimated using the GUM
(Guide to the expression of uncertainty in measurement) method with a linear
Taylor series (BIPM et al., 2010). The GUM method is straightforward and commonly used where the measurement method and model are simple, linear and
well defined. However, for complex measurements methods, determining the
sensitivity coefficients is challenging.
The GUM method was expanded by implementing Monte-Carlo simulations
to evaluate the uncertainty (BIPM et al., 2008). In Monte-Carlo based uncer-
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tainty analysis, the typically normally distributed error sources are fed randomly into the measurement model during a vast number of iterations. The
Monte-Carlo simulations allowed the introduction of randomised input quantities of the error sources and the evaluation of their contributions to the measurement uncertainty. The benefit of the method is in using the actual measurement model to evaluate the uncertainty, and thus non-linear and highly complex
measurement models and methods can be used. (Brizard et al., 2005, Morel and
Haitjema, 2002, Wübbeler et al., 2008)
2.3.6

Fourier analysis for waviness and harmonic rotor responses

The Fourier transform is a mathematical analysis tool, which is used to represent general periodic functions with an infinite series of trigonometric functions, i.e., sines and cosines. In engineering, the analysis method is widely used
to investigate periodic phenomena, including vibration and roundness.
(Whitehouse, 1994, Kreyszig, 2006, Widmaier, 2012) In the present study, the
method was used to analyse the thickness variation measurements of the bearing components in addition to the roundness of the installed bearing inner ring
and the vibration response of the rotor.
The Fast Fourier transform (FFT), originally developed by Cooley and Tukey
(1965), is a computationally efficient method to calculate a Fourier transform
for discrete and non-infinite data, such as measurements. The measurement
signal is decomposed into harmonic (sinusoidal) components with the FFT. The
transformed data is stored as complex numbers, from which the phase angle
and the absolute value information of the sinusoidal components can be calculated. Inverse FFT can be used to restore the complex values back to original
measurement data. Filtering certain frequencies is effortless: the complex numbers representing unwanted frequency components are set to zero before the
inverse FFT (Mosier-Boss et al., 1995).
The Fourier series can be used to represent a roundness profile. By transferring the roundness profile, the amplitude and the order of the waviness components differing from the ideal round shape are discovered. Typically, considering the roundness measurements, only higher than the first order (n≥2) are relevant. The lower components, the zeroth and the first (offset and eccentricity,
respectively) can be compensated by choosing the origin or the central point
differently, and thus are not considered as a part of the roundness profile. In
thickness variation and rotor dynamic measurement, the first order component
can be investigated as well, describing the thickness variation occurring once
per revolution, or the vibration occurring once per revolution.
Figure 10 presents examples of the application of the FFT in analysing roundness or run-out profiles. The upper row figures show four different profiles.
They are analysed and the results are shown by the lower row graphs. The first
profile, (Figure 11a), depicts an eccentric run-out, such as in Figure 10, and leads
to the 1st harmonic number amplitude of a. Figure 11b shows an oval shaped
roundness profile. The profile is composed of two successive sinusoidal waves
plotted in polar coordinates: the profile results in the 2nd harmonic component,
i.e., the 2nd waviness number or a 2-lobe form. Consequently, a triangular profile
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(Figure 11c) results in the 3rd harmonic component. Profile (Figure 11d) is composed of two different sinusoidal components. The bar chart shows the amplitudes of both of the components. The phase angles of the components are not
indicated in the figure.

Figure 11. Example of roundness or run-out profiles and their harmonic components produced
by FFT analysis. (Widmaier, 2012)

This method can be used to analyse the amplitudes of the different waviness
numbers of roundness or thickness variation profiles. Moreover, as the rotor
radial vibration is in practice measured as a dynamic run-out profile, FFT can
be used to determine the amplitudes and phase angles of its harmonic components.

Vibration excited by bearing waviness
The first research studies focusing on the excitations caused by the bearing waviness were conducted by Gustafsson and Tallian (1963) and Yhland (1967). In
their experimental investigations, they found the number of lobes (the harmonic components or the waviness components) in the roundness profile of a
bearing inner ring multiplied by the inner ring rotating frequency to be a significant source of excitation – as also proposed by Slocum (1992). Similar results
were confirmed by Aktürk (1999) with his mathematical model featuring the
waviness in bearing elements. The upgraded model was later used by Arslan and
Aktürk (2008) to study the excitation caused by a defective inner ring.
The connection between the waviness of the bearing inner ring and the excitation to the rotor system is communicated with the following expression (Gustafsson and Tallian, 1963, Yhland, 1967 and Aktürk, 1999): the inner ring waviness of the orders
݇ ൌݍήݑേ

(2)

݂ ൌ  ݍή ݑሺ߱ െ ߱ ሻ േ  ή ߱

(3)

causes excitation at frequencies

where q ≥ 0 and p ≥1 are integers, u is the number of rolling elements, ωi is the
angular frequency of the inner ring and ωc is the angular frequency of the cage
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holding the rolling elements. When q is set to zero, the subcritical harmonic excitation frequencies produced by the bearing inner ring are found. The subcritical resonance occurs at rotor angular velocities when the Equation 3 gives the
natural frequency of the rotor. In the present study, the investigation is limited
to cases, where q is set to zero, to discover the excitation caused by the bearing
inner ring.
Changqing and Qingyu (2006) proposed a dynamic model for bearing excitation featuring the Hertzian model for the contact forces between the elements
of the bearing. The investigated waviness number of the roundness profile was
as high as 18. Harsha et al. (2003, 2004a, 2004b, 2006a, 2006b) developed a
similar model. Equations 2 and 3 are confirmed by using dynamic models for
rotor interaction as well. In the study, the waviness numbers higher than 5 were
investigated, and most of the interest was focused on the excitation caused by
the ball pass frequency (ωi - ωc). The excitations occurring at the ball pass frequency are considered more important in applications in which the number of
bearing roller elements is close to the dominating waviness number. A similar
study by Jang and Jeong (2002) included the gyroscopic moment of the ball and
the centrifugal forces to the dynamic model. However, the research was again
limited to waviness numbers higher than 15.
Babu, Tandon and Pandey (2014) developed a dynamic six degrees of freedom
simulation model of a rigid rotor. In addition, the research included measurements for validation. The investigated waviness number orders were 6, 15 and
25. Shah and Patel (2016) studied local defects in the bearing inner and outer
rings. The study included a bearing waviness of order 7. Both the studies confirmed Equations 2 and 3.
Liu et al. (2014) measured the vibration of a ball bearing outer ring and compared that to the waviness of the inner and outer race of the bearing, which were
measured as well. It was found that the waviness has the most important influence on the vibration close to the natural frequency of the system. In addition,
the research suggested that the waviness of the outer ring contributes more to
the vibration.
A multi-body simulation approach including an elastic ball bearing model and
a flexible rotor was introduced by Sopanen and Mikkola (2003a, 2003b). The
rotor response affected by the bearing inner ring waviness of orders 2, 3, 4 and
5 was studied. A similar roundness profile (similar amplitudes and phases of the
waviness components) of the bearing inner ring was emulated by both of the
two bearings supporting the rotor. The results of the study suggested that at rotor frequencies 1/2, 1/3, 1/4, 1/5 times the natural frequency, significant subcritical resonance vibrations could be observed. The authors suggest that the
waviness components of the inner rings of the bearings clearly caused the resonances. The subcritical resonances were found to be harmful, if the operating
speed range of the rotor coincides with the frequencies in question. However, it
was also suggested that the excitation is weaker if the phase angles of the waviness components of the roundness profiles of the two bearings differ from each
other.
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A dynamic simulation model of a spherical roller bearing including a Hertzian
contact model was developed by Ghalamchi, Sopanen and Mikkola (2013). The
study features a rigid rotor supported by two similar bearings as well. The simulation model accepts the input of the waviness components of the roller paths.
Heikkinen (2014) exploited a similar spherical roller element bearing model including the waviness of the bearing inner and outer rings. The simulation model
emulated the waviness components, which were first measured experimentally.
The study included a FEM-modelled large flexible rotor (paper machine roll).
The simulation results were compared with experimental measurements. The
frequency of the 2nd harmonic subcritical resonance was detected accurately in
both horizontal and vertical directions. The other harmonic resonance components were vaguely observed and their frequencies deviated from the measured
results. Moreover, the amplitude of the 2nd harmonic resonance vibration differed remarkably compared to the measurement. The inaccuracy of the results
was mooted to arise from the imperfections of the model. The main imperfection was supposed to be the stiffness description of the foundation.
A publication, in which the author has contributed (Heikkinen et al. 2018),
investigated the subcritical vibration of large rotors with simulations, but the
results were compared against experimental measurements as well. The low order waviness (in this case orders 2, 3 and 4) of the bearing inner ring roundness
profiles was included in the simulation. In the results produced by the simulation model, the effect of the bearing waviness of order 2 on the 2nd harmonic
subcritical vibration resonance amplitude was clearly observable. The frequency
of the 2nd harmonic subcritical vibration was detected accurately, but the amplitude was significantly different than the measured amplitude. The effect of waviness of orders 3 and 4 on corresponding subcritical vibration components was
found as well. In the simulation study, mathematically round bearings and bearings emulating the measured bearing geometry of the reference equipment were
compared. Consequently, the measured bearing roundness profile created significantly higher 2nd harmonic subcritical vibration.
Although many research studies have been made considering the waviness of
the roller element paths of the bearings, the field lacks a thorough experimental
study of the effect of the lower order waviness components of the bearing inner
ring roundness profile on the vibration of a large and flexible rotor. The closest
earlier research studies have been published by Sopanen and Mikkola (2003a,
2003b), Ghalamchi et al. (2013) and Heikkinen et al. (2014, 2018), all proposing
numerical simulation models to investigate the effect of the low order waviness.

30

3. Materials and methods

Four-point method
The four-point roundness measurement method is a combination of the common two-point diameter variation measurement and the Ozono (1974) threepoint roundness measurement.
The two-point method (Figure 12, sensors S1 and S4) can be used to measure
diameter variation profiles or absolute diameters where the distance between
the sensors is known. However, this method is not useful for roundness or
roundness profile measurements from workpieces supported by their own bearings because of the harmonic filtration: with two sensors, the odd waviness components (e.g., 3-lobe) cannot be separated from the motion of the workpiece
central axis. With even lobe shapes, such a problem does not exist (Juhanko,
2011, Muralikrishnan and Raja, 2008, Whitehouse, 1994, Widmaier, 2012, Widmaier et al., 2016). The diameter variation profile is calculated unambiguously
from the two sensor signals of the two-point method by summation (addition or
subtraction) (Widmaier et al., 2016).
One of the first multipoint methods for roundness measurement was presented by Ozono (1974). The Ozono three-point method uses three run-out signals (Figure 12, sensors S1, S2 and S3) measured from the workpiece surface.
The three point method can separate the central axis movement from the roundness profile and thus does not suffer from the major harmonic filtration when
the lobe number is below 35 and sensor angles 0°, 38° and 67° are used. The
method can be optimized for other lobe number ranges as well by using different
sensor angles (Kato et al., 1991, 1990, Janssen et al., 2001). The derivation of
the final roundness profile from the sensor signals is complicated. Consequently, the method can be used to calculate the centre point movement as well.
The equations mathematically describing the method are presented, for example, by Widmaier et al. (2016).
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Figure 12. Probe orientations in a four-point roundness measurement system. Probes S1 and S4
are used with the two-point method. Probes from S1 to S3 are used with the Ozono three-point
method. In the four-point method, all four probes are utilized. (Publication II)

The two-point method suffers from the harmonic filtration, which results in the
inability to discover the odd-numbered waviness components of a roundness
profile (Juhanko, 2011, Whitehouse, 1994). However, the even-numbered components are measured correctly. The four-point method, originally presented by
Väänänen (1993), is commonly used for roll roundness measurements in the
paper and steel industry (Widmaier et al., 2016) and it combines the three-point
Ozono method with the two-point method. The idea is to use the three-point
method for the measurement of the odd harmonic components and the twopoint method to measure the even components. Finally, the measurement results are combined together after the FFT. The combined result is considered to
be more accurate than the individual methods (Väänänen, 1993, Widmaier et
al., 2016). The combination of the harmonic components from different measurements is presented in the calibration of roundness standards as well
(Haitjema, 2015).
In Figure 13 the outline of the method is presented. First, the diameter variation and roundness profiles produced respectively by the two- and three-point
method are transformed to the frequency domain to discover the amplitudes
and phases of the harmonic components. Second, the odd components are filtered out from the two-point method, and even components are filtered out
from the output of the three-point method. Third, the combination is created,
representing the resulting harmonic components of the roundness profile. Finally, the dataset can be inverse transformed to reveal the final roundness profile.
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Figure 13. Schematic of the principle of combining two-point (Δr) and Ozono three-point (m)
methods. FFT (࣠) is utilized to filter out odd and even harmonic roundness components in twoand three-point measurements. The 0th and 1st terms are filtered out as well, since they are not
used to calculate the roundness profile. Finally, the results are combined to reveal the final harmonic roundness components (G), containing even components from the two-point method and
odd components from the three-point method. With inverted FFT (࣠-1) the measured roundness
profile can be reconstructed. (Publication II)

Test rotor
The test rotor was a paper machine roll, the response of which was measured
with the four-point method by separating the rotor roundness profile from the
rotor central axis movement reliably. The four-point method was used to ensure
that the possible deformation of the roll could not affect the response measurements.
The measurement setup (Figure 14) was built on a CNC (computer numerically controlled) roll grinding machine. The grinding machine controlled the rotor rotating frequency and the position of the measurement frame. The bearing
housings were installed on steel stands fixed on a concrete machine bed. An
aligned universal joint connected the rotor to the drive unit to prevent the excitation resulting from the sinusoidal angular velocity variation.

Figure 14. Rotor dynamic response measurement setup built on a roll grinding machine in the
laboratory at Aalto University. (Publication I)

Figure 15 presents the main dimensions of the test rotor in millimetres. The
measured cross-sections are displayed and numbered from 1 to 5.
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Figure 15. The main dimensions of the rotor and measured cross-sections from 1 to 5. (Publication I)

Test bearings
The rotor system was equipped with spherical roller bearings (SKF 23124
CCK/W33) in both drive and tending side of the rotor. In the bearing assembly,
a conical adapter sleeve (H 3124) was used. The main dimensions of the bearing
are presented in Figure 16. The two-row bearing contained 21 rolling elements
in both rows.
The bearing inner ring roundness profile of the tending side bearing was
measured while installed on the rotor shaft (Publications I and II). The measured cross-sections are presented in Figure 16 as well. The curvature of the
measured bearing surface led to some unavoidable alignment error of the sensor
probe contact relative to the workpiece implying that the sensor measurement
direction does not coincide with the normal direction of the surface. The diameter of the ball contact of the probe was 3.2 mm. However, the error was considered insignificant, since the curvature was small, and the emphasis was on
the bearing geometry changes instead of absolute values. Cross-sections 2 and
5 represent the middle cross-sections of both roller element rows.

Figure 16. The main dimensions of the spherical roller bearing SKF 23124 CCK/W33 supporting
the rotor and the measurement cross-sections.

Figure 17 presents two bearing elements, which were measured with the thickness variation measurement device developed during the present study. The
surfaces, from which the thickness variation was measured, are indicated in the
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figure. The bearing on the right side is the same, which was used to support the
rotor in Publication I.

Figure 17. Schematic drawings of the measured elements. On the left SKF 7340 BCBM (referred
to as large bearing in Publication III). On the right SKF 23124 CCK/W33 (referred to as small
bearing in Publication III).

The roundness profile of the installed tending side bearing inner ring was modified to investigate the effect of different roundness profiles on the subcritical
vibration response of the rotor. Altogether, four altered roundness profiles of
the installed bearing inner ring were achieved: oval, triangular, quadrangular
and minimum error. The drive side bearing was not modified to discover the
effect of the roundness profile changes in a reliable way.
Figure 18 presents the case, in which oval roundness profile with amplified 2nd
waviness component was achieved. The modification of the roundness profile
was realised by inserting thin steel strips (thickness 0.01 mm – 0.03 mm) between the conical adapter sleeve and the shaft. A similar procedure was used to
construct the other roundness profiles. The minimum roundness error was
achieved by using multiple steel strips in several angular positions. After each
modification, the roundness profile was measured to ensure the appropriate result. Consequently, the components were installed in the same angular positions
throughout the research.
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Figure 18. Two steel strips inserted between the rotor shaft and the bearing conical adapter
sleeve to achieve an oval form of the bearing inner ring. (Publication I)

Measurement setups, data acquisition and processing
3.4.1

Rotor dynamic response measurement

Four triangulation reflective laser sensors (Matsushita NAIS LM 300) measured
the dynamic run-out of the rotor for the four-point method (Figure 19). Tactile
sensors could not be used due to high surface velocity. The accurate reflection
was ensured by painting the measurement surface with an optimal white colour.
An amplifier converted the laser sensor displacements to voltages (1 V corresponds to 1 mm).

Figure 19. The four-point method applied to roll dynamic response measurement with laser sensors. (Publication I)
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An incremental rotary encoder (Heidenhain ROD 420 with 1024 pulses/revolution) detected the angular position of the rotor. The encoder reference pulse
triggered the measurement enabling an absolute measurement of the rotor angle.
The data acquisition card National Instruments USB-6215 acquired the measurement data. The card features 16-bit analog inputs for voltages from -10 to
+10 V. The card contains only one multiplexed A/D-converter (analog-to-digital
converter) with a maximum sampling rate 250 kS/s, which signifies that each
channel for the four measured displacements had a maximum sampling rate of
62.5 kS/s. The measurement was programmed with LabVIEW.
The encoder reference pulse triggered the measurement and the pulse train
signal (1024 pulses/revolution) generated an external measurement clock. A
differential line receiver (Texas Instruments SN75175) received the differential
signals and conveyed them as single-ended pulses to the data acquisition card.
The laser sensor signals were low-pass filtered with a two-stage RC-filter (cutoff frequency 1940 Hz) to prevent aliasing. Since the encoder used as a sample
clock source was connected rigidly to the roll, the actual sampling rate varied
during the measurement series due to the different roll rotating frequencies.
The roll rotating frequencies from 4 Hz to 18 Hz during the measurements resulted in sampling rates from 4096 Hz to 18432 Hz, since the encoder produced
1024 pulses each revolution. The lowest sampling rate exceeded twice the cutoff frequency of the low-pass filter, ensuring the appropriate anti-aliasing.

Figure 20. The measurement procedure and data acquisition. LPF is a low-pass filter and DIFF.
REC. is a differential line receiver. (Publication I)

The encoder pulse train generated an external sampling clock for the measurement to enable an accurate synchronous averaging (McFadden, 1987). The synchronous averaging improves the quality of a measured signal when the measured system has reached a steady state, and when measuring the data during
similar multiple cycles of the system is possible.
The synchronous averaging is typically implemented to reject the non-periodic components from the periodic signals. The periodic signals are present and
often of interest, for example, in rotating machinery (Braun, 2011). In the original method, the trigger signal, which is phase locked with the rotating component in question, indicates the periods of the signal of interest (McFadden, 1987,
McFadden and Toozhy, 2000). In the present study, the method was imple-

37

Materials and methods

mented following Hochmann and Sadok (2004), who suggested using an external sample clock phase locked with the rotating component for the data acquisition.
In the present study, the external sample clock was generated by the encoder
TTL-level (transistor-transistor logic) square wave pulse train of 1024
pulses/revolution. Since the encoder was connected rigidly to the rotor, 1024
samples were collected at the same angular positions during each revolution.
Altogether 100 revolutions of data were acquired. Finally, the synchronous averages were calculated for the 4 dynamic run-out signals measured by the laser
sensors: 100 samples at equal angular positions were averaged to achieve the
final improved estimate of the dynamic run-out at each of the 1024 angular positions.
After the synchronous averaging, the four-point algorithm was applied to the
four dynamic run-out signals to remove the roundness profile of the measured
cross-section from the motion of the central axis. Finally, the central axis movement data representing the dynamic response of the rotor were investigated
with FFT to discover the harmonic components of the rotor vibration.
3.4.2

Bearing inner ring roundness measurement

Four digital length gauges (Heidenhain MT12) measured the static run-out of
the installed bearing inner ring. The sensors feature ball contacts for tactile
probing. The length value is sensed through the photoelectric scanning of a
grated measurement scale. The error of the sensors was confirmed to stay within
±0.2 μm by VTT MIKES, which is the national metrology institute of Finland.
The four sensors were supported by an aluminium frame (Figure 21). The sensor fittings were machined to the frame with one mounting in a machine tool to
ensure the accurate angular positioning of the sensors. Due to the short measurement time (30 s) and laboratory environment, the thermal properties of aluminium were not regarded as a major issue.
The measurement device measured the bearing inner ring, which was installed
on the rotor shaft to discover the roundness profile in operating conditions.
Consequently, the bearing could not sustain the rotor while being measured,
and therefore separate rollers supported the rotor throughout the measurement. The angular position of the rotor and the bearing was measured with an
incremental rotary encoder (Heidenhain ROD 420 with 1024 pulses/revolution).
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Figure 21. Bearing inner ring measurement setup. The bearing inner ring was measured, while
installed on the rotor shaft. Other bearing components, such as roller elements, roller element
holders and the outer ring were uninstalled prior to the measurement. During the measurement,
the rotor was supported with two additional rollers. (Publication II)

The measurement data were acquired with a Heidenhain IK 220 interface card
from the same manufacturer as the sensors. The card processed the signals produced by the sensors. Customised software read the digitized values from the
card to the memory of the computer.
The measurement was triggered by the encoder, which was again used as an
external sample clock to ensure the acquisition of the static run-out samples at
equal angular positions. Furthermore, the small variations in the rotating frequency of the bearing did not affect the distribution of the samples, since the
encoder was rigidly connected to the bearing.

Figure 22. Measurement procedure and data acquisition for the bearing inner ring roundness
measurement. (Publications I and II)

Finally, the four static run-out signals were inputted to the four-point algorithm.
The algorithm calculated the roundness profile by separating the bearing central axis movement from the data. The roundness profile was analysed by FFT
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to discover the amplitude and phase of the harmonic components of the roundness profile.
3.4.3

Bearing ring thickness variation measurement

The measurement principle of the thickness variation measurement was to locate the bearing element (outer or inner ring) on the device, rotate the element
and continuously measure the bearing thickness with two tactile length gauges.
During the measurement, one sensor was inside the ring and another outside
the ring. The sum of the sensor values represented the thickness value at each
angular position. The device and the differential measurement unit are presented in Figure 23 and Figure 24.

Figure 23. Schematic of the measurement device and the realized device. (Publication III)

Figure 24. The differential measurement unit. The sensors were reset by touching the sensor tips
together. The steel bar was used to set the vertical measurement height (Z-axis) by touching the
flat bearing side surface. (Publication III)

Three equally spaced precision roller element bearings supported the measured
bearing element in the vertical direction. DC-motor equipped with a rubber
wheel rotated the workpiece. The rubber wheel and two bearings in the opposite
side supported the element in the horizontal direction. An angular encoder
(Heidenhain 454M, 500 pulses per revolution) equipped with a spring-loaded
metal wheel determined the angular position of the workpiece regardless of possible minor variations in the rotation speed.
Heidenhain MT12 length gauges measured the thickness variation directly.
They were installed onto a relatively stiff one-piece frame. The position of the
differential measurement frame was adjusted using precise linear guides and
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adjusting screws. A magnetic linear gauge (Balluff BML0019) recorded the
measurement height in the vertical direction. A steel rod attached to the differential measurement frame (Figure 24) was used to determine the absolute
measurement height relative to the bearing dimensions by touching the flat
bearing side surface. The rod was later removed to proceed to the actual measurement.
Figure 25 presents the data acquisition process. Two Heidenhain IK 220 interface cards acquired the data at a sampling rate of 100 Hz. The card supplied
by the sensor manufacturer was responsible for the signal processing, filtering
and digitalization of the raw sensor signals. Finally, the digitized values were
available for reading.

Figure 25. Measurement procedure and data acquisition of bearing thickness variation measurement. (Publication III)

Each measurement consisted of 20 revolutions of raw data. The revolutions
were detected using the zero trigger and the data related to each revolution were
stored separately.
Figure 26 presents the measurement data processing. The thickness variation
data of each revolution were then interpolated using the angular position data
produced by the encoder to represent accurately one revolution with equal angular steps between the samples. Next, the 20 revolutions of the interpolated
thickness variation data was FFT analysed to discover the harmonic components. Since the FFT enables the effortless filtering out of the high frequency
components, the “low pass” filter was set to 15 undulations per revolution. Finally, the remaining 15 harmonic components of the 20 revolutions of the data
were averaged (average of complex numbers containing both the amplitude and
the phase information) in the frequency domain. The output was a single frequency domain dataset representing the improved estimates of the harmonic
components of the thickness variation profile. The thickness variation profile
was then reproduced from the averaged frequency domain data by utilizing inverse FFT. This frequency domain based averaging method was used to prevent
the unwanted, non-periodic noise components from affecting the measurement
result and to improve the measurement result. In addition, the number of samples per revolution varied slightly and the sample clock was not phase locked
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with the rotating workpiece, and thus synchronous time domain averaging
(McFadden, 1987) could not be used.
Examining the harmonic component distribution of the thickness variation
profile enables the analysis of the amplitude and phase of a certain waviness
component directly, which improves the revealing of the dominant type of deviations present in the measured element.

Figure 26. The measurement data processing. (Publication III)

Procedures for experiments and analyses
3.5.1

The rotor dynamic response and installed bearing geometry (Publication I)

The connection between the roundness profile of the installed bearing inner ring
and the rotor dynamic response was investigated with the following procedure:
1.

The rotor steady-state dynamic response was measured from 4 Hz to 18
Hz with 0.2 Hz increments. The data was analysed with FFT to identify
the subcritical resonances and their amplitudes.

2.

The bearing inner ring roundness profile was measured in six sections at
the non-drive, i.e. tending end after the outer ring and the roller elements
were disassembled. The roundness profile was analysed in the frequency
domain to discover the harmonic components of the roundness profile.

3.

The bearing inner ring was modified (Figure 18) to increase the ovality (2lobe) of the roundness profile. The roundness profile was measured to
confirm the successful modification.

4.

Stages 1 and 2 were repeated.

5.

The roundness profile of the inner ring was modified to a triangular (3lobe) shape with the same manner as in stage 3.

6.

Stages 1 and 2 were repeated.

7.

The roundness profile of the inner ring was modified to a quadrangular
(4-lobe) shape with the same manner as in stage 3.

8.

Stages 1 and 2 were repeated.

9.

The roundness profile of the inner ring was modified with the same manner as in stage 3 to minimize the roundness error of the installed bearing
inner ring.

10.

Stages 1 and 2 were repeated.
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The tending side bearing was reassembled multiple times during the procedure.
Each time, the components were assembled to the same angular positions to
enable the consideration of the influence of the harmonic components of the
roundness profile. The drive side bearing was not modified during the study.
3.5.2

Uncertainty of the inner ring roundness profile measurement
(Publication II)

The separate uncertainty and error sources influencing the overall uncertainty
of a measurement method are normally examined through uncertainty budgets
and uncertainty evaluation. The uncertainty sources and their sensitivity coefficients are collected into a table in a typical GUM approach. There is no direct
counterpart for these sensitivity coefficients in the Monte Carlo based uncertainty analysis, but the approach can be emulated with Monte Carlo simulations.
The simulation is performed one error source at a time, while the other error
sources remain at their best estimates or zero. Finally, the results of the Monte
Carlo simulation can be used to discover the sensitivity coefficients.
In an earlier published study, Juhanko (2011) manufactured a calibration disc
(Figure 27), the roundness profile of which consisted of harmonic components
from 2 to 30 UPR (undulations per revolution), each having an amplitude of 10
μm. The phase angles of the components were chosen in a way, which minimized the roundness error of the disc.
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Figure 27. A) Calibration disc profile with harmonic components from 2 to 30 undulations per
revolution originally presented by Juhanko (2011). This profile was used in the present study to
estimate the uncertainty of the measurement method. B) The amplitudes of the harmonic components were all 10 μm. The phases were optimized to minimize the roundness error.
(Widmaier et al., 2016, Publication II)

Consequently, the roundness profile of the manufactured calibration disc deviates from the designed profile due to inaccuracies in the manufacturing process.
Hemming et al. (2014) and Widmaier et al. (2014) present the design and
measurements of calibration discs, including the specific one presented here,
the roundness profile of which is used in the present study. The four-point
method was compared against a reference roundness measurement machine by
measuring the calibration disc. In the study, the deviations in the amplitudes of
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the harmonic components were less than 1 μm (Widmaier et al., 2016). To produce results comparable with the previous studies, the calibration profile (Figure 27) was used as an input to estimate the uncertainty of the bearing inner
ring roundness measurement in the present study as well.
The present study introduces an uncertainty analysis of the installed bearing
inner ring roundness profile measurement based on the four-point measurement. The idea behind the simulational Monte Carlo based uncertainty assessment was to bias the roundness data of the calibration profile with the suitable
distributions of error contributions. A large quantity of the simulated and biased
roundness data was inputted as an artificial measurement data into the fourpoint algorithm with a Python program. The following procedure was used:
1.

The roundness data of the calibration profile was used as an input.

2.

The sensor signals from S1 to S4 artificially measuring the calibration
roundness profile were biased mathematically based on the estimated distributions of realistic error sources.

3.

The biased sensor signals from S1 to S4 were inputted to the four-point
algorithm.

4.

The amplitudes and phases of the harmonic components of the resulted
roundness profile (Figure 13) were calculated by the four-point algorithm.
Stages from 1 to 4 repeated 100000 times

5.

The averages and standard deviations of the resulted amplitudes and the
circular means and circular standard deviations of the resulted phases of
the harmonic components were calculated.

The error sources and their probability distribution functions (PDF) are presented in the four-item list below. The PDFs of all error sources were assumed
to be normally distributed.
1.

Scale error of the probes S1 – S4. Based on the calibration experience of
VTT Mikes (national measurement institute of Finland), the standard uncertainty of the Heidenhain MT12 probes was estimated to be 0.3 μm. The
error was randomly generated from the error distribution separately for
each sensor for each measured point of the artificial roundness measurement.

2.

The angular position of the probes S1 – S4 (Figure 28). The theoretical
angular positions of the sensors are 0°, 38°, 67° or 180° in polar coordinates (Figure 12). Väänänen (1993) and Kato et al. (1991, 1990) suggested
that the uncertainty of the method is sensitive to these angles. The angular
positioning uncertainty of the sensors assembled in the frame (Figure 21)
was estimated to be 0.25°. The angular positioning error was randomly
generated from the error distribution once for each probe during each artificial roundness measurement.

3.

The vertical position of the frame (y-axis error) (Figure 28). The standard
uncertainty of the vertical positioning accuracy of the frame was assumed
to be 0.25 mm. The 0° and 180° probes were used to position the frame
precisely in the horizontal direction (x-direction). The vertical positioning
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error was randomly generated from the error distribution once during
each artificial roundness measurement.
4.

Temperature error. The standard uncertainty of the temperature change
during the measurement was estimated to be 0.5 °C. The temperature of
the frame was assumed to change linearly during the measurement from
the initial value (20 °C) to the final value randomly generated from the
error distribution. The effect of the thermal error was modelled as a linear
thermal expansion of the frame (the frame shape remained unchanged).
The origin of the expansion was the centre of the frame, where the sensor
axes intersected.

The error contributions are presented in Table 1. The final number of the error
contributions is 10, when the scale error and angular position error is considered separately for each sensor.
Table 1. Error sources and their statistical distributions (notation following BIPM et al., 2008) in
the present study. (Publication II)

Error source

Parameters

PDF

1. Scale error of the probe

N(μ,

2. Angular position error of the probe

N(μ, σ2)

3. Vertical position error of the frame

N(μ,

σ2)

4. Temperature error

N(μ, σ2)

Angular
error

σ2)

μ

σ

0 μm

0.3 μm

0°

0.25°

0 mm

0.25 mm

20°C

0.5°C

Vertical
error

Figure 28. Left: Angular position error of the probe. Right: Vertical position error of the frame.
(Publication II)

3.5.3

Bearing inner ring thickness variation measurements (Publication
III)

The quality and usefulness of the thickness measurement device and method
was assessed by comparing the device with a large scale CMM (Figure 29) Mitutoyo Legex 9106 at the national metrology institute of Finland VTT MIKES.
The E0, MPE value (Maximum Permissible Error) defined in ISO 10360-1 (2000)
of the CMM is (0.35 + L/1000) μm, where L is length in mm, and it is verified
with interferometrically calibrated gauge blocks regularly. The diameter of the
measured bearing was 420 mm, indicating a position error estimate of 0.72 μm.
However, as discussed earlier, due to the long measurement chain, a higher error estimate can also be expected.
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Figure 29. Comparison measurement with Mitutoyo Legex 9106 coordinate measurement machine.

Since the estimated position error of the CMM was relatively high compared to
the actual values of the thickness variation, a comparison measurement series
against a Talyrond 31c roundness measurement machine (Figure 30) was conducted as well. VTT MIKES calibrated the roundness measurement machine
with flick standards (Thalmann et al., 2012) resulting in maximum deviation of
0.2 μm compared to the roundness value of the standards. The best achievable
calibration uncertainty of these flick standards is in the order of 0.1 μm through
comparison measurements (Thalmann et al., 2012). The size and weight of the
measurable workpieces was limited, and thus a smaller bearing element was
used during the measurement comparison.

Figure 30. Comparison measurement with Talyrond 31c roundness measurement machine.

The roundness measurement machine measured two run-out profiles, inside
and outside the workpiece at the same vertical position. The same FFT filtering
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was applied to the run-out profiles as described in 3.4.3. However, this time only
one revolution of data was acquired, and multiple revolutions of data were not
averaged. This reflected the accuracy and typical measurement procedure of the
machine. Finally, the sum of the run-out profiles was calculated to determine
the thickness variation profile.
The repeatability of the device was analysed by measuring the thickness variation of two different elements (large bearing cylindrical and spherical, small
bearing) 20 times. Each of the 20 measurements consisted of 20 rounds of
measurement data for the final estimate calculation. Between the measurements, the device was reset and zeroed, including the vertical position of the
measurement frame and the placement of the bearing on the device.
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This chapter presents the main results acquired during this research. Some of
the results are excluded from this introductory part of the dissertation, but they
can all be found in the publications attached.
In the present study, the phase values of the harmonic components are expressed in the coordinate system of the corresponding harmonic component in
question. For example, the 15th harmonic component represents thickness variations which occur 15 times per revolution. The full period of the 15th harmonic
is thus 360° / 15 = 24° in the workpiece coordinates. If there is a need to analyse
the phase deviations or errors with respect to the workpiece coordinates, the
values must be divided by the harmonic component number in question.

Effect of the roundness profile of an installed bearing inner
ring on the subcritical vibration (Publication I)
In Figure 31, the measured roundness profiles of the bearing inner ring installed
on the rotor shaft are presented. Furthermore, Figure 32 presents the amplitudes of the harmonic components (the 2nd - the 6th) of the roundness profiles.
The original, unmodified bearing inner ring roundness profile was clearly dominated by the 2nd harmonic (2 lobes per revolution) component and the roundness value was 27.4 μm. The modification of the roundness profile was able to
increase the amplitude of the desired component so as to make it the dominating component in the oval, triangular and quadrangular cases. Nevertheless, the
other components were affected in each case as well, e.g., the amplitude of the
4th harmonic component increased significantly when the oval geometry was
desired. Although there were some differences between the measured cross-sections (the Figures present the 2nd and the 5th), they were not considered significant. Moreover, the modification increased the roundness error as well in the
oval (55.5 μm), triangular (45.7 μm) and quadrangular (34.0 μm) cases. However, the roundness error decreased to 10.4 μm when the roundness error was
intentionally minimized. In addition, compared to the original roundness profile, all the harmonic components decreased, and none of them was observed to
dominate the distribution.
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Figure 31. Tending side (non-drive side) bearing inner ring roundness profiles in five different
cases. Only the profiles measured in the middle of both rolling element paths are presented (2 nd
and 5th section, Figure 16). The roundness profile scale is the same in each case. (Publication I)

Figure 32. The waviness component amplitudes of the bearing inner ring roundness profiles in
five different cases. The different cases correspond to the roundness profiles presented in Figure
31. Only the amplitudes in the middle of both rolling element paths are presented (2nd and 5th
section, Figure 16). 2H. stands for the 2nd harmonic waviness component equal to two lobes per
revolution etc. (Publication I)
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Figure 33 presents the resulting frequency spectra of the rotor dynamic response measurements at the middle cross-section of the rotor (2000 mm, Figure 15). The rotor response was measured with five different roundness profiles
(Figure 31) of the inner ring of the tending side (non-drive side) bearing. The
responses are presented in the horizontal and vertical direction. A bar chart
(Figure 34) presents the resonance peak amplitudes of the harmonic component
in each case. Overall, the increase in the amplitude of a certain harmonic component of the inner ring roundness profile significantly increased the amplitude
of the corresponding harmonic vibration component. Due to the different stiffnesses and damping ratios of the foundation, and the allegedly dissimilar excitation force amplitudes in the horizontal and vertical directions, the observed
amplitudes and their changes were dissimilar, but the similar reaction to the
roundness profile alterations was discovered. When the roundness error of the
inner ring was minimized, all the resonance peak amplitudes of the harmonic
components decreased except for the vertical 3rd harmonic, which grew marginally.
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Figure 33. Subcritical harmonic vibration components of the rotor at the middle cross-section
(2000 mm) presented as a frequency spectrum in each bearing deformation case. Spectra are
presented separately for horizontal and vertical direction. The 1 st harmonic vibration (eccentricity)
was excluded from the study. (Publication I)
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Figure 34. The resonance peak amplitudes of subcritical harmonic vibrations in five different
cases. Both horizontal (x) and vertical (y) direction amplitudes are presented. (Publication I)

The uncertainty of the inner ring roundness measurement
(Publication II)
The results of the Monte Carlo uncertainty simulation are presented in Figure
35. These results derived from all the error contributions stated in Chapter 3.5.2
and using the calibration profile presented in the same chapter as an input.
Overall, only minor variations were observed in the averages of the measured
harmonic components. The average of the even component amplitudes decreased with increasing harmonic number. However, both the amplitude and
phase uncertainty of specific harmonic components was found to be substantial.
The even harmonics phase uncertainty increased almost linearly with the growing harmonic component number. Significantly higher uncertainties were found
in the odd harmonic components compared to the even harmonic components.
In particular, this distinction was observed in the amplitude uncertainties. The
maximum standard uncertainties were 1.31 μm (27th) and 15.73° (29th).
In Publication III, the sensitivity of the bearing inner ring roundness measurement to the phases of the harmonic components of the roundness profile
under investigation was studied as well. In contrast to the calibration profile,
the phases of the harmonic components of the input profile were generated randomly. However, all the amplitudes of the harmonic components were 10 μm.
Remarkable deviations in the averages or uncertainties of the harmonic components were not detected. In other words, the results were the same as in Figure
35, in which the calibration profile with optimized phase distribution was used
as an input roundness profile.
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In Publication III, the sensitivity of the method was investigated carefully one
error contribution at a time and setting the others to zero. The highest sensitivity was found in the angular positioning of the sensors and in the vertical positioning of the measurement frame.

Figure 35. Simulation output with all error sources (quantities presented in Table 1) and 100000
iterations. Phases are normalized, i.e., the difference between the mean value and the original
value is shown. (Publication II)

Device and method for thickness variation measurement
(Publication III)
Figure 36 presents the thickness variation profiles acquired from the cylindrical
surface of the large bearing with the developed device and the reference CMM.
In general, the agreement of the profiles was fair. The most significant fluctuations were measured similarly by both the devices.

Figure 36. Comparison measurement of the cylindrical surface of the large bearing element
(TMM vs. CMM). Maximum difference of 0.41 μm was detected at angle 129.4°. (Publication III)

Figure 37 presents the comparison of the amplitudes and phases of the 15 lowest
harmonic components. The first harmonic component represents thickness variation, having one maximum and minimum per revolution. Consequently, the
second component has two undulations per revolution etc.
The amplitudes and phases of the harmonic components agreed reasonably
well. The largest difference in the amplitudes was 0.068 μm (15th component).
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However, the phase differences of 11th, 13th, 14th and 15th component were relatively high, the largest being 140° in the 14th component.

Figure 37. Amplitudes and phases of the harmonic components of the thickness variation profile. The value on top of the bars represents the difference between the values. (Publication III)

Figure 38 presents the thickness variation profiles acquired from the cylindrical
surface of the small bearing with the developed device and the reference roundness measurement machine. In general, the profiles agreed well. Both devices
detected the fluctuations similarly. The only substantial differences were observed in the angular position range 140°-240°.

Figure 38. Comparison measurement of the small bearing element (TMM vs. Talyrond). Maximum difference of 0.28 μm was detected at angle 105.6°. The maximum difference value may
be misleading, since it was observed at a steep gradient of the thickness profiles and the difference seems to be caused mainly by the phase error.

Figure 39 presents the harmonic component comparison between the thickness
measurement machine and the roundness measurement machine. All the components agreed well. The largest amplitude difference was observed in the 7th
component (0.057 μm). The phases of the harmonic components were appropriately similar as well. The largest difference was detected in the 12th component (29.1°).
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Figure 39. Amplitudes and phases of the harmonic components of the thickness variation profile.
The value on top of the bars represents the difference between the values.

The thickness variation profiles measured for the repeatability test of the device
are presented in Figure 40. The test features 20 measurements of the cylindrical
surface of the large bearing. Due to the averaging procedure of the measurement
method, each measurement included of 20 revolutions of raw data.
The repeatedly measured thickness variation profiles agreed cleanly. Only
some slight amplitude variations were detected and all the fluctuations were
measured likewise. The standard deviation of the thickness variation (max
thickness value – min thickness value) was 0.0177 μm.

Figure 40. Large bearing cylindrical surface repeatability with TMM. Maximum difference of
0.16 μm was detected at angular position 272.7°. Average thickness variation (max value - min
value) was 2.35 μm. STD of the thickness variation was 0.0177 μm.

Figure 41 presents the averages and standard deviations of the amplitudes and
phases of the harmonic components. The amplitudes were detected precisely,
since the largest standard deviation was 0.008 μm in the first component. However, the standard deviation of the phases had to have two remarkable outliers,
127.8° in the 9th and 69.3 at the 14th component. A possible explanation for outliers may be the low amplitudes of the corresponding harmonic components.
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Figure 41. The averages and standard deviations of the amplitudes and phases of the harmonic components. The yellow bar represents the average and the error bar represents the
standard deviation (average ± standard deviation).

The 20 repeatability test thickness variation profiles measured from the small
bearing cylindrical surface are presented in Figure 42. The profiles agreed again
cleanly. Again, only slight amplitude deviations were observed and all the fluctuations were detected similarly. However, the standard deviation of the thickness variation was 0.0407 μm, being higher compared to the large bearing repeatability.

Figure 42. Small bearing repeatability. Maximum difference of 0.37 μm was detected at angular
position 345.1°. Average thickness variation was 3.15 μm. STD of the thickness variation was
0.0407 μm.

Figure 43 presents the amplitudes and phases of the harmonic components related to the small bearing repeatability measurement. All components featured
low standard deviations. The second harmonic component had the highest amplitude standard deviation (0.019 μm), and the highest phase standard deviation was found in the first component (11.6°).
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Figure 43. The averages and standard deviations of the amplitudes and phases of the harmonic components. The yellow bar represents the average and the error bar represents the
standard deviation (average ± standard deviation).
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In this study, the correlation between the harmonic components of the bearing
inner ring roundness profile and the peak amplitudes of the subcritical resonance vibration of the rotor was investigated. Overall, the increase in the amplitude of a certain harmonic component of the inner ring roundness profile increased the amplitude of the corresponding subcritical harmonic vibration component significantly. The harmonic subcritical resonance frequencies can be calculated by dividing the natural frequency of the system with a positive integer.
The results show that the measured rotor system had differing eigenfrequencies in the vertical and horizontal directions. The natural frequencies were c. 30
Hz in the vertical direction and c. (circa) 21.6 Hz in the horizontal direction
based on the subcritical resonance frequencies. The asymmetric stiffness (stiffer
in the vertical direction) of the foundation is the obvious explanation.
In Figure 33 (original and oval cases, vertical direction) it can be seen, that the
vertical 2nd harmonic response is affected by the 2nd harmonic resonance vibration in the horizontal direction. An additional peak in the vertical direction 2nd
harmonic response curve was observed. However, the horizontal direction response was not observably affected by the vertical direction vibration. In general, the amplitudes of the resonances were remarkably higher in the horizontal
direction due to the dissimilar stiffness and damping ratio of the foundation and
the potential effect of different excitation forces in horizontal and vertical directions.
The significantly asymmetric natural frequencies may have caused one additional feature: the remarkably high vertical 3rd harmonic resonance amplitude
at c. 10 Hz in the triangular case may have partially been caused by the horizontal 2nd harmonic resonance vibration at about the same frequency (10.8 Hz).
Finally, the roundness error of the bearing inner ring installed on the rotor
shaft was minimized. All the amplitudes of the investigated harmonic components of the roundness profile reduced considerably (Figure 32). The subcritical
resonance peak amplitudes declined substantially (Figure 34), confirming the
importance bearing inner ring roundness profile as a source of vibration excitation. The micrometre range modifications of the roundness profile of the installed bearing inner ring had a magnified effect on the rotor dynamic behaviour
and rotational accuracy particularly at the subcritical resonance frequencies.
The rotor vibration results obtained during the present study agree with the
simulation results in the earlier published research, e.g., by Sopanen and Mik-

58

Discussion

kola (2003a, 2003b) and Heikkinen et al. (2014, 2018). In addition, the equations describing the bearing inner ring based excitations are confirmed (Equations 2 and 3 in Chapter 2.4).
In the present study, the measurements did not focus on acquiring the most
accurate estimates of the true value, but rather on discovering the changes and
differences between the cases. However, the accuracy of the rotor response
measurement was analysed by Juhanko (2011), who proposed an expanded uncertainty of U ≤ 2 μm for the rotor dynamic measurement device.
The harmonic component focused uncertainty evaluation of the installed
bearing inner ring roundness measurement is presented in Figure 35. In the
evaluation, all the error contributions considered in Chapter 3.5.2 were applied.
The error contributions (probe scale, probe position, frame position and temperature) and their uncertainties represent the best-estimated measurement
conditions.
Within the low-order harmonic component range (below the 10th), the maximum amplitude uncertainty was c. 0.5 μm. The low-order harmonic components are important regarding the effect of the installed bearing inner ring
roundness errors on the subcritical vibration of rotors, which was investigated
in the present study as well. The maximum uncertainty of the amplitudes of the
harmonic components within the full range (2nd - 30th) was c. 1.3 μm for the odd
components and c. 0.2 μm for the even components
The phase uncertainty of certain harmonic components was found to be substantial. Within the low-order range, the maximum uncertainty was limited to
c. 5°. The maximum within the full range was as high as c. 16° for the odd components and c. 5° for the even components. However, as described in the beginning of the Chapter 4, the phase values and uncertainties are expressed in the
coordinate system of the corresponding harmonic component, which may lead
to misinterpretation if not considered.
In the sensitivity analysis, the highest errors were produced by the angular
positioning of the sensors and the vertical positioning of the frame. The measured roundness profile (the phases of the harmonic components) did not affect
the measurement uncertainty.
To evaluate the reasons and root-causes for the roundness profile variations
of an installed bearing inner ring, a device was built to measure the thickness
variation of the bearing elements.
The comparison measurements with the CMM agreed fairly, which may have
been caused by the limitations in the CMM accuracy, as discussed already in
Chapter 3.5.3. The long measurement chain between the measurand and the
final thickness value is considered as an additional source of uncertainty. In addition, small differences in the vertical measurement height of the CMM and in
the selected reference plane of the measurement may affect the measurement
significantly.
The reference roundness measurement machine provided a lower uncertainty
and a shorter measurement path for the comparison measurement. The bearing
element measured with the roundness measurement machine was used in the
tending side bearing of the rotor investigated during this study. The agreement
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of the thickness variation profiles was considered very good in general, and no
substantial differences in the harmonic components were observed.
The significantly better agreement with the roundness measurement machine
may be traced to various reasons. The uncertainty of the roundness measurement machine was more appropriate considering the measured thickness variation values. Moreover, the measurement principle of the roundness measurement machine is similar to the proposed device, at least when compared to the
CMM measurement: the bearing is rotating and the run-out or thickness variation profile is acquired with a probe continuously in contact with the measured
surface.
The thickness measurement machine featured a good repeatability of the
measurements. The standard deviations of both the thickness variation values
and the harmonic components were considered satisfying, although some outliers in the standard deviations of the phases of some harmonic components
were found. It is suggested, that the low amplitudes of the very components may
give an explanation to the increased phase standard deviations.
The measurement chain of the proposed thickness measurement machine is
short due to the direct probing of the measurand in question. Moreover, as discussed before, both the reference measurement devices have a substantially
longer measurement chain between the probed value and the thickness value.
Therefore, judging by the comparison and repeatability measurement results as
well, there is a possibility that the proposed device is more reliable for the thickness variation profile measurements of large bearing elements. Consequently,
the developed device and method are designated for a special measurement task
and thus the usability is limited in other approaches. The measurement principle of the roundness measurement machine is similar to the developed device.
However, the proposed design of the thickness measurement machine features
a possibility for scaling the method for large bearings without major weight and
dimension limits.
Since the uncertainty of the measurement sensors of the thickness variation
measurement device is of the order ±0.2 μm, the combined uncertainty of the
difference of their readings can be estimated to be c. 0.3 μm. Other error
sources, such as alignment, vibration and thermal expansion can be assumed to
increase the uncertainty. However, the repeatability results suggest similar or
lower values to the method. It is suggested that the 20-round average of the
lowest 15 harmonic components is partly the reason for the good repeatability.
In this study, the roundness profile of the tending side bearing was modified
and its effect analysed. Further research is required to determine the interaction
between the excitations from both of the bearings supporting the rotor. Simulation models (Sopanen and Mikkola 2003a, 2003b, Heikkinen et al., 2018) may
be used to research the issue and to design an appropriate experimental procedure to investigate the problem. In addition, this study investigated a rotor without any other external load than the gravitational force. In the industrial applications, such rotors seldom exist. Further research is needed to investigate the
effect of bearing inner ring based excitations to the subcritical vibrations when
external loads are present in the rotor system.
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In the present study, the effect of the assembled bearing inner ring geometry on
the large rotor subcritical vibration was examined. The results suggest that a
clear correlation exists. The measurement uncertainty of the used methods was
either analysed earlier (Juhanko, 2011) or during the present study (Publication
II). Considering the measurement accuracy limitations, the results remain valid
and usable.
The typical practical engineering design criteria of large rotors in the field of
paper manufacturing, for example, aim at adjusting the rotating frequency
range of the rotor under operation below the half-critical speed (2nd H)
(Juhanko, 2011), since the problems caused by the half-critical vibration resonance are widely recognized. Some rolls may be designed to operate within the
range between the half-critical and critical speed because of the physical size
(diameter) limits of the application. However, as suggested in this study, the 3rd
and the 4th harmonic resonance vibrations may produce remarkable amplitudes
as well. Considering the traditional design criteria, they may appear within the
operational rotational frequency range restricting the available production
speed range and reducing the quality of the end product. For example, the problematic 3rd harmonic resonance of a rotor designed to operate under the halfcritical speed has been encountered by the research group of the author in industrial trouble-shooting cases. Both increasing and decreasing the rotating frequency settled the resonance problem.
In the paper industry, the vibration of a paper machine roll within the amplitude range from 10 to 100 μm at the operational speed causes remarkable coating (peak-to-peak c. 3 g/m2), thickness (peak-to-peak c. 1.5 μm) and gloss
(peak-to-peak 5%) variations in the paper. They are essential quality measures
significantly affecting the printing process and printing quality (Kuosmanen,
2004). Accordingly, as the results of this study suggest, the bearing inner ring
caused subcritical excitations can lead to troublesome vibration problems (amplitudes hundreds of micrometres) when considering the demanded rotating
accuracy in the field of paper manufacturing. Furthermore, this study shows the
vibration amplitudes reduced substantially by minimizing the roundness error
of the bearing inner ring.
The bearing geometry was modified in this study by inserting thin steel strips
between the rotor shaft and the conical adapter sleeve, which could be one
method to minimize the roundness errors of assembled bearing inner rings.
However, the steel strips may wear, deform the rotor shaft or move during the
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possibly heavy operation resulting in declined advantages. The industrial utilisation would require an appropriate experimental test series under varying
loads and long-term continuous operation.
As an alternative to the steel strip method, the roundness profile of the rotor
shaft, on which the bearing is installed, could be modified by grinding. The
roundness profile could be designed in a way, which minimizes the final roundness error of the assembled bearing inner ring. After all, the roundness profile
of the installed bearing inner ring is a sum of the roundness profile of the rotor
shaft and the thickness variations of the inner ring and the possible adapter
sleeve. If the bearing is installed directly without the conical adapter sleeve, the
same approach could be used to grind the installation cone of the rotor shaft.
For non-circular precision grinding purposes, the 3D grinding method can be
used (Kuosmanen, 2004). This method could remove the unpredictabilities related to the usage of the steel strips. Initial tests regarding this method have
been made recently by the research group with promising results.
Moreover, one obvious option is to reduce the thickness variation of the bearing inner ring and of the possible conical sleeve. The relatively low thickness
variation values were found surprising compared to the roundness tolerances
given for the bearings of this size. It must be noted that only two sample workpieces were used in the analysis of the device. The thickness variation profile of
the conical adapter sleeve was not analysed during this study, but it is clear that
its thickness variation affects the final roundness profile of the installed bearing
inner ring as well.
The results of this study suggest that the bearing manufacturers should particularly focus on minimizing the thickness variation of the bearing inner ring
and the possible conical adapter sleeve instead of the roundnesses of the individual elements. The roundness of a separate inner ring is irrelevant as the inner
ring is tightened to a stiffer shaft, having a roundness profile of its own. In terms
of further research, a standardized way of measuring the thickness variation
profiles of different bearing element geometries (spherical, cylindrical and conical) should be investigated.
If the thickness variation of the individual components is minimized, the rotor
manufacturer could concentrate on the machining of a rotor shaft for the bearing installation with an optimized roundness profile - either cylindrical or conical - for a direct installation without a conical adapter sleeve. This assures the
interchangeability of the components, since the rotor installation shaft would
not be tailored for a certain bearing.
The methods developed during this research provide great opportunities for
the manufacturers to develop the dynamic properties of the bearing assembly of
a large rotor. The bearing thickness variation measurement device and method
can be used to analyse the root causes for the roundness errors of an installed
bearing inner ring. Furthermore, the device and the method could be used in
the quality control of bearing elements, in addition to the roundness measurements.
The results produced by the roundness measurement method for the installed
bearing inner ring were shown to give direct suggestions about the dynamics of
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a large rotor. The uncertainty of the method was proven appropriate for this use,
and the main contributors to the uncertainty were discovered. The method can
directly be used to measure the roundness profile of the bearing installation
shaft during the manufacturing process of the rotor to reduce the roundness
error.
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