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I got interested in computed tomography during my undergraduate stud-

ies when I was working on the segmentation of dental limited-angle and

cone-beam computed tomography reconstructions. The grass somehow

seemed greener on the other side and being able to affect the image qual-

ity was a very fascinating prospect. When the opportunity presented it-

self to start developing tomography reconstruction software for the Jules

Horowitz material testing reactor in 2009, with an expressed emphasis on

image quality, I didn’t have to think twice.

The road towards this dissertation, however, turned out to be a rather

long and winding one. Working in the now disbanded Biomedical Image

Processing group meant having a lot of freedom and a lot of fun at the

price of juggling numerous responsibilities and trying to make ends meet

with numerous short-term work contracts. Extracurricular activities such

as building a summer cabin on an island with my wife Maria didn’t nec-

essarily help. Living from day to day often meant prioritizing the hard

deadlines over the soft ones such as this dissertation.

Looking back, I’m grateful for the support and I’ve received over the

years and I want to express my gratitude in a roughly chronological order.

I thank Dr. Martti Kalke for introducing myself to dental X-ray imaging

and for the inspiration during and after my master’s thesis; Mr. Mika

Pollari for looking over the research group and for being an excellent col-

league and friend throughout the years, for all the support, talks, at times

inappropriate laughs and supporting the extension of too many fixed-term

work contracts to mention; Mr. Antonios Thanellas for all the support,

help, insight and philosophical and psychological reflection that continues

to this day; Prof. Risto Ilmoniemi for the supervision, insight and support

through the years; Dr. Petri Kotiluoto and Dr. Petri Kinnunen of VTT for

affording me the opportunity to develop ARTEMIS and for the expert advi-
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sory and support at all stages of this work; Dr. Gilles Bignan, Dr. Bernard

Cornu, and Mr. Nicolas Estre of CEA for the collaboration and cooperation

at various stages of the work; the Fortum Foundation for supporting the

writing of the dissertation; Mr. Matti Korpela and Ms. Mervi Malinen for

handling the negotiations and licensing contract of ARTEMIS; Prof. Jukka

Sarvas for his mathematical insight and checking the motion estimation

theory, and Prof. Nuutti Hyvönen for checking the motion estimation the-

ory and for all the suggestions, comments and insight. I thank everyone

at Planmeca’s Research & Technology department for their support and

encouragement to finish this thesis and for the enjoyable working atmo-

sphere, especially Dr. Kalle Karhu and Dr. Ari Hietanen.

I thank the pre-examiners Prof. Ville Kolehmainen and Prof. Staffan

Jacobsson Svärd for their invaluable effort in examining the manuscript,

which was a notable task considering that the work had not been previ-

ously reviewed, and for their comments and suggestions that helped to

greatly improve it as well as provide reassurance on its relevance.

I thank my opponent Prof. Samuli Siltanen for taking on the duty as an

esteemed expert in the field, and for what I believe will be an interesting

as well as challenging examination of the work.

I thank my advisor Dr. Petri Kotiluoto for his support over the years

and, again, for making this work possible through the long-term funding.

I thank my family and friends for their love and level-headed support.

In particular, I thank my mother Kirsti, my late father Hannu, my late

brother Markko for proofreading the thesis before pre-examination, and

Mr. Sami Marttinen for the tireless motivation to keep going.

I thank my dear wife Maria for all the love and support through thick

and thin, and for keeping me grounded through the years when the finish

line was just a distant mirage. May this be only one of our long-term

endeavors to come to an end.

I dedicate this work to my father Hannu and my late brother Markko.

I wish they could be here to witness this day and I will to do my best to

keep their spirit alive.

Helsinki, August 10, 2018,

Mikko Lilja
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Research statement

Problem statement and research goals

To develop and implement computed tomography reconstruction and mo-

tion estimation methods capable of reaching predetermined goals for spa-

tial resolution and image quality in the non-destructive material testing

applications at the Jules Horowitz material testing reactor (JHR) based on

high-energy X-ray transmission tomography.

Applied methods and obtained results

The presented projection, tomography reconstruction and motion esti-

mation methods were devised using and implemented in an algebraic

reconstruction program developed from scratch by the author in 2009–

2016. The developed program enables a free-form projection geometry

and contains an accurate spatial integration method for implementing the

projection and backprojection operations. With simulated data, motion

estimation results surpassing the preset resolution goal by an order-of-

magnitude and state-of-the-art reconstructed image quality are obtained.

Summary of the most important novel results

A geometrically exact area integration method is presented for an accu-

rate implementation of the projection and backprojection operations in a

2-D computed tomography reconstruction problem with a computational

cost of the same order as a line integration-based projector. The generally

accepted suboptimality and artefact-proneness of the ART reconstruction

algorithm compared to the heuristically proposed SART algorithm is ques-

tioned and the differences of the algorithms are explained through consid-

erations related to the requirement for translation-invariance of the back-

projection operations and its implications regarding the spatial weighting
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with respect to the system matrix entries. It is shown that with a geomet-

rically accurate projector, the ART algorithm yields high quality results

fully comparable to the SART algorithm. A generalization of the back-

projection operation including a dependency on both an image model and

the system matrix is presented, which includes several established itera-

tive algorithms as special cases. An iterative motion estimation algorithm

based on maximizing the geometric consistency of measured projections

by minimizing their residual w.r.t. an approximation of the distribution’s

minimum-norm estimate is presented with supporting theoretical consid-

erations.

Assessment of the work’s significance in the research field

The developed computed tomography reconstruction program ARTEMIS

has been commercially licensed to CEA for use at the Jules Horowitz Re-

actor, with the developed methods expected to enable a highly accurate

non-destructive testing of materials through high-energy X-ray transmis-

sion tomography. The practical methods and algorithms described in this

thesis are directly applicable to computed tomography in both industrial

and medical imaging. Theoretical observations related to established it-

erative reconstruction algorithms and to the residual as a measure of

motion-related inconsistency provide novel insight and facilitate future

research on the topics.

xiv



Author’s contribution

The presented contributions devised during the development of computed

tomography reconstruction and motion correction methods for non-de-

structive examinations at the Jules Horowitz material testing reactor

(JHR) are divided in five chapters:

1. ARTEMIS, a computed tomography reconstruction program developed

independently by the author in 2009–2016.

2. A spatial integration method for computing the exact areas-of-intersec-

tion of an arbitrary ray envelope and a rectangular lattice comprising

the system matrix in a two-dimensional tomography problem, with an

existing generalization to three-dimensional volumes-of-intersection.

The integration method was devised and implemented independently

by the author in 2010.

3. Observations and conclusions regarding the heuristically proposed SART

algorithm [2] and its claimed superiority compared to the ART algo-

rithm [31] based on the row- and block-iterative nature of the algo-

rithms and the corresponding system matrix-dependency of the back-

projection operations. The contribution was made independently by

the author in 2011 with the final theoretical observations made in

2017–2018 after the pre-examination of this work by the author’s own

initiative.

4. A spatially selective backprojection operation including a dependency

on both an image model and the system matrix. A spatially constrained

model-based backprojection in a limited-view problem was proposed in

a 2001 PhD thesis [30], and a similar concept was suggested to the

author by Dr. Martti Kalke in 2008. The algorithm was derived in-

dependently by the author in 2009 without knowledge of the previous
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work [30]. Connections to established reconstruction algorithms were

made independently by the author in 2010.

5. A motion estimation algorithm using the observed residual as a mea-

sure of system matrix inconsistency for estimating an unknown view-

specific random shift. The presented theoretical considerations regard-

ing the use of the minimum-norm estimate as a reference, and the

convergence of the algorithm, as well as the implementation of the

algorithm with a rotating transformation coordinate frame were con-

ceived independently by the author in 2013–2018, with similar earlier

approaches [6, 9, 89] discovered after carrying out the majority of the

work, but with a closer theoretical connection made to [9] in 2018.
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Notation and abbreviations

A System matrix with dimensions M×N representing the fractional

spatial overlap of a set of M rays intersecting a FOV with N elements,

A ∈ [0,1]M×N

Ã Estimate of the system matrix A with dimensions M×N that typically

ignores an unknown small-scale geometric perturbation in the source-

detector positions

Ã+ Moore-Penrose pseudoinverse of Ã, A+ = (ATA
)−1 AT, with M ≥ N

W Backprojection weighting matrix, W ∈ [0,1]M×N

x Attenuation distribution discretized on a lattice of N elements,

x ∈ {0∪R+}N

x∗ Estimate of the attenuation distribution x ∈ {0∪R+}N

x+ Minimum-norm estimate of the attenuation distribution x,

x+ = A+b ∈ {0∪R+}N

z Backprojection model distribution, z ∈ {0∪R+}N

b Measured sinogram, b ∈ {0∪R+}M

e A residual component representing the error in the system matrix,

estimate Ã, e ··= (A− Ã) x

ε A residual component representing mainly the error in the distribution

estimate x∗, ε ··= Ã(x− x∗)

n System noise or residual representing the discrepancy between a

measured and observed sinogram of a discretized linear system,

assumed not to describe any motion-related inconsistency

ñ System noise or residual including a motion-related inconsistency,

ñ ··= n+ e

n∗ Observed residual w.r.t. a distribution estimate x∗, ñ∗ ··= n+ e+ε

t A shift parameter vector, in a 2-D case t ∈R2L

T Cartesian search space for optimizing the view-specific block t(J) ∈R2

M Number of rays in a system, leading dimension of a system matrix



Notation and abbreviations

N Number of elements in a discretized FOV representing an attenuation

distribution, trailing dimension of a system matrix

L Number of views in a sinogram, corresponds to M divided by

the number of rays in a single view

h Edge length of a uniform, square element (pixel) comprising the FOV

‖a‖ 2-norm of real-valued vector a, ‖a‖ =�〈a, a〉
〈a, b〉 Inner product of real-valued vectors a and b, 〈a, b〉 =∑i ai bi

ϕ Angle of projection of a view w.r.t. isocenter around the z axis in a fixed

xy frame of reference

xy frame Laboratory frame of reference fixed to the field-of-view

x′y′ frame Rotating frame of reference fixed to the projected views

Ran Range of a matrix comprising the linear combinations of its columns

Ker Null space of a matrix, {x |Ax= 0, x ∈RN }

JHR Jules Horowitz Reactor, a material testing reactor being constructed

in Cadarache, France by CEA

LWR Light Water Reactor

CT Computed Tomography

PET Positron Emission Tomography

SPECT Single Photon Emission Computed Tomography

FOV Field-of-View, the total spatial extent of the considered attenuation

distribution

AOV Angle-of-View, the total angular extent spanned by a sinogram

ICD Image-to-Center Distance, distance from the isocenter to the detector plane

SCD Source-to-Center Distance, distance from the source to the isocenter

SID Source-to-Image Distance, distance from the source to the detector plane

ART Algebraic Reconstruction Technique

MART Multiplicative Algebraic Reconstruction Technique

MLEM Maximum Likelihood Expectation Maximization

OSEM Ordered-Subsets Expectation Maximization

PWLS Penalized Weighted Least Squares

SART Simultaneous Algebraic Reconstruction Technique

SIRT Simultaneous Iterative Reconstruction Technique

FBP Filtered Backprojection

BPF Backprojection of Filtration

LMS Least Mean Squares

RMS Root Mean Square

DOF Degree-of-Freedom
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1. Introduction

The research work leading to the results presented in this doctoral the-

sis was commenced in May 2009 when the development of a tomography

reconstruction computer program was commissioned by VTT Technical

Research Centre of Finland Ltd. The purpose and context of the commis-

sioned work was the Jules Horowitz material testing reactor (JHR) that

was being constructed in Cadarache, France, with the deployment of the

facility being over 10 years away.1

VTT’s in-kind contributions to the facility consist of tomography mea-

surement instrumentation including the computed tomography reconstruc-

tion methods that were then investigated by the author in cooperation

with VTT. The explicitly stated goal of the commissioned research work

was to provide state-of-the-art image quality to facilitate the non-destruc-

tive tomographic material testing experiments at JHR.

Considering both the critical nature of the application and the inevitable

uncertainty and potential changes related to the available design specifi-

cations, it was hypothesized by the author that the to-be-developed re-

construction software should be as general and flexible as possible and

pose as few limitations as possible to, e.g., the geometric regularity and

periodicity of the final sinogram acquisition process.

It was considered essential to be able to accommodate any unexpected

changes in the instrumentation without a major rewriting of the pro-

gram. Based on the requirements for geometric flexibility, generality and

state-of-the-art image quality, it was proposed that the software should

be based on an iterative reconstruction approach as well as permit a free-

form source-detector geometry and arbitrary projection image acquisition

in terms of, e.g., the angular spacing and detector shape. With the final

spatial resolution goal of the reconstructed images set at 100 microns, a

1At the time of writing estimated to take place in 2021.
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future goal was set on implementing a geometrically exact projector rou-

tine in order to eliminate any line integral approximation-related arte-

facts degrading the image quality.

The resulting reconstruction program eventually formed the context for

the tomography reconstruction method development presented in this mo-

nograph. The program was titled ARTEMIS (Algebraic Reconstruction for

Transmission and Emission Imaging) and its first version was delivered to

VTT in 2009. Subsequent versions were developed in 2010–2016, with the

focus being on further enhancing the capabilities and the image quality

delivered by the software.

While the first two versions of ARTEMIS delivered in 2009–2010 focused

on the flexibility and geometric accuracy of the numerical implementa-

tion of the projection and backprojection operations given that the pro-

jection acquisition geometry was known with sufficient accuracy, a sig-

nificant additional problem to be solved was introduced in 2013. It was

then proposed that the a retrospective motion estimation method should

be developed for correcting any unknown geometric shift in the recon-

struction target positioning. Such deviation from the assumed geometry

was expected to effectively manifest itself as an uncertainty in the esti-

mated tomographic center-of-rotation, i.e. the isocenter of the observed

specimen. This prospect that might hinder the pre-determined resolution

goal for the non-destructive material testing experiments was expected

to stem from inaccuracies in the support and rotation mechanics of the

tomography instrumentation. Due to the mechanically very challenging

design requirements posed by the both radioactive and heavy specimens

that were required to be imaged and manipulated underwater, realizing

the predetermined goals could not be taken for granted.

With the first 3rd party attempts at solving the problem proving un-

successful, a solution to the problem was proposed to be investigated with

ARTEMIS. The early design decisions related to both image quality as well

as accommodating any unexpected geometric changes then proved to be

fortunate and well-placed, as they turned out to form the required build-

ing blocks and platform for developing a motion estimation framework.

The free-form projection geometry of ARTEMIS inherently enabled opti-

mizing the position of the isocenter independently for each acquired pro-

jected view, and the geometrically accurate projection operations proved

to enable a highly accurate estimate of the unknown perturbation pat-

tern. A motion estimation algorithm approach based on minimizing the

2
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view-specific algebraic residual with respect to an approximation of the

minimum-norm solution was then devised and implemented to ARTEMIS

in 2013–2014.

With experimental evidence of the devised motion estimation algorithm’s

exceptional accuracy obtained with JHR-specific Monte Carlo -simulated

tomography data [50], the developed reconstruction program would then

be commercially licensed to CEA for use at JHR at the time of writing.

The positive outcome that ultimately determines the success of the long-

term research project was testament to the initial hypotheses on which

the solid foundation was based, as well longevity, discipline and care ap-

plied in the development of ARTEMIS.

1.1 The Jules Horowitz material testing reactor (JHR)

Material testing reactors (MTRs) are essential to the development and

qualification of materials and fuels under irradiation. They improve the

safety of nuclear reactors operation by enabling irradiation under condi-

tions corresponding to incidental and accidental circumstances, as well as

training of experts. They also enable studying nuclear plant life extension

and waste management and performing basic research on completely new

components and materials for, e.g., future fusion reactors. [61]

The current European fleet of (MTRs) is reaching the age of 40–60 years

in this decade and will have a limited remaining lifespan due to the sub-

standard safety and experimental capabilities. As a result, it was con-

cluded already in FP5 that there is a strategic need for a new European

MTR as long as nuclear power forms a significant energy source. This lead

to the development of the Jules Horowitz material testing reactor (JHR)

research infrastructure, which is the purpose and context of the presented

research work. JHR represents a major undertaking reaching far into the

future with the financial investment amounting to approximately 1 billion

euros. [61]

The construction of the facility in Cadarache, France, in 2007–2021 is

funded by an international consortium led by the French Alternative En-

ergies and Atomic Energy Commission (Commissariat à l’énergie atom-

ique at aux énergies alternatives, CEA). The JHR consortium is a Eu-

ropean framework with industrial partners from France, Spain, Sweden

and Finland, and international partners from India, Israel and Japan.

The Finnish consortium with a 10-million stake in JHR consists of VTT

3
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Cooling circuits
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Figure 1.1 Overview of the JHR facility. (Original image courtesy of CEA adapted with
permission)

Technical Research Centre of Finland, which acts as the coordinator, the

Finnish Funding Agency for Technology and Innovation TEKES, Fortum,

Fennovoima, Posiva, STUK Radiation and Nuclear Safety Authority, and

the Ministry of Economic Affairs and Employment. The last two have a

support role in the Finnish consortium.

An overview of the JHR facility is presented in Fig. 1.1. The water-cooled

and moderated 100 MW reactor allows for reproducing power plant-like

conditions on a small scale, with applications to, e.g., safety analysis and

fuel validation. JHR will enable producing high neutron fluxes in both

thermal and fast energy ranges (twice the current maximum in Europe)

to support broader prediction capabilities beyond experimental points. It

also enables operating experimental devices under physical conditions (in

terms of neutron flux, temperature, pressure and coolant) relevant to op-

timized or future nuclear power systems, including water reactors, gas-

cooled thermal or fast reactors, and sodium-cooled fast reactors. [5,61].

The facility is designed to serve the nuclear industry in terms of safety

and plant lifetime management, fuel behavior validation in incidental and

accidental situations as well as innovation and related safety assessment

for future nuclear power plants. It will contribute to the development and

dissemination of expertise and know-how and to training the next gen-

eration of scientists and operators, which is crucial to nuclear safety and

its societal acceptance. It will also contribute to securing the European

production capability of medical radioisotopes supplying up to 25–50% of

4
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MADISON CALIPSO / MICA

OCCITANE

Figure 1.2 The planned test devices of the JHR material testing reactor. (Original image
courtesy of CEA adapted with permission)

the future European demand for medical radioisotopes, which at the time

of writing is approximately 8 million examinations annually. [23,68]

Material and fuel irradiation experiments at JHR

The main purpose of a material testing reactor is to reproduce actual

power plant and more severe physical conditions on a small scale. This

capability is used to perform material screening, i.e. comparison of mate-

rials under representative conditions, material characterization, i.e. the

behavior of a single material in a wide range of operating conditions in-

cluding off-normal and severe conditions, and fuel element qualification,

i.e. testing of a single or multiple fuel rods consisting of a cladding and

the fuel.

The MTR core of JHR consists of a fuel rack in a slightly pressured vessel

surrounded by beryllium reflectors in the core pool. The core is optimized

for producing a high fast neutron flux (5× 1014 n/cm2s for E > 1 MeV)

for structural ageing of material, as well as a high thermal neutron flux

(5.5×1014 n/cm2s) for studying fuel behavior in accelerated burn-up and

simulated power transients. [61]

The ambitious experimental capabilities of JHR require a number of aux-

iliary facilities such as non-destructive examination benches, hot cells and

laboratories, which are crucial to the time requirements associated with

analyzing the irradiated samples removed from the reactor or its vicin-
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ity. The design of JHR permits running up to 20 simultaneous in-core

and reflector experiments related to material and fuel testing under a

broad range of conditions representing both normal and exceptional cir-

cumstances with the possibility to displace the experimental devices w.r.t.

to the core. This enables a precise positioning and fine-tuning of the inci-

dent neutron flux. The material and fuel testing experiments in JHR are

conducted with specific test devices. A close-up of the reactor pool and its

test devices is presented in Fig. 1.2 and are briefly described below. [61]

The material study devices intended for characterization and qualifica-

tion of new cladding materials under high irradiation and a controlled

thermal gradient are called CALIPSO (In-Core Advanced Loop for Irradi-

ation of Potassium Sodium) containing an integrated NaK forced circula-

tion loop, and MICA (Material Irradiation Capsule) containing a simpler

natural convection NaK loop. The CALIPSO device is designed to ensure

temperature homogeneity in long-term irradiation and will be placed in

the central hole of the fuel element. In addition, the OCCITANE (Out-of-

Core Capsule for Irradiation Testing of Ageing by Neutrons) device has

been designed for pressure vessel steel testing. The displacement mecha-

nisms for the ADELINE and MADISON devices illustrated in Fig. 1.2 enable

adjusting the fissile power as well as inflicting transient conditions. [61]

Fuel irradiation devices are intended for investigating changes in the

fuel properties (such as microstructure, mechanical properties, and fis-

sion gas release) depending on the burn-up and heat generation, clad cor-

rosion under long-term irradiation or crack initiation, and pre-irradiation

conditioning of samples before a power ramp test. A device called MADI-

SON (Multi-rod Adaptable Device for Irradiation of Experimental Fuel

Samples Operating in Normal Conditions) represents the standard fuel

irradiation device for comparing several instrumented rods under normal

LWR conditions and is likely to attract the main commercial interest. An-

other device called ADELINE (Advanced Device for Experimenting Up to

Limits Nuclear Fuel Elements) is designed for testing LWR fuel failure

thresholds and fuel behavior under non-accidental, off-normal conditions.

It is mainly intended for power ramp tests, over-pressurization or fission

gas release, fuel melting approach, and post-failure behavior studies un-

der normal conditions. It is expected to be of interest to nuclear plant

operators and safety authorities alike. [61]

The thermomechanical behavior of an LWR rod under LOCA-type (Lost-

of-a-Cooling Accident) conditions will be studied in the LORELEI capsule

6
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Figure 1.3 The underwater UGXR bench (right) and collimator (left) assemblies. (Im-
ages not shown to scale, original images courtesy of VTT adapted with per-
mission)

(Light-water, One-Rod Equipment for LOCA Experimental Investigations),

which is designed to reproduce the initial dry-out, temperature history

and quenching phase of a LOCA sequence on a single instrumented fuel

rod. In addition to the thermomechanical aspects, the objective is to quan-

tify the fission product source term. Additional LWR and non-LWR irra-

diation devices are envisioned for studying, e.g., basic properties under

neutron flux (thermal and irradiation creep, thermal conductivity) and

for developing future generation IV reactors. [61]

Non-destructive examination experiments at JHR

A part of the Finnish in-kind contribution to the international project by

VTT is formed by the development of transmission and emission radio-

graphy and tomography instrumentation including both hardware and

software such as ARTEMIS. The application is the non-destructive exami-

nation (NDE) of material and nuclear fuel samples as well as the internal

structure of the test device before, during and after the irradiation. The

stated objective is to inspect their density, structure and gamma-emitting

isotope distribution at the highest possible spatial resolution using radio-

graphic and tomographic measurements that are performed in so-called

fuel hot cells as well as underwater reactor and storage pool benches.

The NDE measurement benches at JHR delivered by VTT are divided in

two types depending on their installation site at the facility: reactor and

storage pool-installed underwater benches are called UGXR (Underwater

Gamma X-Ray) and hot cell-installed benches are called HGXR (Hot cell

Gamma X-Ray).

Two identical UGXR benches (see Fig. 1.3) are delivered by VTT for inter-
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leaved gamma emission and high-energy X-ray transmission imaging of

irradiated intact test devices extracted from the reactor or its vicinity (e.g.

ADELINE). The weight of the test devices supported by the UGXR benches

range up to 500 kilograms and the height up to 6.5 meters. One of the

UGXR benches is installed in the reactor pool for experiments on short-

lived isotopes or for quick measurements, and the other in the storage

pool of the auxiliary building for long measurements such as tomogra-

phy examinations. The gamma and X-ray measurements utilize a shared

collimation feedthrough located in the pool wall at a depth of approxi-

mately 4.2 meters, which offers the advantage of being able to perform

both measurements without having to extract the test device from the

imaging bench. [68]

The HGXR benches are installed in the hot cells located in the auxil-

iary building (see Fig. 1.1) for studying the experimental samples after

removal from the test devices [61]. In addition, an NDE bench for axial

neutron radiography of the experimental samples is being designed by

CEA based on the experience obtained in the existing OSIRIS reactor. The

sensitivity of neutronograms to light nuclei is expected to provide valu-

able additional information [68].

In addition to the large mass and dimensions of the test devices and

requirements for mechanical precision, the design specifications of the

measurement benches are further complicated by requirements for earth-

quake resistance. This dictates that the vertical supporting structure of

the UGXR benches must be as light as possible. Furthermore, the under-

water mechanics must resist corrosion while enabling both rotation and

displacement of a tall and heavy test device with respect to the collimated

feedthrough [23, 68]. Due to these demanding and conflicting design re-

quirements, the mechanics involved in rotating and displacing the mea-

sured test device are expected to be the most significant potential source

of error degrading the spatial resolution of the measurements. The re-

quired rotational tolerance has been estimated to be ±2 arc seconds (ap-

prox. 0.00056◦), and identified early on as a crucial specification. This

design requirement has been addressed by a SCARA rotation mechanism

based on the chosen subcontractor’s experience in, e.g., radiotelescopes.

As a further preemptive measure, the motion estimation capability pre-

sented in Chap. 6 was developed and incorporated in ARTEMIS.

The X-ray accelerator source used in the UGXR transmission imaging is

specified to provide a flux of 5 Gy/min at a distance of 1 m with a focal

8
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spot size of 0.5 mm. The source is located in the out-of-pile section outside

the pool. A high-resolution X-ray detector is immersed in the pool inside a

sealed container positioned on the pool feedthrough collimation axis. Ini-

tial feasibility studies involving an innovative GaAs semiconductor X-ray

detector were performed by VTT, but the design is planned to be replaced

by a solution based on a 2-D scintillator matrix connected to a CMOS de-

tector matrix by adjoining optical fibers. Based on preliminary analysis

on alternative CMOS sensor materials by CEA, the theoretical spatial res-

olution is expected to be of the order of 6–8 line pairs per mm (lpmm) with

a source-to-image distance of 2830 mm, which is in line with the spatial

resolution goal of sub-100 microns. [68]

The gamma measurements in the energy range of interest 500–1600 keV

are performed using a gamma detector placed in the out-of-pile section

outside the pool resulting in a source-to-image distance of 1600 mm. It

is a cryoelectrically cooled coaxial high-purity Ge detector with 5–50 mm

copper screens and the Ge crystals positioned perpendicularly to the FOV

axis based on MCNP simulations [10]. The opposite measurement direc-

tion compared to the high-energy X-ray measurements serve to separate

the generated X-ray flux from the gamma rays emitted by the sample. The

dual gamma pre- and post-collimator (200 mm of Densimet, a Tungsten-

based alloy) apertures are designed to be remotely motor-driven and me-

chanically interchangeable for various combinations associated with dif-

ferent examinations representing gamma tomography and axial gamma

scanning. The pre-collimator is planned to contain seven slits and the

post-collimator six slits in addition to the six copper screens [68]

In addition to the dual gamma collimators, biological protection (a min-

imum of 600 mm of steel in the concrete pool wall feedthrough and 100–

200 mm lead encasing of the detector) is used to reduce the operator dose

to the level of 25 μSv/h. The anticipated maximum gamma activity of ap-

prox 2×1012 Bq/mm corresponds to a high-burn-up MOX rod pre-irradiated

in a PWR up to 120 GWd/t and re-irradiated in the JHR equivalent to 180

days at a 400 W/cm of fission power involving over 100 fission products.

The allowed duration of the gamma examination of a 1 mm high ADELINE

fuel sample is set at 430 seconds. [68]

Before the constructed NDE facilities at JHR are operational, the in-

strumentation and developed methods are tested and qualified at other

research facilities of CEA. The CINPHONIE irradiation cell at the CHI-

CADE facility enables testing high-energy X-ray imaging methods on, e.g.,

9
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spent nuclear fuel containers cast in concrete with the mass of the speci-

mens ranging up to 5 tons, which again poses challenges on the mechan-

ical accuracy of the imaging equipment [23]. The underwater mechanical

equipment can be tested in the CESARINE pool located at the TOTEM fa-

cility [68].

1.2 Computed tomography

The non-invasive material studies at JHR are based on the principle of

computed tomography (CT), where a cross-sectional image of the object is

formed from a set of measurements representing spatial integrals across

a two- or three-dimensional distribution.

The theoretical foundations of computed tomography reconstruction date

back 100 years and lie in the seminal work by J. Radon [66] on determin-

ing the value of a function from its line integrals, with the continuous

transform yielding the line integrals of a function known as the Radon

transform. The backprojection operation, which is central to all modern

reconstruction algorithms, was described in a German patent applica-

tion in 1940 by G. Frank, and independently invented by W. Oldendorf

in 1961. In the field of astronomy, D. Bracewell described the Fourier

reconstruction method in 1956 [7]. Other notable advances in the field

include D. Kuhl’s first emission CT reconstruction in 1959, an emission CT

scanner (the Mark II) in 1964, and a transmission CT reconstruction in

1965; description of the backprojection operation and A. M. Cormack’s

reconstruction algorithm in the early 1960s [17]; and the famous first

commercial medical CT scanner developed by G. N. Hounsfield [34] at the

EMI laboratory in 1968–1971, with the first clinical head CT scan made in

1971 [27,91]. After the first commercial transmission CT scanner, interest

towards the modality grew rapidly with many of the still applied recon-

struction algorithms published already in the early 1970s [29,31,67,83].

In transmission tomography, the function being estimated from its line

integrals, is the linear attenuation coefficient representing the radiographic

density of an object. The available measurements represent the detected

intensity of the radiation that has traveled through the examined object

and the corresponding continuous distribution of its total linear attenua-

tion coefficients. The goal is then to estimate the values of this attenua-

tion distribution at given points in space to represent the structure of the

object. The connection between the measured attenuated intensity values

10
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and the line integrals across the image lattice approximated in practice by

linear sums can be made based on the approximately exponential attenu-

ation of electromagnetic radiation as a function of the traveled distance in

a substance. The logarithm function can be used to ‘linearize’ the inten-

sity measurements and transform the measured values into approximate

integral values of the attenuation distribution based on the initial inten-

sity of the radiation.

1.3 Tomography reconstruction problem

Computed tomography is based on representing the continuous linear at-

tenuation coefficient on a discrete basis, e.g., a regular rectangular lattice

spanning the observed domain. The continuous integrals are then ap-

proximated by weighted sums of the attenuation function’s average value

within each element along the path of integration. These weights rep-

resent the spatial overlap of the ray integration path with each element

of the discretized domain, and the tomography forward problem repre-

senting the spatial ray integral sums across the discretized domain then

assumes the form of a linear system

Ax+n= b , (1.1)

where each row 〈ai, x〉 + ni = bi, i = 1, . . . , M, corresponds to a single ray

integral across the attenuation distribution x ∈ {0 ∪ R+}N discretized on

a lattice of N basis functions. In CT, the system is typically overdeter-

mined, i.e. M > N, as recognized by Hounsfield [34]. If refraction and

diffraction effects are ignored, the elements of the non-negative system

matrix A ∈ [0,1]M×N express the distance-compensated fractional spatial

overlap of the ray envelopes and the basis functions. In practice both the

radiation source and detector elements have finite dimensions, which ef-

fectively replaces the line integrals by volume integrals. The sinogram

vector b ∈ {0 ∪ R+}M contains the measured ray integral values, and the

residual vector n= b−Ax, later referred to as system noise, expresses the

discrepancy of the computed and measured sinograms resulting from, e.g.,

discretization in terms of a limited N, detector noise and shortcomings of

the assumed ray propagation model.

Although simple in its form and (with M ≥ N) an approximate solution

minimizing the residual ‖b− Ax‖2 in the LMS sense is formally given by
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the minimum-norm estimate

x+ = A+b = (ATA
)−1AT b , (1.2)

where A+ = (ATA
)−1 AT, with M ≥ N, is the Moore-Penrose pseudoinverse

of the system matrix, the numerical methods applicable to inverting Eq.

(1.1) to estimate the attenuation distribution x are in practice limited by

the sheer dimensions of the problem. For example, in a simple 2-D re-

construction experiment presented in Chapter 3 the number of rays M

ranges from approximately 1.4×104 to 8.8×106, and the number of image

elements N is approximately 1×106. In a modern 3-D CBCT scanner, the

system matrix dimensions might be of the order M, N ≈ 2×108. Directly

inverting a linear system of this size is simply not feasible by today’s stan-

dards even though the system matrix A is typically very sparse with only

a fraction of its elements being non-zero.

Practical tomography reconstruction algorithms

In practice, all applied tomography reconstruction algorithms are founded

on the concept of backprojection, which in a sense corresponds to the in-

verse operation of the spatial ray integrals. Whereas in a discretized for-

ward projection operation corresponding to a single ray integral, i.e. a

single row of A, the scalar values of the elements along the path of a

given ray envelope are multiplied by the corresponding relative spatial

intersections with the ray and summed to produce the value of the ray in-

tegral, in the backprojection operation along the same path a given scalar

value is ‘smeared’, i.e. distributed to the same intersected elements. Done

consistently, after the backprojection operation has been performed, the

change in the ray integral value obtained as a result of the discrete for-

ward projection operation should match the values that were assigned to

the elements in the backprojection operation.

The scalar values that are being backprojected along a set of ray in-

tegrals depend on the applied reconstruction algorithm. The nature of

the numerical operation, however, remains unchanged. The simple back-

projection reconstruction algorithm implemented by Oldendorf in early

1960s backprojected the values of the ray integrals as such, which re-

sults in a blurred version of the attenuation distribution. The reason for

this can be qualitatively understood based on the central or Fourier slice

theorem [43], which states that the frequency content of each projected

view consisting of parallel path integrals fixes the frequency content of
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the image in the direction perpendicular to lines of projection, and vice

versa. Backprojecting a finite set of views produces a result, whose fre-

quency content is fixed only along the angles of projection corresponding

to the views. With a finite amount of views, the frequency content of the

produced image becomes inversely proportional to the frequency, as the

frequency contents of the image are represented by diverging radial lines

in the frequency space.

The first reconstruction algorithms that approximated a consistent re-

sult relied on the Fourier method [7] (also known among other names

by the backprojection of filtration, BPF), where the frequency-attenuating

property of the backprojection operation is compensated by amplifying

the frequency contents of the backprojected image in proportion to the

frequency in the frequency space. By computing the frequency contents

of the backprojected image by means of the Fourier transform, amplifying

the frequency contents proportionally to the frequency, and computing

the image corresponding to the obtained weighted frequency contents by

means of the inverse Fourier transform produces an approximation of the

sought-for attenuation distribution.

Due to the symmetric nature of the central slice theorem, another viable

reconstruction method corresponds to weighting the frequency contents

of the projected views before the backprojection operation, a reconstruc-

tion algorithm known as the filtered backprojection (FBP) or the convo-

lution method [8, 67]. While the frequency weighting can be efficiently

performed using a numerical implementation of the Fourier transform,

other methods exist [43]. Regardless of the details of implementation,

the filtered backprojection algorithm has become the de facto industry

standard mainly due to its computational efficiency: the estimate of the

distribution can be obtained by backprojecting each measured view only

once.

Another approach to solving the distribution x is in a sense more intu-

itive, as it relies on iterative methods for solving a large set of linear equa-

tions that typically approximate the minimum-norm estimate formally

given by (1.2). Such methods have been presented since the 1930s [16,40],

with many of them having a direct counterpart among the reconstruction

algorithms proposed since the 1970s that have become synonymous with

algebraic or iterative reconstruction algorithms [29,31]. An algebraic ap-

proach was also the chosen reconstruction method of G. N. Hounsfield in

his pioneer work on the first commercial transmission CT scanner [34].
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To compensate for problems related to imperfect or missing data, an

active area of tomography reconstruction algorithm research since the

1990s [24, 41] has been the concept of regularization. In this approach,

the distance measure between Ax and b that is sought to be minimized

in order to maximize the goodness of fit between the distribution estimate

x and the measurements b is balanced by other terms that typically de-

scribe the spatial continuity and smoothness of the distribution estimate

x. The rationale is that by minimizing solely the distance between the

measurements and the projected views Ax with the available estimate of

the system matrix, the resulting estimate of the distribution is unsatis-

factory due to effects such as noise in the measurements (as represented

by n in Eq. (1.1)), shortcomings of the system model A compared to the

physical propagation of radiation in the imaged object, and numerical in-

accuracy and mutual inconsistency of the projection and backprojection

operations. These are furthermore accumulated in iterative algorithms

due to the repeatedly applied projection operations.

Other aspects related to iterative reconstruction algorithms include, e.g.,

the amount of ray integral measurements simultaneously enforced to up-

date the distribution estimate—ranging from one ray at a time [31] to one

view at a time [2], few views at a time [21, 35], or all views simultane-

ously [29]—the fraction or relaxation of the algebraic correction applied

to the distribution estimate, the proportionality of the backprojection op-

eration to the fractional intersection of the ray envelopes and the ele-

ments representing the distribution [2, 31], the order in which the views

are accessed [35], and the additivity or multiplicativity of the residual

term [31, 80]. From the perspective of the numerical implementation of

a reconstruction algorithm—a fundamental aspect of computed tomogra-

phy, which by definition refers to obtaining the distribution estimate by

means of numerical algorithms run on a computer—however, all of these

amount to relatively simple and minor changes affecting the logic of a

reconstruction algorithm.

1.4 Contributions and structure of the presented work

The paradigm adopted in this work is that the numerical accuracy and

consistency of the projection operations affecting the geometric accuracy

of the system model are fundamental to the reconstruction algorithm re-

gardless of its type (algebraic or analytic) or other factors that are used
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to distinguish algorithms from one another. (typically corresponding to a

specific acronym such as ART [31], MART [31], SART [2], SIRT [29], MLEM

[80], OSEM [35], PWLS [24] etc.) Furthermore, in iterative algorithms a

significant part of the computational cost is incurred by the projection

operations, especially in non-regularized algorithms the vast majority,

which poses challenges to the computational efficiency of the projector

routines.

With the geometric correspondence between the system model and the

physical reality relying on the estimate of the view-specific projection ge-

ometry, another aspect investigated and contributed to by this work is a

means of optimizing the mutual geometric consistency of the measure-

ments: if the estimate of the projection geometry ultimately determining

the trajectories of the ray integrals differs significantly from the actual

projection geometry during the acquisition of the views, the distribution

cannot be reliably estimated regardless of how accurate the projection op-

erations technically are or how sophisticated the reconstruction algorithm

is.

Although several portions of the presented work, including the com-

puted tomography reconstruction program ARTEMIS, are related to itera-

tive reconstruction algorithms, analytic reconstruction algorithms repre-

sented by both FBP and BPF are demonstrated to benefit from and depend

on the accuracy of the projection method. It is considered a shortcoming

of textbooks discussing the topic of computed tomography that the sig-

nificance of the projection algorithms to the computational pipeline com-

prising a reconstruction algorithm is practically omitted in favor of other

factors listed above.

It is noted that although the context of the performed work is JHR, some

of the presented contributions or demonstrations are of broader inter-

est and not directly related to currently known JHR-specific applications,

e.g., the observations regarding the row-iterative and block-iterative algo-

rithms in Chapter 4 or the prior model-weighted backprojection scheme

in Chapter 5 with the presented studies reflecting limited-view tomogra-

phy. Also, despite the fact that the envisioned material studies at JHR

involve both transmission and emission tomography—as reflected by the

acronym ARTEMIS—the available image material during the work was bi-

ased towards transmission tomography. This is evident in the presented

simulation studies with the image material consisting only of transmis-

sion tomography data. It is, however, emphasized that the presented
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REF_DENS phantom REF_SPAT phantom

MADISON phantom ADELINE 140La homogeneous

Figure 1.4 Examples of JHR-related tomography image data available during the work.
The ADELINE image represents emission tomography data and all others
transmission tomography data. All reconstructions have been computed us-
ing ARTEMIS.

methods and the associated benefits are by no means limited to transmis-

sion tomography, although the diffuse characteristics and coarse spatial

resolution of the available emission tomography data favored demonstrat-

ing the developed methods using transmission tomography data. Exam-

ples of available JHR-related image phantoms are shown in Fig. 1.4. The

REF_DENS phantom is intended for density resolution measurement2, the

REF_SPAT phantom for spatial resolution measurement and the MADISON

phantom contains several test charts for measuring both density and spa-

tial resolution. The ADELINE phantom example is a homogeneous emis-

sion distribution representing the activity of 140La in a sample.

Tomography reconstruction program ARTEMIS

The theoretical and practical contributions presented in this thesis were

devised during the development of the tomography reconstruction pro-

gram ARTEMIS presented in Chapter 2, which reflects the views expressed

2The radial artefacts arise from the sparse sinogram with only 72 views.
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above regarding the importance of the projection operations and the geo-

metric consistency of the measurements.

With the construction of JHR only begun when this work was started

and the tomography experiment instrumentation still under development

by VTT and other collaborators, it was considered essential to make the

program as flexible as possible regarding the positioning and shape of

the projected views. An initial emphasis was also given to iterative re-

construction algorithms due to their greater flexibility, and with the pos-

sible incorporation of analytic reconstruction algorithms requiring only

isolated additions to the framework of the reconstruction program in the

form of the ramp filtering [67], no opportunities were effectively ruled out

as demonstrated by the numerous FBP reconstructions computed using

ARTEMIS from pre-filtered sinogram data.

Regarding the context of the research work, the non-destructive mate-

rial examination at JHR, for which the main contribution is the motion

estimation algorithm presented in Chap. 6, the presented application-

specific data are limited to simulated transmission tomography measure-

ments representing the MADISON test device provided by CEA. As illus-

trated by Fig. 1.4, the MADISON phantom contains several test charts and

its geometric saliency was considered appropriate for the demonstrations.

Excerpts from the user’s manual of ARTEMIS are included in Appendix

A to further illustrate the practical capabilities of the program and the

extent of the performed work.

Complementary computation technique for areas-of-intersection
in a Cartesian lattice

In a classic ‘textbook approach’ to tomographic image reconstruction, the

numerical implementation of the projection operations is an area that is

given relatively little attention [11, 33, 43], and a leap is quickly made

from what the elements of the system matrix represent in theory, and how

they are approximated in practice. In contrast, what are called different

reconstruction algorithms (e.g., ART [31], SART [2], SIRT [29], FBP [67],

OS-EM) are typically given more emphasis.

At the onset of the presented work, it was hypothesized that the projec-

tion operations, which are common to any type of projection-based image

reconstruction algorithm, are a fundamental contributing factor to the

attainable image quality, and that omissions at this stage cannot be com-

pensated in later stages of the algorithm. The main contribution to the
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geometric accuracy of the spatial integration operations is conveyed by

the exact area-of-intersection integration method on a rectangular lattice

presented in Chapter 3.

Consistency and system matrix-dependency of row- and
block-iterative backprojection operations

The view-iterative reconstruction algorithm SART (Simultaneous Alge-

braic Reconstruction Technique) [2, 3] proposed over 30 years ago as an

improvement to the row-action ray-iterative algorithm ART (Algebraic Re-

construction Technique) [31,40] has been generally accepted as a superior

approach and found its place in classic textbooks on the topic [33, 43, 57].

The claimed superiority of the SART algorithm has been attributed to its

block-iterative nature and the details of the algorithm left to heuristic

arguments related to the uniformity of the reconstructed image [2].

In Chapter 4, it is shown by simple examples that the block-iterative

nature of the SART algorithm requires its backprojection operations to be

binarily proportional to the system matrix entries—the fractional spatial

overlap of the projected rays and the discrete image elements—in order

for the operation to be translation-invariant, and that due to this prop-

erty the SART algorithm is less sensitive to the spatial accuracy of the nu-

merically implemented projection operations, which explains its generally

accepted superiority with commonplace approximate implementations of

the spatial ray integrals. If this requirement is not met, the values as-

signed to image elements intersected by the borders of ray envelopes with

disjunct compact supports will be undermined. Conversely, it is shown

that a row-action algorithm such as ART requires the backprojection op-

erations to be linearly proportional to the system matrix entries or hyper-

intense artefacts will appear on the ray borders.

Moreover, it is demonstrated that with a geometrically accurate projec-

tor algorithm such as the one presented in Chapter 3, the row-action ART

algorithm produces results that are fully on par with the SART algorithm,

which is in contrast to the generally accepted view since the inception of

ART and sought to be circumvented by various measures before SART and

its descendants such as the OS algorithm [35] was introduced.
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Prior image and system matrix-weighted spatially selective
backprojection in iterative reconstruction

Inspired by the observations regarding the difference in the spatial weight-

ing of the backprojection operations in ART and SART algorithms pre-

sented in Chapter 4, as well as an early discussion with Dr. Martti Kalke

in 2008, a generalization of a weighted backprojection operation is pre-

sented in Chapter 5.

The presented approach incorporates a dependency on both the system

matrix and a prior image model to allow a spatially adaptive backprojec-

tion operation. Being based on the same projector as the forward projec-

tion operation and ensuring that after the backprojection of a given value,

the corresponding change in the forward-projected value is the same, a

consistent formulation is given for a spatially anisotropic backprojection.

While partially addressing similar goals as certain regularization meth-

ods [13, 41], the proposed approach also enables a spatial localization of

the backprojection operation, of which an example was incorporated in the

original formulation of SART, and more recently studied independently in

laminography [30,72,73,85].

While the principle is demonstrated for limited-view iterative recon-

struction utilizing a SART-like approach [3], like several other contribu-

tions in this thesis it is directly applicable to analytic methods, e.g., for

constraining the filtered backprojection operation in lateral regions of the

reconstructed domain to suppress artefacts.

Projection geometry optimization by residual minimization with
respect to the minimum-norm estimate

A fundamental assumption in solving a tomographic reconstruction prob-

lem is that the imaging geometry consisting of the source and detector po-

sitions is known sufficiently accurately and that the measurements orig-

inate from a static distribution so that the measurements are consistent

and can be combined without introducing excessive error. Despite the

best efforts, an unknown motion can alter the image acquisition geome-

try from the assumed form and consequently degrade the reconstructed

image quality even prohibitively [44, 86]. While external markers can be

used to determine the deviation from the assumed position and to com-

pensate for the motion-induced perturbation, an ideal solution to retro-

spective motion correction would arguably be based solely on the con-

tents of the measured sinogram and the estimated projection geometry.
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The latter is typically based on attempting to maximize the coherence

of the measurements as a function of a corrective geometric transforma-

tion [51,75,94].

The contribution with likely the most practical value is an algorithm

for estimating an unknown motion of the studied specimen during the

tomographic measurement, which improves the geometric consistency of

the system model A. The method is formulated based on minimizing the

distance between the realized projected views Ax and the measurements

b. By defining an intermediate estimate of the distribution x as an ap-

proximation of the minimum-norm estimate (1.2), x+ given by a SART-

like reconstruction algorithm [39], a theoretical justification for the ob-

served convergence of the algorithm is outlined based on the relation-

ship of the observed residual and measures representing the unknown

geometry-related error.

The algorithm is demonstrated to yield practically perfect results with

noiseless sinogram data and simulated motion patterns consisting of a

random view-specific shift from the assumed position. With indepen-

dently simulated data corresponding to the intended JHR-specific appli-

cation in terms of both sinogram noise and the magnitude of the geomet-

ric perturbation, results surpassing the resolution goals set by CEA are

obtained. The devised method presented in Chapter 6 is included in the

delivered version of ARTEMIS.

Goals of the work

The overall broadly stated initial goal of the work was to develop state-

of-the-art tomography reconstruction methods yielding the best possible

image quality for the material-testing reactor JHR. Based the initial con-

siderations of the author, the early work focused on devising a geometri-

cally accurate 2-D projection algorithm in a free-form projection geometry.

During the second half of the work, an additional goal was set to inves-

tigate the feasibility of retrospective tomography geometry correction for-

mulated by CEA as a shift-like error in the tomography center-of-rotation.

A stated objective was to reach a spatial resolution of 100 μm in even in

the presence of a geometric error of mechanical origin.
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2. Tomography reconstruction
program ARTEMIS

The framework in which all presented theoretical contributions were de-

vised, is the development of the tomography reconstruction software titled

ARTEMIS (Algebraic Reconstruction for Transmission and Emission Imag-

ing) in 2009–2016 under commission from VTT Technical Research Cen-

tre of Finland. The purpose of the work was to investigate, develop and

demonstrate the feasibility of state-of-the-art tomography reconstruction

methods for use at the Jules Horowitz material testing reactor.

From the beginning, the founding principle was to achieve both flex-

ibility as well as numerical accuracy. To this end, a free-form projec-

tion geometry was considered essential with a special emphasis put on

implementing the projection and backprojection operations when the de-

velopment began in 2009. This decision was based on the observation

that all reconstruction algorithms relied on the same projection (including

backprojection) operations, and from the perspective of implementation,

the differences between so-called reconstruction algorithms, e.g., ART and

MART [31], SART [2], and MLEM [80] were practically negligible, amount-

ing only to a few switch statements controlling how the residual term was

computed and how often it was backprojected to the image array in iter-

ative algorithms. Even for so-called analytic reconstruction methods, the

FBP and BPF [67, 83], the exact same backprojection routines would be

used regardless of whether one was backprojecting an algebraic residual

or a (filtered) radiograph, as illustrated by the experiments in Chapter 3.

As a testament to the early goals set and decisions made in designing

ARTEMIS, the ultimate goal of implementing a motion estimation and cor-

rection functionality was made possible by the developed reconstruction

framework, and was included in the final version 3.0 delivered in Au-

gust 2016, which has been commercially licensed to CEA at the time of

writing.
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It was also considered noteworthy, how little attention was paid to the

practical implementation of the projection operations in classic textbooks

on the subject [11, 33, 43]. It was then decided that in order to be able to

assess the performance of, e.g., different reconstruction algorithms, one

should be able to eliminate the effect of any inaccuracies in the projection

operations. This principle has been adopted in the experiments presented

in Chapters 4–6.

Version 1.0 of the software was written from scratch in FORTRAN 90 in

2009. In 2010, version 2.0 of ARTEMIS was developed, which incorpo-

rated additional flexibility regarding the projection geometry, an opera-

tion mode for simulating forward problems, and added the area integra-

tion method presented in Chapter 3. In 2013–2014, the work continued

with investigating the feasibility of a data-driven motion correction algo-

rithm presented in Chapter 6. As a result, the observed algebraic residual

was proposed as a cost function for maximizing the geometric correspon-

dence of the views comprising a sinogram. The purpose of ARTEMIS 3.0

developed in 2016 was to implement the devised motion correction al-

gorithm and functionality as well as implement the required auxiliary

routines, especially minimization, permitting a commercial licensing of

the final, release version of the software, which consists of approximately

7000 lines of source code.

Related work

To put the contributions of ARTEMIS into the perspective of related work,

a comparison is made to three notable reconstruction codes, SNARK [18],

ASPIRE [25,26] and MODHERATO [63].

The reconstruction framework titled SNARK has been developed practi-

cally as long as the field of computed tomography has existed, with the

first version of SNARK written by Richard Gordon in 1970 [18]. Sub-

sequent versions have included SNARK77, SNARK89, SNARK93, SNARK05,

SNARK09, and the at the time writing current version SNARK14. The early

versions were written in FORTRAN and the latest versions as of SNARK05

in C++. In comparison to the latest version of SNARK, features lack-

ing from ARTEMIS include any beam hardening correction for polychro-

matic X-ray projection data, support for other types of image elements

than rectangular voxels or pixels (with, e.g., blobs [48] supported since

SNARK05) as well as any capabilities for generating phantoms or any ded-
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icated software architecture incorporating user-defined algorithms. On

the other hand, ARTEMIS includes a native support for 3-D reconstruc-

tions, true area integration for both parallel and diverging beams (SNARK

includes a strip integral approximation for parallel beams based on line

integration [18]), and a rigid motion estimation for the projection geome-

try. Granted, the purposes and goals of the two pieces of software are quite

different: SNARK is mainly intended to be a reconstruction algorithm test-

ing platform for research purposes that enables user-implemented mod-

ules, whereas ARTEMIS is indented to produce high-quality reconstruc-

tions using a limited selection of reconstruction algorithms.

The reconstruction software ASPIRE has evolved from a 2-D to a 3-D

version [25, 26]. The 2-D version ASPIRE 3.0 uses a precomputed sys-

tem matrix stored in a sparse format corresponding to a linear system of

the form (1.1). It also enables incorporating the attenuation effects into

the system matrix for SPECT reconstruction. The available reconstruction

methods include both regularized, e.g. Penalized Weighted Least Squares

(PWLS) [24], and non-regularized algorithms, e.g., OSEM [35]. Of note, AS-

PIRE 3.0 also contains a strip, i.e. area integration possibility in a parallel

beam geometry, which is recommended to be used. The same integration

method is used to approximate area integration in a diverging fan-beam

geometry [25]. The 3-D version ASPIRE includes several system models

enabling both precomputed (when applicable given the dimensions of the

problem) and on-the-fly computed system matrices [26]. The strengths of

ASPIRE include an emphasis on various statistical reconstruction methods

as well as regularization, and compared to ARTEMIS, the contributions are

clearly focused on the reconstruction algorithms, including regularization,

and their convergence speed, whereas ARTEMIS relies on simpler iterative

algorithms, but puts emphasis on the geometric accuracy in terms of the

projection operations as well as the motion correction functionality.

MODHERATO (Modélisation Haute Energie pour la Radiographie et la

Tomographie), a simulation and tomography reconstruction code [63] de-

veloped for purposes of non-destructive testing at CEA in Cadarache,

France, is based on the Monte Carlo code MCNP [10] run in electron–

photon mode. The purpose of MODHERATO is to provide both simulation

of high-energy X-ray and gamma ray radiographs as well as reconstruct

the attenuation distribution from projection measurements. It enables

simulating several physical effects related to the imaging, e.g., statisti-

cal noise, geometric blurring due to a dimensional source, and a limited
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dynamic range in the detection of photons [63]. Compared to ARTEMIS,

the purpose and strengths of MODHERATO are clearly related to the accu-

rate physical simulation of X-ray propagation using sophisticated Monte

Carlo methods. It also enables constructing complex phantoms for simu-

lation, and has been used in developing the tomographic non-destructive

examination capabilities of the JHR [68].

It can be seen that all of the mentioned tomography reconstruction codes

have distinct strengths over others: SNARK enables the users to test and

implement different reconstruction algorithms on a 2-D platform, ASPIRE

contains a large variety of both regularized and non-regularized algo-

rithms with an emphasis on statistical methods, and MODHERATO en-

ables simulating and incorporating a physically accurate system model.

Compared to the three, ARTEMIS focuses on the geometric flexibility as

well as accuracy in terms of both implementation of the projection oper-

ations and estimating an unknown error in the projection geometry esti-

mate.

2.1 Features and usage

The capabilities and usage of ARTEMIS 3.0 are described in this chap-

ter, with detailed information provided in the partial user’s manual of

ARTEMIS included as Appendix A.

Features of the release version ARTEMIS 3.0

At the time of delivery, ARTEMIS provides all of the features and function-

alities that were deemed to be required in the originally planned specifica-

tions. The program also includes several features that exceed the design

requirements, but which may be found useful as the program is taken into

use, such as cropping features for the output reconstruction FOV, etc. The

features of the release version include:

• Projection geometry modeled in fully 3-D format, with a 2-D recon-

struction geometry implemented as a degenerate case of a 3-D ge-

ometry (with one of the i jk dimensions defined to be unit-valued)

• Projection operations implemented using exact area integration (in

2-D) presented in Chapter 3 or nearest neighbor approximation of

line integration; all computations in the projection operations are

performed in double precision
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• Arbitrary projection geometry with flat, curved and point detector

supported; dimensional source supported in 2-D with the area inte-

gration method

• Available iterative reconstruction algorithms: SART [2], SIRT [29],

MLEM [80]

• Attenuation correction in emission tomography using an external

attenuation distribution image

• Estimation and correction of view-specific rigid motion based on min-

imizing the residual w.r.t. an approximation of the minimum-norm

estimate obtained as a SART or SIRT reconstruction, as presented in

Chapter 6

• User-configurable image output in several standard numerical pre-

cisions, e.g., int, uint, float and double

The program enables performing transmission and emission computed to-

mography reconstruction in an arbitrary rectangular field-of-view (FOV)

using an arbitrary 3-D projection geometry. The 1-D and 2-D cases are in-

cluded as degenerate special cases. All of the reconstruction parameters

can be adjusted independently in a very flexible manner, and all of the

input parameters are given using a dedicated input file format, following

the standard practice in programs used in nuclear research. The struc-

ture of the input and reconstruction-related routines makes it possible to

add more features, such as new input parameters or new reconstruction

update schemes.

Depending on the chosen mode of operation in the input file, the output

data can consist of, e.g. a raw binary file containing the reconstructed

image or forward projected sinogram, or projection-specific rigid trans-

formation parameters corresponding to the estimated motion during the

projection image acquisition.

It is noted that with the available emission tomography data being lim-

ited during the performed work, the emission tomography-specific fea-

tures of ARTEMIS are limited to standard approaches including the MLEM

algorithm and applying an external attenuation model.

Additional experimental features

The following additional experimental features have been developed dur-

ing the work on ARTEMIS, with several of them included in this work as
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theoretical contributions or demonstrations:

• Projection operations implemented with line integration resembling

the method of Siddon [82]

• Projection operations implemented with volume integration by a 3-

D generalization of the complementary area integration method pre-

sented in Chapter 3

• Backprojection of the residual weighted by a prior model image, as

described in Chapter 5

• Simple backprojection enabling an FBP reconstruction [67] with an

externally pre-filtered sinogram, or a BPF reconstruction [83] with

an external filtering of the resulting laminogram

Input file format

ARTEMIS is run from the command line, with the file path of a dedicated

text-format input file given as the only argument. All parameters specify-

ing, e.g., the input projection data, parameters related to the reconstruc-

tion and motion correction, and output data, are given in the input file

with a simple keyword-based syntax. The simple input file structure also

makes it straightforward to, e.g., generate input files for running batch

computations. The complete structure of the input file is described in

Section A.1, but to briefly illustrate the input file format, the parameters

affecting the reconstructed FOV are:

FOV_CENTER = 0.0 0.0 0.0

FOV_SIZE = 300.0 300.0 300.0

FOV_ELEMENT_SIZE = 1.0 1.0 1.0

FOV_BASIS = 1.0 0.0 0.0, 0.0 1.0 0.0, 1.0 0.0 1.0

FOV_BASIS_ROTATION = 0.0 0.0 0.0

FOV_ELLIPSE_CROP_AXIS = 3

ADJUST_OUTPUT_FOV = Y

OUTPUT_FOV_CENTER = 0.0 0.0 0.0

OUTPUT_FOV_SIZE = 200.0 200.0 200.0

OUTPUT_ELLIPSE_CROP_AXIS = 3

The example parameters listed above define a 300×300×300 volume cen-

tered at the origin, with its i jk vector basis coinciding with the Cartesian

xyz basis vectors
{

ı̂, ĵ, k̂
}

. The voxel basis is not rotated, but a circular

cropping of the reconstruction FOV is performed along the k axis, and the
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final output file is further cropped to the dimensions 200×200×200 with

an additional circular cropping.

Projection and reconstruction image file format

Of the raw binary file formats in ARTEMIS, the projection and recon-

struction image file formats are the simplest, with no header fields but

only the values stored with a constant field length. Both projection im-

ages and the reconstruction are stored as a 3-D volumetric variable with

the i dimension running the fastest and the k dimensions the slowest.

Two-dimensional variables (both sinograms and reconstructions) are sup-

ported as degenerate special case with unit k dimensions. Both integer

and floating point data types are supported for the image files.

The same simple image file type applies also to a possible attenuation

model image used for emission tomography, a possible initialization im-

age for iterative reconstruction, and the backprojection prior image (see

Chapter 5), with the same dimensions required as for the reconstruction

image variable.

Projection geometry file format

While generating the text-format input files is simple, preparing the pro-

jection geometry file is more involved, and arguably the most complicated

data preparation step for running ARTEMIS. Due to the fact that ARTEMIS

supports a free-form projection geometry that may even consist of arbi-

trary point-to-point ray integral measurements, the projection geometry

file has a dedicated binary format instead of being a text file to reduce

the file size for complex geometries. The projection geometry file format

is described in detail in Section A.2, with an overview presented here.

Details on mapping the projection geometry to the image index space are

presented in Section 2.3.

The projection geometry files begin with two header fields (10 integer

values followed by 12 floating point values) followed by the projection ge-

ometry description for each measurement (view). The first integer-valued

header field specifies the floating point data type of the geometry file (both

float32 and float64 are supported), the amount of projection images and

their dimensions (in elements), the dimensions of the detector (in ele-

ments), and the corresponding dimensions of the (real in transmission to-

mography or effective in emission tomography) source position grid. The
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second floating point-valued header field specifies the physical dimensions

and pitch of the source (focal point) and detector elements as well as the

possible curvature of the detector and/or the source position grid. In emis-

sion tomography, defining, e.g., a curved source grid enables controlling

the border of the emission source distribution based on prior knowledge.

The parametrization of a curved source or detector is described in Sec-

tion 2.2.

The structure of the geometry definitions following the header fields con-

sists of 18 floating point values per measurement. This structure enables

defining piecewise projection measurements with the dimensions of the

detector being smaller than the final projection image. A simple exam-

ple might be the measurement of a 2-D projection image using a 1-D line

detector that is moved along a given trajectory to measure the entire pro-

jection image. The geometry description for each measurement location

contains the center as well as the vertical and horizontal basis vectors for

both the source and the detector, with all points and vectors defined as

3-D xyz values in the reference coordinate system.

Due to requirements posed by FORTRAN for variable field length binary

files, each binary data field in the projection geometry is preceded and fol-

lowed by the length of the field expressed in bytes. This must be handled

in generating the geometry file, e.g., using MATLAB.

Transformation parameter file format

A dedicated raw binary file format is used for storing the rigid transfor-

mation parameters output by ARTEMIS in the motion correction operation

mode. In addition to the 6 rigid transformation parameters (3-D trans-

lation and 3-D rotation), the file contains the value of the cost function

(residual with respect to the reference reconstruction, see Chapter 6) and

the amount of cost function evaluations required for convergence in the

Nelder-Mead simplex minimization algorithm [58].

With the rigid transformation performed in a projection-specific rotating

frame of reference (see Chapter 6 for details), the rigid transformation

parameters are defined as:

1. Longitudinal translation,

2. Lateral translation,

3. Perpendicular translation (in 3-D),
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4. Rotation around the longitudinal axis (roll, in 3-D),

5. Rotation around the lateral axis (pitch, in 3-D),

6. Rotation around the perpendicular axis (yaw),

with translation expressed in the reference units (typically millimeters)

and rotation in degrees. The applicability of the different degrees-of-

freedom depends on if a 3-D or a 2-D image is used as a reference. In

a two-dimensional case only three of the six possible degrees-of-freedom

are applicable.

2.2 Detector geometry parametrization

The geometric flexibility of ARTEMIS is founded on a free-form projection

geometry that supports a point, a linear and a planar detector. For dimen-

sional detectors, both flat and curved shapes are supported.

For both the source and detector grid, the representation of each mea-

surement is of the form: {
c(p)

ab , u(p)
ab , v(p)

ab , κ
}

,

where the superscript p ∈ {1,2, . . . , Np
}

refers to a single Ni × Nj projec-

tion image and the subscripts ab ∈ {1,2, . . . , Na
}×{1,2, . . . , Nb

}
are used

to indicate a possibly piecewise measurement of each projection image,

c(p)
ab ∈R3×1 contains the 3-D coordinates of the center of the grid lattice sur-

face, either the source or the detector, and
{

u(p)
ab , v(p)

ab

} ∈ R3×1 contain the

tangential vectors at this location, whose directions match those of the el-

ements’ sides and lengths are equal to the corresponding pitch values, i.e.

the distance between the centers of adjacent elements in the lattice, and

κ ∈ R2×1 contains the horizontal and vertical curvature values defined as

the reciprocals of the corresponding curvature radii, with a positive sign

chosen to indicate a convex curvature as seen from the source or more gen-

erally the midpoint of the ray. In principle the curvature could also be de-

pendent on the projection image p and possibly piecewise measurements

ab, but a realistic assumption is that the shape of the source or detector is

the same for each measurement. The projection geometry is represented

in the reference xyz coordinate frame with the units expressed, e.g., in

millimeters.

This form is chosen to enable representing both regular and periodic

as well as arbitrary shapes for the source and the detector with dimen-
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sions Nu × Nv. The amount of measurement locations is then given by

Na = Ni / Nu and Nb = Nj / Nv. Examples of detector shapes that can be

represented in this manner, ranging from simple to more complicated de-

tector shapes to measure a 2-D projection image, include:

• Rectangular flat panel detector (Na = Nb = 1, κ= 0, 〈u(p), v(p)〉 = 0)

• Cylindrical panel detector (Na = Nb = 1, κi = 0, κ j > 0)

• Vertical line detector (Na = Ni, Nb = 1, κi = 0)

• Point detector (Na = Ni, Nb = Nj)

Different source shapes can be represented in an equal manner. In

transmission tomography the most common case is a point source, and

in emission tomography, where the effective sources are determined by

the collimator, the dimensions of the source are generally the same as for

the detector. By combining a point source with a point detector, a fully

arbitrary projection geometry can be represented as a set of single ray

integral measurements, whose number is equal to the total number of el-

ements in the set of projection images. Other complicated geometries that

can be represented in this manner include a panel detector, whose dimen-

sions are an integer fraction of the projection image dimensions Ni ×Nj.

It should be noted that the possible regularity and periodicity of the

source and detector geometries does not apply to the projection angles or

directions. No regularity is assumed in general for the projection direc-

tions, but regular geometries, e.g., equispaced angles can be expressed

implicitly with corresponding values of the measurement centers c(p)
ab and

basis vectors
{

u(p)
ab , v(p)

ab

}
.

Representation of flat planar source or detector geometry

For a flat surface with dimensions Nu ×Nv and its center is located at c(p)
ab

and tangential basis vectors u(p)
ab and v(p)

ab , the coordinates of the (center

of the) element with indices (u, v)= (i mod Nu, j mod Nv
)

can be computed

from

x(p)
ab (u,v)= c(p)

ab +
(

u− Nu +1
2

)
u(p)

ab +
(

v− Nv +1
2

)
v(p)

ab . (2.1)

Representation of curved planar source or detector geometry

Defining the curvature using separate values for vertical and horizontal

curvature results in a toroidal surface shape. Both cylindrical and flat
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surfaces as well as curved or rectilinear lines represent special cases of

the toroidal surface, with either or both curvature values being equal to

zero and possibly one of the dimensions equal to one.

The position on a toroidal surface can be parameterized with two an-

gles denoted by α (rotation with respect to the horizontal plane) and β

(rotation with respect to a vertical plane along the iso-ray). If the origin

of the coordinate system is located at the center of curvature of the hor-

izontal direction, i.e. corresponding to κv, and the center of the detector

corresponding to u = cu = (Nu +1)/2 and v = cv = (Nv +1)/2, i.e. α= β= 0, is

located at (κ−1
v , 0 , 0)T, a torus with the major axis R = κ−1

v −κ−1
u and minor

axis r = κ−1
u can be represented parametrically in the form

x(α,β)=

⎡
⎢⎢⎢⎢⎢⎣
κ−1

v cosβ+κ−1
u (cosα−1)cosβ

κ−1
v sinβ+κ−1

u (cosα−1)sinβ

κ−1
u sinα

⎤
⎥⎥⎥⎥⎥⎦ . (2.2)

For a toroidal surface consisting of finite elements, the rotation angles for

the element at indices (u, v) are obtained from the solid angles subtended

by the element pitch values:

α(u) =
(

Nu +1
2

−u
) ‖u(p)

ab ‖
r

= (cu −u)‖u(p)
ab ‖κu , u ∈ [1, Nu] , (2.3)

β(v) =
(

Nv +1
2

−v
) ‖v(p)

ab ‖
R+ r

= (cv −v)‖v(p)
ab ‖κv , v ∈ [1, Nv] , (2.4)

as the angular steps between consecutive elements correspond to ‖u(p)
ab ‖κu

and ‖v(p)
ab ‖κv, respectively. Inserting these expressions for α and β into

(2.2) allows us to compute the coordinates of the center of the element

(u,v) of a curved detector or source grid.

For an arbitrarily positioned and oriented toroidal surface with its cen-

ter is located at c(p)
ab and the corresponding tangential basis vectors u(p)

ab

and v(p)
ab , we have the representation

x(p)
ab (α,β)= c(p)

ab +Bproj

⎡
⎢⎢⎢⎢⎢⎣
κ−1

v
(
cosβ−1

)+κ−1
u (cosα−1)cosβ

κ−1
v sinβ+κ−1

u (cosα−1)sinβ

κ−1
u sinα

⎤
⎥⎥⎥⎥⎥⎦ , (2.5)

where

Bproj =−
[
û(p)

ab × v̂(p)
ab v̂(p)

ab û(p)
ab

]
is the projection matrix making the vector

[
0, 0, −1

]T parallel to

û(p)
ab = ‖u(p)

ab ‖−1 u(p)
ab and the vector

[
0, −1, 0

]T parallel to v̂(p)
ab = ‖v(p)

ab ‖−1 v(p)
ab .
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This follows simply from moving the center of the toroidal surface of (2.2)

along the x axis to the origin, projecting it with Bproj, and then moving

its center to c(p)
ab . Again, using (2.3)–(2.4) to obtain the values for α(u)

and β(v), we can determine the coordinates for the element (u, v) of the

projection image defined by
{

c(p)
ab , u(p)

ab , v(p)
ab , κ

}
.

For a flat surface with zero curvature κ = 0, which effectively corre-

sponds to the linear approximations sin x ≈ x and cos x ≈ 1 for both α and β,

i.e. to very small rotation angles compared to the radii of curvature, Eq.

(2.5) is reduced to

x(p)
ab (u,v) = c(p)

ab −
[
û(p)

ab × v̂(p)
ab v̂(p)

ab û(p)
ab

]
⎡
⎢⎢⎢⎢⎢⎣

0

(cv −v)‖v(p)
ab‖

(cu −u)‖u(p)
ab‖

⎤
⎥⎥⎥⎥⎥⎦

= c(p)
ab + (u− cu)u(p)

ab + (v− cv)v(p)
ab ,

i.e. the form of a flat plane represented by (2.1).

Similarly we have for a cylindrical surface with, e.g., κu = 0 correspond-

ing to the linear approximations sinα≈α and cosα≈ 1:

x(p)
ab (u,v) = c(p)

ab −
[
û(p)

ab × v̂(p)
ab v̂(p)

ab û(p)
ab

]
⎡
⎢⎢⎢⎢⎢⎣
κ−1

v
(
cosβ−1

)
κ−1

v sinβ

(cu −u)‖u(p)
ab‖

⎤
⎥⎥⎥⎥⎥⎦

= c(p)
ab −κ−1

v ŵ(p)
ab −κ−1

v

(
sinβ v̂(p)

ab +cosβ ŵ(p)
ab

)
+ (u− cu)u(p)

ab ,

i.e. a cylinder with the radius κ−1
v and centered at c(p)

ab −κ−1
v ŵ(p)

ab , where

ŵ(p)
ab = û(p)

ab × v̂(p)
ab .

2.3 Projection geometry mapping to image coordinate frame

In ARTEMIS, the geometry of the reconstruction domain is represented in

the reference xyz coordinate frame as{
orec , xrec , yrec , zrec

}
,

where orec is the origin (corner) of the reconstruction, and

Brec =
[
xrec , yrec , zrec

]
forms the vector basis of the reconstruction FOV corresponding to the xyz

voxel basis of the reconstruction. The lengths of the basis vectors are
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equal to the sides of the reconstruction elements, i.e. the pitch of the re-

constructed images is assumed to match the element size corresponding

to no gaps between the image planes. The orthogonality of the basis vec-

tors is not assumed, only their linear independence to make the basis

invertible.

In the projection routines of ARTEMIS, the index coordinate system of

the reconstruction is used as the frame of reference. The projection geom-

etry is projected from the xyz laboratory coordinate frame onto this i jk

coordinate system using the linear transformation 1

x′
proj = B−1

rec
(
xproj − orec

)
,

a′
proj = B−1

rec aproj,

where xproj represents any 3-D point and aproj any 3-D vector, i.e. a dif-

ference of two 3-D points, orec is the origin of the reconstruction and B−1
rec

is the inverse of the reconstruction’s coordinate basis vectors, all given in

the reference xyz laboratory coordinate frame.

The appropriate transformations mapping the projection image geome-

try to the index coordinate frame are therefore

c′(p)
ab = B−1

rec
(
c(p)

ab − orec
)
, (2.6)

u′(p)
ab = B−1

rec u(p)
ab , (2.7)

v′(p)
ab = B−1

rec v(p)
ab , (2.8)

and also for the unit vectors

û′(p)
ab = B−1

rec û(p)
ab , (2.9)

v̂′(p)
ab = B−1

rec v̂(p)
ab , (2.10)

ŵ′(p)
ab = (û(p)

ab × v̂(p)
ab

)′ =B−1
rec
(
û(p)

ab × v̂(p)
ab

)
. (2.11)

The effect of this projection is to transform the projection geometry to

the coordinate frame of the reconstruction and the units to the reconstruc-

tion image element indices. This results in a highly efficient implemen-

tation of the projection operations as the projection geometry is then ex-

pressed in the i jk index coordinate frame of the reconstruction and each

1The primed variables are used here to denote values represented on the fixed
image frame of reference. In Chapter 6, primed variables are used to denote a
view-specific rotating frame of reference.
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image plane and element has integer-valued coordinates. The resulting

coordinate system is also isotropic.

For a flat planar geometry we now have for the end points of the ray in

the reconstruction index coordinate frame:

x′(p)
ab (u,v)= c′(p)

ab +
(

u− Nu +1
2

)
u′(p)

ab +
(

v− Nv +1
2

)
v′(p)

ab ,

and correspondingly for a curved toroidal geometry:

x′(p)
ab (α,β)= c′(p)

ab +B′
proj

⎡
⎢⎢⎢⎢⎢⎣
κ−1

v
(
cosβ−1

)+κ−1
u (cosα−1)cosβ

κ−1
v sinβ+κ−1

u (cosα−1)sinβ

κ−1
u sinα

⎤
⎥⎥⎥⎥⎥⎦ ,

where

B′
proj =B−1

rec Bproj =−
[
ŵ′(p)

ab v̂′(p)
ab û′(p)

ab

]
and the dependency of the rotation angles α,β on the detector indices (u, v)

is given by (2.3) and (2.4).

This means that after mapping the projection geometry variables in Eqs.

(2.6)–(2.11) to the index coordinate frame of the reconstruction, the end

points of the rays can be computed directly using the mapped variables.
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3. Complementary computation
technique for areas-of-intersection
in a Cartesian lattice

Estimating the volumes-of-intersection (areas in 2-D) of a ray beam and

an array of basis functions representing an image forms the backbone of

standard tomography reconstruction algorithms and also has applications

in inter-dimensional registration and image rendering. In tomography

reconstruction, a forward projection operation in its simplest form takes

into account only the geometric factors and assumes a linear propaga-

tion of monoenergetic radiation, giving rise to the standard Radon trans-

form. Higher order phenomena, such as scattering effects and nonuniform

changes to a polyenergetic radiation spectrum, require additional con-

siderations. Despite the apparent simplicity, computing the volumes-of-

intersection accurately for an arbitrary ray beam geometry forms a chal-

lenging problem, and typically approximations relying on interpolation or

line integration have been used. The latter can be readily implemented

with the well-known Siddon method [82]. They can, however, give rise to

significant artefacts especially in a diverging ray beam geometry.

With state-of-the-art image quality at JHR being the ultimate goal set

at the beginning of developing ARTEMIS, the attention was quickly turned

to the prospect of improving the spatial integration method used for the

projection and backprojection operations. The limitations related to ray-

casting, a line integration method, became apparent in high-resolution

images, where the line approximation of the rays no longer remained

valid. Ordinarily, the limitations of a line integration projector can be ac-

knowledged and the image acquisition as well as the reconstruction geom-

etry can be adapted to ensure staying within the applicability boundaries.

With JHR, however, the uncertainty related to the final imaging protocol,

e.g., in terms of detector pitch and amount of views, suggested aiming at

a projection method that would remain consistent with any imaging pa-

rameters. It was also hypothesized that with a suitable approach, a geo-
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metrically accurate projector would not necessarily prohibitively increase

the computational cost.

The area integration method described in this chapter was developed

and implemented for version 2.0 of ARTEMIS in 2010, which fulfilled one

the original goals. While dedicated approaches utilizing, e.g., rotational

symmetries and specialized basis functions, are certainly interesting, a

generic, straightforward analytical spatial integration technique for a Car-

tesian lattice appears to be lacking from the literature discussed in the

following section. The presented, conceptually simple approach based on

a complementary integration principle is therefore argued to fill a void in

this area.

The experiments presented in Section 3.3 demonstrate the applicability

of the areas-of-intersection-based projector to practically arbitrary detec-

tor and FOV element sizes. Comparison to a length-of-intersection pro-

jector demonstrates the narrow applicability of the line integral approx-

imation, which is exaggerated by a BPF reconstruction. Moreover, the

additional computational cost of the proposed complementary area inte-

gration method is argued to be insignificant considering the benefits. In

research use, the exclusion of projection-related artefacts, the effect of

other reconstruction parameters and algorithms can be reliably observed.

Related work

Due to the potential for image quality improvement in tomography, sev-

eral approaches for two- and three-dimensional integration of the volumes-

of-intersection have been proposed. These can be roughly divided in com-

putationally efficient and reasonably accurate [19, 53, 71, 74], or compu-

tationally involved but highly accurate [69,70,81,93] projection methods.

The first group consists typically of voxel-driven approaches incorporat-

ing an approximation of the image elements’ footprints in the planes of

projection, and the second group of Monte Carlo methods [1, 49], where

a statistical sampling is harnessed to compute the spatial integrals. A

third approach is to simplify the spatial integrals by using perspective-

independent, radially symmetric image basis functions [48], or exploit

symmetries in the system matrix resulting from using wedge-shaped ba-

sis functions [12]. There are also measurement-based approaches for es-

timating the PSF of the system and further the system matrix [60].

In many publications the expressed motivation for improving the accu-

racy of the projection operations is related to iterative reconstruction al-
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gorithms [53,71,96], where the effects of inaccurate forward and backpro-

jection operations are typically amplified as the iteration progresses. The

publications from early 1990s [71,96] were inspired by the contemporary

interest towards suitable stopping criteria for iterative algorithms. In ad-

dition to algorithms relying on online (on-the-fly) computation of parts of

the system matrix during the reconstruction process, there have also been

experiments with offline computation and storage of the system matrix,

which has the potential to benefit especially iterative methods, where the

system matrix needs to be accessed repeatedly [55, 59]. The trade-off is

the enormous memory requirements being of the order of tens to hundreds

of gigabytes, or even terabytes depending on the dimensions and possible

symmetries of the tomography problem.

Despite the interest in geometrically accurate projection methods, there

have been only a few publications on geometrically exact spatial integra-

tion methods for computing the volumes-of-intersection [52,69,70,81,93],

with all of the mentioned references except [52] focusing on the 3-D case.

Although a few other references exist, where projectors based on 2-D area

integration are cited, the integration method is either based on an ap-

proximate pixel-driven footprint-approach [71, 78], or the details of the

implementation are omitted [96].

The authors of [81] describe a method based on decomposing the 3-D in-

tersections into tetrahedrons, whose volume is analytically computed and

summed to give the volume-of-intersection. Scheins et al. [69] describe an

exact but relatively complex volume integration method for a 3-D cone-

beam geometry. The details of the implementation are omitted and only

the principle is presented. The projection algorithm consists of an offline

computation of the system matrix by modeling the conical rays as struc-

tured polygons intersected by the edges of the voxels. The intersection

polygons are explicitly formed and their volume computed by analytical

integration of the resulting piecewise linear polygonal cross-sections. Yao

and Leszczynski [93] also present an exact 3-D integration method, which

is based on the projections of the volume elements to the detector planes.

To illustrate the scarce attention that the practical discrete implemen-

tation of the projection operations is paid, in a classic ‘textbook’ treatment

of tomography reconstruction, a single page out of hundreds is devoted to

the actual discretization of the projection operation, and even then limit-

ing the discussion to the simplest line integral approximation of nearest

neighbor interpolation [11].
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Algorithm 1 Outline of the complementary algorithm for computing the system matrix
row vector a of a single ray beam and a Cartesian lattice.

1 function a = COMPUTE AREAS-OF-INTERSECTION(beam geometry, grid basis, grid

dimensions)

2 System matrix row a ← 0

3 Map the beam geometry description to the grid basis

4 Check if the beam edges intersect the FOV

5 Determine the effective vertical direction of traversal

6 Determine the range of intersected horizontal slabs

7 for Horizontal slabs intersected by the beam do

8 Determine the horizontal range of intersected elements

9 for Intersected elements do

10 Area-of-intersection a ← 1

11 for Both ray beam edges do

12 if Element intersected by the edge then

13 if Lateral element then

14 Compute and subtract the rectangular area from a

15 end if

16 Compute and subtract the trapezoidal area from a

17 end if

18 end for

19 Apply distance weighting to a

20 Store the value of a in a

21 end for

22 end for

23 end function

3.1 Complementary area-of-intersection integration algorithm

A straightforward and readily implementable spatial integration method

with a computational complexity of the same order as for a Siddon-type [82]

line integration method is presented next. The complementary integra-

tion principle significantly simplifies the possible shapes of the integrated

areas—reducing them to trapezoids or rectangles in the two-dimensional

case—and the principle is generalizable to three-dimensional volumes-of-

intersection unlike, e.g., the early strip integration method of Lo [52].

The proposed complementary algorithm for computing the areas-of-in-

tersection of a ray beam and a Cartesian lattice consisting of rectangular

disjoint elements is outlined in Algorithm 1, and the steps of the algo-

rithm are described in the following subsections. As its output, the algo-

rithm gives the areas-of-intersection represented as a row vector corre-

sponding to a single row of the overall system matrix A for a set of rays.
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Ray and FOV parametrization

The incident ray beam is parameterized by its origin and the tangen-

tial and side-normal vectors of its two edges denoted {xsrc,k ; tk; nk}, ‖tk‖ =
‖nk‖ = 1, k ∈ {1,2}, respectively, as illustrated in Fig. 3.1. The side-normals

can be obtained from the tangential vectors by applying Gram-Schmidt:

nk � (xk,ε− x3−k,ε)−
〈
xk,ε− x3−k,ε, tk

〉
tk , k ∈ {1,2} ,

where xk,ε = xsrc,k + ε tk and 0 < ε<ωmax is a positive ray-length parameter

smaller than the permitted maximum value ωmax corresponding to the

extent of the ray, which satisfies ωmax ≥ SID.

The Cartesian FOV grid is assumed to have the dimensions Ni ×Nj and

the basis {oxy, ixy, jxy}, where oxy denotes the origin, and ixy ⊥ jxy the ba-

sis vectors of the grid. The lengths ‖ixy‖,‖ jxy‖ of the basis vectors are

assumed to be equal to the dimensions of the grid elements, so that the

coordinates of the element (i, j) are given by x(i, j)= oxy + i ixy + j jxy.

Mapping of ray geometry onto grid basis

In a similar manner as in Section 2.3, a point xxy of the xy coordinate

frame can be mapped onto the image grid basis by

x=B−1
xy
(
xxy − oxy

)
, (3.1)

where Bxy =
[
ixy, jxy

]
denotes the grid basis represented as a 2-by-2 ma-

trix, and the elements of the resulting vector x represent the index values

corresponding to the weights of the basis vectors {ixy, jxy}. For a vector

vxy, the mapping is v = B−1
xy vxy. After the mapping, the grid basis effec-

tively becomes {0, i, j}, where i = [1, 0]T, j = [0, 1]T, which simplifies the

computations. These relations are assumed to hold from here on.

Ray-FOV intersection detection

After the projection (3.1) onto the grid basis after which the coordinate

system corresponds to the grid indices, it is checked if the edges of the in-

cident ray intersect the FOV. This is done by a ray-box intersection detec-

tion, which is based on inspecting the ray-length parameters at the min-

max corners of the FOV extending diagonally from its origin [82]. With
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x2(ω2) = xsrc,2 + ω2 t2 x(ω) = xsrc + ωt

Figure 3.1 Ray parametrization for area and line integration.

the definitions

ωFOV
1,k =

(1
2

(
i+ j

)− xsrc,k

)
./ tk ,

ωFOV
2,k =

((
Ni + 1

2

)
i+
(

Nj + 1
2

)
j− xsrc,k

)
./ tk ,

ωFOV
min,k =

[
min

{
ωFOV

1,k (1), ωFOV
2,k (1)

}
, min

{
ωFOV

1,k (2), ωFOV
2,k (2)

}]T
,

ωFOV
max,k =

[
max

{
ωFOV

1,k
(1), ωFOV

2,k
(1)}, max

{
ωFOV

1,k
(2), ωFOV

2,k
(2)}]T

,

where “./” denotes an element-wise division of vectors, the ray-length

parameters of the ray’s kth edge at the entry and exit points of the FOV

are given by

ωFOV
in,k = min

{
max

{
0, ωFOV

min,k
(1), ωFOV

min,k
(2)}, ωmax

}
, (3.2)

ωFOV
out,k = max

{
min

{
ωmax, ωFOV

max,k
(1), ωFOV

max,k
(2)}, 0

}
, (3.3)

respectively. For the ray envelope to intersect the grid, it must hold

ωFOV
out,k > ωFOV

in,k for at least one of the edges. The special case, where nei-

ther edge intersects the FOV because it is enclosed by the ray beam, is

omitted as irrelevant.

Effective direction of traversal

If the ray envelope intersects the FOV, the algorithm proceeds by defining

the effective tangential vector as the unit-normalized average

teff = (t1 + t2) /‖t1 + t2‖ ,

and using this to determine the indices of the effective horizontal and

vertical dimensions:

ieff ↔ min
{|〈teff, i〉|, |〈teff, j〉|} , (3.4)

jeff ↔ max
{|〈teff, i〉|, |〈teff, j〉|} (3.5)
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with ∪{ieff, jeff}= {1,2}.

The purpose of this step is to ensure that the region intersected by the

ray envelope can be meaningfully accessed one horizontal slab at a time,

as assumed in the overall complementary integration approach. The ef-

fective basis is then defined {ieff, jeff} = {B(ieff),B( jeff)}, with the superscripts

referring to columns of the basis matrix, and the effective dimensions

Nieff ×Njeff of the grid are obtained correspondingly from {Ni, Nj}.

Range of slabs intersected by the beam

Using the weights (3.2) and (3.3), the intersections of the ray edges k ∈
{1,2} and the FOV border are given by

xFOV
in,k = xsrc,k +ωFOV

in,k tk ,

xFOV
out,k = xsrc,k +ωFOV

out,k tk .

Denoting the sign of the ray envelope’s effective tangential vector’s effec-

tive y component

S j = sgn
(
t( jeff)
e
) ∈ {−1,1} ,

and using a MATLAB-like notation for a sequence, the set of nk slabs in-

tersected by the kth ray edge can be written

{
jk,n
}nk

n=1 =
{⌊

xFOV
in,k

( jeff)
⌉

: S j :
⌊

xFOV
out,k

( jeff)
⌉}

, (3.6)

where � ·� denotes rounding to the nearest integer value. Taking the union

of the two sets corresponding to the ray edges, the set of slabs { jn} inter-

sected by the ray envelope is obtained and can be accessed one-by-one in

the order of ray traversal.

Elements intersected within each slab

Denoting yn = jn +S j/2, where jn = j1 +S j(n−1) indexes the union of the

intersected slabs, the tentative entry and exit points of the kth ray edge

into and out of nth slab are given by

x(ieff)
in,k = x(ieff)

src,k +sgn
(
t(ieff)
k

)∣∣∣(yn−1 − x( jeff)
src,k

)
t(ieff)
k / t( jeff)

k

∣∣∣ ,

x(ieff)
out,k = x(ieff)

src,k +sgn
(
t(ieff)
k

)∣∣∣(yn − x( jeff)
src,k

)
t(ieff)
k / t( jeff)

k

∣∣∣ .

The absolute values and the sign of t(ieff)
k serve to ensure the correct han-

dling of a fan-beam ray envelope, whose edge is parallel to the ieff plane 1,

1Possible for a fan-beam with AOV ≥ 90◦
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resulting in both entry and exit points at infinity. The horizontal bound-

ing boxes in the nth slab can then be established for the ray edges and the

ray envelope:

xmin,k = max
{

min
{

x(ieff)
in,k , x(ieff)

out,k

}
,

1
2

}
,

xmax,k = min
{

max
{

x(ieff)
in,k , x(ieff)

out,k

}
, Nieff +

1
2

}
,

xmin = min
k∈{1,2}

{
xmin,k

}
,

xmax = max
k∈{1,2}

{
xmax,k

}
,

and the sets of elements spanned by these bounding boxes are obtained

by simple rounding to integer values,

{
ik,m

}mk

m=1 = {⌊xmin,k
⌉

:
⌊
xmax,k

⌉}
, (3.7)

{im} = {�xmin� : �xmax�} . (3.8)

The integration bounds for the ray edges within the slab finally consist of

the minimum and maximum x coordinates (again, in the index coordinate

system) and the element boundaries in-between:

{
xk,m

}mk

m=0 =
{

xmin,k;
{

ik,m + 1
2

}mk−1

m=1
; xmax,k

}
. (3.9)

Complementary integration principle

For computing the areas-of-intersection, they are initialized to unity cor-

responding to each element intersected by the beam in the slab, {im}:

a(im) �→ 1, and subtractive update operations are then performed for the

elements intersected by the ray edges. The complementary areas to be

subtracted are either trapezoids (including triangles as a special case)

spanned by the horizontal boundaries of the element slabs and the ray

edges, or rectangles corresponding to the areas falling outside the ray en-

velope in the first and last elements intersected by the ray edges, as illus-

trated in Fig. 3.2. The update operations for both types of complementary

regions are described next.

Trapezoidal complementary regions

To compute the heights hk,m of the complementary trapezoids at the ele-

ment boundaries
{

xk,m
}mk−1

m=1 given by (3.9), the effective y coordinates of

the ray edge at those boundaries are first computed:

yk,m = x( jeff)
src,k +

(
xk,m − x(ieff)

src,k

)
t( jeff)
k / t(ieff)

k .
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Figure 3.2 Two examples illustrating the complementary trapezoidal (triangular as a
special case) and rectangular regions in a beam-slab intersection.

The heights {hk,m}mk
m=1 of the trapezoids at the integration bounds are then

given by

hk,m = S j S j,k

(
jn +

S j,k

2
− yk,m

)
, (3.10)

where the sign function

S j,k = sgn
〈

jeff, nk
〉 ∈ {−1,0,1} (3.11)

is used to determine the proper integration direction. If S j,k = 0, which

corresponds to a vertical ray edge, no trapezoidal complementary areas

exist, and the height computation can be omitted, but is in any case cor-

rectly handled by the definition (3.11). The areas {Ak,m}mk
m=1 of the com-

plementary trapezoids located between the ray edges and the horizontal

boundaries of the current slab are then given by

Ak,m = 1
2

(
xk,m − xk,m−1

)(
hk,m +hk,m−1

)
, (3.12)

and the areas-of-intersection for the corresponding elements in the slab

can be updated by subtracting these from the initial values:

a(ik,m) �→ a(ik,m) − Ak,m .

Rectangular complementary regions

For handling the complementary rectangles at the first and last element

intersected by each edge, the sign function

Si,k = sgn
〈
ieff, nk

〉 ∈ {−1,0,1} (3.13)
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Figure 3.3 Approximate distance weighting in a diverging fan-beam geometry.

is defined. In a similar manner as for the trapezoidal regions and vertical

edges, Si,k = 0 corresponds to a horizontal edge for which no rectangular

complementary area exists, and this case can be omitted. Assuming that

|Si,k| = 1, the index

nend,k =
1
2

(
Si,k +3

) ∈{1,2
}

can be defined to point to the correct end of the element slab for the kth

ray edge:

iend,k ··= (nend,k)th element of
[
ik,1 , ik,mk

]T
xend,k ··= (nend,k)th element of

[
xmin,k , xmax,k

]T
and the complementary rectangular area is given by

Aend,k = Si,k

(
iend,k +

Si,k

2
− xend,k

)
. (3.14)

The final values for the areas-of-intersection are then obtained by sub-

tracting these from the intermediate values:

a(iend,k) �→ a(iend,k) − Aend,k .

Notice that apart from the shorthand index nend,k, the case Si,k = 0 is again

correctly handled by the definitions (3.13) and (3.14), yielding a vanishing

complementary rectangle.

Distance weighting

With non-parallel ray edges, a distance-based weighting must be per-

formed, as for a diverging fan-beam, the intensity of the radiation is in-

versely proportional to the distance. The distance weighting corresponds

to dividing the areas-of-intersection by the width of the fan-beam perpen-

dicular to teff. For simplicity, the average width of the fan-beam within
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each horizontal slab illustrated in Fig. 3.3 is used for the distance weight-

ing:

a(im) �→ a(im)

wslab,⊥
, (3.15)

where

wslab,⊥ = 1
2

(
win,⊥+wout,⊥

)= 1
2

(
win +wout

)
cos∠

(
teff, jeff

)
,

corresponding to the linear dependency of the beam width within the slab,

and

win = |xin,2 − xin,1| = ‖xin,2 − xin,1‖ ,

wout = |xout,2 − xout,1| = ‖xout,2 − xout,1‖ .

This reasonable approximation for the distance weighting can be ex-

pected to introduce a negligible error for typical fan-beam angles and el-

ement sizes. An exact distance-weighting would require performing the

integration along the direction of teff, which would negate the simplicity

achieved with the slab-based complementary approach. It should be noted

that the distance weighting has no effect in a parallel beam geometry with

constant beam widths.

3.2 Extension to volumes-of-intersection in 3-D Geometry

Unlike the strip-integration method proposed by Lo [52], the proposed

complementary integration principle is readily generalizable to three di-

mensions. In this case the problem is to compute the volumes-of-intersec-

tion of a volumetric, pyramid-shaped beam and a rectangular grid con-

sisting of voxels. The 3-D generalization is briefly described next for com-

pleteness. It is noted that it was not included in the final release version

3.0 of ARTEMIS due to the implementation being only just finished with-

out extensive testing. With the geometry of the reconstruction problems

at JHR being two-dimensional, the area-of-intersection projector was con-

sidered sufficient at the time.

The added degree-of-freedom also introduces significant complexity trans-

lating to computational cost due to the geometric primitive corresponding

to the trapezoids in the 2-D case becoming prisms, whose base is formed

by a polygon and is no longer restricted to be aligned with the Cartesian

lattice basis.

The area of the base is a polygon that can be computed, e.g., by sorting

the nodes of the polygon in a clockwise order. The volume of a truncated
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Algorithm 2 Outline of the complementary algorithm for computing the volumes-of-
intersection of a single ray beam and a 3-D Cartesian lattice.

1 function a = COMPUTE VOLUMES-OF-INTERSECTION (beam geometry, grid basis,

grid dimensions)

2 System matrix row a ← 0

3 Map the beam geometry description to the grid basis

4 Check if the beam edges intersect the FOV

5 Determine the effective vertical direction of traversal

6 Determine the range of intersected horizontal slabs

7 for Horizontal slabs intersected by the beam do

8 Determine the 2-D range of intersected elements

9 for Intersected elements do

10 Volume-of-intersection a ← 1

11 for All ray beam faces do

12 if Element intersected by the face then

13 if Boundary element then

14 Compute and subtract the volume of the prism from a

15 end if

16 Compute and subtract the volume of the truncated prism from a

17 end if

18 end for

19 Apply distance weighting to a

20 Store the value of a in a

21 end for

22 end for

23 end function

prism is then readily given by multiplying the area of its base by the

average height of the prism’s vertical edges, which is analogous to the

area of a trapezoid.
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3.3 Simulation studies

To demonstrate the consistency of the proposed and implemented area-

based projection method, the following experiments were performed for

both fan-beam and parallel beam geometry descriptions using area inte-

gration (proposed algorithm) and line integration (raycasting):

• Single-view backprojection of summed ray-pixel intersections on a

grid with different detector pitch values

• Single-view backprojection corresponding to a unit-valued constant

distribution on a grid with different detector pitch values at two in-

cident angles

• Projection-backprojection cycle of an image phantom with different

detector pitch and FOV resolution values as well as reconstruction

algorithms

• High-resolution local FBP reconstruction with different pixel sizes

from a sinogram simulated with MODHERATO [63].

For the first two single-view experiments, two incident angles (0◦ and 45◦)

were used for the fan-beam geometry, and only the latter for the parallel

beam geometry. The associated computational cost was measured for the

forward projection part in the third experiment.

The last experiment demonstrates the potential of the accurate projec-

tion method to extract detailed information from a densely measured sino-

gram, represented here by a simulated sinogram of the MADISON test de-

vice computed with MODHERATO [63]. Although simulated, the physical

characteristics of the sinogram closely resemble measured data in terms

of resolution and noise. The MADISON phantom itself is presented in de-

tail in Chapter 6 (see Fig. 6.5).

It is noted that especially the third experiment involving the BPF recon-

struction method was chosen to explicitly emphasize any inconsistency in

the projector. The presented projection-backprojection cycle with the ap-

plied reconstruction methods therefore represents a “worst case scenario”,

and is not intended to represent a practical situation. Both integration

methods are, however, put through the same projection–backprojection

loop and a fair comparison can be made.
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Table 3.1 Geometric parameters of the projection experiments. Repeated values are
denoted by a dash. All measures are relative to the nominal FOV size.

Fan-beam geometry Parallel beam geometry

Phantom dimensions 5120×5120 —
Field-of-view (FOV) 256 mm —
FOV element size 0.05 mm —
Source-to-center distance (SCD) 1024 mm —
Image-to-center distance (ICD) 512 mm —
Detector width 384 mm 256 mm
Sinogram AOV 360◦ 180◦

Sinogram dims. 1 (rays×views) 3072×2880 —
Detector pitch 1 0.125 mm 0.083 mm
Angular step 1 0.125◦ 0.0625◦

Sinogram dimensions 2 1536×1440 —
Detector pitch 2 0.25 mm 0.167 mm
Angular step 2 0.25◦ 0.125◦

Sinogram dimensions 3 768×720 —
Detector pitch 3 0.5 mm 0.333 mm
Angular 3 step 0.5◦ 0.25◦

Sinogram dimensions 4 384×360 —
Detector pitch 4 1.0 mm 0.667 mm
Angular step 4 1.0◦ 0.5◦

Image material and reconstruction methods

The fan-beam and parallel beam projection geometry descriptions for the

unit and Shepp-Logan distributions were generated using the parameters

in Table 3.1. For the projection-backprojection cycle experiments, a two-

dimensional Shepp-Logan phantom [79] with the value range [0,1] and

dimensions 5120 × 5120 was generated with the function phantom of MAT-

LAB. All related sinograms were computed from this reference phantom

by forward projection operations. Assuming a nominal length a = 256 mm

for sides of the phantom, this corresponds to an element size of 0.05 mm,

and all reported measures are relative to this scale. The phantom and

its sinograms computed for the backprojection experiment are shown in

Fig. 3.4.

For the experiments involving a single-view backprojection, a Cartesian

grid with dimensions 512×512 and a nominal element size of 0.5 mm

was used. For the detector dimensions 768×1 and 384×1, the geometric

parameters correspond to the cases 3 and 4 in Table 3.1. As the spars-

est case, an additional detector size 192×1 corresponding to a nominal

pitch and element size of 2.0 mm for the fan-beam geometry and 1.33 mm

for the parallel beam geometry was defined. The backprojection was per-

formed using the SART algorithm according to (4.7).

For computing the FBP reconstructions [67,79] of the Shepp-Logan phan-
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Reference phantom Fan-beam geometry Parallel beam geometry

Figure 3.4 The Shepp-Logan reference phantom and its fan-beam and parallel beam
sinograms (dimensions 1536×1440 shown).

tom in the projection-backprojection experiments, the sinograms computed

from the reference phantom were ramp-filtered with Hann windowing [15],

then synchronously (comparable to the SIRT update in iterative algorithms)

backprojected to a 1024×1024 grid with a nominal element size of 0.25 mm,

and finally shifted and scaled to make the intensity range [0,1].2 The

corresponding BPF [54, 83] reconstructions were generated by first com-

puting the laminogram by synchronously backprojecting the unfiltered

sinograms to a Cartesian grid padded to the dimensions 2048×2048 with

a nominal element size of 0.25 mm, then applying ramp filtering with

Hann windowing, then cropping the dimensions to 1024×1024 to match

the FOV of the FBP reconstructions, and finally again intensity shifted and

scaled to the range [0,1].

In the last experiment, four different pixel sizes in the range 5–40 μm

were used with the detector pixel size being 30 μm. The sinograms pro-

vided by CEA were ramp-filtered without any apodization function for

maximum sharpness in the reconstructions. A synchronous backprojec-

tion was again performed. The reconstructed details represent two dif-

ferent UO2 pellets in the MADISON test device. With the diameter of the

steel shell of the entire test device being 62 mm, the diameter of the zirco-

nium shell of the reconstructed pellets is 9.6–10 mm. The diameter of the

reconstructed FOV was chosen to be 0.2 mm larger to contain the entire

pellet.

All experiments were performed using ARTEMIS, with the program exe-

cutable compiled using Intel Fortran (v. 11.1). All experiments were com-

puted on a Fujitsu Celsius W530 workstation with four dual-core Intel

Xeon E3-1230 processors running at 3.30 GHz, 16 GB of RAM, and 64-bit

Windows 7 Enterprise as the operating system.

2As the ramp filtering destroys the DC component of the sinogram [43]
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3.4 Results

Single-view backprojection

The backprojection results for the single-view experiments are presented

in Fig. 3.5. The ray sparsity-related projection artefacts are evident in the

summed length-of-intersections for the line integration approximation all

the way up to 768 rays per view. In the backprojection results, the aliasing

artefact patterns [76] are more subdued but still discernible in the highest

resolution projections at 45◦ incident angle. For the results employing

the presented area integration method and the areas-of-intersection, both

the sum of intersections as well as the backprojection result of the unit-

valued distribution are visually perfect even with the sparsest views with

192 rays.

It is noted that the effects of the distance-weighting can be visually ob-

served in the sum of the areas-of-intersection as an intensity gradient

in the longitudinal direction of the fan-beam examples. The distance-

weighting can be seen to be intrinsically approximated by the lengths-

of-intersection due to the constant infinitesimal width of the ray’s line

integration approximation and the varying ray density per unit width in

the transverse direction of the fan-beam cases.

Projection-backprojection cycle

The FBP and BPF reconstruction results and their vertical intensity pro-

files are presented in Fig 3.6 for the fan-beam geometry and in Fig. 3.7

for the parallel beam geometry. As a first observation, with the adopted

protocol, the FBP reconstruction are of visually higher quality than the

corresponding BPF reconstructions, which can be attributed to the noise-

amplifying properties of the BPF approach: any inconsistency in the pro-

jector resulting in typically high-frequency artefacts in the backprojected

laminograms is “mercilessly” revealed by the ramp-filtering, which corre-

sponds to an amplification that is linearly proportional to the frequency

content. While the demonstrated BPF approach is not suited for obtaining

an ideal reconstructed image quality, it serves to highlight the effects of

the geometric consistency of the projectors.

With the area integration-based projector, a useful image quality is ob-

tained with both reconstruction methods and all sinogram dimensions M.

Granted, with the sparsest sinograms (M = 384×360), the FBP reconstruc-

tion results are somewhat blurry and the BPF reconstructions reveal ray
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Area integration,
192 rays/view

Line integration,
768 rays/view

Line integration,
384 rays/view

Line integration,
192 rays/view

Sum of ray
intersections,
fan-beam at
0° angle

Backprojected
result

Sum of ray
intersections,
fan-beam at
45° angle

Backprojected
result

Sum of ray

intersections,

parallel beam

at 45° angle

Backprojected
result

Figure 3.5 Sum of ray–pixel overlap weights and backprojection results for single views
of a unit-valued distribution using line and distance-weighted area integra-
tion. The grid dimensions are 512-by-512 in all cases. The area integration
results with 384 and 768 rays are visually identical to the case shown with
192 rays and omitted from the figure.
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FBP, line integration projector FBP, area integration projector
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Figure 3.6 Top: Fan-beam FBP reconstructions (1024×1024) of the Shepp-Logan phan-
tom, bottom: corresponding BPF reconstructions. The overlaid arrows indi-
cate the position of the intensity profiles (the negative horizontal axis of the
profiles running from top to bottom).
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boundary artefacts due to the sparse angular discretization but, overall,

the features of the phantom can be clearly distinguished. With line inte-

gration, on the other hand, a tolerable image quality with FBP requires

M = 768×720, and with BPF M = 3072×2880. It is emphasized that the

results are specific to the fan-beam angle and other geometric parameters.

Based on the intensity profiles of the BPF reconstructions, one may con-

clude that the area integration result with the sparsest sinogram (384 ×
360) contains less artefacts than the line integration result with the dens-

est sinogram (3072 × 2880). For the FBP reconstructions, the image qual-

ity corresponding to line integration and M = 3072×2880 is subjectively

equivalent to the image quality with area integration and M = 768×720.

In terms of the final image quality, the higher level of geometric con-

sistency achieved with area integration can be understood to offset the

higher computational cost with specific sinogram dimensions.

High-resolution local FBP reconstruction from simulated
sinogram

The local FBP reconstructions and central intensity profiles of the two

UO2 pellets in the MADISON test device (see also Fig. 6.5) are presented

in Fig. 3.8. It can be seen that with the line integration backprojector, only

the reconstruction computed with the coarsest pixel size of 40 μm appears

to be free of sampling-related artefacts. The area-integrated reconstruc-

tion, however, can be seen to contain less noise even at this resolution by

closely inspecting the intensity profiles. Decreasing the pixel size below

the detector pitch of 30 μm induces increasingly protrusive artefacts re-

vealing the decreasing validity of the line integral approximation and the

resulting spatial undersampling. With a pixel size of 20 μm, the artefacts

already hide the finest details. However, as expected, the area-integrated

reconstructions are free of sampling-related artefacts at all pixel sizes.

The only image quality-related drawback of decreasing the pixel size is

that the image noise level slightly increases accordingly. Regardless, it is

evident from the results that the area integration backprojector is capable

of revealing significantly more details in high-resolution reconstructions

with a pixel size below the detector pitch.

Interestingly, despite the dense sinogram sampling (5000 line projec-

tions with an AOV of 360◦), at the smallest pixels size the area integra-

tion backprojector is capable of revealing the discreteness of the sinogram

sampling and effects of the ramp filtering, which are manifested as a pe-
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FBP, line integration projector FBP, area integration projector
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Figure 3.7 Top: Parallel beam FBP reconstructions (1024×1024) of the Shepp-Logan
phantom, bottom: corresponding BPF reconstructions. The overlaid arrows
indicate the position of the intensity profiles (the negative horizontal axis of
the profiles running from top to bottom).
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Figure 3.8 Top: Spatial resolution-related UO2 pellets from the MADISON phantom
reconstructed using FBP and the area integration projector. Bottom: Cor-
responding reconstructions with the line integration projector. The arrow-
heads indicate the line profiles running from left to right.
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Figure 3.9 Relative computational cost and scalability of the area integration method in
forward projection operations with different dimensions M for the sinogram
and the phantom N (with the base dimensions M0 = 384×360 and N0 = 640×
640).

riodic fringe pattern (at a frequency corresponding to the detector pixel

size) in the direction of sharp intensity changes in the reconstruction. The

pattern can, e.g., be seen as high frequency noise in the intensity profile

within the central hole of UO2 pellet 1, with the direction of the fringes

corresponding to the high-contrast edges of the rectangular cracks inside

the pellet.

It is noted that in contrast to the results presented in Chapter 6, the

images shown here have been reconstructed on an image grid rotated by

4◦ to align the test chart details with the pixels and thus facilitate the

comparison of the intensity profiles.

Computational complexity

The computational cost was measured in terms of the duration of forward

projection operations with different combinations of phantom dimensions

N and sinogram dimensions M using both fan-beam and parallel beam

geometry descriptions. The durations of computing the sinograms are

presented in Table 3.2. For area integration, the duration was observed

both with and without distance weighting. In Fig. 3.9, the scalability of

the presented area integration projector w.r.t. M and N is visualized as

surfaces.

From Table 3.2, it is seen that the computational cost of the area inte-

gration is approximately 2.3–3.9-fold without distance weighting , and

approx. 2.5–4.1-fold with distance weighting compared to line integra-

tion. Understandably, the largest computational overhead for the area

integration corresponds to the sparsest sinograms, i.e. widest rays, com-

bined with the densest reconstructions and the smallest elements. In
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this scenario, the validity of the line integration approximation is min-

imal with the number of handled ray-pixel intersections (one element per

incident slab) being an order of magnitude smaller than for area inte-

gration. For the cases that can be estimated to be within the range of

applicability of the line integration approximation (e.g., M = 3072×2880

and N ≤ 2560×2560, the difference is less than 3-fold, and this can be

estimated to be the approximate computational overhead.

Based on the surfaces representing the scalability of the forward projec-

tion operations on a logarithmic time axis in Fig. 3.9, the proposed area

integration algorithm exhibits a slightly sublinear scalability w.r.t. both

M and N. This can be clearly seen from the plots by inspecting

log2 t(26M0, N0) / log2 t(M0, N0)< 6 ,

log2 t(M0,26N0) / log2 t(M0, N0)< 6 ,

and

log2 t(26M0,26N0) / log2 t(M0, N0)< 12 .

The surfaces are seen to be practically identical with only minute differ-

ences between the cases.
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Table 3.2 Duration of the forward projection operation for different sinogram (M) and
image (N) dimensions of the Shepp-Logan phantom. The multipliers denote
the relative computation time w.r.t. the corresponding line integration results.
A dash denotes an irrelevant case that was omitted.

M N Geometry Line Area Area integration,
integration integration distance-weighting

30
72

×2
88

0

5120×5120 Fan-beam 195.2 sec 472.5 sec (2.4×) 522.6 sec (2.7×)
Par. beam 196.3 sec 476.7 sec (2.4×) —

2560×2560 Fan-beam 83.4 sec 192.0 sec (2.3×) 212.3 sec (2.5×)
Par. beam 84.6 sec 192.2 sec (2.3×) —

1280×1280 Fan-beam 34.1 sec 81.7 sec (2.4×) 91.7 sec (2.7×)
Par. beam 34.0 sec 81.7 sec (2.4×) —

640×640 Fan-beam 16.2 sec 38.3 sec (2.4×) 43.4 sec (2.7×)
Par. beam 16.2 sec 38.3 sec (2.4×) —

15
36

×1
44

0

5120×5120 Fan-beam 58.9 sec 149.8 sec (2.5×) 164.8 sec (2.8×)
Par. beam 59.4 sec 155.1 sec (2.6×) —

2560×2560 Fan-beam 23.6 sec 57.6 sec (2.4×) 64.5 sec (2.7×)
Par. beam 23.6 sec 58.4 sec (2.5×) —

1280×1280 Fan-beam 9.0 sec 22.5 sec (2.5×) 25.6 sec (2.8×)
Par. beam 8.9 sec 22.6 sec (2.5×) —

640×640 Fan-beam 4.1 sec 10.0 sec (2.4×) 11.5 sec (2.8×)
Par. beam 4.1 sec 10.0 sec (2.4×) —

76
8
×7

20

5120×5120 Fan-beam 18.6 sec 52.2 sec (2.8×) 56.9 sec (3.1×)
Par. beam 18.5 sec 53.8 sec (2.9×) —

2560×2560 Fan-beam 7.2 sec 18.6 sec (2.6×) 21.4 sec (3.0×)
Par. beam 7.2 sec 19.3 sec (2.7×) —

1280×1280 Fan-beam 2.4 sec 6.6 sec (2.8×) 7.4 sec (3.1×)
Par. beam 2.4 sec 6.6 sec (2.8×) —

640×640 Fan-beam 1.1 sec 2.8 sec (2.5×) 3.2 sec (2.9×)
Par. beam 1.1 sec 2.8 sec (2.5×) —

38
4
×3

60

5120×5120 Fan-beam 5.6 sec 21.3 sec (3.8×) 23.0 sec (4.1×)
Par. beam 5.6 sec 22.1 sec (3.9×) —

2560×2560 Fan-beam 2.3 sec 6.6 sec (2.9×) 7.6 sec (3.3×)
Par. beam 2.2 sec 6.9 sec (3.1×) —

1280×1280 Fan-beam 0.6 sec 2.1 sec (3.5×) 2.4 sec (4.0×)
Par. beam 0.6 sec 2.1 sec (3.5×) —

640×640 Fan-beam 0.3 sec 0.8 sec (2.7×) 0.9 sec (3.0×)
Par. beam 0.3 sec 0.8 sec (2.7×) —
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4. Consistency and system matrix
dependency of row- and
block-iterative backprojection
operations

The Nobel Prize in Medicine and Physiology was jointly awarded to G. N.

Hounsfield and A. M. Cormack in 1979 for their contributions [17, 34]

to the practical implementation of computed tomography into medical

use [27]. The reconstruction algorithm that Hounsfield implemented [34]

was based on an algebraic approach, where a solution is sought to a linear

system of the form of Eq. (1.1).

When discussing algebraic reconstruction algorithms, textbooks on com-

puted tomography [33, 43, 57] classically begin with the Kaczmarz algo-

rithm [40] that was already a well-known approach for solving sparse lin-

ear equations [84] before its introduction to computed tomography recon-

struction, where the algorithm is known by the acronym ART (Algebraic

Reconstruction Technique) [31]. In this setting, the spatial integral along

each ray is represented by a linear equation and the row-action algorithm

backprojects the ray-specific residual term across the FOV so that the cor-

responding ray equations are satisfied one at a time to the accuracy of

the system model. Geometrically speaking, each linear equation forms a

hyperplane in RN and the estimate of the distribution is projected orthog-

onally to these hyperplanes in a sequential manner.

The row-action ART [31] algorithm, however, was observed to produce

noisy reconstructions, and only after almost 15 years after being proposed

for image reconstruction, a heuristic improvement was presented in the

form of the block-iterative (the measurements comprising a single view

are enforced simultaneously) SART algorithm [2]. It was later applied

to limited-angle tomography reconstruction problems [3], and eventually

became a staple reconstruction method with well over a thousand cita-

tions at the time of writing. The empirically observed favorable charac-

teristics of the algorithm were originally justified heuristically, and to the

knowledge of the author, no fundamental reason for the typically sub-par
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results produced by the ART algorithm has been satisfactorily given, or

conversely the reason for the typically observed superiority (compared to

ART) of the SART algorithm explained. Typical discussions of the SART

algorithm [2, 43] attribute its unquestioned superiority over ART mainly

to its block-iterative nature in comparison to the row-action nature of

ART [21]. The ART algorithm is generally accepted to yield inferior results

but due to its historic significance and the simple geometric interpretation

of the orthogonal projection operations, both have their places as ‘classic’

algebraic reconstruction algorithms invariably presented in textbooks on

the topic [11,33,43,57].

In this chapter, however, it is demonstrated that the generally observed

superiority of the SART algorithm is due to its non-orthogonal backpro-

jection operations, where the applied correction term has a binary depen-

dence on the system matrix elements, i.e. the spatial overlap (volumes-

of-intersection) of the ray envelopes and the basis functions of the dis-

cretized distribution. Combined with a geometrically inaccurate projec-

tion operation—which is typical of practical reconstruction algorithm im-

plementations—this binary dependency on the system matrix elements

serves to conceal the inconsistency of the projection operations and the

related artefacts. Furthermore, it is shown that this heuristically justi-

fied binary dependency on the system matrix is in fact required by the

block-action nature of the algorithm, and that even with geometrically

exact projection operations, an ART-like linear dependency on the system

matrix cannot be applied without introducing significant artefacts at the

boundaries of the ray integral supports in the reconstructed image.

It is also demonstrated that the empirically observed image quality is-

sues with the ART algorithm are not related to the algorithm itself, but

instead to the fact that—contrary to SART—the row-action update oper-

ations require an orthogonal backprojection and correspondingly a linear

dependency on the system matrix entries to be consistent. It is demon-

strated by examples that this system matrix-dependency requires a de-

gree of geometric consistency from the projection operations that is typ-

ically not afforded by practical implementations of reconstruction algo-

rithms. With a geometrically consistent projection operation implemented

using the area integration-based method presented in Section 3, however,

the ART algorithm is shown to in fact yield results that are fully on par

with the SART algorithm.

In both algorithms, the opposite requirements for the system matrix-
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dependency are related to avoiding inconsistent backprojection on the

boundaries of the ray integral supports, which would result in a non-

translation-invariant backprojection operation. If this requirement is vio-

lated, inherent and unavoidable artefacts will result. This as well the con-

sistency requirements for the block- and row-action updates are demon-

strated with a simple example involving a unit 1-D projection image and

a parallel beam geometry.

Although the discussion was inspired by and focuses on the iterative

ART and SART reconstruction algorithms, similar considerations apply to

any reconstruction method, e.g. FBP, that relies on a discretized backpro-

jection operation.

4.1 Orthogonal projection and system matrix-weighted residual
backprojection in ART

In the ART algorithm [31], i.e. the Kaczmarz method for approximate so-

lution of linear equations [40], the iterative update rule corresponds to

the sequential row-action orthogonal projection of the solution estimate

onto hyperplanes representing the rows of the linear system of the form

(1.1), i.e. Ax = b. With this simple geometric interpretation that can

be easily visualized, the ART algorithm is classically presented as the

standard approach to iterative tomography image reconstruction in text-

books. [33,43,57]

In the context of tomography reconstruction, each row 〈ai, x〉 = bi, i =
1, . . . , M, of the linear system (1.1) represents a single ray integral mea-

surement. The column vector ai denoting the ith row of A represents the

normal vector of the hyperplane with each element of the vector corre-

sponding to the spatial overlap of the ray and the element basis of the dis-

cretized reconstruction domain. The principle of the Kaczmarz iteration

is to update the solution estimate by enforcing each equation sequentially

through an orthogonal projection of the estimate onto the corresponding

hyperplanes 〈ai, x〉−bi = 0. From this requirement it is a straightforward

and instructive to obtain the update rule. Denoting the current solution

estimate x(k) and requiring that the updated estimate x(k+1) satisfies the

ith row equation, we first have

〈
ai, x(k+1)〉= bi . (4.1)

Second, based on the fact that x(k+1) follows from projecting x(k) orthogo-
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nally to the hyperplane 〈ai, x〉− bi = 0, we have that both x(k+1) − x(k) and

ai are orthogonal the hyperplane, i.e. x(k+1) − x(k) is parallel to the normal

vector of the hyperplane and it holds

x(k+1) − x(k) =λi ai, λi ∈R . (4.2)

Premultiplying (4.2) by aT
i and using (4.1) to solve for λi, we have

λi =
bi −

〈
ai, x(k)

〉
〈ai, ai〉

,

which, inserted back into (4.2) gives the Kaczmarz update rule

x(k+1) = x(k) + bi −〈ai, x(k)〉
〈ai, ai〉

ai = x(k) + bi −〈aix(k)〉
‖ai‖2

2
ai , (4.3)

that can be equivalently written using the index notation as

x(k+1)
j = x(k)

j + bi −
∑N

l=1 ail x(k)
l∑N

l=1 a2
il

ai j . (4.4)

In practice the Kaczmarz or ART update can be interpreted as the back-

projection of the residual term

r(k)
i ··= bi −〈ai, x(k)〉 = bi −

N∑
l=1

ail x(k)
l , (4.5)

i.e. the difference between the measured value bi and the thus far recon-

structed value 〈ai, x(k)〉, along the ith ray integral to obtain x(k+1).

For the discussion at hand, however, the most relevant aspect in Eq.

(4.4) is that the fraction of r(k)
i applied to the jth element of the estimate

x(k) is weighted linearly by the volume-of-intersection, i.e. the system ma-

trix element ai j. This property and its tendency to reveal any geomet-

ric inconsistency in the backprojection operation is argued to be the rea-

son for the algorithm’s generally observed inferiority in comparison to the

SART algorithm discussed next.

4.2 Non-orthogonal projection and binary-weighted residual
backprojection in SART

Introduced in 1984 as an improvement of the ART algorithm, the SART al-

gorithm simultaneously applies the algebraic update from multiple rays

constituting a single view, i.e. a projection image in a block-iterative man-

ner [2].

Taking the row-action update rule (4.4) of the ART algorithm as the

starting point, the obvious extension to multiple rays would be to take
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the volume-of-intersection weighted average of the row-action single-ray

updates, and one would assume that the resulting overall update would

simply reflect the relative volumes-of-intersection or overlap of the indi-

vidual ray envelopes comprising the linear system being solved. By tak-

ing the intersection-weighted average of the ART updates of the form (4.4)

corresponding to the rays i ∈ IJ , where IJ ⊂ {1, . . . , M} denotes the rays be-

longing to the Jth view, one would then arrive at the update rule

x(k+1)
j = x(k)

j +
(∑

i∈IJ

ail

)−1∑
i∈IJ

bi −
∑N

l=1 ail x(k)
l∑N

l=1 a2
il

a2
i j . (4.6)

However, when a view-sequential generalization and improvement of

the ART algorithm was presented in the form of the SART algorithm, the

proposed algorithm was of the form [2,3,43]

x(k+1)
j = x(k)

j +
(∑

i∈IJ

ail

)−1∑
i∈IJ

bi −
∑N

l=1 ail x(k)
l∑N

l=1 ail
ai j . (4.7)

In the original publication [2], replacing the quadratic sum in the denom-

inator by a linear sum is justified by “reasons for the uniformity of the

reconstructed image” and “maintaining the correct dimensions for the up-

dated image vector”. In a later work [3], the “desirable effect of suppress-

ing noise artefacts otherwise characteristic of ART methods” is attributed

to the ray averaging implied by the summation w.r.t. the ray index. In

the original formulation [2], an additional longitudinal Hamming window

is placed along each ray to apply more correction in the central portions

of the ray intersections. It is stated that the Hamming weights were ex-

cluded from the sum in the denominator to avoid “edges after the correc-

tion from a single projection and salt and pepper noise in the final image”.

Inspecting Eq. (4.7), it can be seen that the SART update actually corre-

sponds to a volume-of-intersection weighted average of single-ray updates

of the form

x(k+1)
j = x(k)

j + bi −
∑N

l=1 ail x(k)
l∑N

l=1 ail
�ai j� , (4.8)

where �ai j� ∈ {0,1} recalling that ai j ∈ [0,1], or equivalently,

x(k+1) = x(k) + bi −〈ai, x(k)〉
‖ai‖1

�ai� , (4.9)

where �ai� ∈ {0,1}N denotes a column vector obtained by rounding up the

column vector ai ∈ [0,1]N element-by-element. Geometrically speaking,

this means that x(k+1)−x(k) is not parallel to the hyperplane normal ai but

instead to its ‘binary’, rounded-up version, and the corresponding projec-

tion onto the hyperplane 〈ai, x〉−bi = 0 is performed non-orthogonally.
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Again, for the discussion at hand, the essential property is the resulting

intersection-independence of the block-action SART backprojection oper-

ation. This choice is argued to be in fact required for handling the ray

boundaries consistently in the block-iterative update operations and as a

result, its tendency to hide any geometric inconsistency of the backpro-

jection operation is argued to be the reason for the algorithm’s generally

observed superiority over the ART algorithm.

4.3 Consistency and system matrix-dependency requirements
of block- and row-iterative backprojection operations

In this section, a simple example is used to demonstrate that for both

a block-action and a row-action backprojection the suitable type of sys-

tem matrix-dependency is essentially determined by requiring that the

boundaries of disjunct ray integrals are handled consistently without in-

troducing a bias along them.

In tomography reconstruction, the linear system to be inverted typically

arises from regular sets of disjunct rays intersecting a regular lattice of

disjunct basis functions. As a minimal example illustrated in Fig. 4.1, let

us then inspect a set of equiwidth parallel rays (of integer width n > 1

with no gaps between the ray supports) intersecting a perpendicular slab

of unit-sized image elements, i.e. pixels, and the corresponding algebraic

update operations. The reconstructed values in the pixels fully enclosed

by rays are denoted by xe, and the values in the pixels intersected by the

ray boundaries by xb, respectively. Zero initial values are assumed for the

pixels and unit values for the integrals along each parallel ray.

Block-iterative update

Linear proportionality to the areas-of-intersection

Assuming first a block-iterative generalization (4.6) of the ART update

(4.4) with both the backprojection as well as the averaging of the updates

corresponding to the individual rays being proportional to the system ma-

trix entries, i.e. areas-of-intersection, the reconstructed values in the ele-

ments intersected by the ray boundaries are given by

xb = 1
w1 +w2

(
w1

w2
1 +w2

2 +n−1
w1 + w2

w2
1 +w2

2 +n−1
w2

)

= w2
1 +w2

2
w2

1 +w2
2 +n−1

,

64



Consistency and system matrix dependency of row- and block-iterative backprojection operations

w1 w2w2 w1
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nn

xexb

1

1 w2w1

Figure 4.1 Simplified parallel projection geometry and the effect of intersection-
weighting in backprojection.

where w1 +w2 = 1 is the sum of the areas intersected by the adjacent rays

in the pixel at the ray boundary. For the pixels that are enclosed by, i.e.

lying fully within any of the rays, we have correspondingly

xe = 1
w2

1 +w2
2 +n−1

≥ w2
1 +w2

2
w2

1 +w2
2 +n−1

= xb .

It is then seen that xe = xb holds only if w2
1+w2

2 = 1 and consequently w1 = 0

or w2 = 0, i.e. when the borders of the rays to coincide exactly with the

borders of the pixels. In any other situation, the reconstructed values

in the pixels intersected by the borders of the rays are smaller than in

the pixels enclosed by the rays. This results in dark bands along the ray

borders, which gives an impression of gaps between the supports of the

rays, even if it is not the case.

We then see that a naive block-iterative generalization of the ART al-

gorithm results in a non-translation-invariant backprojection operation

as the result depends on the positions of the inconsistently handled ray

boundaries. With multiple views or diverging rays, this non-translation-

invariance can be understood to give rise to more complex artefact pat-

terns as demonstrated by the examples in Fig. 4.3.

Binary proportionality to the areas-of-intersection

Assuming then a SART-type block-iterative update of Eq. (4.7), where the

ray-specific residual terms are backprojected with a binary dependency

on the areas-of-intersection but averaged proportionally to them, a single

update (again from zero initialization) performed according to Eq. (4.7)

gives for the pixels intersected by ray borders

xb =
1

w1 +w2

w1 +w2

w1 +w2 +n−1
= 1

n
,

and for the pixels enclosed entirely by the rays

xe = 1
w1 +w2 +n−1

= 1
n

,
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i.e. we have xb = xe in all cases, as one would expect from a consistent

update operation, and the backprojection result is translation-invariant.

Row-iterative update

Linear proportionality to the areas-of-intersection

Let us then investigate the corresponding row-action updates for the same

simple scenario. A linear proportionality to the areas-of-intersection cor-

responds to the ART algorithm, Eq. (4.4). Assuming again zero initial

values for the pixels, we get for the pixels intersected by the first ray:

x(1)
e = 1

w2
1 +w2

2 +n−1
··= c ,

x(1)
b,1 = w2

w2
1 +w2

2 +n−1
= w2c ,

x(1∗)
b,2 = w1

w2
1 +w2

2 +n−1
= w1c ,

and we have for the difference of the enclosed and boundary pixel values:

x(1)
e − x(1∗)

b,2 = c (1−w1)= w2c ≥ 0 ,

where the asterisk denotes that the in our simple example the latter bor-

der pixel will be further affected by an update from the adjacent ray (we

are assuming for simplicity that the rays are accessed in a consecutive

order) for which we get

x(1)
b,2 = x(1∗)

b,2 +
(
1−w2x(1∗)

b,2

)
w2

w2
1 +w2

2 +n−1
= c−w1w2

2c2 ,

and the updated pixel value difference:

x(1)
e − x(1)

b,2 = w1w2
2c2 = w1w2c

(
x(1)

e − x(1∗)
b,2

)
.

In the second round of row-action updates, the residual term for the first

ray becomes:

1−(w2
2c+(n−1)c+w1 (c−w1w2

2 c2)
)= w1c

(
w1w2

2c+w1−1
)= w1w2c

(
w1w2c−1

)
,

and we get the updated pixel values and difference:

x(2)
e = c+w1w2c2(w1w2c−1

)
,

x(2∗)
b,2 = c−w1w2

2 c2 +w2
1w2c2(w1w2c−1

)= c+w1w2c2(w2
1w2c−1

)
,

x(2)
e − x(2∗)

b,2 = w2
1w3

2c3 = w1w2c
(
x(1)

e − x(1)
b,2

)= (w1w2c)2(x(1)
e − x(1∗)

b,2

)
.

We then see that the value of the latter border pixel intersected by bound-

ary of the first and second ray quite rapidly approaches that of the pixels
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enclosed fully by the first ray from below when the ART algorithm (4.4) is

applied, as it holds

w1w2c = w1w2

w2
1 +w2

2 +n−1
= w1 −w2

1
n−2(w1 −w2

1)
≤ 1

2(2n−1)
≤ 1

6
,

with the upper bound corresponding to w1 = w2 = 1/2 and n = 2.

Binary proportionality to the areas-of-intersection

Let us finally inspect the same scenario with row-action updates that are

proportional to the rounded-up, binary areas-of-intersection, i.e. accord-

ing to Eq. (4.8). We now have

x(1)
e = x(1)

b,1 = x(1∗)
b,2 = 1

w1 +w2 +n−1
= 1

n
,

x(1)
e − x(1∗)

b,2 = 0 .

However, after the update from the second ray we have

x(1)
b,2 = x(1∗)

b,2 +
1−w2x(1∗)

b,2

n
= 2−w2/n

n
,

x(1)
e − x(1)

b,2 = 1
n
− 2−w2/n

n
= w2/n−1

n
< 0 ,

i.e. the value in the latter border pixel exceeds that of the enclosed pixels.

Continuing in a similar manner as above with the second round of row-

action updates, we have for the residual term of the first ray:

1−(w2/n+ (n−1)/n+w1(2−w2/n) /n
)= w1(w2/n−1)

n
,

and the updated values and their difference

x(2)
e = 1

n

(
1
n
+ w1(w2/n−1)

n

)
= w2

n
1+w1/n

n
,

x(2∗)
b,2 = 1

n

(
2−w2/n

n
+ w1(w2/n−1)

n

)
= 1

n
1+w2(1−w2/n)

n
,

x(2)
e − x(2∗)

b,2 = w2/n−1
n2 = 1

n
(
x(1)

e − x(1)
b,2

)< 0 ,

and we see that—contrary to what was observed for the block-action up-

date proportional to the areas-of-intersection—the reconstructed values

in the pixels intersected by the ray boundaries are greater than in the

pixels enclosed fully by the rays. The reconstructed values at the ray

boundaries approach the values of the enclosed pixels from above and the

rate is slower than for ART.
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4.4 Simulation studies

The presented considerations regarding the row- and block-iterative up-

date operations and spatial weighting with respect to the areas-of-inter-

section as well as the significance of the projector’s geometric accuracy

to the backprojection result are demonstrated with the following experi-

ments:

• Backprojection of a single view representing a unit-valued distri-

bution using a line integration backprojector and a 64×64 image

grid. Both binary and linear weighting w.r.t. areas-of-intersection

are used. Due to the sparsely sampled non-disjunct rays and the line

integration, the results are representative of both block-iterative

and row-iterative update operations (ignoring the nominal amount

of update operations).

• Backprojection of a single view representing a unit-valued distribu-

tion using the area integration presented in Chapter 3 and different

(64×64 to 1024×1024) image grids. All four combinations discussed

above (block-action or row-action and linear of binary weighting with

respect to the system matrix entries) are demonstrated.

• Backprojection of a single view representing a unit-valued distribu-

tion using the same fan-beam and parallel beam projection geome-

tries as in Chapter 3. The backprojection is performed using both

area integration and line integration and SART or ART type of back-

projection of the correction term on a 1024×1024 image grid. Differ-

ent ray pitches and corresponding dimensions are used for the 1-D

view.

• Iterative ART and SART reconstructions of the Shepp-Logan phan-

tom on a 1024×1024 image grid using the same sinogram dimen-

sions as in Chapter 3 for the fan-beam FBP and BPF reconstructions.

Image material and reconstruction methods

In the first two experiments, views consisting of 21 strip rays (nominal de-

tector element width 18.3 mm for fan-beam and 12.2 mm for parallel beam

configuration) were used. The unusually coarse projection image reso-

lution serves to highlight the ray border artefacts arising from the non-

translation-invariance caused by inconsistent combinations of backprojec-

tion weighting and the number of simultaneously enforced ray equations.
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In the second experiment the area integration-based projection method

presented in Chapter 3 was used to exclude any artefacts related to the

applied projection method. For the last two experiments both line integra-

tion and area integration was used so as to demonstrate the differences

of the ART and SART in terms of their tolerance of projector accuracy. All

experiments were performed using ARTEMIS.

In the second experiment, the coarse views were backprojected to 64×64,

256×256, and 1024×1024 grids with the nominal element sizes of 4.0 mm,

1.0 mm, and 0.25 mm, respectively. In the third and fourth experiments,

the views were backprojected to a 1024×1024 grid with the nominal ele-

ment size of 0.25 mm.

4.5 Results

Figures 4.2–4.4 present the single-view backprojection results using coarse

strip integrals of a constant unit-valued distribution. The presented line

integration results are limited to Fig. 4.2 and a single image grid size

with the coarse grid resolution emphasizing the depth-dependency aris-

ing from the system matrix-weighting. One can then observe how the

interference or aliasing-like artefact pattern [76] begins to form in a fan-

beam geometry with diverging rays with even a single backprojected view.

On the other hand, with parallel rays, one can see how correction terms

with equal values result in periodic, non-translation-invariant values in

the image: the reconstructed values depend on where the ray modeled

with a line integral intersects the image discretization grid. This type

of behavior will also be exhibited when the projection image resolution

is higher, which explains the sensitivity of the system matrix-weighted

ART algorithm to the geometric accuracy of the applied projector algo-

rithm. Decreasing the FOV element size makes the rectilinear artefacts

narrower, with the artefact being inherently pixel-sized.

The observations made in Section 4.3 regarding the consistency of differ-

ent combinations of row- and block-iterative update schemes with binary-

weighted or system matrix-weighted backprojection of the correction terms

are illustrated in Figs. 4.3 and 4.4. Again, the coarse strip integrals of

a constant unit-valued distribution are used to isolate the effect of the

backprojection weighting, but now only the geometrically accurate area

integration projector is applied.

One can clearly see in Fig. 4.3 how a system matrix-weighted block-
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iterative update—a ’naive form of SART’ as a block-iterative generaliza-

tion of ART—necessarily results in hypointense artefacts along the bor-

ders of the rays as predicted by the considerations for the minimal par-

allel beam example in Sect. 4.3. Furthermore, with the effect of the ap-

proximate distance weighting included in the system matrix elements,

the backprojection result becomes depth-dependent in a similar fashion

as the ray–pixel intersection values presented in Fig. 3.5. With a binary-

weighted backprojection applied in SART, the single-view backprojection

result with the area integration projector becomes uniform following the

true form of the distribution.

The corresponding results for a row-iterative update are presented in

Fig. 4.4. Again, the considerations for the simple parallel beam example

are corroborated, and the inconsistent backprojection weighting scheme—

in this case the binary-weighted variant—similarly results in artefacts at

the ray borders but in this case hyperintense as predicted by the consider-

ations for the simple parallel beam scenario. The system matrix-weighted

backprojection corresponding to ART, however, results in a smooth back-

projection result (including a depth-dependency resulting from distance

weighting). As a detail, due to the large width of the strip integral rays,

the rays at the ends of the view result in slightly hyperintense backpro-

jected values for the coarsest 64×64 image grid size. These are a result of

the net value being backprojected but the pixels intersected by the view’s

edge accumulating less intensity due to the system matrix weighting.

When the image grid pixel size becomes smaller, the contribution from

the pixels intersected by the view’s first and last ray decrease relative to

the pixels intersected by the rest of the ray strip and the hyperintense

artefact wanes.

Figures 4.5 and 4.6 demonstrate the single-view backprojection results

for a constant distribution using ART and SART as the update schemes and

both line and area integration projectors for applying the updates. Com-

paring the results for the two projectors, one can see how SART clearly

‘tolerates’ the inaccurate line integration projector better, which is ar-

gued to be due to SART’s binary proportionality to the system matrix.

With the 1024×1024 image grid and 1536 rays per view, a visually con-

sistent backprojection result is obtained. On the contrary, with ART and

its linear proportionality of the backprojected residual to the ray–pixel

overlap, marked artefact patterns remain even at the highest applied

projection image pitch. This type of behavior is argued to explain the
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45° angle, fan-beam 45° angle, parallel beam0° angle, fan-beam

System matrix-weighted backprojection

Binary-weighted backprojection

Figure 4.2 Line-integrated backprojection of a single view representing a unit-valued
phantom to a 64 × 64 image grid using system matrix-weighted or binary-
weighted backprojection. Notice the depth-dependency of the backprojected
values along the rays in the fan-beam cases, and periodicity in terms of the
ray order in the parallel beam case.

generally observed superiority of SART over ART with typically line inte-

gration or interpolation-based projector implementations. With the geo-

metrically accurate area integration presented in Chap. 3, however, both

SART and ART yield visually consistent backprojection results at every ap-

plied projection image pitch. The only observable difference is the depth

dependency of the fan-beam ART backprojection results due to distance-

weighted areas-of-intersection. In the parallel beam geometries, no visual

difference can be seen.

Finally, Fig. 4.7 presents the corresponding ART and SART reconstruc-

tion result using line and area integration-based projectors and different

angular and spatial resolutions for the sinogram. The reconstruction re-

sults essentially carry over the observations for the single-view backpro-

jection results: the line integration projector again favors SART due to its

binary weighting. With line integration and ART, pronounced artefacts

are evident in the vertical intensity profiles even with the densest sino-

gram. With the same projector and SART, the densest sinogram yields a

relatively high quality reconstruction result. The area integration projec-

tor, on the other hand, produces good results with both SART and ART and
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all sinogram resolutions. However, ART even appears to result in a visu-

ally slightly better result especially with the coarsest sinogram. While an

exact comparison is beyond the current scope, and the presented results

are merely intended to demonstrate the discussed differences of SART and

ART and separate the effects of the update scheme and the projector, the

observation is in quite a stark contrast to the generally accepted view of

ART’s inferiority.
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64×64 image grid 256×256 image grid 1024×1024 image grid

0◦ fan-beam

45◦ fan-beam

45◦ par. beam

System matrix-weighted backprojection

0◦ fan-beam

45◦ fan-beam

45◦ par. beam

Binary-weighted backprojection (SART)

Figure 4.3 Area-integrated, block-action backprojection of a single view with 21 rays
representing a unit-valued constant distribution.
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64×64 image grid 256×256 image grid 1024×1024 image grid

0◦ fan-beam

45◦ fan-beam

45◦ par. beam

System matrix-weighted backprojection (ART)

0◦ fan-beam

45◦ fan-beam

45◦ par. beam

Binary-weighted backprojection

Figure 4.4 Area-integrated, row-action backprojection of a single view with 21 rays rep-
resenting a unit-valued constant distribution.
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0◦ fan-beam 45◦ fan-beam 45◦ parallel beam

1536 rays

768 rays

384 rays

SART, area integration projector

1536 rays

768 rays

384 rays

SART, line integration projector

Figure 4.5 Backprojection of a single view representing a unit-valued distribution to a
1024 × 1024 image grid using binary-weighted block-action updates (SART).
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0◦ fan-beam 45◦ fan-beam 45◦ parallel beam

1536 rays

768 rays

384 rays

ART, area integration projector

1536 rays

768 rays

384 rays

ART, line integration projector

Figure 4.6 Backprojection of a single view representing a unit-valued distribution to a
1024 × 1024 image grid using system matrix-weighted row-action updates
(ART).
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SART, line integration projector SART, area integration projector
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Figure 4.7 Iterative reconstructions of the Shepp-Logan phantom. Top: SART (binary-
weighted block-action updates), bottom: ART (system matrix-weighted row-
action updates). The arrows indicate the position of the intensity profiles
with the negative horizontal axis running from top to bottom).
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5. Prior image and system matrix
weighted spatially selective
backprojection operation

In this chapter, a generalization of the residual backprojection operation

applied in iterative reconstruction algorithms, such as ART [31], SART [2]

and EM [80], is presented. As observed in Chapter 4, in ART the orthog-

onal projection onto the hyperplanes represented by the linear equations

of the forward problem Eq. (1.1) results in an intersection-weighted back-

projection of the residual term, whereas in the SART algorithm the corre-

sponding backprojection result is binarily proportional to the volumes-of-

intersection. In addition, a general prior image model is introduced for

enabling a non-uniform, spatially anisotropic backprojection operation.

Based on the proposed generalization of how the residual term is back-

projected, several established algebraic reconstruction algorithms such

as the Kaczmarz method or ART [31, 40], Multiplicative ART (MART) [31],

the Simultaneous Algebraic Reconstruction Technique (SART) [2], and the

Expectation-Maximization algorithm (MLEM) [80] are demonstrated to

represent special cases of the presented generalized backprojection scheme,

and differ only in how the residual term is distributed along the ray paths.

Definitions of the model-based backprojection approach are given and the

approach is demonstrated in practice using simulated limited-view data

sets representing the Shepp-Logan phantom [79].

Although the method presented in this chapter was independently de-

rived by the author in 2009, inspired by a discussion with Dr. Martti Kalke

in 2008, a similar approach using a binary prior model of the unknown

distribution similar to the presented demonstrations was proposed al-

ready in 2001 by Gondrom [30], and further refined by Schorr [72,73,85].

In a recent publication [14], a naive approach to using an FBP reconstruc-

tion as a prior model for weighting the backprojection operations is pro-

posed. However, the image intensity values of the FBP reconstruction are

simply used as arbitrary scalar relaxation factors for the ART residual
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term of the form of Eq. (4.4) that depend on the scaling of the FBP recon-

struction. An alternative consistent approach to enforcing a prior model,

specifically also an FBP reconstruction, is PICCS (prior-image constrained

compressed sensing) approach [13], where it is used to regularize an iter-

ative reconstruction based on few views by using the total variation (TV)

as a distance measure between the model and the reconstruction. This

approach, on the other hand, is essentially equivalent to the earlier work

by Kaipio et al. [41]. The results presented at the end of the chapter also

demonstrate a very similar setting to the demonstrations of PICCS, where

an accurate prior model is used to guide the reconstruction result using

very few views. However, instead of minimizing the distance between

the prior model and the reconstruction, the proposed ‘direct’ prior mini-

mizes the distance between the measurements and the reconstruction in

the sense of its projections, as in algebraic reconstruction algorithms in

general, and the model is used for a spatially non-uniform distribution of

the residual term.

While the proposed method is similar to [30, 72, 73, 85] in applying a

prior image model to weight and to spatially confine the backprojected

residual, it also incorporates a dependency on the system matrix, which

includes both the orthogonal projection corresponding to a linear weight-

ing by the system matrix in ART as well as the non-orthogonal projection

corresponding to a binary system matrix weighting in SART as special

cases, as described in Chapter 4. It is also demonstrated that the well-

known MART [31] and MLEM [80] reconstruction algorithms can be inter-

preted to use the previous estimate of the distribution as a prior model for

distributing the residual along the rays. An explicit implementation, that

omits this connection, has been proposed in 2011 [87].

Potential applications of spatially selective backprojection

To illustrate the applications of the proposed formulation, a model distri-

bution denoted z ∈ {0∪R+}N is used to convey available prior information

about the reconstructed distribution that is used for guiding the backpro-

jection process. As a simple example, z might represent a binary mask

known to bound the reconstructed distribution x that can be obtained as

the convex intersection of the view-specific frustums corresponding to the

projection geometry [72]. If the boundary of this domain is known with

certainty, it can be represented by a sharp, step function-like intensity

edge in the distribution. If, on the other hand, the position of the bound-
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ary contains uncertainty, it can be incorporated to the model by blurring

it, e.g., with a Gaussian kernel whose standard deviation corresponds to

the spatial uncertainty of the location of the domain’s border. To illus-

trate the consistency of the approach with intuition, if the exact distribu-

tion x were known and utilized as the backprojection model for an exact

sinogram, the backprojection of a single view intersecting the entire FOV

would yield an exact result.

Extending the discussion in Chapter 4 on the system matrix-dependency

of the backprojection operation, in the spatially selective backprojection

operation the dependency on the volumes-of-intersection can be express-

ing using a weighting matrix W ∈ [0,1]M×N with its dimensions corre-

sponding to the system matrix A. Obvious choices include a binary sys-

tem matrix corresponding to �A�, i.e. rounding A upwards (element-by-

element), or the system matrix A itself. As demonstrated in Chapter 4,

the former requires a block-iterative algorithm and the latter a row-iter-

ative algorithm for a consistent and translation-invariant result.

With different choices for W and z, the spatial weighting and selectivity

of the backprojection operation can be arbitrarily controlled. In principle,

manipulating the weighting matrix would allow for controlling the back-

projection operations on a ray-by-ray basis, which could also be used to

convey prior information regarding, e.g, the confidence in the individual

ray measurements. Such an approach, however, is not demonstrated in

the experiments.

Although derived and presented in the context of iterative reconstruc-

tion algorithms and backprojecting a residual term, the model is directly

applicable to and has the potential to benefit so-called analytic reconstruc-

tion methods, e.g. FBP. On the other hand, one might also apply an ana-

lytic reconstruction as a prior model for a further iterative reconstruction

process to both accelerate the iteration as well as guide the appearance of

the iterative reconstruction result.
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5.1 Update rules for spatially selective backprojection in
iterative reconstruction algorithms

The update rules corresponding to the prior model and system matrix

weighted backprojection operation are derived in this section. Both row-

action single-ray updates and a block-iterative update rule for multiple

simultaneous rays are presented.

Row-action update rule for a single ray integral

To derive an expression for the update rule, a similar approach is adopted

as for the ART update rule in Section 4.1. It is first required that the

residual r(k)
i in Eq. (4.5) along the ith ray is divided to the reconstruc-

tion proportionally to both the values of the model distribution z and the

weighting matrix W, while the forward projection is carried out as usual

by multiplication with ai. Although the backprojection is defined indepen-

dently of the forward projection operation, it is required that the forward

problem is satisfied after the backprojection of the residual term. It is also

assumed that the elements of both W and A are based on the same system

model, i.e. essentially the same projector.

After backprojecting the residual term, the reconstructed values are

then required to satisfy

x(k+1) = x(k) +λi r(k)
i (wi ◦ z) , (5.1)

where λi is again a ray-wise constant multiplier to be determined, and

wi ◦ z denotes the element-wise Schur product of the weighting matrix

row (represented as a column vector) wi ∈ RN along the ith ray and the

backprojection model distribution z, which corresponds to linear weight-

ing with respect to both of them.

To solve for λi, we again premultiply the expression by aT
i and require

that x(k+1) satisfies Eq. (4.1):

〈
ai, x(k+1)〉= 〈ai, x(k)〉+λi r(k)

i
〈
ai, wi ◦ z

〉= bi .

Rearranging terms, we get

λi r(k)
i
〈
ai, wi ◦ z

〉= bi −
〈
ai, x(k)〉= r(k)

i ,

which gives the solution

λi = 1〈
ai, wi ◦ z

〉 .
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Inserting this into Eq. (5.1) and expanding the correction term r(k)
i , the

update rule for a single ray integral measurement then becomes (compare

to Eq. (4.3))

x(k+1) = x(k) + bi −〈ai, x(k)〉
〈ai, wi ◦ z〉 (wi ◦ z) , (5.2)

or equivalently using index notation (compare to Eq. (4.4)),

x(k+1)
j = x(k)

j + bi −
∑M

l=1 ail x(k)
l∑M

l=1 ail wil zl
wi j z j . (5.3)

Block-action update rule for multiple ray integrals

The single-ray update rule derived above represents a row-action update

reminiscent of the ART algorithm [31]. A multiple-ray, block-iterative up-

date rule can then be established analogously to the SART algorithm [2]

and its generalizations to multiple views [22,35].

As demonstrated in Chapter 4 for the SART algorithm, a block-action

generalization of a row-action update requires a binary dependency on

the weights used in averaging the ray contributions to avoid artefacts

along the ray borders and correspondingly a non-orthogonal projection.

Analogously to Eqs. (4.9) and (4.8), we first cast Eqs. (5.2) and (5.3) into

the form

x(k+1) = x(k) + bi −〈ai, x(k)〉
〈�ai�, wi ◦ z〉 (�wi�◦ z) , (5.4)

and

x(k+1)
j = x(k)

j + bi −
∑M

l=1 ail x(k)
l∑M

l=1�ail�wil zl
� ,wi j� z j (5.5)

with a binary dependency of the backprojected residual term on the weight-

ing matrix entries. Applying then the elements of the weighting matrix

for averaging the simultaneous contributions from the rays, a block-action

update rule for the set of rays i ∈ I ⊂ {1, . . . , M} is obtained (compare to Eq.

(4.7))

x(k+1)
j = x(k)

j +
(∑

i∈I

wil

)−1∑
i∈I

bi −
∑N

l=1 ail x(k)
l∑N

l=1 wil zl
wi j z j , (5.6)

where the denominator has been simplified by assuming �ail�wil = wil , i.e.

wil = 0, if ail = 0.

Depending on the amount of rays applied simultaneously [21], i.e. the

cardinality of I, a block-iterative algorithm resembling SART (a single

view applied simultaneously) [2], OS (Ordered Subsets, a subset of the

views applied simultaneously) [22,35] or SIRT (all measured rays applied

simultaneously) [16,29] is obtained.
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5.2 Established iterative reconstruction algorithms as special
cases of spatially selective backprojection

In this section, simple and intuitive choices are discussed and parallels

drawn to several established reconstruction algorithms. It is shown that

four classic iterative reconstruction algorithms known by the acronyms

ART, MART, SART and EM (or MLEM), are all contained as special cases of

the presented generalized backprojection algorithm with suitable choices

for the prior model image z and the weighting matrix W controlling the

dependency on the volumes-of-overlap.

While the system matrix dependencies of the ART and SART algorithms

were already discussed in Chapter 4, an interesting interpretation of the

MART and EM algorithms follows, with both effectively using the thus far

reconstructed image as the prior model for distributing the backprojected

residual along the ray paths. Since first devising the method in 2009, sim-

ilar considerations have been presented as a novel algorithm [87] without

realizing the connection to the long-ago established algorithms.

SART: Spatially uniform and intersection-independent
block-action backprojection

The simplest approach to dividing the correction term along the ray is to

use a constant weighting with respect to both the spatial overlap values as

well as the spatial distribution. This corresponds to the following choices

for the model distribution z and the weighting matrix W:

z = 1N , W = �A� .

The corresponding update rule is best written using the index notation

and obtained first for a single ray from Eq. (5.5) by inserting z j = 1 ∀ j and

wi j = ai j:

x(k+1)
j = x(k)

j + bi −
∑N

l=1 ail x(k)
l∑N

l=1 ail
�ai j� ,

where it has been taken into account that ai j = ai j�ai j� with ai j ∈ [0,1].

Each image element intersected by the ray envelope then receives the

same correction—the average value of the ray integral—regardless of the

amount of spatial overlap of the ray and the support of the element’s basis

function. The corresponding multiple-ray update SART update rule for the

rays belonging to the Jth view is then obtained from Eq. (5.6) as:

x(k+1)
j = x(k)

j +
(∑

i∈IJ

ail

)−1∑
i∈IJ

bi −
∑N

l=1 ail x(k)
l∑N

l=1 ail
ai j ,
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where the set of rays belonging to the Jth view is denoted by IJ ⊂ {1, . . . , M}

and the result is seen to match Eq. (4.7).

ART: Spatially uniform and intersection-weighted row-action
backprojection

As mentioned in Chapter 4, in the row-action ART or Kaczmarz update

the backprojection is proportional to the elements of the system matrix,

i.e. the volumes-of-intersection. The update algorithm then corresponds

to the following choices for the model distribution z and the weighting

matrix W:

z = 1N , W = A .

Inserting wi ◦ z = ai and wi j z j = ai j into Eqs. (5.2) and (5.3), Eqs. (4.3) and

(4.4) immediately follow:

x(k+1) = x(k) + bi −〈ai, x(k)〉
〈ai, ai〉

ai ,

x(k+1)
j = x(k)

j +
(∑

i∈I

ail

)−1∑
i∈I

bi −
∑N

l=1 ail x(k)
l∑N

l=1 a2
il

a2
i j .

As emphasized in Chapter 4, in the ART or Kaczmarz method, the back-

projected residual is not distributed evenly along the rays, but in lin-

ear proportion to the spatial overlap of the element’s basis function and

the ray envelopes. With a geometrically inaccurate projector, this gives

rise to pronounced artefact patterns in the backprojection result, which

is the inherent cause of the noisy ART reconstruction results observed

since the early days of tomography reconstruction research [2] and at-

tempted to be circumvented, e.g., by increasing the amount of ray mea-

surements or by backprojecting only a fraction of the residual term by

under-relaxation [33]. However, as demonstrated in Chapter 4, a geomet-

rically accurate projector produces high-quality reconstruction results as

the proportionality to the spatial overlap is consistently handled.
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MART/MLEM: Distribution-weighted and intersection-
independent backprojection

With the choices

z = x(k) , W = �A� ,

i.e. by using the thus far reconstructed intensity distribution as the prior

model image and the upwards rounded system matrix as the binary weight-

ing matrix as in SART, the row-action update of Eq. (5.4) becomes

x(k+1) = x(k) + bi −〈ai, x(k)〉
〈�ai�, ai ◦ x(k)〉

(�ai�◦ x(k)) .

Using 〈�ai�, ai ◦ x(k)〉 = 〈ai, x(k)〉 with ai ∈ [0,1]N , this can be first written

x(k+1) = 〈ai, x(k)〉(x(k) −�ai�◦ x(k)
)+bi

(�ai�◦ x(k)
)

〈ai, x(k)〉 .

Inspecting then only the elements intersected by the ray, i.e. with �ai j� = 1,

we have

�ai�◦ x(k+1) = bi

〈ai, x(k)〉
(�ai�◦ x(k)) ,

or equivalently written using the index notation:

�ai j�x(k+1)
j = bi∑N

l=1 ail x(k)
l

�ai j�x(k)
j .

Omitting the terms �ai j�, i.e. limiting the update only to the elements

intersected by the ray, we see that the update is of the form of multiplica-

tive ART (MART) [31], where the correction term is equal to the product of

the thus far reconstructed intensity value and the ratio of the true, mea-

sured value and the reconstructed value of the ith ray integral. A positive

initialization for the reconstructed distribution is then required, which

also guarantees the non-negativity of the reconstructed distribution. The

MART algorithm can then be seen to be equal to using the previous dis-

tribution estimate x(k) as the prior model image for backprojecting the

residual term.

On the other hand, the block-action update rule, Eq. (5.6), corresponding

to the choices z = x(k) and W = A becomes

x(k+1)
j = x(k)

j +
(

M∑
i=1

ail

)−1 M∑
i=1

bi −
∑N

l=1 ail x(k)
l∑N

l=1 ail x(k)
l

ai j x(k)
j ,
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which can be expanded

x(k+1)
j = x(k)

j +
(∑

i∈I

ail

)−1∑
i∈I

(
bi∑N

l=1 ail x(k)
l

−1

)
ai jx(k)

j

= x(k)
j +

(∑
i∈I

ail

)−1∑
i∈I

bi∑N
l=1 ail x(k)

l

ai j x(k)
j −

(∑
i∈I

ail

)−1∑
i∈I

ai j x(k)
j

= x(k)
j

(∑
i∈I

ail

)−1∑
i∈I

ai j bi∑N
l=1 ail x(k)

l

,

and finally seen to exactly coincide with the Maximum Likelihood Expec-

tation Maximization (MLEM) algorithm [80] generally applied in emission

tomography.

The EM algorithm can then be interpreted to be a sequential version

of MART, where the updates stemming from all of the rays in a single

projection image are first computed and stored, and then applied to the

reconstruction by weighting the contributions from the individual rays

to each element of the reconstruction by the corresponding spatial over-

lap values ai j. More interestingly, the EM algorithm can be seen to be

equivalent to using the thus far reconstructed intensity values as a prior

model for backprojecting a SART-like algebraic correction. Variants of the

EM algorithm, such as the Ordered-Subsets Expectation Maximization

(OSEM) [35] differ only in the amount and ordering of the sets of rays

for which the backprojection is simultaneously performed.

Of note, in a more recent publication by Wan et al. [87] an equivalent

algorithm is called ASART (“Adaptive Simultaneous Algebraic Reconstruc-

tion Technique”), with explicitly stating that the previous reconstruction

is used to adjust the relaxation of the backprojected residual. The same

algorithm, however, had been introduced almost 30 years earlier for emis-

sion tomography.

5.3 Simulation studies

Based on the considerations and results presented in Chapter 4, in the

following experiments the dependency on the system matrix, i.e. the vol-

umes-of-intersection is set to �W� = �A�, defined by element-wise rounding

of the system matrix, which corresponds to the SART and EM algorithms.

Again, it is recalled that this results in a non-orthogonal projection onto

the convex sets representing the views in the solution space of x, and is in

contrast with the classic ART or Kaczmarz algorithm, which corresponds

to W = A. The presented experiments therefore only differ in the prior
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model that controls the spatial distribution of the backprojected residual

in the image space to the elements intersected by the rays.

To demonstrate the effect and applicability of the prior image model

z, reconstructions were computed from limited-view sinograms (45◦ or

90◦ AOV, symmetric and asymmetric AOVs for both) using either uniform

(corresponding to SART) or model-based backprojection, with the EM algo-

rithm included as a special case.

Image material and reconstruction methods

The same projection and FOV geometry was used in the experiments as

in Chapter 3, with details presented in Table 3.1. The area integration-

based projection method presented in Chapter 3 was used to exclude any

artefacts related to the applied spatial integration method.

For computing the limited-view reconstructions, 10 SART-like (in the

sense that the residuals corresponding to rays comprising a single view

were backprojected simultaneously with a binary dependency on the vol-

ume-of-intersection) iterations with a relaxation coefficient of 0.025 was

used for backprojecting the limited-view sinograms to a 1024×1024 grid

with a nominal element size of 0.25 mm.

The prior image models chosen for the experiments consist of different

Gaussian-smoothed representations of the original Shepp-Logan phan-

tom [79]: outline binary masks, binary masks, and the actual phantom.

The EM algorithm [80] was also included, as it was interpreted in Sect.

5.2 to use the current form of the reconstruction as the backprojection

distribution model.

It is noted that the reconstructed object, the reconstruction algorithm

(in terms of the SART-like view-iterative updates as well as the binary

dependency on the system matrix elements) and the experiments with

missing views resemble the early work by Andersen [3] on applying the

SART algorithm to limited-view data, although in that case only 25% of

the views are missing.

5.4 Results

The resulting reconstructions of the limited-view backprojection experi-

ment are presented in Figs. 5.1 and 5.2. Both the uniform residual distri-

bution approach and the EM algorithm yield what is a typical appearance

of limited-view reconstructions: the boundaries of the sinogram’s AOV cast
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Symmetric
90° AOV

Asymmetric
90° AOV

Symmetric
45° AOV

Asymmetric
45° AOV

Model

EM

(dynamic)

Outline mask,
σ = 8

Outline mask,
σ = 2

Standard ART

(uniform)

Figure 5.1 Limited-view reconstruction results 1 of 2 with different residual distribu-
tion methods: standard ART and EM algorithms compared to binary outline
masks of the Shepp-Logan phantom blurred by Gaussian filtering.
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tangential artefacts. In the 90◦ AOV case, the EM approach produces some-

what sharper boundaries, which is discernible at the aforementioned an-

gular bounds of the AOV. This is understandable by the interpretation of

EM using the previous state (i.e., before the current backprojection opera-

tion) of the intensity distribution as the spatial model for distributing the

residual in the algebraic reconstruction algorithm. As a result, smaller in-

tensity values are eventually reconstructed in the phantom’s background

that should ideally be zero-valued.

With the different model-guided backprojection operations, quite intu-

itive results are obtained. Meaningful edges are reconstructed within the

AOV spanned by the sinogram [65], and in the parts where the sinogram

and backprojection cannot determine the features in the distribution, the

result is guided by the model.

With the simplest models representing the blurred outline mask of the

distribution in Fig. 5.1, the model effectively only limits the reconstructed

intensity values within the approximate boundaries of the phantom. The

more detailed the model is, the better the reconstruction result is seen to

quantitatively correspond to the correct phantom, which can be seen by

comparing, e.g., the asymmetric 45◦ cases reconstructed using the outline

masks and the more detailed masks containing also the ventricles. With

the more accurate mask, the reconstructed intensity values in the south-

east and northwest portions are closer to the correct values. This can be

understood to result from the more accurate model preventing the low

intensity values of the ventricles from ‘mixing’ with what represents the

grey matter by preventing any intensity from being reconstructed within

the ventricles. In a sense, the more accurate mask enforces a better spa-

tial separation of the reconstructed intensity values.

With what can be considered to represent accurate and detailed prior

models of the phantom, representing for example an available statistical

average model of the reconstructed object, the model-guided backprojec-

tion produces what is effectively a ‘backprojection-augmented’ version of

the model by sharpening the edges and features that are determined by

the sinogram’s AOV. The larger the AOV is and the closer the available

backprojection model is, the higher the fidelity of the resulting recon-

struction. With the less acute (σ = 8) model of the phantom, tangential

artefacts can be seen at the angular boundaries of the AOV. This sug-

gests that ideally the backprojection model might take into account the

sinogram’s AOV and introduce an angle-dependency to its acuteness. Ob-

90



Prior image and system matrix weighted spatially selective backprojection operation

Symmetric
90° AOV

Asymmetric
90° AOV

Symmetric
45° AOV

Asymmetric
45° AOV

Model

Detailed model,

σ = 8

Detailed model,

σ = 2

Detailed mask,

σ = 8

Detailed mask,

σ = 2

Figure 5.2 Limited-view reconstruction results 2 of 2 with different residual distribu-
tion models: detailed binary masks compared to models of the Shepp-Logan
phantom blurred by Gaussian filtering.
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viously, the presented examples serve to illustrate the proposed approach

only qualitatively.

Regarding potential applications to JHR, the presented limited-angle ex-

periments are likely not directly applicable. It would, however, be possible

to for example simply apply an FBP reconstruction as a prior model for an

iterative refinement. Also, it the duration of the measurements would be-

come prohibitive, a sparse sinogram sampling strategy might be afforded

by a prior model that could be used to constrain the reconstruction process

with few views. The appearance and detail level of a prior model would

naturally depend on the specific application and structure of the imaged

distribution.
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6. Projection geometry optimization
by residual minimization with
respect to minimum-norm estimate

In computed tomography (CT), multiple projected views are utilized to re-

construct an attenuation distribution representing the structure of the

objects of interest. A significant strength of CT is arguably the poten-

tial for high geometric fidelity of the reconstructed images. This is, how-

ever, reduced by any physical inconsistency between the projected views.

This may result from phenomena related to the propagation and detec-

tion of the radiation, such as metal artefacts, scattering and detector

noise, but most importantly from unknown motion of the imaged object

or the imaging device during the sinogram acquisition [32, 76, 86], which

induces an inaccurate estimate of the system matrix in Eq. (1.1). In med-

ical computed tomography, modalities prone to motion artefacts include,

e.g., CBCT, C-arm CT and micro-CT as well as SPECT and PET that require

an inherently longer image acquisition process. While always reducing

the clinical image quality to some degree [76], motion-related artefacts

may even require repeating the scan or sedating the patient, as noted in

a recent survey on the topic [44].

While the presented method is general and applicable to any tomog-

raphy problem, the context for the work is industrial tomography mea-

surements at the Jules Horowitz material testing reactor [5, 38] being

constructed by CEA in Cadarache, France. The material testing applica-

tions at JHR presented in Chapter 1 involve both structural and functional

imaging of test devices that are used to carry nuclear fuel and material

samples irradiated in the reactor [68].

The motivation for the presented work was to develop pre-emptive mea-

sures for compensating any potential geometric inaccuracy originating

from a mechanism used for rotating the investigated specimens in the

underwater tomography measurements in reactor or storage pools. The

potential challenges are related to the supporting and rotating mechanics
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as well as changes in the target specimen geometry resulting from the ir-

radiation and temperature effects. With the depth of the pools dictated by

the required amount of radiation attenuation provided by the water, the

resulting length of the mechanical shafts and supports may result in un-

desirable vibration and affect the positioning of the target. With the spa-

tial accuracy goal set at 100 microns, a retrospective correction possibility

was considered essential. Based on earlier [50] and the presented experi-

ments, the expressed accuracy goal for the geometric center-of-rotation is

fully expected to be reached, or even surpassed.

Related work

In addition to improving instrumentation and the image acquisition pro-

tocol, various retrospective correction methods have been proposed for im-

proving the geometric correspondence of the measured sinogram and the

estimated projection geometry. These can be divided in two main cate-

gories: marker- and cost function-based approaches that both effectively

represent a 2D–3D or 1D–2D registration problem. Marker-based meth-

ods rely on detecting external markers from the sinogram or an external

tracking image, and using their positions to determine the corrective ge-

ometric transformation [44]. Cost function-based methods, on the other

hand, attempt to estimate the transformation parameters by finding an

extremum of a suitable data-driven cost function [62, 90] w.r.t. the trans-

formation parameters [51,75,94].

An established approach in data-driven motion correction is to attempt

maximizing the correspondence of the measured sinogram and a sino-

gram computed from an intermediate reconstruction by forward projec-

tion operations [9,47,51,75]. The intermediate reconstruction is obtained

from the measured sinogram using an estimate of the projection geom-

etry and a reconstruction algorithm, such as ART or FBP, and the cor-

respondence is given by, e.g., cross-correlation [92] or a difference-based

measure [9, 36, 45, 89]. A rigid transformation has been applied in full

6-parameter form [44], or a subset such as 2-D shift [47, 51] or simple ro-

tation [4, 9, 89]. The algebraic residual, i.e. the discrepancy between the

measured sinogram and its observed counterpart w.r.t. the reconstructed

attenuation distribution, has been proposed as a cost function for de-

tection and correction of rotational inconsistency, and it has been noted

that its global minimum coincides with the accurate projection geometry

if the exact attenuation distribution were known and used as the refer-
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ence w.r.t. which the residual is evaluated [9, 89]. The suboptimality of

the obtained correction results has been assumed to be due to the exis-

tence of local minima in the objective function landscape, and no connec-

tion between the accuracy of the actual available attenuation distribution

estimate and the correction result has been made or convergence prereq-

uisites discussed [47].

In the presented work, an arbitrary view-specific 2-D shift of the source-

detector assembly is estimated by minimizing the observed residual with

respect to an algebraically reconstructed attenuation distribution esti-

mate in an iterative manner. To the author’s knowledge, the presented

work carried out in 2013–2016 is the first to apply simple residual min-

imization to correct a random shift in CT and, moreover, to draw a con-

nection between the accuracy of the intermediate algebraic reconstruc-

tion and correction result as well as make the theoretical connection to

the minimum-norm estimate and its implications. A study from 2007 [6]

reports experimenting with the sum of squared differences (SSD) of the

measured and computed radiograph, i.e. effectively the same measure

proposed here, but abandons it in favor of a cross-correlation similar-

ity measure. An iterative minimization algorithm is adopted similarly

to, e.g. [9, 89], but contrary to some similar approaches [77, 95], no ad-

ditional regularization or penalty terms are used. Taking advantage of

the fact that a longitudinal shift along the lines of projection typically

has a significantly smaller, even negligible effect on the residual com-

pared to the lateral (transverse) shift along the detector plane, the op-

timization of the 2-D shift is performed in a rotating frame attached to

the views. Furthermore, the iteration is based on a resolution pyramid

approach, with early stages of the iteration employing coarse-resolution

estimates of the attenuation distribution that make the method robust to

low-frequency oscillatory components in the unknown shift pattern. The

practical robustness and high numerical accuracy of the proposed method

are demonstrated with both the Shepp-Logan image phantom (including

four large-magnitude shift patterns representing parallel and fan-beam

imaging geometries) and a JHR-specific projection geometry and image

phantom representing the MADISON test device. The effect of noise, ex-

pected by intuition as well as the presented theoretical considerations to

increase the attainable error level, is demonstrated with both phantoms.

To offer a qualitative explanation for the experimentally observed con-

vergent behavior of the approach as well as to inspire further analysis
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of the topic, theoretical observations are made on the geometrically per-

turbed system based on the standard linear model for tomography. The

observed algebraic residual w.r.t. an available distribution estimate corre-

sponding to the geometrically perturbed system is examined and decom-

posed to the underlying system noise and two additional residual compo-

nents that can be identified as measures of the inconsistency in the sys-

tem matrix and the distribution estimate, respectively. With the system

inconsistency assumed to be solely due to a discrepancy in the assumed

source-detector assembly positions, the first of these residual components

is regarded as a consistent error measure that should be minimized as a

necessary condition for convergence. It is therefore investigated how its

magnitude approximately depends on the overall residual that lends it-

self to observation and minimization. By assuming the minimum-norm

estimate of the unknown distribution—approximated in practice by an

algebraic reconstruction—connections between the components of the ob-

served residual are made and a qualitative theoretical justification con-

sidered to be obtained for the proposed iterative approach.

6.1 Residual norm as a measure of system matrix
inconsistency

In this section, a tomography forward problem containing a geometric per-

turbation is analyzed. The observed algebraic residual w.r.t. an available

estimate of the unknown attenuation distribution is formally decomposed

into three residual components representing distinct sources of error in

the actual measurement process, the assumed form of the system matrix,

and the distribution estimate.

The system matrix A in Eq. (1.1) is now defined to represent the un-

known, actual and geometrically consistent image acquisition process in

terms of the source and detector positions. To avoid confusion, a dis-

tinction is explicitly made between the terms accurate and regular, as

they—somewhat counterintuitively—in practice have the opposite mean-

ing: while the true imaging geometry is typically regular on a large scale

(views approximately separated only by an equiangular rotation), a ge-

ometric error gives rise to irregularity on a small scale (translational

and/or rotational view-specific deviation from the assumed position). The

irregularity is typically random and unknown, and therefore the assumed

form of the system matrix in practice corresponds to an approximate ide-
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alization that ignores any unknown geometric deviation. The system

noise n in Eq. (1.1) is assumed to be fixed for a given discretization N

and independent of any geometry-related error.

The geometrically perturbed system matrix that corresponds to the as-

sumed, i.e. typically idealized and regular imaging setting, is denoted Ã,

and the corresponding tomography forward problem is denoted

Ãx+ ñ = b . (6.1)

In this form of the system, the sinogram b, which remains fixed at its

measured value, is assumed to originate from a geometry that is actually

an idealization, i.e. a perturbed version of (1.1), and as a result the per-

turbed residual ñ now also contains the geometry-related discrepancy. We

can then expand it according to

ñ= b− Ãx≡ (b− Ax)+ (A− Ã)x ··= n+ e ,

i.e. as a sum of the geometrically accurate residual or system noise n and

e(Ã) ··= (A− Ã) x , (6.2)

which is effectively a measure of the motion-induced system matrix error

with x and A fixed. It is noted that a similar composition was used in [42]

to investigate the error arising from a coarse discretization.

From here on, ‖e‖ is regarded as a consistent measure of the geometry-

related discrepancy between the actual system matrix A and its assumed,

perturbed counterpart Ã. If necessary, a problem-specific scaling can be

obtained by using ‖Ax‖ as a normalization factor, i.e. using

‖e‖
‖Ax‖ = ‖(A− Ã) x‖

‖Ax‖
as a measure of the geometry-related residual component.

It is noted that with n fixed, the residual ‖ñ‖ = ‖n+ e‖ is canceled out

by e = −n. Consequently, the residual ‖ñ‖|n=0 reaches its minimum with

e = 0, i.e. the geometrically exact projection geometry. In this special case

it therefore consistently measures the system matrix error, as noted in [9]

by solution space considerations. However, the exact distribution x would

need to be known—essentially rendering the motion correction problem

setting pointless.

Let us then consider a practical scenario, where the unknown exact at-

tenuation distribution x in (6.1) is replaced by an available estimate x∗.

Without sacrificing generality, we may assume the same discretization for
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both x∗ and x, as we can always write the geometrically accurate forward

problem (1.1) for any N by assuming a discretization-dependent system

noise n(N) corresponding to x(N), whose values represent the spatial av-

erage values of a continuous attenuation distribution taken over each of

the N elements. The observed, geometrically perturbed forward problem

can then be written

Ãx∗ +n∗ = b , (6.3)

where n∗ now denotes what is referred to as the observed residual. In a

similar manner as above, it can be expanded

n∗ = b− Ãx∗ ≡ (b− Ãx
)+(Ãx− Ãx∗) ··= ñ+ε= n+ e+ε , (6.4)

i.e. as a sum of the geometrically perturbed residual w.r.t. the exact dis-

tribution x and

ε(x∗, Ã) ··= Ã(x− x∗) , (6.5)

which is essentially a measure of the error in the distribution estimate

x∗ with x fixed. Although ε strictly speaking also depends on Ã, changes

in its value can mainly be attributed to x∗. It can namely be approxi-

mated ‖Ã(x− x∗)‖ ≈ ‖A(x− x∗)‖ based on the fact that in a parallel beam

geometry ‖Ay‖ = ‖By‖ for any system matrices {A,B} separated only by

a view-specific longitudinal shift as well as a lateral shift that leaves the

non-zero ray integral values of the distribution y unchanged: the non-zero

values of the projected views in the sinogram of y only experience a lat-

eral shift that does not alter the norm of the sinogram. In a fan-beam

geometry, a close approximation can be expected to hold. Nonetheless,

this residual component simply represents the difference between the ge-

ometrically perturbed sinogram of the exact attenuation distribution and

the geometrically identical sinogram of the estimated distribution, which

is clearly more sensitive to errors in the distribution estimate than to

minute changes in the applied projection geometry. Again, ‖Ax‖ can be

used as a problem-specific normalization factor and

‖ε‖
‖Ax‖ = ‖Ã(x− x∗)‖

‖Ax‖
considered a scaled measure of the distribution-related residual compo-

nent.

By a simple comparison of the observed system (6.3) to its actual (1.1)

and assumed form (6.1), we have seen that the geometrically perturbed,

observed residual n∗ w.r.t. an available attenuation distribution estimate
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x∗ can be formally decomposed into the system noise and residual compo-

nents reflecting the inconsistency in the system matrix Ã as well as the

distribution estimate x∗:

n∗(x∗, Ã)= n+ e(Ã)+ε(x∗, Ã) . (6.6)

The purpose of the obtained decomposition (6.6) is two-fold: first, to il-

lustrate how the observed residual can be interpreted to consist of su-

perimposed measures for distinct sources of error, with the system noise

occluding what can be considered to be meaningful measures of the ge-

ometric inconsistency and the resulting inconsistency of the distribution

estimate, and second, use the expansion to establish a connection to the

inconsistency-related components when it is only the superposition that

can be observed as an available surrogate measure of the system’s overall

inconsistency. These are discussed next for the minimum-norm estimator.

6.2 Properties of the residual components for the
minimum-norm solution

In the following, the minimum-norm solution is applied to define the at-

tenuation distribution estimate x∗. Its properties permit a closer inves-

tigation of the residual components introduced in the previous section,

with the main goal being to analyze the dependency of the system matrix-

related error term ‖e‖ on the observed residual ‖n∗‖ and the system noise

n and to establish a qualitative justification for using ‖n∗‖ as an available

surrogate measure of the unknown system matrix inconsistency that can

be expected to yield a convergent iterative approach for estimating the

unknown geometric perturbation.

Let us then define x∗ as the minimum-norm LMS estimate

x∗ ··= x+ = Ã+b ,

where Ã+ is the Moore-Penrose pseudoinverse of the geometrically per-

turbed system matrix. It follows that Ãx∗ = Ã Ã+b represents the orthog-

onal projection of b onto Ran Ã, and

n∗ = b− Ãx∗ = (I − Ã Ã+
)b

the orthogonal projection of b onto Ker ÃT. With n∗ ∈ Ker ÃT = (Ran Ã
)⊥

and ε= Ã(x− x∗) ∈Ran Ã, it holds n∗ ⊥ ε and consequently

‖ñ‖2 ≡ ‖n+ e‖2 = ‖n∗ −ε‖2 = ‖n∗‖2 +‖ε‖2 , (6.7)
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Figure 6.1 Diagram of the residual components for the minimum-norm estimate x∗ =
x+ = Ã+b.

and ‖b‖2 = ‖Ãx∗‖2+‖n∗‖. A qualitative illustration of the residual compo-

nents and associated points in RM is presented in Fig. 6.1.

With ‖ε‖ = ‖Ã (x− x+)‖ = ‖Ã (x− Ã+b)‖, pre-multiplying Eq. (6.1) by Ã Ã+

and applying Ã Ã+ Ã = Ã results in

‖ε‖ = ‖Ã Ã+ñ‖ ≡ ‖Ã Ã+
(n+ e)‖ , (6.8)

and applying this to Eq. (6.4) further gives

‖n∗‖ = ‖(I − Ã Ã+
) ñ‖ ≡ ‖(I − Ã Ã+

) (n+ e)‖ , (6.9)

both of which can also be seen from Fig. 6.1. This means that ‖n∗‖ and

‖ε‖ represent the lengths of the mutually orthogonal projections of n+ e

onto Ker ÃT and Ran Ã, respectively, that satisfy the identity

‖(I − Ã Ã+
) (n+ e)‖2 +‖Ã Ã+

(n+ e)‖2 = ‖n+ e‖2

in keeping with Eq. (6.7).

With (I − Ã Ã+
) Ãx = 0 it holds

‖(I − Ã Ã+
) e‖ = ‖(I − Ã Ã+

) (A− Ã)x‖ = ‖(I − Ã Ã+
) Ax‖ ,

as can again be seen from Fig. 6.1. Without system noise, i.e. n = 0, mini-

mizing ‖n∗‖ by altering the form of Ã thus corresponds to minimizing

‖n∗‖n=0 = ‖(I − Ã Ã+
) e‖ = ‖(I − Ã Ã+

) Ax‖ = ‖Ax− Ã Ã+A x‖ , (6.10)

i.e. the orthogonal projection of Ax onto Ker ÃT, which is equivalent to

maximizing its orthogonal projection onto Ran Ã—a formulation of the
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same problem presented in [9]. A decreasing value for ‖n∗‖n=0 implies

that Ã Ã+A x, the orthogonal projection of Ax to Ran Ã, approaches Ax,

which means that Ran Ã approaches Ran A. This can be visualized by

rotating the line denoting Ran Ã counter-clockwise towards the line de-

noting Ran A in the diagram of Fig. 6.1. With x being non-negative and

arbitrary but fixed with respect to Ã, it is understood that with a de-

creasing ‖n∗‖n=0, the system matrix Ã Ã+A approaches A = AA+A, and

consequently Ã approaches A in the sense Ãx → Ax. We may then expect

‖e‖ to decrease immediately and ‖ε‖ subsequently when x+ is recomputed

with an updated form of Ã. This will also result in an increasing value for

‖Ãx∗‖2 = ‖b‖2 −‖n∗‖.
With a non-zero system noise ‖n‖ > 0, however, it is evident that the

superposition of n and e limits the extent to which ‖e‖ can be minimized

through ‖n∗‖ = ‖(I−Ã Ã+
) (n+e)‖ = ‖(I−Ã Ã+

) (Ax+n)‖. The occluding effect

of the system noise n on the geometry-related error e can be estimated by

setting ‖n∗‖� ‖n‖ in Eq. (6.9), which gives 1

‖n‖2 � ‖(I − Ã Ã+
) (n+ e)‖2 ≈ ‖(I − Ã Ã+

)n‖2 +‖(I − Ã Ã+
) e‖2 ,

and in turn the approximate lower bound

‖e‖2 ≥ ‖(I − Ã Ã+
) e‖2 � ‖n‖2 −‖(I − Ã Ã+

)n‖2 = ‖Ã Ã+n‖2 .

Using Eq. (6.10) this can be written in the simple form

‖e‖ ≥ ‖n∗‖n=0 � ‖Ã Ã+n‖ . (6.11)

The orthogonal projection of n to Ran Ã can then be expected to set an

approximate lower bound for ‖e‖ attainable by minimizing ‖n∗‖. This is

intuitive considering that it reflects the component of the system noise

reconstructed in x+ = Ã+b and propagated to ‖n∗‖.
Nonetheless, an approach where one minimizes the observed residual

‖n∗‖ with respect to the minimum-norm estimate x+ by implicitly alter-

ing the form of Ã by modifying the estimated projection geometry can

be expected to reduce ‖e‖ along with ‖n+ e‖ to a degree permitted by n.

Updating the minimum-norm estimate will result in a further decreased

distribution-related error ‖ε‖. This suggests minimizing these orthogo-

nal components of ‖n+e‖ alternately, and an iterative algorithm based on

these considerations is described in Section 6.3.
1We may assume that both e and n are approximately zero-mean normally dis-
tributed variables for the purpose of the approximation.
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Finally, it is noted that with an approximately normally distributed

view-specific shift with a zero mean, ‖e‖ = ‖(A− Ã) x‖ can also be expected

to be an approximately normally distributed and zero-mean random vari-

able considering that the difference of the system matrices belongs to

[−1,1]M×N . Assuming an approximately zero-mean normally distributed

system noise n, one may approximate ‖n+e‖2 ≈ ‖n‖2+‖e‖2, which inserted

into Eq. (6.7) gives

‖e‖2 ≈ ‖ε‖2 +‖n∗‖2 −‖n‖2 ,

with the sign of ‖e‖−‖ε‖ being equal to the sign of ‖n∗‖−‖n‖.

Geometric interpretation

Before advancing to a practical implementation of the algorithm, a geo-

metric interpretation of the tomography problem (1.1) is briefly discussed

to illustrate some concepts in Section 6.2 as well as the significance of

different geometric degrees-of-freedom in the view-specific perturbations.

The geometric interpretation of Ran Ã, with Ã ∈ [0,1]M×N being a non-

negative matrix, is a simplicial cone in the positive orthant {0∪R+}M [20],

as reflected by the diagram in Fig. 6.1. The range of Ã namely comprises

the linear combinations of the columns ã j ∈ [0,1]M , j = 1, . . . , N, with non-

negative weights xj ∈ {0∪R+}. This ensures that all possible points of the

form Ãx ∈ {0∪R+}M are confined to lie within the cone spanned by the

convex hull of the columns a j interpreted as M-dimensional points.

The orthogonal projection of b onto Ran Ã associated with the pseu-

doinverse solution Ã+b can then be interpreted as a projection from b

to the nearest point in Ran Ã, i.e. onto the surface of the simplicial cone

for b ∉ Ran Ã. It should be noted that each point a j ∈ [0,1]M corresponds

to a single element (basis function) of the discretized distribution x, and

each corresponding element of the points {ã j} corresponds to a single ray,

i.e. an element of b. Changing the geometric path of the ith ray therefore

affects the entire set {ã j}N
j=1 through their ith elements.

How altering the projection geometry affects the range of the system

matrix, depends on the associated geometric degree-of-freedom. For a

rigid translation of the views, it can be assumed that the rank, i.e. num-

ber of linearly independent rows—or geometric paths of the rays—of the

system matrix is preserved, as the translation does not induce a linear

dependency between the views as long as the rotation angles differ. For

adjusting the rotation, however, it is entirely possible to introduce linear
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dependencies between adjacent views due to any coinciding rotation an-

gles. Geometrically interpreted, the range of the system matrix becomes

degenerate for the elements corresponding to the affected rays. In other

words, the rank of the system matrix is typically preserved for translation

but not for rotation, which may partially explain the observed suboptimal-

ity of the results for rotational perturbation in [9].

6.3 Iterative algorithm for estimating unknown view-specific
shift

A practical algorithm is proposed next for estimating a random, view-

specific shift based on minimizing the observed residual ‖n∗‖ as a func-

tion of the shift parameters. The shift is parameterized by t ∈ R2L×1, a

translation vector where L denotes the number of views, and an implicit

dependency on this shift is assumed for the system matrix, as outlined

above. The system matrix is then written Ã = Ã( t ), and the distribution

estimate x∗ = x∗(Ã( t )
)

defined as a SART/SIRT reconstruction to approxi-

mate the minimum-norm solution Ã( t )+b [39, 88], following the previous

considerations. The observed residual is written

∥∥n∗(x∗, Ã( t )
)∥∥= ∥∥b− Ã( t ) x∗∥∥ ,

and the following iterative algorithm with alternating estimation steps

for x∗ and t proposed:

1. Initialize the shift parameters to t1 = 02L×1 corresponding to the as-

sumed, idealized form of the projection geometry, where the subscript

denotes the iteration.

2. For iteration k:

• Set the element size to hk corresponding to Nk elements in x∗
k.

• Estimate x∗
k ≈ Ã( tk )+ b using a SART/SIRT-type iterative recon-

struction algorithm.

• For each view J = 1, . . . ,L: find

t(J)
k+1 = argmint(J)∈T

∥∥b(J) − Ã(J)(t(J)) x∗
k
∥∥

using t(J) = t(J)
k as the initial value, where the superscript denotes

view-specific blocks and T ⊂R2 a fixed search space.

3. Check for convergence.

103



Projection geometry optimization by residual minimization with respect to minimum-norm estimate

ek+1

b

Ax

n

o
RM

Iteration  k + 1

Ran A Ak+1
˜Ran

Ak+1x˜

n*
εk+1

Ak+1x k+1
˜
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Figure 6.2 Iteration step k → k+1 for the minimum-norm estimate x∗ = Ã+b.

After each view J = 1, . . . ,L has been accessed in iteration k, the updated

system matrix Ãk+1 = Ã
(
tk+1

)
is found and an intermediate minimum

‖n̂∗
k‖ ··= ‖b− Ãk+1x∗

k‖ ≤ ‖n∗
k‖

established for the observed residual w.r.t. x∗
k. At the beginning of iter-

ation k+1, the distribution estimate is again updated x∗
k+1 ≈ Ã

(
tk+1

)+ b,

which ensures ‖n∗
k+1‖ � ‖n̂∗

k‖, as Ãk+1x∗
k+1 ≈ Ãk+1 Ã+

k+1b approximates a

new orthogonal projection of b onto Ran Ãk+1. The ideal iteration step

k → k+1 for x∗
k = Ã+

k b illustrated in Fig. 6.2 thus guarantees ‖n∗
k+1‖ ≤ ‖n∗

k‖,
which holds approximately in practice.

Based on Eqs. (6.9) and (6.8), this can be expected to lead to a system

noise-limited decrease in the error for both the system matrix in the sense

of ‖ek‖ as well as the distribution estimate in the sense of ‖εk‖, and conse-

quently for the error in the actual shift parameters tk. It is also recalled

that the system noise n is discretization-dependent, and one may write

‖nk‖ ≡ ‖n(Nk)‖. For N � Nk, the discretization-related system noise can

be expected to consistently decrease with an increasing resolution, as the

distribution can be more accurately presented on the image basis.

For a large lateral shift, some peripheral rays may not intersect the

FOV, which affects the scaling of ‖n∗‖ and biases the minimization. To

compensate for this, the observed residual is normalized according to

‖n∗‖ ··= |IFOV|−1
( ∑

i∈IFOV

(bi − ãT
i x∗)2

)1/2
,

where IFOV denotes the set of FOV-intersecting rays and |IFOV| its cardi-

nality.
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Figure 6.3 The fixed xy and rotating x′ y′ frames of reference.

Lateral and longitudinal shift components

As noted in Section 6.2, any meaningful longitudinal shift has no effect

in a parallel beam projection geometry and in a typical fan-beam projec-

tion geometry, the majority of the image quality degradation can still be

attributed to the lateral shift component. In order to separate these shift

components, a rotating frame of reference fixed to the views, i.e. parame-

terized by the rotation angle denoted ϕ is adopted.

An xy shift t = [tx, ty]T is readily decomposed into a longitudinal shift ty′

along the line of projection and a lateral shift tx′ along the detector plane

corresponding to the rotation angle ϕ by inspecting the similar triangles

in Fig. 6.3:

tx′(ϕ) = tx cosϕ+ ty sinϕ , (6.12)

ty′(ϕ) = ty cosϕ− tx sinϕ . (6.13)

The inverse transformations are obtained by interchanging the primed

and unprimed variables and inverting the sign of the rotation angle.

105



Projection geometry optimization by residual minimization with respect to minimum-norm estimate

6.4 Simulation studies

Residual landscape in the rotating frame of reference

To demonstrate the qualitative behavior of the view-specific observed resid-

ual in the rotating frame of reference,

∥∥ñ∗(J)( t )
∥∥= ∥∥n(J) + e(J)( t )+ε(J)( t )

∥∥ ,

was computed w.r.t. a SART estimate x∗ of the Shepp-Logan phantom [79]

at the resolution h = 0.8 mm (same reconstruction parameters as in the

optimization experiments) by displacing each view J from its correct posi-

tion by the same amount t in the rotating frame, and taking the average

of the resulting residual landscape surfaces.

Convergence of the observed residual components

To demonstrate the convergence of the residual components ‖n∗‖, ‖e‖ and

‖ε‖ discussed in Sect. 6.2 using an approximation of the minimum-norm

estimate, two separate Shepp-Logan fan-beam geometry test cases with

phantom dimensions N = 512×512 and sinogram dimensions M = 768×720

(rays × views) were generated with a zero-mean normally distributed xy

shift with σ = 0.5 mm. Two cases with the identical geometric perturba-

tion were generated both with (n ∼ N(0,0.05)) and without (n = 0) system

noise. To correct the geometric error, 20 iterations were performed for

the lateral shift followed by 10 iterations for both lateral and longitudinal

shift with a ±4 mm search space.

Correction of unknown view-specific shift for the Shepp-Logan
phantom

As in other chapters of this work, a two-dimensional Shepp-Logan phan-

tom [79] is included in the experiments based on its universal recogniz-

ability in related literature. A reference attenuation distribution with

the value range [0,1] and dimensions N = 5120×5120 was again gener-

ated using the MATLAB function phantom. Assuming the nominal length

a = 256 mm for the sides of the square phantom, this corresponds to an

element size of 0.05 mm= 50 μm, and all reported absolute measures are

relative to this scale.

The fan-beam and parallel beam projection geometry descriptions were

generated using the parameters in Table 6.1. The same sinogram dimen-

sions were used for both geometry types, but different values for the detec-
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Reference phantom Fan-beam geometry Parallel beam geometry

Figure 6.4 The Shepp-Logan reference phantom and its unperturbed sinograms repre-
senting the ideal, unperturbed measurements.

Table 6.1 Geometric parameters of the Shepp-Logan shift test cases. Repeated values
are denoted by a dash. All measures are relative to the nominal FOV size.

Fan-beam geometry Parallel beam geometry

Phantom dimensions N 5120×5120 —

Field-of-view (FOV) 256 mm —

FOV element size 0.05 mm —

Source-to-center dist. (SCD) 1024 mm —

Image-to-center dist. (ICD) 512 mm —

Sinogram dims. M (rays× views) 1536×1440 —

Detector width 384 mm 256 mm

Detector pitch 0.25 mm 0.167 mm

Sinogram angular step 0.25◦ 0.125◦

Sinogram AOV 360◦ 180◦

tor pitch and the angular step, and consequently the detector width and

angle-of-view (AOV). The reference image and its unperturbed sinograms

are shown in Fig. 6.4.

Two shift patterns were generated for both projection geometry types

using the parameters in Table 6.2. For the fan-beam cases, the patterns

were generated in the fixed xy laboratory frame, and for the parallel beam

cases in the rotating, view-specific x′y′ frame in order to include only the

significant lateral shift component. The first test cases in both geometry

types represent a high-frequency random shift, and the second test cases

a combination of high-frequency random shift and a sinusoidal periodic

low-frequency component.

The four test cases were generated without adding noise to the com-

puted sinograms, i.e. ‖n(N)‖ = 0, but to demonstrate the effect of system

noise, uniformly distributed noise n ∼ U([0,3]) was added to a geometri-

cally perturbed fan-beam sinogram. It is noted that the applied noise is

non-zero-mean and therefore represents a more general scenario than dis-
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Table 6.2 Parameters of the evaluation protocol with the Shepp-Logan phantom. In the
shift patterns, subscripts denote the applicable degree-of-freedom, f refers to
a view angle-dependent oscillatory component, and σ to the standard devia-
tion of a superimposed, normally distributed zero-mean component.

Fan-beam Fan-beam Parallel beam Parallel beam
test case 1 test case 2 test case 1 test case 2

Shift pattern σx = 1.5 σx = 0.5 σx′ = 2.5 σx′ = 1

parameters (mm) σy = 1.5 σy = 0.5

fx(ϕ)= 2.5sinϕ fx′ (ϕ)= sin3ϕ

f y(ϕ)= 2.5cosϕ

Search space (mm) tx′ ∈ [−6, 6] tx′ ∈ [0, 5] tx′ ∈ [−10, 10] tx′ ∈ [−4, 4]

ty′ ∈ [−6, 6] ty′ ∈ [−2, 2]

Resolution h = 1.6; 10× x′ h = 1.6; 30× x′ h = 1.6; 20× x′ h = 1.6; 100× x′

levels (mm) h = 0.8; 10× x′ y′ h = 0.8; 5× x′ y′ h = 0.8; 20× x′ h = 0.8; 30× x′

and iterations h = 0.4; 5× x′ y′ h = 0.4; 5× x′ y′ h = 0.4; 60× x′ h = 0.4; 10× x′

(optimized DOFs) h = 0.2; 5× x′ y′ h = 0.2; 5× x′ y′ h = 0.2; 5× x′ h = 0.2; 5× x′

Table 6.3 Geometric parameters of the MADISON shift test cases.

Field-of-view (FOV) 69.83 mm

FOV element size 0.03 mm

Source-to-center dist. (SCD) 2700 mm

Image-to-center dist. (ICD) 200 mm

Sinogram dims. M (rays× views) 2500×5000

Detector width 75 mm

Detector pitch 0.03 mm

Sinogram angular step 0.072◦

Sinogram AOV 360◦

cussed in Section 6.1. Scatter plots of the shift trajectories, sinograms and

reconstructions are presented together with the results in Figs. 6.12–6.15

and 6.17–6.18.

Correction of unknown view-specific shift for the MADISON
phantom

To demonstrate the practical performance of the proposed projection ge-

ometry optimization estimation method, test cases were also constructed

using an image phantom that represents the MADISON test device of JHR.

The sinogram of the MADISON phantom was computed using MODHER-

ATO [63] and provided by Mr. Nicolas Estre of CEA. Aside from its in-

creased geometric complexity compared to the Shepp-Logan phantom, the

sinogram of the MADISON phantom contains physically simulated effects

related to noise (both X-ray statistics as well as detector efficiency) and

the energy spectrum, e.g., beam hardening. Moreover, it is emphasized
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Focal spot size 400 μm

4× UO2 pellets (Ø 8 mm) with test charts:

1. Crack detection (Ø1 mm hole and 10–300 μm radial cracks), Ø Zr 10 mm

2. Spatial resolution (Test chart 1–15 lp/mm), Ø Zr 9.6 mm

3. MTF measurement (Rectangular void), Ø Zr 9.6 mm

4. Density resolution (Eight Ø1 mm cylinders −8%. . .+8%), Ø Zr 10 mm
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Figure 6.5 The MADISON (Multi-rod Adaptable Device for Irradiation of Experimental
Fuel Samples Operating in Normal Conditions) phantom. (Original image
courtesy of CEA adapted with permission)

the phantom was designed and the sinogram simulated independently by

CEA with the intended application in mind.

The two geometric perturbation patterns used in the MADISON experi-

ments were provided by CEA and are presented in non-parametric form

in Fig. 6.7. Both patterns are identical in their shape—with a combina-

tion of a global, approximately circular center-of-rotation trajectory with

a superimposed, high-frequency noise-like local shift—but with a 1:2 ratio

for the amplitude. In the rotating frame of reference, the first test case

has an amplitude of approximately 95 μm for both the longitudinal as

well as the lateral shift components and therefore represents a center-of-

rotation shift that technically remains within the 100 μm tolerance set for

the tomography imaging experiments. The corresponding amplitude for

the second test case is approximately 190 μm. It is noted that the same

phantom and perturbation patterns (shape and magnitude) were used in

2014 for a then blind testing of ARTEMIS and the presented motion esti-

mation method, with only the perturbed sinograms provided to the author

by CEA.

In addition to the inherent noise contained by the sinogram of the MADI-

SON phantom, two additional noise patterns were generated and super-

109



Projection geometry optimization by residual minimization with respect to minimum-norm estimate

Reference phantom Reference sinogram

Reference phantom with noise 1 Reference sinogram with noise 1

Reference phantom with noise 2 Reference sinogram with noise 2

Figure 6.6 The MADISON reference phantom and its geometrically unperturbed sino-
grams with three levels of measurement noise.
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Figure 6.7 Scatter plots of the initial view-specific shift and the corresponding
component-wise error in the rotating frame for the MADISON test cases.

imposed on the original sinogram. The normally distributed N(μ,σ) noise

patterns n1 ∼ N(0.48,0.036) and n2 ∼ N(0.86,0.068) (with the mean inten-

sity and its standard deviation in the original sinogram being approxi-

mately 1.4 and 0.35, respectively) were applied. It is noted that the ap-

plied noise is again non-zero-mean and represents a more general sce-

nario than the one discussed in Section 6.1. The parameters of the gen-

erated noise pattern 1 (n1) were based on a noisy MADISON sinogram

provided earlier by CEA 2, and the noise pattern 2 (n2) representing yet

higher noise intensity.

Reconstruction and optimization methods

All experiments were performed using ARTEMIS, with the Windows pro-

gram executable compiled using Intel Fortran (v. 11.1) and the Linux exe-

cutable using Gfortran. The experiments with the Shepp-Logan phantom

were computed on a Fujitsu Celsius W530 workstation with four dual-

core Intel Xeon E3-1230 processors running at 3.30 GHz, 16 GB of RAM,

and 64-bit Windows 7 Enterprise as the operating system. The experi-

ments with the MADISON test device phantom were computed on a Dell

Precision T5810 workstation with four dual-core Intel Xeon E5-1620 pro-

cessors running at 3.50 Ghz, 64 GB of RAM, and Ubuntu 16.04 LTS Linux

as the operating system.

For optimization, the direct minimization routine BCPOL, an implemen-

tation of the Nelder-Mead simplex algorithm [46,58] from the Visual Nu-

merics IMSL library v. 6.0 [37] was used.

The ray-driven area integration method with distance weighting de-

2The sinogram contained a geometric perturbation, whose exact form was not
known and was therefore not applied in the presented experiments.
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scribed in Chapter 3 was used for an on-the-fly computation of the system

matrix entries in all projection and backprojection operations, except for

the MADISON phantom test case 2 that was also demonstrated using a line

integration projector. The projectors were parallelized using OpenMP. For

computing the intermediate reconstruction approximating the minimum-

norm estimate [39,88], a combination of synchronous SIRT and sequential

SART updates [2] were used, as described below.

Protocol for estimating view-specific shift pattern

Shepp-Logan phantom

For estimating the Shepp-Logan shift patterns, a multi-resolution ap-

proach was adopted for the element size hk of the intermediate recon-

structions approximating the minimum-norm estimates of the attenua-

tion distribution. It was experimentally observed to improve the estima-

tion of the low-frequency shift component present in the second test case

for both geometry types. Even at the finest resolution level, the element

size was larger than for the reference phantom (hk = 1.6. . .0.2 mm vs. h =
0.05 mm, see Table 6.2). It is noted that as a result of the coarse discretiza-

tion Nk � N, the discretization-related system noise ‖n(Nk)‖ > 0 although

‖n(N)‖ = 0, and consequently the observed overall residual ‖n∗‖ > 0, even

if the system matrix Ã corresponded to A(Nk), i.e. the exact source and

detector positions, and the distribution to the ideal distribution x(Nk) at

that resolution level.

The amounts and types (in terms of DOFs) of the optimization iterations

given in Table 6.2 were chosen manually, and no claim is made regarding

the optimality or generality of the adopted protocol. The applied amounts

of iterations mostly decrease with hk, with the parallel beam case 1 be-

ing an exception that benefited from a larger number of iterations at the

resolution level h = 0.4 mm.

In the reconstruction iteration, a simultaneous SIRT update was fol-

lowed by sequential SART updates until the relative RMS change of the

residual fell below 10−2, and finished with a single SIRT update. The SIRT

updates were applied as such, but a SART relaxation factor of 0.1 was

used. The distribution estimate values were bounded to [0,1] after each

update. The fixed search space bounds for the IMSL minimization routine

BCPOL were chosen based on the perturbation amplitude. The amount of

cost function evaluations was limited to 50 for x′ optimization, to 125 for
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x′y′ optimization, and the cost function tolerance was set to 10−18.

Before computing the error in the x′y′ shift parameters, the global—

that is, constant for the entire sinogram—DC shifts of the true and esti-

mated shift trajectories were subtracted in the fixed xy frame. In practice,

this corresponds to centering the reconstructed object within the recon-

structed FOV. A small constant xy shift of the source-detector positions

has no effect on the image quality, but it induces sinusoidal components

to the x′y′ shift parameters according to Eqs. (6.12)–(6.13), and thus ob-

scures the interpretation of the correction accuracy, unless accounted for.

MADISON phantom

The shift pattern estimation protocol for the MADISON phantom was sim-

ilar to the protocol used for the Shepp-Logan phantom with a few differ-

ences. The diameter of the reconstructed FOV was 68 mm and the amount

of resolution levels was three with hk = 0.4. . .0.1 mm, i.e. the dimensions

of the reference reconstructions ranging from 170×170 to 680×680.

Fewer resolution levels sufficed due to the fact that in contrast to the

Shepp-Logan experiments (excluding the experiment with noise added

to the Shepp-Logan sinogram), the MADISON sinogram contains system

noise and we may expect the noise-bounded level to be reached sooner, as

supported by the results. Regarding the comparison of the physical di-

mensions between the Shepp-Logan and MADISON test cases, however, it

should be noted that the values given for the Shepp-Logan phantom are

nominal and relative to an assumed FOV size of 256 mm and a SID of four

times the FOV.

In contrast to the Shepp-Logan phantom, the geometric perturbation

was only applied to the initial projection geometry with the sinogram cor-

responding to the exact projection geometry. From the perspective of pro-

jection geometry optimization, however, only the discrepancy between the

actual and assumed form of the projection geometry is significant. This

approach was due to not having access to the perturbed sinograms with

the exact form of the geometric perturbation known.

The intermediate reference reconstructions of the MADISON phantom

were computed using SART with the convergence threshold for the pre-

update residual set to 5×10−3 and a relaxation factor of 0.05. In practice,

the parameters resulted in 3–5 SART update iterations. Again, before

computing the error in the x′y′ shift parameters, the constant DC shift

component was subtracted in the fixed xy frame.
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6.5 Results
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Figure 6.8 Average view-specific observed residual landscapes of the Shepp-Logan
phantom in fan-beam and parallel beam projection geometry at h = 0.8 mm.
The plot centers correspond to zero view displacement, tx′ denotes lateral
shift with a 0.05 mm step size, and ty′ longitudinal shift with a 0.25 mm
step size.

Residual landscape in the rotating frame of reference

Surface plots of the average view-specific residual landscapes presented

in Fig. 6.8 exhibit pronounced central minima for both geometry types

corresponding to a vanishing shift and the system-related residual com-

ponent ‖e( j)(0)‖ = 0. The minimum values (1.576×10−3 for fan-beam and

1.028×10−3 for the parallel beam geometry) correspond to ‖n( j) +ε( j)(0)‖,
and are comparable to the optimized residual values at the same reso-

lution level (see Table 6.4). Again, although no noise was added to the

original sinogram, due to the coarse discretization and a suboptimal dis-
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Figure 6.9 Convergence of the residual components for two Shepp-Logan test cases with
a normally distributed zero-mean xy shift (σ = 0.5 mm). The dashed line
denotes the system noise level in the top right plot. ‖ε‖ is the same for iter-
ations 0 (the initial geometry) and 1 because the intermediate distribution
estimate does not change until in iteration 2.

tribution estimate, a non-vanishing discretization-related system noise

and a distribution-related residual component remain at the exact source-

detector positions. As expected, the parallel beam case is invariant w.r.t.

longitudinal shift, whereas the fan-beam case exhibits a lower sensitivity

to it—about 10% of the lateral shift for the specific fan-beam geometry.

Convergence of the observed residual components

The results are presented in Figs. 6.9 and 6.10. The reference SART re-

constructions shown in Fig. 6.10 demonstrate that the effect of the geo-

metric error on the reconstruction quality is effectively canceled out after

30 iterations with the remaining lateral and longitudinal RMS errors be-

ing approximately 7.7 μm and 43 μm for the noiseless case and 13.2 μm

and 101 μm for the case with the system noise (relative to reconstruction

dimensions of 256×256 mm).

The convergence of the residual components in Fig. 6.9 reflects the con-
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Perturbed reconstruction Corrected reconstruction

No system noise (n= 0)

Perturbed reconstruction Corrected reconstruction

With system noise n∼N(0,0.05)

Figure 6.10 Reconstructions before and after 30 correction iterations.

siderations presented in Section 6.2. Interestingly, both ‖e‖ and ‖ε‖ con-

tinue to decrease well after the value of ‖n∗‖ appears to remain unchanged

towards the end of the iteration. With system noise, the obtained ap-

proximate lower bound (6.11), ‖e‖ � ‖Ã Ã+n‖ appears to hold well, and

the sign of ‖e‖−‖ε‖ matches the sign of ‖n∗‖−‖n‖. The approximation

‖n+e‖2 ≈ ‖n‖2+‖e‖2 is seen to hold well with the specific system noise and

geometric error patterns, but the approximation ‖n∗ − ε‖2 ≈ ‖n∗‖2 +‖ε‖2

somewhat less accurately, which can be understood to reflect the devia-

tion from the minimum-norm estimate (15 SART iterations were applied

for the noiseless case and 10 with the system noise included).

Estimation of view-specific shift with the Shepp-Logan phantom

The results for the shift estimation experiments with the Shepp-Logan

phantom are presented in Table 6.4 and Figs. 6.12–6.15. In Figs. 6.12

and 6.13, the corrected reconstructions were computed by applying the

estimated shift to the idealized projection geometry, and the corrected

sinograms by applying the inverse of the estimated shift to the actual
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Table 6.4 View-specific shift estimation results for the Shepp-Logan phantom. A dash
indicates an unaltered DOF at the corresponding resolution level.

Test case Initial Initial RMS Resolution Time/ Optimized Optimized RMS
‖n∗‖ error (mm) level (mm) iter. (s) ‖n∗‖ error (mm)

Fan- 1.401×10−2 x′: 1.503×100 h = 1.6 170 3.769×10−3 x′: 4.128×10−2

beam 1 y′: 1.529×100 y′: —

h = 0.8 810 1.577×10−3 x′: 1.360×10−2

y′: 1.417×10−1

h = 0.4 1800 7.137×10−4 x′: 1.078×10−2

y′: 9.537×10−2

h = 0.2 5600 2.911×10−4 x′: 9.394×10−3

y′: 8.915×10−2

Fan- 2.125×10−2 x′: 2.538×100 h = 1.6 170 3.392×10−3 x′: 3.134×10−2

beam 2 y′: 4.986×10−1 y′: —

h = 0.8 810 1.573×10−3 x′: 8.618×10−3

y′: 8.129×10−2

h = 0.4 1800 6.937×10−4 x′: 6.686×10−3

y′: 5.167×10−2

h = 0.2 5500 2.725×10−4 x′: 5.785×10−3

y′: 4.800×10−2

Parallel 1.299×10−2 x′: 2.465×100 h = 1.6 180 2.206×10−3 x′: 4.813×10−2

beam 1 h = 0.8 370 1.040×10−3 x′: 3.010×10−2

h = 0.4 900 4.549×10−4 x′: 8.747×10−3

h = 0.2 3300 1.712×10−4 x′: 7.866×10−3

Parallel 6.915×10−3 x′: 1.217×100 h = 1.6 170 2.205×10−3 x′: 2.841×10−2

beam 2 h = 0.8 340 1.038×10−3 x′: 8.499×10−3

h = 0.4 850 4.557×10−4 x′: 5.354×10−3

h = 0.2 3250 1.701×10−4 x′: 4.091×10−3

perturbed geometry.

The nominal lateral RMS error range3 is 4.1–9.4 μm, which amounts

to approximately 2–5% of the detector element size, which is also com-

parable to the final resolution level, and 8–20% of the original reference

phantom’s element size. The nominal longitudinal RMS error range in

the fan-beam test cases is 50–90 μm, which is on the order of the ref-

erence phantom’s element size. Considering that the overall residual’s

longitudinal sensitivity observed previously is approximately 10% of the

lateral sensitivity, an equivalent error can be expected to be roughly 10-

fold, which corresponds to the aforementioned values. Interestingly, the

initial perturbation patterns are not reflected in the final error, but in-

stead all lateral error trajectories can be seen to exhibit an approximately

2π/3-periodic oscillatory behavior for the fan-beam test cases, and corre-

spondingly an approximately π/3-periodic oscillatory behavior for the par-

3Relative to a FOV size of 256 mm
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Figure 6.11 Convergence of the view-specific RMS error (in mm) and the observed resid-
ual ‖n∗‖ for the Shepp-Logan test cases. Notice that the observed residual
appears visually constant towards the end of each resolution level despite
its actual consistent decrease and the logarithmic vertical axis.

allel beam test cases. Taking into account the different AOVs (2π for the

fan-beam geometry and π for the parallel beam geometry), both corre-

spond to an xy error pattern with three ‘lobes’, if the longitudinal error

component is ignored.

The convergence of the RMS error and the observed residual are shown

in Fig. 6.11. The lateral RMS error exhibits a notably similar convergence

for the first three test cases: a gradually decreasing slope at each reso-

lution level and a notch with each resolution increase. In contrast, for

the parallel beam case 2 with a significant low-frequency lateral shift

component, the lateral error convergence rate increases after about 40

iterations. For the longitudinal error in the fan-beam test cases, the qual-

itative behavior is mostly similar to the lateral error, but in the fan-beam

test case 2 it reaches its minimum slightly before advancing to the next

resolution level.

It is noteworthy that the relative decrease rate in the RMS error pre-
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Fan-beam test case 1
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Figure 6.12 Reconstructions (h = 0.125 mm, N = 2048 × 2048) and sinograms (M =
1536×1440) of the fan-beam test cases for the Shepp-Logan phantom. ‘Per-
turbed’ refers to a combination of the true, measured sinogram with an
idealized projection geometry. ‘Corrected’ refers to the final iterated shift
estimation results, with the measured sinogram combined to the estimated
view-specific shift superimposed on the idealized projection geometry for
the reconstruction
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Perturbed reconstruction Corrected reconstruction
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Perturbed reconstruction Corrected reconstruction

Perturbed sinogram Corrected sinogram
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Figure 6.13 Reconstructions (h = 0.125 mm, N = 2048 × 2048) and sinograms (M =
1536×1440) of the parallel beam test cases for the Shepp-Logan phantom.
‘Perturbed’ refers to a combination of the true, measured sinogram with an
idealized projection geometry. ‘Corrected’ refers to the final iterated shift
estimation results, with the measured sinogram combined to the estimated
view-specific shift superimposed on the idealized projection geometry for
the reconstruction.

120



Projection geometry optimization by residual minimization with respect to minimum-norm estimate

True and estimated xy COR shift Final xy error

mm
-6 -3 0 3 6

True
Estimated

mm
-0.2 -0.1 0 0.1 0.2

Final lateral error (mm) Final longitudinal error (mm)

View
200 400 600 800 1000 1200 1400

-0.02

-0.01

0

0.01

0.02

View
200 400 600 800 1000 1200 1400

-0.2

-0.1

0

0.1

0.2

Fan-beam test case 1

True and estimated xy COR shift Final xy error

mm
-5 -2.5 0 2.5 5

True
Estimated

mm
-0.2 -0.1 0 0.1 0.2

Final lateral error (mm) Final longitudinal error (mm)

View
200 400 600 800 1000 1200 1400

-0.02

-0.01

0

0.01

0.02

View
200 400 600 800 1000 1200 1400

-0.2

-0.1

0

0.1

0.2

Fan-beam test case 2

Figure 6.14 Scatter plots of the true and estimated view-specific shift and the corre-
sponding error in the fixed laboratory frame and component-wise plots of
the view-specific error in the rotating frame for the Shepp-Logan fan-beam
geometry test cases.
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Figure 6.15 Scatter plots of the true and estimated view-specific shift and the corre-
sponding error in the fixed laboratory frame and component-wise plots of
the view-specific error in the rotating frame for the Shepp-Logan parallel
beam geometry test cases.

sented in Fig. 6.11 far exceeds that of the observed residual towards the

end of each resolution level. This is reflected by what visually appears to

be a constant observed residual value combined with clearly decreasing

RMS error values. Although only the RMS error in the view-specific shift

parameters was observed, based on the previously presented example, it

is reasonable to assume that qualitatively similar behavior is exhibited

by ‖e‖ for the other experiments. With the absolute and relative decrease

in the observed residual ‖n∗‖ being significantly smaller than for ‖e‖ or

the RMS error of the actual transformation parameters, care should be

applied if the decrease in ‖n∗‖ were used as a termination criterion for

the iteration, as a minute decrease in the observed residual value might

result in a sizeable decrease of the relevant error metric.
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Table 6.5 View-specific shift estimation results in the fan-beam test case with noise
added to the sinogram. A dash indicates an unaltered DOF at the correspond-
ing resolution level.

Initial Initial RMS Resolution Optimized Optimized RMS
‖n∗‖ error (mm) level (mm) ‖n∗‖ error (mm)

1.056×100 x′: 1.3959×100 h = 1.6 7.632×10−1 x′: 9.526×10−2

y′: 1.5139×100 y′: —

h = 0.8 7.255×10−1 x′: 7.663×10−2

y′: 6.236×10−1

0 2 4 6 8 10
10−2

10−1

100

101

Iteration

Longitudinal RMS shift
Lateral RMS shift
||n*||

Figure 6.16 Convergence of the view-specific RMS error (in mm) and the observed resid-
ual ‖n∗‖ for the Shepp-Logan fan-beam geometry test case with noise
added to the sinogram.

Shift estimation with noise added to the sinogram

To demonstrate the effects of noise in the view of the theoretical consid-

erations presented in Sect. 6.2 as well as the algorithm’s robustness to

it, a noisy sinogram was generated by adding uniformly distributed noise

n ∼ U([0,3]) to a geometrically perturbed fan-beam sinogram. The nor-

mally distributed geometric perturbation was of the same type and mag-

nitude as in the noiseless fan-beam test case 1 (σx = σy = 1.5 mm) and

the same search space was used (tx′ , ty′ ∈ [−6, 6] mm), but due to the iter-

ation reaching the noise-bound level of the observed residual faster, only

the two first resolution levels (h = 1.6 mm and h = 0.8 mm) were applied

with 5 iterations performed at both levels. The results are presented in

Table 6.5 and Figs. 6.16–6.18.

It can be seen from the reconstructions in Fig. 6.17 (top row) that the

added noise deteriorates the image quality of the reconstructions signifi-

cantly, but the motion estimation iteration still succeeds to reach a visu-

ally excellent result. This can be seen from the noiseless reconstructions

on the bottom row of Fig. 6.17 that were computed using the same projec-

tion geometry optimized with the noisy sinogram but with the sinogram
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Perturbed sinogram with noise Perturbed reconstruction with noise Corrected reconstruction with noise

Perturbed sinogram with Perturbed reconstruction Corrected reconstruction
the noise subtracted with the noise subtracted with the noise subtracted

Figure 6.17 Top: noisy perturbed sinogram (M = 1536×1440) and corresponding FBP

reconstructions (N = 2048×2048) for the Shepp-Logan phantom before and
after the motion estimation based on the noisy sinogram. Bottom: corre-
sponding sinograms and reconstructions with the noise subtracted after-
wards.

noise subtracted afterwards for computing the reconstructions.

The reached lateral error was higher than in the similar fan-beam test

case 1 at the corresponding resolution (RMS value of 0.077 mm with noise

compared to 0.014 mm without noise), but more significantly, in the noisy

case continuing the iteration would not decrease the error anymore. The

noise-bounded lower bound for ‖e‖ according to Eq. 6.11 can then be ex-

pected to have been reached. A parallel can also be drawn to the Morozov

discrepancy principle in iterative reconstruction methods, where contin-

uing the iteration after reaching a system noise-bound residual level no

longer improves the image quality but rather decreases it, i.e. the solution

should only attempt to satisfy the data up to the noise level [42].

It can be seen from the error plots in Fig. 6.18 that the visually large

deviation in the COR scatter plots can be attributed to the longitudinal

component, to which the observed residual as well as the image quality

are less sensitive.
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Figure 6.18 Scatter plots of the true and estimated view-specific shifts and its com-
ponents for the Shepp-Logan fan-beam test case with noise added to the
sinogram.

Estimation of view-specific shift with the MADISON phantom

The view-specific shift estimation results for the MADISON phantom are

presented in Figs. 6.19–6.23 and summarized in Table 6.6 including the

results obtained with the noisy sinograms shown in Fig. 6.6.

Overall, the final peak-to-peak values for the lateral error for both test

cases with and without the added noise are of the order of 30 μm, i.e. the

detector pitch and the pixel size used for the reconstructions of the entire

MADISON phantom. Interestingly, despite the quite apparent impact on

the quality of the reconstructed images, the geometry optimization results

obtained with the noisy sinograms are not significantly worse in terms of

the actual geometric error. Without the added noise, the final lateral error

for both test cases is almost the same with RMS values of approximately

6–7 μm. In keeping with the results for the Shepp-Logan phantom, the

final lateral error exhibits an equioscillatory behavior with an apparent

periodicity of 2π/3.

In contrast to the Shepp-Logan test cases, the longitudinal error was

not corrected for. This is due to the very small fan angle of the MADISON

projection geometry (approximately 0.74◦ compared to 14◦ for the Shepp-

Logan geometry) and correspondingly initial relative longitudinal error to

SID (less than 1 to 14500 compared to about 1 to 300 for the Shepp-Logan
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Table 6.6 View-specific shift estimation results for the MADISON phantom test cases. A
dash indicates an unaltered DOF and corresponding RMS value.

Initial Initial RMS Resolution Time/ Optimized Optimized RMS
‖n∗‖ error (mm) level (mm) iter. (s) ‖n∗‖ error (mm)

Test case 1 5.763×10−4 x′: 4.834×10−2 h = 0.4 785 4.620×10−4 x′: 7.694×10−3

y′: 4.611×10−2 y′: —

h = 0.2 1585 2.797×10−4 x′: 6.125×10−3

y′: —

h = 0.1 3170 2.354×10−4 x′: 5.970×10−3

y′: —

Test case 1 1.672×10−3 x′: 4.834×10−2 h = 0.4 770 1.549×10−3 x′: 8.237×10−3

with noise y′: 4.611×10−2 y′: —

h = 0.2 1545 1.352×10−3 x′: 6.786×10−3

y′: —

h = 0.1 3070 1.288×10−3 x′: 6.652×10−3

y′: —

Test case 2 9.031×10−4 x′: 9.656×10−2 h = 0.4 780 4.620×10−4 x′: 8.355×10−3

y′: 9.219×10−2 y′: —

h = 0.2 1580 2.800×10−4 x′: 6.832×10−3

y′: —

h = 0.1 3160 2.364×10−4 x′: 6.620×10−3

y′: —

Test case 2 4.785×10−3 x′: 9.656×10−2 h = 0.4 780 4.294×10−3 x′: 9.309×10−3

with noise y′: 9.219×10−2 y′: —

h = 0.2 1490 4.083×10−3 x′: 8.016×10−3

y′: —

h = 0.1 2970 3.982×10−3 x′: 8.239×10−3

y′: —

fan-beam test cases), which makes the effect of the longitudinal error neg-

ligible compared to the lateral error. Even in the Shepp-Logan fan-beam

test cases with an over 50 times larger fan angle, the resulting longitudi-

nal error was approximately 10-fold compared to the lateral error without

any noise added to the sinogram. This is already of the order of the initial-

to-final lateral error ratio for the MADISON test cases signifying that the

initial longitudinal error is already well below the level bounded by the

projection geometry and the system noise in the sense of Eq. (6.11). Con-

sequently, the COR scatter plots in the xy coordinate frame are shown only

for the lateral shift component in Fig. 6.23.

Although the nominal RMS values of the final lateral error are very close

to the values obtained for the Shepp-Logan phantom, it is emphasized

that the latter are relative to an arbitrary FOV size of 256 mm, while

the diameter of the MADISON phantom is approximately 25% of this (see

Fig. 6.5).
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Figure 6.19 Convergence of the view-specific RMS error (in mm) and the observed resid-
ual ‖n∗‖ for the MADISON phantom test cases.

Inspecting the corrected reconstructions shown in Figs. 6.21 and 6.20

and comparing them to the reference reconstructions in Fig. 6.6, the cor-

rection results appear to be visually flawless without any discernible geometry-

related artefacts. Even the finest details appear sharp in the local recon-

structions of the UO2 pellets with a pixel size of 10 microns.

The convergence of the lateral RMS error and the observed residual

presented in Fig. 6.19 demonstrates a relatively similar behavior as for

the Shepp-Logan phantom (compare to Figs. 6.11 and 6.16). The smaller

number of iterations required for convergence appears to reflect both the

smaller initial error and on the other hand the sinogram noise present in

all of the MADISON test cases. In the latter sense, the convergence of the

MADISON iterations resembles quite closely the Shepp-Logan fan-beam

test case with noise added to the sinogram shown in Fig. 6.16. Whereas

the amount of resolution levels for Shepp-Logan test cases was four for

the noiseless sinograms and two for the highly noisy fan-beam sinogram,

all MADISON test cases applied three resolution levels. However, with the

additional noise in the MADISON sinograms, it can be seen that the RMS
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Perturbed reconstructions

Corrected reconstructions

Perturbed reconstructions with noisy sinogram 1

Corrected reconstructions with noisy sinogram 1

Figure 6.20 Reconstructions of the MADISON test case 1 before and after motion correc-
tion. The pixel size of the FBP reconstructions is 30 μm (FOV diameter 66
mm) and 10 μm in the local FBP reconstructions of the UO2 pellets (FOV

diameter 10.2 mm for pellet 1 and 9.8 mm for pellet 2).
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Perturbed reconstructions

Corrected reconstructions

Perturbed reconstructions with noisy sinogram 2

Corrected reconstructions with noisy sinogram 2

Figure 6.21 Reconstructions of the MADISON test case 2 before and after motion correc-
tion. The pixel size of the FBP reconstructions is 30 μm (FOV diameter 66
mm) and 10 μm in the local FBP reconstructions of the UO2 pellets (FOV

diameter 10.2 mm for pellet 1 and 9.8 mm for pellet 2).
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Corrected reconstructions for test case 1 with sinogram noise 1 subtracted

Corrected reconstructions for test case 2 with sinogram noise 2 subtracted

Figure 6.22 Reconstructions of the MADISON test cases with the geometry optimized
using the noisy sinograms and the noise subtracted afterwards. The pixel
size of the FBP reconstructions is 30 μm (FOV diameter 66 mm) and 10 μm
in the local FBP reconstructions of the UO2 pellets (FOV diameter 10.2 mm
for pellet 1 and 9.8 mm for pellet 2).

error reaches its global minimum essentially already at the second resolu-

tion level in a similar fashion as in the noisy Shepp-Logan test case. The

reconstructions shown in Fig. 6.22 are computed using the original sino-

gram but with the projection geometries corrected using the sinograms

with additional noise, i.e. with the sinogram noise again subtracted after-

wards, demonstrate that the correction results are visually on par with

the ones obtained with the original sinograms. This is, of course, evident

from the final lateral RMS errors given in Table 6.6.
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Figure 6.23 Scatter plots of the true and estimated view-specific lateral shift and the
corresponding error in the fixed laboratory frame and component-wise plots
of the view-specific error in the rotating frame for the MADISON test cases.
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Table 6.7 View-specific shift estimation results for the MADISON phantom test case 2
with a line integration projector. A dash indicates an unaltered DOF and cor-
responding RMS value.

Test case Initial Initial RMS Resolution Time/ Optimized Optimized RMS
‖n∗‖ error (mm) level (mm) iter. (s) ‖n∗‖ error (mm)

Test case 2 9.053×10−4 x′: 9.656×10−2 h = 0.4 232 4.631×10−4 x′: 8.385×10−3

y′: 9.219×10−2 y′: —

h = 0.2 467 2.816×10−4 x′: 6.956×10−3

y′: —

h = 0.1 1050 2.373×10−4 x′: 6.747×10−3

y′: —

Test case 2 4.789×10−3 x′: 9.656×10−2 h = 0.4 222 4.296 ×10−3 x′: 9.536×10−3

with noise y′: 9.219×10−2 y′: —

h = 0.2 447 4.085×10−3 x′: 8.763×10−3

y′: —

h = 0.1 883 3.981×10−3 x′: 8.915×10−3

y′: —
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Figure 6.24 Convergence of the view-specific RMS error (in mm) and the observed resid-
ual ‖n∗‖ for the MADISON test case 2 using a line integration projector.

Shift estimation with line integration projector

The view-specific shift estimation results for the MADISON test case 2

(with the larger magnitude for both the geometric deviation and sinogram

noise) using a line integration projector are presented in Figs. 6.24–6.26

and summarized in Table 6.7.

Comparing the results in Table 6.7 to the ones obtained with the area

integration projector in Table 6.6, it can be seen that the differences in

terms of the lateral RMS error are relatively small at every resolution

level, which is understandable considering the very high resolution of the

sinogram, which makes the line integral approximation valid in the view

of Chapters 3 and 4. Figure 6.26 shows that the resulting error pattern

is similar in its shape but contains more spurious peaks especially for the

132



Projection geometry optimization by residual minimization with respect to minimum-norm estimate

Corrected reconstructions for test case 2 (correction with line integration projector)

Corrected reconstructions for test case 2 with noise (correction with line integration projector)

Figure 6.25 Reconstructions of the MADISON test case 2 after motion correction using a
line integration projector with the shown reconstructions computed using
the area integration projector. The pixel size of the FBP reconstructions is
30 μm (FOV diameter 66 mm) and 10 μm in the local FBP reconstructions
of the UO2 pellets.

noisy case than the corresponding patterns obtained with the area inte-

gration in Fig. 6.23. Again, the final peak-to-peak values for the lateral

error are of the order of the detector pitch (30 μm). Considering the small

difference in the correction results—RMS errors of 6.747×10−3 mm and

8.915×10−3 mm with the line integration projector vs. 6.620×10−3 mm

and 8.239×10−3 mm with the area integration projector for the original

and noisy sinograms, respectively—the corrected reconstructions in Fig.

6.25 understandably do not reveal any visual differences to the ones in

6.21 even in the detailed reconstructions of the UO2 pellets.

Also, the convergence of the lateral RMS error and the observed residual

presented in Fig. 6.24 exhibits a similar behavior to the area integration

projector results for test case 2 in Fig. 6.19.
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Figure 6.26 Scatter plots of the true and estimated view-specific shift and the corre-
sponding error in the fixed laboratory frame and component-wise plots of
the view-specific error in the rotating frame for the MADISON test case 2
with the geometry corrected using a line integration projector.

Computational complexity

Shepp-Logan phantom

The computational cost of the algorithm is mainly incurred by the pro-

jection operations involved in both reconstructing the intermediate dis-

tribution estimate as well as evaluating the residual values. The compu-

tational complexity of the applied exact area-of-intersection integration

method presented in Chapter 3, O (
�

Nk)–O (Nk), is of the same order as

the observed overall complexity of the motion correction algorithm, i.e. the

duration of a single iteration roughly doubles to quadruples at each res-

olution increase, as can be seen from Table 6.4.4 The observed efficiency

decrease with larger Nk is mainly explained by the increased amount of

SART updates and cost function evaluations required to reach the speci-

fied convergence thresholds.

The total duration of the computations per test case was approximately

4For the fan-beam test cases, only the lateral shift was optimized at the coarsest
resolution level, which explains the large relative increase after the first resolu-
tion step.
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12–24 hours on a desktop workstation, with a single iteration accessing

all views taking approximately 170–5600 seconds depending on the reso-

lution level. Considering the nominal 100-micron resolution goal set for

JHR, it is seen from the RMS error plots in Figs. 6.11 and 6.16 that this

threshold for the more significant lateral component of the residual shift

is surpassed for the test cases 1–3 and the fan-beam test case with noise

added to the sinogram within the 10 first iterations at the coarsest res-

olution level, which corresponds to less than 25 minutes of computation

time. The parallel beam test case 3 containing the large-magnitude low-

frequency component is the only exception that requires approximately

75 iterations (3.5 hours of computation time) at the first resolution level

to reach the 100-micron mark for the lateral RMS error. With the final

lateral RMS error falling below 10 microns in all cases including the one

with noise added to the sinogram, it is clear that the associated cost is not

representative of a practical scenario but rather of the theoretical lim-

its attainable with an accurate implementation of the projection opera-

tions. The total amount of iterations was deliberately chosen to be large

to demonstrate the high accuracy and consistent convergence of the im-

plementation, and the computational cost was not considered a limiting

factor for the presented experiments.

MADISON phantom

With both the MADISON test device phantom and its sinograms as well as

the associated test cases for projection geometry optimization represent-

ing JHR-specific and more realistic benchmarks for the proposed method,

the associated computational cost is of greater practical interest in addi-

tion to the accuracy of the results.

The observed overall duration of the optimization iterations was approx-

imately 7 hours 40 minutes for test case 1, and 12 hours for test case 2 5

with a single iteration taking approximately 780–3160 seconds. However,

it can be seen from the RMS error convergence plots in Fig. 6.19 that an

RMS error level of less than 10 microns is already achieved at the first

resolution level (h = 0.4 mm) with the iteration reaching somewhat of a

plateau after thereafter. The time required for completing the first reso-

lution level, about 1 hour 5 minutes and 3 hours 15 minutes the test cases

1 and 2, respectively, then represents a more practical estimate of the

computational expense. Furthermore, with the more demanding test case

5Again, computed on a different workstation than the Shepp-Logan test cases

135



Projection geometry optimization by residual minimization with respect to minimum-norm estimate

Corrected reconstructions of MADISON test case 1 after 5 iterations

Corrected reconstructions of MADISON test case 2 after 15 iterations

Figure 6.27 Reconstructions of the MADISON phantom test cases after the first resolu-
tion level (pixel size h = 0.4 mm; 5 iterations for test case 1 and 15 iterations
for test case 2). The pixel size in the FBP reconstructions of the phantom is
30 μm (FOV diameter 66 mm) and 10 μm in the local FBP reconstructions of
the UO2 pellets (FOV diameter 10.2 mm for pellet 1 and 9.8 mm for pellet
2).

2 and a line integration projector, the duration of a single iteration was

230–1050 seconds, bringing the total duration of the first iteration level

to approximately 55 minutes for test case 2, the method can be argued to

yield sufficiently accurate results on a practical timescale.

To demonstrate the associated image quality, reconstructions based on

the projection geometry estimate at the end of the first resolution level are

shown in Fig. 6.27. Although the local reconstructions of the UO2 pellets

reveal some remaining geometry error-related artefacts (mainly seen as

faint streaks above and below the line pair test chart in the middle of the

second UO2 pellet) compared to the final correction results in Figs. 6.20

and 6.21, the overall image quality required for the inspection of the test

device can be argued to be more than sufficient in both test cases.

On the other hand, it is perhaps somewhat surprising that the visual ap-

pearance of the reconstructed details reveals an improvement during the

remaining correction iterations at the second and third resolution levels
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considering that the lateral RMS error only decreases by approximately 2

microns for both test cases. Of course, it should be recalled that the pixel

size in the local reconstructions of the UO2 pellets is only 10 microns, well

below even the detector pitch of 30 microns.
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7. Summary and conclusions

This work consists of selected contributions related to projection and mo-

tion estimation methods in computed tomography that were devised dur-

ing the development of ARTEMIS, a tomography reconstruction program

intended for the transmission and emission computed tomography exper-

iments at the Jules Horowitz material testing reactor. Contributions re-

lated to each topic are summarized and concluding remarks presented in

this final chapter.

Tomography reconstruction program ARTEMIS

A tomography reconstruction program titled ARTEMIS (Algebraic Recon-

struction for Transmission and Emission Imaging) was developed in 2009–

2016 under commission from VTT Technical Research Centre of Finland

Ltd, and ultimately commercially licensed to CEA for use at the Jules

Horowitz material testing reactor JHR. The most significant features of

ARTEMIS (presented in Chapter 2) are its geometric flexibility that per-

mits adapting to virtually any tomographic measurement geometry and

data, and the motion correction functionality (presented in Chapter 6)

taking advantage of this flexibility and enabling a view-specific projec-

tion geometry optimization. With the target application at JHR being

two-dimensional reconstructions, emphasis was put on an accurate im-

plementation of the projection operations employing a geometrically exact

integration (presented in Chapter 3) of the areas-of-intersection compris-

ing the system matrix of the forward problem, Eq. (1.1).

Compared to other tomography reconstruction programs for research

use [18,25,26,63], ARTEMIS stands out due to the geometric accuracy and

flexibility it offers, while putting less emphasis on the physical model-

ing of the ray propagation [63] or regularization methods [25] as in other
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reconstruction programs. With the MCNP-based [10] simulation and re-

construction program MODHERATO [63] developed at CEA already being

at disposal for the tomography experiments of JHR together with FBP-

type analytic reconstruction methods, the methods developed for ARTEMIS

presented in this thesis can be understood to complement the existing

strengths of MODHERATO and can be expected to be incorporated in its

features in the future.

Complementary computation technique for areas-of-intersection
in a Cartesian lattice

While routinely assumed in textbook descriptions of algebraic reconstruc-

tion algorithms [33,43,57] and referred to in the tomography reconstruc-

tion literature [96], few actual implementations of the projection opera-

tions yielding the accurate areas-of-intersection in a 2-D projection geom-

etry have been described [52].

Among the contributions of this monograph, a conceptually simple but

geometrically exact area integration method for computing the areas-of-

intersection of a polygon-shaped beam and a Cartesian pixel grid was de-

scribed in Chapter 3. The method is based on computing the complemen-

tary areas on the exterior of the ray beam, which simplifies the handling

of an arbitrary angle of incidence as the integrated complementary areas

are always reducible to trapezoids.

In the presented simulations, the proposed area-of-intersection integra-

tion method and a length-of-intersection integration method were put

through loops consisting of a forward problem followed by an inversion

using two different analytic reconstruction approaches. While not demon-

strating the ideal image quality obtainable with either integration method

as such, the experiments illustrate and compare the ability of each inte-

gration method to reproduce the original phantom with equivalent for-

ward-inverse problem cycles. With sparse ray-to-pixel ratios, the area in-

tegration projector was capable of producing lucid reconstructions while

the line integration projector suffered a complete breakdown.

In these particular experiments, the pronounced difference between the

BPF reconstructions obtained with the two integration methods can be at-

tributed to the fact that the ramp filtering applied to the laminograms

after the backprojection operation amplifies the high-frequency artefacts

arising from any inconsistencies in the projection operations or sparsity
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in the frequency space. This ‘amplification’ of the errors therefore serves

well to demonstrate the undeniable geometric precision and consistency

of the presented area integration method. For line integration alone, the

difference to the FBP reconstructions is dramatic, where reasonably good

results were obtained even with the 1536×1440 sinograms with the im-

age pixel grid dimensions being 1024×1024. With BPF, however, even

the reconstructions from the 3072×2880 sinograms exhibit pronounced

artefacts [76]. For the sparser sinograms, only the outline of the phantom

remains barely discernible.

Arguably, in practical applications of computed tomography the imag-

ing geometry can be designed to accommodate a simpler projection algo-

rithm, such as raycasting or interpolation-based approach, and it can be

ensured that the ray-to-pixel pitch ratio remains within its range of ap-

plicability. It is, however, argued that with the presented method being of

the same order as a Siddon-type raycasting method in terms of computa-

tional cost—the experiments suggesting an approximately 3-fold overall

cost in applicable scenarios, i.e. equivalent to the typical increase in com-

putational resources in less than 4 years—settling for an approximation

should by no means be taken for granted.

This holds especially true for critical applications, such as the material

testing experiments at the JHR facility, but also for clinical applications,

where a conscious tradeoff between the obtained diagnostic information

and the use of ionizing radiation is made. Considering the computational

cost, it is also noted that in the presented experiments a subjectively

equivalent image quality for the 1024×1024 FBP reconstructions was ob-

tained with the line integration projector combined with a 3072×2880

sinogram and area integration projector combined with a 768×720 sino-

gram, i.e. with 25% of projections with 25% of rays in each. Comparing

the computational costs of the forward projection operations in Table 3.2,

one can see that with these sinogram dimensions, the area integration

(with distance weighting) takes only 20–30% of the “equivalent” line inte-

gration operation. It is therefore not far-fetched to suggest that to achieve

a similar image quality, the inherent geometric inconsistency in the line

integration needs to be compensated with a denser sinogram and that the

resulting computational cost may well end up being higher.

A conceptual strength of the presented approach is its direct generaliz-

ability to a 3-D projection geometry. Compared to the presented 2-D case,

however, the increased amount of geometric degrees-of-freedom results in
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a more complicated implementation. Initial experiments with a 3-D im-

plementation spelled a more dramatic (approximately 100-fold) increase

in the computational cost in comparison to a line integration projector.

With room for optimization related to, e.g., computing the area of the base

polygon, the overall cost could likely be decreased to an acceptable level.

Unfortunately, the topic could not be investigated more closely within the

available time and scope of this work.

Consistency and system matrix-dependency of row- and
block-iterative backprojection operations

In the course of developing ARTEMIS and implementing established iter-

ative reconstruction algorithms, the row-action ART algorithm [31] and

block-action SART algorithm [2] routinely covered in textbooks [33,43,57]

on the subject were natural examples. The original description [2] of the

SART algorithm and later works [3, 43] give the impression that its bene-

fits are mainly attributable to its block-iterative nature and that the cor-

responding backprojection of the residual terms is essentially a multi-ray

generalization of ART. Furthermore, it appears to be universally accepted

that the ART algorithm is inferior to SART and is mainly of historic inter-

est in addition to its simple and instructive geometric interpretation as

an orthogonal projection onto the hyperplanes representing each row of

the system matrix.

Despite its apparent similarity to the ART update (4.4), the SART update

(4.7) actually represents a ray–pixel intersection-weighted average of bi-

narily intersection-weighted, non-orthogonal projections onto the ray hy-

perplanes. In the original work [2], this implicit detail was justified with

heuristic arguments related to the uniformity of the reconstructed image.

As the geometrically accurate area integration projector developed as part

of this work permitted eliminating the effects of an approximate projec-

tor and inspecting the differences between the actual algorithms, several

observations were made based on simple experiments.

The examples presented in Chapter 4 demonstrate that the ‘binary-

weighted’ (corresponding to rounding the ray–pixel overlap values up)

row-action updates comprising the simultaneous block-action SART up-

date indeed affect the uniformity of the resulting image, and that this

choice is actually required by the block-action nature of the algorithm in

order to obtain a translation-invariant backprojection result. Otherwise
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hypointense artefacts will ensue along the ray boundaries due to an in-

consistent net contribution from adjacent rays. However, it is argued to

be the binary-weighting of the ray-wise updates that results in the uni-

formity of the reconstruction result through a decreased sensitivity to the

geometric accuracy of the projector—which was and still is the norm in

practical implementations—not the block-action nature of the updates as

previously suggested [2].

It is demonstrated that a system matrix-weighted and block-action up-

date necessarily results in hypointense artefacts along the ray borders

regardless of the geometric accuracy of the projector. Conversely, to use a

binary-weighted backprojection, the update must be of block-action type

or similar artefacts (in this case hyperintense) will appear along the ray

boundaries.

To summarize, it is argued based on the demonstrations that the superi-

ority of SART with a geometrically approximate projector is a consequence

of the binary-weighting with respect to the system matrix entries, which

decreases its sensitivity to the projector’s geometric accuracy. This choice

is dictated by the block-action nature of SART, and it is therefore argued

that the prevailing explanation to SART’s practical superiority is inaccu-

rate in the sense that a block-action update per se does not result in a

more uniform reconstruction result. Rather, it is a prerequisite for using

a binary-weighted backprojection that is less sensitive to the projector’s

accuracy.

Furthermore, it was shown that with a geometrically accurate projec-

tor, the reconstruction quality obtained with the ART algorithm is in fact

fully on par with the SART algorithm. It is therefore further argued that

the generally accepted view of ART’s inferiority is not justified, as it is not

due to the algorithm itself but the system matrix weighting required by

the row-action updates, which in turn is more sensitive to the geomet-

ric accuracy of the projector. With a geometrically accurate projector the

algorithm yields excellent results. The practical usefulness of these algo-

rithms therefore depends on the accuracy of the available projector and

even in this case it is advisable to understand why the differences arise

in the first place.

To the author’s best knowledge, the potential of ART given a geometri-

cally accurate projector or the differences of the ART and SART (or row-

action and block-action algorithms in general) have not previously been

adequately discussed nor explained from the perspective of their require-
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ments for the consistent spatial weighting of the backprojection operation.

Considering that both are routinely described in textbooks on the subject

of computed tomography and an assessment is invariably made in favor

of SART, this is argued to be a shortcoming that merits to be corrected for

both theoretical and pedagogical reasons.

Prior image and system matrix-weighted spatially selective
backprojection in iterative reconstruction

Inspired partially by the observations made regarding the system matrix-

weighted backprojection in ART, a generalization of the backprojection

operation that incorporates a dependency on both a prior model image

and the system matrix elements was devised and presented in Chapter 5.

While a similar approach to an image model-weighted backprojection had

been presented already in 2001 [30], the method was unknowingly and

independently developed by the author in 2009 after experimenting with

limited-angle projection data.

In addition to enabling a spatial localization of the backprojection oper-

ation in the same vein as in [30,73], which is applicable to any backprojec-

tion-based reconstruction algorithm, e.g. the ubiquitous filtered backpro-

jection, the presented formulation allows drawing parallels to established

iterative reconstruction algorithm and offers new insight to them. For

example, it was shown that the well-known maximum likelihood expecta-

tion maximization (MLEM) algorithm [80] essentially corresponds to using

the pre-update reconstruction as a prior model for distributing the alge-

braic correction term along the ray paths. The notion of weighting the

backprojection with the current reconstruction estimate was presented as

recently as 2011 [87] without making the connection to MLEM.

While not eventually included in the release version of ARTEMIS, the

presented method has direct applications in limited-view tomography (as

demonstrated for limited-view laminography [72, 85]), and could be ap-

plied as an alternative to the regularization-based approach [41] adopted

in the PICCS algorithm [13], with an available FBP reconstruction acting

as the prior model for a full or limited-view iterative reconstruction, as

demonstrated by experiments with an accurate simulated prior model.

The conceptual benefit of using a “direct” image prior is that the acute-

ness of the model can be qualitatively compared to the confidence level of

the prior information. With expressing the available prior knowledge as
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a representative statistical measure in the statistical approach to regu-

larization [42], an alternative approach offered by the model image-based

backprojection might be of interest in some applications.

Projection geometry optimization by residual minimization with
respect to the minimum-norm estimate

Using the observed algebraic residual w.r.t. an estimate of an unknown

attenuation distribution as a measure of the system matrix inconsistency

was proposed and demonstrated by simulations with an iterative geome-

try optimization algorithm in Chapter 6. Adding to previous related con-

tributions, the observed overall residual w.r.t. a suboptimal distribution

estimate was examined and justification obtained for using the observed

residual as an available surrogate for a consistent measure of geometry-

related error by a simple decomposition of the residual term. Based on

the expansion, the overall residual can be interpreted to consist of the

underlying system noise as well as measures of the system matrix and

distribution estimate inaccuracy.

By assuming the minimum-norm estimate of the reconstructed distribu-

tion, it was shown that although the observed overall residual only partly

reflects the error related to the system matrix and the projection geome-

try and this component is occluded by any system noise, minimizing the

observed residual can be expected to minimize the geometry-related error

to a degree depending on the magnitude of the system noise.

The presented theoretical arguments lend qualitative support for the ex-

perimental findings, and the obtained justifications for the observed con-

vergent behavior regarded as a starting point for a more rigorous analysis.

Based on the accumulated experience and understanding of using the ob-

served residual to represent the consistency of a measured data set, it is

believed that it holds potential for a broad range of tomography image

restoration problems.

As a practical algorithm for estimating an unknown view-specific source-

detector shift, an iterative multi-resolution approach was proposed. In

this method, the shift is estimated in a view-specific rotating frame of ref-

erence, which naturally enables separating the longitudinal and lateral

shift components, with the latter typically being more significant to both

the residual as well as the image quality. The intermediate estimates of

the attenuation distribution are reconstructed using an SART/SIRT-type
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algorithm, which approximates the minimum-norm solution applied in

the theoretical considerations. By gradually increasing the resolution, i.e.

decreasing the element size of the distribution estimate, a combination of

high-frequency random shift overlaid on a low-frequency oscillatory shift

component was demonstrated to be recoverable.

Experiments were first conducted with the Shepp-Logan phantom us-

ing four different shift pattern and projection geometry combinations and

noiseless simulated sinograms. The view-specific shift was optimized in-

dependently for each view using a simplex minimization algorithm, and

no other prior information or regularization other than suitable fixed search

space bounds was used. The final lateral RMS error was only 2–5% of

the smallest applied element size. To put this into perspective, assum-

ing the nominal dimensions 256-by-256 mm for the phantom, the final

lateral accuracy was approximately 5–10 microns. Although the total du-

ration of the presented computations per test case was approximately 12–

24 hours, which is prohibitive for many practical applications, it is em-

phasized that the simulations were intended to demonstrate the accuracy

that can achieved at the very limit. Furthermore, the geometrically exact

area integration projector was used, which incurs an approximately 3-fold

computational cost compared to a line integration projector, as demon-

strated with the MADISON phantom. The amount of optimization itera-

tions as well as the projector routine leave plenty of room for optimization

in a practical, problem-specific implementation of the algorithm. In prac-

tice, a geometric perturbation might exhibit, e.g., smoothness or known

periodicity w.r.t. view angle and such characteristics might be exploited

to, e.g., reduce the amount of optimized parameters or views of the sino-

gram.

Finally, the proposed projection geometry optimization algorithm was

applied on test cases representing a phantom of the MADISON test de-

vice at JHR designed by CEA with the intended application in mind. The

applied sinograms were independently simulated using the MODHERATO

software and include realistic physical phenomena related to X-ray propa-

gation such as noise, beam hardening and scatter. Furthermore, the form

and amplitude of the geometric perturbations were provided by CEA to

reflect the anticipated accuracy of the constructed mechanics for the to-

mography experiments at JHR. To further assess the robustness of the ap-

proach with JHR-specific data, additional normally distributed noise was

applied to the sinograms on top of the existing system noise.
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The results obtained with the MADISON test cases demonstrated robust-

ness against both noise as well as the magnitude of the initial geometric

perturbation. In all test cases, including the ones with the additional

noise, the final lateral RMS error fell to approximately 6–8 microns. i.e.

less than 20–30% of the detector pixel size of 30 microns. As demon-

strated, a practically accurate correction can be obtained in approximately

1–3 hours with the area integration projector and 20–55 minutes with a

line integration projector. The small difference in the resulting correc-

tion accuracy with the two projectors can be understood to arise from the

very high-resolution sinogram compared to the image resolution and noise

level, which can be presumed to limit the attainable correction accuracy

rather than the accuracy of the projector.

In the context that the presented algorithm was developed for, the main

design criterion is accuracy, which is also reflected by the presented ex-

periments. Based on the accumulated experience, the spatial accuracy

goal of 100 microns set for the tomography measurements at the JHR fa-

cility will likely be surpassed, and any reasonable mechanical inaccuracy

in the tomography instrumentation can be expected to be compensated by

the devised geometry optimization approach.

Assessment of fulfilling the goals and future work

As described in the introduction chapter, the initial goal was to develop

state-of-the-art tomography reconstruction methods yielding the best pos-

sible image quality for the non-destructive material examination experi-

ments at JHR. Although no explicit measures or definitions for fulfilling

this goal was set, it is considered to be demonstrated by the presented re-

sults. A notable improvement over the prior art is the geometrically exact

projection algorithm presented in Chapter 3 that, e.g., enables computing

lucid local reconstructions of the MADISON phantom at a pixel resolution

of 5 μm well below the detector resolution of 30 μm.

The goal for the developed projection geometry optimization capability

was to achieve a spatial resolution of 100 μm in the corrected images.

With the final RMS error in the position of the center-of-rotation being

5–10 μm for the JHR-specific MADISON image phantom even with a sig-

nificant level of sinogram noise, it is evident that the predetermined goal

has been met.

With the material result of the work, the ARTEMIS reconstruction pro-
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gram presented in Chapter 2, having been licensed and delivered to CEA,

the future work of the author will likely be limited to giving advice when

the developed methods will be implemented to MODHERATO in due time.

The current affiliation of the author is in the industry, where the gained

experience has enabled, e.g., developing a patient movement correction

algorithm for dental and extremity CBCT imaging. [64]

From a scientific perspective, the work presented in Chapter 3 would

benefit from fully extending it to a 3-D volume integration projector and

backprojector of which a first working prototype was finished. As men-

tioned, the computational cost increases significantly in comparison to the

2-D case due to the additional geometric degrees-of-freedom complicating

the geometric primitives required to be handled in the complementary

integration principle. A GPU implementation of the algorithm might be

able to bring the associated duration to a tolerable level, and it might find

applications in high-resolution CBCT or micro-CT imaging, for example.

With a large cone angle, the diverging projection geometry results in so-

called cone-beam artefacts that could likely be eradicated with a geomet-

rically accurate projector based on the analogous results obtained with a

fan-beam geometry.

The prior image and system matrix-weighted backprojection scheme

presented in Chapter 5 was demonstrated mainly using limited-view data,

with the applied prior image model serving to spatially constrain the

backprojection operation and thus prevent streak-like artefacts associ-

ated with limited-view imaging. Another interesting application that was

only mentioned in passing would be to apply an FBP reconstruction as a

model for guiding an iterative reconstruction process. A thinkable benefit

would be to achieve an ‘FBP-like look’ for the reconstruction that many

clinicians have become accustomed to.

Finally, regarding the projection geometry optimization method present-

ed in Chapter 6, the work would certainly benefit from further elaborating

on the theoretical observations regarding the residual components. By in-

vestigating more closely the properties of realistic system matrices and

how they are altered by a given geometric error, one would likely be able

to achieve better estimates for the attainable error by means of residual

minimization. Furthermore, the prospect of a rotational geometric error

was discussed only from a geometric standpoint and hypotheses were pre-

sented regarding the previously observed challenges. It would certainly

be interesting to more closely assess the error levels permitted by the dif-
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ferent degrees-of-freedom associated with a rigid geometric perturbation.

Again, it is recalled that for the JHR-specific application, a translational

error in the center-of-rotation was considered to be more problematic from

the aspect of the mechanical design, and the recoverability of this type of

error is argued to be demonstrated.

Concluding remarks

While classically based on mathematical theories laid out by Fourier and

Radon 100 to 200 years ago [27, 66] and approximate iterative solution

methods for large linear systems devised in the 1930s [16,40], the signif-

icance of computed tomography can be argued to be ultimately measured

by the practical benefits that it yields. This position was taken by the No-

bel Prize Committee in awarding the 1979 Nobel Prize in Medicine and

Physiology to G. N. Hounsfield and A. M. Cormack based on their contri-

butions’ [17, 34] practical significance to bringing computed tomography

to clinical practice. [27]

In a similar vein, the development of commercial computed tomography

reconstruction methods perhaps resembles a practical art more than a

theoretical science, balancing theory with practice to yield the best result

in terms of several factors including robustness and computational cost.

In this spirit, all of the contributions presented in this thesis have been

devised with the primary goal being to achieve methods of practical value.

The majority of the presented methods were originally arrived at based on

simple geometric reasoning rather than theoretical considerations. While

the best effort was made to find theoretical justification for the empirical

observations and the proposed algorithms, the practice came first at every

step of the work.

The geometrically exact area integration presented in Chapter 3 was

motivated by the hypothesis that the projection method must affect the

reconstruction result or at the very least the judgment should be reserved

until empirical observations could be made instead of offhand rejection

based on mere assumptions.

The prior image model and system matrix weighted backprojection meth-

od presented in Chapter 5 was devised at an early stage of this work while

experimenting with limited-view reconstructions in 2009. The initial mo-

tivation was that the spatially uniform manner in which the algebraic cor-

rection term is typically backprojected seemed utterly conservative and
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only justified if no information whatsoever about the reconstructed distri-

bution could be extracted. Similar considerations related to limited-view

measurements and spatially confining the backprojection had been inde-

pendently presented already in 2001, although found by the author only

at the time of writing. An early approach in the presented work was to

use the current reconstruction estimate as a prior model—a simple recon-

struction algorithm that in retrospect turned out to be equivalent to the

MLEM algorithm proposed almost 30 years earlier.

The comparison between the ART and SART algorithms was motivated

by the observation that certain combinations of row- or block-action up-

dates and system matrix-weighting produced surprisingly noisy recon-

struction results. The first impression was that the implementation in an

early version of ARTEMIS was erroneous. However, comparing the results

obtained with the SART and ART algorithms and investigating the corre-

sponding iterative update equations more closely finally revealed that to

obtain a translation-invariant backprojection result, a block-iterative al-

gorithm necessarily requires a binary dependency on the system matrix

entries corresponding to a non-orthogonal projection onto the hyperplanes

representing the system matrix rows. Conversely, a row-action algorithm

turned out to require a linear dependency on the system matrix entries

corresponding to an orthogonal projection onto these hyperplanes. Simple

experiments with single views eventually revealed the reason for the sub-

optimal reconstruction results and offered insight into the differences of

SART and ART, and most importantly that their practical usability even-

tually depends on the geometric accuracy of the available projector. With

a geometrically accurate projector, both SART and ART were seen to yield

high-quality reconstruction results—with even some advantages observed

for the ART results.

The projection geometry optimization method presented in Chapter 6

was originally arrived at based on simple and intuitive geometric consid-

erations: if two projected views representing the same object are geomet-

rically misaligned, this inconsistency should be evident in their mutual

algebraic residuals. Experimenting first with only two views and leaving

the other view out from the reference reconstruction ultimately lead to ex-

perimenting with a reconstruction based on all of the available views and

simply using the view-specific residual as a measure of geometric consis-

tency. With the algorithm proving to be utterly robust and accurate, the-

oretical considerations explaining the practical results were sought and
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the findings are presented in this work.

All results and observations presented in this work are essentially found-

ed on the initial hypotheses drafted out when the work on ARTEMIS began

in 2009. The self-posed requirement for geometric flexibility and accuracy

as well as the bias towards iterative reconstruction algorithms were the

fortunate building blocks for devising the projection geometry optimiza-

tion algorithm that eventually became the contribution with the largest

immediate practical significance through pre-emptively solving the prob-

lem of any unexpected mechanical inaccuracy in the tomographic instru-

mentation at JHR. The free-form imaging geometry intrinsically permit-

ted optimizing the position of each view independently, and the algebraic

reconstruction approach served to approximate the minimum-norm esti-

mate for which the theoretical considerations revealed the prerequisites

for a convergent behavior.

With the end result being a testament to the solid foundations laid nine

years earlier, Louis Pasteur’s words “Dans les champs de l’observation le

hasard ne favorise que les esprits préparés”—“In the fields of observation

chance only favors the prepared minds” certainly resonate at the moment

of finally drawing this work to a conclusion.

151



Summary and conclusions

152



References

[1] Aguiar P, Rafecas M, Ortuño J E, Kontaxakis G, Santos A, Pavía J

and Ros D 2010 Geometrical and Monte Carlo projectors in 3D

PET reconstruction Med. Phys. 37(11): 5691–5702

[2] Andersen A H and Kak A C 1984 Simultaneous algebraic recon-

struction technique (SART): a superior implementation of the ART

algorithm Ultrason. Imaging 6: 81–94

[3] Andersen A H 1989 Algebraic reconstruction in CT from limited

views IEEE Trans. Med. Imag. 8(1): 50–55

[4] Basu S and Bresler Y 2000 Uniqueness of tomography with un-

known view angles IEEE Trans. Image Process. 9: 1094–1106

[5] Bignan G, Lemoine P and Bravo X 2011 The Jules Horowitz Re-

actor: A new European MTR (material testing reactor) open to in-

ternational collaboration: Description and status In: Proceedings

of the European Research Reactor Conference RRFM 10–15

[6] Bodensteiner C, Darolti C, Schumacher H, Matthäus L and

Schweikard A 2007 Motion and positional error correction for

cone beam 3D-reconstruction with mobile C-arms In: Proceedings

of the Medical Image Computing and Computer-Assisted Interven-

tion MICCAI 177–185

[7] Bracewell R N 1956 Strip integration in radio astronomy Aust. J.

Phys. 9: 198–217

[8] Bracewell R N and Riddle A C 1967 Inversion of fan-beam scans

in radio astronomy Astrophys. J. 150: 427–434



References

[9] Brandt S S and Kolehmainen V 2007 Structure-from-motion

without correspondence from tomographic projections by Bayesian

inversion theory IEEE Trans. Med. Imag. 26: 238–248

[10] Briesmeister J F 2000 MCNPTM—a general Monte Carlo N-

particle transport code, Version 4C, LA-13709-M, Los Alamos Na-

tional Laboratory

[11] Buzug T M 2008 Computed Tomography: From Photon Statistics

to Modern Cone-Beam CT Springer-Verlag Berlin Heidelberg

[12] Cabello J and Rafecas M 2012 Comparison of basis functions for

3D PET reconstruction using a Monte Carlo system matrix Phys.

Med. Biol. 57: 1759–1777

[13] Chen G H, Tang J and Leng S 2008 Prior image constrained com-

pressed sensing (PICCS): A method to accurately reconstruct dy-

namic CT images from highly undersampled projection data sets

Med. Phys. 35(2): 660–663

[14] Cheng C C, Li P H, Ching Y T 2016 Acceleration of iterative tomo-

graphic image reconstruction by reference-based back projection

Proc. SPIE 9783, Med. Imaging 97834S–97834S-6

[15] Chesler D A and Riederer S J 1975 Ripple suppression during re-

construction in transverse tomography Phys. Med. Biol. 20: 632–

636

[16] Cimmino G 1938 Calcolo approssimato per le soluzioni dei sistemi

si equazioni lineari Ricerca Sci. II 9(1): 326–333

[17] Cormack A M 1963 Representation of a function by its line inte-

grals, with some radiological applications J. Appl. Phys. 34: 2722–

2727

[18] Davidi R, Herman G T, Langthaler O, Sardana S and Ye Z 2016

SNARK14: A programming system for the reconstruction of 2D

images from 1D projections

[19] De Man B and Basu S 2004 Distance-driven projection and back-

projection in three dimensions Phys. Med. Biol. 49(11): 2463–

2475

154



References

[20] Donoho D and Stodden V 2003 When does non-negative matrix

factorization give a correct decomposition into parts? In: Proceed-

ings of the 16th International Conference on Neural Information

Processing Systems, 1141–1148

[21] Eggermont P P B, Herman G T and Lent A 1981 Iterative algo-

rithms for large partitioned linear systems, with applications to

image reconstruction Lin. Alg. Appl. 40: 37–67
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A. Excerpts from the user’s manual of
ARTEMIS v. 3.0

A.1 Input file format

All of the parameters in the input file of ARTEMIS are given in the form

KEYWORD = parameter value(s)

The parameter values must all be given on the same line after the key-

word, and the equality sign delimiter (=) between the name and value(s)

of the parameter must be included. Depending on the parameter, the

value(s) may be character strings, characters, integers or float-valued

numbers.

Comments can be made using either hash marks (#), percentage signs (%)

or exclamation points (!). Any text following any of these symbols on the

same line is omitted. The decimal separator in numeric values is a point

(.). To improve the readability and clarity of the input files, numeric pa-

rameter values can be separated using spaces, commas (,) or semicolons

(;). Their placement or amount will not affect the interpretation of the

parameter values as they will be omitted in reading the input file.

WARNING: If a parameter is multiply defined in the input file, no warning

is displayed and the parameter will receive the value of the last definition

in the input file.

WARNING: If a parameter is missing from the input file, unpredictable

results might ensue, as not all parameters are given default values in the

program code before reading the input file.

NOTE: The input parameters can be given in any order in the input file.

Only the keywords are used to identify the parameters, and it is possible



Excerpts from the user’s manual of ARTEMIS v. 3.0

to rearrange the parameters to suit needs, e.g., to improve the readability

of the input file or to facilitate modifications required by batch-processing.

Example of an input file

An example input file is given next with commented headings dividing the

parameters. The parameters are explained in the following subsections.

Required parameters have been denoted with a double asterisk (**) and

followed by the parameters description in brackets. Parameters that are

required if a related logical parameter has been set to value TRUE (e.g., for

attenuation correction), have been denoted by a single asterisk (*).
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% -------------------OPERATION MODE PARAMETERS-------------------
OPERATION_MODE = I
N_CPU_THREADS = 1
INTEGRATION_METHOD = 1
FIXED_TRF_AXIS = 0
REMOVE_LON_DC = N
REMOVE_LAT_DC = N
REMOVE_ROT_DC = N
INVERSE_TRF = N
WRITE_LOG_FILE = N
VERBOSE = Y

% ---------------------INPUT DATA PARAMETERS---------------------
** PROJECTION_GEOMETRY_FILE = <Geometry file path>
** SINOGRAM_FILE = <Sinogram file path>
SINOGRAM_PRECISION = float32
RAY_COLLIMATION_VALUE = -1.0
PROJECTION_CROP_MARGINS = 0 0 0 0
** IMAGE_FILE = <image file path>
IMAGE_PRECISION = float32
IMAGE_INITIALIZATION = N
* INIT_IMAGE_FILE = <Initialization image file path>
INIT_IMAGE_PRECISION = float32
IMAGE_BACKGROUND_VALUE = -1.0
ATTENUATION_CORRECTION = N
* ATT_IMAGE_FILE = <Attenuation model image file path>
ATT_IMAGE_PRECISION = float32
ATT_BASELINE_VALUE = 0.0
TRF_PARAMS_INITIALIZATION = N
* TRF_PARAMS_INIT_FILE = <Initial rigid transformation parameter file>
REAL_TO_INT_SCALING = N

% --------------------FOV GEOMETRY PARAMETERS--------------------
FOV_CENTER = 0.0 0.0 0.0
** FOV_SIZE = <FOV size in reference units>
FOV_ELEMENT_SIZE = 1.0 1.0 1.0
FOV_BASIS = 1.0 0.0 0.0, 0.0 1.0 0.0, 1.0 0.0 1.0
FOV_BASIS_ROTATION = 0.0 0.0 0.0
FOV_ELLIPSE_CROP_AXIS = 0
ADJUST_OUTPUT_FOV = N
OUTPUT_FOV_CENTER = 0.0 0.0 0.0
OUTPUT_FOV_SIZE = 0.0 0.0 0.0
OUTPUT_ELLIPSE_CROP_AXIS = 0

% ----------------IMAGE RECONSTRUCTION PARAMETERS----------------
ART_ITERATIONS = A
ART_UPDATE_METHOD = 1
ART_CONVERGENCE_ITMAX = 100
SIRT_RELAXATION_WEIGHT = 1.0
SIRT_CONVERGENCE_TOLERANCE = 0.001
SART_RELAXATION_WEIGHT = 0.1
SART_CONVERGENCE_TOLERANCE = 0.01
SART_ANGLE_STEP = 90.0
SART_EDGE_RELAX_MARGINS = 0 0 0 0
LOCAL_FOV_CORRECTION = N
APPLY_THRESHOLDING = N
IMAGE_THRESHOLD_VALUES = 0.0, 1.0
IMAGE_SAVE_STEP = 0
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% -----------PROJECTION GEOMETRY OPTIMIZATION PARAMETERS---------
REF_ART_ITERATIONS = A
RIGID_TRF_LB = 0.0 0.0 0.0, 0.0 0.0 0.0
RIGID_TRF_UB = 0.0 0.0 0.0, 0.0 0.0 0.0
MINIMIZATION_MAX_FEVALS = 100
MINIMIZATION_XTOL = 1.0E-3
MINIMIZATION_FTOL = 1.0E-3
ROT_XTOL_IN_RADIANS = N
NELDER-MEAD_REFLECT = 1.0
NELDER-MEAD_EXPAND = 2.0
NELDER-MEAD_CONTRACT = 0.5
NELDER-MEAD_SHRINK = 0.5
RESIDUAL_RAY_STEPS = 1, 1
SAVE_REF_IMAGES = N
SAVE_TRF_PARAMS = Y
PARAMS_SAVE_STEP = 500
SAVE_GEOMETRY_FILE = Y

Operation mode parameters

OPERATION_MODE

A single character specifying, whether the program is run in forward

problem mode, where simulated projection images of an image file are

computed and saved, or in inverse problem mode, where a distribution is

reconstructed from a sinogram and saved into a file. The inverse problem

mode is also used for projection geometry optimization. Allowed values

are F for forward problem mode and I for inverse problem mode. The de-

fault value is I.

The selected operation mode affects how the parameters SINOGRAM_FILE

and IMAGE_FILE are interpreted: in forward mode the image file name

specified by IMAGE_FILE is used as the input file name for loading the

source distribution, and the projection image file specified by SINOGRAM_FILE

is used as the output file name for saving the computed projection images.

In inverse mode, the projection image file specified by SINOGRAM_FILE is

used as the input file name for loading the reference projection images

and the image file name specified by IMAGE_FILE is used as the output file

name for saving the reconstructed distribution.

NOTE: In forward operation mode the reconstruction and optimization re-

lated input parameters listed in sections A.1–A.1 are ignored and have no

effect.

EXAMPLE:

OPERATION_MODE = I
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N_CPU_THREADS

The positive integer value of CPU threads to be used in the parallelized

routines of ARTEMIS, mainly the projection operations. The default value

is 1.

NOTE: If a number less than one or greater than the number of available

CPU cores is given, it will be replaced by the nearest viable amount.

EXAMPLE:

N_CPU_THREADS = 2

INTEGRATION_METHOD

An integer value (1 or 2) specifying the spatial integration method for

the projection operations. The value 1 corresponds to nearest-neighbor

interpolation. This method is available for both 2-D and 3-D projection

geometries. The value 2 corresponds to exact area integration, which is

available only in a projection geometry that can be reduced to a 2-D case

(including a degenerate dimension that can be excluded). The default

value is 1.

WARNING: Using area integration (parameter value 2) with a large FOV

discretization size w.r.t. ray size might result in an OpenMP stack over-

flow. This can be solved by increasing the value of associated environ-

ment variable by typing, e.g., set OMP_STACKSIZE=300M on the Windows

command line.

EXAMPLE:

INTEGRATION_METHOD = 1

FIXED_TRF_AXIS

An integer value (0 to 2) for specifying a fixed axis in the view-specific

transformation coordinate frame. The default value is 0.

The value 0 corresponds to setting both longitudinal and lateral axes

based on the projection geometry file. The longitudinal axis is defined

as the view’s direction vector and the lateral axes as the detector’s basis

vectors (corresponding to the central ray). The value 1 corresponds to fix-

ing the longitudinal axis based on the view’s direction vector, and using

cross product and the perpendicular axis to define the orthogonal lateral

axes. The value 2 corresponds to fixing the lateral axes based on the de-
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tector’s basis vectors, and using cross product and the perpendicular axis

to define an orthogonal longitudinal axis.

EXAMPLE:

FIXED_TRF_AXIS = 2

REMOVE_LON_DC

A logical parameter given as a single character, specifying whether the

mean longitudinal view-specific translation should be set to zero, i.e. sub-

tracted from the parameter values after each optimization iteration. The

default value is FALSE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

NOTE: Subtracting the mean longitudinal shift preserves the scaling in a

fan-beam geometry.

EXAMPLE:

REMOVE_LON_DC = Y

REMOVE_LAT_DC

A logical parameter given as a single character, specifying whether the

mean lateral view-specific translation values should be set to zero, i.e.

subtracted from the corresponding parameter values after each optimiza-

tion iteration. The default value is FALSE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

EXAMPLE:

REMOVE_LAT_DC = Y

REMOVE_ROT_DC

A logical parameter given as a single character, specifying whether the

mean view-specific rotation angles values should be set to zero, i.e. sub-

tracted from the corresponding parameter values after each optimization

iteration. The default value is FALSE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical
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TRUE, and values N, F and 0 are interpreted as logical FALSE.

EXAMPLE:

REMOVE_ROT_DC = Y

INVERSE_TRF

A logical parameter given as a single character, specifying whether the

inverse of the rigid transformation should be applied. The default value

is FALSE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

NOTE: The main use of this parameter is to compute a geometrically cor-

rected sinogram in forward problem mode after the projection geometry

has first been optimized in inverse problem mode.

EXAMPLE:

INVERSE_TRF = N

WRITE_LOG_FILE

A logical parameter given as a single character, specifying whether a log

file should be written containing the input parameter values as well as

information on the reconstruction process, such as duration of each itera-

tions and the entire process. The default value is FALSE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

In forward problem mode, the log file path is based on the sinogram file

path, and in inverse problem mode, on the image file path. In both cases,

the file suffix is replaced with _log.txt. Recognized file extensions are

.raw and .img. Otherwise, the log file will be named ARTEMIS_log.txt

and placed in the directory containing the program executable.

EXAMPLE:

WRITE_LOG_FILE = Y

169



Excerpts from the user’s manual of ARTEMIS v. 3.0

VERBOSE

A logical parameter given as a single character, specifying whether de-

tailed information related to the program execution should be displayed

in the command line window. The default value is TRUE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

NOTE: The parameter has no effect on the log file.

EXAMPLE:

VERBOSE = Y

Input data parameters

PROJECTION_GEOMETRY_FILE

The file path (relative to the folder where the program executable is lo-

cated or an absolute path) of the unformatted raw binary file containing

the projection geometry. No default value is given.

The geometry file format of ARTEMIS begins with a 10-digit header field

in int32 precision followed by a 12-digit float-valued header field (either

float32 or float64 as declared in the first header field). The header fields

are followed by a float-valued (same precision as the second header field)

projection geometry array with the dimensions 18× nvert × nhorz × nproj,

where nvert and nhorz are the number of source–detector measurement

(sampling) locations per each projection image in vertical (image array

index i) and horizontal (image array index j) directions, respectively, and

nproj is the total amount of projection images. For details on the structure

of the projection geometry files, please refer to Section A.2.

NOTE: Each data block (both headers and the geometry variable) in the

projection geometry file must be preceded and followed by the length of

the field expressed in bytes as an int32 precision integer. This inter-

nal raw data formatting convention applies to the Intel compiler used

for compiling the executables, and may be different for another FORTRAN

compiler.

EXAMPLES:

PROJECTION_GEOMETRY_FILE = Example_geom.raw
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PROJECTION_GEOMETRY_FILE = D:\Work\Reconstruction\Input\Example_geom.raw

SINOGRAM_FILE

The file path of the unformatted raw binary file containing the projection

images in the precision specified by the parameter SINOGRAM_PRECISION.

No default value is given.

The dimensions of the 3-D variable contained by file are hproj×wproj×nproj,

where hproj and wproj are the height and width of the rectangular projec-

tion images, respectively, and nproj is the total amount of projection im-

ages.

EXAMPLES:

SINOGRAM_FILE = Example_proj.raw

SINOGRAM_FILE = D:\Work\Reconstruction\Input\Example_proj.raw

SINOGRAM_PRECISION

The numerical precision of the unformatted raw binary projection image

file specified as a string. The default value is float32.

Allowed values are int8 (synonym: 1), uint8, int16 (synonyms: 2, short),

uint16, and float32 (synonyms: 4, float, single).

EXAMPLE:

SINOGRAM_PRECISION = float32

RAY_COLLIMATION_VALUE

A float-valued number specifying the projection image pixel value that

will result in the ray being collimated, i.e. skipped. The default value is

-1.0.

EXAMPLE:

RAY_COLLIMATION_VALUE = -1.0

PROJECTION_CROP_MARGINS

Four float values or integers (absolute or relative to the projection im-

age dimensions) given in the order Top-Bottom-Left-Right that specify the

width of the ray exclusion margins on each projection image border. The

default values are 0 0 0 0.
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Real values in the range ]0,1[ are interpreted as ratios of the correspond-

ing projection image dimensions, and non-negative integer values {0,1,2, . . .}

are interpreted as absolute values specifying the actual number of image

elements to be cropped from the border. For example if the given margins

are ’0.1, 0.1, 5, 5’,
⌊
0.1hproj

⌉
elements are cropped from both top and

bottom edges, and 5 elements are from both left and right edges, assum-

ing that wproj > 10.

EXAMPLE:

PROJECTION_CROP_MARGINS = 0.1, 0.1, 0, 0

IMAGE_FILE

In inverse problem operation mode (as specified by the parameter

OPERATION_MODE), the file path of the reconstructed raw output image. In

forward operation mode, the file path of the input attenuation or activity

distribution that will be used for computing the sinogram, i.e. projection

images. No default value is given. In both cases, the precision of the file is

specified by the parameter IMAGE_PRECISION. The dimensions of the vari-

able contained by the output file are determined by the values of FOV_SIZE

and FOV_ELEMENT_SIZE.

NOTE: In inverse problem mode if intermediate reconstruction results are

chosen to be saved (see IMAGE_SAVE_STEP for details), the output file name

specified in the value of this parameter will be used to form the file name

of the intermediate image by inserting the iteration number before the

file suffix. The recognized file extensions are .raw and .img.

EXAMPLES:

IMAGE_FILE = Example_rec.raw

IMAGE_FILE = D:\Work\Reconstruction\Output\Example_rec.raw

IMAGE_PRECISION

The numerical precision of the unformatted raw binary image file spec-

ified as a string. Allowed values are int8 (synonym: 1), uint8, int16

(synonyms: 2, short), uint16, and float32 (synonyms: 4, float, single).

The default value is float32.

NOTE: In inverse problem mode, the parameter REAL_TO_INT_SCALING af-

172



Excerpts from the user’s manual of ARTEMIS v. 3.0

fects the output for integer-format file precision values. See the parameter

description for details.

EXAMPLE:

IMAGE_PRECISION = float32

IMAGE_BACKGROUND_VALUE

A float-valued number for excluding an element from the ROI (region-of-

interest). An excluded image element will not contribute to the projections

computed across the FOV. However, with attenuation correction, the at-

tenuation integral will be updated for both ROI and background elements.

The default value is -1.0.

NOTE: With elliptical cropping, this value is given to the cropped ele-

ments. If an initialization image is used, elements with this value are

excluded in the projection operations.

EXAMPLE:

IMAGE_BACKGROUND_VALUE = -100.0

IMAGE_INITIALIZATION

A logical parameter given as a single character, specifying whether an ini-

tialization image for the reconstruction or geometry optimization process

should be read from a file. The default value is FALSE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

NOTE: If the initialization of the reconstruction is not specified, related

input parameters are insignificant and have no effect. However, they will

still be attempted to be read and must be formally correct to avoid errors

in reading the input file.

EXAMPLE:

IMAGE_INITIALIZATION = N

INIT_IMAGE_FILE

The file path of an unformatted raw binary file containing the initializa-

tion image in the precision specified by the parameter INIT_IMAGE_PRECISION.

The dimensions of the variable that must be contained by file, must be
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equal to the reconstruction size determined by FOV_SIZE and FOV_ELEMENT_SIZE.

No default value is given.

WARNING: A point-wise correspondence is assumed between the recon-

struction FOV and the initialization image. A misalignment of the two

images may result in unpredictable results.

EXAMPLE:

INIT_IMAGE_FILE = D:\Work\Reconstruction\Input\Example_att.raw

INIT_IMAGE_PRECISION

The numerical precision of the unformatted raw binary initialization im-

age file specified as a string. The default value is float32.

Allowed values are int8 (synonym: 1), uint8, int16 (synonyms: 2, short),

uint16, and float32 (synonyms: 4, float, single).

EXAMPLE:

INIT_IMAGE_PRECISION = float32

ATTENUATION_CORRECTION

A logical parameter given as a single character, specifying whether lin-

ear attenuation correction should be performed or not, assuming that the

external attenuation model file specified below can be successfully read.

The default value is FALSE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

NOTE: If the attenuation correction is not specified, related input param-

eters are insignificant and have no effect. However, they will still be at-

tempted to be read and must be formally correct to avoid errors in reading

the input file.

EXAMPLE:

ATTENUATION_CORRECTION = N

ATT_IMAGE_FILE

The file path of the unformatted raw binary file containing the attenua-

tion model image in precision specified by the parameter ATT_IMAGE_PRECISION.

The dimensions of the variable that must be contained by file, must be
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equal to the reconstruction size determined by FOV_SIZE and

FOV_ELEMENT_SIZE. No default value is given.

WARNING: A point-wise correspondence is assumed between the recon-

struction FOV and the initialization image. A misalignment of the two

images may result in unpredictable results.

EXAMPLES:

ATT_IMAGE_FILE = Example_att.raw

ATT_IMAGE_FILE = D:\Work\Reconstruction\Input\Example_att.raw

ATT_IMAGE_PRECISION

The numerical precision of the unformatted raw binary attenuation model

image file specified as a string. The default value is float32.

Allowed values are int8 (synonym: 1), uint8, int16 (synonyms: 2, short),

uint16, and float32 (synonyms: 4, float, single).

EXAMPLE:

ATT_IMAGE_PRECISION = float32

ATT_BASELINE_VALUE

A float-valued constant to be added to the value of the attenuation inte-

gral computed across the attenuation model image. The default value is

0.0.

The value should be equal to the total baseline attenuation (average lin-

ear attenuation coefficient multiplied by the path length) expressed in the

same units as the attenuation model file. The baseline value can be, e.g.,

used to model attenuating structures that are fixed to the detector.

EXAMPLE:

ATT_BASELINE_VALUE = 0.0

TRF_PARAMS_INITIALIZATION

A logical parameter given as a single character, specifying whether the

initial rigid transformation parameter values should be read from a file

given by

TRF_PARAMS_INIT_FILE. The default value is FALSE.

If the transformation parameters are read from a file, both operation
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modes and all iteration types in the inverse problem mode apply the trans-

formation. The parameters are used as the initial guess for the first op-

timization iteration, after which they will be replaced by the optimized

parameters.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

EXAMPLE:

TRF_PARAMS_INITIALIZATION = N

TRF_PARAMS_INIT_FILE

The file path (relative to the folder where the program executable is lo-

cated or an absolute path) of the raw binary file containing the rigid trans-

formation parameters. No default value is given.

The transformation parameter file format of ARTEMIS begins with a 2-

digit header field in int32 precision. The header is followed by a float64-

valued array with the dimensions 8×nproj, where nproj is the total amount

of views (projection images). For details on the structure of the transfor-

mation parameter files, please refer to section A.2.

NOTE: Each data block (both the header and the parameter array) in the

file must be preceded and followed by the length of the field expressed in

bytes as an int32 precision integer. This internal raw data formatting

convention applies to the Intel compiler and may be different for another

FORTRAN compiler.

EXAMPLES:

TRF_PARAMS_INIT_FILE = Example_trf_params_0001.raw

TRF_PARAMS_INIT_FILE = D:\Work\Reconstruction\Example_trf_params_0001.raw

REAL_TO_INT_SCALING

A logical parameter given as a single character specifying whether a float32

value saved to an integer precision file should be directly type cast or lin-

early scaled to the available non-negative integer value range. The de-

fault value is FALSE.

If a scaling is applied, the resulting value ranges for different integer-

valued output precisions are: [0, 127] for int8, [0, 255] for uint8, [0, 32767]

for int16, and [0, 65535] for uint16.
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Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

EXAMPLE:

REAL_TO_INT_SCALING = Y

FOV geometry parameters

FOV_CENTER

Three float-valued numbers specifying the geometric center (center of grav-

ity) of the 3-D rectangular reconstruction FOV. The values are assumed to

be expressed in the same reference xyz units as the projection geometry.

The default values are 0.0 0.0 0.0.

EXAMPLE:

FOV_CENTER = 0.0 0.0 0.0

FOV_SIZE

Three float-valued numbers specifying the lengths of the 3-D reconstruc-

tion FOV edges. The values are assumed to be expressed in the same

reference xyz units as the projection geometry. For a 2-D reconstruction, a

value equal to the corresponding element size (defined by FOV_ELEMENT_SIZE)

or a zero value must be specified corresponding to a singleton dimension.

No default values are given.

The voxel dimensions of the reconstruction FOV will be computed by divid-

ing the reconstruction FOV’s xyz dimensions by the reconstruction voxel’s

xyz dimensions element-by-element, and rounding the result to the near-

est integer.

EXAMPLES:

FOV_SIZE = 30.0 30.0 30.0

FOV_SIZE = 10.0, 10.0, 0.0

FOV_ELEMENT_SIZE

Three float-valued numbers specifying the dimensions of the 3-D rectan-

gular basis elements (voxels). The values are assumed to be expressed

in the same reference xyz units as the projection geometry. The default
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values are 1.0 1.0 1.0.

EXAMPLE:

FOV_ELEMENT_SIZE = 0.1 0.1 0.1

FOV_BASIS

Nine float-valued numbers specifying the three 3-D basis vectors of the

reconstruction’s i jk coordinate system. The values are assumed to be ex-

pressed in the same reference xyz units as the projection geometry. The

first three values specify the components of the i axis basis vector, the

next three the components of the j axis basis vector, and the last three

the components of the k axis basis vector. The default values correspond

to the standard orthogonal xyz basis.

NOTE: The basis vectors do not need to be normalized, as they will auto-

matically be normalized to the corresponding image element dimensions

defined by FOV_ELEMENT_SIZE.

NOTE: Non-orthogonal bases are supported.

EXAMPLE:

FOV_BASIS = 1.0 0.0 0.0; 0.0 1.0 0.0; 0.0 0.0 1.0

FOV_BASIS_ROTATION

Three float-valued numbers specifying the rotation angles (in degrees) for

rotating the initial i jk coordinate basis (as specified by the parameter

FOV_BASIS) around the xyz axes. The default values are 0.0 0.0 0.0.

EXAMPLE:

FOV_BASIS_ROTATION = 0.0 0.0 90.0

FOV_ELLIPSE_CROP_AXIS

An integer value (0 to 3) specifying if the reconstruction FOV should be

cropped elliptically along one of the i jk axes. Elements falling outside the

ellipse spanned by the cropping plane are excluded from the ROI. The de-

fault value is 0.

The parameter value 0 means that no cropping is performed; the value 1

corresponds to cropping along the i axis, i.e. in the jk planes, the value

2 corresponds to cropping along the j axis, i.e. in the ik planes, and the
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value 3 corresponds to cropping along the k axis, i.e. in the i j planes.

EXAMPLE:

FOV_ELLIPSE_CROP_AXIS = 0

ADJUST_OUTPUT_FOV

A logical parameter given as a single character, specifying whether the

output FOV should be adjusted from the reconstruction FOV based on the

related parameters. The default value is FALSE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

NOTE: If the output adjustment is not specified, related input parameters

are insignificant and have no effect. However, they will still be attempted

to be read and must be formally correct to avoid errors in reading the in-

put file.

NOTE: If the output FOV requires padding or elliptical cropping in addi-

tion to the reconstruction FOV, an additional image variable correspond-

ing to the output dimensions is allocated.

EXAMPLE:

ADJUST_OUTPUT_FOV = N

OUTPUT_FOV_CENTER

Three float-valued numbers specifying the geometric center (center of grav-

ity) of the 3-D rectangular output FOV. The values are assumed to be ex-

pressed in the same reference xyz units as the projection geometry. The

default values are 0.0 0.0 0.0.

NOTE: If the parameter is not included in the input file or is commented,

the value given for the center of the reconstruction FOV in FOV_CENTER is

used.

EXAMPLE:

OUTPUT_FOV_CENTER = 0.0 0.0 0.0
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OUTPUT_FOV_SIZE

Three float-valued numbers specifying the lengths of the 3-D output FOV

edges. The values are assumed to be expressed in the same reference xyz

units as the projection geometry. For a 2-D reconstruction, a value equal

to the corresponding element size (defined by FOV_ELEMENT_SIZE) or a zero

value must be specified corresponding to a singleton dimension. No de-

fault values are given.

The voxel dimensions of the reconstruction FOV will be computed by divid-

ing the reconstruction FOV’s xyz dimensions by the reconstruction voxel’s

xyz dimensions element-by-element, and rounding the result to the near-

est integer.

NOTE: If the parameter is not included in the input file or is commented,

the value given for the center of the reconstruction FOV in FOV_SIZE is

used.

EXAMPLE:

OUTPUT_FOV_SIZE = 30.0 30.0 30.0

OUTPUT_ELLIPSE_CROP_AXIS

An integer value (0 to 3) specifying if the output FOV should be cropped

elliptically along one of the i jk axes. Elements falling outside the ellipse

spanned by the cropping plane are excluded from the ROI. The default

value is 0.

The parameter value 0 means that no cropping is performed; the value 1

corresponds to cropping along the i axis, i.e. in the jk planes, the value

2 corresponds to cropping along the j axis, i.e. in the ik planes, and the

value 3 corresponds to cropping along the k axis, i.e. in the i j planes.

EXAMPLE:

OUTPUT_ELLIPSE_CROP_AXIS = 3

Image reconstruction parameters

ART_ITERATIONS

The reconstruction and/or geometry optimization scheme given as a char-

acter string specifying the types and amounts of iterations to be consecu-

tively performed. The possible iteration types are A for a sequential SART
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update, I for a synchronous SIRT update, and O for a projection geometry

optimization iteration. The default value is A.

A repeated iteration or a combination of iterations can be specified by

placing an integer value before the iteration type or parentheses enclos-

ing the combination of iterations.

WARNING: The hard-coded length of the string variable that will be used

to store the parsed iteration types, is set to 5000 characters. Therefore

the maximum amount of iterations is 5000, regardless of the fact that

in the input file it can be compactly expressed. Changing this limit re-

quires modifying the variable declarations and re-compiling the program

executable.

NOTE: Each iteration specified by a single character is technically counted

as one, although non-zero values of the input parameters

SIRT_CONVERGENCE_TOLERANCE or SART_CONVERGENCE_TOLERANCE will cause

each corresponding update to be repeated until the decrease in the RMS

residual will fall below the given tolerance threshold, or alternatively the

iteration limit specified using the input parameter ART_CONVERGENCE_ITMAX

is reached.

EXAMPLE:

ART_ITERATIONS = I, 5(A,I), 2A

ART_UPDATE_METHOD

An integer value (1 or 2) specifying the method used for computing the

ART update correction term from the measured and reconstructed pro-

jection integral values. The value 1 corresponds to the standard Kacz-

marz update method, where the additive correction term is uniformly

distributed along the ray path. The value 2 corresponds to an additive

version of the Expectation Maximization (EM) algorithm, where the addi-

tive correction term is effectively distributed proportionally to the current

intensity values. The default value is 1.

NOTE: The update method 2 only affects the voxels that have been initial-

ized to non-zero values. The initialization image specified by

INIT_IMAGE_FILE can therefore be used to define the reconstruction ROI.

EXAMPLE:

ART_UPDATE_METHOD = 1
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ART_CONVERGENCE_ITMAX

The maximum integer amount of ART updates to be performed for a sin-

gle iteration whether or not convergence is reached based on non-zero RMS

values of the residual thresholds expressed by SIRT_CONVERGENCE_TOLERANCE

and

SART_CONVERGENCE_TOLERANCE . The default value is 100.

EXAMPLE:

ART_CONVERGENCE_ITMAX = 50

SIRT_RELAXATION_WEIGHT

A float-valued number in ]0,2] specifying the fraction of the algebraic cor-

rection term to be applied to the reconstruction in synchronous SIRT up-

dates. The correction term from each projection is multiplied by the re-

laxation weight. The default value is 1.0.

NOTE: As the nature of SIRT is naturally averaging, larger relaxation

weight values can typically be used for SIRT than SART updates.

EXAMPLE:

SIRT_RELAXATION_WEIGHT = 1.0

SIRT_CONVERGENCE_TOLERANCE

A non-negative float-valued number specifying the convergence tolerance

for each SIRT iteration. The given tolerance is compared to the relative

RMS residual change between consecutive updates. If a zero value is

given, only a single SIRT update is performed for each iteration I con-

tained by ART_ITERATIONS and/or

REF_ART_ITERATIONS. The default value is 0.001.

NOTE: The RMS residual values used for determining the relative change

correspond to the state before the SIRT updates have been applied. The

RMS values therefore effectively lag one update behind the iterations.

EXAMPLE:

SIRT_CONVERGENCE_TOLERANCE = 1.0E-3
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SART_RELAXATION_WEIGHT

A float-valued number in ]0,2] specifying the fraction of the algebraic cor-

rection term to be applied to the reconstruction in sequential SART up-

dates. The correction term from each projection is multiplied by the re-

laxation weight. The default value is 0.1.

NOTE: Smaller relaxation weights are usually required if the projection

images are very noisy or if they contain large intensity transients. If too

little relaxation is used, the reconstruction may contain artefacts. On the

other hand, if too much relaxation is used, the reconstruction iteration

may converge very slowly.

EXAMPLE:

SART_RELAXATION_WEIGHT = 0.1

SART_CONVERGENCE_TOLERANCE

A non-negative float-valued number specifying the convergence tolerance

for each SART iteration. The given tolerance is compared to the rela-

tive RMS residual change between consecutive updates. If a zero value

is given, only a single SART update is performed for each iteration A con-

tained by ART_ITERATIONS and/or REF_ART_ITERATIONS. The default value

is 0.01.

NOTE: The RMS residual values used for determining the relative change

correspond to the state before the SART updates have been applied.

EXAMPLE:

SART_CONVERGENCE_TOLERANCE = 0.01

SART_ANGLE_STEP

A float-valued number in ]0,180] specifying the angle step in degrees for

cyclically accessing the projection images in SART iterations. The default

value is 90.0.

EXAMPLE:

SART_ANGLE_STEP = 30.0
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SART_EDGE_RELAX_MARGINS

Four float values or integers (absolute or relative to the projection image

dimensions) given in the order Top-Bottom-Left-Right that specify the

width of sigmoid-shaped relaxation fade-out margins on each projection

image border. The default values are 0 0 0 0.

Real values in the range ]0,1[ are interpreted as ratios of the correspond-

ing projection image dimensions, and non-negative integer values {0,1,2, . . .}

are interpreted as absolute values specifying the actual number of image

elements. For example, if the given margins are 0.1 0.1 0.0 0.0, the

sigmoid spans
⌊
0.1hproj

⌉
elements on both top and bottom edges, and no

edge relaxation smoothing is used on the left and right edges.

NOTE: Edge relaxation may be beneficial for avoiding reconstruction arte-

facts if the projection image edges intersect the reconstruction FOV/ROI

tangentially.

EXAMPLES:

SART_EDGE_RELAX_MARGINS = 0.1, 0.1, 0, 0

LOCAL_FOV_CORRECTION

A single character specifying, whether the reconstruction FOV should be

treated as local (Y) or global (N) with respect to the original FOV, from

which the sinogram has been measured. Allowed values (case-insensitive)

are N, F and 0 for not performing a local FOV correction, and Y, T and 1 for

performing a local FOV correction. The default value is FALSE.

If no local FOV correction is performed (parameter value FALSE), the com-

puted ray integral values are compared directly to the sinogram values to

obtain the algebraic correction term. If a local FOV correction is performed

(parameter value TRUE), the computed ray integral values are divided by

the path lengths across the ROI and the sinogram values by the source–

detector distance (SID). The algebraic correction term is then obtained by

comparing the average intensity values.

NOTE: Using local FOV correction may affect projection geometry opti-

mization negatively, and is not advised to be used unless problems are

experienced without it.

EXAMPLE:

LOCAL_FOV_CORRECTION = N
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APPLY_THRESHOLDING

A logical parameter given as a single character, specifying whether the

image intensity values should be limited by clipping to given minimum

and maximum values. The default value is FALSE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

EXAMPLE:

APPLY_THRESHOLDING = Y

IMAGE_THRESHOLD_VALUES

Two float-valued numbers specifying the lower and upper threshold val-

ues for limiting (clipping) the reconstructed image intensity values if the

parameter

APPLY_THRESHOLDING is set to logical true. The default values are 0.0, 1.0.

EXAMPLE:

IMAGE_THRESHOLD_VALUES = 0.0 1.0

IMAGE_SAVE_STEP

A non-negative integer value specifying the amount of consecutive recon-

struction iterations between saving the intermediate image to a file. For

example, if the value is 5, every 5th iteration will be saved. If the given

value is zero, equal to or greater than the total amount of iterations, no

intermediate reconstruction images will be saved. The default value is 0.

In reconstruction iterations (A and I), the intermediate image file name

is formed from the parameter IMAGE_FILE by inserting an underscore and

the iteration number (_XXXX) before the file extension. In optimization

iterations, the identifier is of the form _ref_XXXX. The recognized file ex-

tensions are .raw and .img. Otherwise the identifier is appended after the

file name.

EXAMPLE:

IMAGE_SAVE_STEP = 0
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Projection geometry optimization parameters

REF_ART_ITERATIONS

The reconstruction scheme given as a character string specifying the types

and amounts of iterations to be consecutively performed for the intermedi-

ate reference reconstruction at the beginning of each projection geometry

optimization iteration. The possible iteration types are A for a sequential

SART update and I for a synchronous SIRT update. The default value is A.

A repeated iteration or a combination of iterations can be specified by

placing an integer value before the iteration type or parentheses enclos-

ing the combination of iterations.

WARNING: The hard-coded length of the string variable that will be used

to store the parsed iteration types, is set to 5000 characters. Therefore

the maximum amount of iterations is 5000, regardless of the fact that

in the input file it can be compactly expressed. Changing this limit re-

quires modifying the variable declarations and re-compiling the program

executable.

NOTE: Each iteration specified by a single character is technically counted

as one, although non-zero values of the input parameters

SIRT_CONVERGENCE_TOLERANCE or SART_CONVERGENCE_TOLERANCE will cause

each corresponding update to be repeated until the decrease in the RMS

residual will fall below the given tolerance threshold, or alternatively the

iteration limit specified using the input parameter ART_CONVERGENCE_ITMAX

is reached.

EXAMPLE:

REF_ART_ITERATIONS = 5A, 3(I,A), 2I

RIGID_TRF_LB

Six float-valued numbers specifying the lower bounds of the rectangular

optimization search space for the view-specific rigid transformation pa-

rameters. The first three values represent translation (in reference units

corresponding to the projection geometry) in the order: 1. Longitudinal

shift, 2. Lateral shift, 3. Perpendicular shift, and the last three values

rotation angles (in degrees) around the same axes in the same order, i.e.

1. Roll, 2. Pitch, 3. Yaw. Optimization is performed for those degrees-of-

freedom, whose lower bound values are smaller than the corresponding
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upper bound values defined by RIGID_TRF_UB. The default values are 0.0.

NOTE: The transformation coordinate system is view-specific and affected

by FIXED_TRF_AXIS, which controls how the axes are computed if they are

not inherently orthogonal.

EXAMPLE:

RIGID_TRF_LB = -1.0 -1.0 0.0, 0.0 0.0 -0.5

RIGID_TRF_UB

Six float-valued numbers specifying the upper bounds of the rectangular

optimization search space for the view-specific rigid transformation pa-

rameters. The first three values represent translation (in reference units

corresponding to the projection geometry) in the order: 1. Longitudinal

shift, 2. Lateral shift, 3. Perpendicular shift, and the last three values

rotation angles (in degrees) around the same axes in the same order, i.e.

1. Roll, 2. Pitch, 3. Yaw. Optimization is performed for those degrees-of-

freedom, whose upper bound values are greater than the corresponding

lower bound values defined by RIGID_TRF_LB. The default values are 0.0.

NOTE: The transformation coordinate system is view-specific and affected

by FIXED_TRF_AXIS, which controls how the axes are computed if they are

not inherently orthogonal.

EXAMPLE:

RIGID_TRF_UB = 1.0 1.0 0.0, 0.0 0.0 0.5

MINIMIZATION_MAX_FEVALS

A positive integer value specifying the maximum number of cost function

evaluations for each view in a single geometry optimization iteration. The

default value is 100.

EXAMPLE:

MINIMIZATION_MAX_FEVALS = 150

MINIMIZATION_XTOL

A positive float-valued number specifying the convergence threshold for

the transformation parameter values in the simplex minimization. If

the maximum absolute difference in the transformation parameter val-

ues comprising the simplex nodes falls below this threshold, convergence
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is assumed. The given value is limited from below to 10 times the appli-

cable double precision machine epsilon. The default value is 1.0E-3.

For terminating the minimization, convergence in terms of the cost func-

tion values controlled by MINIMIZATION_FTOL is additionally required. See

also

ROT_XTOL_IN_RADIANS, which affects the scaling of the rotation angles.

EXAMPLE:

MINIMIZATION_XTOL = 1.0E-3

MINIMIZATION_FTOL

A positive float-valued number specifying the convergence threshold for

the cost function values in the simplex minimization. If the maximum

difference of the simplex nodes’ cost function values (corresponding to

the first and last nodes in the ordered simplex) falls below this thresh-

old, convergence is assumed. The given value is limited from below to 10

times the applicable double precision machine epsilon. The default value

is 1.0E-3.

For terminating the minimization, convergence in terms of the transfor-

mation parameter values controlled by MINIMIZATION_XTOL is additionally

required.

EXAMPLE:

MINIMIZATION_FTOL = 1.0E-2

ROT_XTOL_IN_RADIANS

A logical parameter given as a single character, specifying whether the

convergence tolerance specified by MINIMIZATION_XTOL for the rotation an-

gles should be interpreted in radians (TRUE) or in degrees (FALSE). The de-

fault value is FALSE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

NOTE: If the parameter is set to TRUE, the given MINIMIZATION_XTOL value

for the rotational DOFs is assumed to be expressed in radians (in contrast

to the search space bounds expressed in degrees) and converted to de-

grees, which corresponds to a multiplication by 180/π ≈ 57.3, i.e. a larger

threshold and a more relaxed convergence condition for rotation.
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EXAMPLE:

ROT_XTOL_IN_RADIANS = Y

NELDER-MEAD_REFLECT

A positive float-valued number specifying the simplex reflection coeffi-

cient α in the Nelder-Mead minimization algorithm. The default value

is α= 1.

The reflection of the last simplex node xN+1 (with the largest cost func-

tion value) is computed according to xR = (1+α) cN −αxN+1, where cN is

the simplex centroid excluding xN+1.

EXAMPLE:

NELDER-MEAD_REFLECT = 1.0

NELDER-MEAD_EXPAND

A positive float-valued number specifying the expansion coefficient γ in

the Nelder-Mead minimization algorithm. The given value is limited from

below to 1. The default value is γ= 2.

The expansion of xR (the reflection of xN+1) is computed according to xE =
(1−γ) cN +γxR, where cN is the simplex centroid excluding xN+1.

EXAMPLE:

NELDER-MEAD_EXPAND = 2.0

NELDER-MEAD_CONTRACT

A positive float-valued number specifying the contraction coefficient ρ in

the Nelder-Mead minimization algorithm. The given value is limited from

above to 1. The default value is ρ = 1/2.

The outward contraction of xN+1 is computed according to xO = (1+αρ) cN−
ρxN+1, where cN is the simplex centroid excluding xN+1, and α is the

reflection coefficient. The inward contraction is computed according to

xI = (1−ρ) cN +ρxN+1.

EXAMPLE:

NELDER-MEAD_CONTRACT = 0.5
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NELDER-MEAD_SHRINK

A positive float-valued number specifying the shrinking coefficient σ in

the Nelder-Mead minimization algorithm. The given value is limited from

above to 1. The default value is σ= 1/2.

The shrinking of a simplex node x is computed according to xS = (1−σ) x1+
σx, where the first simplex node x1 corresponds to the smallest cost func-

tion value in the simplex.

EXAMPLE:

NELDER-MEAD_SHRINK = 0.5

RESIDUAL_RAY_STEPS

Two positive integer values specifying the vertical and horizontal ray in-

dex steps, respectively, for computing the cost function value in projection

geometry optimization. The value 1 corresponds to evaluating the ob-

served residual for each ray in the corresponding direction, the value 2 to

skipping every other ray, and so on. The default values are 1.

NOTE: The main purpose of the parameter is to reduce the computational

cost for a large data set.

EXAMPLE:

RESIDUAL_RAY_STEPS = 1 1

SAVE_REF_IMAGES

A logical parameter given as a single character, specifying if the interme-

diate reference reconstructions used for projection geometry optimization

should be saved to file. The default value is FALSE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

The intermediate image file name is formed from the parameter IMAGE_FILE

by inserting _ref_XXXX before the file extension, where XXXX denotes the

iteration number. The recognized file extensions are .raw and .img. Oth-

erwise the identifier is appended after the file name.

EXAMPLE:

SAVE_REF_IMAGES = Y
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SAVE_TRF_PARAMS

A logical parameter given as a single character, specifying whether the

view-specific projection geometry transformation parameters should be

saved to a file. The default value is TRUE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.

The transformation parameter file name is formed from the parameter

IMAGE_FILE by inserting _trf_params_XXXX before the file extension, where

XXXX denotes the iteration number. The recognized file extensions are .raw

and .img. Otherwise the identifier is appended after the file name. The

transformation parameter file structure is described in section A.2.

EXAMPLE:

SAVE_TRF_PARAMS = Y

PARAMS_SAVE_STEP

A single non-negative integer value specifying the amount of views af-

ter which the optimized projection geometry transformation parameters

should be saved to a file during each optimization iteration.

If the value of PARAMS_SAVE_STEP is zero or greater than the total amount

of views, no intermediate parameters will be saved before the iteration is

finished. The default value is 500.

NOTE: The main purpose of the parameter is to enable investigating the

intermediate values of the transformation parameters in an external pro-

gram during computationally expensive optimization iterations.

EXAMPLE:

PARAMS_SAVE_STEP = 0

SAVE_GEOMETRY_FILE

A logical parameter given as a single character, specifying whether the fi-

nal optimized projection geometry should be saved to a file. Intermediate

geometries are not saved. The default value is TRUE.

Character values (case-insensitive) Y, T and 1 are interpreted as logical

TRUE, and values N, F and 0 are interpreted as logical FALSE.
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The file name of the optimized projection geometry will be formed from

the projection geometry file name defined by PROJECTION_GEOMETRY_FILE

by inserting _opt before the file extension. The recognized file extension is

.raw. Otherwise, the identifier will be added after the original projection

geometry file name.

EXAMPLE:

SAVE_GEOMETRY_FILE = Y
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A.2 Preparation of input data

Projection geometry file format

The projection geometry file must be prepared and saved from an exter-

nal program such as MATLAB. The projection geometry file begins with

two vector-shaped header fields followed by an array containing the ac-

tual projection geometry.

The structure of the first header field (10 integer elements in int32-precision)

is:

[nbytes, nproj, hproj, wproj, hdet, wdet, hsgrid, wsgrid, hsrc, wsrc] , where

• nbytes is the word length (in bytes: either 4 for float32 or 8 for

float64) corresponding to the precision of the floating point data

(the second header and the projection geometry data array) follow-

ing the first header field

• nproj is the amount of projection images

• hproj and wproj are the height and width of the projection images

• hdet and wdet are the height and width of the detector used to mea-

sure the projection images,

• hsgrid and wsgrid are the height and width of the effective source grid,

and

• hsrc and wsrc are the height and width of the effective source.

In transmission tomography, typically hsrc = hsgrid = 1 and wsrc = wsgrid = 1

corresponding to a point source. In emission tomography, typically hsrc =
hdet and wsrc = wdet.

The structure of the second header field (12 floating point elements in

either float32 or float64 precision as indicated by nbytes) is:
[
d vert

src , d horz
src , δvert

src , δhorz
src , κvert

src , κhorz
src , d vert

det , d horz
det , δvert

det , δhorz
det , κvert

det , κhorz
det

]
,

where

• d vert
src is the vertical size of the focal point,

• d horz
src is the horizontal size of the focal point,

• δvert
src is the vertical pitch of the focal points in the effective source,
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• δhorz
src is the horizontal pitch of the focal points in the effective source,

• κvert
src is the reciprocal of the vertical curvature radius of the effective

source,

• κhorz
src is the reciprocal of the horizontal curvature radius of the effec-

tive source,

• d vert
det is the vertical size of the detector array element,

• d horz
det is the horizontal size of the detector array element,

• δvert
src is the vertical pitch of the detector array elements,

• δhorz
src is the horizontal pitch of the detector array elements,

• κvert
src is the reciprocal of the vertical curvature radius of the detector

array, and

• κhorz
src is the reciprocal of the horizontal curvature radius of the de-

tector array

Here pitch refers to the distance between the centers of consecutive el-

ements, which are used to normalize the basis vectors contained by the

projection data fields. If non-positive pitch values are given, the given el-

ement size values d are used as the pitch values. If non-positive values

are given for both the element sizes and the pitch, the lengths of the ba-

sis vectors are interpreted as absolute values and used as such for both

measures. If positive values for both pitch and element size are given, the

element size will be limited to not exceed the corresponding pitch values.

For the curvature values κ, a positive sign denotes a convex curvature as

seen from the detector’s direction.

The header fields are followed by the float-valued geometry data fields

in the precision indicated by nbytes. The variable is divided into a total

of nproj blocks with dimensions 18× nvert × nhorz, where nvert = hproj/hdet

and nhorz = wproj/wdet are the integer value of source–detector measure-

ment (sampling) locations per each projection image in vertical (image

array index i) and horizontal (image array index j) directions, respec-

tively. The structure of the projection geometry array, call it Xproj, that

follows the header fields divided into projection-specific blocks is (in FOR-

TRAN/MATLAB notation):
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• Xproj(1:3, iDet, jDet, p): The xyz coordinates (in reference units)

of the center of the source corresponding to the detector sampling lo-

cation (idet, jdet) of the pth projection image.

• Xproj(4:6, iDet, jDet, p): The xyz components (in reference units)

of the vertical (corresponding to the leading i-dimension of the pro-

jection image array) basis vector of the source corresponding to the

detector sampling location (idet, jdet) of the pth projection image.

• Xproj(7:9, iDet, jDet, p): The xyz components (in reference units)

of the horizontal (corresponding to the second j-dimension of the pro-

jection image array) basis vector of the source corresponding to the

detector sampling location (idet, jdet) of the pth projection image.

• Xproj(10:12, iDet, jDet, p): The xyz coordinates (in reference

units) of the center of the planar detector corresponding to the de-

tector sampling location (idet, jdet) of the pth projection image. The

location should reflect the center of the entire source/detector includ-

ing any gaps resulting from pitch values greater than the element

dimensions.

• Xproj(13:15, iDet, jDet, p): The xyz components (in reference

units) of the vertical (i-direction in the projection image array) basis

vector of the 2-dimensional detector corresponding to the detector

sampling location (idet, jdet) of the pth projection image. The length

of the basis vector must be equal to the height of the detector ele-

ments (in reference units).

• Xproj(16:18, iDet, jDet, p): The xyz components (in reference

units) of the horizontal ( j-direction in the projection image array)

basis vector of the 2-dimensional detector corresponding to the de-

tector sampling location (idet, jdet) of the pth projection image. The

length of the basis vector must be equal to the width of the detector

elements (in reference units).

NOTE: Each data field (both headers and each view-specific block in the

projection geometry array) must be preceded and followed by the length of

the field expressed in bytes as an int32 precision integer: 4×10= 40 for the

first header field; 4×12= 48 for the second header field and 72×nvert×nhorz

for each view-specific block in the geometry array with float32 precision,

or 8×12= 96 for the second header field and 144×nvert×nhorz for each view-

specific block in the geometry array with float64 precision, according to
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the value of nbytes. The field length declaration is required by FORTRAN

for reading unformatted binary files with varying field lengths. This in-

ternal raw data formatting convention applies to the Intel compiler used

for compiling the executables, and may be different for another FORTRAN

compiler.

NOTE: By giving zero values for both the element sizes and the pitches,

the lengths of the basis vectors are used as such for both measures, in

which case it is technically possible define the source size (focal spot size)

as well as the detector element size independently for each projection im-

age. The dimensions (in elements) of the projection images as well as the

detector, however, must be equal for each projection measurement.

Transformation parameter file format

The transformation parameter file format of ARTEMIS begins with a 2-

digit header field in int32 precision containing the dimensions (8×nproj)

of the transformation parameter array. The header is followed by the

float64-valued array with the dimensions 8×nproj, where nproj is the to-

tal amount of views (projection images).

Each column of the transformation parameter array corresponds to a sin-

gle view (projection image). The first six values are the rigid transforma-

tion parameters in the order

1. Longitudinal shift (in arbitrary reference units),

2. Lateral shift,

3. Perpendicular shift,

4. Rotation around the longitudinal axis (Roll, in degrees),

5. Rotation around the lateral axis (Pitch), and

6. Rotation around the perpendicular axis (Yaw).

The seventh value is the cost function value corresponding to the trans-

formation parameters, if available, and the eight value is the number of

cost function evaluations required to reach the transformation parameter

and cost function values, if available.

NOTE: Both the header and the parameter array are preceded and fol-

lowed by the length of the corresponding field in bytes as an int32 value.
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This internal raw data formatting convention applies to the Intel compiler

used for compiling the executables, and may be different for another FOR-

TRAN compiler.

Projection image file format

The dimensions of the variable contained by the projection image file are

hproj ×wproj × nproj, where hproj and wproj are the height and width of the

rectangular projection images, respectively, and nproj is the total amount

of projection images. The 2-D (containing 1-D projections as degenerate

cases) projection images are therefore simply stacked in the 3rd dimension

to form a 3-D variable.

The variable can easily be formed in MATLAB, and saved into a raw bi-

nary file using the suitable precision as specified by the input parameter

SINOGRAM_PRECISION.

Attenuation model image file format

The attenuation model file is not required for performing a reconstruction,

but it improves the reconstruction result in emission imaging if attenua-

tion data is available.

The dimensions of the 3-D (2-D and 1-D contained as degenerate cases)

attenuation model variable that must be written into the file specified

by ATT_IMAGE_FILE using the precision specified by ATT_IMAGE_PRECISION,

must be equal to the dimensions of the reconstruction, and a point-wise

correspondence is assumed.

The dimensions are determined by the specified reconstruction FOV size

(specified by FOV_SIZE, in xyz reference units) and the element size (spec-

ified by

FOV_ELEMENT_SIZE, in xyz reference units). The image dimensions are ob-

tained by dividing the FOV size vector element-wise by the element size

vector, and then rounding the result to the nearest integer values.

Reconstruction initialization image file format

The reconstruction initialization file is not required for performing a re-

construction, but it allows, e.g., for a more detailed cropping of the recon-

struction FOV (see note below).
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The dimensions of the 3-D (2-D and 1-D contained as degenerate cases)

initialization image variable that must be written into the specified file

specified by INIT_IMAGE_FILE using the precision specified by

INIT_IMAGE_PRECISION, must be equal to the dimensions of the reconstruc-

tion, and a point-wise correspondence is assumed.

The dimensions are determined by the reconstruction FOV size (specified

by FOV_SIZE in xyz reference units) and the element size (specified by

FOV_ELEMENT_SIZE, in xyz reference units). The image dimensions are ob-

tained by dividing the FOV size vector element-wise by the element size

vector, and then rounding the result to the nearest integer values.

NOTE: If ART update method 2 is used, the initialization image can be

used for choosing, which FOV regions will absorb reconstructed intensity

and which regions will not. By initializing some regions to zero, they will

remain zero-valued throughout the reconstruction process, as weighting

the correction factor by the previously existing intensity values will pro-

duce a zero result.

Input file format

The input file can be written using any suitable text editor utility as long

as the line breaks produced by the program are recognized by FORTRAN.

If problems are faced with the input file related to the line breaks, a dif-

ferent text editor should be used.

A model input file can be obtained by running the program without any

command-line parameters, after which a model of the input file is written

into the file

ARTEMIS_example_input.txt. This input file template can then be used to

create a new input file.

A.3 Program execution

After all of the input data has been prepared, ARTEMIS can be executed

from the command line by giving the file path (either absolute or relative

to the location of the program executable) of the input file as an argument,

for example:

ARTEMIS_64 ARTEMIS_example_input.txt
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The execution principle is the same in both operation modes.

If reading the input data succeeds and the verbose option has been chosen,

information regarding the progress of the execution will be displayed on

the screen. If intermediate results have been chosen to be saved in inverse

mode, these will appear in the chosen folder as the iteration progresses. If

a log file was chosen to be output, it will be incrementally written as the

program execution progresses.

NOTE: The duration of the iterations depends entirely on the amount of

projection images, their dimensions (amount of rays per image), the di-

mensions of the reconstruction FOV, the amount of reconstruction itera-

tions, and the chosen reconstruction parameters. The total duration of

a typical reconstruction task can range anywhere from a few seconds to

several hours. Therefore, depending on the amount of iterations and the

duration of each iteration, it may be useful to save some intermediate re-

sults to be able to inspect the results without waiting for the entire process

to finish.

Input data errors and troubleshooting

Typical errors resulting from the input file include:

• Misspelled parameter name keywords.

• Missing comment signs.

• Wrong comment signs.

• Missing parameters.

• Missing parameter values.

• Wrong parameter values.

• Multiple times defined parameter values.

• Parameter values not limited to a single line.

Reconstruction quality troubleshooting

In inverse operation mode, typical reasons for compromised reconstruc-

tion quality include:

• Saturated projection images, i.e. loss of dynamics in the projection

images due to excessively high sampled/measured signal values.
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• Insufficient or excessive relaxation.

• Excessive or unnecessary edge relaxation.

• Too small angle step for consecutive projection images in SART iter-

ations.

• Too crude resolution of the projection images (insufficient amount of

rays) in comparison to the chosen resolution of the reconstruction.

• Declaration of global FOV when it is in fact local, which results in

forcing excessive intensity values to the reconstruction ROI.

• Erroneous attenuation map and/or wrong units in the map.

• Erroneous attenuation integral baseline value.

• Erroneous initialization image.

• Corner projection artefacts resulting from not cropping the rectan-

gular reconstruction FOV elliptically or tangentially.

• Saving the reconstruction output in integer precision, which may

result in loss of dynamics or inadvertent scaling.

Projection geometry optimization troubleshooting

In projection geometry optimization, problems are typically related to:

• Including too many DOFs in the search space too early in the op-

timization process—a robust approach is typically to optimize first

only the lateral shift, then including rotation and finally longitudi-

nal shift. Even after introducing longitudinal shift, it is often benefi-

cial to intermittently optimize only the lateral shift and/or rotation.

• Insufficiently converged intermediate reference reconstruction im-

age. Theoretically speaking, the intermediate reconstruction should

sufficiently closely approximate the minimum-norm pseudoinverse

solution.

• Too large ART relaxation coefficient leading to artefacts in the inter-

mediate reconstruction.

• The reconstructed FOV is too small w.r.t. original FOV.

• Too large or too small search space for the optimized DOFs.
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• Insufficient amount of cost function evaluations or too large conver-

gence thresholds specified for the minimization routine resulting in

prematurely terminated minimization.

• If the initial image estimate is read from file, incompatibility with

the actual FOV or value range, especially in case of different data

types.

• Erroneous initial transformation parameters read from file.

• Unnecessary local FOV correction.
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A.4 Source code structure

The source code of ARTEMIS is standard FORTRAN 90 and the program is

based on a simple modular structure, where the key tasks have dedicated

subroutines and the main execution process is handled by the main pro-

gram. The subroutines of ARTEMIS 3.0 are listed and briefly described in

this section.

NOTE: the majority of the main variables, such as the reconstructed im-

age, sinogram, projection geometry and so on, are declared as global vari-

ables and accessed directly by the internal subroutines. For the subrou-

tines incurring the majority of the computational cost, most notably the

projection routines, the innermost loops have been written for computa-

tional efficiency rather than modularity.

Internal subroutines

PRINT_MSG

Prints messages to the command line window and the log file using a

given formatting.

READ_REAL_TO_REAL

Reads unformatted raw binary data from a file in native float32 preci-

sion.

WRITE_REAL_TO_REAL

Writes unformatted raw binary data into a file in native float32 preci-

sion.

READ_INT_TO_REAL

Reads unformatted raw binary data in integer precision to a float32 pre-

cision variable.

WRITE_REAL_TO_INT

Writes a float32 precision variable to an unformatted raw binary data

file in the chosen integer precision either by rounding to nearest integer

value or by scaling the minimum and maximum values to available non-

negative integer value range.
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WRITE_INPUT_FILE

Writes an example input file into a text file if ARTEMIS is executed without

giving the path of an input file as a command line parameter.

WRITE_LOG_FILE

Writes the input parameters to the log text file if a log file is chosen to be

saved.

INIT_VARS

Initializes the main variables.

ALLOCATE_VARS

Allocates and initializes the main variables such as reconstructed image

and sinogram.

DEALLOCATE_VARS

Deallocates the main variables allocated in ALLOCATE_VARS.

READ_INPUT_FILE

Reads the input file one line at a time, recognizes the parameter on each

line based on the fixed keywords, and reads the value(s) of the parameter

based on the fixed keyword delimiter (=).

INPUT_READ_ERROR

Handles and displays input file read errors.

SET_LOGICAL_PARAM

Sets the value of a logical variable based on the character-valued input

parameter.

PARSE_ITERATIONS

Parses and extracts the iterations given in the compact form of the input

file to the long form used by the iteration loops.

READ_GEOMETRY_HEADER

Reads the header information from the projection geometry file.
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READ_GEOMETRY_DATA

Reads the actual projection geometry data from the projection geometry

file.

WRITE_GEOMETRY_DATA

Writes the optimized projection geometry data to file.

PERMUTE_PROJ_DIMS

Permutes the projection image geometry to ensure that the leading di-

mension is greater for computational efficiency.

READ_TRF_PARAMS

Reads the initial rigid transformation parameters from file.

WRITE_TRF_PARAMS

Writes the optimized rigid transformation parameters to file.

COMP_PROJ_INDEX_STEP

Computes the cyclical projection image index step based on the given an-

gle step and the average angle between consecutive projection images.

SET_PROJ_MARGINS

Sets the cropping and relaxation margins for the projection images.

RELAX_PROJ_EDGES

Imposes smoothing to the relaxation coefficient values at the edges of the

projection images. This is useful for avoiding edge artefacts in a case,

where the lines of projection corresponding to the edges intersect the re-

construction ROI.

COMPUTE_CURVATURE

Computes the centers of curvature for each detector location.

COMPUTE_PROJ_BASIS

Computes the view-specific frames of reference.

COMPUTE_ISOCENTER

Estimates the isocenter and source-to-isocenter distance by finding the

average closest point of each view pair (corresponding to the center-most
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ray of the view).

COMPUTE_FOV_BASIS

Computes and rotated the vector basis of the image FOV.

PROJ_GEOM_TO_BASIS

Projects the imaging geometry onto the vector basis of the reconstruction,

therefore causing all coordinates to be expressed in the i jk index coordi-

nate frame of the 3-D reconstruction, instead of the original xyz reference

coordinate systems units.

CROP_OUTPUT_FOV

Crops the output image FOV saved to file if different values are given than

for the original FOV.

WRITE_IMAGE_TO_FILE

Writes the output image FOV to file using the given precision.

INIT_RECONSTRUCTION

Resets the image variable containing the reconstructed values and the

weights used for applying algebraic correction terms.

SET_MAX_RAY_LENGTH

Forms a pessimistic estimate of the maximum number of image elements

intersected by a single ray, which is updated after the first reconstruction

iteration if no optimization iterations are used (that might change the

projection geometry). The value is used for the dimensions of the variables

used for storing information for backprojection.

SET_CURRENT_PROJECTION

Sets the current projection image contents and frame of reference to match

the chosen view.

COMPUTE_PROJ_IMGS

Computes the simulated projection images (DRRs) of a given source dis-

tribution in forward operation mode.
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ART_ITERATION

Iterator routine for performing a single ART iteration as such or until

convergence is reached based on the chosen tolerance for the RMS residual

change.

ART_UPDATE

The main subroutine in inverse operation mode for performing the ART

updates of the reconstructed image.

APPLY_UPDATE

Applies the computed algebraic update to the image variable.

PROJECTION_INTERP

Performs the forward projection operation and possibly stores the data re-

quired for backprojection operation for a single view using nearest-neighbor

interpolation as the spatial integration method. Can be used for both 2-D

and 3-D projection geometries.

PROJECTION_AREAINT

Performs the forward projection and possibly stores the data required for

backprojection operation for a single view using analytical area integra-

tion as the spatial integration method. Can be only used for an effectively

2-D projection geometry, i.e. a 3-D geometry with a degenerate dimension.

CURVATURE_ROTATION_MATRICES

Computes the view-specific rotation matrices required for computing the

ray geometry in a curved source or detector array.

RAY_GEOMETRY

Computes the start and end points of a single ray.

OPT_PROJ_GEOMETRY

The main routine for performing the projection geometry optimization.

First computes the intermediate reference reconstruction and then opti-

mizes the view-specific rigid transformation parameters by minimizing

the observed residual as their function.
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REMOVE_DC

Removes the mean values of the chosen rigid transformation parameters

by subtraction.

TRF_PROJ_GEOMETRY

Applies a rigid transformation to all variables of the view-specific projec-

tion geometry.

APPLY_RIGID_TRF

Applies a rigid transformation to a point set.

EVALUATE_RESIDUAL

Evaluates the observed residual for a given view and transformation pa-

rameters.

NELDER_MEAD_MIN

An implementation of the Nelder-Mead direct search simplex minimiza-

tion algorithm.

LIMIT_MIN_MAX

Bounds the elements of a float64-valued vector to given minimum and

maximum limits.

BUBBLE_SORT

Sorts the elements of a vector to and ascending order.

External subroutines

CROP_ELLIPSE_ROI

Crops the rectangular reconstruction ROI into an elliptical cylinder along

the chosen axis.

ROI_MIN_MAX

Computes the minimum and maximum reconstructed intensity values

without taking into account the regions that have been excluded from the

reconstruction ROI by cropping.
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ROTATE_BASIS

Rotates the reconstruction 3-D i jk vector basis using the given rotation

angles (in degrees) around the coordinate axes of the reference xyz coor-

dinate system.

ROTATION_MATRIX

Computes a rotation array for a rotation around a given axis (as a vector)

by a given angle (in radians) using Rodrigues’ rotation formula.

INVERSE_MATRIX

Computes the inverse of (an assumed invertible) 3×3 array.

COMPUTE_RIGID_TRF

Forms the translation vector and rotation array corresponding to given

transformation parameters.

CROSS_PRODUCT

Computes the cross product of two 3-D vectors.

A.5 Principles of the main algorithms

In ARTEMIS, the detector geometry is specified for every location of the

radiation source, whether the source is real (transmission tomography) or

effective (emission tomography). The detector geometry corresponding to

each source location can be parameterized using the following primitive

shapes: planes, lines, points, cylindrical surfaces and semicircles. On the

most detailed level, the projection geometry can be independently speci-

fied for each line of projection, which corresponds to a free-form projection

geometry that can consist of an arbitrary set of integrals across the object

to be reconstructed.

The propagation of the radiation is modeled using either line integrals

(2-D or 3-D geometry) or area integrals (2-D geometry) according to the

Radon model. In transmission tomography problems, each integral rep-

resents a line segment from the source point to the detector point. In

emission problems the integral represents a half line from the detector

point to the direction specified by the collimator.

The reconstruction area is parameterized using rectangular elements that
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may also be anisotropic. The reconstructed region can be cropped ellipti-

cally . The reconstruction region can also be rotated with respect to the

projection images. The extent of the output reconstruction can be specified

independently of the reconstructed region, which enables, e.g., performing

the reconstruction in a broad region, but saving only a small portion of it.

The intersection lengths of rays and elements are solved on-the-fly us-

ing the chosen spatial integration algorithm. These values are used for

computing the forward projection and backprojection in the reconstruc-

tion process. As these projection steps are shared by all reconstruction

algorithms, it is straightforward to implement various reconstruction al-

gorithms, with the standard Kaczmarz iteration and an additive version

of the EM algorithm being implemented.

Optimization

The Nelder-Mead method is a heuristic direct algorithm for finding the

minimum of an N-dimensional function based on the geometric evolution

of a simplex consisting of N +1 nodes. [46, 58] The version of the Nelder-

Mead iteration implemented in ARTEMIS consists of the following steps:

0. Initialize the N +1 simplex nodes using the initial guess for the trans-

formation parameters.

1. Order the simplex nodes to an ascending order by the corresponding

cost function values f (x1)≤ f (x2)≤ ·· · ≤ f (xN+1). Check for convergence:

stop the iteration if the maximum number of cost function evaluations

has been reached, or if f (xN+1)− f (x1) ≤ ftol and maxn,i ‖xn,i − x1,i‖ ≤ xtol,

where the maximum is taken over 1≤ i ≤ N and 2≤ n ≤ N +1.

2. Compute the centroid cN of the N first (best) nodes: cN = 1
N
∑N

n=1 xn.

3. Reflect the last (worst) node according to xR = (1+α) cN −αxN+1, where

α> 0 is the reflection coefficient.

• If f (xR)< f (x1), compute the expansion xE = (1−γ) cN +γxR, where

γ> 0 is the expansion coefficient. If f (xE)< f (xR), replace
{

xN+1, f (xN+1)
}
�→{

xE, f (xE)
}

. Otherwise replace{
xN+1, f (xN+1)

}
�→{xR, f (xR)

}
. Return to step 1.

• If f (x1) ≤ f (xR) < f (xN ), replace
{

xN+1, f (xN+1)
}
�→ {

xR, f (xR)
}

and

return to step 1.

• If f (xN )≤ f (xR)< f (xN+1), continue to step 4a.
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• If f (xN+1)≤ f (xR), continue to step 4b.

4a. Contract the last node outwards according to xCo = (1+αρ) cN −ρxN+1,

where 0< ρ ≤ 1
2 is the contraction coefficient.

• If f (xCo) ≤ f (xR), replace
{

xN+1, f (xN+1)
}
�→ {

xCo, f (xCo)
}

and re-

turn to step 1.

• If f (xCo) > f (xR), replace xN+1 �→ xR and shrink the suboptimal

points 2 ≤ n ≤ N +1 according to xn �→ (1−σ) x1 +σxn and compute

the corresponding new cost function values f (xn). Return to step

1.

4b. Contract the last node inwards according to xCi = (1−ρ) cN +ρxN+1.

• If f (xCi) < f (xN+1), replace
{

xN+1, f (xN+1)
}
�→ {

xCi, f (xCi)
}

and re-

turn to step 1.

• If f (xCi)≥ f (xN+1), shrink the suboptimal points 2≤ n ≤ N +1, com-

pute the corresponding new cost function values f (xn) and return

to step 1.

In addition, each parameter value (simplex node) is confined to the search

space at each step.

The initialization of the simplex in step 0 is performed based on the initial

guess x0 for the transformation parameters. The initial guess is inserted

as the first node in the initial simplex as such, x1 = x0, and the other nodes

2 ≤ n ≤ N +1 are obtained by varying its parameters 1 ≤ i ≤ N one-by-one

according to:

xn,i = x0,i +δn−1,i sgn
(

x0,i −
xUB,i + xLB,i

2

)
max

{
10xtol,

xUB,i − xLB,i

50

}
,

i.e. the shift corresponding to each DOF is 2% of the corresponding search

space size towards the nearest search space bound.
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