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Symbols and abbreviations

Symbols
h the Planck constant ≈ 6.63 × 10−34 J · s
ℏ the reduced Planck constant ≈ 1.05 × 10−34 J · s
m mass of a particle
m6Li mass of 6Li atom ≈ 9.99 × 10−27 kg
R reflection coefficient
T transmission coefficient
|i⟩ ket vector
⟨i| bra vector
kB the Boltzmann constant ≈ 1.38 × 10−23 J · K−1

µ chemical potential
∆µ chemical potential bias
τ temperature
k wave vector
J current
n particle density
vg group velocity
ω angular frequency
I total current
G conductance
GLR linear response conductance
EF Fermi energy
ft thermal broadening function
lx harmonic oscillator length along x direction
bA,k bosonic annihilation operator at lattice site A and momentum k
Γ full width at half maximum

Operators
d2

dx2 second order derivative with respect to variable x∑
i

sum over index i

Abbreviations
DMD digital micromirror device
FWHM full width at half maximum
QPC quantum point contact
OMRAF Offset-Mixed-Region-Amplitude-Freedom
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1 Introduction
The measurement of transport between particle reservoirs exposes fundamental prop-
erties of quantum matter, such as insulating and superconducting behavior, or the
quantization of conductance [1]. These properties are in fact often used to classify
solid-state systems. The understanding of the underlying processes is essential for the
construction of almost all solid-state devices, where transport properties determine
the suitability of a material for desired application, ranging from energy harvesting, to
the conveyance, storage and processing information. From a more fundamental point
of view, transport measurements provide a well-defined setting to study challenging
questions in out-of-equilibrium quantum many-body physics.

During the last decade, cold atoms have emerged as a powerful tool to investigate
models originating from condensed matter physics. The idea is to use quantum
degenerate gas of neutral atoms to simulate the behavior of electrons in those model
systems and to explore regimes not accessible to solid-state systems. Prominent
examples include the Hubbard model ([2], [3]), BCS pairing and the BEC-BCS
crossover [4] as well as topological quantum matter [5]. By construction, the atomic
gas is free of any impurity or disorder, and is almost perfectly isolated from the
environment.

The quest to measure transport properties of cold atomic gases originates in the
requirement to further complete the toolbox for quantum simulations of condensed
matter models and in the prospect to address a new set of questions in many-body
physics. For quantum simulations of solid-state systems it is essential to extract
the same observables as in the simulated device and reproduce its phenomenology.
This also allows for direct comparison between measurements carried out on the
device with those obtained from the quantum simulation, even without the need for
modeling the system or having precise knowledge of all aspects of the underlying
Hamiltonian.

From the point of view of quantum engineering of new many-body systems, cold
atoms offer a situation where device-like systems can be carved from a fully controlled
material. The control extends to parameters, such as the strength of interactions
between the particles, or the nature or strength of disorder, which are not controlled
or out of reach in quantum devices made of solid-state materials.

We study computationally, applying the Kwant package [6], scattering of 6Li atoms
in a quantum channel between two leads. Our potential consists of both aligned
Gaussian wells and a sawtooth ladder formed by Gaussian wells imprinted on a
background potential.

We primarily concern ourselves in transport through the states consisting of one
state per well which is the lowest bound state in each well. These states make up a
part of an infinite sawtooth ladder whose band structure involves a dispersionless
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band called a flat band.

In section 2 we go through some experimental background motivating this com-
putational work. Quantum Optics group at ETH Zürich studies properties of low
temperature gases of fermionic 6Li [7]. The group uses a two-terminal setup, con-
sisting of two atomic reservoirs connected by a mesoscopic channel. This allows the
group to measure conductances through a scattering region which size is comparable
to the Fermi wavelength and therefore quantum phenomena are manifested.

We present the underlying theory in section 3. We discuss two basic quantum scatter-
ing problems. Transmission coefficients for rectangular single and double barriers can
be easily solved analytically. The analytical results are compared to the numerical
ones obtained by Kwant as a consistency check.

From the transmission we calculate the conductance by using the Landauer for-
mula. We compute conductance and linear response conductance for several systems
consisting of Gaussian wells. We consider both aligned wells and wells forming a
sawtooth ladder. We pay particular attention to the transmission through the so
called boundary states.

In the experimental setup part of the background potential called step potential is
different than the corresponding one in our theoretical model. We study how much
it matters which one of these potential shapes is used in computing the transmission.

A real system always contains some disorder. We include this in our simulations by
adding some randomness in the depths of the Gaussian wells and analyzing its effect
on the transmission.

Predicting an experimental signature of a flat band is one of the goals of the sawtooth
ladder studies. This state has a very narrow transmission peak compared to the
other states. We study in two side wells case how to make the peak more visible by
moving it in energy.

By using a high-resolution objective and a Digital Micromirror Device (DMD) the
ETH Zürich group generates almost arbitrary optical potentials for the lithium gas.
The produced potentials differ from the ideal ones. A crucial feature is the depth of
the Gaussian potential wells. In an ideal lattice the depth is a constant but DMD
always adds some variation affecting the transport results. The group has performed
some simulations on producing sawtooth ladders to experiments. We imprint four of
their lattices on our usual setup and rank the lattices by how well they resemble the
ideal case.
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2 Experimental background
The two-terminal formulation provides a natural framework for the study of transport
processes in charge neutral systems such as cold atoms [1]. Quantum Optics group at
ETH Zürich studies the properties of low temperature gases of fermionic 6Li [7]. They
use a two-terminal setup, consisting of two atomic reservoirs smoothly connected by
a mesoscopic channel. This allows them to measure conductances through a small
scattering region connecting the reservoirs.

Using a high-resolution objective and a Digital Micromirror Device they generate
almost arbitrary optical potentials for the lithium gas, ranging from single obstacles
to optical lattices. This flexibility together with the unique tunability of interactions
in lithium enables to probe quantum cold atomic devices made of correlated matter.
The experimental setup is depicted in Fig. 1.

Figure 1: (a) Lithographic imprinting of the QPC (vertical green beam). An
achromatic lens and a high-numeric-aperture microscope objective are used to shrink
the QPC structure onto the 2D channel region in the atomic cloud. An attractive
gate potential is created by a red detuned laser beam (red beam). It is combined
with the green beam on a dichroic mirror and focused onto the centre of the QPC.
The TEM01-like laser mode, which creates the 2D channel and sets the confinement
frequency of the QPC, is shown as a horizontal green beam propagating along the
−x axis. (b) Close-up view of the channel region: reservoirs, 2D channel and QPC
are smoothly connected to each other. (c) Energy dispersion relation of the particles
in the QPC. The parabolas are offset by the quantized transverse-mode energies.
Left and right reservoirs are represented by grey boxes, having chemical potentials
µ± ∆µ/2. The setup is presented in [9].

In transport experiments, the quantum nature of matter becomes directly evident
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when changes in conductance occur only in discrete steps [10], with a size determined
solely by the Planck constant h [9]. Observations of quantized steps in electrical con-
ductance ([11], [12]) have provided important insights into the physics of mesoscopic
systems [13] and have allowed the development of quantum electronic devices [14].
Even though quantized conductance should not rely on the presence of electric
charges, it has never been observed for neutral, massive particles [15] prior to Tilman
Esslinger group’s work.

The group uses a scanning probe microscopy technique for spatially resolving transport
in cold atomic gases, in close analogy with scanning gate microscopy in semiconductor
physics [16]. In their cold atom implementation, they use a high resolution optical
microscope to create a sub-micrometer repulsive gate potential in the region of the
quantum point contact. Thanks to the intrinsic diluteness of cold atomic gases, the
group’s gate operates at the scale of the Fermi wavelength.

Their technique complements the direct fluorescence or absorption imaging in many
respects. At the conceptual level, it uses quantum degenerate atoms themselves,
rather than photons, as test particles incident on the system [17]. Large reservoirs
connected to a smaller, mesoscopic system act as source and sink for the scattered
atoms, continuously accumulating the signal. Since no spontaneous emission of
photons or other dissipative processes are induced during the accumulation, it is
possible to access long time scales.

The group has investigated the transport properties of neutral, fermionic atoms
passing through a one-dimensional quantum wire containing a mesoscopic lattice [18].
The lattice is realized by projecting individually controlled, thin optical barriers on
top of a ballistic conductor. Building an increasingly longer lattice (see Fig. 2), one
site after another, they observe and characterize the emergence of a band insulating
phase, demonstrating control over quantum-coherent transport.

The group explores the influence of atom-atom interactions and shows that the insu-
lating phase persists as contact interactions are tuned from moderately to strongly
attractive. Using bosonization and classical Monte-Carlo simulations they analyze
such a model of interacting fermions and found good qualitative agreement with the
data. The robustness of the insulating phase supports the existence of a Luther-Emery
liquid in the one-dimensional wire. Their work realizes a tunable, site-controlled
lattice Fermi gas strongly coupled to reservoirs, which is an ideal test bed for non-
equilibrium many-body physics.

One of the important challenges in the context of transport is the robustness of the
superfluid state against scattering events and perturbations happening at the single
particle level. In two or three dimensions, one expects for a superfluid-to-insulator
transition to take place. This may for instance arise from the competition between
superfluidity and the presence of a periodic lattice causing Bragg scattering at the
band edges. Indeed, calculations based on mean-field theory support the occurrence
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Figure 2: Building up a lattice site by site. (a) Conductance G as a function of
attractive gate potential Vg without scattering structure; with one barrier; with
a lattice of 2 to 9 barriers. The potential height of the central barrier is set to
Vl = 0.40(2)µK = 0.94(5)Er, where Er is the lattice recoil energy. The first and
second bands of an infinite lattice of same height are indicated by gray areas, separated
by a gap which coincides with the location of the conductance minimum for 9 barriers.
Right panels: actual quasi-one-dimensional potentials for 1, 2, 4 and 9 barriers. (b)
Conductance GLB obtained from non-interacting Landauer-Büttiker theory at a
temperature of 67 nK and a typical chemical potential difference of 0.1 µK between
the reservoirs. (c) Conductance G as a function of number of barriers N for four gate
potentials Vg = 0.55µK, 0.73 µK, 0.95 µK and 1.11 µK (light to dark blue), together
with exponential fits. (d) Fitted derivative of the conductance for one lattice site.
(e) Characteristic length scale κ−1 (κ denotes a decay coefficient) associated with
the exponential decay and normalized by the lattice spacing d. It reflects the inverse
imaginary part of the wavevector of a Bloch wave in the lattice gap (white area).
The plots are taken from [18].

of a superfluid to band-insulator transition as the strength of the periodic lattice is
increased [19].

In one dimension, however, a very different outcome is expected. Based on work by
A. Luther and V. J. Emery [20], it is known that a one-dimensional fermionic system
with attractive contact interactions always exhibits an excitation gap in the spin
sector. The presence of a weak periodic lattice and the correct commensurability,
i.e. one pair per site, leads to the opening of a gap in the charge sector. This
turns the system into a correlated insulator, even for arbitrarily strong attractive
interactions. This is in stark contrast with the mean-field predictions applicable for
higher dimensions.

Studying the effect of a weak periodic structure on the transport properties of
fermions with an attractive contact interaction would thus address this challenge and
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at the same time serve as a probe for the existence of the Luther-Emery liquid and its
properties. This is the task they undertake using and expanding the toolbox of cold-
atom experiments ([21]-[24]) to investigate transport in mesoscopic lattices ([25], [26]).

Thanks to their ability to optically imprint an arbitrary structure on a one-dimensional
wire between two large atom reservoirs, they perform conductance measurements
through a weak periodic potential as a function of the chemical potential. With
reservoirs in the normal phase they observe the emergence of a band structure as the
number of individually controlled and equidistantly positioned scatterers is increased.
In addition to changing the density in the wire, the conductor-to-insulator transition
is further characterized by tuning the lattice height and temperature. They then
increase the attractive interactions to unitarity and still observe an insulating phase
at commensurate filling, with a conductance very close to the one observed in the
normal system, indicating a crossover from a band insulator to a correlated insulator.

The persistence of the insulating behavior even for resonant interactions an superfluid
reservoirs is a strong indication of the existence of a Luther-Emery liquid pinned on the
weak periodic potential. From a more general perspective, their work extends recently
developed methods for conductance measurements with cold atoms ([1], [16], [27]-[29])
to unexplored regimes of strongly correlated insulators.
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3 Theoretical background

3.1 Transmission
In this section we study a transmission through a one-dimensional lattice both
theoretically by following the steps presented in [30] and computationally by applying
Kwant package [6] which is designed for numerical quantum transport simulations in
mesoscopic lattices. We consider scattering through piecewise constant potentials
with a single barrier and a double barrier. These are the simplest instances of
scattering problems and provide an easy way to test Kwant’s computations.

3.1.1 Transmission through a single barrier - theory

We consider an electron in a one-dimensional potential V (x) of rectangular profile
within the finite region 0 ≤ x ≤ b, and connecting two semi-infinite regions at
the same constant potential, taken to be zero for simplicity. The two semi-infinite
regions are often addressed as leads and the finite region therein as a scatterer. The
corresponding Schrödinger equation reads

− ℏ2

2m
d2ψ(x)
dx2 + V (x)ψ(x) = Eψ(x), (1)

where the piecewise constant potential V is

V (x) =

⎧⎨⎩V0, if 0 ≤ x ≤ b

0, otherwise
. (2)

The potential V (x) defined by Eq. (2) is plotted in Fig. 3.

Figure 3: Graph of step potential V which is nonzero within the region 0 ≤ x ≤ b.
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The general solution of the Schrödinger equation for energies 0 < E < V0 has the
form ⎧⎪⎪⎨⎪⎪⎩

ψL(x) = ALe
iqx +BLe

−iqx x < 0,
ψI(x) = AIe

βx +BIe
−βx 0 < x < b,

ψR(x) = ARe
iqx +BRe

−iqx x > b,

(3)

where q2(E) = 2mE/ℏ2 and β2(E) = 2m(V0 − E)/ℏ2. The standard boundary
conditions of continuity of the wavefunction and its derivative at x = 0 give⎧⎨⎩ AL +BL = AI +BI ,

ALiq −BLiq = AIβ −BIβ.
(4)

From Eq. (4), we can express (AI , BI) in terms of (AL, BL) in the matrix form(
AI

BI

)
= 1

2β

(
iq + β −iq + β

−iq + β iq + β

)(
AL

BL

)
. (5)

Similarly, we can consider the boundary conditions at x = b and we can express
(AR, BR) in terms of (AI , BI) in the form(

AR

BR

)
= 1

2iq

(
(iq + β)e(−iq+β)b (iq − β)e(−iq−β)b

(iq − β)e(iq+β)b (iq + β)e(iq−β)b

)(
AI

BI

)
. (6)

The direct multiplication of the transfer matrices in Eq. (5) and Eq. (6) provides the
transfer matrix M for the rectangular barrier. With straightforward calculations we
obtain

M11 = e−iqb

(
cosh(βb) + i

q2 − β2

2qb sinh(βb)
)

M22 = M∗
11

M12 = e−iqb(−i)q
2 + β2

2qβ sinh(βb) M21 = M∗
12

. (7)

Expressions in Eq. (7) provide the transfer matrix of a barrier of height V0 in the
interval [0, b]. Next we connect the transfer matrix M , corresponding to a given
potential V (x), with the transfer matrix M(d) corresponding to the rigidly shifted
potential V (x− d). It is seen by straight elaboration of the wavefunctions ψL and ψR

in Eq. (3) and the transfer matrix M in Eq. (7) connecting the amplitudes (AL, BL)
and (AR, BR) that(

ARe
iqd

BRe
−iqd

)
= M

(
ALe

iqd

BLe
−iqd

)
=⇒

(
AR

BR

)
≡ M(d)

(
AL

BL

)
(8)

with

M(d) =
(
e−iqd 0

0 eiqd

)
M

(
eiqd 0
0 e−iqd

)
=
(

M11 M12e
−2iqd

M21e
2iqd M22

)
(9)
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Thus for a scatterer shifted along the x-axis by the displacement d, the diagonal
matrix elements of the transfer matrix do not change, while the off-diagonal ele-
ments acquire the phase exp(±2iqd). The transfer matrix for any arbitrary piecewise
potential is obtained simply by multiplying in the appropriate order the matrices
corresponding to each component barrier.

The transfer matrix provides an intuitive description of the electron tunneling through
a given potential region. We consider the stationary solution of the Schrödinger
equation (1) in the form of an impinging wave from the left lead, partially reflected
and partially transmitted through the scattering region. In this specific case we have
BR ≡ 0, and we have ⎧⎨⎩AR = M11AL +M12BL,

0 = M21AL +M22BL,
(10)

from these two equations, we can easily obtain the reflection and transmission
amplitudes and coefficients as follows. The reflection amplitude for a particle incoming
from the left lead is defined as r = BL/AL, and is given by

r = −M21

M22
, (11)

the reflection coefficient is

R = rr∗ = |r|2 =
⏐⏐⏐⏐M21

M22

⏐⏐⏐⏐2 . (12)

The transmission amplitude to the right lead for a particle incoming from the left
lead is t = AR/AL, and is given by

t = 1
M22

, (13)

where the unimodularity of the transfer matrix has been taken into account. The
transmission coefficient is

T = tt∗ = |t|2 =
⏐⏐⏐⏐ 1
M22

⏐⏐⏐⏐2 . (14)

We can easily verify the general property R+ T = 1. In terms of transmission and
reflection t and r for a particle incoming from the left lead, the transfer matrix can
be written in the form

M =
(
M11 M12
M21 M22

)
≡
(

1/t∗ −r∗/t∗

−r/t 1/t

)
(15)

with a clear physical meaning of its matrix elements. Eq. (15) shows that det(M) = 1,
namely M is unimodular.
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With the transfer matrix given in Eq. (7), we can analyze explicitly the particle
tunneling through a rectangular potential barrier. From the relation M11 = 1/t∗ (15),
the expression of M11 given in Eq. (7), and the exponential form t = |t|exp(iϕt) for
the transmission amplitude, we obtain

1
|t|
ei(ϕt+qb) ≡ cosh(βb) + i

q2 − β2

2qβ sinh(βb), (16)

where |t(E)| and ϕt(E) denote the modulus and the phase of the transmission
amplitude. The above equality for the phases and for the moduli of the two members
implies

tan(ϕt + qb) = q2 − β2

2qβ tanh(βb) (17)

and

1
|t|2

= cosh2(βb) + (q2 − β2)2

4q2β2 sinh2(βb) ≡ 1 + (q2 + β2)2

4q2β2 sinh2(βb). (18)

The transmission coefficient of the barrier is then

T (E) = 1

1 + V 2
0

4E(V0−E)sinh2
(√

2m(V0−E)b2

ℏ2

) 0 ≤ E ≤ V0. (19)

For E = V0 we have

T (V0) = 1
1 + β2

0b
2/4 with ℏ2β2

0
2m = V0. (20)

For E ≥ V0 similar calculations can be performed and the transmission coefficient
becomes

T (E) = 1

1 + V 2
0

4E(E−V0)sin
2
(√

2m(E−V0)b2

ℏ2

) E ≥ V0. (21)

For 0 ≤ E ≤ V0, the transmission varies monotonically from zero to T (V0). For a
reasonably thick barrier characterized by β0b ≫ 1, the transmission is close to zero.
In such a situation, the unity can be neglected in the denominator of Eq. (19) and,
apart from prefactors of the order of unity, Eq. (19) takes the approximate form

T (E) ≈ exp
⎛⎝−2

√
2m(V0 − E)b2

ℏ2

⎞⎠ 0 < E < V0; (22)

the transmission coefficient decreases exponentially, with an exponent which is linear
in the width of the barrier and goes as the square root of its height. The approximate
expression of Eq. (22) is as expected by the semiclassical theory, considering the
propagation of a wavefunction of the form exp(−βx) with β2 = 2m(V0 − E)/ℏ2 for
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the length b of the barrier.

For E > V0 the transmission coefficient has an oscillatory behaviour and approaches
asymptotically to 1. In particular T (E) is exactly equal to 1 at energies such that
the argument of the trigonometric function in Eq. (21) equals an integer multiple of
π; this occurs for

En − V0 = n2 ℏ2

2m
π2

b2 n = 1,2, ... , (23)

where the expression on the right hand side is the familiar energy spectrum of an
infinite well.

3.1.2 Transmission through a single barrier - numerical approach with
Kwant

We implement the transmission problem described in the theory section by using
Kwant [6]. We compute the transmission probability of an electron through a 1D
line. The system is described by the Hamiltonian

H = − ℏ2

2m∂2
x + V (x), where V =

⎧⎨⎩V0, x ∈ [0, b]
0, elsewhere

. (24)

To be able to implement this system with Kwant, the continuous Hamiltonian H
in Eq. (24) has to be discretized thus turning it into a tight-binding model. For
simplicity, we discretize H on the sites of a linear lattice with lattice constant a.
Each site with the integer lattice coordinate i has the real-space coordinate x = ai.

By introducing the discretized positional states |i⟩ ≡ |ai⟩ = |x⟩ the second order
differential operator can be expressed in the limit a � 0 as

∂2
x = 1

a2

∑
i

|i+ 1⟩ ⟨i| + |i⟩ ⟨i+ 1| − 2 |i⟩ ⟨i| . (25)

Substituting the discretized operator of Eq. (25) in the Hamiltonian of Eq. (24) gives
us

H =
∑

i

(V (ai) + 2t) |i⟩ ⟨i| − t(|i+ 1⟩ ⟨i| + |i⟩ ⟨i+ 1|), where t = ℏ2

2ma2 . (26)

For finite a the discretized H of Eq. (26) approximates the continuous one to any
required accuracy. The approximation is good for all quantum states with a wave-
length considerably larger than a.

In Fig. (4) we have the transmission coefficient as a function of energy for single
barriers of widths 5 Å and 20 Å. The barrier height V0 is 1 eV and the mass is
the rest mass of an electron. The simulated transmission corresponds well to the
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theoretical one for both barrier widths as we can see. The number of lattice points
is 1000 in both cases. This makes the lattice constants for barrier widths 5 Å and 20
Å to be 5 · 10−3 Å and 2 · 10−2 Å respectively. In Fig. (5) is an example of a chain
lattice produced by Kwant.

Figure 4: Transmission coefficient as a function of energy for single barriers of widths
5 Å and 20 Å.

Figure 5: Chain lattice where black dots represent the scattering area and red ones
the leads. The length scale is in ångströms (Å).
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3.1.3 Transmission through a double barrier and resonant tunneling -
theory

Perfect transmission through a single rectangular barrier occurs at selected energies
above the threshold V0. However, these resonance energies occur in a region where
the medium is basically transparent and the transmission coefficient, apart from
oscillations, is approaching unity. A much more interesting situation occurs in a
symmetric double barrier structure where perfect transmission may occur also at
energies lower than the barrier height, i.e. in regions where each individual barrier
could be quite opaque. This highly selective filter effect is called resonant tunneling.

We consider a double barrier structure (see Fig. 6), in which two identical barriers
of width b are displaced by a distance d = b+ w. The transfer matrix for the first
barrier is the one given in Eq. (7). The second barrier has exactly the same shape as
the first barrier but it is rigidly shifted in space by b+w, so that the transfer matrix
is obtained by applying a phase shift as in Eq. (9).

Figure 6: Graph of double barrier potential where the right hand side barrier is the
same as the left one except shifted by b+ w.

The total transfer matrix for the symmetric double barrier model is the product of
the two barrier scatterers, namely(

M11 M12e
−2iq(b+w)

M21e
2iq(b+w) M22

)(
M11 M12
M21 M22

)
. (27)

The transmission coefficient of the double barrier is then

Tdouble(E) = Tsingle(E)
|1 +Rsingle(E)e−2i(ϕt+qb+qw)|2

, (28)

where Tsingle is the single barrier transmission coefficient. The single barrier reflection
coefficient Rsingle is obtained easily by remembering the relation Tsingle +Rsingle = 1.
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From Eq. (28), it is evident that the transmission coefficient of the double barrier
equals unity (perfect transparency) when the single barrier transmission coefficient
Tsingle equals unity. Resonance energies of the single barrier are resonance energies
for the double barrier, too.

More importantly, it is seen by inspection that perfect transparency also occurs when

e−2i(ϕt+qb+qw) ≡ −1 ⇔ cos(ϕt + qb+ qw) = 0, (29)
which is equivalent to the requirement

tan(qw) = 2qβ
q2 − β2

1
tanh(βb) . (30)

For thick barriers such that βb ≫ 1 and tanh(βb) ≈ 1, we have that the resonant
condition (30) becomes

tan(qw) = 2qβ
q2 − β2 . (31)

The Kwant computation matches well with the theoretical model as we can see in
Fig. 7. Transmission peaks defined by the transmission coefficient given by Eq. (28)
have the shape of a Lorentzian function.

Figure 7: Transmission as a function of energy for double barrier.

3.2 Landauer-Büttiker formalism
The Landauer-Büttiker approach to quantum transport is presented in [31]. The con-
ductance from transmission was derived by Landauer ([32], [33]). Büttiker extended
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the framework to multi-terminal systems [34], producing the Landauer-Büttiker
formalism. We derive the Landauer formula of conductance based on the theory
given in [31].

We derive an expression for the conductance G of a scattering lattice given the
transmission T (E) of 6Li atoms. Our two-dimensional system is presented in Fig. 8.
It is important to notice that one of the dimensions is the propagating one, the
axis of which is connecting the leads and the other dimension is transversal. The
lattice is placed between two leads labeled by 1 and 2 at corresponding chemical
potentials µ1 and µ2. We assume that the occupation of states in lead j follow the
Fermi distribution

Figure 8: Scattering lattice set between leads 1 and 2 at corresponding chemical
potentials µ1 and µ2. fj denotes the Fermi distribution in lead j.

fj(E) = 1
1 + exp

(
E−µj

kBτ

) , (32)

where kB is the Boltzmann constant, τ is the temperature and E is energy. The leads
are completely ballistic and are similar to the scatterer in one end and in contact
with large particle reservoirs in the other.

For a finite energy E, particles occupy ±k-states in a finite number N(E) of trans-
verse modes (which we assume to be the same in leads 1 and 2), where k is the wave
vector in the propagating direction.

We consider the cloud of +k-particles in lead 1 corresponding to a single transversal
mode, the individual states of which being occupied according to the Fermi distri-
bution f1(E). The cloud has a group velocity vg and it is moving to the positive
propagating direction. The particle current Jk>0 is obtained by

Jk>0 =
∑
k>0

nvgf1(E) = n

ℏ
∑
k>0

∂E

∂k
f1(E), (33)

where n is the particle density in the propagating dimension, ℏ is the reduced Planck
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constant and we have used the relation

vg = ∂ω

∂k
= 1

ℏ
∂E

∂k
, (34)

where ω is the angular frequency. By assuming periodic boundary conditions in the
propagating dimension we write the sum as an integral by taking into account the
k-space geometry

Jk>0 = n

ℏ
1

2πn

∞∫
0

∂E

∂k
f1(E)dk = 1

h

∞∫
E0

f1(E)dE, (35)

where E0 is the band bottom (the minimum energy for k > 0). We generalize this
result to the current J̃k>0 by +k-particles of all occupied transversal modes

J̃k>0 = 1
h

∫
R

f1(E)N(E)dE. (36)

The influx of particles per unit energy from lead 1 is given by

i+1 (E) = 1
h
Mf1(E) (37)

while the influx from lead 2 is given by (M ′ is the number of modes in lead 2)

i−2 (E) = 1
h
M ′f2(E). (38)

The outflux from the lead 2 is written as

i+2 (E) = Ti+1 (E) + (1 − T ′)i−2 (E) (39)

while the outflux from lead 1 is written as

i−1 (E) = (1 − T )i+1 (E) + T ′i−2 (E). (40)

The net current i(E) flowing at any point in the device is given by

i(E) = i+1 − i−1 = i+2 − i−2 = Ti+1 − T ′i−2

= 1
h

(M(E)T (E)f1(E) −M ′(E)T ′(E)f2(E))
. (41)

Defining the transmission function as T̃ (E) = M(E)T (E) we can write

i(E) = 1
h

(T̃ (E)f1(E) − T̃ ′(E)f2(E)). (42)

The total current can then be written as

I =
∞∫

−∞

i(E)dE where i(E) = 1
h
T̃ (E)(f1(E) − f2(E)) (43)
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if we assume that T̃ (E) = T̃ ′(E). But why should the transmission function from
1 to 2 be equal to that from 2 to 1? One could argue that they ought to be able
in order to ensure that there is no current at equilibrium, that is, i(E) = 0 when
f1(E) = f2(E). However, this argument only proves that T̃ (E) should equal T̃ ′(E)
at equilibrium. As we move away from equilibrium, the applied bias could change
the two transmission functions and make them unequal. Thus T̃ (E) ̸= T̃ ′(E) in
general. However, if we assume that there is no inelastic scattering (from one energy
to another) inside the device, then it can be shown that T̃ (E) is always equal to
T̃ ′(E) for a two-terminal device.

The conductance G is given by the equation

G = I

∆µ , (44)

where I is the total current in Eq. (43) and ∆µ = µ1 − µ2 is the chemical potential
bias. We get the transmission function T̃ (E) out of Kwant. In i(E) (see Eq. (43))
we give the transmission T̃ (E) a weight (f1 − f2)(E) and integrate it over energy to
obtain the total current I.

From the expression (44) we write a formula for the linear response conductance
GLR, for ∆µ → 0. In this limit we obtain the expression

GLR(EF ) = 1
h

∞∫
−∞

T̃ (E)ft(E)dE , (45)

where EF is the Fermi energy and ft is the thermal broadening function given by

ft(E) = − ∂

∂E

⎛⎝ 1
1 + exp

(
E−EF

kBτ

)
⎞⎠ = 1

2kBτ
(
1 + cosh

(
EF −E

kBτ

)) , (46)

where kB is the Boltzmann constant and τ the temperature.
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4 Sawtooth ladder setup
A flat band is a band for which the ratio between the bandwidth and the band
gap separating it from the other bands is much smaller than one ([8], [35]). If this
"flatness ratio" is exactly zero we have a a perfectly flat band, while if it is small
but nonzero we have a quasi-flat band. Using the tunability of the DMD the final
goal is to engineer a potential which leads to realization of a flat band and probe the
conductance in the two-terminal system used by the ETH group.

Having just a flat energy dispersion is not enough. An important requirement to
observe interesting effects is that the flat band possesses a nonzero quantum metric [8].
This can happen only if there are more than one orbital per unit cell, which means
that we are explicitly looking for multiorbital systems. In the context of 1D systems
these are known as "ladders".

In Fig. 9 we present schematics of two different sawtooth lattice geometries [36]. The
lattices are topologically the same. The tunneling energies t, t′ and t′′ are denoted
in the figure. For a real flat band to show up in a sawtooth lattice it is necessary
to have the ratio t′/t =

√
2 and set the tunneling t′′ to be exactly zero [37]. When

considering a real optical lattice in configuration (b) t′′ is closer to zero than in
configuration (a) in Fig. 9 since the distance between the sites is longer. For this
reason we study the lattice type (b) instead of (a).

(a)

(b)

Figure 9: Schematics of two different sawtooth lattice geometries with tunneling
energies t, t′ and t′′. In (a) sites are named as A and B and a unit cell formed by
these two sites is highlighted.

We justify why t′/t =
√

2 is required in order to obtain a flat band. The hopping
Hamiltonian can be formulated as a 2 × 2 matrix in terms of the spinor b⃗k =
(bB,k, bA,k)T representing bosonic annihilation operators at the two sites in the unit
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cell [37]

Hkin =
∑

k

b⃗ †
k

(
2t cos(ka) t′(1 + eika)
t′(1 + e−ika) 0

)
b⃗k. (47)

The sum in Eq. (47) runs over the first Brillouin zone and a denotes the distance
between adjacent B sites (see Fig. 9). The resulting dispersion is given by

ℏω±(k) = t cos(ka) ±
√
t2 cos2(ka) + 2t′2 cos(ka) + 2t′2

t′ → t
√

2=

⎧⎨⎩ − 2t ,
2t(1 + cos(ka)) .

(48)

We see that for the special ratio t′/t =
√

2 we indeed obtain a flat lower band which
is separated by an energy gap ∆ = 2t from the next band. We set t = 1 and the
on-site energies to zero. In Fig. 10 we have plotted band structures of a sawtooth
ladder in cases (a) t′ = t

√
2 and (b) t′ ̸= t

√
2. We see a flat band in (a) but not in (b).

We consider scattering of 6Li atoms through a channel which contains a sawtooth
ladder. The sawtooth ladder is possibly the ladder model with a perfectly flat band
that is of simplest realization. We consider a periodic potential VDMD(x,y) (with
period 2dy) of the form

VDMD(x, y) = V0

[∑
n

f
(
x+ dx, y −

(
2n+ 1

2

)
dy

)

+
∑

n

f
(
x− dx, y −

(
2n− 1

2

)
dy

) ]
+ V1

∑
n

f(x, y − ndy) ,

(49)

f(x, y) = exp
(

− x2

2σ2
x

− y2

2σ2
y

)
. (50)

This potential is a sum of Gaussians with centres lying on the x = 0 axis and arranged
periodically with period dy, that is the term proportional to V1 in Eq. (49), and two
additional rows of Gaussians on the x = ±dx lines with period 2dy that is the term
proportional to V0 in Eq. (49). The row centred at x = −dx is shifted by +dy/2 in
the y direction with respect to the central one, while the one at x = dx is shifted
by −dy/2. The continuum potential in Eq. (49) is mapped to the lattice in Fig. 9
(b) by replacing the pointlike lattice sites by Gaussian wells. There is a transversal
confinement acting in the x direction in the lattice. The confinement is harmonic
and its expression is

Vtr(x) = 1
2m

6Liω
2
xx

2 , ωx = ℏ
m6Lil2x

, (51)
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(a) t′ = t
√

2

(b) t′ = t
√

2 − 1
4

Figure 10: Band structures of a sawtooth ladder with hopping parameters t′ = t
√

2
in (a) and t′ ̸= t

√
2 in (b).

where lx denotes the harmonic oscillator length of the harmonic confinement along
the x direction. In the y direction there is acting a potential which we denote by
Vstep and it has an expression

Vstep(y) = −V0

1 + exp(−(y + y′)/lstep) + exp((y − y′)/lstep) (52)

The total potential of the channel is

V (x, y) = VDMD(x, y) + Vtr(x) + Vstep(y) (53)

and one of its special cases is plotted in Fig. 11. In this case the first summation
in VDMD given by Eq. (49) has n ∈ {−1,0}, the second n ∈ {0,1} and the third
n ∈ {−2,− 1,0,1,2}. The potential on the y directed sides is cut along the equipoten-
tial of 75 kHz which sets the width of the lattice. This is done to save computational
time. The length of the lattice is ∆y = 2y′ +1.0 µm, where y′ = 4.0 µm for the model
potential. The parameter y′ appears in the potential of Eq. (52). The parameters
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of the potential given by Eq. (53) are shown in Table 1. The parameters are taken
from [35]. They are optimized in order to get a band which is as flat as possible. All
energy values in this work are scaled by dividing them by the Planck’s constant h
which results in the unit of energy Hz used.

Figure 11: Potential of the sawtooth ladder. The lattice height ∆y is marked in the
figure.

Table 1: Parameters for the potential.

dx dy lx lstep σx σy V0 V1
1.573 µm 1.5 µm 0.75 µm 0.10 µm 0.63 µm 0.40 µm -40 kHz -32.28 kHz
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5 Conductance

5.1 Gaussian wells in a row
We begin by studying Gaussian wells in a line and its simplest case of just having one
well in the middle. Then we increase the length of the chain by one Gaussian well at
a time up to the point where we have three wells in a row. The typical temperature
and chemical potential bias values in experiments are τ = 60 nK and ∆µ = 100
nK [16]. We study what is the conductance in these scales. We are interested in
what temperature and bias values yield observable conductance which is around
0.1/h since this is the current lower limit the experimental apparatus of the ETH
group can measure. Bias in this work is expressed in the unit of temperature since
we scale the biases by dividing the actual values by the Boltzmann constant kB.

5.1.1 One Gaussian well

In Fig. 12 we show the transmission peak and the potential of the one Gaussian
well lattice. We plot the linear response conductance (Eq. (45)) in Fig. 13. At the
temperature τ = 60 nK we get a linear response conductance of around 0.03/h. By
dropping the temperature to half the linear response conductance doubles to around
0.1/h.

The conductance (Eq. (44)) is plotted in Fig. 14. The temperature is kept constant
at τ = 60 nK. For the bias ∆µ = 100 nK the conductance maximum is around
0.05/h. By cutting the bias to half the conductance is only increased by 0.01/h.

Figure 12: Transmission and potential of one Gaussian well.
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Figure 13: Linear response conductances of one Gaussian well for three temperature
values τ ∈ {30, 60, 120} nK.

Figure 14: Conductances of one Gaussian well. The curves correspond to bias values
∆µ ∈ {50, 100, 150} nK. The temperature is fixed at 60 nK for all curves.
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5.1.2 Two Gaussian wells

We study the emergence of the conductance peak when having two Gaussian wells in
a row. The transmission and potential plots of two Gaussian wells are in Fig. 15. In
Fig. 16 we have the linear conductance of two Gaussian wells for few temperature
values. In Fig. 17 we include the effect of a finite bias and keep the temperature
constant at τ = 5 nK.

By looking at the linear response conductance plots (Fig. 16) we notice that the two
transmission peaks only yield one conductance peak for temperatures τ ∈ {60, 10}
nK. When the temperature is lowered to τ = 5 nK we see that the peak is starting
to separate into two and at τ = 1 nK we obtain two distinct conductance peaks.

The situation somewhat changes when a finite bias is introduced. In Fig. 17 we see
that not even a temperature as low as τ = 5 nK gives two separate conductance
peaks for bias ∆µ = 5 nK. The typical temperature and bias scale in experiments
(τ = 60 nK and ∆µ = 100 nK) do not result in observable conductance 0.1/h.

Figure 15: Transmission and potential of two and three Gaussian wells in a line.
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τ = 60 nK τ = 10 nK

τ = 5 nK τ = 1 nK

Figure 16: Linear response conductances in case of two Gaussian wells. The temper-
atures at which the conductance curves are computed are shown below the plots.
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∆µ = 100 nK ∆µ = 50 nK

∆µ = 10 nK ∆µ = 5 nK

Figure 17: Conductances in case of two Gaussian wells. The biases at which the
conductance curves are computed are shown below the plots. All curves are computed
at τ = 5 nK.
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5.1.3 Three Gaussian wells

We study the emergence of the conductance peak when having three Gaussian wells
in a row. The transmission and potential plots of three Gaussian wells are in Fig. 18.
In Fig. 19 we have the linear conductance of two Gaussian wells for few temperature
values. In Fig. 20 we include the effect of a finite bias and keep the temperature
constant at τ = 2.5 nK.

By looking at the linear response conductance plots (Fig. 19) we notice that the two
transmission peaks only yield one conductance peak for temperatures τ ∈ {60, 5} nK.
When the temperature is lowered to τ = 3 nK we see the peak starting to separate
into three and at τ = 1 nK we obtain three distinct conductance peaks.

We switch on bias and in Fig. 17 we see that not even a temperature as low as
τ = 2.5 nK gives two separate conductance peaks for bias ∆µ = 10 nK. The typical
temperature and bias scale in experiments (τ = 60 nK and ∆µ = 100 nK) do not
result in observable conductance 0.1/h.

Figure 18: Transmission and potential of three Gaussian wells in a line.



36

τ = 60 nK τ = 5 nK

τ = 3 nK τ = 1 nK

Figure 19: Linear response conductances in case of three Gaussian wells. The
temperatures at which the conductance curves are computed are shown below the
plots.
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∆µ = 100 nK ∆µ = 10 nK

∆µ = 5 nK ∆µ = 1 nK

Figure 20: Conductances in case of three Gaussian wells. The biases at which the
conductance curves are computed are shown below the plots. All curves are computed
at τ = 2.5 nK.
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5.2 Gaussian side wells
We move on to study conductance in Gaussian side wells setups which are more inter-
esting systems than simply having wells in a row since the sawtooth ladder contains
a flat band. These systems have three different kind of eigenstates. Dispersive band
states are low in energy and yield relatively wide transmission peaks. The amount of
these peaks is the same as the number of side wells in the system.

Then we have a high energy transmission peak which corresponds to boundary states.
There are two boundary states in each side wells setup and these states yield a single
merged transmission peak with almost degenerate energies.

In transmission spectrum between these two types of states in energy we have so-
called flat band states. We have one less flat band state in each setup than we have
side wells.

5.2.1 Two Gaussian side wells

We move on to the two side wells setup shown in Fig. 21. The transmission coefficient
is plotted on log-scale since the flat band state peak 3 is much lower than the others.
If we used denser energy discretization this peak would also have one as its maximum
but we are merely interested in the peak locations in energy. In Fig. 22 the eigenstates
of the corresponding closed system are shown. A closed system is simply a scattering
region without leads. We study these systems since we are interested in the states
inside the scattering region without leads affecting them although we have noticed
the effect of leads to be minor.

In Fig. 22 the states 1 and 2 are called dispersive states and the number of nodes
in the wavefunctions is 0 and 1 respectively. 3 is the flat band state localized only
in the innermost wells. 4 and 5 are mainly localized in the outermost wells and
are believed to be so-called Shockley states which are associated with a periodic
potential [38]. We call them boundary states here.

The full widths at half maximum (FWHM) of dispersive band states (peaks 1 and 2)
are of the order 10−3 kHz and the FWHM of the flat band state (peak 3) is of the order
10−5 kHz (see Fig. 21). The states 4 and 5 yield a merged transmission peak with
FWHM of the order 10−2 kHz. The flat band state 3 results in smaller transmission
value than the other states since it is localized only in the innermost wells. The
FWHM of a transmission peak is obtained by a Lorentzian fit (see Appendix A).

In Fig. 23 we have linear response conductances for several temperature values. At
τ = 1 nK we see three separate linear response conductance peaks emerging. The
third and highest peak is due to the boundary states 4 and 5 and the two other
peaks due to the dispersive states 1 and 2. The difference in the sizes of these peaks
is evident from the transmission plot in Fig. 21. The boundary states peak (4 and
5) is wider than the dispersive states peaks and conductance is an integral over
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transmission. There is no trace of the flat band state linear response conductance
due to the sharpness of the corresponding transmission peak.

In Fig. 25 we have plotted the conductance and linear response conductance at τ = 60
nK and ∆µ = 100 nK. By turning on the bias conductance is increased roughly by
50 % at the peak but it is still lower then the experimental limitation of 0.1/h.

Figure 21: Transmission and potential of two side wells setup.
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1 18.55 kHz 2 19.07 kHz

3 19.84 kHz 4 20.28 kHz

5 20.35 kHz

Figure 22: Eigenstates of closed system in case of two side wells. The eigenenergies
are shown below the figures.
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τ = 60 nK τ = 10 nK

τ = 5 nK τ = 1 nK

τ = 0.5 nK τ = 0.1 nK

Figure 23: Linear response conductances of two Gaussian side wells. The temperatures
at which the conductance curves are computed are shown below the plots.
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∆µ = 100 nK ∆µ = 50 nK

∆µ = 10 nK ∆µ = 5 nK

∆µ = 1 nK

Figure 24: Conductances of two Gaussian side wells. The biases at which the
conductance curves are computed are shown below the plots. All curves are computed
at τ = 1 nK.



43

Figure 25: Conductance and linear response conductance in case of two side wells.
Both curves are computed at τ = 60 nK.
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5.2.2 Three Gaussian side wells

We study the three side wells setup shown in Fig. 26. In Fig. 27 we have plotted
the boundary states (6 and 7) transmission peak. The peak height is limited to 0.8
whereas in case of two side wells it reached one. The FWHM is of the order 10−2 kHz.
This is due to growing distance between the outermost wells of the chain where the
boundary states are mostly localized. In Fig. 28 the eigenstates of the corresponding
closed system are shown. The FWHMs of dispersive band states peaks (1, 2 and 3)
are of the order 10−3 kHz and the FWHM of the flat band states peaks (4 and 5) is
of the order 10−5 kHz.

In Fig. 29 we show linear response conductances for several temperature values. At
τ = 1 nK we see four separate linear response conductance peaks emerging. The
fourth and highest peak is due to the boundary states 6 and 7 and the three other
peaks due to the dispersive states 1, 2 and 3. The difference between the dispersive
and boundary states linear response conductance peak heights is smaller than in case
of two side wells due to the lowered height of the boundary states transmission peak.

When looking at the conductance plots in Fig. 30 we see that as low temperature
and bias values as τ = 1 nK and ∆µ = 5 nK are needed to have four separate
conductance peaks.

Figure 26: Transmission and potential of three side wells setup. The solid blue presents
the scattering matrix computation and the red dashed lines are the eigenenergies of
the closed system.
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Figure 27: Transmission peak of the boundary states 6 and 7 which has a maximum
value of 0.8.
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1 18.42 kHz 2 18.78 kHz

3 19.11 kHz 4 19.82 kHz

5 19.82 kHz 6 20.28 kHz

7 20.30 kHz

Figure 28: Eigenstates of the closed system of the three side wells setup. The
eigenenergies are shown below the states.
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τ = 60 nK τ = 10 nK

τ = 5 nK τ = 1 nK

Figure 29: Linear response conductances in case of three Gaussian side wells. The
temperatures at which the conductance curves are computed are shown below the
plots.
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∆µ = 100 nK ∆µ = 50 nK

∆µ = 10 nK ∆µ = 5 nK

∆µ = 1 nK

Figure 30: Conductances in case of three Gaussian side wells. The biases at which
the conductance curves are computed are shown below the plots. All curves are
computed at τ = 1 nK.
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5.2.3 Four Gaussian side wells

We describe the four Gaussian side wells setup with special care since it is used
later in section 11. The transmission plot and potential are shown in Fig. 31. The
eigenstates of the closed system are plotted in Fig. 32. The states 1-4 are dispersive
states. In the eigenstate plot in Fig. 32 the number of nodes increases with energy. In
the transmission spectrum in Fig. 31 we see these states forming a band of finite width.

The states 5-7 are flat band states. In the eigenstate plot in Fig. 32 they are localized
in the innermost wells with alternating plus and minus signs. In the transmission
plot in Fig. 31 they are narrow peaks with degenerate energy forming a band of zero
width. Interestingly there is a sharp drop in transmission right before the flat band
peaks.

The states 8 and 9 are boundary states. In the eigenstate plot in Fig. 32 the states
are mainly localized in the outermost wells. In the transmission plot in Fig. 31 they
form a wide peak with degenerate energies.

The scattering states are plotted in Fig. 33. The transmission peaks given by the
boundary states are completely merged into one resulting in only one boundary
scattering state. These scattering states resemble well the eigenstates in the closed
system in Fig. 32. One can see small effects by the leads for example comparing the
states 4. This scattering state has a small nonzero area in the lower lead. The biggest
difference is in the boundary states. The closed system has two clearly distinct
boundary states whereas we get only one scattering state.

We study the conductance in four Gaussian side wells setup. The transmission plot
and potential are shown in Fig. 31. The boundary states transmission peak is plotted
separately in Fig. 34. Interestingly the transmission coefficient is limited to 0.11
which is even lower than in case of three side wells. The FWHM of the peak is
0.02 kHz which is narrower than in case of three side wells. Thus it seems that by
increasing the amount of wells makes this peak lower and narrower since the boundary
states are localized in the outermost wells and the distance between the wells increases.

When we compare the conductances of the three side wells setup (Fig. 29 and 30) to
the conductances of the four side wells setup (Fig. 35 and 36) we see a shift where
the conductance is concentrated. In the three side wells setup the boundary states
transmission peak results in more conductance whereas in the four side wells setup
the conductance is shifted from the highest energy transmission peak to the lowest
energy peaks.
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Figure 31: Transmission and potential of four side wells setup. The solid blue presents
the scattering matrix computation and the red dashed lines are the eigenenergies of
the closed system.
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1 18.36 kHz 2 18.60 kHz 3 18.92 kHz

4 19.14 kHz 5 19.81 kHz 6 19.81 kHz

7 19.82 kHz 8 20.28 kHz 9 20.29 kHz

Figure 32: Eigenstates of the closed system of the four side wells setup. The
eigenenergies are shown below the states.
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1 18.36 kHz 2 18.60 kHz 3 18.91 kHz

4 19.13 kHz 5 19.81 kHz 6 19.81 kHz

7 19.82 kHz 8 20.25 kHz

Figure 33: Scattering states of the four side wells setup. The energies at which the
states are computed are shown below the figures. The two boundary states result in
only one transmission peak. The scattering state at this peak energy is denoted by 8.
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Figure 34: Boundary states transmission peak of four side wells setup.
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τ = 60 nK τ = 10 nK

τ = 5 nK τ = 1 nK

Figure 35: Linear response conductances in case of four Gaussian side wells. The
temperatures at which the conductance curves are computed are shown below the
plots.
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∆µ = 100 nK ∆µ = 50 nK

∆µ = 10 nK ∆µ = 5 nK

∆µ = 1 nK

Figure 36: Conductances in case of four Gaussian side wells. The biases at which
the conductance curves are computed are shown below the plots. All curves are
computed at τ = 1 nK.
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6 Boundary states transmission
We study the boundary state transmission peak in the side wells setup more closely:
the peak seemed to become lower and narrower as the number of the wells is increased.
In Fig. 37 we plot the height and the FWHM of this peak as a function of the number
of the side wells.

The height drops by one order of magnitude as the number of the side wells is
increased by one. The height decreases exponentially as a function of the side wells.
The FWHM first decreases when the number of the side wells is increased but stays
constant when there are four side wells or more.

The effect of the decreasing height and width of the boundary states transmission
peaks was seen in the section 5.2 where the conductance in small lattice systems
happened mainly through the boundary states. The conductance shifted to dispersive
states when the lattice size was increased.

Figure 37: Boundary state transmission peak height and width (FWHM) as a function
of the number the side wells.
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7 Gaussian step potential
The y dependent step potential used to form the potential landscape is given by the
Eq. (52)

Vstep(y) = −V0

1 + exp(−(y + y′)/lstep) + exp((y − y′)/lstep) , (54)

where V0 = −40 kHz, lstep = 0.1 µm and y′ depends on the lattice size. The step
potential used by the Quantum Optics group is a Gaussian function. We study the
effect of replacing Eq. (54) by a Gaussian in system of two side wells which potential
is plotted in Fig. 38. The Gaussian fit is

g(y) = a· exp
(

(y − b)2

2c2

)
+ d. (55)

The step potential Vstep (Eq. (54)) is symmetrical with respect to y = 0. Thus we
can set the parameter b in Eq. (55) to zero. We also fix d = 0. We are left with a
Gaussian fit

g(y) = a· exp
(
y2

2c2

)
, (56)

where the parameters a and c are given by a fitting routine.

We change lstep and see how well a Gaussian function models Vstep. We keep y′ = 2.5
µm fixed. In Fig. 39 we have plotted the step potential (Eq. (54)) and a Gaussian fit
(Eq. (56)) to it for lstep ∈ {0.1, 0.2, 0.4, 0.6, 0.8, 1.0} µm.

By comparing the transmission plots in Fig. 40 we see that the plots look similar only
in case of lstep = 1.0 µm. The shape of the potential Vstep clearly has a considerable
effect on the transmission spectrum and has to be taken into account when designing
the experiments.

Figure 38: Potential of sawtooth ladder with two side wells.



58

lstep = 0.1 µm lstep = 0.2 µm

lstep = 0.4 µm lstep = 0.6 µm

lstep = 0.8 µm lstep = 1.0 µm

Figure 39: Vstep and a Gaussian fit. l′ = 2.5 µm is kept fixed whereas lstep is being
changed. The lstep values are shown below the figures.
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lstep = 0.1 µm

lstep = 0.2 µm

lstep = 0.4 µm
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lstep = 0.6 µm

lstep = 0.8 µm

lstep = 1.0 µm

Figure 40: Transmission plots for few lstep values. On the left hand side Vstep (Eq. (52))
and on the right hand side we have a Gaussian fit (Eq. (55)) to Vstep.
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8 Disorder
We introduce disorder in the depths of the Gaussian wells. We add a random vari-
able s to factors V0 and V1 in Eq. (49). The random variable s follows a normal
distribution s ∼ N (0, σ2). We average ten runs using two strengths σ2 ∈ {0.1, 0.2}
kHz2 in the two side wells setup described in section 5.2.1. The results can be seen
in Table 2. We include all the transmission peaks 1-5 as labelled in Fig. 22. As a
reminder 1 and 2 are dispersive states, 3 the flat band state, 4 and 5 the edge states.
The transmission plots are shown in Fig. 41.

The trend seems to be that by applying some disorder in the depths of the wells the
flat band peak 3 gets wider but lower. All the other peaks maintain their width but
the height drops. The heights of the peaks 1 and 2 are preserved better than the
heights of the other peaks.

The heights of the peaks 4 and 5 are dropping fastest and in this sense transmission
through the boundary states is more sensitive to disorder than through the other
states.
Table 2: FWHMs (kHz) and the heights h of the two side wells transmission peaks
for different σ2 values. The results are obtained by averaging ten runs.

1 2 3
σ2 (kHz2) FWHM h FWHM h FWHM h

0 2.5 · 10−3 1.0 4.5 · 10−3 1.0 1.8 · 10−5 1.0
0.1 2.5 · 10−3 0.97 4.4 · 10−3 0.97 2.9 · 10−4 0.65
0.2 2.6 · 10−3 0.84 4.1 · 10−3 0.87 1.2 · 10−3 0.46

4 5
σ2 (kHz2) FWHM h FWHM h

0 3.2 · 10−2 1.0 4.7 · 10−2 1.0
0.1 3.8 · 10−2 0.52 4.1 · 10−2 0.57
0.2 3.6 · 10−2 0.41 4.1 · 10−2 0.44
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σ2 = 0 kHz2 σ2 = 0.1 kHz2

σ2 = 0.2 kHz2

Figure 41: Transmission plot of an unperturbed two Gaussian side wells system and
the same system with two different disorder strength values.
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9 Isolating flat band peaks
We tune the parameter lstep in Eq. (52) to see which value best isolates the flat
band peak. We keep the other parameters constant. Our setup is two side wells. In
Fig. 42 we present few transmission plots of different lstep values. We notice that the
dispersive state peaks 1 and 2 stay around the energy 18.5 kHz whereas the double
boundary states peak 4 and 5 moves to lower energies as lstep increases.

When lstep reaches 0.25 µm the flat band state peak becomes the peak at higher
energy. When further increasing the value of lstep to 0.40 µm the distance between
the flat band state peak and the dispersive state peak is 1 kHz.

Also the drop before the flat band state becomes larger and makes it easier to find
experimentally a trace of the flat band state. This is what can be achieved by simply
tuning the lstep. It is still to be determined if the flat band peak can be further
isolated by modifying the other potential parameters as well.

lstep = 0.10 µm lstep = 0.18 µm

lstep = 0.25 µm lstep = 0.40 µm

Figure 42: Transmission of two side wells setup with different lstep values.
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10 Distance of the ladder from the leads
We change the distance d of the ladder from the leads while keeping the step
shape the same. By the distance here we mean the distance from the centre of the
outermost well to the lead, see Fig. 43. This is to study the effect of having less or
more tunneling from the reservoirs to the scattering region.

In Fig. 44 we have several transmission plots with varying distance. The distance
has no effect on the transmission peak energies. The peak heights are less than one
only because of a sparse energy discretization. With a denser energy discretization
the heights equal one. All the transmission spectra in Fig. 44 have the same energy
discretization. Only the FWHMs decrease when the distance is increased. Thus in
the experiments it pays off to keep d as small as possible to obtain high value of
transmission.

Figure 43: Potential in case of two side wells. The distance d is marked in the figure.
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d = 1.0 µm d = 1.5 µm

d = 2.0 µm d = 2.5 µm

Figure 44: Transmission of two side wells with the ladder having different distances
d from the reservoir. The distances are shown below the figures.
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11 Lattices simulated by ETH Zürich group
The ETH group studies transport of cold atomic gases through mesoscopic structures.
They used a DMD with holograms generated by a non-iterative algorithm [39] relying
on both amplitude and phase modulation to project potentials onto an optically
defined quantum point contact (QPC) [16]. On top of QPC they can project
two-dimensional optical potentials using a DMD as a spatial light modulator. The
limiting factor in advancing with these studies was the hologram-generation algorithm
as it made too many restrictive assumptions for accurately reproducing target
potentials. For this reason they have recently implemented a more sophisticated
Offset-Mixed-Region-Amplitude-Freedom (OMRAF) algorithm for computing
phase-only holograms [40].

long, rect, long_wide and trans are lattices simulated by this new algorithm
and we compute the transmission through them. They each consist of four side
wells sawtooth ladder system. These lattices are provided by the courtesy of Jeffrey
Mohan from the ETH group. We compare the results to the ideal four side wells
lattice shown in the section 5.2.3. We pay attention to how the features seen in
the ideal case are realized in the simulated lattices. We especially focus on the
state characteristics, how the dispersive band, flat band and boundary states ap-
pear. We also analyze what lattice parameters might support or destroy these features.

We crop the actual sawtooth ladder of the ETH images and imprint it on our
usual potential background. The ETH potential is scaled to the units used in our
computations. The scaling of ETH ladder is done by multiplying the given potential
data by V1/f , where V1 = −32.28 kHz and f a scaling factor.

We keep f constant here, no spatial dependence since we want to see how well the
unmodified lattices model the ideal one. There is bigger variation between depths of
the wells located on x = 0 than between the side wells. In Table 3 the depths of the
wells of the lattice long are listed. We take the average of ETH depths of the wells
on x = 0, namely the wells having an odd numbering. We set our scaling factor f to
be this average and we obtain f in the same way for all ETH lattices.

11.1 long
Our scaling factor is f = 4.2 · 10−5. The ETH potential wells numbered and this
potential scaled are shown in Fig. 45. In this figure we see some artifacts in x < −3.5
µm and x > 3.5 µm in the simulated potential. This area is called the free region
whereas the area in −3.5 < x < 3.5 is called the control region. The algorithm the
ETH group uses works in a way that one gets higher precision for potential in the
control region at the expense of the free region. In experiments the free region with
ripples can be put outside the QPC.

The well depths in the ETH data and the scaled ones are listed in Table 3. The
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scaled depth is obtained by multiplying the ETH depth by V1/f and then plugging
this result in the Eq. (53) as VDMD. The transmission through the lattice is plotted
in Fig. 46. The eigenstates of the corresponding closed system are plotted in Fig. 47
and the scattering states in Fig. 48.

5.0 2.5 0.0 2.5 5.0
x (µm)

7.5

5.0

2.5

0.0

2.5

5.0

7.5

y
 (

µ
m

)

1
2

3
4

5
6

7
8

9

Figure 45: On the left hand side the potential long produced by a simulation of
an actual potential projected by the DMD. On the right hand side this potential is
scaled and printed on the usual setup. The dashed lines on the left indicate the area
which is cropped off the DMD potential.

Table 3: Well depths of the potential long.
Well # ETH depth (arb. unit) Scaled depth (kHz)

1 3.87 · 10−5 9.94
2 4.58 · 10−5 11.28
3 4.68 · 10−5 4.04
4 4.61 · 10−5 11.98
5 4.01 · 10−5 9.19
6 4.59 · 10−5 11.21
7 4.62 · 10−5 4.50
8 4.53 · 10−5 11.67
9 3.82 · 10−5 10.33
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Figure 46: Transmission plot of the scaled potential long. Solid blue line represents
the transmission coefficient given by scattering matrix calculation. The dashed red
vertical lines are the eigenenergies of the corresponding closed system.
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18.96 kHz 19.34 kHz 21.21 kHz

22.49 kHz 22.80 kHz 23.60 kHz

23.78 kHz 24.07 kHz 24.17 kHz

Figure 47: Eigenstates of the closed system of the potential long. The eigenenergies
are shown below the states.
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18.85 kHz 19.23 kHz 21.14 kHz

22.40 kHz 22.69 kHz 23.53 kHz

23.79 kHz 24.05 kHz 24.24 kHz

Figure 48: Scattering states of the potential long. The energies are shown below
the states.



71

11.2 rect
Our scaling factor is f = 3.57 · 10−5. The ETH potential wells numbered and this
potential scaled are shown in Fig. 49. The well depths in the ETH data and the scaled
ones are listed in Table 4. The scaled depth is obtained by multiplying the ETH depth
by V1/f and then plugging this result in the Eq. (53) as VDMD. The transmission
through the lattice is plotted in Fig. 50. The eigenstates of the corresponding closed
system are plotted in Fig. 51 and the scattering states in Fig. 52.

5.0 2.5 0.0 2.5 5.0
x (µm)

7.5

5.0

2.5

0.0

2.5

5.0

7.5

y
 (

µ
m

)

1
2

3
4

5
6

7
8

9

Figure 49: On the left hand side the potential rect produced by a simulation of an
actual potential projected by the DMD. On the right hand side this potential is
scaled and printed on the usual setup. The dashed lines on the left indicate the area
which is cropped off the DMD potential.

Table 4: Well depths of the potential rect.
Well # ETH depth (arb. unit) Scaled depth (kHz)

1 3.51 · 10−5 12.71
2 4.37 · 10−5 12.90
3 3.69 · 10−5 11.65
4 4.25 · 10−5 13.82
5 3.52 · 10−5 12.95
6 4.31 · 10−5 13.36
7 3.64 · 10−5 12.03
8 4.31 · 10−5 13.36
9 3.47 · 10−5 13.34
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Figure 50: Transmission plot of the scaled potential rect. Solid blue line represents
the transmission coefficient given by scattering matrix calculation. The dashed red
vertical lines are the eigenenergies of the corresponding closed system.
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19.06 kHz 19.17 kHz 19.94 kHz

20.13 kHz 20.58 kHz 20.79 kHz

21.07 kHz 21.63 kHz 21.86 kHz

Figure 51: Eigenstates of the closed system of the potential rect. The eigenenergies
are shown below the states.
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19.05 kHz 19.17 kHz 19.94 kHz

20.13 kHz 20.59 kHz 20.79 kHz

21.07 kHz 21.59 kHz 21.81 kHz

Figure 52: Scattering states of the potential rect. The energies are shown below the
states.
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11.3 long_wide
Our scaling factor is f = 4.15 · 10−5. The ETH potential wells numbered and this
potential scaled are shown in Fig. 53. The well depths in the ETH data and the scaled
ones are listed in Table 5. The scaled depth is obtained by multiplying the ETH depth
by V1/f and then plugging this result in the Eq. (53) as VDMD. The transmission
through the lattice is plotted in Fig. 54. The eigenstates of the corresponding closed
system are plotted in Fig. 55 and the scattering states in Fig. 56.
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Figure 53: On the left hand side the potential long_wide produced by a simulation
of an actual potential projected by the DMD. On the right hand side this potential
is scaled and printed on the usual setup. The dashed lines on the left indicate the
area which is cropped off the DMD potential.

Table 5: Well depths of the potential long_wide.
Well # ETH depth (arb. unit) Scaled depth (kHz)

1 4.09 · 10−5 8.57
2 5.05 · 10−5 7.67
3 4.46 · 10−5 5.73
4 4.76 · 10−5 9.04
5 3.43 · 10−5 13.65
6 4.98 · 10−5 8.36
7 4.62 · 10−5 4.50
8 4.94 · 10−5 7.65
9 4.15 · 10−5 8.11
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Figure 54: Transmission plot of the scaled potential long_wide. Solid blue line
represents the transmission coefficient given by scattering matrix calculation. The
dashed red vertical lines are the eigenenergies of the corresponding closed system.
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18.50 kHz 19.15 kHz 20.63 kHz

20.79 kHz 21.43 kHz 21.46 kHz

22.28 kHz 22.79 kHz 24.15 kHz

Figure 55: Eigenstates of the closed system of the potential long_wide. The
eigenenergies are shown below the states.
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18.50 kHz 19.16 kHz 20.63 kHz

20.79 kHz 21.42 kHz 21.46 kHz

22.28 kHz 22.79 kHz 24.15 kHz

Figure 56: Scattering states of the potential long_wide. The energies are shown
below the states.
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11.4 trans
Our scaling factor is f = 3.63 · 10−5. The ETH potential wells numbered and this
potential scaled are shown in Fig. 57. The well depths in the ETH data and the scaled
ones are listed in Table 6. The scaled depth is obtained by multiplying the ETH depth
by V1/f and then plugging this result in the Eq. (53) as VDMD. The transmission
through the lattice is plotted in Fig. 58. The eigenstates of the corresponding closed
system are plotted in Fig. 59 and the scattering states in Fig. 60.
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Figure 57: On the left hand side the potential trans produced by a simulation of
an actual potential projected by the DMD. On the right hand side this potential is
scaled and printed on the usual setup. The dashed lines on the left indicate the area
which is cropped off the DMD potential.

Table 6: Well depths of the potential trans.
Well # ETH depth (arb. unit) Scaled depth (kHz)

1 3.51 · 10−5 13.03
2 4.29 · 10−5 13.51
3 3.76 · 10−5 11.11
4 4.46 · 10−5 12.21
5 3.62 · 10−5 12.19
6 4.44 · 10−5 12.36
7 3.73 · 10−5 11.34
8 4.26 · 10−5 13.74
9 3.51 · 10−5 13.03
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Figure 58: Transmission plot of the scaled potential trans. Solid blue line represents
the transmission coefficient given by scattering matrix calculation. The dashed red
vertical lines are the eigenenergies of the corresponding closed system.
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18.65 kHz 18.87 kHz 19.69 kHz

20.13 kHz 20.61 kHz 20.76 kHz

20.88 kHz 21.70 kHz 21.86 kHz

Figure 59: Eigenstates of the closed system of the potential trans. The eigenenergies
are shown below the states.
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18.65 kHz 18.87 kHz 19.69 kHz

20.13 kHz 20.61 kHz 20.75 kHz

20.86 kHz 21.63 kHz 21.81 kHz

Figure 60: Scattering states of the potential trans. The energies are shown below
the states.
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11.5 Comparing four side wells lattices
By comparing the four side wells ETH lattices to the ideal one we notice that the
lattices rect and trans produce the best results in this view. The scattering states
(Fig. 52 and 60) in these lattices bear closest resemblance to the ideal ones in Fig. 33.
Especially the four lowest energy states of both rect and trans look similar to the
ideal ones. trans has two clear boundary states.

We analyse a bit what is the reason behind the different results given by the lattices.
In Table 7 we list the standard deviations of the ETH well depths. We take into
account only wells on x = 0. We deduce that the deviation in the well depths has a
considerable effect on the transmission results. The deviation is even more drastic in
scaled potential.

The scattering states in lattices long and long_wide (Fig. 48 and 55) are not
localized on the whole lattice but they are restricted to few lattice sites and in some
level decoupled from reservoirs. In rect and trans the states are more spread. It
seems that deviation in the well depths results in localization of the states.

Table 7: Standard deviations of the well depths (x = 0) in ETH lattices.
Lattice Standard deviation (arb. unit)
long 0.42 · 10−5

rect 0.09 · 10−5

long_wide 0.46 · 10−5

trans 0.12 · 10−5
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12 Conclusions
In this work we successfully applied Python’s Kwant package to study the scattering
of 6Li atoms. Kwant’s scattering matrix calculation matched well with known
theoretical model of one-dimensional chain with either single or double rectangular
barriers. This was done to verify that Kwant works as expected.

We studied a two-terminal system where a quantum channel was connected to the
leads. The potential in the channel consisted of a harmonic confinement acting in
the transversal direction and a potential which had its maximum value at the centre
of the channel and decayed towards leads acting in the longitudinal direction. On
top of this background potential a varying set of Gaussian wells was imprinted.

We considered Gaussian wells in a row and forming a sawtooth ladder. Sawtooth
ladder is a lattice structure of special interest since its band structure contains a flat
band for suitably chosen potential parameters.

In order to study the properties of quantum transport we derived the Landauer
formula of conductance which takes into account the finite temperature and bias
effects. This is crucial to planning the experiments on our two-terminal system.
We also derived a formula for linear response conductance which we get from
conductance by taking the chemical potential bias to zero.

First we studied conductance of lattice consisting of Gaussian wells in a row. We
began our conductance computations from the simplest case of having just one
Gaussian well in the middle of the scattering lattice. Then we increased the lattice
size by adding one Gaussian well at a time up to point having three Gaussian wells
in a row. We were interested in seeing what kind of conductance values the typical
experimental temperatures and chemical potential biases yield which were 60 nK
and 100 nK respectively. Experimentally conductances of order 0.1/h can be observed.

In linear response case peak separation was starting to happen at temperature of
5 nK for two and three wells. Temperature as low as of 1 nK was required to see
distinct peaks related to each state. At temperature of 60 nK and bias 100 nK
(experimental limit) one well setup yielded conductance of 0.05/h which is already
very close to the experimental threshold.

In the side wells setups temperature of as low as 1 nK was required to detect
distinct conductance peaks. In small lattices consisting of two or three side wells the
conductance happens mainly trough the boundary states but in bigger systems the
conductance is shifted to dispersive states which might help detecting flat band peak
since the boundary states conductance tends to overshadow it.

The conductance results look promising in general. With the temperatures and
biases used we achieved detectable conductance values. All the states except the flat
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band states yielded separate conductance peaks.

We took a look at the boundary states transmission in the Gaussian side wells setup
more closely. We plotted the transmission coefficient and peak width (FWHM) as
functions of the number of the side wells. The height decreased exponentially since
the boundary states are mainly localized in the edge wells which distance grew as
more wells were added. The FWHM first decreased when the number of the side
wells is increased but stayed constant when there were four side wells or more. This
behavior is not fully understood.

The background potential in our lattice systems consisted of two parts. The
one depending on the spatial coordinate y was called a step potential and
had somewhat different shape than the one used in experiments where it is
replaced by a Gaussian function. We varied the parameter called lstep of the step
potential. We made a Gaussian fit to this potential. The larger the lstep value
was the better the fit modeled the step potential. We computed the transmission
through both the lattice with the original step potential and its Gaussian fit.
We saw that the transmission spectrum was very sensitive to the step potential shape.

We considered a simple disorder in the lattice system consisting of two side wells by
introducing variation in the depths of the wells following the normal distribution
centered at zero. By increasing the disorder all the other peaks remained their
width except the flat band state peak got wider. The heights of all peaks decreased
especially the ones of the boundary states.

We changed the parameter lstep keeping the other parameters constant. This
did not affect the location of the dispersive states or the flat band state peaks
in energy. The highest energy peak of the boundary states was shifted to
lower energies. For lstep = 0.40 µm the boundary states peak has the lowest
energy. There is a gap of almost 1 kHz separating the flat band state peak
from the dispersive states peaks. This makes it easier to experimentally locate
the flat band state transmission peak. We also saw earlier that for bigger lstep
our step potential models better the Gaussian potential shape used in the experiments.

We studied what effect increasing the distance of the ladder from the reservoirs had
on the transmission spectrum. The energies of the transmission peaks stayed exactly
the same. The only thing changing was the widths of the peaks. The widths got
smaller meaning less transmission.

The ETH Zürich group conducting quantum gas transport experiments has simulated
the DMD potential realizing the sawtooth ladders and provided us their data. We
imprinted their four side well ladders on top of our usual setup. Then we compared
the results to the ideal four side wells lattice presented earlier. We concentrated
on how well the states of the simulated lattices resembled the ones of the ideal lat-
tice. We were looking for the features of the dispersive, flat band and boundary states.
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The simulated lattices were named long, long_wide, rect and trans. The lattices
rect and trans provided the best results. There was some variation in the depths
of the wells. We calculated standard deviations of the depths of the wells located
on x = 0. It turned out that rect and trans had smaller standard deviations than
long and long_wide.

In this work we studied conductance in the sawtooth ladder setup and the various
other properties of this setup. We were especially interested in the flat band state
emerging from this system and how it would be possible to detect it experimentally.
An important future prospect and continuation to this work is to introduce the
interactions since the flat band should be detectable as a massive increase of the
transmission probability, at least for paired particles.
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A Lorentzian Fit
We obtain the full width at half maximum (FWHM) of a transmission peak by fitting
a Lorentzian function to the transmission data. Lorentzian function is given by

L(E) = A

π

Γ/2
(E − E0)2 − (Γ/2)2 , (A1)

where A is the amplitude, E0 the center and Γ the FWHM of the peak.
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