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A model for ground freezing

of salts. The phase transition between water and ice is assumed to be

reversible.

The particular constitutive model will consist of the state equations

for the specific volumes and stresses, the generalised Clausius-Clapeyron

equation for the phase change between water and ice, the Darcy equation

for groundwater flow, and the Fick equation for salt diffusion and disper-

sion. The fundamental balance laws include the momentum and energy

balance equations of ground and a combination of the mass balance equa-

tions of ground matter, water, ice and dissolved salts.

soil/rock

ice

groundwater

solutes

water

Figure 3.1. A model for partially frozen ground.

3.2 Variables of state and dissipation

By using the mixture concept introduced in section 2.3, the partially frozen

ground is represented by

M =

Phases{
Ps,Pgw,Pi

}
=

{
Ps,

Substances
{Sgww , Sgwc } ,Pi

}
=

Constituents{
Ks,Kw,Kc,Ki

}

s soil/rock w liquid water
gw groundwater c dissolved salts
i ice

.

The volume fractions βκ, κ ∈ {s, gw, i} define the volumetric proportions

of ground matter, groundwater and ice in the porous medium, while the

molar fractions xgw
λ , λ ∈ {w, c} give proportions of water and dissolved

salts in the groundwater. Hence, by definition (2.4) the molar volume

fractions ξα = ξα(x, t), α ∈ {s,w, c, i} of partially frozen ground are defined

by

ξs = βs, ξw = xgw
w βgw, ξc = xgw

c βgw and ξi = βi. (3.1)

Assuming that no dissipation takes place with respect to the rates of

entropy production γα, all constituents have an equal positive tempera-

ture by equation (2.130), and hence Tα = T (x, t), α ∈ {s,w, c, i}. The

other state variables are the thermodynamic pressures pα = pα(x, t), α ∈

42
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1. Introduction

1.1 Motivation

Ground freezing is a current phenomenon in sub-arctic and arctic cli-

mates affecting both the surface and subsurface environment, e.g. French

(2007); Williams and Smith (1989); Yershov (1998). In consequence, per-

mafrost and permanently frozen ground1 occupy approximately 25 % of

the total continental land area of the Earth in continuous, discontinu-

ous and sporadic form. About one fifth of the permafrost is estimated to

be subglacial in Antarctica and Greenland. Permafrost is abundant in

Alaska, the northern parts of Canada and Russia, and in parts of China

(French, 2007). Along the coast of southern and south-western Greenland

both continuous and discontinuous permafrost is found (Mai and Thom-

sen, 1993). In the Lupin gold mine area in northern Canada, the depth

of permafrost extends to approximately 500 metres which is assumed to

have been developed during the last 5,000 years (Ruskeeniemi et al., 2004,

2002). The deepest known permafrost occurs in the central part of Siberia

in Russia, where thicknesses of up to 1,500 metres have been reported

(Fotiev, 1997). The extensive region of continuous permafrost in central

Siberia corresponds to areas that are believed not to have been covered

by Quaternary ice sheets and that have experienced cold subaerial cli-

mate conditions for a very long time. In addition, permafrost can be found

in mountainous terrain. For example, in the area of Tarfala in the Keb-

nekaise massif in northern Sweden, discontinuous frozen ground has been

reported to be 100 to 350 metres thick at an altitude above 1,500 m.a.s.l.

1Permafrost is ground at or below the temperature of 0 ◦C for two consecutive
years or more. Permanently or perennially frozen ground is defined as ground
which contains frozen water continuously for more than a year.
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Introduction

(Isaksen et al., 2001; King, 1984). In the Jotunheimen massif, southern

Norway, the depth of permafrost is between 100 and 200 metres at an alti-

tude of 2,200 m.a.s.l. (Isaksen et al., 2001). In Finland, shallow, sporadic

permafrost can be found in Lapland where the snow cover is very thin or

lacking (Luoto and Seppälä, 2002).

Frozen ground originates from the ground surface and grows down-

wards depending on a complex heat and mass exchange process across

the atmosphere/ground boundary layers and on an almost time-invariant

geothermal heat flow from the Earths interior. The evolution of frozen

ground is governed by heat and mass transfer and phase change pro-

cesses. On the other hand, the freezing of ground has a significant in-

fluence on the thermo-hydro-chemo-mechanical behaviour of ground. Lit-

erature on the subject is comprehensive, e.g. (French, 2007; Lockwood,

1979; Lunardini, 1981; Smith and Riseborough, 1996; Washburn, 1979;

Williams and Smith, 1989; Yershov, 1998).

The heat exchange between the atmosphere and the Earths surface in-

volves solar radiation, longwave terrestrial and atmospheric radiations,

sensible and terrestrial heat fluxes, and evaporation and condensation.

Solar radiation is the driving force for the other heat exchange processes.

It governs the surface temperature, air temperature and humidity which

determine the upward longwave radiation, the turbulent heat exchange,

evaporation and condensation. The heat exchange is also affected by

wind, precipitation, snow cover, topography, vegetation, soil characteris-

tics and water bodies. Wind influences the sensible heat exchange, and

the latent heat production and loss. Precipitation together with evap-

oration and condensation determine the recharge of groundwater, and

thereby control the terrestrial heat flux. Topography affects the air tem-

perature, precipitation, wind and formation of vegetation and snow cover.

For example in the free atmosphere, the air temperature decreases as al-

titude increases with an average rate of 0.65 ◦C for every 100 metres

increase in elevation, e.g. (Danielson et al., 2003). The vegetation and

snow cover affect the surface energy balance by controlling the radiation

through the surface albedo.

The vegetation and snow cover also act as an insulating cover attenuat-

ing the ground from cooling in winter and from warming in summer. In

general, the insulating effect of snow can smooth out the fluctuation of

air temperature up to 9 ◦C (Williams and Smith, 1989). Water bodies,

e.g. sea, lakes and other watercourses are sources of heat and water for

8
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the thermal and hydrological regimes of ground. Depending on the pre-

vailing climate conditions, water bodies deeper than 0.2 to 1.6 metres can

keep their bottoms unfrozen in winter (Yershov, 1998). On the other hand,

lakes deeper than 2 to 3 metres are expected to have unfrozen bottoms all

year in the Lupin gold mine area in northern Canada (Ruskeeniemi et al.,

2004, 2002).

The ground thermal regime is governed by heat transfer, geothermal

heat production, the specific heat content and the latent heat production

of the phase transitions of water. The heat transfer can occur through

conduction, convection and radiation (Sundberg, 2008). In general, con-

duction is the most important process to frozen ground evolution. Convec-

tion is important when groundwater and gas fluxes are large, and radia-

tion becomes important when the ground turns unsaturated, and porosity

and temperature get distinctly above the melting point. Heat conduction

is mainly governed by the ambient temperature conditions, thermal con-

ductivity and heat capacity of ground. The thermal conductivity and heat

capacity depend on a number of variables such as temperature, miner-

alogy, porosity and groundwater content. Typical of crystalline rocks as

granite is that the thermal conductivity decreases and the heat capacity

increases with increasing temperature. When the porosity is greater than

1 %, the freezing of water plays a role in the heat transfer by transform-

ing the thermal properties of ground (Clauser and Huenges, 1995). The

heat flow from the Earths interior towards the ground surface varies from

place to place combining effects of mantle heat flow and radioactive decay

of elements in crustal rocks (Näslund et al., 2005). In addition, external

heat sources such as the heat generation of the spent nuclear fuel in deep

geological repositories can have long-reaching long term impacts on the

behaviour of ground.

Significant changes take place in the thermal and hydrologic regimes of

ground when climate gets sufficiently cold and ground starts to freeze

from the surface downwards, e.g. French (2007); Williams and Smith

(1989); Yershov (1998). Depending on the pressure and composition of

groundwater, and adsorptive and capillary properties of the ground mat-

ter, freezing takes place gradually over a temperature range below 0 ◦C .

In consequence, the forming frozen ground encompasses a partially frozen

zone of gradually decreasing amount of unfrozen water and progressively

increasing amount of ice (Williams and Smith, 1989). In addition, the

thawing of ground occurs gradually. Melting of water in ground, however,
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is not a reverse process of the freezing. Hysteresis behaviour can be seen

in the unfrozen water content curve as a function of temperature during

a cycle of freezing and thawing, as the temperature is decreased first and

then increased (Williams and Smith, 1989).

Freezing has various impacts on the thermal, hydraulic, mechanical,

and chemical behaviour of ground. For example, freezing affects the heat

transfer in ground by increasing thermal conductivity, decreasing heat ca-

pacity, and releasing latent heat in the phase change. Especially, the sea-

sonal freezing and thawing of ground induces a thermal offset – a decrease

– into the annual mean ground temperature profile (Goodrich, 1978). The

offset can be several degrees of Celsius depending on the amount of freez-

ing water in ground. This effect can lead to the existence of permanently

frozen ground in locations typical of peatlands, even for annual mean

air temperatures above 0 ◦C . In addition, freezing alters the ground-

water circulation by turning the frozen ground almost impermeable, and

hence confining the groundwater flow within. Freezing can also result in

changes in the salinity of groundwater due to exclusion of salts when ice

forms in the partially frozen zone. Depending on the adsorptive capacity

of the ground matter and hydrological conditions of the ground, the freez-

ing can lead to sequential physical processes of heat and mass transfer,

and deformations of ground known as the frost phenomenon. In the first

place, the freezing of water at sub-zero temperatures generates a cryo-

genic suction, which then induces a continuous transport of water from

the unfrozen ground to the partially frozen ground. Further, the cryo-

genic suction and the transport of water can result in the consolidation

of the unfrozen ground while the freezing of the insitu and transported

water can lead to the frost heaving of the frozen ground. The frost phe-

nomenon is typically associated with soils and periglacial landforms such

as frost peat mounds termed palsas. Further consequences of the cyclic

freezing and thawing are the weathering and degradation of ground and

formation of patterned ground.

Finland and Sweden are developing a disposal concept for spent nuclear

fuel. The disposal facility is planned to be a geological repository located

at the depth of 400-500 metres in the bedrock. A central feature of the re-

lated safety assessment is the formulation and analysis of scenarios repre-

senting the envelope of future evolutions of the repository in a time frame

of 100,000 years. The definition and formulation of scenarios is supported

by the identification and consideration of all potentially relevant features,
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events and processes that have the potential to affect the long-term safety.

According to Pimenoff et al. (2011) and Kjellström et al. (2010), Finland

and Sweden have experienced climate conditions which might have sup-

ported the development of permanently frozen ground during the Weich-

selian glacial cycle more than 10,000 years ago. Furthermore, climate

model simulations have shown that similar situations can be anticipated

to occur in Scandinavia on a time-scale of 120,000 years in the future (Pi-

menoff et al., 2011). Hence, freezing and thawing are pertinent in the

future evolution of ground and safety assessments of geological reposito-

ries.

1.2 Methods

During the last few decades of the last millennium, comprehensive re-

search has been carried out to improve the understanding of physical na-

ture of ground freezing. As a result, several models, well summarized by

Kay and Perfect (1988) and by Kujala (1994, 1997), have been developed

to predict the outcome of a particular frost process produced by certain

conditions as an input. Kujala (1994, 1997) has classified them as empiri-

cal, semi-empirical, hydrodynamic, rigid-ice and thermomechanical mod-

els. The empirical models, e.g. (Arakawa, 1966), are based on purely

empirical observations using field observations and frost heave tests. In

semi-empirical models, the physical nature of frost heave is also used as a

basis, e.g. (Chen and Wang, 1988). Hydrodynamical models, e.g. (Fukuda

and Nakagawa, 1985; Guymon et al., 1980, 1993; Harlan, 1973), couple

the heat and mass transfer in freezing soil based on an analogy between

the water transport in the unsaturated soils and the water transport in

the partially frozen soil. The rigid-ice models, e.g. (Gilpin, 1980; O’Neill

and Miller, 1982, 1985), are based on the theory of secondary frost heave.

The segregation potential concept is defined as the relation between the

water migration rate and the overall temperature gradient in the par-

tially frozen zone, e.g. (Konrad and Morgenstern, 1980, 1981). The most

advanced models for soil and ground freezing are based on the theory

of mixtures, continuum mechanics and macroscopic thermodynamics, e.g.

(Duquennoi et al., 1989; Frémond and Mikkola, 1991; Hartikainen and

Mikkola, 2006; Mikkola and Hartikainen, 2001; Nicolsky et al., 2008).

The theories of mixtures in the framework of continuum thermodynam-

ics have been developed extensively from the sixties leading to various

11
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constitutive theories summarised by Rajagopal and Tao (1995). Similarly,

theories of porous media have been developed comprehensively, see e.g.

(Coussy, 1995; de Boer, 2000; Liu, 2014). Rigorous modelling of mixtures

and porous media relies on the exploitation of the entropy inequality prin-

ciple in the derivation of thermodynamically admissible constitutive mod-

els. There are several approaches in utilising the entropy principle. The

most famous ones are the Coleman-Noll procedure (Coleman and Noll,

1963) based on the elimination of the entropy supply with the energy sup-

ply of the energy balance equation, and the Müller-Liu procedure (Liu,

1972; Müller, 1973), based on the employment of the Lagrange multipli-

ers. Different approaches have been recently analysed and summarised

by Cimmelli et al. (2014). This work relies on the theory of non-smooth

mechanics (Frémond, 2002), by employing thermodynamic state functions

and dissipation potentials. The approach enables the derivation of the

constitutive model in general form without a priori information of the ma-

terial. As a result, the constitutive equations are given as functional rela-

tionships between the independent constitutive quantities and dependent

field quantities. In addition, the state functions and dissipation potentials

are provided with conditions that guarantee the fulfilment of the entropy

inequality. The specification of the state functions and dissipation po-

tentials considering the physicochemical structure of the material yields

directly a particular model that includes all relevant processes and their

mutual reactions and is thermodynamically admissible.

The particular model is adapted to a computationally convenient set

of equations for numerical solving. This includes regularisation of the

constitutive functions for sharp changes at the interfaces created by the

phase change. The finite element method (FEM) is chosen as the nu-

merical solving procedure, since it represents a solid mathematical for-

mulation for solving various type of partial differential equations and can

deal with complex geometries with different types of boundary conditions.

FEM is also convenient for the implementation enabling efficient and ro-

bust solution strategies. The relevant mathematical formulations include

the weak formulation. The programming is carried out using Fortran lan-

guage.
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1.3 Objective, scope and structure of the work

In this work, the thermomechanical theory presented in (Hartikainen and

Mikkola, 2006) is revised and explained in detail. The result is a general

thermodynamically consistent constitutive theory describing the macro-

scopic behaviour of the porous medium. The theory is applied to derive

a particular model for freezing and thawing of saline water saturated

ground. The model consisting of a system of coupled nonlinear partial

differential equations is solved numerically by means of finite element

method. The model is verified by the simulated experiments to reproduce

the main features of the ground freezing. Finally, the model is utilised

to investigate the thermo-hydro-chemical evolution of ground undergoing

freezing and thawing cycles in a time frame of 100,000 years.

The objective of the thesis is to

• derive a thermodynamically consistent model for a general porous

medium,

• apply it to formulate a particular model for ground freezing, and by

utilising the model,

• obtain qualitative and quantitative information on the evolution of

thermo-hydro-chemical behaviour of ground undergoing freezing and

thawing cycles in a time frame of 100,000 years.

This work consists of the following chapters: Introduction, General the-

ory, A model for ground freezing, Numerical implementation and model

verification, Evolution of frozen ground, Conclusions, and Appendix 1.
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2. General theory

2.1 Introduction

The approach to model the behaviour of porous medium is based on the

basic principles of the theory of mixtures and of the continuum thermody-

namics. It is shown that not only the balance laws but also the constitu-

tive relations can be established in a general form without specifying the

material beforehand. As a result, the behaviour of porous medium includ-

ing coupled processes of heat and mass transfer, deformations of material

and phase changes between different constituents is represented as func-

tional relationships between the independent constitutive quantities and

dependent field quantities. It is also shown that the approach will produce

some general results for the constitutive quantities of the model.

2.2 Homogenisation of material

The key idea when applying continuum mechanics to heterogeneous me-

dia like a mixture of separate constituents is to abandon the impenetrable

condition of material. To fulfil the fundamental condition of material con-

tinuity, the discrete structure of mixture is homogenised by smoothing

each constituent over the so-called Representative Elementary Volume

(REV) in a continuous manner (see figure 2.1). Hence, all constituents

are able to coexist at any material point in the homogenised medium.

Each constituent is assigned with REV-averaged individual field quanti-

ties such as density, velocity, stress and specific internal energy. The bal-

ance equations of continuum mechanics can be also established for each

constituent individually. The corresponding field quantities and princi-

ples of continuum mechanics follow from the superimposition of the indi-
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vidual quantities and balance equations.

Smoothing

Homogenised structureTrue structure

Figure 2.1. Homogenisation of mixture.

2.3 Mixture model

Porous medium is considered to be a multi-component mixture M con-

sisting of a finite number m of immiscible phases Pκ, κ ∈ [1,m], and

each phase a composition of finite number Nκ of miscible substances Sκ
λ,

λ ∈ [1, Nκ] presented by

M =
{
P
1, . . . ,Pm

}
=
{{S1

1, . . . , S
1
N1
}, . . . , {Sm

1 , . . . , Sm
Nm
}}.

Further, the mixture can be represented as a collection of total number

N =
∑m

κ=1Nκ of constituents Kα, α ∈ [1, N ] by

M =
{
K1, . . . ,KN1 , . . . ,KN−Nm+1, . . . ,KN

}
such that α =

∑κ−1
i=1 Ni + λ for κ ∈ [1,m] and λ ∈ [1, Nκ].

Each constituent Kα has a material body Bα consisting of a set of ma-

terial points Pα. The material body Bα is identified at different times by

configurations
Cα : Bα → Ωα = Ω

Pα �→ xα = x,
(2.1)

such that at the time t each Pα is identified by the position vector x in the

domain Ω of the mixture M as shown in figure 2.2.

The amount of each phase Pκ in the mixture is presented by the volume

fraction βκ = βκ(x, t) defined by

βκ =
d vκ

d v
, (2.2)

where dvκ is the volume element occupied by the phase Pκ in the volume

element dv =
∑m

κ=1 dvκ representing the REV.
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Bα

Ω(t)

Pα

x(t)

Cα(t)

e2(t)

e3(t)

e1(t)

Figure 2.2. Description of constituent motion.

The amount of each substance Sκ
λ in phase Pκ is defined in terms of the

molar fraction xκ
λ = xκ

λ (x, t) by

xκ
λ =

nκ
λ

Nκ∑
π=1

nκ
π

, (2.3)

where nκ
λ = nκ

λ(x, t) denotes the mole number of Sκ
λ. By definition,

∑m
κ=1 β

κ =

1 and
∑Nκ

π=1 xκ
π = 1.

The fraction of each constituent Kα in the mixture M can be then defined

by a molar volume fraction ξα = ξα(x, t) as the multiplicative decomposi-

tion of the associated volume fraction and the molar fraction by

ξα = xκ
λ βκ. (2.4)

The molar volume fractions satisfy the obvious conditions

N∑
α=1

ξα = 1, ξα ≥ 0. (2.5)

2.4 Kinematics

To define the motion of each constituent Kα, the reference configuration

of Bα is defined by the mapping

Cα(t0) : Bα → Ωα(t0)

Pα �→ xα(t0).
(2.6)

That is, each Pα is identified by its position vector xα(t0) in the domain

Ωα(t0) at a fixed time t0 as shown in figure 2.3. In general, Ωα(t0) �= Ωγ(t0)
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holds for α �= γ, while it is required that all constituents coincide with the

same current configuration of the mixture, i.e. Ωα(t) = Ωγ(t) = Ω(t).

The motion of Bα between the configurations Ωα(t0) and Ω is defined by

the mappings

χα : Ωα(t0)→ Ω(t) χ−1
α : Ω(t)→ Ωα(t0)

xα(t0) �→ x x �→ xα(t0),
(2.7)

where χα(xα(t0), t) gives the material (Lagrangian) description of motion

while χ−1
α (x, t) defines the spatial (Eulerian) description of motion.

χα

Bα

χ
−1
α

x(t0)

Ω(t)

Cα(t)C(t0)

Ω(t0)

e3(t0)
e2(t0)

e1(t0)
e3(t)

e2(t)e1(t)

b

u

Pα

x(t)

Figure 2.3. Description of constituent motion.

The deformation of constituent Kα is defined by the deformation gradi-

ent by

Fα(xα(t0), t) = grad0χα(xα(t0), t), F−1
α (x, t) = gradχ−1

α (x, t), (2.8)

where the operators grad0 and grad are the material and the spatial gradi-

ents, respectively.

Restricting to the spatial description in the general formulation, the

strains of constituent Kα are defined by the Almansi strain tensor

eα = 1
2 ( I− cα) , (2.9)

where the Cauchy deformation tensor cα(x, t) is defined by

cα = F−T
α · F−1

α . (2.10)

Furthermore, the useful left Cauchy-Green deformation tensor bα(x, t) is

defined by

bα = c−1
α = Fα · F T

α . (2.11)
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The Almansi strain tensor is related to the Green-Lagrange strain tensor

Eα(xα(t0), t) by the familiar transformation

Eα = F T
α · eα · Fα. (2.12)

Defining the material displacement vector

uα(xα(t0), t) = χα(xα(t0), t)− xα(t0) + b (2.13)

for given b = b(t), and its gradient by

Hα(xα(t0), t) = grad0uα, (2.14)

the spatial displacement gradient hα = hα(x, t) is defined by

hα = Hα · F−1
α . (2.15)

Furthermore, the Almansi strain tensor can be represented by

eα = 1
2

(
hα + hT

α − hT
α · hα

)
. (2.16)

For small deformations, the Almansi strain reduces to

εα = 1
2

(
hα + hT

α

)
. (2.17)

The material time derivative of a physical quantity q = q(x, t) following

the motion of constituent Kα is defined by

dα

dt q(x, t) =
∂
∂t q+ grad q · vα, (2.18)

where vα(x, t) is the spatial velocity of the material point of Kα. This

velocity is defined by

vα(x, t) =
dα

dt χα

(
χ−1
α (x, t), t

)
. (2.19)

The material time derivative of spatial physical quantities is represented

with respect to an arbitrary motion by

dα

dt q = d∗
dt q+ grad q · vα∗ , (2.20)

where vα∗ = vα − v∗ is the relative velocity of Kα with respect to an

arbitrary velocity v∗.

The spatial velocity gradient lα = lα(x, t) is defined by

lα = gradvα = dα

dt Fα · F−1
α . (2.21)

It is decomposed into symmetric and skew-symmetric parts by

lα = dα +wα, (2.22)
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where dα(x, t) = sym lα = 1
2

(
lα + l Tα

)
and wα(x, t) = skw lα = 1

2

(
lα − l Tα

)
denote the symmetric and skew symmetric parts of the spatial velocity

gradient, respectively.

The material time derivative of the Almansi strain tensor is defined by

dα

dt eα = dα − l T
α · eα − eα · lα. (2.23)

Introducing the phase velocity V κ =
∑

λ xκ
λvλ, yields the following def-

inition for the volume flow velocity Jβκ = Jβκ(x, t) and the molar flow

velocity Jxκλ = Jxκλ(x, t).

Jβκ = βκ(V κ − v∗), (2.24)

Jxκλ = xκ
λ(vλ − V κ). (2.25)

Furthermore, the molar volume flow velocity Jξα = Jξα(x, t) is defined by

Jξα = ξαvα∗ = xκ
λJβκ + βκJxκλ . (2.26)

These velocities are important in describing the constitutive behaviour of

material on the motion of constituents with respect to each other. The

arbitrary velocity v∗ can be a velocity of one constituent or a linear com-

bination of velocities of constituents.

2.5 Constituent balance laws

The fundamental laws of continuum mechanics can be derived through

the general balance law for constituent Kα, which is formulated in the

spatial description by

dα

dt

∫
ω

qα dv = −
∫
∂ω

Fα ds+
∫
ω

sα dv +
∫
ω

pα dv. (2.27)

It states that the rate of change of a physical quantity qα within the do-

main ω ⊂ Ω is the sum of the external supply given by the flow Fα through

the surface ∂ω and the source sα within the volume ω, and by the internal

supply given by the rate of production pα of the physical quantity qα due

to interactions of different constituents within ω.

Applying Cauchy’s fundamental theorem, the flow Fα is assumed to de-

pend linearly on the local unit normal vector n of the surface ∂ω. Accord-

ingly, the flow Fα can be represented in terms of the associated vector or

tensor valued function fα by Fα(x, t,n) = fα(x, t) · n.
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Applying the Reynolds transport theorem to the material time deriva-

tive of the volume integral

dα

dt

∫
ω

qα dv =

∫
ω

∂
∂t qα dv +

∫
∂ω

qαvα · nds, (2.28)

and using the Gauss’ theorem for the surface integrals, integral (2.27) can

be brought into the form∫
ω

[
∂
∂t qα + div

(
qαvα

)
+ div fα − sα − pα

]
dv = 0. (2.29)

Taking the limit of this integral results in the local form of equation (2.27)

which is represented in the form

∂
∂t qα + div

(
qαvα

)
+ div fα − sα = pα. (2.30)

Using equation (2.30), the balance equations for mass, linear momen-
tum, moment of momentum, energy and entropy for each constituent Kα

can be established by defining the physical quantity qα, the flow fα, the
source sα and the rate of production pα by

mass lin. mom. mom. mom. energy entropy

qα :=
[

ρα ραvα r × (ραvα) ραeα + 1
2ραvα · vα ραsα

]T
,

fα :=
[

0 −σα −r × σα qα − σα · vα φα

]T
,

sα :=
[

0 fα r × fα rα + fα · vα �α

]T
,

pα :=
[

θα mα Mα ια γα
]T
,

where the terms in brackets are specified when the corresponding balance

equation is introduced.

Hence, the balance of mass for Kα is formulated by

dα

dt ρα + ραdivvα = θα, (2.31)

where the density ρα is defined in terms of the molar volume fraction and

the bulk or intrinsic density �α by

ρα = ξα�α. (2.32)

Furthermore, θα is the rate of mass production.

Considering the mass balance equation (2.31), the balance of linear mo-

mentum for Kα obtains the form

ρα
dα

dt vα − divσα − fα + θαvα = mα, (2.33)

where σα is the Cauchy stress tensor, fα the body force and mα the rate

of linear momentum production.
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By applying equations (2.31) and (2.33), the balance of moment of mo-

mentum for Kα can be formulated by

axσα + r ×mα = Mα, (2.34)

where r is the position vector from a point about which the moment of mo-

mentum is calculated to the material point under consideration. axσα de-

notes the axial vector of σα, the components of which are given by eijk σjk,

where eijk is the permutation tensor. Mα denotes the rate of moment of

momentum production. According to equation (2.34), the Cauchy stress

σα of constituent Kα is not symmetric for non-zero mα and Mα. Remark

that the stress tensor of the whole mixture, defined by σ =
∑N

α=1 σα, is

always symmetric.

By using equations (2.31) and (2.33), the balance of energy for con-

stituent Kα can be written in the form

ρα
dα

dt eα−σα : gradvα+div qα−rα+
(
eα− 1

2vα ·vα

)
θα+mα ·vα = ια, (2.35)

where eα is the specific internal energy, qα the heat flow vector1, rα the

external heat source and ια the rate of energy production.

The balance of entropy for constituent Kα is formulated by

ρα
dα

dt sα + sαθα + divφα −�α = γα, (2.36)

where sα is the specific entropy, φα the entropy flow, �α the entropy source

and γα the rate of entropy production. The entropy flow and source will

be specified in relation to the constitutive equations.

2.6 Conservation laws and entropy inequality for the mixture

The conservation laws and the entropy inequality for the mixture can be

postulated by setting restrictions on the superimposed internal rate of

production terms pα. This yields the conservation law of mass

∑
α

θα = 0, (2.37)

the conservation law of linear momentum

∑
α

mα = 0, (2.38)

1Here, heat flux is defined as the surface normal component of the heat flow
vector.
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the conservation law of moment of momentum∑
α

Mα = 0, (2.39)

the conservation law of energy ∑
α

ια = 0, (2.40)

and the entropy inequality ∑
α

γα ≥ 0. (2.41)

2.7 Constitutive relations

To begin with the derivation of the constitutive relations, the constitutive

quantities and balance equations are revised by considering the concept

of material objectivity by Truesdell and Noll (1965). The axiom of objec-

tivity requires that the functional forms of constitutive relations must be

invariant for any change of the frame from (x, t) to (x∗, t∗) defined by

x∗ = Q(t) · x+ c(t), Q ·QT = I, t∗ = t− b, (2.42)

where Q and c are orthogonal tensor-valued and vector-valued functions

of time and b is a time constant. The associated scalar S, vector V and

tensor T valued functions are called objective if, for any change of frame

defined by (2.42), the following relations are valid.

S∗ = S, (2.43)

V ∗ = Q · V , (2.44)

T∗ = Q ·T ·QT. (2.45)

By definition, the scalar-valued quantities ρα, eα, rα and sα, the vector-

valued quantities fα and qα, and the tensor-valued quantity σα are ob-

jective. Since the material time derivative of an objective scalar quantity

and the divergence of velocity are objective, the rate of mass production θα

is objective in the mass balance equation (2.31). By assuming that the en-

tropy flow φα and the entropy source γα are objective, the rate of entropy

production γα is objective in the entropy balance equation (2.36).

According to equation (2.44), the velocity v∗
α = Q · vα + ∂

∂t Q · x + ∂
∂t c

is not an objective vector-valued quantity, whereupon equations (2.33)–

(2.35) are not in objective form term-by-term. Hence, following the ap-

proach presented by Müller (1985), equation (2.33) is reformulated by

ρα
dα

dt vα − divσα − fα + θαvα∗ =
◦
mα, (2.46)
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where
◦
mα = mα − θαv∗. (2.47)

If the velocity v∗ is a linear combination of velocities vλ of different con-

stituents Kλ, the relative velocity vα∗ = vα − v∗ is objective, since v∗∗ =

Q ·v∗+ ∂
∂t Q ·x+ ∂

∂t c, and thereby v∗
α∗ = v∗

α−v∗∗ = Q ·vα∗. If the rate of lin-

ear momentum production mα is a function of force f∗ and inertia θαv∗∗,

where the velocity v∗∗ �= v∗ is any linear combination of velocities vλ, the

rate of linear momentum production
◦
mα is also objective. Obviously, the

acceleration dα

dt vα in equation (2.46) is not objective for any change of the

frame. This is not a problem, as the acceleration will not play a roll in the

constitutive formulation later on.

Since the stress is objective, the difference Mα−r×mα must be objective

too. Hence, the balance of moment of momentum (2.34) can be rewritten

as

skwσα =
◦
Mα, (2.48)

where
1
2 ax

◦
Mα = Mα − r ×mα. (2.49)

By using the objective quantities above, the balance equation (2.35) is

reformulated into the term-wise objective form

ρα
dα

dt eα − symσα : dα + div qα − rα+

+
(
eα − 1

2vα∗ · vα∗
)
θα +

◦
mα · vα∗ −

◦
Mα : wα∗ =

◦
ια, (2.50)

where wα∗ = wα −w∗ is the relative spin tensor and

◦
ια = ια + 1

2v∗ · v∗θα −mα · v∗ + skwσα : w∗. (2.51)

Quantity wα∗ is objective, since w∗
α = Q · wα · QT − ∂

∂t Q · QT and w∗∗ =

Q ·w∗ ·QT− ∂
∂t Q ·QT, whereby w∗

α∗ = Q ·wα∗ ·QT. Quantity ◦
ια is objective,

because the left hand side of (2.50) is objective.

The conservation laws equivalent to (2.38)–(2.40) can be readily formu-

lated by ∑
α

◦
mα = 0, (2.52)

∑
α

◦
Mα = 0, (2.53)

∑
α

◦
ια = 0. (2.54)
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Next, a change of variables is carried out for two state variables. Since

particularly fluids can be handled conveniently by using pressure as a

state variable instead of volume (or density), the thermodynamic pressure

pα and the specific enthalpy hα = hα(pα) are exchanged for the specific

volume υα and the specific internal energy eα = eα(υα). Defining the

specific volume by

υα = �−1
α (2.55)

and by using the Legendre transformation

−eα(υα) + hα(pα) = υαpα (2.56)

and equations (2.31) and (2.32), the energy balance (2.50) obtains the form

ρα
dα

dt hα − ρα

(
dα

dt pα
)
υα − pα

(
dα

dt ξα
)
+

− (symσα + ξαpα I) : dα + div qα − rα+

+
(
hα − 1

2vα∗ · vα∗
)
θα +

◦
mα · vα∗ −

◦
Mα : wα∗ =

◦
ια. (2.57)

Remark that pα �= −1
3 trσα.

Secondly, since temperature and free energy are convenient for descrip-

tion of the reversible material behaviour, the thermodynamic temperature

Tα and the specific free energy gα = gα(Tα) are introduced to replace the

specific entropy sα and the specific enthalpy hα = hα(sα). By using the

Legendre transformation

hα(sα)− gα(Tα) = sαTα, (2.58)

equation (2.50) and a real number ϑ > 0, the entropy balance equation

(2.36) is reformulated by

− ρα
dα

dt gα − ραsα
dα

dt Tα + ρα

(
dα

dt pα
)
υα + pα

(
dα

dt ξα
)
+

+ (symσα + ξαpα I) : dα − gradTα · φα + div (Tαφα − qα)+

+ (−Tα�α + rα)−
(
gα − 1

2vα∗ · vα∗
)
θα − ◦

mα · vα∗+

+
◦
Mα : wα∗ +

◦
ια − (Tα − ϑ) γα = ϑγα. (2.59)

In addition, the entropy inequality (2.41) is represented by

ϑ
∑
α

γα ≥ 0. (2.60)

The role of ϑ will clear up in section 2.9.3.

Inequality (2.60) and equation (2.59) together form the fundamental

condition that must hold for any physical process satisfying the conser-

vation laws (2.37), (2.52)–(2.54). Furthermore, ϑ
∑

α γα represents the

dissipation power of the whole system.
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The first constitutive equations are obtained when considering physi-

cal processes, for which the entropy flow is a function of heat flow vector

and the entropy source a function of the external heat source. This is

equivalent to Truesdell’s formulation for the Clausius-Duhem inequality

(Truesdell, 1984). Hence, with given φα = φα(qα;T ) and �α = �α(rα;T ),

inequality (2.60) holds for all qα ∈ R
3 and rα ∈ R, if Tαφα − qα = 0 and

−Tα�α + rα = 0, respectively. These yield the conventional constitutive

relations

φα = T−1
α qα, (2.61)

�α = T−1
α rα. (2.62)

Furthermore, they reduce the entropy balance equation (2.59) into the

form

− ρα
dα

dt gα − ραsα
dα

dt Tα + ρα

(
dα

dt pα
)
υα + pα

(
dα

dt ξα
)
+

+ (symσα + ξαpα I) : dα − T−1
α gradTα · qα+

− (gα − 1
2vα∗ · vα∗

)
θα − ◦

mα · vα∗ +
◦
Mα : wα∗+

+
◦
ια − (Tα − ϑ) γα = ϑγα, (2.63)

whereupon inequality (2.60) represents the Clausius-Duhem inequality.

The constitutive behaviour of material is described in terms of the state

variables and functions, and dissipation variables and potentials. The

reversible part of the material behaviour of each constituent Kα is de-

scribed through the specific free energy functions gα in terms of the state

variables aα = (Tα, pα, ξ1, . . . , ξN , eα). The associated set of state variables

is defined by

Sα =

{
aα ∈ R× R× R

N × R
6 :

N∑
λ=1

ξλ = 1, ξλ ≥ 0, λ ∈ [1, N ]

}
. (2.64)

The state variables contribute to the dual field S	
α =

{
a	α ∈ R× R× R× R

6
}

,

where a	α = (sα, υα, pα, symσα) are dual functions of aα. Remark the dou-

ble role of thermodynamic pressure: it acts as a state variable for the

specific volume and as a dual function for the molar volume fraction.

The molar volume fractions describing reversible interactions between

constituents are not independent but constrained by the conditions (2.5).

This feature will be handled by extending the smooth specific free energy

functions with a non-smooth indicator function by using the approach of

non-smooth mechanics (Frémond, 2002). Accordingly, the specific free en-

ergy function gα of constituent Kα, describing the non-smooth reversible

material behaviour, is given the following definition.

26



General theory

(i) gα = gα(aα) is a convex or concave function from a linear space Sα
into R̄ = R ∪ {+∞}.

(ii) The subgradient of a convex gα at aα is any Aα =
(
Aα,Tα , Aα,pα , Aα,ξ1 ,

. . . , Aα,ξN ,Aα,eα

) ∈ S	
α such that

gα(y) ≥ gα(aα) + Aα
T (y − aα) for all y ∈ Sα.

For a concave gα, the inequality is inverted. If gα is differentiable at

aα, then Aα =
∂gα
∂aα

.

(iii) The subdifferential of gα is the set of all subgradients such that

∂gα(aα) = {Aα ∈ S	
α} .

If gα is differentiable at aα, then ∂gα(aα) =

{
∂gα
∂aα

}
.

(iv) gα is isotropic with respect to eα, i.e. gα(Q · eα ·QT) = gα(eα).

(v) The material time derivative of gα is defined as

dα

dt gα = Aα
T dα

dt aα = Aα,Tα
dα

dt Tα +Aα,pα
dα

dt pα+

+
N∑

λ=1

[
Aα,ξλ

dλ

dt ξλ +Aα,ξλ
grad ξλ ·

(
vα∗ − vλ∗

)]
+

+ ( I− 2eα) ·Aα,eα : dα.

(2.65)

The irreversible part of the material behaviour of the mixture M is de-

scribed by the dissipation potential ϕ = ϕ(b; a) by means of the dissipation

variables b = (b1, . . . , bN ), where bα =
(

dα

dt Tα,dα, qα, θα,vα∗,wα∗, γα
)

,

α ∈ [1, N ]. The set of dissipation variables is defined by

D =
{
b ∈ R

N × R
6×N × R

3×N × R
N × R

3×N × R
3×N × R

N :

N∑
α=1

θα = 0,

N∑
α=1

γα ≥ 0
}
. (2.66)

The dissipation variables contribute to the constitutive relations of the

dual field

D	 =
{
b	 ∈ R

N × R
6×N × R

3×N × R
N × R

3×N × R
3×N × R

N
}
,

where b	 = (b	1, . . . , b
	
N ), b	α =

(
sα, symσα, gradTα, gα,

◦
mα,

◦
Mα, Tα

)
are dual

functions of bα. In this context, the state variables a = (a1, . . . , aN ) act

as material parameters, except the temperature which also acts as a dual

function for the rate of entropy production.
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The irreversible material behaviour is also non-smooth due to the con-

straints (2.37) and (2.41) on the dissipation variables θα and γα. Consid-

ering this, the dissipation potential is defined by

(i) ϕ = ϕ(b; a) is a convex function from a linear space D into R̄ = R ∪
{+∞} such that ϕ(0; a) = 0.

(ii) The subgradient of a convex ϕ at b is any B = (B1, . . . ,BN ) ∈ S	
α,

where

Bα =
(
BTα ,Bdα ,Bqα

, Bθα ,Bvα∗ ,Bwα∗ , Bγα

)
,

such that

ϕ(y) ≥ ϕ(b) +BT (y − b) for all y ∈ D.

If ϕ is differentiable at b, then B =
∂ϕ

∂b
.

(iii) The subdifferential of ϕ is the set of all subgradients such that

∂ϕ(b) = {B ∈ D	} .

If ϕ is differentiable at b, then ∂ϕ(b) =

{
∂ϕ

∂b

}
.

(iv) It is postulated that the dissipation potential defines the power of

dissipation by

ϑ
∑
α

γα = BTb. (2.67)

By using the definition of subgradient of ϕ, it can be readily verified

that BTb ≥ 0, since

ϕ(0) ≥ ϕ(b) +BT (0− b)⇒ BTb ≥ ϕ(b) ≥ 0.

By using the specific free energy functions and the dissipation potential

defined above, the entropy inequality (2.60) can be represented by the
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equation ∑
α

{
(−ρα (sα +Aα,Tα)−BTα)

dα

dt Tα+

+ρα (υα −Aα,pα)
dα

dt pα+

+

(
pα −

N∑
λ=1

ρλAλ,ξα

)
dα

dt ξα+

+(symσα + ξαpα I− ρα( I− 2eα) ·Aα,eα −Bdα) : dα+

+
(−T−1

α gradTα −Bqα

) · qα+
+
(
gα − 1

2vα∗ · vα∗ −Bθα

)
θα+

+

(
− ◦
mα −

N∑
λ=1

ραAα,ξλ
grad ξλ +

N∑
λ=1

ρλAλ,ξαgrad ξα −Bvα∗

)
· vα∗+

+

( ◦
Mα −Bwα∗

)
: wα∗+

+(−Tα + ϑ−Bγα) γα
}
= 0.

(2.68)

Equation (2.68) holds for all b ∈ D,
(

d1

dt ξ1, . . . ,
dN

dt ξN

)
∈ R

N and(
d1

dt p1, . . . ,
dN

dt pN

)
∈ R

N , if and only if the coefficient in parenthesis van-

ish, that is

−ρα (sα +Aα,Tα)−BTα = 0, (2.69)

υα −Aα,pα = 0, (2.70)

pα −
N∑

λ=1

ρλAλ,ξα = 0, (2.71)

symσα + ξαpα I− ρα( I− 2eα) ·Aα,eα −Bdα = 0, (2.72)

−T−1
α gradTα −Bqα

= 0, (2.73)

gα − 1
2vα∗ · vα∗ −Bθα = 0, (2.74)

− ◦
mα −

N∑
λ=1

ραAα,ξλ
grad ξλ +

N∑
λ=1

ρλAλ,ξαgrad ξα −Bvα∗ = 0, (2.75)

◦
Mα −Bwα∗ = 0, (2.76)

−Tα + ϑ−Bγα = 0. (2.77)

These equations give the thermodynamically admissible constitutive def-

initions for all b	 ∈ D	, (υ1, . . . , υN ) ∈ R
N and (p1, . . . , pN ) ∈ R

N .

2.8 Constraints

Constraints on the state and dissipation variables contribute to the ma-

terial behaviour. They can be dealt with the method using Lagrange mul-
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tipliers (Müller, 1985) or the concept of indicator functions of non-smooth

mechanics (Frémond, 2002). Here, the latter is chosen. The basic idea of

the approach is that the constraints are represented in the specific free

energy functions and dissipation potential by non-smooth indicator func-

tions without contributing energy into the system. Consequently, the con-

straints are built into the constitutive equations (2.69)–(2.77) through the

subgradients Aα and B.

In general, the indicator function IC = IC(y) is defined as a subdiffer-

entiable convex function R
n → R̄ = R ∪ {+∞} such that for all y ∈ R

n

IC(y) =

⎧⎪⎨
⎪⎩
0 if y ∈ C
+∞ if y /∈ C,

(2.78)

where C is a convex set that defines the admissible domain for y by

C = {y ∈ R
n : constraints on y} . (2.79)

The subdifferential of IC at y is the set of all subgradients of IC such that

∂IC(y) =

⎧⎪⎨
⎪⎩
{Y ∈ R

n : properties of Y } , if y ∈ C
∅, if y /∈ C,

(2.80)

where Y ∈ R
n is the subgradient of IC at y. Geometrically, the subgradient

parallels the surface normal of the convex set C.

Constraints (2.5) on the molar volume fractions (ξ1, . . . , ξN ) are dealt

with the indicator function

ICξ = ICξ(ξ1, . . . , ξN ), (2.81)

where the convex set Cξ is defined by

Cξ =
{
(ξ1, . . . , ξN ) ∈ R

N :
N∑

α=1
ξα = 1, ξα ≥ 0

}
. (2.82)

The subdifferential of ICξ is the set of subgradients (Yξ1 , . . . , YξN ) defined

by

∂ICξ(ξ1, . . . , ξN ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

{
(Yξ1 , . . . , YξN ) ∈ R

N :

Yξ1 = · · · = YξN , ξα > 0} , if (ξ1, . . . , ξN ) ∈ Cξ
∅, if (ξ1, . . . , ξN ) /∈ Cξ.

(2.83)

This can be perceived as a solution for the closure problem of the porous

medium theory (de Boer, 2000).
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The rates of mass production (θ1, . . . , θN ) are constrained by the condi-

tion (2.37), which defines the convex set

Cθ =
{
(θ1, . . . , θN ) ∈ R

N :
N∑

α=1
θα = 0

}
(2.84)

for the indicator function

ICθ = ICθ(θ1, . . . , θN ). (2.85)

The subdifferential of ICθ is the set of subgradients (Yθ1 , . . . , YθN ) defined

by

∂ICθ(θ1, . . . , θN ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

{
(Yθ1 , . . . , YθN ) ∈ R

N :

Yθ1 = · · · = YθN } , if (θ1, . . . , θN ) ∈ Cθ
∅, if (θ1, . . . , θN ) /∈ Cθ.

(2.86)

The constraint (2.41) on the rates of entropy production (γ1, . . . , γN ) is

handled by the indicator function

ICγ = ICγ (γ1, . . . , γN ), (2.87)

where the convex set Cγ is defined by

Cγ =

{
(γ1, . . . , γN ) ∈ R

N :
N∑

α=1
γα ≥ 0

}
. (2.88)

The subdifferential of ICγ is the set of subgradients (Yγ1 , . . . , YγN ) defined

by

∂ICγ (γ1, . . . , γN ) =

⎧⎪⎨
⎪⎩
{
(Yγ1 , . . . , YγN ) ∈ R

N− ∪ {0}
}
, if (γ1, . . . , γN ) ∈ Cγ

∅, if (γ1, . . . , γN ) /∈ Cγ
(2.89)

with the properties

Yγ1 = · · · = YγN

⎧⎪⎪⎨
⎪⎪⎩

< 0, if
N∑

α=1
γα = 0,

= 0, if
N∑

α=1
γα > 0.

(2.90)

It should be noticed that a similar treatment can be carried out with

any constraints on the variables of state and dissipation. It should also

be noticed that the constraints on
◦
mα and

◦
Mα do not contribute to the

constitutive relations, since
◦
mα and

◦
Mα belong to the dual space of the

associated dissipation variables vα∗ and wα∗.

31



General theory

2.9 Discussion

Equations (2.69)–(2.77) yield a particular model, when the specific free

energy functions gα = gα(aα) and the dissipation potential ϕ = ϕ(b, a) are

specified. Some results, however, can be deduced from the equations by

considering general properties of these thermodynamic functions and con-

strains on their arguments. To discuss material behaviour in particular,

the specific free energy and dissipation potential are decomposed into the

smooth parts g̃α, ϕ̃ and the non-smooth parts ĝα, ϕ̂ by

gα = g̃α + ĝα, (2.91)

ϕ = ϕ̃+ ϕ̂, (2.92)

and the corresponding subgradients by,

Aα = Ãα + Âα, Ãα =
∂g̃α
∂aα

, (2.93)

B = B̃+ B̂, B̃ =
∂ϕ̃

∂b
. (2.94)

2.9.1 Reversible material behaviour

Consider smooth reversible material behaviour that is described through

the specific free energy function g̃α = g̃α(Tα, pα, ξα). With equations (2.69)

and (2.70), the specific entropy and specific volume obtain the common

expressions

sα = − ∂g̃α
∂Tα

, (2.95)

υα =
∂g̃α
∂pα

. (2.96)

The familiar expressions for the specific isobaric heat capacity cα, coeffi-

cient of isothermal compressibility κα and coefficient of isobaric thermal

expansion αα are presented by

cα =
∂hα
∂Tα

, κα = − 1

υα

∂υα
∂pα

, αα =
1

υα

∂υα
∂Tα

. (2.97)

Interaction processes between constituents such as attraction and repul-

sion (Israelachvili, 2011) are described in terms of the molar volume frac-

tions by representing the average distance D between two constituents Kα

and Kλ by the volumetric ratio δα = ξα
ξλ

, ξλ �= 0 and between constituent

Kα and a set of constituents {Kλ}λ by the ratio δα = ξα∑
λ ξλ

,
∑

λ ξλ �= 0 such

that δα ∝ D3. The resulting interaction force ς int
α , e.g. the van der Waals

force, is defined by

ς int
α =

∂g̃α
∂δα

. (2.98)
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This force is proportional to the average distance by ς int
α ∝ δ−1

α , which

leads to define the corresponding capacity C int
α by

C int
α =

∂ς int
α

∂δ−1
α

= −δ2α
∂ς int

α

∂δα
. (2.99)

The coefficient of isothermal chemical compaction ζα, defined by

ζα = − 1

υα

∂υα
∂ξα

, (2.100)

describes the change of volume of interacting constituents. This feature

is typical for solutions in the way that the total volume of the solution

becomes smaller than the sum of volumes of individual constituents.

Combining equations (2.95)–(2.100) yields the fundamental relations

Tα
∂2g̃α
∂T 2

α

= −cα (2.101)

1

υα

∂2g̃α
∂p2α

= −κα, (2.102)

1

υα

∂2g̃α
∂Tα∂pα

= αα, (2.103)

1

υα

∂2g̃α
∂ξα∂pα

= −ζα, (2.104)

δ2α
∂2g̃α
∂δ2α

= −C int
α , (2.105)

where relations (2.101), (2.102) and (2.105) indicate that g̃α is concave

with respect to Tα, pα and δα, and consequently by ξα as well.
Furthermore, relations (2.101)–(2.105) lead to propose a general expres-

sion for g̃α for describing smooth reversible material behaviour. Hence,
with given reference state (Tα0, pα0, ξα0, δα0), the integration of equations
(2.101)–(2.105) yields the formula

g̃α(Tα, pα, ξα) =
Tα

Tα0
g̃α0 − Tα − Tα0

Tα0
hα0 −

Tα∫
Tα0

T ′
α∫

Tα0

cα (T ′′
α )

T ′′
α

dT ′′
αdT ′

α+

+ υα0

pα∫
pα0

exp

⎛
⎜⎝−

p′
α∫

pα0

κα(p
′′
α)dp

′′
α +

Tα∫
Tα0

αα(T
′
α)dT

′
α −

ξα∫
ξα0

ζα(ξ
′
α)dξ

′
α

⎞
⎟⎠dp′α+

+ (δα − δα0) ς
int
α0 −

δα∫
δα0

δ′α∫
δα0

C int
α (δ′′α)
δ′′2α

dδ′′αdδ′α, (2.106)

where g̃α0, hα0, υα0 and ς int
α0 denote the values of g̃α, hα, υα and ς int

α at the

reference state (Tα0, pα0, ξα0, δα0).

2.9.2 Irreversible material behaviour

Considering smooth irreversible material behaviour, described in terms of

the dissipation variables b, equations (2.69)–(2.77) determine the consti-
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tutive formulations for the dual field b	 such that

b	 =
∂ϕ̃

∂b
. (2.107)

The ability of material to resists dissipative processes is determined by

the resistivity R such that

R =
∂b	

∂b
=

∂2ϕ̃

∂b2
. (2.108)

Since ϕ̃ is convex, R is positive definite.

Particular expressions for the dissipation potential are obtained by the

integration of equation (2.108). For example, a simple dissipation poten-

tial, describing the linear heat flow, inelastic deformations and diffusive

motion constituents, is defined by

ϕ̃ =

N∑
α=1

(
1
2qα ·Rqα

· qα + 1
2dα : Rdα : dα + 1

2vα∗ ·Rvα∗ · vα∗
)
, (2.109)

where the first term describes the thermal dissipation power due to heat

flow by conduction, while the remaining terms represent the mechanical

dissipation power due to inelastic deformations and hydro-mechanical dif-

fusion. The associated resistivity tensors Rqα
, Rdα and Rvα∗ describe the

resistance of material to conduct heat, deform irreversibly and transmit

mass. They are symmetric positive definite tensors and dependent on the

state variables.

There are several alternatives to describe the hydro-mechanical diffu-

sion. Firstly, the dissipation potential can be represented by means of the

function composition J ξα = J ξα(vα∗), defined by (2.26) such that

ϕ̃ =
N∑

α=1

1
2J ξα ·RJ ξα

· J ξα , (2.110)

where RJ ξα
is the resistivity of material to the molar volume flow. Sec-

ondly, the general formulation can be revised by exchanging the relative

velocities vα∗ for the molar volume flow velocities J ξα and reformulating

the seventh row in equation (2.68) by

...
N∑

α=1

(
−oα −BJ ξα

)
· J ξα+

...

= 0,

(2.111)
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where the linear momentum quantity oα is defined by

oα = ξ−1
α

⎛
⎝ ◦
mα +

N∑
γ=1

ραAα,ξγgrad ξγ −
N∑

γ=1

ργAγ,ξαgrad ξα

⎞
⎠ , (2.112)

and BJ ξα
= B̃J ξα

=
∂ϕ̃

∂J ξα

. Hence, complying the general theory, the

constitutive equation (2.75) can be replaced by

−oα −BJ ξα
= 0, for all α ∈ [1, N ]. (2.113)

The third alternative is to exchange the molar volume flow velocity J ξα

for the volume flow velocity Jβκ and the molar flow velocity Jxκλ , and re-

define the dissipation potential ϕ̃ = ϕ̃(b) in terms of b = (Jβκ ,Jxκλ) by the

formula

ϕ̃ =
m∑

κ=1

1
2Jβκ ·RJβκ

· Jβκ +
m∑

κ=1

Nκ∑
λ=1

1
2Jxκλ ·RJxκ

λ

· Jxκλ , (2.114)

where RJβκ
and RJxκ

λ

are the resistivity of material to the volume flow

and molar flow, respectively. The constraint on the molar flow velocities,

defined by
Nκ∑
λ=1

Jxκλ = 0, κ ∈ [1,m], (2.115)

is handled through the dissipation potential ϕ̂ = ϕ̂(Jxκλ) by using the indi-
cator function concept. Substituting Jβκ and Jxκλ for J ξα leads to represent
equation (2.111) by

...
m∑

κ=1

(
−Oκ −BJβκ

)
· Jβκ +

m∑
κ=1

Nκ∑
λ=1

(
−βκoκ

λ −BJxκ
λ

)
· Jxκ

λ
+

...

= 0,

(2.116)

where

oκ
λ = oα, α =

κ−1∑
i=1

Ni + λ, (2.117)

Oκ =

Nκ∑
λ=1

xκ
λo

κ
λ, (2.118)

and BJβκ
= B̃Jβκ

and BJxκ
λ

= B̃Jxκ
λ

+ B̂Jxκ
λ

. Following the general pro-

cedure yields the constitutive equations

Oκ +BJβκ
= 0, κ ∈ [1,m], (2.119)

βκoκ
λ +BJxκ

λ

= 0, κ ∈ [1,m], λ ∈ [1, Nκ]. (2.120)

35



General theory

Finally, a complementary constitutive formulation is carried out by means

of the functions b	, dual to the dissipation variables b, the complementary

dissipation potential ϕ	 and the Legendre transformation

ϕ	(b	) + ϕ(b) = b	Tb. (2.121)

The formulation proceeds as follows:

(i) Exchange b = (Jβκ ,Jxκλ) for b	 = (Oκ,oκ
λγ), where oκ

λγ = oκ
λ − oκ

γ , and

define the associated dissipation potential ϕ̃	 = ϕ̃	(b	), for example

by

ϕ̃	 =
m∑

κ=1

1
2O

κ ·KOκ ·Oκ +
m∑

κ=1

Nκ∑
λ=1

1
2o

κ
λγ ·Koκ

λγ
· oκ

λγ , (2.122)

where the conductivity tensors KOκ and Koκ
λ

are the reciprocal of the

resistivity tensors RJβκ
and RJxκ

λ

, describing the ability of material

to transmit mass.

(ii) Reformulate the seventh row of equation (2.68) by

...
m∑

κ=1

(−Jβκ −B�
Oκ) ·Oκ +

m∑
κ=1

Nκ∑
λ=1

(
−βκJxκ

λ
−B�

oκ
λγ

)
· oκ

λγ+

...

= 0,

(2.123)

where B	
Oκ = B̃	

Oκ and B	
oκ
λγ

= B̃	
oκ
λγ

.

(iii) Deduce the complementary constitutive equations

Jβκ +B	
Oκ = 0, κ ∈ [1,m], (2.124)

βκJxκλ +B	
oκ
λγ

= 0, κ ∈ [1,m], λ ∈ [1, Nκ]. (2.125)

In principle, the complementary formulation can be carried out with

respect to any dissipation variable.

2.9.3 Constraints

As presented in section 2.8, the constraints can be perceived as non-

smooth material behaviour that is built into the constitutive equations by

means of non-smooth indicator functions. As an example, equation (2.71)

implies that the constraints on the molar volume fractions contribute to
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the thermodynamic pressure pα. This is described by means of the indi-

cator function ICξ that is defined by (2.81)–(2.83) and embedded into the

non-smooth specific free energy of one constituent such that

ĝα = 0, α �= β, ĝβ =
RTβ

Mβ
ICξ , (2.126)

where R is the universal gas constant and Mβ the molecular mass of con-

stituent Kβ. Then, using equation (2.71) yields the result

pα − εYξα = 0, ε > 0, Yξ1 = · · · = YξN , Yξα ∈ R for all ξα > 0. (2.127)

The outcome of (2.127) is that the constituents have an equal thermody-

namic pressure, when no chemical interaction occurs between them.

The constraints on the rates of mass production θα contribute to the

description of state of constituents in phase transitions and chemical re-

actions through the indicator function ICθ defined by (2.84)–(2.86). Substi-

tuting ICθ into the non-smooth dissipation potential by defining ϕ̂ = ICθ ,

equation (2.74) results in

gα − 1
2vα∗ · vα∗ − Yθα = 0, Yθ1 = · · · = YθN , Yθα ∈ R. (2.128)

Equation (2.128) can be interpreted as a representation of the Clausius-

Clapeyron equation for reversible phase transitions. It means that, in

reversible phase transitions, the sum of specific free energy and negative

relative specific kinetic energy is equal for every constituent.

Finally, the constraints on the rates of entropy production γα contribute

to the description of thermodynamic temperatures through equation (2.77).

With given indicator function ICγ , defined by (2.87)–(2.90) and embedded

into ϕ̂, leads to the result

−Tα + ϑ− Yγα = 0,

⎧⎪⎪⎨
⎪⎪⎩
Yγ1 = · · · = YγN < 0, if

N∑
α=1

γα = 0,

Yγ1 = · · · = YγN = 0, if
N∑

α=1
γα > 0.

(2.129)

This can be further reduced to the form

T1 = · · · = TN = T,

⎧⎪⎪⎨
⎪⎪⎩
T = ϑ+ (−Yγβ ) > 0, if

N∑
α=1

γα = 0,

T = ϑ > 0, if
N∑

α=1
γα > 0.

(2.130)

which means that, if the rates γα contribute no dissipation, all constituent

have an equal positive temperature, called the absolute temperature. Fur-

thermore, term ϑ represents the temperature of mixture for irreversible

process, and the sum ϑ + (−Yγβ ) for reversible processes. Constituents

will have temperatures differing in value only, if dissipation occurs with

respect to γα.
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3. A model for ground freezing

3.1 Introduction

The partially frozen ground is modelled as a saline water saturated porous

medium that consists of a skeleton of rock or soil and groundwater of wa-

ter and dissolved salts as illustrated in figure 3.1. All four constituents

can coexist in REV, when the water is adsorbed to the surface of the soil

particles or rock minerals. The stronger the adsorption is, i.e. the closer

the water molecules are to the ground matter, the lower temperature is

needed to freeze it. The skeleton and ice are assumed to be elastic solids

and groundwater, a viscous non-ideal solution. Deformations are assumed

to be small. The relevant processes include heat and mass transfer in

freezing and thawing ground, the phase change of groundwater being af-

fected by groundwater pressure and salt concentration, the exclusion of

salt during freezing, the density dependent groundwater flow in unfrozen

and partially frozen ground, the adsorption of water on the surface of the

skeleton, cryogenic suction, and frost heaving. In addition, the material

can be nonlinear and anisotropic.

The constitutive model is obtained by formulating expressions for the

specific free energy functions and the dissipation potential and substi-

tuting them into the general constitutive relations derived in chapter 2.

The reversible behaviour is described through the specific free energies.

Effects of temperature, pressure and salinity concentration on the proper-

ties of groundwater and ice are included. Interactions between the ground

matter and groundwater, interactions between water and dissolved salts,

and the mechanical behaviour of ground matter and ice are also defined.

The irreversible behaviour is described by the dissipation potential in-

volving heat conduction, groundwater flow and diffusion and dispersion
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of salts. The phase transition between water and ice is assumed to be

reversible.

The particular constitutive model will consist of the state equations

for the specific volumes and stresses, the generalised Clausius-Clapeyron

equation for the phase change between water and ice, the Darcy equation

for groundwater flow, and the Fick equation for salt diffusion and disper-

sion. The fundamental balance laws include the momentum and energy

balance equations of ground and a combination of the mass balance equa-

tions of ground matter, water, ice and dissolved salts.

soil/rock

ice

groundwater
solutes
water

Figure 3.1. A model for partially frozen ground.

3.2 Variables of state and dissipation

By using the mixture concept introduced in section 2.3, the partially frozen

ground is represented by

M =

Phases{
P
s,Pgw,Pi

}
=
{
P
s,

Substances
{Sgw

w , Sgw
c } ,Pi

}
=

Constituents{
Ks,Kw,Kc,Ki

}
s soil/rock w liquid water
gw groundwater c dissolved salts
i ice

.

The volume fractions βκ, κ ∈ {s, gw, i} define the volumetric proportions

of ground matter, groundwater and ice in the porous medium, while the

molar fractions xgw
λ , λ ∈ {w, c} give proportions of water and dissolved

salts in the groundwater. Hence, by definition (2.4) the molar volume

fractions ξα = ξα(x, t), α ∈ {s,w, c, i} of partially frozen ground are defined

by

ξs = βs, ξw = xgw
w βgw, ξc = xgw

c βgw and ξi = βi. (3.1)

Assuming that no dissipation takes place with respect to the rates of

entropy production γα, all constituents have an equal positive tempera-

ture by equation (2.130), and hence Tα = T (x, t), α ∈ {s,w, c, i}. The

other state variables are the thermodynamic pressures pα = pα(x, t), α ∈
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{s,w, c, i}, and small strains εα = εα(x, t) = ε′α +
1

3
tr εαI, α ∈ {s, i}, where

ε′α is the deviator strain.

By using definition (2.64), the set of state variables can be defined by

S =
{
a ∈ R× R

1×4 × R
1×4 × R

6×2 :

ξs + ξw + ξc + ξi = 1, ξα ≥ 0, α ∈ {s,w, c, i}} , (3.2)

where a = (T, ps, pw, pc, pi, ξs, ξw, ξc, ξi, εs, εi).

Quantities of physical nature, such as the concentration of dissolved

salts xgw
c , are practical for constitutive modelling. The others are the

porosity of ground η and the volumetric unfrozen groundwater content

χ. These quantities are related to the molar volume fractions by

xgw
c =

ξc
ξw + ξc

, η = 1− ξs, χ =
ξw + ξc

ξw + ξc + ξi
. (3.3)

The dissipation variables include the heat flow vectors qα = qα(x, t), α ∈
{s,w, c, i}, and the relative velocities vw∗ = vw∗(x, t) and vc∗ = vc∗(x, t).

Assuming that the reference motion follows the motion of skeleton and ice,

defined by v∗ = vs = vi, and using definition (2.66), the set of dissipation

variables is defined by

D =
{
b ∈ R

3×4 × R
3×2 × R

1×4 : θs = 0, θc = 0, θw + θi = 0
}
. (3.4)

where b = (qs, qw, qc, qi,vw∗,vc∗, θs, θw, θc, θi).

The volumetric Darcy flow velocity Jβgw = J βgw(x, t) of groundwater

and the Fick diffusion-dispersion velocity Jxgwc = Jxgwc (x, t) of dissolved

salts are appropriate alternatives to the relative velocities for describing

the irreversible material behaviour related to the groundwater flow and

salt transport. By using equations (2.24) and (2.25), these functions are

defined by

Jβgw = ξwvw∗ + ξcvc∗, (3.5)

Jxgwc = xgw
c xgw

w (vc∗ − vw∗). (3.6)

3.3 Specific free energy functions and dissipation potential

The expressions of the specific free energy functions gα, α ∈ {s,w, c, i} and

dissipation potential ϕ are formulated by employing the general formulas

(2.106) and (2.109) and decompositions (2.91) and (2.92).

The reference state is defined by T0 = 273.15 K, p0 = 101325 Pa, xgw
c0 = 0

(xgw
w0 = 1), εs0 = 0 and εi0 = 0.
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3.3.1 Specific free energy of ground matter

The specific free energy function g̃s = g̃s(T, ps, ξs, ξw, ξc, ξi, εs) describing the

smooth material behaviour which consists of thermoelasticity of ground

matter and interactions between the ground matter and groundwater is

defined by

g̃s = −
T∫

T0

T ′∫
T0

cs (T
′′)

T ′′ dT ′′dT ′+

+ υs0

ps∫
p0

exp
(−κs0 (p′s − p0

)
+ αs0 (T − T0)

)
dp′s + υs0Ws(εs)+

+ (δs − δs0) ς
int
s0 −

δs∫
δs0

δ′s∫
δs0

C int
s

δ′′2s
dδ′′s dδ′s. (3.7)

The strain energy function Ws is defined by

Ws = Gs,0ε
′
s : ε

′
s +

1

2
Ks,0 ( tr εs)

2 , (3.8)

where Gs,0 and Ks,0 are the shear and bulk modulus of ground matter.

The volumetric ratio δs between the ground matter and groundwater is

defined by

δs =
ξs

ξw + ξc
, ξw + ξc �= 0, (3.9)

the reference interaction force ς int
s0 by

ς int
s0 =

RT

Ms

(
e1
δ2s0

+
e2
δ2s0

)
(3.10)

and the interaction capacity C int
s by

C int
s =

⎧⎪⎨
⎪⎩
RT

Ms

e1
δs0

, if δs ≥ δs0

0, if δs < δs0,

(3.11)

where Ms is the molecular mass of ground matter. The material-specific

constants e1 and e2 depend on the texture and electrochemical nature of

the ground matter.

The specific free energy function ĝs = ĝs(T, ξs, ξw, ξc, ξi) that describes

the non-smooth material behaviour due to the constraints on the molar

volume fractions is formulated by

ĝs =
RT

Ms
ICξ(ξs, ξw, ξc, ξi), (3.12)
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where the indicator function ICξ is defined by (2.78) and the corresponding

convex set Cξ by

Cξ =
{
(ξs, ξw, ξc, ξi) ∈ R

4 : ξs + ξw + ξc + ξi = 1,

ξα ≥ 0, α ∈ {s,w, c, i}} . (3.13)

3.3.2 Specific free energy of water and dissolved salts

The specific free energy g̃α, α ∈ {w, c}, which describes the thermoelastic-

ity of water and dissolved salts, smooth interactions between the ground-

water and ground matter and smooth interactions between the water and

dissolved salts, is defined by

g̃α = −
T∫

T0

T ′∫
T0

cα (T
′′, xgw

α )

T ′′ dT ′′dT ′

+ υα0

pα∫
p0

exp

⎛
⎜⎝−κα0 (p′α − p0

)
+

T∫
T0

αα(T
′)dT ′ −

xgwα∫
xgwα0

ζα(xgw
α

′)dxgw
α

′

⎞
⎟⎠dp′α+

+ (δgw − δgw0) ς
int
gw,α0 −

δgw∫
δgw0

δ′gw∫
δgw0

C int
gw,α(δ

′′
gw)

δ′′2gw
dδ′′gwdδ′gw+

+ (δα − δα0) ς
int
α0 −

δα∫
δα0

δ′α∫
δα0

C int
α (δ′′α)
δ′′2α

dδ′′αdδ′α. (3.14)

The volumetric ratio δgw between the groundwater and ground matter is

defined by

δgw =
ξw + ξc

ξs
, ξs �= 0, (3.15)

the reference interaction force ς int
gw,α0 by

ς int
gw,α0 =

RT

Mα

(
e1
δgw0

+
e2
δgw0

)
(3.16)

and the interaction capacity C int
gw,α by

C int
gw,α =

⎧⎪⎪⎨
⎪⎪⎩

RT

Mα

(
2e1

δgw0

δgw
+ 3e2

δ2gw0

δ2gw

)
, if δgw ≤ δgw0

0, if δgw > δgw0.

(3.17)

Correspondingly, the volumetric ratio δα between the water and dis-

solved salts and vice versa is defined by

δw =
ξw
ξc

, δc =
ξc
ξw

, ξw �= 0, ξc �= 0, (3.18)
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the reference interaction force ς int
α0 by

ς int
w0 =

RT

Mw

(
d1
δ2w0

+
d2
δ3w0

)
, ς int

c0 =
RT

Mc

(
d1
δc0

+ d2

)
(3.19)

and the interaction capacity C int
α by

C int
w =

RT

Mw

(
2d1
δw

+
3d2
δ2w

)
, C int

c =
RT

Mc
d1, (3.20)

where Mw and Mc are the molecular mass of water and dissolved salts.

Material constants d1 and d2 are presented in table A.2 in Appendix A.

3.3.3 Specific free energy of ice

The smooth specific free energy function g̃i = gi(T, pi, εi) describing the

thermoelasticity of ice is defined by

g̃i = −T − T0

T0
hi0 −

T∫
T0

T ′∫
T0

ci (T
′′)

T ′′ dT ′′dT ′+

+ υi0

pi∫
p0

exp

⎛
⎝−κi0 (p′i − p0

)
+

T∫
T0

αi(T
′)dT ′

⎞
⎠dp′i + υi0Wi(εi). (3.21)

The strain energy function Wi is defined by

Wi = Gi,0ε
′
i : ε

′
i +

1

2
Ki,0 ( tr εi)

2 , (3.22)

where Gi,0 and Ki,0 are the shear and bulk modulus of ice.

3.3.4 Dissipation potential

The irreversible material behaviour is assumed to consist of heat con-

duction, groundwater flow and salt diffusion-dispersion. Since all con-

stituents have a uniform temperature, the heat flow term in the general

formula (2.109) can be reformulated by
∑

α T
−1gradT · qα = T−1gradT · q,

where q =
∑

α qα is the heat flow vector of ground. Correspondingly, the

constitutive relation (2.73) takes the form

−T−1gradT −Bq = 0. (3.23)

The groundwater flow is formulated in terms of the Darcy flow velocity

Jβgw and dissipation potential (2.114), whereas the salt diffusion-dispersion

is described by means of the linear momentum quantity ogw
cw and the com-

plementary dissipation potential (2.122).

Hence, the combined smooth dissipation potential ϕ̃ = ϕ̃(q,Jβgw ,ogw
cw)

describing the above processes is defined by

ϕ̃ =
1

2
q ·Rth · q +

1

2
Jβgw ·Rhy · Jβgw +

1

2
βgwxgw

w xgw
c ogw

cw ·Kch · ogw
cw , (3.24)
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where the tensors Rth = Rth(T, ξs, ξw, ξc, ξi) and Rhy = Rhy(T, ξs, ξw, ξc) are

the thermal and hydrological resistivity, respectively. The conductivity

tensor Kch = Kch(Jβgw ;T, ξs, ξw, ξc) accounts for the effect of dispersion

through the Darcy flow velocity. These functions are specified when the

associated constitutive equations are formulated.

The non-smooth dissipation potential ϕ̂ = ϕ̂(θs, θw, θc, θi) that handles

the constraints on θα is defined by

ϕ̂ = ICθ(θs, θw, θc, θi), (3.25)

where the indicator function ICθ takes care of the constraints on the rates

of mass production θα presented in definition (3.4). The associated convex

set Cθ is defined by

Cθ =
{
(θs, θw, θc, θi) ∈ R

4 : θs = 0, θc = 0, θw + θi = 0
}
. (3.26)

3.3.5 Material parameters

The material parameter functions cα = cα(T, xgw
α ), αα = αα(T ) and ζα =

ζα(xgw
α ) are defined by the polynomial formula

Fα(T, xgw
α ) = Fα0

NT∑
j=0

aα,j

(
T − T0

T0

)j Nx∑
j=0

bα,j (xgw
α − xgw

α0 )
j
, (3.27)

where Fα represents the parameter and Fα0 its value at the reference

state (T0, p0, xgw
α0 ). Coefficients aα,j and bα,j are obtained by fitting the

data by Feistel (2008). The corresponding values are presented in tables

A.1, A.2 and A.3 in Appendix A.

Material parameters for the dissolved salt component are determined

indirectly by applying Avogadro’s hypothesis (Avogadro, 1811) that two

given samples of an ideal gas, of the same volume and at the same temper-

ature and pressure, contain the same number of molecules. Accordingly, it

is hypothesised that the interacting water and dissolved salt components

have an equal specific molar volume, i.e.

ῡc = ῡw, (3.28)

where

ῡα = υαMα. (3.29)

Experimental findings and theoretical considerations, e.g. (Millero, 1969),

show that the hypothesis applies also to components of dilute solutions
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such as seawater. Hence, using equations (3.29) and (3.28), the specific

volume υc of dissolved salts is defined by

υc = υw
Mw

Mc
. (3.30)

Correspondingly, assuming that dissolved salts have a volumetric heat ca-

pacity equal to that of water, i.e. υ−1
c cc = υ−1

w cw, the specific heat capacity

cc is defined by

cc = cw
Mw

Mc
. (3.31)

The Avogadro’s hypothesis is further used to define the apparent molar

mass Ms of the ground matter. Assuming that the ground matter and

groundwater have an equal specific molar volume, defined by

ῡ−1
s = xgw

w ῡ−1
w + xgw

c ῡ−1
c , (3.32)

relations (3.29) and (3.28) yield the formula

Ms = Mw
υs
υw

= Mc
υs
υc

. (3.33)

3.4 Constitutive equations

When considering the description of the freezing ground and using decom-

positions (2.91)–(2.94), the general constitutive relations (2.69)–(2.75) are

simplified to the forms

−ρα
(
sα +

∂g̃α
∂T

+
∂ĝα
∂T

)
= 0, α ∈ {s,w, c, i}, (3.34)

υα − ∂g̃α
∂pα

= 0, α ∈ {s,w, c, i} (3.35)

pα −
∑

λ∈{s,w,c,i}
ρλ

∂g̃λ
∂ξα

− ρsÂs,ξα = 0, α ∈ {s,w, c, i}, (3.36)

symσα + ξαpα I− ρα
∂g̃α
∂εα

= 0, α ∈ {s,w, c, i}, (3.37)

T−1gradT +
∂ϕ̃

∂q
= 0, (3.38)

gα − 1
2vα∗ · vα∗ − B̂θα = 0, α ∈ {s,w, c, i}, (3.39)

Ogw +
∂ϕ̃

∂Jβgw
= 0, (3.40)

βgwJxgwc +
∂ϕ̃

∂ogw
cw

= 0. (3.41)
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3.4.1 Specific volumes

With given specific free energy functions (3.7), (3.14) and (3.21), equation

(3.35) defines the specific volumes by

υs = υs0 exp

⎛
⎝−κs0 (ps − p0) +

T∫
T0

αsdT ′

⎞
⎠, (3.42)

υw = υw0 exp

⎛
⎝−κw0 (pw − p0) +

T∫
T0

αwdT ′ −
xw∫

xw0

ζwdx′
w

⎞
⎠ , (3.43)

υc = υc0 exp

⎛
⎝−κc0 (pc − p0) +

T∫
T0

αcdT ′ −
xc∫

xc0

ζcdx′
c

⎞
⎠ , (3.44)

υi = υi0 exp

⎛
⎝−κi0 (pi − p0) +

T∫
T0

αidT ′

⎞
⎠. (3.45)

These equations define the bulk density of each constituent by �α = υ−1
α .

As an example, figure 3.2 shows the modelled bulk density of water and ice

as a function of temperature illustrating the effect of thermal expansion.
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Figure 3.2. Bulk density of water (red) and ice (blue) with respect to temperature.

3.4.2 Thermodynamic pressures and stresses

Equation (3.36) defines the constitutive relation for the thermodynamic

pressure as a composition of an interaction force and a reaction force that

is resulted from the constraint on the molar volume fractions. The sub-
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gradients Âs,ξα are components of the subdifferential ∂ICξ defined by

∂ICξ =
{(

Âs,ξs , Âs,ξw , Âs,ξc , Âs,ξi

)
∈ R

4 : Âs,ξs = Âs,ξw =

= Âs,ξc = Âs,ξi for all (ξs, ξw, ξc, ξi) ∈ Cξ and ξα > 0
}
. (3.46)

Since the subgradients Âs,ξα are equal, the constraint on the molar vol-

ume fractions yields an equal reaction for each constituent. This force is

interpreted as the characteristic pressure p, defined by

p = ρs
RT

Ms
Âs,ξα , (3.47)

which leads to the following constitutive relation for the thermodynamic

pressure.

pα = p+
∑

λ∈{s,w,c,i}
ρλ

∂g̃λ
∂ξα

, α ∈ {s,w, c, i}. (3.48)

When the derivatives ∂g̃λ
∂ξα

are evaluated, the terms related to the inter-

action energies cancel each other out in consequence of conditions (3.28)

and (3.32). In addition, since the specific heat capacities cw and cc and

the coefficients of chemical compaction ζw and ζc depend similarly on the

concentration, the differentials ∂g̃λ
∂ξα

related to these parameters override

each other in the last term of (3.48).

As a result, all constituents have an equal thermodynamic pressure, i.e.

pα = p, α ∈ {s,w, c, i}. (3.49)

This, a rather surprising result, means that interactions such as adsorp-

tion yield no contribution to the individual thermodynamic pressures of

constituents. The impacts of interactions, however, will be involved through

the equations of phase change, groundwater flow and salt transport.

By using equations (3.37) and (3.49), the constitutive equations of stresses

take the form

σs = ξs
(
2Gs,0ε

′
s +Ks,0 tr εsI− pI

)
, (3.50)

σw = −ξwpI, (3.51)

σc = −ξcpI, (3.52)

σi = ξi
(
2Gi,0ε

′
i +Ki,0 tr εiI− pI

)
. (3.53)

Finally, the equations above result in defining the total stress of ground

σ =
∑

α σα as a composition of the effective stress σef = σef(εs, εi) and the

pressure p by

σ = σef − pI, (3.54)
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where

σef =
∑

α∈{s,i}
ξα
(
2Gα,0ε

′
α +Kα,0 tr εαI

)
. (3.55)

3.4.3 Specific enthalpies

The particular expressions for the specific enthalpies, needed for the en-

ergy balance equation, are formulated by combining equations (2.58) and

(3.34) such that

hα = g̃α + ĝα − T
∂g̃α
∂T

− T
∂ĝα
∂T

, α ∈ {s,w, c, i}. (3.56)

Thus, with given specific free energy functions (3.7), (3.14) and (3.21)

and equations (3.42)–(3.45), equation (3.56) results in the constitutive

equations

hs =

T∫
T0

csdT ′ +

p∫
p0

(
υs − T

∂υs
∂T

)
dp′ + υs0Ws(es), (3.57)

hw =

T∫
T0

cwdT ′ +

p∫
p0

(
υw − T

∂υw
∂T

)
dp′, (3.58)

hc =

T∫
T0

cwdT ′ +

p∫
p0

(
υc − T

∂υc
∂T

)
dp′, (3.59)

hi = hi0 +

T∫
T0

cidT ′ +

p∫
p0

(
υi − T

∂υi
∂T

)
dp′ + υi0Wi(ei). (3.60)

3.4.4 Phase change and unfrozen water content

The state equation for the phase change between water and ice is formu-

lated by equation (3.39), where the subgradients Bθα are components of

the subdifferential ∂ICθ defined by

∂ICθ =
{
(Bθs , Bθw , Bθc , Bθi) ∈ R

4 :

Bθs �= Bθc �= Bθw = Bθi for all (θs, θc, θw, θi) ∈ Cθ} . (3.61)

Using the condition Bθw = Bθi leads to the generalised Clausius-Clapeyron

equation

Δg − 1
2vw∗ · vw∗ = 0, (3.62)
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where

Δg = g̃w − g̃i =
T − T0

T0
hi0 −

T∫
T0

T ′∫
T0

cw − ci

T ′′ dT ′′dT ′+

+

pw∫
p0

υwdp′w −
pi∫

p0

υidp′i + (δgw − δgw0) ς
int
gw,w0 −

δgw∫
δgw0

δ′gw∫
δgw0

C int
gw,w(δ

′′
gw)

δ′′2gw
dδ′′gwdδ′gw+

+ (δw − δw0) ς
int
w0 −

δw∫
δw0

δ′w∫
δw0

C int
w (δ′′w)
δ′′2w

dδ′′wdδ′w − υi0Wi. (3.63)

Equation (3.62) determines a relation between the temperature T , pres-

sure p and molar volume fractions ξw and ξi for the phase change between

water and ice. In particular, using relations (3.3) and representing the

volumetric ratio δgw by

δgw =
χη

1− η
, (3.64)

equation (3.62) determines the volumetric unfrozen groundwater content

χ as a function of T , p, xgw
c and η. For example, for a simplified case with

constant specific heat capacities, specific volumes and porosity, and zero

velocities and strains, equations (3.62) and (3.63) are reduced into the

form

Δg =
T − T0

T0
hi0 − (cw0 − ci0)

[
T log

T

T0
− (T − T0)

]
+

+ (υw0 − υi0) (p− p0)− RT

Mw

[
e1

(
χ0

χ
− 1

)
+ e2

(
χ2
0

χ2
− 1

)]

− RT

Mw

(
d1
δw

+
1

2

d2
δ2w

)
= 0. (3.65)

The material parameters e1, e2, and χ0 are evaluated by using experi-

mental findings, e.g. Williams and Smith (1989). The effect of dissolved

salts on the unfrozen groundwater content is illustrated in figure 3.3. It

shows the increase of the unfrozen groundwater content, as the concentra-

tion of dissolved salts in the unfrozen water increases due to the exclusion

of solutes during freezing.

Moreover, equation (3.62) is able to represent the freezing temperature

of water as a function of pressure and salinity concentration. Figure 3.4

shows the modelled pressure-temperature curve in comparison with the

reference data (Lide, 1999), while the modelled salinity concentration-

temperature curve together with the reference data (Feistel, 2008) is pre-

sented in figure 3.5. In comparison to the reference data, the accuracy is

remarkable.
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Figure 3.3. Volumetric unfrozen groundwater content χ for silt at the reference pressure
p0 = 101325 Pa. Blue curve: fresh groundwater; red curve: unconcentrated
groundwater at constant salinity concentration of 1% in mass; green curve:
concentrated groundwater initially at salinity concentration of 1 % in mass.

Figure 3.4. Pressure-temperature curve for non-saline water. The reference data is ob-
tained from (Lide, 1999).

Figure 3.5. Salinity concentration-temperature curve for saline water at the reference
pressure p0. The reference data is obtained from (Feistel, 2008).
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3.4.5 Heat conduction

With given dissipation potential (3.24), equation (3.38) leads readily to

the constitutive formula for heat conduction

T−1gradT +Rth · q = 0. (3.66)

The resistivity of ground to the heat conduction is inversely proportional

to the thermal conductivity of ground kth and inversely proportional to

the temperature, whereby Rth takes the form

Rth = T−1kth−1
. (3.67)

The thermal conductivity kth is defined as a linear combination of the

arithmetic mean

kth
am = ξsk

th
s + ξwk

th
w + ξck

th
c + ξik

th
i (3.68)

and the harmonic mean

kth
hm =

(
ξsk

th
s

−1
+ ξwk

th
w

−1
+ ξck

th
c

−1
+ ξik

th
i

−1
)−1

(3.69)

by

kth = εhk
th
am + (1− εh)k

th
hm, εh ∈ [0, 1]. (3.70)

Within the mixture concept, the arithmetic mean yields the maximum

value and the harmonic mean the minimum value for the thermal con-

ductivity. Furthermore, the individual thermal conductivities kth
α depend

on the temperature by

kth
α (T ) = kth

α0

(
1 + bα,1

T − T0

T0

)−1

, (3.71)

where kth
α0 is the thermal conductivity at the reference temperature, and

bα,1 is a material constant.

3.4.6 Groundwater flow

The constitutive formulation of groundwater flow is carried out by inte-

grating equation (3.40) for water and dissolved salts. With given specific

free energy functions (3.14) and dissipation potential (3.24), the integra-

tion of equation (3.40) for water and dissolved salts with the use of equa-

tions (3.49) and (2.46) results in the constitutive relation

xgw
w �w

dw

dt vw + xgw
c �c

dc

dt vc +
θw

ξw + ξc
vw∗+

+ grad p− (xgw
w �w + xgw

c �c) g + f intgrad δgw+

+Rhy · Jβgw +
1

2
ogw
cw ·

∂Kch

∂Jβgw
· ogw

cw = 0, (3.72)
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where the auxiliary interaction function f int is defined by

f int =

⎧⎪⎪⎨
⎪⎪⎩
�w

RT

Mα

(
e1

δgw0

δgw
+ e2

δ2gw0

δ2gw

)
, if δgw ≤ δgw0

0, if δgw > δgw0.

(3.73)

The hydrological resistivity of ground Rhy is proportional to the viscosity

of groundwater μgw and inversely proportional to the permeability kpe of

ground by

Rhy = μgwk
pe−1. (3.74)

Due to freezing, the permeability reduces considerably, as ice fills the pore

space of ground (Burt and Williams, 1976). This is modelled in terms of

the unfrozen groundwater content by

kpe = kpe
0 χq, q ≥ 1, (3.75)

where kpe
0 is the permeability of unfrozen ground. Alternatively, the con-

ductivity of ground for the groundwater flow can be described by means

of the hydraulic conductivity khy
0 which is related to the permeability by

kpe
0

μw0
=

khy
0

�w0g
. (3.76)

The viscosity of groundwater depends on the temperature and salinity

concentration according to the function

μgw = μw0 exp [ν1 (T − T0) + ν2 (xgw
c − xgw

c0 )] , (3.77)

where μw0 is the reference viscosity of water. Coefficients ν1 = ν1(T ) and

ν2 = ν2(xgw
c ) are expressed by the formula (3.27). The corresponding ma-

terial constants, presented in tables A.1 and A.2 in Appendix A, are ob-

tained by fitting the data in (Lide, 1999).

Substituting definition (3.74) into equation (3.72) and omitting the sec-

ond order term of ogw
cw , the generalised Darcy equation obtains the form

Jβgw + μgw
−1kpe ·

[
grad p− (xgw

w �w + xgw
c �c) g + f intgrad δgw+

+xgw
w �w

dw

dt vw + xgw
c �c

dc

dt vc +
θw

ξw + ξc
vw∗
]
= 0. (3.78)

It describes the groundwater flow by means of the pressure gradient, grav-

itational force and the gradient of the interaction energy between ground-

water and ground matter, which determines the cryogenic suction due

to the freezing of groundwater, as it interacts with ground matter. The

reduction of permeability due to freezing is determined through the un-

frozen groundwater content. Equation (3.78) also includes inertia terms,

although they are often insignificant with respect to the pressure gradient

and gravitational force.
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3.4.7 Salt diffusion-dispersion

The constitutive equation for the diffusion-dispersion of dissolved salts

within the groundwater is formulated by equation (3.41). Evaluating the

derivatives of the specific free energy functions and the dissipation po-

tential and using equations (2.46), (3.49), (3.28) and (3.29), the resulting

equation takes the form

Jxgwc +
RT

ῡc
Kch ·

[
r2 gradxgw

c + r1

(
�c

dc

dt vc − �w
dw

dt vw+

−θw
ξw

vw∗ − (�c − �w) g

)]
= 0, (3.79)

where the coefficients r1 and r2 are determined by

r1 =
ῡc
RT

xgw
c xgw

w , (3.80)

r2 = d1 + (d1 + d2) δc + d2δ
2
c . (3.81)

The conductivity Kch is decomposed into the molecular diffusion part

Km and the hydrodynamical dispersion part Khd by

Kch = Km +Khd. (3.82)

The conductivity of groundwater for the molecular diffusion of dissolved

salts Km, driven by the gradient of xgw
c , is assumed to be inversely propor-

tional to the viscosity of groundwater μgw and the average size of dissolved

salt particles l̄c, such that

ῡ−1
c Km ∝ (μ−1

gw , l̄
−1
c

)
. (3.83)

Assuming that the average size l̄c can be estimated in terms of the specific

molar volume ῡc and Avogadro’s number N0 by

l̄c =

(
ῡc
N0

) 1
3

, (3.84)

it can be deduced from (3.83) that Km shall be proportional to l̄ 2c . Thus,

the conductivity tensor for the molecular diffusion is defined by

Km = b−1 l̄ 2c
μgw

I, (3.85)

where b is a material constant related to the particle type.

The conductivity Khd is defined by

Khd =
ῡc
RT

Dhd, (3.86)
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where Dhd = Dhd(Jβgw) is the hydrodynamic dispersion tensor defined by

Dhd = βgw−1||J βgw || (αL eLeL + αT eTeT) . (3.87)

Khd describes the longitudinal and lateral spreading of dissolved salts

when they are advected through porous ground mater due to mechanical

dispersion. The coefficient αL and αT are the longitudinal and transverse

dispersion lengths (Hoch and Jackson, 2004). The corresponding unit vec-

tors eL and eT, along (L) and transverse (T) the groundwater flow, are

defined by

eL =
J βgw

||J βgw || , eTeT = I− eLeL. (3.88)

Finally, substituting conductivities (3.85) and (3.86) into (3.82), equation

(3.79) results in

Jxgwc +
(
DmI+Dhd

)
·
[
r2 gradxgw

c + r1

(
�c

dc

dt vc − �w
dw

dt vw+

−θw
ξw

vw∗ − (�c − �w) g

)]
= 0, (3.89)

where the coefficient Dm, denoting the molecular diffusion coefficient, ob-

tains the form

Dm =
RT

bμgw l̄cN0
. (3.90)

Equation (3.89) represents the generalised Fick equation for diffusion of

dissolved salt particles within groundwater. It deals with molecular diffu-

sion and considers the effect of hydrodynamical dispersion. With constant

b = 3π, coefficient (3.90) represents the Stokes-Einstein relation for the

diffusion coefficient of a spherical particle of radius r̄c = 1
2 l̄c undergoing

Brownian motion in a stationary fluid at uniform temperature (Einstein,

1905). Furthermore, inertial and gravitational forces are included, which

however, are negligible small in most real problems.

3.5 Balance equations

The balance equations are formulated in terms of the porosity η, ther-

modynamic pressure p, concentration of dissolved salts xgw
c , velocities of

ground matter and ice v∗, and temperature T , as well as by means of

the constitutive quantities: the Darcy flow velocity, the Fick flow veloc-

ity, the effective stress tensor, heat low vector and the enthalpy of ground

and groundwater. Furthermore, the general formula (2.30) is used to rep-

resent them in a conservative form which is suitable for the space-time

55



A model for ground freezing

finite element formulation. Hence, the balance equations of mass for the

ground matter, groundwater and dissolved salts, and the balance equation

of linear momentum and energy for the ground are formulated by

∂

∂t
[(1− η)�s] + div [(1− η)�sv∗] = 0, (3.91)

∂

∂t
[η (χ�gw + (1− χ)�i)] + div [η (χ�gw + (1− χ)�i)v∗] +

+ div (�gwJ βgw) + div
[
ηχ (�c − �w)J xgwc

]
= 0, (3.92)

∂

∂t
(ηχxgw

c �c) + div (ηχxgw
c �c v∗)+

+ div (xgw
c �c J βgw) + div

(
ηχ�c J xgwc

)
= 0, (3.93)

∂

∂t

(
ρv∗ + �gwJ βgw + ηχ(�c − �w)J xgwc

)
+

+ div
[(
ρv∗ + �gwJ βgw + ηχ(�c − �w)J xgwc

)
v∗
]
+

+ div
[(
ηχ�gwv∗ + �gwJ βgw + ηχ(�c − �w)J xgwc

)
(ηχ)−1J βgw

]
+

− div
(
σef − pI

)
− ρg + δm = 0, (3.94)

∂

∂t
(H − p) + div [(H − p)v∗] + div [(Hgw − p)J βgw ] +

+ div q − σef : d∗ + pdivv∗ + div (pJ βgw)+

− (�gwJ βgw + ηχ(�c − �w)J xgwc
) · g − r + δι = 0, (3.95)

where the volumetric enthalpy of ground H = H(T, p, xgw
c , η), the volumet-

ric enthalpy of groundwater Hgw = Hgw(T, p, xgw
c ), the density of ground

ρ = ρ(T, p, xgw
c , η) and the bulk density of groundwater �gw = �gw(T, p, xgw

c )

are defined by

H = (1− η)�shs + η [χHgw + (1− χ)�ihi] , (3.96)

Hgw = (1− xgw
c )�whw + xgw

c �chc, (3.97)

ρ = (1− η)�s + η [χ�gw + (1− χ)�i] , (3.98)

�gw = (1− xgw
c )�w + xgw

c �c. (3.99)

The scalar quantity r denotes the external heat supply. In addition, the

residues δm and δι in equations (3.94) and (3.95) are defined by

δm = div
[(
(�c − �w)(J βgw + ηχv∗) + ηχ(�cxgw

c
−1 − �wxgw

w
−1)J xgwc

)
J xgwc

]
,

and

δι =
1

2
vw∗ · vw∗θw + ηχ(1− xgw

c )�w
dw

dt vw · vw∗ + ηχxgw
c �c

dc

dt vc · vc∗.
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These terms are negligible small in comparison to the remaining terms

regarding freezing and thawing of ground. Further simplifications will be

made in the next chapter when the computational model is formulated.
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4. Numerical implementation and
model verification

4.1 Introduction

The computational model is formulated as a set of diffusion-convection

equations in a compact form. The weak formulation is carried out by us-

ing the time-discontinuous Galerkin method, which generates a complete

space-time domain for finite element discretisation. The frozen fringe, in

which freezing of water occurs sharply over a sub-zero temperature range

causing abrupt changes in physical properties, is resolved by smoothing

out the unfrozen groundwater function shown in figure 3.3. The imple-

mentation of the model and the solution method are briefly described.

Experimental and numerical tests from the literature are performed to

verify and validate the proposed model for ground freezing.

4.2 Mathematical problem

Let a completely saturated soil occupy a bounded domain Ω ∈ R
N (N =

1, 2 or 3) with a smooth boundary Γ = Γg ∪Γh and an outward unit normal

n. Consider also a time interval I =]0, T [ , T > 0. Hence, for given Dirich-

let boundary conditions G, Neumann boundary conditions H and initial

state U0 = U(V (x, 0)), find solution V = [η p xgw
c v∗ T ]T such that

∂U
∂t

+ divJ conv + divJ diff = F in Ω× I, (4.1)

U = U0 in Ω× {0}, (4.2)

V = G on Γg × I, (4.3)

n ·J diff = H on Γh × I, (4.4)
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where

U =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1− η)�s

η (χ�gw + (1− χ)�i)

ηχxgw
c �c

0

H − p

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, J conv =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1− η)�sv∗

η (χ�gw + (1− χ)�i)v∗

ηχxgw
c �c v∗ + xgw

c �c J βgw

0

(H − p)v∗ + (Hgw − p)J βgw

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

J diff =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0

�gwJ βgw + ηχ (�c − �w)J xgw
c

ηχ�c J xgw
c

σef − pI

q

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

, F =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0

0

0

ρg

r

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

G =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

·
ghy

gch

gme

gth

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

, H =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

·
hhy

hch

hme

hth

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

Since ground freezing and thawing and the related processes are slow,

inertia terms from the balance equation of linear momentum, and the

kinetic and mechanical energy terms from the energy balance equation

have been omitted.

The unfrozen groundwater content χ is regularised by adding the fol-

lowing function

f reg(χ) = δ
RT

Mw

(
1

χ
− 1

1− χ

)
(4.5)

into equation (3.62), which then yields the smoothed solution for χ shown

in figure 4.1.

0 1 2 3 4 5−1−2−3−4−5
T − T0 (K)

χ (m3/m3)

Figure 4.1. Regularised (red) and initial (blue) volumetric unfrozen groundwater content
for sand at the reference pressure p0 = 101325 Pa and diluted groundwater
of salinity of 1 %. Regularisation is done over 1 ◦C.
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4.3 Numerical solution method

For the weak formulation, the space-time Ω× I is divided into time slabs

Ω × In, where In =]tn, tn+1[, 0 = t0 < t1 < · · · < tN (Hughes and Hul-

bert, 1988). The trial solution V h and the weighting functions W h are

assumed to be C0 continuous within each space-time slab, but discontin-

uous across the interfaces of the slabs, so that the solution can be eval-

uated in one space-time slab at a time. The continuity of the solution in

time is enforced weakly in the weighted residual formulation by the jump

[[V h(tn)]] = V h(t+n ) − V h(t−n ), where V h(t±n ) = limε→0± V h(tn + ε). As a

result, the weak form of (4.1)–(4.4) obtains the form∫∫
In×Ω

[
−
(

∂
∂tW

h
)TUh −

(
gradW h

)T · (J conv,h +J diff,h
)]

dV dt+

+

∫
Ω

[
W h(t−n+1)

]TUh(t−n+1)dV +

∫∫
In×Γh

(
W h
)TJ conv,h · n dSdt =

∫∫
In×Ω

(
W h
)TFh dV dt+

∫
Ω

[
W h(t+n )

]TUh(t−n ) dV −
∫∫

In×Γh

(
W h
)THh dSdt,

(4.6)

where Uh(t−n ) = U0, as t−n = 0.

The spatial discretisation is based on the finite element method. The

use of piecewise constant-in-time weighting and trial functions results in

a fully implicit time integration scheme, which is complemented by an

adaptive time stepping algorithm. The coupled nonlinear equations are

linearised by using the Newton-Raphson method. For further informa-

tion, see (Mikkola and Hartikainen, 2001, 2002).

The model has been implemented into a finite element research code

described in (Kouhia, 1999). The preconditioned stabilized bi-conjugate

gradient algorithm (van der Vorst, 1992) is used to solve the linearised

equation system. For the preconditioner, the dual threshold incomplete

LU factorization, ILUT, is utilized (Saad, 1994). Prior the solution phase,

the equation system is diagonally scaled. The two dropping parameters

are chosen to produce preconditioners with approximately the same num-

ber of elements as in the coefficient matrix.

4.4 Model verification

Performance of the computer code is verified using existing and manufac-

tured analytical solutions for heat transfer with phase change, groundwa-
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ter flow, diffusion of solutes and mechanical deformations. Convergence

tests for spatial and temporal discretisation have been carried out to eval-

uate and ensure the performance of the numerical solution method.

In this work, experimental and numerical tests from the literature are

simulated to evaluate features of the proposed model. First, the Elder

problem (Voss and Souza, 1987) and the salt fingering problem (Baker

and Osterkamp, 1988) are simulated in order to verify the density depen-

dent groundwater flow. After that, a laboratory test on freezing of saline

soil (Mahar et al., 1982) is simulated to demonstrate the exclusion of salt

during freezing and salt transport in partially frozen ground. Finally, the

frost heaving is verified with the a full-scale laboratory test for a refrig-

erated gas pipe (Smith et al., 1985; Smith and Patterson, 1989; Williams,

1993). All calculations are carried out by using interpolation functions

linear in space and constant in time.

4.4.1 Elder problem

The Elder problem is a numerical benchmark test to validate models

representing buoyancy flow driven by fluid density differences (Voss and

Souza, 1987). The model domain considers a cross section of a closed rect-

angular box of fresh water in porous media without any subsurface flow

occurring. Salt enters the domain from a section on the top boundary

increasing the salt concentration in the fresh water until buoyancy flow

results and a circulation process begins. The top corners are at the ref-

erence pressurep0and the salinity concentration is zero at the bottom.

The domain is initially non-saline and maintained at constant tempera-

ture. Otherwise groundwater and salt are prohibited to flow through the

boundaries. The model domain and boundary conditions are illustrated

in figure 4.2.

0

50

100

150

0 50 100 150 200 250 300 350 400 450 500 550 600
x(m)

y(m)
xgwc (x, H)=x

gw
c,in

xgwc (x,0) = 0

p(0,H)=p0 p(L, H)=p0

Figure 4.2.Model domainL×H= 600×150m2and boundary conditions for the Elder

problem. The Dirichlet boundary conditions are shown. Otherwise bound-

aries are impermeable, i.e.n·Jβgw=0andn·Jxgwc =0.
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Table 4.1. Parameters for the Eder problem.

Parameter Symbol Unit Value

Permeability

– reference value kpe m2 4.845 ·10−13

Diffusion-dispersion coefficient Dd m2s−1 3.565 ·10−6

Initial temperature Tic
◦C 10.0

Initial porosity ηic 0.1

Initial pore water concentration xgw
c,ic 0.0

In this problem, the equations for groundwater flow and transport of

dissolved salts (3.92) and (3.93) are solved. The relevant parameters are

presented in table 4.1. The Elder problem applies a constant diffusion-

dispersion coefficient Dd instead of the diffusion-dispersion tensor de-

pending on groundwater flow velocity. This is implemented by defining

DmI+Dhd = DdI.

Since the model domain is symmetric, calculations are carried out for

a half of the domain. The uniform finite element mesh consists of linear

triangular elements. The results for the relative salt concentration at 1,

4 and 10 years, using 3964 elements and a constant time step of 1
20 years,

are shown in figure 4.3. For comparison of the results, the molar concen-

tration is transformed to the mass concentration wc by

wc =
Mcxgw

c

Mcxgw
c +Mw(1− xgw

c )
. (4.7)

The results show a little faster evolution for salinity concentration, with

steeper concentration gradients, in comparison to the results by Voss and

Souza (1987). This is most likely due to the nonlinear coefficient r2 in

equation (3.89), which magnifies the diffusion-dispersion tensor with in-

creasing salinity concentration. The sensitivity of finite element mesh is

demonstrated with a much finer mesh of 172123 triangular elements in

figure 4.4. It can be seen that the primary finger is represented well with

the coarser mesh, whereas discrepancies are clearer for secondary finger.

4.4.2 Salt fingering problem

The isothermal hydro-chemically coupled model, describing the density

dependent groundwater flow, is verified further with a laboratory experi-

ment presented by Baker and Osterkamp (1988). It demonstrates vertical

salt fingers moving downward and fresh water fingers moving upward in

sand. The experiment was conducted in a box, being 17 cm wide, 28 cm
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Figure 4.3. Calculated relative mass concentration isochors of 20 % and 60 % with re-
spect to the maximum concentration at the top boundary at 1, 4 and 10 years.

Figure 4.4. Calculated relative mass concentration isochors of 10 %, 50 % and 90 % with
respect to the maximum concentration at the top boundary at 4 years for two
finite element meshes: 3964 linear triangular elements (red), 172123 linear
triangular elements (blue).

high and 5 cm deep, and filled with silica sand. The top 10 cm of the sand

was initially saturated with 35 ppt sodium chloride solution and the re-

maining part with distilled water. The parameters of the experiment are

presented in table 4.2.

The model domain is maintained at constant temperature and the top

at the reference pressure p0. Otherwise, the groundwater flow and salt
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Table 4.2. Parameters for the salt fingering problem.

Parameter Symbol Unit Value

Hydraulic conductivity

– reference value khy m s−1 3.2 ·104
Dispersion length

– longitudinal dispersion length αL m 0.01

– transversal dispersion length αT m 0.002

Initial temperature Tic
◦C 20.0

Initial porosity ηic 0.4

Initial pore water concentration Sic ppt 35.0

diffusion are blocked through the boundaries. The calculations are carried

out by using a uniform finite element mesh of 6690 triangular elements

and a constant time step of 1
20 hours.

The results for the relative mass concentration with respect to the initial

mass concentration of 35 ppt at 1, 2 and 3 hours are shown in figure 4.5.

The mass concentration S is represented by

S =
Mc

Mw

xgw
c

1− xgw
c

. (4.8)

The results compare well qualitatively with the experimental observa-

tions reported by Baker and Osterkamp (1988). It is shown that the model

can represent the gravity driven salt movement in sand in the form of salt

fingering, such that salt fingers move downward through non-saline water

and fresh water fingers develop upward through the saline water solution.

The calculated isochoric fingers move some centimetres per hour being of

the same order as the measured range from 0.24 to 5.6 cm/hour (Baker

and Osterkamp, 1988).

4.4.3 Uniaxial freezing problem

Large-scale laboratory tests on seawater saturated gravel illustrate the

impact of salinity on the freezing of granular soil, as soil columns of 46 cm

in diameter and 64 cm in height are frozen uniaxially from the top down-

ward at various freezing rates, maintaining the bottom and the wall insu-

lated (Mahar et al., 1982, 1983; Vinson et al., 1983).

In this study, a test with an initial salinity concentration of 28 ppt is

simulated to validate the thermo-hydro-chemically coupled model, which

consists of the mass balance equations (3.92) and (3.93) groundwater and

dissolved salt and the energy balance equation (3.95). Calculations are
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Figure 4.5. Calculated relative isochors of 10 % and 90 % with respect to the initial con-
centration of 35 ppt at 1, 2 and 3 hours. The dashed line at the height of
0.18 m represents the phase boundary between the bottom fresh water and
the top saline water solution.

carried out using a uniform finite element mesh of 12580 triangular ele-

ments and a maximum time step of 1
2 hours. The two-dimensional model

domain, and boundary and initial conditions are shown in figure 4.6. At

the top of the model domain, the temperature is decreased gradually and

water pressure is maintained at the reference pressure p0. At the bottom,

the water pressure is assumed to equal the hydrostatic pressure, defined

by the gravity of saline water. Otherwise, no flow boundary condition is

applied. The ground is assumed non-deformable. The non-zero parame-

ters for the simulation are presented in table 4.3.

Vertical profiles of the calculated temperature, unfrozen pore water con-

tent and salinity concentration in unfrozen pore water and in total pore

space (liquid water and ice) for different times are shown in figure 4.7.

The results on the unfrozen pore water content show that a wide, par-

tially frozen zone with relatively high unfrozen water content is created.

This is in line with the experimental findings by Arenson and Sego (2006);

Vinson et al. (1983). The results on the salinity concentration in the un-

frozen pore water illustrate that the salinity of unfrozen pore water in-

creases, as freezing advances at sub-zero temperatures. This is also in

line with the experimental observations (Mahar et al., 1982, 1983; Vinson

et al., 1983). On the other hand, in a narrow section just below the soil

surface, the amount of unfrozen water decreases sharply. This is due to

the decrease in salinity concentration in the total pore space as dissolved
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Figure 4.6. Model domain L ×H = 46 × 64 cm2 and boundary and initial conditions for
the uniaxial freezing problem.

Table 4.3. Parameters for the uniaxial freezing problem.

Parameter Symbol Unit Value

Bulk density �s0 kg m−3 2650

Specific heat capacity

– reference value cs0 J kg−1K−1 800

Thermal conductivity

– reference value kths0 W m−1K−1 5.5

Interaction free energy function for unfrozen water content

– reference value χ0 0.1

– material constant e1 6.0 ·10−3

Hydraulic conductivity

– reference value khy m s−1 2.0 ·10−3

– exponent for reduction function q 2.0

Dispersion length

– longitudinal dispersion length αL m 0.05

– transversal dispersion length αT m 0.01

Initial temperature Tic
◦C 0.8

Initial porosity ηic 0.283

Initial pore water concentration xgw
c,ic 0.0163
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salts move downward within the partially frozen soil.

The temperature results demonstrate that the soil cools down through-

out at a diminishing rate at the bottom. It seems that the cooling is stag-

nating to the freezing point of the saline pore water in the temperature of

about−1.5 C◦. In comparison with the experimental findings shown in fig-

ure 4.7.a, the cooling trend is similar but slower. Moreover, the cooling of

the test soil is shown to slow down around the freezing point of the saline

water, and enhanced afterwards. Discrepancies can be explained by the

fact that the freezing process within the test soil is incomplete as water

super-cools without freezing and a release of latent heat. On the other

hand, uncertainties in the material properties and boundary conditions

are natural contributors to the anomalies.

Oscillations in the unfrozen pore water content and salinity concentra-

tion profiles are due to instabilities in the numerical method.

4.4.4 Refrigerated gas pipe

A large scale laboratory test on frost heaving (Smith et al., 1985; Smith

and Patterson, 1989; Williams, 1993) is a benchmark test for thermo-

hydro-mechanically coupled models. In the test, a refrigerated gas pipe

with a diameter of 273 mm and length of 16 m is buried in soil and cooled

down to induce the frost phenomenon including creation of cryogenic suc-

tion, soil water movement and deformation of ground due to freezing of

insitu water and excess water.

The test is simulated using balance equations (3.91), (3.92), (3.94) and

(3.95). Inertia terms are omitted from equation (3.94), and kinetic and

mechanical energy terms from equation (3.95).

A two-dimensional model domain covers a vertical cross-section from

the highly frost susceptible silt. For the sake of symmetry the computa-

tional frame is only one half of the cross section, as shown in figure 4.8.

The bottom is immobile and subjected to the sum of hydrostatic pressure

and reference pressure and a heat flux of 3.33 Wm−1. The top is un-

loaded and subjected to the reference pressure p0 and the temperature of

−0.75 ◦C. The side boundaries are adiabatic, impermeable and clamped

horizontally. In the pipe, the temperature is fixed at −5 ◦C. The initial

values of temperature and porosity are +4 ◦C and 0.38.

The non-zero parameters for the simulation are presented in table 4.4.

The pipe is treated as rigid body moving with the soil. The unfrozen water

content versus temperature is shown in figure 4.9. Soil water is assumed
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a b

c d

Figure 4.7. Vertical profiles of temperature, unfrozen pore water content, and salinity
concentration in unfrozen pore water and in total pore water (liquid water
and ice) along the soil column with saline pore water at different times.

to be non-saline.

The computed temperature field with the location of the 0 ◦C isotherm

after 8, 60, 180 and 350 days is shown in figure 4.10. The corresponding

frost heave is presented in figure 4.11. The frost heaves out of the top

surface at sites 2, 3 and 4 are shown in figure 4.12. The positions of the

sites and are given in figure 4.8.

The results show that the model is able to estimate the frost heaving

qualitatively but underestimates the rate of it. These differences can be

related to groundwater flow mechanism. It seems that the model underes-

timates groundwater flow either due to uncertainties in determining and

modelling the hydraulic conductivity of frozen soil.
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Figure 4.8. Computational frame and positions of sites and layers.

Figure 4.9. Total volumetric unfrozen water content with respect to the temperature.

Figure 4.10. Calculated temperatures at 8, 10, 180 and 350 days.
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Table 4.4. Parameters for the refrigerated gas pipe problem.

Parameter Symbol Unit Value

Bulk density �s0 kg m−3 2650

Specific heat capacity

– reference value cs0 J kg−1K−1 900

Thermal conductivity

– reference value kths0 W m−1K−1 1.8

Interaction free energy function for unfrozen water content

– reference value χ0 1.0

– material constant e1 0.0

– material constant e2 1.4 ·10−4

Hydraulic conductivity

– reference value khy m s−1 1.0 ·10−8

– exponent for reduction function q 4.0

– Young’s modulus Es Pa 1.5× 106

– Poison’s ratio νs 0.3

Initial temperature Tic
◦C 4.0

Initial porosity ηic 0.38

Figure 4.11. Calculated vertical displacements at 8, 10, 180 and 350 days.
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Figure 4.12. Calculated (solid lines) and measured (dashed lines) vertical displacements
at 8, 10, 180 and 350 days.

72



5. Evolution of frozen ground

5.1 Introduction

This study provides numerical estimations for the evolution of permafrost

and perennially frozen ground in sub-arctic and arctic climate conditions

that can be anticipated to occur in Scandinavia in a time frame of a glacial

cycle of 120,000 years in the future. As defined in the Introduction chap-

ter, permafrost is defined as ground which remains at or below the 0 ◦C for

two consecutive years or more and perennially frozen ground as ground

that keeps frozen for two consecutive years or more.

The objective is to investigate and demonstrate effects of surface and

subsurface conditions on the evolution of permafrost and perennially frozen

ground by using the previously derived continuum thermodynamic model.

The analysis focuses on the following issues

• air temperature and its variation over time,

• topographical features including slope and relief,

• water bodies (sea and lakes), including the effect of isostatic uplift,

• vegetation and snow cover as related to climate and topographical

conditions,

• spatial variation of bedrock and soil thermal and hydraulic proper-

ties,

• site specific geothermal heat flow,

• convectional heat transfer due to groundwater flow,

• heat generation from the repository for spent fuel,
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• salinity exclusion due to freezing and salt transport.

Numerical simulations are carried out for a 15 km long and 10 km deep

two-dimensional vertical cross-section using site-specific data from Fors-

mark. Two glacial cycle temperature climate cases denoted Repetition of

last glacial cycle case and Severe permafrost case are simulated. They are

accompanied by a number of sensitivity tests. Repetition of last glacial

cycle case considers the ice free period from 115 000 to 70 000 years BP

(Before Present), i.e. the period prior to the first phase of ice sheet cover-

age in the safety assessment reconstruction of the last glacial cycle (SKB,

2010a), since this period ends with the deepest permafrost reconstructed

at the site for the entire last glacial cycle (SKB, 2006, 2010a). In the Se-

vere permafrost case, simulations are carried out for a full glacial cycle,

from 115 000 years BP to present. Boundary conditions on the ground

surface are dependent on climatological conditions, vegetation and snow

cover, water bodies and topography. The side and bottom boundary condi-

tions are time-independent. Initial conditions are assumed to correspond

to present-day conditions regarding bedrock temperature, groundwater

salinity and groundwater pressure. Heat generated by the radioactive de-

cay of the spent fuel in the repository is included in all simulations except

in one sensitivity study. Considering the complexity and scale of the spa-

tial domain, the time scale of 45,000 years, and that the code applies only

serial computing, three dimensional model domains were ruled out.

5.2 Conceptual model

5.2.1 Geometry

The location of the 2-D model domain within the Forsmark area is shown

in figure 5.1. The selection of the profile location is described in reference

(Hartikainen et al., 2010, Appendix A). The model domain encompasses

an approximately 15 km long and 10 km deep vertical section consisting

of six soil layers, 23 rock domains and 31 deformation zones as shown in

figure 5.2. Figure 5.3 illustrates the thermally different rock mass do-

mains, the deformation zones of the upper 2.1 km of the model domain,

as well as the present day Baltic Sea level. The soil layers are shown in

figure 5.4.
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Figure 5.1. Regional model area and the location of the 2-D model domain for the per-
mafrost simulations. The stippled area show the Forsmark site as defined
and modelled in the SR-Site biosphere programme (SKB, 2010c). For a de-
scription of profile selection, see (Hartikainen et al., 2010, Appendix A).

5.2.2 Subsurface properties and conditions

The thermal and hydraulic properties of the soil layers are presented in

table 5.1. For some of the data, early versions of the site-descriptive data

sets are used. However, the effects of discrepancies between the data used

and the final values in the site-descriptive model are considered to be neg-

ligible on the development of permafrost and perennially frozen ground.

Tables 5.2, 5.3, 5.4 and 5.5 present the thermal and hydraulic proper-

ties of the rock mass domains. Hydraulic properties of the deformation

zones are presented in (Hartikainen et al., 2010, Appendix D). The ther-

mal properties of deformation zones are assumed to equal the correspond-
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Figure 5.2. The 2-D model domain. Colours from blue to red signify the 23 included
rock domains, and gray the 31 included deformation zones. The six soil lay-
ers presented in figure 5.4 and in reference (Hartikainen et al., 2010, Ap-
pendix B), are too thin to be seen in this figure. The x-axis is directed east-
ward and y-axis northward. The RT-90 coordinates of the southwest side are
x = 1628228 m, y = 6696472 m.

Figure 5.3. The upper 2.1 km of the 2-D model domain. Colours from blue to red signify
rock domains with different thermal diffusivity. Numbers from 1 to 10 indi-
cate the rock domains of tables 5.2, 5.3 and 5.4. The location of deformation
zones is illustrated in gray. The repository is shown by a white horizontal
line at the depth of 450 m, starting at a distance of about 4000 m along the
profile. The thin blue layer on the top surface represents the present day
Baltic Sea level. Further description and references for these data are found
in (Hartikainen et al., 2010, Appendix C).

ing rock mass domain. The bedrock below the depth of 2.1 km is assumed

to have the same thermal and hydraulic properties as the rock domain

in which the repository is located. The material properties are described

in detail in (Hartikainen et al., 2010, Appendix D, Appendix E). The ad-

ditional parameters χ0 and e1 in table 5.1 that characterize the unfrozen

groundwater content function for soils are based on experimental findings
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Figure 5.4. The soil layers of the 2-D model domain. Gray colour represents bedrock and
blue the present day Baltic Sea. The gyttja, peat and sand layers are too thin
to be seen in the figure. Because the first 2000 metres of the model domain
is outside the area of detailed site investigations, no information about the
soil cover is used there. Further description and references for these data
are found in reference (Hartikainen et al., 2010, Appendix B). Note that the
vertical axis has a scale which gives a strong vertical exaggeration of topog-
raphy.

for typical soils, see e.g. (Williams and Smith, 1989). The corresponding

parameters for rock in table 5.5 are chosen to be similar to the sand.

Table 5.1. Thermal and hydraulic properties of soil layers. For further information, see
Hartikainen et al. (2010, Appendix D, Appendix E).

The prevailing geothermal heat flow, crustal radiogenic heat production

and ground temperature depth to 1 km are based on site investigations

(Sundberg et al., 2009), and (Hartikainen et al., 2010, Appendices B–F).

For depths from 1 km to 10 km they are modelled as follows.

The crustal radiogenic heat production A = A(z) is assumed to be con-

stant with time and to decrease exponentially with depth z (Artemieva
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Table 5.2. Thermal conductivity of rock mass domains. The rock domains are shown in
figure 5.3. For further information, see Hartikainen et al. (2010, Appendix E).

Table 5.3. Heat capacity of rock mass domains. The rock domains are shown in figure 5.3.
For further information, see Hartikainen et al. (2010, Appendix E).

and Mooney, 2001) as

A(z) = A0 exp (−z/D) , (5.1)
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Table 5.4. Bulk density and total porosity of rock mass domains. The rock domains are
shown in figure 5.3. For further information, see Hartikainen et al. (2010,
Appendix E).

Table 5.5. Additional mean thermal and hydraulic properties of all rock domains (Sund-
berg et al., 2009). For further information, see Hartikainen et al. (2010, Ap-
pendix D).

where A0 is the ground-level crustal radiogenic heat production as shown

in table 5.5 and D = 10,000 m the characteristic crustal depth (Balling,

1995). The upward geothermal heat flow qz = qz(x, t) is determined by

considering stationary heat transfer such that

−dqz
dz

= A(z). (5.2)
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Hence,

qz(z) = qz(0) +A0D [exp (−z/D)− 1] , (5.3)

where qz(0) is the geothermal heat flow at the ground-level as presented

in table 5.5. The prevailing ground temperatures for depths from 1 km to

10 km are then calculated by the equation

T (z) = T (0) +

z∫
0

kth
−1

qz(s)ds, (5.4)

where T (0) = 0 ◦C is the mean ground surface temperature for a glaciation

cycle and kth the thermal conductivity of the subsurface. In this study, the

value of 0 ◦C for T (0) is based on the modelled ground surface temperature

for the Reference surface conditions case with vegetation and snow cover

as described in (SKB, 2006). The thermal conductivity of rock domain

RFM029 for kth is used. Figure 5.5 shows the initial ground temperature

calculated for the mean thermal properties.

The initial salinity concentration of groundwater down to the depth

of approximately 1.5 km is described in (Hartikainen et al., 2010, Ap-

pendix F), and for depths from approximately 1.5 km to 10 km, it is ob-

tained as a stationary solution of the model, using present concentration

values on the surface and at the depth of 1.5 km. Figure 5.6 shows that

the salinity concentration increases by depth to the value of 30 mass-%

at the depth of 10 km. The present day groundwater pressure is deter-

mined as hydrostatic pressure based on the initial conditions of ground

temperature and groundwater salinity concentration as well as the hy-

drostatic pressure at the bottom of the Baltic Sea on the ground surface.

The results for initial groundwater pressure are shown in figure 5.7.

5.2.3 Repository and heat production from the spent fuel

The repository volume is located horizontally along the profile between

points x = 1630997 m, y = 6699230 m and x = 1632235 m, y = 6700465 m

using the RT-90 coordinate system. Vertically, the repository is located be-

tween the depths of 450 m and 470 m within rock domain RFM029. In the

2-D model domain, the 1749-m wide repository is located at a distance of

3908 m from the south-west side. The canisters have an initial heat power

of around 1700 W and a normalized time-decaying rate of heat production

as shown in figure 5.8. Based on 3-D thermal modelling results, the ini-

tial heat production power r = 0.2925 Wm−3 is distributed evenly over the

repository area, see (Hartikainen et al., 2010, Appendix G).
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Figure 5.5. Distribution of initial ground temperature for the mean thermal properties
as presented in tables 5.2, 5.3 and 5.4.

Figure 5.6. Distribution of initial salinity concentration of groundwater based on data on
ionic composition presented in (Hartikainen et al., 2010, Appendix F).

5.2.4 Surface conditions

Considering surface conditions, the purpose is to determine surface bound-

ary conditions for the subsurface model accounting for climatological con-

ditions, vegetation and snow cover, water bodies and topography. The

most advanced approach for describing surface conditions is based on

solving energy and mass balance equations at the interface layer, using

radiation, precipitation, cloudiness, wind and surface albedo and rough-
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Figure 5.7. Distribution of initial groundwater pressure associated with the temperature
and salinity concentration shown in figure 5.5 and 5.6.

Figure 5.8. Evolution of normalized heat power from a spent fuel canister (Håkansson,
2000).

ness as input data (Riseborough et al., 2008). These models can handle

the diurnal and annual variations. The approach, however, is unfeasible

for this study, since only the annual mean air temperature of the climate

data is available. Therefore, an approach based on statistical correlations

between air and ground surface temperature defined as n-factors (Lunar-

dini, 1978) is used to derive the thermal boundary condition on the ground

surface. For that, the climatological conditions, water bodies, vegetation

and snow cover are parametrised first. An approach based on the Topo-
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graphical Wetness Index (TWI) is introduced to describe the vegetation

and snow cover in relation to the prevailing climate and surface moisture

conditions. TWI locates the particular surface condition that is expected

to occur on the profile in the predefined climate zones. Hence, defining n-

factors for the same surface condition types and climate zones, TWI maps

the resulting ground surface temperatures on the surface.

Climate

Two different climate cases are considered. The Repetition of last glacial

cycle case uses environmental conditions (i.e. ice sheets, shore-line dis-

placement and air temperature) reconstructed for the Weichselian glacial

cycle. The time period of 115,000–70,000 years BP of this case is ice-free,

and thus chosen for the investigation. A more favourable case for the

development of permafrost and perennially frozen ground is the Severe

permafrost case, which describes the situation with an extremely dry cli-

mate with no ice sheet, vegetation nor snow cover formation. In addition,

the site remains above the sea level throughout the glacial cycle. The

reconstructed mean annual air temperature used for these two cases is

described in reference (Hartikainen et al., 2010, Appendix H).

Based on the Köppen climate classification (Lohmann et al., 1993) and

long-term observations (Eugster et al., 2000) both climate cases are di-

vided into three climate zones: Boreal, Subarctic and Arctic. The climate

zones are characterized by the annual mean air temperature, the monthly

mean maximum summer air temperature and the monthly mean mini-

mum winter air temperature, and the monthly mean maximum summer

and winter precipitations (table 5.6 and table 5.7). The wide range in the

monthly mean air temperatures and precipitations are due to significant

uncertainties in the description and modelling of surface conditions (SKB,

2010b).

Table 5.6. Climate information for the Repetition of last glacial cycle case

Climate

zone

Annual mean

air tempera-

ture (◦ C)

Monthly

mean max.

summer air

temperature

(◦ C)

Monthly

mean min.

winter air

temperature

(◦ C)

Monthly

mean max.

summer pre-

cipitation

(mm/month)

Monthly

mean max.

winter pre-

cipitation

(mm/month)

Boreal > 0 [10, 20] [−15, 5] [10, 60] [10, 50]

Subarctic [−6, 0] [5, 15] [−25,−10] [5, 60] [1, 40]

Arctic < −6 [5, 10] [−35,−20] [5, 60] [1, 40]
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Table 5.7. Climate information for the Severe permafrost case

Climate

zone

Annual mean

air tempera-

ture (◦ C)

Monthly

mean max.

summer air

temperature

(◦ C)

Monthly

mean min.

winter air

temperature

(◦ C)

Monthly

mean max.

summer pre-

cipitation

(mm/month)

Monthly

mean max.

winter pre-

cipitation

(mm/month)

Boreal > 0 [10, 20] [−15, 5] [5, 50] < 1

Subarctic [−6, 0] [5, 15] [−25,−10] [5, 50] < 1

Arctic < −6 [5, 10] [−35,−20] [5, 50] < 1

Water bodies

The evolution of shoreline development and lakes along the profile is

based on the future relative shore-level and lake development at the Fors-

mark site as described in (Hartikainen et al., 2010, Appendix H) and

(SKB, 2010a). In other words, the future shore-line and lake develop-

ment is here envisaged to have occurred also during the first period in

the reconstruction of the last glacial cycle conditions. Figure 5.9 shows

the water depth contours of the Baltic Sea and two future lakes along

the profile and time. Starting in the Eemian, the surface of the profile is

completely submerged until 114,300 years BP and rises above the water

level at 97,500 years BP. The ground surface above the repository starts

to emerge at 112,700 years BP and it is completely exposed after 111,700

years BP. One of the lakes, located at a distance of 9 km along the pro-

file (see figure 5.1), is formed at 109,000 years BP and lives until 105,000

years BP. The other lake, located at a distance of 14.8 km, is formed at

103,000 years BP and lasts till 97,000 years BP.

Vegetation and snow cover

The vegetation and snow cover are closely related to the prevailing cli-

mate conditions as well as to other landscape parameters of the site. The

presence of different vegetation within different biomes1 have been de-

scribed in numerous publication, e.g. (Archibold, 1994; Breckle, 2002),

and the regional response of vegetation types to climate has been mod-

elled by Kjellström et al. (2010). In the present study, a detailed reso-

lution of the distribution of prevailing major vegetation types for Boreal,

Subarctic and Arctic climate zones in the Repetition of last glacial cycle

case are described by using local differences in a Topographical Wetness

Index (TWI) with the resolution of 20 m × 20 m as described in (Har-
1Biome is a community of plants and animals that have common characteristics
for the environment they exist.
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Figure 5.9. Water depth contours in (m) of Baltic Sea (light blue) and two lakes (blue)
along the surface of the profile and in time. The repository is located between
the dashed vertical lines.

tikainen et al., 2010, Appendix J). Figure 5.10 shows the distribution of

TWI along the profile used for the permafrost modelling.

A comparison of different TWI values in the landscape of Forsmark to-

day, indicates that the following values: TWI ∈ [0, 10.9], TWI ∈ [10.9, 13.2]

and TWI ∈ [13.2, 30] represent dry, fresh-moist and wet surface condi-

tions, respectively, see (Hartikainen et al., 2010, Appendix J). Table 5.8

presents a matrix how the TWI would affect the vegetation in regard to

the dominance of trees, shrubs, grasslands and in accordance with the

model settings under Boreal, Subarctic and Arctic climate zones. It can be

seen that, e.g., for the locations along the profile that are associated with

TWI ∈ [10.9, 13.2] vegetation changes from shrubs to grassland as climate

changes from subarctic to arctic. The overall presence of the general veg-

etation types in each biome follows the description of reference (Breckle,

2002). The peatland vegetation type represents the surface cover of the

two future lakes along the profile after turning to peat. The snow cover is

assumed to follow the TWI values and precipitation such that in the mean

winter snow thickness can vary from few centimetres to over 30 cm.

In this attempt to distribute major functional vegetation types and snow

cover within different climate zones using TWI, no accounts for factors

such as north- and south-facing slopes or prevailing wind directions have
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been made, which all can be important structuring factors of local subarc-

tic and arctic vegetation patterns. Furthermore, the present landscape of

Forsmark is used for TWI during the entire time of investigation exclud-

ing changes in topography associated with erosion. The resulting spatial

distributions of vegetation have to be regarded as a few snapshots of po-

tential distributions on a continuous scale depending on climate. These

snapshots are then used to study the impact of vegetation on the per-

mafrost development.

Table 5.8. Main vegetation cover types at Forsmark for three different climate zones and
corresponding TWI values. See also Hartikainen et al. (2010, Appendix J).

Climate

zone

Vegetation cover type and TWI value

Forest Shrubs Grassland Barren Peatland

Boreal mixed peat

> 0 > 13.2

Subarctic tree line / moderate / short peat

tundra forest short < 10.9 > 13.2

> 13.2 [10.9, 13.2]

Arctic short tussocks bare peat

> 13.2 [10.9, 13.2] < 10.9 > 13.2

Ground surface temperature

The temperature boundary condition on the ground surface in the veg-

etated or barren locations is constructed by using statistical relations

between the near-surface air (2-m above ground) temperature and the

ground surface temperature termed freezing and thawing n-factors, re-

spectively (Lunardini, 1978). The freezing n-factor nfr is the relation be-

tween the time integrals of ground surface temperature Ts = Ts(t) and

air temperature Ta = Ta(t) below the freezing point Tfr, while the thawing

n-factor nth is the relation between the time integrals of ground surface

temperature and air temperature above the freezing point defined by

nfr =

ts−∫
0

Tsdt

ta−∫
0

Tadt
, nth =

ts+∫
0

Tsdt

ta+∫
0

Tadt
. (5.5)

The negative and positive signs in the integral limits signify the periods

of a year tyear, when the surface or the air temperature is below and above

the freezing point, respectively. Furthermore, tyear = ts− + ts+ = ta− + ta+.

Using equations (5.5) the annual mean ground surface temperature T̄s
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Figure 5.10. Distribution of Topographic Wetness Index along the profile used for the
permafrost modelling with a pixel size of 20 m × 20 m (Strömgren and
Brydsten, 2008). Note that the north-east part of the profile today is covered
by the Baltic Sea as shown in Figure 2-1. For this area, the figure shows
calculated future TWI values, see Hartikainen et al. (2010, Appendix J).

can be represented in terms of the n-factors by

T̄s =
1

tyear

⎛
⎝ ts−∫

0

Tsdt+
ts+∫
0

Tsdt

⎞
⎠ = nfr

ta−∫
0

Tadt+ nth

ta+∫
0

Tadt. (5.6)

Inter-annually, the air temperature is approximated by the annual mean

air temperature T̄a and the amplitude Aa of the annual temperature cycle

using a sinusoid relation such that

Ta(t) = T̄a(t) +Aa(t) sin

(
2πt

tyear

)
. (5.7)

Substituting equation (5.7) into equation (5.6) yields the following expres-

sion for the annual mean ground surface temperature

T̄s(t) = a(t)T̄a(t) + b(t), (5.8)
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where

a(t) =

[
1

2
− 1

π
arcsin

(
T̄a(t)

Aa(t)

)]
nfr +

[
1

2
+

1

π
arcsin

(
T̄a(t)

Aa(t)

)]
nth, (5.9)

b(t) =
1

π
cos

[
arcsin

(
T̄a(t)

Aa(t)

)]
(nth − nfr)Aa(t). (5.10)

Furthermore, the n-factors can be used to approximate the interannual

ground surface temperature by

Ts(t) =

⎧⎪⎨
⎪⎩

nfrTa(t), if Ta < 0 ◦C,

nthTa(t), if Ta ≥ 0 ◦C.
(5.11)

The amplitude of the annual air temperature cycle is determined by the

monthly mean minimum and maximum values given in tables 5.6 and 5.7.

The n-factors for the Forsmark site are estimated by using results of the

site investigations for different biophysiographic units in North America

(Hinkel et al., 2008; Kade et al., 2006; Karunaratne and Burn, 2003, 2004;

Karunaratne et al., 2008; Klene, 2008; Klene et al., 2001). For a certain

site, with specific climate and surface conditions, n-factors cannot be ap-

plied to other sites as such. Therefore, n-factors for the Forsmark site are

determined as mean values of n-factors for different sites in North Amer-

ica corresponding to Forsmarks climate, vegetation and surface moisture

conditions indicated in table 5.8. Resulting n-factors for the Repetition

of last glacial cycle case and the Severe permafrost case are presented

in table 5.9 and table 5.10, respectively. In general, low n-factors repre-

sent humid conditions with thick vegetation and winter snow cover while

high n-factors are related to dry conditions with thin vegetation and snow

cover.

When the site is submerged by the Baltic Sea or by the two lakes, the

ground surface temperature is set to +4 ◦C for water depths greater than

6 metres. For shallower depths the temperature is interpolated between

the value of +4 ◦C and the prevailing ground surface temperature.

Figures 5.11, 5.12, 5.13 and 5.14 show the evolution of modelled ground

surface temperatures for the Repetition of last glacial cycle cycle case at

four locations from the south-west side of the profile considering differ-

ent surface condition types: 3550 m, wet; 4783 m, fresh-moist; 11600 m,

dry; 14600 m, peatland. The corresponding results for the Severe per-

mafrost case type are presented in figure 5.15. Figure 5.16 illustrates the

modelled ground surface temperatures along the profile at four different

times for the Repetition of last glacial cycle case considering different cli-

mate conditions: 111,500 years BP, Subarctic and partially submerged;
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103,500 years BP, Boreal; 95,000 years BP, Subarctic; 70,000 years BP,

Arctic. The corresponding results for the Severe permafrost case are shown

in figure 5.17. The results concerning the humid variant are obtained by

the lowest n-factors of table 5.9 and table 5.10 while the highest n-factors

of the same tables yield the results for the dry variant.

Table 5.9. Freezing (winter) and thawing (summer) n-factors for the Repetition of last
glacial cycle case.

Climate

zone

Season Monthly

mean

Monthly

mean

n-factors for specified surface conditions

air temper-

ature (◦ C)

precipitation

(mm/month)

Dry Fresh-

moist

Wet Peatland

Boreal summer [10, 20] [10, 60] [1.2, 1.4] [1.2, 1.4] [1.2, 1.4] 1.0

winter [−15, 5] [1, 50] [0.2, 0.3] [0.2, 0.3] [0.2, 0.3] 0.1

Subarctic summer [5, 15] [5, 60] [0.8, 1.0] [0.7, 0.9] [0.6, 0.8] [0.6, 0.8]

winter [−25,−10] [1, 40] [0.5, 0.9] [0.4, 0.8] [0.2, 0.6] [0.1, 0.4]

Arctic summer [5, 10] [5, 60] [1.8, 1.2] [0.5, 0.8] [0.4, 0.7] [0.6, 0.9]

winter [−35,−20] [1, 40] [0.7, 1.0] [0.4, 0.8] [0.3, 0.6] [0.2, 0.5]

Table 5.10. Freezing (winter) and thawing (summer) n-factors for the Severe permafrost
case

Climate

zone

Season Monthly

mean

Monthly

mean

n-factors for specified surface conditions

air temper-

ature (◦ C)

precipitation

(mm/month)

Dry Fresh-

moist

Wet Peatland

Boreal summer [10, 20] [5, 50] [1.0, 1.4] [1.0, 1.4] [1.0, 1.4] [1.0, 1.4]

winter [−15, 5] < 1 1.0 1.0 1.0 1.0

Subarctic summer [5, 15] [5, 50] [1.0, 1.4] [1.0, 1.4] [1.0, 1.4] 1[.0, 1.4]

winter [−25,−10] < 1 1.0 1.0 1.0 1.0

Arctic summer [5, 10] 5, 50 [1.0, 1.4] [1.0, 1.4] [1.0, 1.4] [1.0, 1.4]

winter [−35,−20] < 1 1.0 1.0 1.0 1.0

The ground surface temperatures for the Repetition of last glacial cy-

cle case vary considerably in time and location depending on the climate

zone and surface moisture condition type (figure 5.11 to figure 5.14, fig-

ure 5.16). The ground surface temperature of +4 ◦C for time periods from

115,000 years to almost 100,000 years BP indicates the time when the

profile is submerged by the Baltic Sea or the two lakes. Obviously, the dry

surface condition type generates the lowest and the peatland condition

type the highest ground surface temperatures in the Subarctic and Arctic

climate zones in Repetition of last glacial cycle case. In the time frame

of consideration, the dry surface condition results in ground surface tem-

peratures below −11 ◦C at lowest in the Arctic climate zone and more

than +6 ◦C at highest in the Boreal climate zone (figure 5.13). The wet
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Figure 5.11. Evolution of air temperature and modelled ground surface temperatures at
3550 metres from the south-west side of the profile for the Repetition of last
glacial cycle case and wet surface condition type.

Figure 5.12. Evolution of air temperature and modelled ground surface temperatures
at 4783 metres from the south-west side of the profile (in the middle of
the repository) for the Repetition of last glacial cycle case and fresh-moist
surface condition type.

surface condition yields milder ground surface temperatures in both the

Arctic and Boreal climate zones ranging from below −3 ◦C to above +5 ◦C

over the same time period (figure 5.11). Further, the peatland condition,

having the moistest surface conditions, resulted in even milder ground

surface temperatures ranging approximately between −2 ◦C and +4 ◦C

(figure 5.14).

The difference in ground surface temperature can be several degrees

90



Evolution of frozen ground

Figure 5.13. Evolution of air temperature and modelled ground surface temperatures at
11600 metres from the south-west side of the profile for the Repetition of
last glacial cycle case and dry surface condition type.

Figure 5.14. Evolution of air temperature and modelled ground surface temperatures at
14600 metres from the south-west side of the profile for the Repetition of
last glacial cycle case and peatland surface condition type.

from place to place along the profile (figure 5.16). The spatial fluctuation

in ground surface temperature is largest in the Arctic climate zone when

the air temperature is lowest, and lowest in the Boreal climate zone when

air temperature is close to 0 ◦C. Furthermore, due to thin vegetation and

snow cover, the dry variant of Repetition of last glacial cycle case results

in the lowest ground surface temperatures in the Subarctic and Arctic

climate zones but highest in the Boreal climate zone. Contrary to Repeti-

tion of last glacial cycle case the humid variant of the Severe permafrost
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Figure 5.15. Evolution of air temperature and modelled ground surface temperatures for
the Severe permafrost case and dry surface condition type. The air temper-
ature and the ground surface temperature of the humid variant coincide
after the profile is exposed beneath the Baltic Sea.

case results in lower ground surface temperatures than the dry variant

of the same case. This is a consequence of the presence of clouds, which

is stronger in the humid variant than in the dry variant, and associated

with a cooler surface during summers (Groisman and Bradley, 2000).
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Figure 5.16. Modelled ground surface temperatures along the profile at four different
times for the Repetition of last glacial cycle case considering different cli-
mate conditions: 111,500 years BP, Subarctic and partially submerged;
103,500 years BP, Boreal; 95,000 years BP, Subarctic; 70,000 years BP, Arc-
tic. The solid border lines of the shadowed areas indicate the dry variant of
the climate case and the dashed ones the humid variant of the same case.
The dashed vertical lines denote the locations of the profile considering dif-
ferent surface condition types: 3550 m, wet; 4783 m, fresh-moist; 11600 m,
dry; 14600 m, peatland.
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Figure 5.17. Modelled ground surface temperatures along the profile at four dif-
ferent times for the Severe permafrost case considering different cli-
mate conditions: 111,500 years BP, Subarctic and partially submerged;
103,500 years BP, Boreal; 95,000 years BP, Subarctic; 70,000 years BP, Arc-
tic. The solid border lines of the shadowed areas indicate the dry variant of
the climate case and the dashed ones the humid variant of the same case.
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5.3 Numerical simulations

5.3.1 Finite element model

Finite element mesh and time stepping

The numerical simulations are carried out using an unstructured finite

element mesh of linear triangle elements shown in figure 5.18. The mean

grid spacing varied from less than 1 m close to the ground surface to about

300 m at the bottom of the model domain. The maximum time step for the

adaptive time integration scheme is limited to 100 years.

ΓrΓl

Γb

Γsurf

Figure 5.18. Finite element mesh over the whole model domain and zoomed in the vicin-
ity of the surface. Total number of elements is 88126. Boundaries are indi-
cated for the boundary conditions.

Boundary and initial conditions

On the ground surface Γsurf, the following Dirichlet type of boundary con-

ditions for the ground temperature T = T (x, t), the groundwater pressure

p = p(x, t) and the groundwater salinity concentration xgw
c = xgw

c (x, t) are
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applied:

T (x, t) = Tsurf,

p(x, t) = psurf, for all x ∈ Γsurf

xgw
c (x, t) = xgw

c,surf,

(5.12)

where the given ground surface temperature Tsurf is defined by equation

(5.8) or (5.11). The surface groundwater pressure psurf equals the hydro-

static pressure following the water depth zw of the Baltic Sea or the two

future lakes shown in figure 5.9 such that psurf = p0 + �w||g||zw, while on

dry land psurf = p0. Furthermore, the surface groundwater salinity con-

centration xgw
c,surf is set to the constant value of 4.03 · 10−4 corresponding to

the concentration value of 0.04 in mass-%.

At the bottom of the model domain Γb at the 10-km depth, the follow-

ing Neumann type of boundary conditions for the heat flow q = q(x, t),

the groundwater flow J βgw = J βgw(x, t) and the salt diffusion-dispersion

J xgwc = J xgwc (x, t) are given

n · q(x, t) = qb,

n · J βgw(x, t) = 0, for all x ∈ Γb

n · J xgwc (x, t) = Jx,b,

(5.13)

where the heat flow qb, in the direction of the normal to the bottom sur-

face, equals the geothermal heat flow, prescribed by equation (5.3), such

that qb = q(D). The salt diffusion-dispersion flow Jx,b is set to the con-

stant value of 9.1 · 10−14 m s−1 corresponding to the dissolution of soluble

salts from the rock matrix.

It is assumed that no flow occurs through either the left vertical side Γl

or the right vertical side Γr, i.e.

n · q(x, t) = 0,

n · J βgw(x, t) = 0, for all x ∈ Γl ∪ Γr

n · J xc
gw(x, t) = 0.

(5.14)

The initial conditions for the ground temperature, groundwater pres-

sure and salinity concentration in the domain Ω are given by

T (x, 0) = Tic,

p(x, 0) = pic, for all x ∈ Ω

xgw
c (x, 0) = xgw

c,ic,

(5.15)

where Tic, pic, and xgw
c,ic represent the present conditions shown in fig-

ure 5.5, figure 5.6 and figure 5.7.
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5.3.2 Main simulation cases

The impacts of surface and subsurface conditions on the evolution of per-

mafrost and frozen ground, formation of taliks1, exclusion of salts dur-

ing freezing and salt transport are investigated for the Repetition of last

glacial cycle case and Severe permafrost case. Due to considerable un-

certainties associated with the definition of the surface conditions, two

variants, one humid and one dry, are considered for both climate cases.

This is expected to yield a lower and upper limit for the permafrost and

perennially frozen ground development. Thus, the main simulation cases

are

1. Humid variant of Repetition of last glacial cycle case,

2. Dry variant of Repetition of last glacial cycle case,

3. Humid variant of Severe permafrost case,

4. Dry variant of Severe permafrost case.

The humid variant is defined in terms of the minimum values of n-factors

presented in table 5.9 and table 5.10, while the maximum values of n-

factors in the same tables defines the dry variant. In addition, mean sub-

surface properties and conditions are used in all of these cases.

5.3.3 Sensitivity analysis cases

The uncertainties related to surface conditions including moisture condi-

tions, vegetation and snow cover as well as ground surface temperature

are considered in the main simulations by means of the humid and dry

variant of the climate cases studied. Variations in hydraulic properties

and ionic composition of the groundwater are considered to be negligible

in regard to permafrost development, and hence not included in the sensi-

tivity analyses. Considering this, and results from previous studies (SKB,

2006), the following sensitivity studies are made.

1. Uncertainty in air temperature

In relation to the uncertainty in air temperature used as input, see

references (Hartikainen et al., 2010, Appendix H), (SKB, 2010b), the

objective is to investigate the impact of the largest estimated uncer-

tainty in air temperature, that is ±6 ◦C, see figure 5.19. For this

1A talik is a layer of year-round unfrozen ground that lies in permafrost areas.
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purpose, the Repetition of last glacial cycle case with mean thermal

properties of the subsurface is simulated.

It is also investigated, how much the entire air temperature curve

has to be lowered, so that the 0 ◦C, −2 ◦C and −4 ◦C isotherms reach

the repository depth. The temperature of 0 ◦C corresponds to the

freezing point of fresh water at normal pressure. The −2 ◦C tem-

perature constitutes the temperature criterion used in the safety

assessment for freezing of the back-fill material in the deposition

tunnels (SKB, 2011), while the temperature of −4 ◦C constitutes

the temperature criterion used for freezing of the buffer clay (SKB,

2011). Based on the results in (SKB, 2006), temperature shifts of

4, 6, 8, 10, 12, 14, 16 ◦C are chosen (figure 5.19). As a pessimistic se-

lection, the dry variant of the Repetition of last glacial cycle case is

simulated, since it will result in deeper permafrost than the humid

variant. In addition, mean thermal properties of the subsurface are

used.

2. Uncertainty in geothermal heat flow

The objective is to investigate the consequences of the uncertainty in

geothermal heat flow on the development of permafrost and peren-

nially frozen ground. The mean surface level value of 61 ·10−3 Wm−2

with the range from −14 % (minimum) to +12 % (maximum) are

used (Sundberg et al., 2009). The dry variant of the Repetition of

last glacial cycle case is simulated.

3. Uncertainty in thermal conductivity

The objective is to investigate the consequences of uncertainty in

thermal conductivity (mean, minimum and maximum) on the devel-

opment of permafrost and perennially frozen ground. The values for

different soil layers and rock domains are presented in table 5.1 and

table 5.2, respectively. For example the rock domain RFM029 has

a mean thermal conductivity of 3.58 W m−1K−1 with the range of

variation from −3.1 % to +2.8 %. For further information, see refer-

ence (Hartikainen et al., 2010, Appendix E). The dry variant of the

Repetition of last glacial cycle case is simulated.

4. Uncertainty in thermal diffusivity

By definition, the uncertainty in thermal diffusivity results from the

uncertainties of thermal conductivity and heat capacity. The uncer-

tainty is investigated by means of the mean-, minimum- and max-
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imum thermal diffusivities. The associated values of thermal con-

ductivity and heat capacity for different soil layers are presented in

table 5.1 and for rock domains in table 5.2 and table 5.3. For ex-

ample the rock domain RFM029 has the mean thermal diffusivity

of 1.69 mm2s−1 with the range of variation of −11.5 % to +6.4 %.

For further information, see (Hartikainen et al., 2010, Appendix E).

In addition, the effect of heterogeneity of thermal properties on the

development of permafrost and frozen ground is studied by mixed

thermal diffusivities, which are obtained by using values of highest

difference for adjacent rock domains. The dry variant of the Repeti-

tion of last glacial cycle case is simulated.

5. Combination of uncertainties in subsurface thermal conditions

The objective is to investigate the combination of uncertainties in

dominant thermal conditions of the subsurface. The limits for the

uncertainty interval are obtained by combining the thermal condi-

tions that are assumed to enhance and diminish the permafrost de-

velopment most. The combination of the maximum thermal conduc-

tivity, minimum heat capacity and minimum geothermal heat flow

maximises permafrost development, while the combination of the

minimum thermal conductivity, maximum heat capacity and maxi-

mum geothermal heat flow minimises it. The properties are declared

in the previous cases. The dry variant of the Repetition of last glacial

cycle case is simulated.

6. Combination of uncertainties in surface conditions and subsurface

thermal conditions

In addition to the previous case, the uncertainties in subsurface

thermal conditions are combined with the uncertainties in surface

conditions. For the Repetition of last glacial cycle case the uncer-

tainty interval is obtained by combining the dry variant of the case

with the subsurface thermal conditions enhancing permafrost devel-

opment most, and the humid variant of the same case with subsur-

face thermal conditions diminishing permafrost development most.

For the Severe permafrost case the uncertainty interval results from

combining the humid variant of the case with subsurface thermal

conditions enhancing permafrost development most, and the dry vari-

ant of the case with thermal properties diminishing permafrost de-

velopment most. For further information, see (Hartikainen et al.,
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2010, Appendices E, H, I).

7. Combination of uncertainties in air temperature, surface conditions

and subsurface thermal conditions

This case is conducted in order to illustrate the unlikely case of com-

bining the largest uncertainties in the development of permafrost

and perennially frozen ground that result from uncertainties in air

temperature, surface conditions and subsurface thermal conditions.

For this purpose both variants of the Repetition of last glacial cycle

case with an air temperature change of ±6 ◦C and thermal proper-

ties either enhancing or diminishing permafrost development most

are simulated.

8. Heat from the repository

The effect of heat generated by the spent fuel on the evolution of

permafrost and perennially frozen ground is studied. Cases with

heat and without heat from the repository for the dry variant of the

Repetition of last glacial cycle case are simulated.

9. Convective heat transfer

Finally, the impact of convective heat transfer due to groundwater

flow and salt transport on the evolution of permafrost perennially

frozen ground is examined. Cases with and without groundwater

flow and salinity transport for the dry variant of the Repetition of

last glacial cycle case are simulated.
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Figure 5.19. Evolution of air temperature changed by −16, −14, −12, −10, −8, −6, −4, 0,
6 ◦C for the Repetition of last glacial cycle case.

101



Evolution of frozen ground

5.4 Results and discussion

5.4.1 Evolution of ground temperature, permafrost and
perennially frozen ground

Resulting ground temperatures and extent of perennially frozen ground

at times of 111,500, 95,000, 74,000, 70,000 years BP are illustrated in

figure 5.20 for the humid and dry variant of the Repetition of last glacial

cycle case. The corresponding results for the humid and dry variant of the

Severe permafrost case are shown in figure 5.21. See also section Unfrozen

water content and talik formation. The selected times represent the four

different situations regarding climate zone, shore line development and

permafrost conditions:

• at 111,500 years BP, subarctic climate prevails, the profile is par-

tially submerged and the exposed ground surface is free from per-

mafrost or partially enclosed by it, and the ground temperature is at

maximum within the repository;

• at 95,000 years BP, subarctic climate prevails and discontinuous or

continuous permafrost is developing;

• at 74,000 years BP, subarctic climate is turning into a boreal climate

and permafrost degrades and changes from continuous to sporadic

form;

• at 70,000 years BP, arctic climate prevails and continuous permafrost

reaches its maximum depth in the Repetition of last glacial cycle

case.

The evolution of maximum permafrost depth and depth of perennially

frozen ground above the repository for the Repetition of last glacial cycle

case and the Severe permafrost case is shown in figure 5.22, while fig-

ure 5.23 shows the same results for the whole profile as well as the extent

of permafrost summarised along it.

Regarding the evolution of permafrost depth and depth of perennially

frozen ground, the results for the Repetition of last glacial cycle case con-

sidering variations in surface moisture conditions and mean thermal prop-

erties for the subsurface indicated that permafrost (defined by the 0 ◦C-

isotherm) can reach the depth between 180 m and 260 m above the repos-

itory and the depth between 220 m and 300 m outside the repository (fig-
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ure 5.22.a and figure 5.23.a) in the time frame of 45,000 years. The max-

imum depth of perennially frozen ground can range between 180 m and

250 m above the repository and between 210 m and 300 m over the whole

site at the same time.

For the Severe permafrost case, considering no vegetation, snow cover,

nor ice sheet formation and the site remains above sea level throughout

the glacial cycle, permafrost (the 0 ◦C isotherm) can reach the depth be-

tween 360 m and 390 m above the repository and between 380 m and

420 m outside the repository, in a time frame of 100,000 years. Mean-

while, the maximum depth of perennially frozen ground can vary between

330 m and 360 m both above the repository and within the rest of the pro-

file (figure 5.22.b and figure 5.23.b).

Vertical profiles of ground temperature at four selected locations, cor-

responding to the four different surface cover types, (at 3550 m–wet, at

4783 m–fresh-moist, at 11600 m–dry, at 14600 m–peatland) are presented

in figure 5.24 for the humid variant of the Repetition of last glacial cycle

case. The corresponding results for dry variant one can be seen in fig-

ure 5.25. Figure 5.26 shows the vertical temperature profiles of ground

temperature for the humid variant of the Severe permafrost case, while

figure 5.27 shows the corresponding results for the dry variant of the same

case. Notice that the vertical profile at 4783 m is located in the middle of

the repository, and in each figure the white colour envelope represents the

range of ground temperature fluctuation over the time period of 115,000–

70,000 years BP.

103



Evolution of frozen ground

a

Figure 5.20. Temperature contours in (◦C) and the extent of perennially frozen ground
(light colour) within permafrost (0 ◦C isotherm) at times 111.5, 95, 74, 70
ka BP for the humid variant (a) and dry variant (b) of the Repetition of last
glacial cycle. Colour blue on the top of the profile at 111.5 BP ka shows the
Baltic Sea. The yellow rectangle indicates the repository.
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a

Figure 5.21. Temperature contours in (◦C) and the extent of perennially frozen ground
(light colour) within permafrost (0 ◦C isotherm) at times 111.5, 95, 74, 70
ka BP for the humid variant (a) and dry variant (b) of the Severe permafrost
case. Colour blue on the top of the profile at 111.5 BP ka shows the Baltic
Sea. The yellow rectangle indicates the repository.
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Figure 5.22. Evolution of the maximum depth of permafrost, perennially frozen ground,
−4 ◦C-isotherm and −2 ◦C-isotherm above the repository for the Repetition
of last glacial cycle case (a) and for the Severe permafrost case (b). The up-
per permafrost surface, for periods of degradation from above, is not shown.
The shaded area in blue and red represents the range within which a re-
sult is expected to lie when considering surface conditions between the dry
and humid climate variants. The lilac colour indicates that the results for
permafrost and perennially frozen ground overlap.
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Figure 5.23. Evolution of the maximum depth of permafrost, perennially frozen ground,
−4 ◦C-isotherm and −2 ◦C-isotherm in the whole profile for the Repetition of
last glacial cycle case (a) and for the Severe permafrost case (b). The transi-
tion from sporadic todiscontinuous permafrost occurs at 50-% coverage and
from discontinuous to continuous permafrost at 90-% coverage. The upper
permafrost surface, for periods of degradation from above, is not shown.
The shaded area in blue and red represents the range within which a re-
sult is expected to lie when considering surface conditions between the dry
and humid climate variants. The lilac colour indicates that the results for
permafrost and perennially frozen ground overlap.
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a

b

Figure 5.24. Ground temperature along a vertical profile located at 3550 m (a), 4783 m
(b), 11600 m (c) and 14600 m (d) from the south-western side of the profile
for the humid variant of the Repetition of last glacial cycle case. White en-
velope represents the range of temperature fluctuation over the time period
of 115 to 70 ka BP.
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a

b

Figure 5.25. Ground temperature along a vertical profile located at 3550 m (a), 4783 m
(b), 11600 m (c) and 14600 m (d) from the south-western side of the profile
for the dry variant of the Repetition of last glacial cycle case. White envelope
represents the range of temperature fluctuation over the time period of 115
to 70 ka BP.

114



Evolution of frozen ground

c

d

115



Evolution of frozen ground

a

b

Figure 5.26. Ground temperature along a vertical profile located at 3550 m (a), 4783 m
(b), 11600 m (c) and 14600 m (d) from the south-western side of the profile
for the humid variant of Severe permafrost case. White envelope represents
the range of temperature fluctuation over the time period of 115 to 70 ka BP.
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b

Figure 5.27. Ground temperature along a vertical profile located at 3550 m (a), 4783 m
(b), 11600 m (c) and 14600 m (d) from the south-western side of the profile
for the dry variant of the Severe permafrost case. White envelope represents
the range of temperature fluctuation over the time period of 115 to 70 ka BP.
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5.4.2 Unfrozen water content and groundwater flow

The unfrozen water content and the groundwater flow (Darcy velocity) di-

rections at a time of 90,400 years BP for the humid and dry variants of

the Repetition of last glacial cycle case considering mean subsurface con-

ditions are shown in figure 5.28. The figure shows the whole profile, and

the close-ups of the highly conductive deformation zone ZFMA2 at the

distance of 4000 m, and the near-by area of the two future lakes at the

distances of 9000 m and 14600 m, where formation of taliks can be seen.

The corresponding results at the times of 85,800 and 70,000 years BP

are shown in figures 5.29 and 5.30. The groundwater obtains the maxi-

mum flow velocity of approximately 50 ma−1 when the ground is free from

permafrost. Beneath the perennially frozen ground, the maximum flow

velocity is some metres per year. In the perennially frozen ground the

flow velocities are much smaller.

The unfrozen amount of groundwater and groundwater flow are used to

study the formation of taliks. The results (figure 5.28 to figure 5.30) show

that under continuous permafrost conditions both the local and regional

groundwater flow are reduced considerably within the perennially frozen

ground but also in the unfrozen ground beneath the permafrost. On the

other hand, the results demonstrate that when the unfrozen groundwa-

ter content is greater than 10 %, groundwater flow can occur through a

continuous partially frozen permafrost zone, though the flow velocity is

only some millimetres per year (figure 5.28 and figure 5.29). This can

indicate that under continuous permafrost conditions taliks are able to

form under lakes through perennially frozen ground down to 50 m depth,

if favourable groundwater flow conditions with open flow paths prevail.

When the freezing of ground is advanced to a degree with unfrozen water

content under 10 %, groundwater flow is reduced considerably, and thus

a talik is not able to form or survive. The results also show that when

a groundwater path is closed as deformation zone ZFMA2, mainly local

groundwater circulation occurs. It is also quite evident that a 2-D model

is unsuitable for modelling talik formation properly, since the important

3-D groundwater flow network is not included.
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a

Figure 5.28. Unfrozen volumetric (m3/m3) groundwater content contours and Darcy flow
directions at 90.4 ka BP for the humid variant (a) and dry variant (b) of the
Repetition of last glacial cycle case shown for the whole profile and the close-
ups of the deformation zone ZFMA2 at 4000 m, and the near-by area of the
lakes at the distances 9000 m and 14600 m from the south-west side of the
profile. Light colour shows the extent of perennially frozen ground, the red
line shows the 0 ◦C isotherm, and the yellow box in the upper panel shows
the repository.
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Figure 5.29. Unfrozen volumetric (m3/m3) groundwater content contours and Darcy flow
directions at 85.8 ka BP for the humid variant (a) and dry variant (b) of the
Repetition of last glacial cycle case shown for the whole profile and the close-
ups of the deformation zone ZFMA2 at 4000 m, and the near-by area of the
lakes at the distances 9000 m and 14600 m from the south-west side of the
profile. Light colour shows the extent of perennially frozen ground, the red
line shows the 0 ◦C isotherm (i.e. permafrost depth), and the yellow box in
the upper panel shows the repository.
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Figure 5.30. Unfrozen volumetric (m3/m3) groundwater content contours and Darcy flow
directions at 70 ka BP for the humid variant (a) and dry variant (b) of the
Repetition of last glacial cycle case shown for the whole profile and the close-
ups of the deformation zone ZFMA2 at 4000 m, and the near-by area of the
lakes at the distances 9000 m and 14600 m from the south-west side of the
profile. Light colour shows the extent of perennially frozen ground, the red
line shows the 0 ◦C isotherm (i.e. permafrost depth), and the yellow box in
the upper panel shows the repository.
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5.4.3 Salinity concentration

With given permafrost and freezing results presented above for the Rep-

etition of last glacial cycle case and the Severe permafrost case, the asso-

ciated results on salinity concentration at the time slices 111,500, 95,000,

74,000, 70,000 years BP are illustrated in figure 5.31 and figure 5.32. Due

to low salinity concentrations at shallow depths, the impacts of freezing

on salinity exclusion and redistribution are difficult to see from the re-

sults. However, under more severe conditions when the air temperature

has decreased considerably, i.e. by 8 ◦C, in the dry variant of Repetition

of last glacial cycle case, the freezing occurs more intensively and an in-

crease in salinity concentration due to the exclusion can be seen as shown

in figure 5.33.

Groundwater flow is an integral part of salinity transport modelling,

which hence suffers from the same restrictions as the 2-D groundwater

flow modelling. However, the results for salinity concentration (figure 5.31

to figure 5.33) show that freezing can induce salt exclusion and transport

when perennially frozen ground development exceeds 200 m depth. This

can be seen as increased salinity concentration extending downwards in

front of the partially frozen bedrock. At shallow depths, the impacts of

freezing cannot be seen since the salinity concentration of groundwater

has been diluted prior to the development of perennially frozen ground.

The increased salinity concentration within the perennially frozen ground

indicates that the saline water is trapped within the frozen ground. This

can occur, when the transport of salt is slower than the advance of freezing

zone.
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a

Figure 5.31. Salinity concentration isochors 0.07, 0.1, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.5, 2, 3, 4, 5

mass-% at times 111.5, 95, 74, 70 ka BP for the humid variant (a) and dry
variant (b) of the Repetition of last glacial cycle case. The light colour shows
the extent of perennially frozen ground, and colour blue on the top of the
profile at 111.5 ka BP illustrates the Baltic Sea.
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Figure 5.32. Salinity concentration isochors 0.07, 0.1, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.5, 2, 3, 4, 5

mass-% at times 111.5, 95, 74, 70 ka BP for the humid variant (a) and
dry variant (b) of the Severe permafrost case. The light colour shows the
extent of perennially frozen ground, and colour blue on the top of the profile
at 111.5 ka BP illustrates the Baltic Sea.
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Figure 5.33. Salinity concentration isochors 0.07, 0.1, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.5, 2, 3, 4, 5

mass-% at times 111.5, 95, 74, 70 ka BP for the dry variant of Repetition
of last glacial cycle case and air temperature decreased by 8 ◦C. The light
colour shows the extent of perennially frozen ground, and colour blue on the
top of the profile at 111.5 ka BP illustrates the Baltic Sea.
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5.4.4 Sensitivity analysis

Uncertainty in air temperature

Uncertainties in air temperature are investigated for the Repetition of

last glacial cycle case by making constant changes in the air temperature.

According to the results shown in figure 5.34, the constant temperature

change of −6 ◦C in the air temperature can increase permafrost depth by

55 to 60 % from the range of 180–260 m to 280–410 m while the constant

temperature change of +6 ◦C can reduce permafrost depth by 65 to 80 %

to range of 40–90 m. A similar effect can be seen in the depth of perenni-

ally frozen ground, i.e. the temperature curve shift of −6 ◦C results in a

change from the range 190–260 m to 270–380 m, while a +6 ◦C tempera-

ture shift reduces the range to 30–90 m.

In addition, the results for the dry variant of the Repetition of last

glacial cycle case, shown in figure 5.35, indicate that almost the 8 ◦C

colder climate is required to get the permafrost reach the repository depth

in 45,000 years. In addition, temperature shifts of 10 ◦C and 14 ◦C are

needed to get the−2 ◦C and−4 ◦C isotherms to reach the repository at the

same time, as shown in figures 5.37 and 5.38. The large difference of up to

more than 100 m between cases above the repository and in the whole pro-

file (figures 5.35 and 5.36) is mainly due to the heat from the repository.

The effect of topography is minor and further reduced with depth. A less

important factor is that some rock domains (RFM026, RFM033, RFM034,

RFM040) outside the repository have higher thermal conductivity (2.8 %)

than the one (RFM029) where the repository is located.

Uncertainty in geothermal heat flow

Regarding uncertainties in geothermal heat flow, the sensitivity analy-

ses for the dry variant of the Repetition of last glacial cycle case shows

that a variation of −14 % to +12 % in geothermal heat flow can cause

an approximate fluctuation of +8.0 % to −6.3 % (280 m to 240 m) in per-

mafrost depth, and correspondingly an approximate fluctuation of +7.7 %

to −5.7 % (260 m to 230 m) in the depth of perennially frozen ground, as

shown in figure 5.39.

Uncertainty in thermal conductivity

The uncertainties in thermal properties of the subsurface are investi-

gated by means of thermal conductivity and thermal diffusivity. The
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Figure 5.34. Evolution of maximum permafrost depth (solid lines) and maximum depth
of perennially frozen ground (dashed lines) above the repository for the Rep-
etition of last glacial cycle case considering mean subsurface thermal condi-
tions and the air temperature curve shifted by −6, 0 and 6 ◦C. The shaded
area in blue and red represents the range within which a result is expected
to lie when considering surface conditions between the dry and humid vari-
ants of the Repetition of last glacial cycle case. The results for permafrost
and perennially frozen ground overlap to a large degree.

Figure 5.35. Evolution of maximum permafrost depth (solid lines) and maximum depth
of perennially frozen ground (dashed lines) above the repository for the dry
variant of the Repetition of last glacial cycle case and the air temperature
curve shifted by −4, −6, −8, −10, −12, −14 and −16 ◦C.

results for thermal conductivity, shown in figure 5.40, indicate that the

mean variation of −6.1 % to +8.6 % in thermal conductivity can cause

an approximate fluctuation of −4.6 % to +2.7 % (250 m to 270 m) in per-

mafrost depth, and correspondingly an approximate fluctuation of −4.1 %
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Figure 5.36. Evolution of maximum permafrost depth (solid lines) and maximum depth
of perennially frozen ground (dashed lines) in the whole profile for the dry
variant of the Repetition of last glacial cycle case and the air temperature
curve shifted −4, −6, −8, −10, −12, −14 and −16 ◦C.

Figure 5.37. Evolution of maximum −2 ◦C -isotherm depth above the repository for the
dry variant of the Repetition of last glacial cycle case and the air tempera-
ture curve shifted by −4, −6, −8, −10, −12, −14 and −16 ◦C.

to +2.7 % (240 m to 250 m) in perennially frozen ground depth.

Uncertainty in thermal diffusivity

The uncertainty in thermal diffusivity causes a slightly larger variation

in permafrost depth than solely the uncertainty in thermal conductivity.

The results, shown in figure 5.41, demonstrate that the mean variation of

−11.5 % to +14.6 % in thermal diffusivity can cause an approximate fluctu-

ation of −6.0 % to +3.4 % (240 m to 270 m) in permafrost depth, and corre-

spondingly an approximate fluctuation of−5.5 % to +3.4 % (230 m to 250 m)

in perennially frozen ground depth. In addition, the variation in thermal
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Figure 5.38. Evolution of maximum −4 ◦C -isotherm depth above the repository for the
dry variant of the Repetition of last glacial cycle case and the air tempera-
ture curve shifted by −4, −6, −8, −10, −12, −14 and −16 ◦C.

Figure 5.39. Evolution of maximum permafrost depth and maximum depth of perenni-
ally frozen ground above the repository for the dry variant of the Repetition
of last glacial cycle case considering uncertainty in geothermal heat flow.
The shaded areas in blue and red represent the ranges within which a re-
sult is expected to lie when considering geothermal heat flow between the
minimum and maximum values. The lilac colour indicates that the results
for permafrost and perennially frozen ground overlap to a large degree.

properties between adjacent rock domains has a minor effect on the de-

velopment of permafrost and perennially frozen ground, as illustrated in

figure 5.42. The reason for this is probably the flat topography of the

site, due to which heat transfer takes place mainly vertically. This is also

supported by the results for the ground temperature and the distribution

of perennially frozen ground (figure 5.20 and figure 5.21), which show a
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Figure 5.40. Evolution of maximum permafrost depth and maximum depth of perenni-
ally frozen ground above the repository for the dry variant of the Repetition
of last glacial cycle case considering uncertainty in thermal conductivity.
The shaded area in blue and red represents the ranges within which a re-
sult is expected to lie when considering thermal conductivities between the
minimum and maximum values. The lilac colour indicates that the results
for permafrost and perennially frozen ground overlap to a large degree.

rather uniform permafrost development with depth when it occurs in con-

tinuous format.

Figure 5.41. Evolution of maximum permafrost depth and maximum depth of perenni-
ally frozen ground above the repository for the dry variant of the Repetition
of last glacial cycle case considering uncertainty in thermal diffusivity. The
shaded areas in blue and red represent the ranges within which a result
is expected to lie when considering thermal diffusivities between the min-
imum and maximum values. The lilac colour indicates that the results for
permafrost and perennially frozen ground overlap.

139



Evolution of frozen ground

Figure 5.42. Evolution of maximum permafrost depth and maximum depth of perenni-
ally frozen ground above the repository for the dry variant of the Repetition
of last glacial cycle case considering mixed thermal diffusivities with high-
est difference for adjacent rock domains. The shaded areas in blue and red
represent the ranges within which a result is expected to lie when consider-
ing thermal diffusivities between the minimum and maximum values. The
lilac colour indicates that the results for permafrost and perennially frozen
ground overlap.

Combination of uncertainties in subsurface thermal conditions

The combination of the uncertainties regarding thermal conductivity, heat

capacity and geothermal heat flow is investigated by means of values that

give the largest increase or decrease of permafrost. For example, based

on the results in (SKB, 2006), maximum thermal conductivity, minimum

heat capacity and minimum geothermal heat flow are expected to be the

most favourable parameters for permafrost development while minimum

thermal conductivity, maximum heat capacity and maximum geothermal

heat flow are assumed to act as the most unfavourable parameters. The

results shown in figure 5.43 illustrate that the combined uncertainties can

cause a variation of −10.5 % to +11.8 % (230 m to 290 m) in the permafrost

depth and a variation of −9.3 % to +11.5 % (220 m to 270 m) in the depth

of perennially frozen ground.

Combination of uncertainties in surface conditions and
subsurface thermal conditions

The combination of uncertainties related to subsurface thermal proper-

ties and conditions, and surface moisture conditions are studied in terms

of the parameters of the previous case and humid and dry variants of the

Repetition of last glacial cycle case and Severe permafrost case. The re-
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Figure 5.43. Evolution of maximum permafrost depth and maximum depth of perenni-
ally frozen ground above the repository for the dry variant of the Repetition
of last glacial cycle case considering combined uncertainty in thermal condi-
tions. The shaded areas in blue and red represent the range within which
a result is expected to lie when considering thermal conditions between
the values enhancing and diminishing permafrost development most. The
lilac colour indicates that the results for permafrost and perennially frozen
ground overlap.

sults for the Repetition of last glacial cycle case in figure 5.44 show that

the combined uncertainties can produce a fluctuation of 160 m to 290 m

in the maximum permafrost depth and a fluctuation of 160 m to 270 m

in the maximum depth of perennially frozen ground. The corresponding

results for the Severe permafrost case, shown in figure 5.45, depict that

maximum permafrost depth can vary between 310 m and 460 m and the

maximum depth of perennially frozen ground between 280 m and 410 m.

Combination of uncertainties in air temperature, surface
conditions and subsurface thermal conditions

In order to investigate the combination of all relevant factors favourable

and unfavourable for permafrost development a sensitivity case based

on the Repetition of last glacial cycle case with constant air tempera-

ture changes of −6 ◦C and +6 ◦C, and with the most favourable and un-

favourable subsurface thermal conditions is conducted. The results are

illustrated in figure 5.46. As expected, they show a very large fluctuation

in both permafrost depth (30 m to 460 m) and perennially frozen ground

depth (30 m to 420 m). These two cases indicate that if setting all uncer-

tainties in their most pessimistic combination, which is a quite unrealistic

case, permafrost is able to reach the repository depth of 450 m in the Rep-

141



Evolution of frozen ground

Figure 5.44. Evolution of maximum permafrost depth, maximum depth of perennially
frozen ground and maximum depth of −4 ◦C isotherm above the repository
for the Repetition of last glacial cycle case considering combined uncertain-
ties in surface conditions and subsurface thermal conditions. The shaded
areas in blue and red represent the range within which a result is expected
to lie when considering surface conditions and subsurface thermal condi-
tions between the values enhancing and diminishing permafrost develop-
ment most. The lilac colour indicates that the results for permafrost and
perennially frozen ground overlap.

etition of last glacial cycle case in 45,000 years. The perennially frozen

depth does not reach repository at this time.

Heat from the repository

The studies on the heat from the repository give the expected result,

shown in figure 5.47, that the heat from the repository reduces the per-

mafrost and perennially frozen ground depth. For example, the permafrost

depth is reduced by 38 % at 109,700 years BP and by 14 % at 70,000

years BP.

Convective heat transfer

The effect of convective heat transfer due to groundwater flow and salin-

ity transport on the development of permafrost and perennially frozen

ground is found to be very weak, as shown in figure 5.48. The permafrost

depths in consideration of groundwater flow and salinity transport are

less than a metre greater than those without it. A somewhat larger dif-

ference in frozen depth (5 metres) is possibly a consequence of reduced

salinity concentration due to salt transport. It should again be empha-
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Figure 5.45. Evolution of maximum permafrost depth, maximum depth of perennially
frozen ground and maximum depth of −4 ◦C isotherm above the repository
for the Severe permafrost case considering combined uncertainties in surface
conditions and subsurface thermal conditions. The shaded areas in blue
and red represent the range within which a result is expected to lie when
considering surface conditions and subsurface thermal conditions between
the values enhancing and diminishing permafrost development most. The
lilac colour indicates that the results for permafrost and perennially frozen
ground overlap.

sised that the results on groundwater flow and salinity are strongly af-

fected by the 2-D modelling approach.
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Figure 5.46. Evolution of maximum permafrost depth, maximum depth of perennially
frozen ground and maximum depth of −4 ◦C isotherm above the reposi-
tory for the Repetition of last glacial cycle case considering the unlikely
case of combined largest uncertainties in air temperature, surface conditions
and subsurface thermal conditions enhancing and diminishing permafrost
growth most. The shaded areas in blue and red represent the range within
which a result is expected to lie. The lilac colour indicates that the results
for permafrost and perennially frozen ground overlap.

Figure 5.47. Evolution of maximum permafrost depth and maximum depth of perenni-
ally frozen ground above the repository for the dry variant of the Repetition
of last glacial cycle case considering mean thermal properties and variable
heat production from the repository from zero to the reference value. The
shaded areas in blue and red represent the ranges within which a result
is expected to lie when considering heat production from the repository be-
tween the zero and reference amounts. The lilac colour indicates that the
results for permafrost and perennially frozen ground overlap.

144



Evolution of frozen ground

Figure 5.48. Evolution of maximum permafrost depth and maximum depth of perenni-
ally frozen ground above the repository for the dry variant of the Repetition
of last glacial cycle case considering mean subsurface thermal conditions,
and with and without groundwater flow and salinity transport. The shaded
areas in blue and red represent the ranges within which a result is expected
to lie when considering groundwater flow and salt transport between the
reference case and case without groundwater flow and salt transport. The
lilac colour indicates that the results for permafrost and perennially frozen
ground overlap.
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6. Conclusions

An approach based on the continuum thermodynamics and theory of mix-

tures is presented for modelling porous media as multicomponent mix-

tures consisting of miscible and immiscible phases. It is shown that not

only the balance laws but also the constitutive relations can be estab-

lished in a general form without specifying the material beforehand. As

a result, the behaviour of porous medium including coupled processes of

heat and mass transfer, deformations of material and phase changes be-

tween different constituents can be represented as functional relation-

ships between the independent constitutive quantities and dependent field

quantities. It is also demonstrated that the approach is able to produce

general results for the constitutive quantities such as a general formula

for the constituent specific free energy function including features of ther-

mal expansion, compressibility, chemical compaction and interactions be-

tween constituents. The indicator function concept is shown to treat rig-

orously constrains on the constitutive quantities in a way that they are a

natural part of the constitutive formulation. One of the outcomes of this

is a general definition for the constituent temperatures.

The approach is used to derive a model for freezing and thawing of saline

water saturated ground. The model includes a description for heat and

mass transfer in freezing and thawing ground, phase change of ground-

water being affected by groundwater pressure, salt concentration and in-

teractions between the ground matter and water, and exclusion of salt

during freezing. The density driven groundwater flow in unfrozen and

partially frozen ground, and deformations of ground are also included.

Especially, the phase change of water is determined accurately and the

Stokes-Einstein relation for molecular diffusion coefficient of dissolved

salts in the groundwater is an outcome of the constitutive formulation

instead of being a given quantity. The feasibility of the model is investi-
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gated by numerical simulations on experimental tests.

At the end, the model is used to investigate the development of per-

mafrost and perennially frozen ground at Forsmark in Sweden on time-

scales of 45,000 and 115,000 years by using site-specific information on

physical properties of ground. Time histories of ground level air temper-

atures, shoreline migration, soil and vegetation cover, as well as the heat

generation from the spent fuel at a depth of 450–470 metres are also con-

sidered. The main conclusions concerning the present investigations on

the evolution of the thermo-hydro-chemical behaviour of ground under-

going freezing and thawing cycles in a time frame of 100,000 years are

summarised next.

The prevailing surface conditions, such as air and ground surface tem-

peratures and surface moisture conditions, are shown to be the main driv-

ing force for the spatial and temporal development of permafrost and

perennially frozen ground at Forsmark. It is demonstrated that in the

Repetition of last glacial cycle case, the permafrost and perennially frozen

ground never exceeds the depth of 300 m above the repository, whereas

in the Severe permafrost case without any cover of ice sheet, vegetation,

snow or sea, permafrost reaches the depth of 390 m. Furthermore, if mak-

ing the very pessimistic combination of setting all known uncertainties

in the air temperature, surface vegetation and snow conditions, bedrock

thermal conductivity and heat capacity, and geothermal heat flow in the

position most favourable for permafrost growth, the permafrost may reach

the depth of 450 m in 45,000 years in the Repetition of last glacial cycle

case. However, the perennially frozen ground does not reach the repos-

itory depth. Likewise, if combining the Severe permafrost case, which

assumes no ice sheet, winter snow, vegetation or sea coverage during the

entire glacial cycle, with maximum thermal conductivity and minimum

heat capacity for the subsurface, as well as using the minimum geother-

mal heat flow value, the simulated maximum permafrost depth over the

repository may extend the 450 m in 95,000 years. It should be noticed

that the combination of assumptions in both these cases are quite unreal-

istic. Based on the results and the investigations on ground temperature

modelling by Sundberg et al. (2009), the uncertainty associated with de-

termination of the ground surface temperature from the air temperature

is reduced clearly. In comparison to the surface conditions, the bedrock

thermal properties and groundwater salinity are of secondary importance

modifying the spatial and temporal development of permafrost and peren-
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nially frozen ground.

Under continuous permafrost conditions, the unfrozen groundwater con-

tent in the perennially frozen ground under lakes down to a 50 m depth

exceeds 10 %. This indicates that taliks are able to be formed under lakes

through perennially frozen ground if favourable groundwater flow con-

ditions with open flow paths prevail. When the unfrozen groundwater

content decreases below 10 %, the groundwater flow is reduced consider-

ably, and taliks are no longer able to be formed nor survive. Although the

groundwater flow and salt transport seem to have a small influence on

the permafrost and perennially frozen ground, the significance of uncer-

tainties related to the convective heat transfer and salt transport remains

unclear, since the 2-D model is not able to describe the groundwater flow

realistically.

The studies also demonstrates that freezing can induce salt exclusion

and transport when perennially frozen ground reaches 200 m. At more

shallow depths, the impacts of freezing are difficult to see since the salin-

ity of groundwater has been diluted prior to the development of peren-

nially frozen ground. When salt transport occurs more slowly than the

freezing zone advances, the salinity concentration is increased within the

perennially frozen ground.
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Appendix A

Table A.1. Material constants of water.

Parameter Fw0 Unit Value Coefficients
Molecular weight Mw kg mol−1 1.8015 · 10−2

Bulk density �w0 kg m−3 999.9

Specific volume υw0 m3 kg−1 1.0001 · 10−3

Specific heat
capacity

cw0 J kg−1K−1 4.2077 · 103 j aw,j bw,j

0 1.0000 1.0000

1 −0.0887 3.0201

2 0.2859 14.7607

Thermal
conductivity

kthw0 W m K−1 0.5600 j aw,j

0 1.0000

1 0.0000

Isothermal
compressibility

κw0 Pa−1 4.4534 · 10−10 j aw,j bw,j

0 1.0000 1.0000

Isobaric thermal
expansion

αw0 K−1 5.3358 · 10−5 j aw,j bw,j

0 1.0000 1.0000

1 −79.1305
2 207.4836

3 −403.8270
4 395.5347

5 −166.1466
Isothermal
chemical
compaction

ζw0 −6.6237 · 10−1 j aw,j bw,j

0 1.0000 1.0000

1 0.0000 5.1806

Viscosity μw0 Pa s 1.7920 · 10−3

Coefficient ν10 K−1 −3.1950 · 10−2 j aν1,j bν1,j

0 1.0000 1.0000

1 −1.5771
2 1.3920

3 −0.4784
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Appendix A

Table A.2. Material constants of dissolved salts of standard seawater.

Parameter Fc0 Unit Value Coefficients
Molecular weight Mc kg mol−1 3.1404 · 10−2

Bulk density �c0 kg m−3 1.7430 · 103
Specific volume υc0 m3 kg−1 5.7372 · 10−4

Specific heat
capacity

cc0 J kg−1K−1 2.4138 · 103 j ac,j bc,j
0 1.0000 1.0000

1 −0.0887 −3.0201
2 0.2859 14.7607

Thermal
conductivity

kthc0 W m K−1 0.5600 j ac,j
0 1.0000

1 0.0000

Isothermal
compressibility

κc0 Pa−1 4.4534 · 10−10 j ac,j bc,j
0 1.0000 1.0000

Isobaric thermal
expansion

αc0 K−1 5.3358 · 10−5 j ac,j bc,j
0 1.0000 1.0000

1 −79.1305
2 207.4836

3 −403.8270
4 395.5347

5 −166.1466
Isothermal
chemical
compaction

ζc0 6.6237 · 10−1 j ac,j bc,j
0 1.0000 1.0000

1 0.0000 −5.1806
Viscosity
Coefficient ν20 1.9175 j aν2,j bν2,j

0 1.0000 1.0000

1 5.4188

Parameters for
solute diffusion

Constant d1 0.87

Constant d2 2.00
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Appendix A

Table A.3. Material constants of ice.

Parameter Fi0 Unit Value Coefficients
Specific enthalpy hi0 J kg−1 −3.3336 · 105
Bulk density �i0 kg m−3 916.8

Specific volume υi0 m3 kg−1 1.0908 · 10−3

Specific heat
capacity

ci0 J kg−1K−1 2.0888 · 103 j ai,j bi,j
0 1.0000 1.0000

1 0.9557

Thermal
conductivity

kthi0 W m K−1 2.2400 j ai,j
0 1.0000

1 0.0000

Isothermal
compressibility

κi0 Pa−1 1.1417 · 10−10 j ai,j bi,j

0 1.0000 1.0000

Isobaric thermal
expansion

αi0 K−1 1.6781 · 10−4 j ai,j bi,j

0 1.0000 1.0000

1 1.1923
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A model for ground freezing

of salts. The phase transition between water and ice is assumed to be

reversible.

The particular constitutive model will consist of the state equations

for the specific volumes and stresses, the generalised Clausius-Clapeyron

equation for the phase change between water and ice, the Darcy equation

for groundwater flow, and the Fick equation for salt diffusion and disper-

sion. The fundamental balance laws include the momentum and energy

balance equations of ground and a combination of the mass balance equa-

tions of ground matter, water, ice and dissolved salts.

soil/rock

ice

groundwater

solutes

water

Figure 3.1. A model for partially frozen ground.

3.2 Variables of state and dissipation

By using the mixture concept introduced in section 2.3, the partially frozen

ground is represented by

M =

Phases{
Ps,Pgw,Pi

}
=

{
Ps,

Substances
{Sgww , Sgwc } ,Pi

}
=

Constituents{
Ks,Kw,Kc,Ki

}

s soil/rock w liquid water
gw groundwater c dissolved salts
i ice

.

The volume fractions βκ, κ ∈ {s, gw, i} define the volumetric proportions

of ground matter, groundwater and ice in the porous medium, while the

molar fractions xgw
λ , λ ∈ {w, c} give proportions of water and dissolved

salts in the groundwater. Hence, by definition (2.4) the molar volume

fractions ξα = ξα(x, t), α ∈ {s,w, c, i} of partially frozen ground are defined

by

ξs = βs, ξw = xgw
w βgw, ξc = xgw

c βgw and ξi = βi. (3.1)

Assuming that no dissipation takes place with respect to the rates of

entropy production γα, all constituents have an equal positive tempera-

ture by equation (2.130), and hence Tα = T (x, t), α ∈ {s,w, c, i}. The

other state variables are the thermodynamic pressures pα = pα(x, t), α ∈
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