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Preface

The path towards this thesis begun already about eight years ago, in 2010,
when I started as a summer student in the Complex Systems group at the
Department of Biomedical Engineering and Computational Science (BECS).
During this summer internship, I was introduced to the fascinating world
of network science and complex systems, of which I then wanted to learn
more. The first internship was thus followed by further internships, a
master’s thesis project, and finally the work towards this dissertation.
During this time our research group also moved from BECS to become a
part of the Department of Computer Science (CS). Over these years I have
grown and learned a lot, both as a person as well as academically. For this
growth and learning, I owe thanks to many.
First and foremost, I want to thank my thesis instructor and supervisor

Jari Saramäki for his endless enthusiasm towards science and letting me
follow my interests without worries about funding. While I feel priviledged
for this freedom, it has also forced me to think about what topics I am
interested in and what goals to pursue. Given my varied interests, this
dissertation now contains studies ranging from the human brain to public
transportation networks. During the latest years of my journey within the
Complex Systems group, I think I have also been able to pick up some of
Jari’s enthusiasm towards science, which is crucial for staying motivated
in day-to-day work. I am also grateful to Jari for sharing his wisdom on
writing as well as communication in general. These skills will undoubtedly
be useful for me no matter what I end up doing in the future.
Besides Jari, I have had plenty of other marvelous colleagues from whom

I have learned the nuts and bolts of both network science and the different
application domains of this dissertation. Regarding the bits of knowledge
on network science, I would like to especially thank Raj Kumar Pan, who
always had time for a chat while I was still working on my Master’s thesis.
Moreover, I had excellent guides to the study of the human brain and the
world of public transportation. My thanks thus go to Enrico Glerean who
kindly answered all my questions about the human brain and helped out
with any problems related to fMRI data, and Christoffer Weckström and
Miloš Mladenović for introducing me to the world of public transportation
within the DeCoNet-project funded by the Academy of Finland. With
Christoffer, we made a great team with a mixture of different skills, and
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I believe we both learned a lot from each other. Miloš has also been an
excellent mentor to the world of transportation, and has shown by his
example what academic professionalism is about. For materializing the
publications of this Thesis, my co-authors have also played important roles.
My sincerest thanks thus go to Talayeh Aledavood, Richard Darst, Mikko
Sams, and Iiro Jääskeläinen for your efforts in our joint endeavors.
When writing this Thesis in particular, my colleagues within the research

group supported me by providing many useful comments and suggestions.
Thank you Jari, Richard, Christoffer, and Onerva for your help. I would
also like to thank my thesis pre-examiners, Gourab Goshal and José Javier
Ramasco for their further constructive comments on the thesis and the
encouraging feedback. I am also confident that my opponent, Martin
Rosvall, will challenge and broaden my thinking further through a series
of tough questions and discussion at the Thesis defense.
During these years, I have been a part of a research group where the

working atmosphere has been great. Given the varied backgrounds of my
colleagues, I have had a lot to learn from their various superpowers. In
particular, I admire Talayeh’s social networking skills and her ability to
create a cheery atmosphere at the office. With Talayeh, I also enjoyed our
frictionless collaboration during our D4D-project - we made up a good team
then! Further, I appreciate Onerva Korhonen’s quest for consistency and
sticking to any agreements made, which has brought some rigidity to the
occasional chaos at the office. With Onerva I have also enjoyed our almost
weekly discussions on the human brain and how to analyze brain function
using networks, as well as our successful quest for revising the Complex
Networks -course. Richard Darst’s willingness to help his colleagues seems
to be never-ending, in particular with all IT-related things. For me, he has
especially given the much-needed kick-start to adopting proper software
development practices, which will certainly turn out valuable for me in the
future. Hereby, I would also like thank Mikko Kivelä for his thoughtful
comments and scrutiny towards science over the years, which has left little
room for sloppy reasoning.
During the years within the Complex Systems group and the CS and

BECS departments, I have also enjoyed the company and the wit of my
many other colleagues during breaks, fruit hours, and hallway chats. To
this end, my thanks go to Ville-Pekka, János x 2, Lauri, Márton, Gerardo,
Kimmo, Hang, Riku, Joonas, Pauli, Pietro, Darko, Asim, Ilkka, Juho,
Guillaume, Tuomas, Daniel, Jordan, Krzysztof, Kunal x 2, Nils, Arash,
Aili, Elisa, Tarmo, Sara, Ana, Tolou, and Parisa (thanks for the cakes)!
As you can see, the list of people is long, and I am sure that I have not
remembered to mention you all by name. In case I have forgotten you
from the list above, please accept my apologies. At this occasion, I would
also like to thank the service personnel, IT-support, and the Aalto Science
IT-project, for their frictionless support over the years.
Luckily, I have managed to also lead a life outside the academic context.

While working on this thesis, I shared a start-up venture with the Homer
gang; thank you Antti, Eliel, Hannu, and Tommi for the excellent team
spirit! I learned a lot from our venture, and I have put some of the lessons
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learned into use also during my later research work. Furthermore, I would
like to thank the members of the Teekkarisuunnistajat community. Over
the last ten years, I have always enjoyed the various workouts and sauna-
nights, which have given my brain a break from studies and research. My
special thanks go to Ville Keskisaari, my ex-flatmate and yet still a friend,
for our many debates and discussions on word choices. I think you have on
your part made me appreciate the importance and the many challenges
of human-to-human communication. In addition to Ville, I award special
mentions to Olli Salo, Olli-Pekka Koistinen, and Niklas Saramäki, with
whom I have also been able to share my troubles within academia and life
in general. I feel lucky to say that my list of friends is not limited to the
ones mentioned above. My thanks thus go also to all my other friends who
have steered my mind away from science and research!
Finally, I would like to thank my family. Thanks for my siblings Pasi and

Suvi for their support and simply being there. My thanks also go to Suvi
and Olli’s children who always remind me of some of the most important
things in life - to play and to be curious! Last, I want to thank my parents
Kaija and Urho, who have taught me the fundamentals of human life:
knowing how to sleep, eat, or walk are still skills that I appreciate daily.
During my studies in Otaniemi, a visit to Jyväskylä has always charged up
my batteries, when I have needed some rest. Over the years, it has been a
nice feeling to know that no matter what happens, you have got my back.

Espoo, June 21, 2018,

Rainer Kujala
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1. Introduction

Due to increasing digitalization of the modern society, new data are pro-
duced at an overwhelming rate that keeps on growing. These data have
different origins and formats; examples include time-series data from
sensors or digital records of human online activity. Given suitable compu-
tational tools and modeling approaches, this access to large amounts of
data has the potential to transform many realms of human endeavor such
as medicine or planning of physical infrastructure.
What makes these data so valuable is the possibility to learn from them.

To facilitate this learning, many computational approaches have been de-
veloped ranging from conventional statistics to various machine-learning
techniques. However, to facilitate human understanding, there is some-
times a need to model the data and the underlying system using more
concrete, or “physical,” models. One such approach is to model systems
as networks, where the individual system elements play the role of nodes
that are connected by links that describe the interdependencies between
the elements. Remarkably often, data on various systems can be modeled
using such a network presentation [1, 2].
The idea of analyzing and modeling systems as networks originates in

graph theory [3] and dates back to Euler’s problem on the seven bridges
of Königsberg [4]. While graph theory can be considered a branch of
abstract mathematics, the field of network science focuses especially on
understanding the structure and function of real-world networked systems.
The roots of network science lie in the analysis of social networks [5–
7], where network nodes correspond to people, and friendships can be
modeled by connecting two nodes with a link. As digital data on various
systems have become available, network science has been used to study
various systems such as social networks [8], the human brain [9], human
mobility [10], infrastructure networks [11–13], and the Internet [14].
The main goal of network science has been to characterize the structure

of real-world complex systems. Interestingly, many systems share similar
structural properties in terms of their network structure. Especially im-
portant has been the discovery of the small-world and scale-free properties.
If a network is considered small-world [7], the network should be locally
clustered, i.e., contain a large number of triangles, and only few steps
are typically required for traversing between node pairs. The scale-free
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property [15] implies that the number of connections each node has follows
a power-law distribution spanning multiple orders of magnitude. The
discovery of these two properties was the spark for a wide-spread interest
towards studying network structure. While surprising at the time of dis-
covery, the small-world and scale-free properties are currently considered
more of a norm than an exception. Thus, current research is typically
focused beyond these basic structural properties.
The network structure of a system readily gives hints on how it operates.

However, to truly understand how a system operates one needs to directly
investigate the underlying dynamics. To this end, network scientists have
increasingly focused on studying the dynamical processes taking place on
networks [16]. In particular, researchers have explicitly incorporated the
time dimension into network analyses by modeling systems as temporal
networks [17, 18]. In temporal networks, interactions between system
components are no longer modeled using a static set of links, but rather
with a set of events that also describe the interaction times and durations.
This shift towards time-dependent analyses is exemplified by the study
of social systems: instead of analyzing a static network of friendships or
acquaintances, recent research focuses on the temporal communication
patterns between people [19, 20].
The static and temporal network modeling approaches have increased our

understanding of the structure and function of various complex systems.
In these modeling endeavors, one typically simplifies the representation of
the system to its bare minimum to understand the fundamental system
mechanisms. However, when one reduces a system to a mathematical
network presentation, there is a danger that one omits important domain-
specific system details. In such cases, the results of the network analysis
may turn out to be misleading and of little practical relevance to the actual
application domain. However, when most of the important system-level
details are taken adequately into account, results of network analysis and
modeling have sometimes provided the basis for practical applications.
Examples of such real-world applications include the PageRank algorithm
giving the basis for Google’s web-search [21], and models of human-mobility
and epidemic spreading [22, 23] that enable one to predict the trajectories
of epidemic outbreaks.
In this Thesis, I continue the work on this interface between network

theory and practical applications. In particular, I develop network-science-
based methods for studying the human brain, human mobility patterns,
and public transportation. In addition to suitable methods, a key compo-
nent in research is the availability of high-quality data in an accessible
format. To this end, in this Thesis I also introduce a curated collection of
public transport network data sets for 25 cities to fill a gap in the avail-
ability of research data. This collection enables network scientists and
public transportation experts to easily study public transport networks,
and provides a testbed for developing new computational analysis methods.
The structure of this Thesis is as follows. First, in Chapter 2 we review

the fundamentals of network science and temporal networks providing
the background on which the new computational analysis methods are
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developed. Then we discuss the three application areas in Chapters 3–5.
For each application area, we provide an introduction to the current state
of research, outline the key results of the relevant Publications, and finish
by discussing future research directions. When summarizing the results
of the Publications, I only outline the key ideas of the methods, but leave
the precise methodological details to the attached Publications. Following
this approach, in Chapter 3 I discuss brain networks constructed from
functional magnetic resonance imaging data and explain how one can
go around the fundamental problem of node definition in brain networks
by using network coarse-graining (Publication I). In Chapter 4, I discuss
human mobility studies utilizing digital records of mobility and outline a
method for estimating travel times using sparse, time-stamped records of
people’s locations (Publication II). In Chapter 5, we dive into the world of
public transportation and face the challenges related to accurate modeling
of public transport networks. To address these challenges, I introduce
a new, temporal-network-based methodology for computing travel times
and transfers in public transport networks (Publication III), summarize
the produced collection of public transport data sets (Publication IV), and
outline the open source software we have developed for Publication III and
Publication IV. Finally, in Chapter 6, I discuss the main results of this
Thesis, the qualities of a good computational method, and the promises
and pitfalls of interdisciplinarity.
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2. Network science

In this Chapter, we provide an introduction to the central concepts of net-
work science. In particular, we discuss methods for the analysis of static
networks and temporal networks that enable accurate modeling of the
time-dependent interactions between system elements. The treatment of
these topics aims at providing the necessary context and background for
understanding the later Chapters of this Thesis. However, the treatment
of these topics is by no means complete. For more thorough reviews of
network science, we refer the interested readers to the many textbooks
written on network science [1, 2, 24, 25], and regarding temporal network
modeling, we advise the reader to have a look at References [17, 18].

2.1 Static networks

2.1.1 Basics

We will start with some basic definitions. A network, or graph, G is de-
fined by a set of vertices V = {n1, n2, ..., nN} and edges E = {e1, e2, ..., eL},
where N stands for the total number of vertices and L for the number of
edges in the network. An edge e can be represented by a tuple (ni, nj) con-
sisting of the vertices that it connects. Note that instead of using the words
“vertices” and “edges,” we also refer to these concepts interchangeably as
nodes, and links, respectively.
While a network can be presented simply by listing its nodes and edges,

it is often convenient to present a network using an adjacency matrix A
whose elements Ai,j are defined as

Ai,j =

{
1, if there is a link between ni and nj

0, if there is no link between ni and nj

(2.1)

With the adjacency matrix notation, many network properties can be
conveniently expressed. For instance, the number of neighbors of a node,
or node degree, can be expressed simply as ki =

∑
j Ai,j .
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Figure 2.1. Different types of static networks based on whether network links can be
directed or weighted. Network nodes are visualized as circles, and lines corre-
spond to network edges. Line widths indicate edge weights, and arrowheads
indicate the edge directions.

2.1.2 Different types of networks

Sometimes the interactions and dependencies between system elements
are also directional, resulting in a directed network. For instance, if a
web page i contains a hyperlink to another web page j, web page j may
not have a hyperlink to web page i. In this case, the hyperlink from web
page i to web page j can still be represented by a tuple (ni, nj), but now the
ordering of the nodes matter. Also, the adjacency matrix of the network is
not necessarily symmetric, and the element Ai,j equals 1 only if there is a
directed link from ni to nj . Consequently, in directed networks, there can
be two links between a pair of nodes – one in each direction.
Often it also makes sense to consider the strength of the interaction

between the system elements. Such situations arise, e.g., when analyzing
the functional correlations between different brain areas, the dependencies
in the changes of stock prices, or the strengths of social bonds in social net-
works. Now, each link is associated with a certain weight Wi,j , resulting
in a weighted network. Similarly to the adjacency matrix, the weights
Wi,j between nodes can be collected into a weight matrix W.
As networks can be weighted, or unweighted, as well as directed or

undirected, we have already encountered four different types of networks,
as visualized in Figure 2.1. The networks in Figure 2.1 are considered
simple, as they do not contain self-links, and there are no parallel links
between two nodes1. Allowing networks to have self-links or parallel edges
can be sometimes useful, but unless otherwise noted we assume networks
to be simple.
A special class of static networks is bipartite networks, where there are

two types of nodes, and links are allowed only between nodes of different
types. An example of a bipartite network is a network of actors and movies,
where a link is assigned between an actor and a movie if the actor has

1In directed networks links between the same pair of nodes, but to opposite
directions, are not considered parallel.
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n6
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Movie network
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n1 n2 n3

n4 n7n5 n6

Movie-actor network

Figure 2.2. An example of a bipartite actor-movie network and its one mode projections.
The one-mode projection to the actor-nodes results in a network, in which a
link between two actor-nodes indicates that the two actors have been featured
in at least one common movie. The one-mode projection to the movie-nodes
results in a network, in which a link between two movie-nodes indicates that
the two movies share at least one common actor.

had a role in the movie [7]. For easier analysis of the network structure,
bipartite networks are typically “projected” to a one-mode network where
only nodes of one type are present. For instance, in a movie-actor network,
the projection to the actor nodes results in a network where two actors
are connected if they have both acted in the same movie. An example of
a small bipartite network and its projections into one-mode networks are
illustrated in Figure 2.2. While there are only few methods tailored for
analyzing bipartite networks directly, bipartite networks have remained an
important intermediate step in constructing networks, such as the public
transportation networks we discuss in Chapter 5.
In the following parts of this Chapter, we will assume that networks

are simple, unweighted, and undirected. However, note that most of the
methods and measures we list below can be generalized to directed and
weighted graphs, and sometimes also to networks that allow parallel edges.

2.1.3 Quantifying global network structure

The structure of small networks can be easily investigated through vi-
sualization as in Figure 2.1. However, large-scale networks with up to
millions of nodes cannot be usefully visualized and thus different measures
for characterizing network structure are required for their analysis. To
this end, there exists a variety of different methods, of which we now go
through some of the most important ones.

Network density
Perhaps the most simplest global measure of a network is the network
density. i.e., the fraction of network edges out of the total possible number
of edges in the network. For an undirected network, network density is
given by

ρ =
# edges

# possible edges
=

L
1
2N(N − 1)

(2.2)
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where “#” stands for “number of.” When a network has low density, it is a
sparse network. Most large, real-world networks tend to be sparse since
they can consist of a large number of nodes, but the number of links a node
can have is typically constrained due to reasons of cost, time, and space.

Degree distribution
The degree, k, of a node equals to the number of connections a node has
to other nodes. In most real-world networks, the degrees of different
nodes can differ by orders of magnitude. To quantify this variation, one
can compute the degree distribution of a network. If Nk equals the
number of nodes in the network that have degree k, the estimated degree
distribution is given simply by

P (k) =
Nk

N
. (2.3)

One of the initial sparks for network science research was that the degree
distributions of many networks turned out to be extremely broad with few
hub nodes having orders of magnitude more connections than most other
nodes. Networks whose degree distributions were found to approximate
power-laws were then given the name scale-free networks [15]. One
reason why scale-free networks have been found interesting is that scale-
freeness makes networks extremely vulnerable to targeted attacks on
nodes [26], and enables fast spreading of information or infectious diseases
in the network [27].

Paths and path lengths
In networks, it is often possible to travel from one node to another, even
if there is no direct link between them. For instance, in the unweighted,
undirected network of Figure 2.1, it is possible to “walk” from node n1 to
node n4 by passing through node n2. The study of such travel through the
network has been of interest since the 18th century [4], and it remains an
active topic of interest. More formally, we define a path p to be a sequence
of edges:

p = {ep1, ep2, ..., epl }, (2.4)

where we require the end node of each edge epj to be the same as the start
node of the following edge epj+1. In Equation 2.4, l stands for the length of
the path.
To quantify how distant two nodes i and j are in a network, one can

compute the shortest path length li,j . The shortest path length can be
computed with algorithms such as Dijkstra’s algorithm [28]. To summarize
the distances in the network in general, one can compute the average
path length between all node pairs:

〈l〉 = 1

# node pairs

∑
i,j∈V ,i �=j

li,j . (2.5)

If one is more interested in the extremes, one can compute the maximum
value of the shortest path lengths, i.e., the network diameter d:

d = max
i,j∈V ,i �=j

li,j . (2.6)
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Somewhat surprisingly, although most real-world networks are sparse, the
average and maximum shortest path lengths are typically low compared to
the number of nodes in the network [5, 7]. An illustrative example of this
phenomenon is given by the idea of “six degrees of separation” claiming
that only six intermediate persons are required for passing a message from
one person to any other person in the world. In fact, when this phenomenon
was studied within the online friendship network of Facebook that has
hundreds of millions of users, this number was found to be even lower (≈
3.7) [29].

2.1.4 Node centrality measures

For characterizing the importance and role of individual nodes in a network,
the network science toolbox provides various node centrality measures.
We have already encountered the simplest measure of node centrality,

i.e., node degree k

ki =
∑
j∈V

Ai,j . (2.7)

If one assumes that links to other important nodes are more valuable in
terms of centrality than links to less important nodes, one ends up with
the eigenvector centrality ce, which for node ni is given by

cei =
1

λ

∑
j∈V :j �=i

cej , (2.8)

where λ is a normalization factor that equals the largest eigenvalue of
the adjacency matrix of the network. Eigenvector centrality is defined for
undirected networks, but if one suitably adjusts this measure to handle
directed networks, one ends up with the PageRank centrality [21], which
provided the basis for Google, the popular Internet search engine.
There are also centrality measures formulated based on paths in the

network. For instance, the closeness centrality cc for node i gives the
highest centrality to those nodes from which the total distance to all other
nodes is smallest:

cci =
1∑

j∈V :j �=i

di,j
. (2.9)

Betweenness centrality, cb, tries to capture the “bridgeness” of a node
by measuring the number of shortest paths going through it:

cbi =
∑

j,k∈V :j �=i �=k

σj,k(i)

σj,k
, (2.10)

where σj,k is the number of different shortest paths from j to k, and σj,k(i)
is the number of those shortest paths that go through node i.
We illustrate these four different centrality measures in Figure 2.3.
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High centrality

Low centrality

ClosenessDegree

BetweennessEigenvector

Figure 2.3. Illustration on the different node centrality measures. Note how the centrality
measures highlight different aspects of importance in the network.
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2.1.5 Clustering

Most real-world networks manifest clustering, i.e., two neighbors of a
node are more likely to be connected than what would be expected by
chance [7]. This phenomenon can be quantified for each node ni by com-
puting its clustering coefficient C:

Ci =
# links between neighbors of node i

# total number of possible links between neighbors of node i

(2.11)

=

∑
j∈V \{i}

( ∑
k∈V \{i}:k>j

Ai,jAj,kAk,i

)

1
2ki(ki − 1)

∈ [0, 1], (2.12)

with ci typically defined to equal 0 if ki equals 0 or 1.
The origin of clustering can be explained in many ways. For instance,

people tend to introduce their friends to each other resulting in triadic
closure [30], and in spatially embedded networks a high level of clustering
can be an effect of spatial constraints [13].
For summarizing the overall level of clustering in a network, one often

computes the mean clustering coefficient 〈C〉 = 1
N

∑
iCi, and typically

it is significantly larger than what it would be for a similar-sized random
network. If a network has a high value of clustering and short average
path length (〈l〉 = O(logN)), it is called a small-world network2 [7].

2.1.6 Community structure and detection in networks

So far we have only discussed the two extremes for quantifying network
structure – the global network summary statistics, and the local node
centrality measures. However, most real-world networks also exhibit
rich structure on the intermediate level between these two extremes. In
particular, in many networks there are node groups that are well-connected
internally but only loosely connected to other parts of the network. In
network science literature, such densely-connected groups of nodes are
referred to as communities, clusters, or modules, and a network that
has identifiable communities is said to exhibit community structure.
One example of a network that has clear community structure is shown in
Figure 2.4.
While network visualization is sufficient for understanding the commu-

nity structure in small networks like the one presented in Figure 2.4,
for larger networks automated methods for identifying this community
structure are required. However, there is no canonical definition for what
constitutes a network community, and therefore many different community
detection methods have been developed [31]. Researchers have thus tried

2The interpretation of small-world networks varies, as some researchers do not
require a network to be highly clustered to be considered as a small-world. In
this Thesis we nonetheless require that small-world networks are both highly
clustered and have short average path lengths.
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Figure 2.4. Community structure in a small network. Each color indicates the non-
overlapping community assignments of the nodes.

out different community definitions, which all have their own benefits and
drawbacks. Most definitions impose that the goal in community detec-
tion is to partition the graph into groups of nodes [32, 33] so that each
node belongs to one community. Modern community detection methods
also allow for overlapping communities [34, 35], and efforts have been
made to model the mesoscopic network structure more holistically through
stochastic block modeling [36].
To make the problem of community detection more concrete, we discuss

one popular approach for discovering network communities: the opti-
mization of network modularity [32]. Modularity optimization belongs
to the class of community detection methods where one partitions the
set of network nodes V into a number of non-overlapping communities
P = {C1, C2, ..., C|P|} with the goal of optimizing the value of a global func-
tion, which takes the network and the partition as its inputs. In modularity
optimization, this global function is called modularity, Q, and it is given
by

Q(G,P) =
1

L

∑
i

∑
j>i

(
Ai,j − kikj

2L

)
δP(i, j), (2.13)

where

δP(i, j) =

{
1, if nodes ni and nj belong to the same community,
0, otherwise.

(2.14)
Modularity thus counts the number of links within communities and
subtracts from that the expected number of links that one would obtain
if the links were assigned randomly between nodes while still preserving
the degree of each node 3. In modularity optimization, the number of
communities to be found is in general unrestricted.

3Please note that in this degree-preserving reference model one allows also for
self-links and multiple links between two nodes.
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The modularity function Q provides only the definition of what kind of
network partition one should look for but does not answer how to find it.
Solving the modularity optimization problem has turned out to be an NP-
complete problem [37], which forces one to resort to heuristic algorithms
that are typically stochastic in nature. Furthermore, the modularity func-
tion can give high values for different network partitions [38], and the
optimal communities tend to have a characteristic size that depends on the
size of the network even though this should not always be the case [39, 40].
Thus, there are many practical and theoretical problems related to net-
work modularity. Unfortunately, all community detection methods tend
to suffer from similar problems. Therefore, to trust and understand the
results output by a community detection algorithm, one needs to properly
understand what kind of structures the community detection method looks
for as well as the heuristics used.
Different community detection methods, as well as different runs of the

same community detection method, often yield different partitions for a
network. For modularity optimization one should probably use the solution
with the highest value of modularity. However, it is not in general clear
which one of the network partitions one should use as the representative
network partition. Despite the differences in the partitions returned
by different applications of one or more community detection methods,
each of the partitions most likely captures some meaningful aspect of the
community structure of the network. Thus, to summarize the results of
multiple community detection algorithms, it has been suggested to combine
these network partitions into one consensus partition using consensus
clustering methods [41, 42].
How do the community detection methods then work in practice? Are

they able to find the network structures they are supposed to? For an-
swering these questions, there are two main approaches for measuring the
performance of community detection algorithms: artificial benchmark net-
works, and comparison of community detection results with available node
metadata. In the first approach one generates artificial benchmark net-
works with a planted community structure and then compares these results
to the outputs of the community detection algorithm of interest [43, 44].
A drawback of this approach is that the planted community structure
itself also implies its own definition of network communities. Therefore
this approach is suited for testing out different optimization heuristics,
but not necessarily for comparing algorithms that are based on different
definitions of network communities. In the second approach, one applies
community detection methods to real-world networks and compares the
outputs to known categorical labels of nodes, such as a person’s gender,
or the domain name of the person’s email address [45]. However, node
metadata does not necessarily reflect the structure of the network [46].
Thus, there are limited possibilities for quantitatively assessing, how well
different community detection methods perform when they are applied to
real-world networks.
In both of the above approaches for measuring the performance of com-

munity detection methods, one needs a way for measuring the similarity
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between two network partitions. To this end, many measures have been
developed based on different ideas on what makes two partitions similar
to each other [47–49]. While different measures usually agree on which
pairs of partitions are more similar than others, sometimes using different
measures for comparing partitions can lead to conflicting conclusions [49].
Thus, as there is no canonical solution to comparing network partitions,
even assessing the similarity of two network partitions is not as straight-
forward as it seems.
To summarize, community detection and other more general methods

for characterizing mesoscopic network structure can shed light on the
structure of large-scale networks. However, given the various definitions
of network communities, the heuristics involved in their discovery, and the
challenges in measuring the similarity of two network partitions, there
is no simple recipe to detect communities in practice. Notably, the choice
of a community detection method is bound to the question of why the
communities should be detected in the first place [50, 51].

2.1.7 Spanning trees and network thresholding

When analyzing a weighted network that has a large number of links,
it may be beneficial to concentrate on the most important links in the
network for obtaining a better picture of the underlying network structure.
There are multiple approaches to this filtering.
One approach is to reduce the whole network into its maximal span-

ning tree, which contains the smallest number of links (N − 1) to keep all
nodes in a single network component while maximizing the total weight
of the included links. Alternatively, if links having the lowest weights are
considered the most important ones, one can use a minimal spanning tree
instead. This problem of finding the maximal or minimal spanning tree
of a network can be solved using well-known, efficient algorithms [52–54].
Maximal and minimal spanning trees have been applied to the analysis
of stock market price dependencies [55–57] as well as to networks of the
human brain [58–60].
Spanning trees result in extremely sparse networks, with many peculiar

properties. Spanning trees do not contain any loops, and it is possible
that a network link having a large weight in the original network is
not included in a maximal spanning tree while an edge with a smaller
weight is. Thus, to focus truly on the strongest network links, one often
thresholds the network so that only a fraction fthresh. of the strongest
links is preserved. Alternatively, the thresholding can also be done based
on a given weight threshold wthresh.. Network thresholding is a typical
preprocessing technique especially in fields where the connectivity between
links is measured based on correlations between time-series and where
the original weight matrix would have almost no non-zero elements [57,
58, 61].
In addition to finding the spanning tree, or thresholding the network,

one sometimes binarizes the network by discarding the weights of the
included links. The concepts of the maximal spanning tree and network
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Figure 2.5. An example of a maximal spanning tree and network thresholding. The
nodes in the original network represent US airports, and an undirected link
between two airports indicates whether there are flights between the airports.
The width of a line connecting two airports is proportional to the number of
flights between the airports, i.e., the link weight. The maximum spanning
tree (MST) now highlights the backbone of the air transport network. The
thresholded network has been chosen to have the same number of links as the
MST, but now some nodes become disconnected as there are no high-frequency
connections going through them. Both the MST and the thresholded network
have been binarized, as is indicated by the constant widths of the links
connecting airports in these two networks. The original flight data used for
this visualization has been obtained from http://www.rita.dot.gov/bts/.

thresholding are illustrated in Figure 2.5.

2.2 Temporal networks

2.2.1 Events

Static network analysis enables one to understand system structure, but
can only provide limited information on how a system operates. To truly un-
derstand a system’s operations, a closer investigation of the time-dependent
system dynamics is required. These dynamics can be studied using dif-
ferent network-based approaches [17]. One fruitful approach is to model
the system as a temporal network, where individual time-dependent
events taking place in the system are explicitly modeled [17, 18]. Modeling
systems as temporal networks has been applied to various disciplines, high-
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Figure 2.6. Temporal networks, time-respecting paths and temporal distance. On left,
we show a temporal network visualized as a node-time diagram, where each
horizontal line indicates one of the network nodes (A, B, C, or D), and the
arrows between the nodes correspond to events taking place between the nodes.
Note also that time progresses on the horizontal axis, and arrowheads indicate
the movement direction of the events. In the figure, we have annotated the
events corresponding to three time-respecting paths (a, b, and c) between
nodes A and D. These three time-respecting paths determine the temporal
distance between nodes A and D. On right, we show the temporal distance
profile between the nodes A and D, where we have annotated the temporal
distances at the departure times of the time-respecting path alternatives a, b,
and c.

lighting the importance of event timings in human communication [19],
networks of sexual contacts [62], and flight networks [63].
Mathematically, a temporal network consists a set of nodes V and a set

of events E = {e1, e2, ...}, i.e., the collection of time-stamped interactions
between the network nodes. Depending on the system at hand, this set of
events could correspond to firings between neurons, sending a text message
to a friend, or physical travel between two locations. Each event e thus
contains information on at least two nodes ni and nj and the time t of their
interaction. Events in temporal networks can be directed or undirected.
For instance, it is natural to consider a face-to-face meeting between to
people to be an undirected event [64], while sending an e-mail also implies
a certain direction [19]. Often, events can be considered instantaneous
as is the case when sending an e-mail message. However, sometimes
events can have a duration δt. Event durations are especially important
when modeling physical travel between locations, such as flights between
airports [63] or public transportation vehicles moving between stops [65].
In this Thesis, we focus on temporal networks where people or public

transport vehicles traverse between specific locations. For these purposes,
we model temporal network events as quadruples (ne

dep, n
e
arr, t

e
dep, t

e
arr),

where ne
dep is the node corresponding to the travel origin, n

e
arr is the node

corresponding to the travel destination, tedep is the departure time of travel,
and tearr is the arrival time of travel. Note that the duration δte of an
event is thus simply given by tearr − tedep ≥ 0. In the rest of this Thesis, we
apply this convention for modeling events in temporal networks, unless
otherwise noted. A visualization of this modeling approach is shown in
Figure 2.6
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2.2.2 Time-respecting paths and temporal distance

Given the temporal network of events taking place between the network
nodes, one can then study the time it takes to travel between the net-
work nodes. To make the treatment of this topic accurate, we start by
defining two key concepts: time-respecting temporal paths and temporal
distance [63].
A time-respecting path p is a sequence of events [e1, e2, .., el], for which

it holds that nei+1

dep = nei
arr and teiarr ≤ t

ei+1

dep ∀i ∈ {1...(l−1)}. The duration of a
time-respecting path is naturally given by te1dep−telarr. In the context of public
transport networks discussed in Chapter 5, time-respecting paths provide
a model for time-dependent journey alternatives in public transportation
networks.
The temporal distance τi→j(t) describes the time it takes to travel from

node i to j at time t; please note that some waiting may be required before
the first event of the next fastest time-respecting path from i to j takes
place. Formally the temporal distance can be written as

τi→j(t) = t∗arr(i, j, t)− t, (2.15)

where t∗arr(i, j, t) is the earliest possible arrival time at j using time-
respecting paths departing from node i at time t or later. For an illustration
on temporal distance and time-respecting paths, see Figure 2.6.
For computing temporal distances in practice, one has often resorted to

sampling, which has been the case when studying information spreading
in networks [19] or travel times in the public transport network of Great
Britain [65]. However, fast algorithms for computing the mean temporal
distance 〈τi→j〉 = 1

tend−tstart

∫ tend
tstart

τi→j(t) between two locations are also
available [63].

2.2.3 Burstiness

A concept that is often encountered in the analysis of temporal networks
is the bursty nature of event timings between two nodes. One example
of burstiness is the temporal communication patterns between people,
where the inter-event time distribution between communication events is
typically broad [66]. Burstiness and higher-order dependencies in event
timings are important, as they impact the processes taking place in many
temporal networks. For instance, when the temporal distances of real
systems have been analyzed, it has turned out that burstiness in human
communication tends to increase temporal distances [19], while in flight
networks burstiness decreases temporal distances as it is a by-product of
optimizing transfers [63].
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3. Functional brain networks

3.1 The human brain as a network

It is astonishing that no one can fully explain how the human brain oper-
ates and how our cognitive abilities emerge. This difficulty is underpinned
by the complexity of the human brain arising from its roughly 1011 neu-
rons [67] communicating to each other via many more synapses. Given the
network structure on the level of neurons, modeling the human brain as a
network seems to be a natural choice.
The means for collecting information on the structure of the human brain

have remained limited. Thus the study of the full neuronal circuitry of
the brain has remained a dream. The only neuronal network that has
been fully mapped is the connectome of the worm Caenorhabditis elegans
consisting of mere 300 neurons [68, 69], a number that is multiple orders
of magnitude smaller than that of the human brain. Thus, when studying
the full human brain, only aggregate structural and functional patterns
between different brain regions can be used.
In the study of the human brain as a network, three different aspects

of brain connectivity have been identified [70]: structural, effective, and
functional connectivity. Structural connectivity describes the physical
wiring of the human brain and is usually studied at the level of brain
regions that are connected to each other via macroscopic bundles of fibers.
Data for studying structural connectivity can be obtained using differ-
ent techniques, such as diffusion tensor imaging and histological meth-
ods [71, 72]. To understand the dynamical operating principles of the
brain, one has to go beyond structural information. To this end, effective
connectivity tries to capture the causal information flows between brain
regions. However, due to the difficulties in assessing causal patterns in
brain activity data [73], one often resorts to studying functional con-
nectivity, which measures the statistical dependencies in the activation
time-series between different brain regions.
For studying effective and functional connectivity, one has to resort to

studying aggregated data of human brain activity. To this end, many
brain imaging techniques that allow tracking the dynamic activations
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in the human brain have been developed. Examples of such methods
include magnetoencephalography (MEG), electroencephalography (EEG),
and functional magnetic resonance imaging (fMRI). All of these imaging
methods produce time-series data that can be associated with different
brain areas. These time-series data can be used to construct networks,
where brain areas correspond to nodes, and links are assigned between
brain areas based on the measured effective or functional connectivity [70].
In the following, we will focus on the study of functional brain networks

constructed from fMRI data, which presents only one approach to the study
of the brain using networks. For a broader view on network neuroscience,
we advise the interested reader to References [9, 70, 72, 74].

3.2 Functional magnetic resonance imaging

A popular brain imaging modality that has often been used to study func-
tional brain networks is functional magnetic resonance imaging (fMRI). In
short, fMRI measures the blood-oxygen-level-dependent (BOLD) signal,
which in turn is indicative of the energy consumption of the neurons [75].
Based on the BOLD signal data, it is then possible to assess the neural
activity of brain regions over time. In whole-brain studies, fMRI typically
reaches a resolution of 3-4 millimeters when using a sampling interval of
approximately 1 second [75]. It is worth noting that, using methods such
as MEG and EEG, brain activity has been recorded at frequencies higher
than the 1̃ Hz sampling frequency of fMRI. fMRI thus does not allow one
to investigate the fine-grained details of brain dynamics but still allows
discovering statistical regularities in aggregate brain activity.
Traditionally, fMRI experiments have focused on studying which parts

of the brain become “activated” under different types of visual or auditory
stimuli [75, 76]. These types of studies can be used to provide activation
maps of the human brain that show which brain areas respond to different
types of stimuli. However, to understand the functional relationships and
interactions between brain regions, the focus has shifted towards studying
the dependencies between the BOLD signals of different brain regions. To
this end, different methodological approaches have been adopted, such as
multivariate pattern analysis [77, 78] as well as modeling the functional
dependencies of the brain as a network [72, 74].

3.3 Functional brain networks

When fMRI data are modeled as functional brain networks, different brain
areas correspond to network nodes, and links depict the level of statistical
dependence between the BOLD signals of the brain regions. After the raw
fMRI data are obtained from the scanner, they go through a number of
preprocessing steps. Some of the typical steps in fMRI data preprocess-
ing include casting the raw data into a standardized brain template for
facilitating comparisons across subjects, regressing out nuisance signals
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Figure 3.1. Schematic representation of the data processing pipeline for casting raw fMRI
data into a functional brain network.

due to head movement [79], and spatial smoothing of the BOLD signals.
As the outcome of this data pre-processing pipeline, one obtains BOLD
time series data for voxels forming a three-dimensional grid covering the
important parts of the brain. This spatial grid of voxels is then sometimes
downsampled to a number of larger brain areas, depending on how one
defines the nodes of the network.
For measuring the strength of the statistical dependence between two

BOLD signals, there exist many methods [73]. Often, simply using the
Pearson’s linear correlation coefficient between the BOLD signals is found
sufficient [80]. The computation of these statistical dependencies between
all node pairs results in a functional connectivity matrix which can readily
be interpreted as a weighted network. However, the resulting weighted
networks are often thresholded to yield static, unweighted networks, whose
properties can then be analyzed using the standard tools of network sci-
ence [72]. For a schematic illustration of a typical data processing pipeline
used for constructing functional brain networks, see Figure 3.1.
Functional brain networks have been studied at various levels. At the

global level, the mean path lengths of these networks have been found to be
low [7, 81, 82]. Hypothetically, one could think that this could be a sign of
efficient information flow between different brain areas, but these findings
could equally well be explained by noise that causes spurious random links
to appear in the network. At the node level, functional brain networks
have been found locally clustered [81], which is as one would expect for
such spatially embedded networks [13]. Also, network centrality measures
have been used to highlight the importance of brain regions as hubs under
different types of stimuli, but the interpretation of these results in terms of
brain function is not straightforward [83]. Between these local and global
extremes, community detection methods have shed light on the mesoscopic
level of functional brain network organization [59, 84–90]. In addition
to general characterization of the network structure, functional brain
network analyses have been used to study differences in brain function
caused by mental disorders [59, 88, 91].
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3.4 Challenges in functional brain network analysis

Although fMRI data is increasingly being used for studying the human
brain, fMRI-data-based functional brain network analysis is subject to
many challenges.
Some of these challenges are related to data preprocessing and are thus

shared by most fMRI studies. Examples of these preprocessing-related
challenges include the filtering of motion-related noise from the BOLD
signals [79], the questions of whether it makes sense to smooth the data
spatially [92] and of how to best transform the recorded BOLD signals from
the physical measurement space to a standard brain template [93]. As no
consensus on many of the preprocessing-related issues has been reached,
a variety of different pipelines for data pre-processing and analysis have
been used [94], making comparisons across studies challenging.
In addition to the challenges related to the preprocessing of fMRI data,

adopting the network modeling approach brings its own set of challenges.
Of these, some the most fundamental ones are the definition of network
nodes and links, and how to best work with multiple networks correspond-
ing to different subjects. As Publication I relates to these challenges, we
discuss them below in more detail.

3.4.1 How to define network nodes?

Although the brain at its most detailed level is a network of neurons,
functional magnetic resonance imaging only yields data on a spatial grid,
where each three-dimensional imaging pixel, or voxel, often covers millions
of neurons. The nodes used in fMRI analyses are thus aggregations over
a large number of neurons. Despite more than a decade’s worth of fMRI-
based network analyses, there is no broad agreement on what one should
use as the definition of a network node. To this end, there are three main
approaches in the literature with their own benefits and drawbacks [95,
96].
In the first approach, one uses previously detected hot spots of functional

activation as the basis for defining network nodes. In this approach, each
node covers a sphere centered at the location of the activation hot-spot
with a radius of up to one centimeter. The representative BOLD signal
is then often computed as the mean BOLD signal of the voxels that the
sphere covers. The main benefit of this approach is that each node can be
interpreted in terms of brain function, while the main drawback is that
the nodes cover only a fraction of the human brain [95].
The second approach is to define the spatial extents of the network nodes

according to some a priori parcellation of the whole brain, such as anatom-
ical atlases [97, 98]. The spatial extent covered by each node is often
referred to as a Region-Of-Interest (ROI) 1. Similarly to the functional-
activation-based approach, in this atlas-based approach the representative
signal for each network node is typically computed by averaging the BOLD

1Note that nodes defined based on functional activations can also be referred to
as ROIs.
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signals of the voxels covered by the ROI’s spatial extent. The main draw-
back of this approach is that it discards many of the spatiotemporal details
of the BOLD signal, as each ROI typically consists of 10 to 100 voxels,
depending on the imaging resolution. While this would not be a problem if
the BOLD time series of the voxels belonging to a ROI would be similar,
this is not the case in practice [99]. Thus each ROI’s “representative” signal
may represent only some of the ROI’s voxels, if any.
The third main approach is to define network nodes simply as the original

fMRI imaging voxels, or their only slightly transformed and aggregated
versions. The main critique of the voxel-wise method is the potentially
poor signal-to-noise ratio of voxel time-series. Also, voxels do not have
a clear interpretation as distinct units of information processing in the
brain [96]. The voxel-wise approach nonetheless preserves the high spatial
resolution of fMRI, and it is not constrained by any prior knowledge like the
other approaches. Therefore, using voxels as nodes has been advocated for
functional brain network studies [95]. However, the voxel-wise approach
comes with methodological challenges, as it results in large networks with
thousands of nodes, and orders of magnitude more links. In particular,
visualization of the networks may no longer be feasible, which can make
it challenging to understand the network structure and results of node-
and link-level analysis. Otherwise, common network analysis tools can
handle networks of such sizes, although the computational costs of running
network analysis algorithms grow with the increasing system sizes.

3.4.2 How to assign links between nodes, and what does it
mean?

Another major challenge when modeling fMRI data using networks is that
one can reliably only assess the correlations between the BOLD signals but
not their causal dependencies [73]. Therefore one can only study functional
networks where link weights correspond to the strength of statistical
dependencies between the BOLD time series of brain regions. Thus, even
if there is a link between two nodes in a functional brain network, this
does not guarantee that there is any actual information flow between
these brain areas. Further, the existence of a functional link between two
brain regions does not have a clear, tangible interpretation beyond the
brain regions “being in sync.” While this may not seem dangerous as such,
one needs to be careful in interpreting the results of network analyses.
For instance, if a node in a functional brain network is identified to be
important by some network centrality measure, this node’s role in the
function of the brain can still be only speculated on.
As a concrete interpretation for network links is lacking, there is also

no consensus on whether one should threshold the weighted functional
connectivity matrix or just analyze it as a weighted network. Furthermore,
if one decides to threshold the network, there is no canonical way of
choosing a threshold in terms of link weight or network density.

23



Functional brain networks

3.4.3 How to deal with multiple network instances?

In order to obtain generalizable results, most fMRI studies include multiple
human subjects in the experiments. In particular, this is the case when
one tries to quantify differences in functional brain network structure
due to stimuli or mental disorders. Such studies pose a methodological
challenge for network analysis: How should one assess the differences
caused by external factors when they are manifested in multiple networks
each having the same set of network nodes?
A simple approach would be to construct an “average network” of all

individual networks corresponding to a certain experimental condition and
then analyze that network’s properties. However, this approach does not
allow for rigorous statistical comparisons. Thus one typically compares
groups of networks, in which case standard statistical tests for differences
in node centrality values, link weights, or measures quantifying the global
network structure can be immediately applied. However, understanding
the differences in the mesoscopic network structure of voxel-wise networks
is a more challenging problem, and the focus of Publication I.

3.5 Summary of results for Publication I

In Publication I, we developed a network coarse-graining method for as-
sessing differences in the mesoscopic network structure and applied this
method to study the differences in the voxel-level functional brain network
structure of 13 individuals between rest and movie viewing. As a side-track
of this methodology, we discovered a pattern that could be used as a basis
for choosing the optimal network density to use in fMRI network studies.

3.5.1 A step towards choosing the optimal network density?

No consensus has been reached on whether one should analyze functional
brain networks as full, weighted matrices or to threshold them. Nonethe-
less, if one chooses to threshold a network, one also has to choose the
weight threshold or network density to be used.
When comparing networks across subjects or experimental conditions,

it would be ideal that links in the different networks represent similar
degrees of statistical dependency between the network nodes. In this case,
one would prefer using a fixed weight for thresholding fMRI correlation
matrices. However, this is not always feasible in practice, because the
varying quality of the raw fMRI data and the subsequent pre-processing
can alter, e.g., the mean values in the correlation distributions across
subjects and experiments. Thus, using a fixed weight threshold can result
in networks with significantly varying densities, which can then be a
dominating factor when comparing networks. Therefore, to obtain more
conclusive and stable results in fMRI network analyses, one often resorts
to merely fixing the network density.
What value of network density should one then use? This, again, is a
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difficult question to answer. To circumvent this problem, many studies
have analyzed networks using multiple values for the threshold density [59,
100, 101]. However, for practical reasons including the high computational
cost of the analysis pipeline, one may sometimes have to choose a particular
network density to be used [59, 88]. Despite the substantial impacts that
thresholding has on the network structure [100], there still is no canonical
way for choosing network density.
To this end, in Publication I, we investigated the similarity of functional

brain networks as a function of network density. As the similarity measure
between the networks, we used the fraction of common links that two net-
work share f(G,G′) = |E∩E′|

|E| . The results of this investigation are shown
in Figure 3.2, where we plot f as a function of network density for different
groupings of the 26 networks corresponding to 13 subjects measured in
two different experimental conditions. The main finding is that in all of
the cases, f has a qualitatively similar, non-trivial, characteristic shape.
First, with low network densities, the fraction of common links between
two networks is found to be larger than what is expected by random chance.
After this initial peak, the fraction of shared links tends to drop slightly,
before it inevitably starts to increase due to increasing network density.
There is no clear explanation for this observed pattern. However, one

can speculate that the initial peak in the fraction of common links could be
due to a common “backbone” of functional brain networks. The subsequent
dip in f could then be explained by noise or true variations in the network
structures specific to subjects or experimental conditions. Nonetheless,
the observed pattern strongly deviates from the reference curve that one
would obtain if the networks were random. While we do not know what
the explanations for these different phases of the observed pattern are,
their mere existence calls for further inspection. If similar characteristic
curves would be found in different fMRI data sets using different data
pre-processing pipelines, the presented pattern could provide a starting
point towards choosing network densities in a well-motivated manner.
Furthermore, in Figure 3.2 one can see that the networks corresponding

to the same subject in different experimental conditions are significantly
more similar than networks corresponding to different subjects in the same
experimental condition. The anatomy thus seems to have a significant
impact on the structure of the functional brain networks. On the other
hand, networks of different subjects tend to have similar values of f
independently of whether the networks correspond the same experimental
condition or not. In short, these results suggest that the variance in
functional brain networks due to anatomy can be greater than the variance
due to stimuli. Therefore, when designing future fMRI experiments, well-
paired experimental setups should be used for increased statistical power.

3.5.2 Graph coarse-graining helps to quantify differences
between voxel-level networks

Many functional brain network studies deal with multiple networks cor-
responding to different experimental conditions and subjects, and each of
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Figure 3.2. Fraction of common links plotted as a function of network density demon-
strates a characteristic shape. Additionally, the increased similarity of same-
subject networks over different-subject networks can be seen. The curves
are based on BOLD signal correlation matrices of 26 fMRI scans made for
13 subjects during rest and movie viewing. The reference curve shows the
expected fraction of common links of two random networks with the same
number of nodes. Figure reproduced with permission from Publication I

these networks can have a large number of nodes (103–105) and orders of
magnitude more links. Now, statistics on the differences in the properties of
individual links or nodes or measures quantifying global network structure
can be easily computed. However, understanding and quantifying differ-
ences in the overall structure of these networks is more challenging. As
the efficient visualization of these networks and their differences becomes
practically impossible due to the large number of nodes and links, some
ways for summarizing differences in the mesoscopic network structure are
required.
From the network science point of view, this is an atypical problem. This

is because, in most network studies, one typically tries to understand the
structure of one network, and comparing networks has been a problem less
frequently encountered. Therefore, there are few methods for comparing
the overall structure of two groups of networks that all have the same set
of nodes but different links. Given that fMRI data are noisy, one especially
needs to be able to verify any observed differences in a statistically sound
manner.
As discussed in Chapter 2, community detection is one way to understand

the intermediate-level structure in networks. Community detection has
also been applied to the analysis of functional brain networks [59, 86–90,
102, 103]. Therefore, comparing the network communities corresponding
to two groups of functional brain networks may seem to be a tempting
way for assessing differences in the mesoscopic network structure [88].
While there are some methods for assessing the stability and consistency
of network modules [104–106], these cannot be used, e.g., for quantifying
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the statistical significance of the split of a network community into two
parts.
Comparing network partitions of different functional brain networks or

groups of them is not straightforward. This difficulty is due to multiple
reasons. First, even if we had an ideal community detection method that
would always discover the optimal partition according to some definition
of network communities, small changes in the network structure could
still result in large differences in the discovered network communities. For
instance, the merging of two large modules could be due to the introduction
of only one new link, in which case the cause and the apparent effect size
would be out of proportion. An illustrative example of this is shown in
Figure 3.3 (second row). Second, when comparing the brain networks of
subject groups, one either needs to compare groups of network partitions
or to summarize the network partitions using a consensus clustering algo-
rithm, which brings in yet another layer of complexity. Third, community
detection methods are typically stochastic, and thus their results vary
even if the method is applied to the same network. This variation in the
communities thus adds more noise on top of the noise that is already
present in the original fMRI data. As a result, it is difficult to figure out
which differences in the identified network communities arise from the
true differences in the link structures of networks.
Due to the above challenges in comparing network communities, in Pub-

lication I we argue that differences in the link structures of networks are
not best assessed by comparing network partitions. Instead, we suggest
that for studying differences in the mesoscopic link structure of networks,
it is better to directly assess the numbers of links between and within
brain areas. This can be done by coarse-graining the functional brain
networks with respect to some partition of the network nodes into com-
munities, as shown in Figure 3.3 (two bottom rows). Given a partition, or
a frame of reference, one can then summarize each network as a weight
matrix. In this weight matrix, each element corresponds to either the
numbers of links between two communities, or the number of links within
a community. After this coarse-graining process, it is easy to quantify
the group-level differences in the weight matrix elements using standard
statistical techniques, such as permutation tests.
In Publication I, we applied this graph coarse-graining approach to

compare functional brain network structures between rest and movie
viewing. As the reference partition, we chose to use the consensus partition
of the communities identified for the rest-condition networks. This choice
enabled us to detect, e.g., the increased number of links within the visual
cortex during movie viewing. Given the audiovisual nature of the stimulus,
this seems to be a reasonable result.
An important issue in adopting the graph coarse-graining method is

the selection of the “frame of reference” partition to be used in the coarse-
graining process. In Publication I, we used a data-driven network partition,
which can be useful especially for exploratory analyses. However, other
network partitions could be used as well. In general, there is no single
optimal choice for the reference partition, but the choice is bound to the
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Figure 3.3. Assessing differences in the link structure of two networks through the analy-
sis of individual links, the comparison of network modules, and through graph
coarse-graining. In the top row, we show two networks A (left) and B (middle)
differing from each other only by four relocated links (right). The red links are
present in B but not in A, and blue links are present in A but are missing in B.
The second row shows the network modules corresponding to networks A and
B as identified using modularity optimization [107]. On the right, we sum-
marize the differences in the discovered community structure as an alluvial
diagram [104]. In the alluvial diagram, the left side of the diagram represents
the modules of network A, the right side represents the modules of network B,
and the ribbons connecting the two sides show how the modules of A and B
match each other in terms of node composition. Note that the only difference
between the network modules arises from the addition of a single link between
the green and violet modules of network A, while other, larger differences in
the link structure result in no differences in the identified modules. The third
and fourth rows show the coarse-grained versions of networks A and B as
well as their difference in two equivalent graphical presentations when the
coarse-graining has been done based on the communities detected for network
A. The matrix presentation in the difference column of the bottom row effi-
ciently summarizes the differences in the link-structure between networks A
and B. For instance, the addition of one link between the green and purple
modules is depicted as a small red square. Figure reproduced with permission
from Publication I.
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analysis goals. The reference partition should be chosen so that it allows
answering the research hypothesis that is being studied.
It is worth noting that graph coarse-graining is not the only option for

studying differences in the mesoscopic link structure of functional brain
networks. In particular, there exist analysis methods that have been tai-
lored for neuroscience [108–110] that try to bundles, or large connected
components, of statistically significantly differing links. Nonetheless, there
is still room for further methodological development. To this end, one
possible future direction is to investigate whether the ideas and meth-
ods used in stochastic block modeling [111–113] can be transformed for
summarizing differences between groups of networks.

3.6 Discussion

fMRI data have been modeled as functional brain networks for more than
a decade. However, a canonical approach for defining network nodes and
links is still lacking, which makes the comparison of results across studies
challenging. The methodological approaches presented in Publication I
contribute on their part towards resolving these challenges. The discovered
dependence of the fraction of common links on the network density could
provide the first step towards choosing the optimal density to use for
network thresholding. On the other hand, the graph coarse-graining
methodology makes comparing voxel-wise functional brain networks easier,
which could help in the transition to using voxels as the standard choice
for network nodes.
Given the noisy BOLD signals and the controversies in defining network

nodes and links, one might consider whether it makes sense to model
fMRI data as networks in the first place. After all, for fMRI data, there is
no “natural” definition of network nodes that would divide the brain into
meaningful individual units, and the functional links between the nodes
lack a concrete interpretation in terms of the underlying brain dynamics.
A similar situation is at hand when analyzing climate networks [114],
where nodes correspond to different spatial locations on Earth and links
are assigned between locations based on correlations between the time
series of local climate variables. Given that the climate system has no
clear network nodes either, why are networks then used for modeling
such spatially continuous systems? The probable answer is that modeling
systems as networks provides an intuitive “first order approximation”
for assessing the interdependencies between the system elements. In
addition to providing this coarse view on the system function, the network
approach can be useful for studying systems under different experimental
conditions. For instance, in neuroscience experiments, stimuli or health
can be controlled for, and thus any observed differences in functional
connectivity can provide hints on the differences in the underlying brain
dynamics, or disease mechanisms. Thus, despite the shortcomings of
functional brain network analysis, it can be a useful starting point for
various exploratory analyses that provide the basis for more focused studies

29



Functional brain networks

and models of the human brain function.
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4. Human mobility networks

4.1 Human mobility studies in a nutshell

Human mobility studies cover various scales ranging from the detailed
modeling of pedestrian movements to the study of international migration
flows [115]. This knowledge on human mobility patterns is essential for
various purposes, such as land use planning, planning of transportation
systems in cities [116], and preventing the spread of infectious diseases [23,
117–119]. To comprehensively understand human mobility patterns, they
need to be studied from various perspectives using appropriate modeling
approaches, of which network models have often proven to be a fruitful
approach.
Human mobility studies that investigate movements between distinct

locations, such as buildings or cities, can roughly be split into two cate-
gories: studies of individual-level mobility patterns and studies modeling
the aggregate mobility fluxes between locations. In individual-level stud-
ies, focus areas of research include trip length distributions [120, 121],
the predictability of human movements [10, 122, 123], and the temporal
visitation patterns of the locations [122, 124, 125]. On the aggregate level,
the primary objective has been to estimate the number of people moving
between different locations, i.e., the construction of origin–destination
travel matrices. To this end, different modeling approaches relying on data
sources ranging from spatial population and job densities [126, 127] to
mobility traces from mobile phones have been developed [128–132].
Often human mobility can be analyzed and understood using network

modeling approaches. In such cases, network nodes generally correspond
to different spatial locations or zones, such as buildings or coverage areas
of cell towers. When focusing on an individual’s mobility patterns, directed
links or temporal events denote travels between different locations [10, 122,
123, 133]. When studying population-wide mobility fluxes, nodes typically
correspond to larger areas, such as administrative regions, while link
weights correspond to the numbers of travelers between these areas [128–
130, 132].
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4.2 Data sources for human mobility studies

For developing models of human mobility, various types of data have been
used. Traditionally, human mobility has been analyzed using census data
and through labor-intensive travel surveys [115]. With the increasing
digitalization and availability of mobile phones, human mobility is more
and more studied using digital traces of human mobility. Examples of
such passively collected digital data sources include GPS traces [134, 135],
location-tagged activity data from online social media platforms [136–
138], and call detail records (CDRs) containing information on individual
telecommunication events such as calls or text messages [121, 139]. CDRs
typically include identifiers for the sender and receiver of each telecom-
munication event, the time of the event, and the cell towers to which the
sender and receiver were connected to during the event.
Each of the mobility data sources has its own benefits and drawbacks.

Census and survey data usually provide a relatively unbiased, represen-
tative view on human mobility, but they often lack in spatiotemporal
resolution and coverage. GPS traces currently provide the most accurate
picture in terms of time and space. However, GPS tracking usually re-
quires study participants to have access to smartphones, which may not be
readily available, e.g., in many developing countries. Furthermore, GPS-
based positioning does not work well inside buildings, and the high energy
consumption required by GPS-tracking can result in partial information on
the trajectories of individuals. Activity data from social media platforms
can provide precise location information, e.g., in the form of geolocated
tweets but the temporal resolution is limited to the bursty activity patterns
of the users. In addition, the users of various social media platforms tend to
be biased in terms of age and gender [140], and thus their usage patterns
are likely to be geographically biased. CDRs can provide data for tracking
the locations of individuals even over multiple years, but their temporal
resolution again depends on the bursty telecommunication activity pat-
terns of the users. In rural areas, the spatial resolution of CDRs can be
low, as the range of a cell tower can be up to tens of kilometers. The key
strength of CDRs in mobility studies is the possibility to passively track
large numbers of individuals without any effort from their side.
While census and survey data are often available for researchers, the

same does not apply to data collected by private companies. Data on human
mobility traces often reside in the hands of private companies, who may not
be keen on sharing their data due to business and privacy reasons [139].
Especially, simple obfuscation of user identifiers is not enough to prevent
re-identification of users with the help of just a few pieces of external infor-
mation, such as four known spatiotemporal observations of a user [141].
Given the growing interest in studying human mobility [115], the access
to high-quality data is probably the greatest bottleneck. Fortunately, some
telecommunication companies have set up “challenges,” where researchers
get access to suitably aggregated and anonymized data sets where single
individuals can not be easily re-identified from the data [142, 143]. Data
from one such challenge, the Data for Development 2014 challenge, was
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used in Publication II.

4.3 Summary of results for Publication II

4.3.1 A method for estimating travel times based on
time-stamped location data

One key requirement for successful transportation planning is the possi-
bility to monitor travel times between different locations. In developed
countries, travel times can be accurately estimated using GPS probes, often
installed in cars [144–146]. In practice, GPS data are typically collected
by technology companies, such as Google, by tracking the users of their
services. While such companies can provide accurate estimates of travel
times in developed countries, their accuracy in developing countries may
be limited due to low smartphone penetration. Given that in developing
countries there may be no official, realistic travel time estimates between
locations, there seems to be an information gap to be filled.
In Publication II we addressed this information gap by developing a

method for estimating and monitoring travel times between cities based
on CDR data. The inputs to the method are a sample of time-stamped
CDR traces with information on the ID of the closest cell towers, and
the cell tower IDs associated with each city. For each origin-destination
city pair, the method then scans through the CDR data, and discovers all
potential travel durations, or inter-observation times, between the city pair,
as shown in Figure 4.1. When all these inter-observation times are pooled,
one can almost always observe a sharp peak in the inter-observation-time
distribution, as shown in Figure 4.2. After smoothing this experimental
inter-observation time distribution using a Gaussian kernel, the identified
location of the peak can then be used as an estimate for the typical travel
time between the cities.
First, we used the method to construct a table of travel times between

major Senegalese cities. In the few cases for which travel time quotes were
available, the travel time estimates yielded by the method matched well
with quoted values. Remarkably, this was possible despite the method’s
simplicity and despite the many challenges related to the source data, such
as the temporally sparse, bursty sampling of people’s locations, the limited
accuracy of cell tower locations, and the limited sample of mobile phone
users.
When we compared our travel time estimates to those provided by Google,

we found that our estimates were systematically larger than Google’s
estimates. These results are illustrated in Figure 4.3 and could indicate
that Google may overestimate the speed of travel in Senegal. However, as
no ground-truth data was available, it remains unclear which estimates
better reflect reality.
In addition to static estimation of travel times, we applied our method

for monitoring how travel times change. As shown in Figure 4.4, we
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Figure 4.1. Scanning a spatial trajectory into city-pair specific sets of inter-observation
times. On the left, we visualize the mobility trajectory of a person as a spatial
and timeline representation. On the right, we show the inter-observation
times that the presented method would automatically identify. Figure repro-
duced from Publication II (CC-BY-4.0, Kujala et al.)
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Figure 4.2. Estimating typical travel times based on experimental inter-observation time
distributions. The black dots show the experimental inter-observation time dis-
tribution, and the green curve shows the smoothed estimate of the probability
density. The red and blue vertical lines denote the “peak” and “lower-bound”
travel time estimates discussed in Publication II. Figure reproduced from
Publication II (CC-BY-4.0, Kujala et al.)
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Figure 4.3. Comparing our CDR-based travel time estimates with Google’s estimates.
Panels A and B show the comparisons for our lower bound and peak estimates,
respectively. In both cases, our estimates are larger than Google’s estimates,
especially for long distances, which could indicate that Google overestimates
travel speeds in Senegal. Figure reproduced from Publication II (CC-BY-4.0,
Kujala et al.)

demonstrated how travel times immediately decreased after the opening
of a new highway between Dakar, the capital of Senegal, and the nearby
city of Diamniadio.

4.4 Discussion

At first sight, the developed method for estimating travel times between
cities answers only to a relatively narrow and specific problem. However,
given that the method relies only on the provision of time-stamped location
data that may be sparse, the method could equally well be applied to study
travel times within cities or across countries. As an example, it could be
applied to the vast numbers of geolocated tweets. Moreover, one could
also interpret the concept of “location” differently. For instance, given the
trajectories of the websites people visit, the developed method could be
applied to figuring out the typical time spans between visits to different
websites.
If our method for estimating travel times were applied to the trajectory of

only one mobile phone user, it would fail to provide meaningful estimates
of travel times due to too small numbers of the inter-observation times.
However, when the method was applied to a large data set consisting
of several thousand users, the method was able to yield good results.
Publication II thus presents a good example of the power of big data,
where large amounts of data enable even relatively simple methods to
provide useful information. On the other hand, this application of CDR
data is also a typical example of a CDR-data-based study [139], as it yields
insights on topics for which the CDR data was not initially collected for.
The data used for this study was provided by Orange and Sonatel as a

part of the Data For Development -challenge (D4D) 2014 [143]. Initiatives
such as the D4D challenge are essential in demonstrating the potential of
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Figure 4.4. Monitoring travel times using CDR data: the opening of the Dakar-Diamniadio
toll highway. Using the method for estimating travel times, we assessed how
the opening of the new highway affected travel times between Dakar and
Pout on a daily (Panel A) and a monthly (Panel B) time resolution. The solid
lines denote the actual estimates, and the shaded areas denote the 5th and
95th percentiles of bootstrap travel time estimates. The green vertical line
marks the opening date of the highway. Figure reproduced from Publication II
(CC-BY-4.0, Kujala et al.)

privately-held data reservoirs, and in fostering new public-private part-
nerships for bringing the data out of silos for societal benefit. However,
despite the demonstrated benefits of utilizing CDR data, obtaining data
from telecommunication companies for research purposes has remained a
challenge, even if non-disclosure agreements are signed and the data are
suitably anonymized and aggregated [139]. For unleashing the power of
the privately-held data, different approaches ranging from putting users
in control of their data [147] to technological solutions enabling privacy
preserving data mining [148, 149] have been suggested.
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5.1 Public transport – a special mode of urban travel

More than 50% of the world’s population live in cities, and this share
continues increasing [150]. This increasing rate of population growth of
cities poses major challenges for urban transportation systems globally.
If a city wants to avoid a dependence on private cars and urban sprawl,
the land-use and transportation systems need to be planned in a space-
efficient manner. As private cars require space both for parking and road
infrastructure, public transport (PT) is a key component of sustainable,
livable cities [151].
Compared to other modes of urban transportation, PT is special in several

ways. First, contrary to travel by car, bike or foot, PT is a scheduled service
as PT vehicles depart only at certain times. Second, due to the route-based
organization of PT, PT users may need to transfer between vehicles to
reach their destination. Third, given that PT journeys include access,
transfer, and egress legs made by walking, biking, or using a car, PT is
a truly multi-modal means of transportation. Finally, PT systems need
to be planned with respect to multiple objectives such as the reduction of
emissions and the provision of affordable means of transportation for all
city residents. Often, these different goals of PT also conflict with each
other [152]. Combined, these special aspects of PT networks make their
analysis and planning challenging.
PT networks have been studied from different perspectives starting from

the discussion of PT objectives to the optimization of their timetables
and routes. Given a particular goal of PT, such as minimization of aver-
age travel times for PT users, there is a long tradition of mathematical
modeling and optimization of PT networks and timetables in the trans-
portation engineering literature [153–157]. From the network science
perspective, PT networks have presented a challenge for understanding
their route-based structure [158–162], with recent studies also focusing
on their temporal aspects [65, 163]. On the other hand, geographical
studies analyzing PT-enabled accessibility evaluate the utility of PT net-
works from the passenger point of view [164–166]. Finally, PT networks
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pose algorithmic challenges for passenger routing. To this purpose, faster
and more versatile PT journey planning algorithms are under constant
development [167–169].
In the following Sections, we review the current status of PT network

studies after which we summarize the results of Publications III and IV.
To this end, in Section 5.2, we first define the key vocabulary and concepts
used in modeling PT networks for the sake of clarity. In Section 5.3 we con-
tinue by discussing the different static and time-dependent graph-based
modeling approaches to PT networks. In Section 5.4, we outline the typical
data sources used for PT network analysis. Given these preliminaries, in
Section 5.5 we review the progress of different research frontiers related to
PT networks and highlight some of the current challenges of PT network
analysis in Section 5.6. In Section 5.7 we summarize the results of Publi-
cations III and IV contributing towards these challenges. In Section 5.8
we discuss the results of Publications III and IV in a broader context and
outline directions for future studies on PT networks.

5.2 Basic concepts

To be clear on the use of different PT-related concepts, we next define
some key PT vocabulary that we use in this Thesis. Where appropri-
ate, we have adopted the terminology used in the General Transit Feed
Specification [170], an open standard for publishing PT timetables.
A PT stop is a location where PT passengers can board, or get off, a PT

vehicle. Sometimes stops can be close to each other, as is the case with bus
stops on the opposite sides of a road, or with neighboring rail platforms at
train or subway stations. Such a collection of closely-situated PT stops is
called a PT station.
A connection corresponds to the traversal of one PT vehicle between

two consecutive stops with specified departure and arrival times.
A trip is one “run” of a PT vehicle visiting a sequence of stops at certain

times of the day. A trip consists of an ordered collection of connections.
A route is a group of trips that follow approximately the same path in

the physical space, and are displayed to PT users as a single service. In
practice, different PT operators allow different amounts of variation in the
trips that are grouped into a route, and thus the interpretation of a route
slightly varies across cities and countries.
A journey corresponds to the travel of a PT user between an origin and

destination at a specific time. A journey is defined by specifying at least the
information on the travel origin and destination, as well as the departure
and arrival times of the full journey.
Often a PT journey includes transfers, where PT user is required to

board another PT vehicle after already traveling with one or more PT
vehicles.
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Figure 5.1. Different static network modeling approaches to PT networks on the level of
routes and stations.

5.3 Public transport network modeling approaches

Although one commonly speaks of “public transport networks,” there
are many alternative ways for modeling PT systems as static and time-
dependent networks. Below, we will discuss these different modeling
approaches. When discussing static network modeling approaches, we
adopt the terminology used in Reference [161], and when discussing the
time-dependent network modeling approaches, we adopt the terminology
used in References [18] and [169].

5.3.1 Static network models of public transport

There are many approaches for modeling PT systems as static networks,
where nodes typically represent either PT stations or routes. Below we
will discuss the main static network modeling approaches to studying PT
networks. These approaches are presented visually in Figure 5.1. Unless
otherwise noted, we will assume that the networks are simple, undirected,
and unweighted.
A natural way to model PT networks is to use the L-space presenta-

tion [160, 171, 172]. In L-space, each PT station corresponds to a network
node, and a link exists between two station nodes if at least one PT route
operates directly between the stations. In the L-space, path lengths thus
correspond to the minimum number of stations that a PT user must pass
to travel between two stations when walking transfers between stations
are not allowed.
In B-space each node represents either a station or a route [161, 173]. If

some trip of a route visits a station, the corresponding stop node and route
node are connected by a link. Since there are only links between station
and route nodes, B-space networks are bipartite. Although the B-space
may seem abstract, its one-mode projections to the set of stops and routes
are more easily interpretable.
The P-space network is the one-mode projection of a B-space network to

the station nodes. In a P-space network, two PT stations are thus linked,
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if there is some route that visits both stations [163, 171, 174–176]. Now,
the shortest path length between two nodes corresponds to the minimum
number of PT vehicle boardings required for traveling from the origin to
the destination.
A C-space network is the one-mode projection of a B-space network to

the route nodes. In a C-space network, two routes are linked if they both
visit a common station. The shortest path length between two routes thus
corresponds to the minimum number of different routes one needs to use
to transfer between the routes.
The above-listed network presentations also allow for directed, weighted

links, and in some cases for parallel links between nodes. Natural examples
of such cases include adding travel time information to links in L- and
P-spaces [65, 163], and using multiple links between stops in P-space for
representing different PT routes [163].
In the network modeling approaches presented above, it is assumed that

transfers can be made only at PT stations. This may be a reasonable as-
sumption for analyzing long-distance bus and rail transportation networks,
and urban subway networks. However, when studying multi-modal urban
PT networks, this assumption is no longer acceptable, as walking transfers
between PT stops are required for minimizing PT journey durations [177].
To take this aspect better into account, the L-space networks have been
adjusted to include walk transfer edges, whenever the walking distance
between two stops is less than a certain threshold distance [178, 179].

5.3.2 Time-dependent network models of public transport

The static network approaches for modeling PT networks ignore the in-
herent time-dependence of PT operations. Time-dependent modeling ap-
proaches of PT networks enable investigations on the PT networks’ dy-
namical aspects, such as network synchronization or service variations at
the level of hours and minutes. Additionally, time-dependent models of
PT provide a basis for passenger-facing journey planners that suggest PT
users different journey itineraries. While there are different approaches for
modeling time-dependent networks, they tend to represent the PT network
at similar levels of abstraction and their differences are merely technical.
Perhaps the most straightforward approach to modeling time-dependent

PT networks is to present PT operations as a temporal network. In this
approach nodes correspond to PT stops, which are connected by time-
dependent events, or connections, describing the traversal of PT vehicles
from one stop to another. In Figure 5.2 we provide an example illustrating
the shift from static to time-dependent network modeling of PT using
temporal networks. This temporal network modeling approach has been
used by network scientists [63, 65, 180], but it is also the basis of the
Connection Scan Algorithm for journey planning [181, 182], which in
turn provides the basis for our methodology developed in Publication III.
With the temporal network presentation, optimal journey alternatives are
computed by looping through the time-ordered list of connections.
In addition to temporal networks, there are other approaches to mod-
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(a) Static network presentation 
of PT operations

(b) Temporal network presentation of PT operations

Figure 5.2. From static to temporal network presentations in PT networks. In Panel (a),
we show a schematic example of a PT network consisting of a bus line (blue)
and a subway line (orange). Circles denote PT stops, and there is only one
feasible transfer possibility between the two routes, between stops c and d.
In Panel (b), we visualize the same PT system as a temporal network with
information on the connections’ departure and arrival times. Here, horizontal
lines correspond to stops, solid arrows between stops indicate PT connections,
and dashed arrows indicate the time-dependent transfer possibilities between
nodes c and d. The icons for different travel modes have been adapted from
Google’s Material Design icon collection (https://material.io/icons/), licensed
under Apache License version 2.0. Figure reproduced from Publication III
(CC-BY-4.0, Kujala et al.)
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Figure 5.3. Different approaches to modeling time-dependent PT networks. In the tem-
poral network approach, the elementary PT connections between stops are
modeled as events taking place between the network nodes. In the time-
expanded approach, the original stops are expanded into multiple nodes that
characterize the stop at different departure and arrival times of PT vehicles
at that stop. In the time-dependent* approach, PT systems are modeled as
directed graphs, where each link is associated with a travel time function
τ linki→j(t) describing how long it takes to travel between two stops using di-
rect connections. Note that to model walking transfers between PT stops
and to require minimum transfer times between trips at stops, each of these
approaches would have to be further refined.

eling time-dependent PT networks. Of these, the two main approaches
are the time-expanded or time-dependent* graphs 1, which have primarily
been used in the development of PT journey planners. In a time-expanded
graph, each PT stop is expanded into multiple nodes corresponding to
the different arrival and departure times of PT vehicles at the stop. The
time-dependent* modeling approach is based on the L-space model, where
PT stops correspond to network nodes. In a time-dependent* network
the travel times between stops are further described by a link-specific
travel-time function. Schematic examples of simple time-expanded and
time-dependent* graphs are visualized in Figure 5.3. Regarding techni-
calities, finding out the time-wise shortest paths in time-expanded and
time-dependent networks can be computed using Dijkstra-like algorithms.
In addition to these graph-based approaches, in journey planning litera-

ture PT networks are sometimes modeled without any graph presentation,
as one can one directly utilize the route- and trip-based structure of the
PT timetables [167, 168].
Integrating walking transfer possibilities between PT stops into time-

dependent models of PT networks poses yet another modeling challenge.
In the time-dependent* network model walking transfers can be simply
added as links with a constant travel time function. However, in the time-
expanded and temporal network approaches, such static links cannot be
directly added to the network. To this end, in these two time-dependent
PT models transfers are typically modeled as time-dependent transfer
connections as shown in Figure 5.2 [168, 181].
Regarding the extent to which walking transfers are allowed, practices

vary across studies both static and time-dependent PT network model-
ing approaches. Sometimes no walking transfers are allowed between

1Here, we use the additional asterisk in word time-dependent* for referring to a
specific modeling approach. Without the asterisk, the word time-dependent should
be interpreted simply as “dynamic” or “taking time into account”.
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stations [161]; sometimes transfers are allowed only within groups of PT
stops [181]; sometimes walking transfers are allowed up to some maximum
walking distance [166], and some allow for unrestricted walking [177].

5.4 Data sources

For studying PT networks, data on PT schedules and routes are required.
While early works studying the static structure of PT network struc-
ture relied on manually encoding publicly available route maps into net-
works [176, 183, 184], recent studies on time-dependent PT networks and
PT-provided accessibility rely on accurate schedule data obtained from PT
operators [65, 165, 180, 185].
One widely used data format for PT schedules is the General Transit

Feed Specification (GTFS) [170], which describes how PT schedules can be
coded into (at most) 13 plain text files with a tabular format. Originally,
GTFS was developed in 2005 by Google and TriMet, the public transport
agency in Portland (Oregon, USA), for providing data to passenger-facing
journey planners, such as Google Maps. Nowadays, PT operators often
publish their timetables according to GTFS format, and there are dedicated
online repositories for publishing GTFS data such as transit.land and
transitfeeds.com. Due to the increasing availability of GTFS-formatted
data, they have been adopted in many accessibility studies and network
analyses [165, 185–188].
GTFS does not require one to specify information on footpaths or transfer

times within the PT network. To this end, journey-planning software
and PT network analyzes often use external data sources for modeling
the street network used for the access and egress legs of journeys. An
often-used data source for this purpose is OpenStreetMap [189], which is a
community-edited, global street map that anyone is free to use.

5.5 Research on public transport networks

PT modeling traditions in transportation engineering
In transportation engineering, there is a long history of quantitative anal-
ysis and modeling of PT networks. To give some examples, already in the
1970’s and 1980’s studies investigated optimal PT network structures in an
idealized operating environment [153], and demonstrated how to compute
and optimize travel times in PT networks [154]. Further, different mea-
sures for characterizing PT network structure have been presented already
in late 1980’s [190]. These initial measures for quantifying PT network
structure focused on the physical aspects of PT networks, such as total
network length and average stop spacing, but also included some measures
based on graph theory. Since these early studies, a large body of research
has focused on optimizing PT networks with respect to different objectives,
such as minimization of travel time or operating costs [191–193].
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Network science studies on public transportation networks
From the network science viewpoint, the interest towards PT networks
sparked soon after the small-world [7] and scale-free [15, 194] features
of many real-world networks were discovered. Following the vast in-
terest towards these network features, many studies analyzed subway
networks in L- and P-spaces, debating whether they can be considered
small-worlds and whether their degree distributions can be considered
power-laws [158–160, 174–176, 183, 195, 196]. These studies were then
followed by comparative studies of PT networks, mostly focusing on en-
tirely on topological aspects of the networks [160, 161, 184]. While these
studies may have provided a basic understanding of the structure of these
systems, the results have been of little relevance for planning purposes.
The study of error and attack tolerance of PT networks presents another

branch of research on PT networks. After the methodology for studying
the error and attack tolerance of networks by monitoring the size of the
largest connected component during gradual removal of network nodes
or links [26], it was eventually also applied to the study the robustness
of PT networks in L- or P-spaces [171, 172, 197–200]. Additionally, a
simple measure characterizing the numbers of cycles in L-space networks
has been suggested as an indicator of network robustness [184]. The
above studies nonetheless focus heavily on the network topology and omit
important details related to PT. Especially, they do not measure the utility
of PT networks realistically by, e.g., measuring the differences in travel
times in the system. Therefore, the practical relevance of these studies
can be considered limited. Nonetheless, these studies have provided the
basis for more realistic robustness analysis developed by transportation
engineers [201, 202].
In addition to these two main lines of research, there are many other

topics that have been analyzed using static PT network models. Examples
of these topics include network navigability [162, 203], community struc-
ture [204], node centrality distributions [11, 205], and quantification of
overlaps between PT routes [206, 207].
In recent PT network studies, travel times are often modeled more accu-

rately using both static and temporal network modeling approaches [162,
163]. Here, topics of interest have been the identification of privileged
origin–destination areas [163], and the composition of optimal PT journeys
in terms of the time spent traveling on different PT transportation modes,
walking, and waiting at a transfer stop [65].

Studies on PT-provided accessibility
Many studies evaluate PT systems from the perspective of accessibility a
PT network provides. In these studies, the focus is on answering questions
such as “How many jobs/food stores/hospitals can one reach within 30
minutes, given a certain origin location?" [165, 185, 187]. Some more
detailed research topics include the identification of gaps in PT-provided
accessibility [185] and the evaluation of transportation infrastructure
investments [165]. Most accessibility studies use fully time-dependent
models of PT and often rely on open source journey planning algorithms
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utilizing GTFS and OpenStreetMap data. With this approach, studies have
investigated how PT travel times vary on a minute-by-minute basis [165].
Recently methods for measuring PT-provided accessibility using data on
GPS recordings of PT operations have been developed as well [208].

Development of PT journey planning algorithms
The development of PT journey planning algorithms [167, 169, 182, 209] is
an important research frontier related to PT network analysis. Here, the
primary goal has recently been to decrease the time spent on answering
on-line point-to-point journey-planning queries. Often, the developed
algorithms are also able to efficiently answer profile queries, where the
goal is to find all optimal PT journey alternatives taking place within a
departure-time window [167, 177, 181]. Sometimes, as in Publication III
and Ref. [210], the developed algorithms find use in the studies of PT-
provided accessibility and PT network structure.

5.6 Challenges in public transport network analysis

Next, we discuss some of the current challenges related to the modeling
and analysis of PT networks. Given that there are multiple research
frontiers where modeling of PT operations is a necessity, some of these
challenges arise from this diversity of research angles.

Need for standardized use of PT vocabulary

Due to the variety of PT modeling approaches, the terminology used is not
always straightforward to interpret. For instance, it is not always clear
whether network nodes in PT network studies correspond to PT stations
or stops. Moreover, the definition for a PT route is not always clear. Given
that in GTFS timetable data practices vary on what constitutes PT routes,
this aspect should be better discussed in studies relying on the P- and
C-space network presentations. In general, a more standardized use of
vocabulary, would make comparisons across studies easier.

What PT network modeling approach to use?

As outlined in Section Sec. 5.3, there exists a variety of different PT
network modeling approaches. However, the benefits and drawbacks of
each modeling approach have not been thoroughly assessed.
Notably, it is not known when it is enough to use a simple static network

model and when a fully time-dependent analysis is necessary. Naturally,
time-dependent analysis is always more accurate than static network
analysis. However, time-dependent analyses are necessarily more costly
regarding computational resources, and static network models may be
better in facilitating human-level understanding.
Another important modeling detail is the inclusion of walking trans-

fers. Currently, the practices how walking transfers are modeled vary
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across studies. Some studies ignore the possibility for walking trans-
fers [25, 161], some allow walking transfers only within pre-specified
groups of stops [167, 181], some allow walking transfers up to a certain
distance [179], and some PT journey planning algorithms allow walking
transfers of unlimited length [177]. Especially, it is not well known how
these different approaches to modeling walking transfers affect travel time
computations and characterizations of static network structure.
In summary, there is a need for a systematic evaluation of the effects of

different modeling choices on different aspects of PT network analysis.

Variety of technical analysis pipelines

As different modeling approaches have been used for studying PT, there
are many technical implementations of analysis pipelines. For instance,
PT-provided accessibility has been studied using commercial GIS soft-
ware2 [165, 185, 187], using open source PT journey planning software
such as OpenTripPlanner [188, 211], and using specialized system ar-
chitectures [166]. While this variety of different technical analysis tools
can be viewed positively indicating an interest towards improving PT
analysis methods, this variety also signifies that there is no single go-to
solution. A clear missing piece seems to be an easy-to-use, easy-to-extend,
multi-purpose open-source software package for PT network analysis.

Different measures of PT travel time

Travel time is a fundamental component related to many aspects of PT
studies [65, 163, 165, 186], and its components (walking, waiting, riding
a PT vehicle) are valued differently by PT users [212]. However, the
approaches for computing and measuring travel times in PT networks vary
across studies. Especially, a better distinction should be made between the
actual duration of a PT journey and the pre-journey waiting time that could
be omitted if a user optimizes her time of departure. As the pre-journey
waiting time can be a significant factor of PT travel times, more attention
should be given to this issue.

Limited access to research data

GTFS data are available for hundreds of cities through online data reposi-
tories and are usually of high quality as they are being used for passenger-
facing online journey planners. However, understanding the details of the
GTFS standard can be time-consuming for researchers that are not PT
experts. To this end, only few PT data sets have been published to ease
the utilization of PT schedule data for research purposes [177, 180]. To
this end, in Publication IV we present a curated collection of PT network
data sets for 25 cities, which could be used as a testbed for new types of PT
network analyses and as benchmark networks in the development of PT

2GIS stands for “Geographical Information System.”
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journey planning algorithms.

5.7 Summary of results for Publications III and IV

5.7.1 A journey-alternative-based approach to measuring PT
travel times and transfers

In many PT accessibility studies, time-dependent models of PT networks
are used for computing travel times between origin–destination pairs. In
these studies, travel times between the origin and the destination are
assessed either by computing travel time at a particular departure time
or by sampling travel times at multiple departure times [65, 166, 186],
up to a one-minute resolution [165]. If only one departure time is chosen,
travel time variability cannot be captured. On the other hand, if travel
times are computed every minute the cost of computations may become
prohibitive. Furthermore, practices have varied on whether pre-journey
waiting time should be considered a part of PT travel time or not. Finally,
little attention has been given to the role of transfers, although PT users
usually do not like transferring between PT vehicles. The primary goal of
Publication III is to tackle these challenges related to measuring PT travel
impedance.
One ingredient in solving these challenges is to utilize modern PT-routing

algorithms that can efficiently compute all Pareto-optimal journey alterna-
tives between origin–destination pairs within a specified departure time
window [167, 177, 209]. For now, let us assume that the criteria for Pareto-
optimality include the departure time tdep, the arrival time tarr, and the
number of vehicle boardings b. Here, it is natural to prefer large values
of tdep and small values of tarr to minimize journey durations, and small
values of b to minimize the need for transferring between PT vehicles. Out
of all possible journey alternatives taking place between an origin and a
destination within a specific departure-time window, the Pareto-frontier
with respect to these three criteria corresponds to the fastest journey
alternatives with different allowed numbers of transfers.
Each of the Pareto-optimal journey alternatives can be interpreted as

a temporal path between the origin and destination, and based on these
paths we can create temporal distance profiles similar to the one shown
in Figure 2.6. Using these Pareto-optimal journey alternatives, we refor-
mulated PT travel time using the concept of temporal distance to better
separate between the actual time spent on traveling and the pre-journey
waiting time that a PT user could avoid if she planned her departure
time well. Additionally, we formulated and computed measures for char-
acterizing the numbers of required transfers between origin–destination
pairs. This utilization of modern routing algorithms and Pareto-optimal
journey alternatives for analyzing PT travel impedance is the key idea of
Publication III.
In Publication III we applied this approach in practice within the Helsinki
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Figure 5.4. A day-long temporal distance profile shows how travel time evolves between
two locations over time with different numbers of allowed PT vehicle boardings.
Note that journeys that require a higher number of transfers than some other
journey alternative, are shown only if they are faster means for reaching
the destination at time of departure. The profile allows discovering service
variations, such as the increased availability of journey alternatives during
morning rush hours (07–09). Figure adapted from Publication III (CC-BY-4.0,
Kujala et al.)

metropolitan region. A central part in the analysis pipeline was to adapt
the multi-criteria profile Connection Scan Algorithm [181] to allow walking
on the access, transfer, and egress legs up to a certain maximum distance,
which we here set to one kilometer.
The first output of our PT accessibility analysis pipeline is a set of tempo-

ral distance profiles similar to those presented in Figure 5.4, which shows
the temporal distance between an origin–destination pair as a function
of departure time with different numbers of PT vehicle boardings. Such
temporal distance profiles can provide a detailed view of point-to-point PT
connectivity, which can be useful for PT planners for understanding the
time-dependent accessibility patterns between locations.
For more holistic overviews of accessibility over city areas, we devel-

oped measures for summarizing temporal distance profiles using different
temporal distance and boarding-count measures.
To characterize travel times on the fastest paths, we focused on the mini-

mum, departure-time-averaged mean, and maximum temporal distances.
Each of these measures can be readily interpreted from the point of view of
a PT user. The minimum temporal distance corresponds to the travel time
for a PT user that optimizes her departure time according to the schedules.
The mean temporal distance corresponds to the expected travel time for
a PT user that departs spontaneously without checking the timetables.
The maximum temporal distance corresponds to the worst-case travel time
that a spontaneously-departing PT user may face.
When we computed these measures for accessing the Aalto University

campus during the morning rush hour, we observed significant differences
between the measures, as shown in Figure 5.5. In addition to the evident
differences in the absolute values of the three measures 5.5, in Publication
III we show that the relationships between the minimum and mean tempo-
ral distance cannot be explained by a constant offset, or by a multiplication
factor. Therefore, these different measures for PT travel time capture truly
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Figure 5.5. Different measures of PT travel time yield different perspectives on PT ac-
cessibility. In all panels, the blue cross indicates the travel destination, the
Aalto University campus. Travel times have been computed during the morn-
ing rush hour. Note especially the large differences between the minimum
temporal distance (Panel A) and the mean temporal distance shown in (Panel
B). Figure adapted from Publication III (CC-BY-4.0, Kujala et al.)

Figure 5.6. Different measures of numbers of required boardings yield different results. In
all panels, the blue cross indicates the travel destination, the Aalto University
campus, and boarding count measures are computed for the morning rush
hour. In Panel A we show the minimum number of boardings required for
reaching the destination without considering travel times, which effectively
corresponds to modeling PT as a static networks. In Panel B, we show the
expected number of boardings when opting for the fastest journey alternative
at a random departure time. In Panel C, we show the maximum number
of required boardings for reaching the destination when opting for a fastest
journey during morning rush hour, regardless of how many transfers this may
require. Figure adapted from Publication III (CC-BY-4.0, Kujala et al.)

different aspects of PT accessibility, which should be considered separately
when planning PT routes and schedules.
To characterize numbers of required transfers, we focused on the overall

minimum, departure-time-averaged fastest-path mean and fastest-path
maximum values of required transfers. Note that although our calculations
are based on a fully time-dependent model of PT operations, in practice the
overall minimum number of PT boardings does not consider travel times
at all. In Figure 5.6 we show a similar comparison of these measures as
we showed for the travel times in Figure 5.5. Of particular interest are
now the significant differences between the overall minimum number of
required boardings (Fig. 5.6A) and the expected number of boardings when
using the fastest-path journey alternatives (Fig. 5.6B). These differences
suggest that for realistically estimating the numbers of required transfers,
a time-dependent approach to modeling PT networks seems necessary.
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Figure 5.7. Route layouts of the 25 cities’ public transport networks. The blue, red, orange,
yellow, and green colors correspond to bus, rail, subway, ferry, and tram routes,
respectively. In all panels background map c©OpenStreetMap contributors,
c©Carto. Original data for PT networks courtesy of various PT authorities
agencies and agencies; see Publication IV for details.

5.7.2 A curated collection of PT networks for 25 cities

As outlined in Section 5.6, there are few curated PT network data sets
available to use as test beds for PT network analysis and for comparing PT
networks across cities. To this end, in Publication IV, we present a collec-
tion of PT data sets for 25 cities using various data formats. The 25 cities
vary significantly in size and are located in different continents, which
results in various types of network layouts, as illustrated in Figure 5.7.
As the source, we used GTFS data provided by public transport operators

and OpenStreetMap data for modeling walking transfers. Although the
source data were in general of high quality, producing the city extracts
involved solving many practical issues. Some of the main issues are listed
below.

• GTFS data had to be checked for clear errors and missing data.
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• Sometimes multiple GTFS feeds had to be merged into a joint data
set covering all major modes of urban PT.

• The feeds were filtered spatially to limit the scope of the data to the
urban area. As a result, PT trips had to be sometimes split into parts.

• The temporal time span of the data had to be refined so that the data
covers a representative time period that does not include significant
service exceptions.

• Stops that were present in multiple feeds had to be deduplicated.

• Sometimes the data contained potential errors and oddities for which
we produced a list of warnings.

• Data licensing issues had to be resolved to enable easy reuse of the
data.

• Data had to be written out in multiple data formats including GTFS,
SQLite databases, GeoJSON, and static and temporal network data
formats.

For long-term storage of the data, the data were deposited to Zen-
odo, an open science repository coordinated by CERN for all types of
research outputs. To enable easier and more engaging access to the
data, we also launched our own data repository that allows to explore
the data visually. At the time of writing, this repository can be found at
http://transportnetworks.cs.aalto.fi.

5.7.3 Open source software to study PT networks

As a side product of Publications III and IV, we developed an open
source software package for PT network analysis. The gtfspy package
(https://github.com/CxAalto/gtfspy), written in Python 3, contains all the
core features for manipulating and analyzing the GTFS data related to
Publications III and IV. At the time of writing, the gtfspy package has the
following capabilities:

• Reading in one or multiple GTFS feeds into an SQLite database.

• Filtering data spatially and temporally.

• Creating static and temporal network data extracts in various for-
mats.

• Visualizing PT routes on a map.

• Computing and visualizing temporal distance profiles.

• City-wide travel time and transfer analysis.

Alongside this package, we have developed an associated browser-based
visualization tool for investigating the structure and dynamics of GTFS
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Figure 5.8. The developed PT web-visualization analysis tool gtfspy-webviz showing an
animation of scheduled PT operations.

data. This visualization tool, gtfspy-webviz (https://github.com/CxAalto/
gtfspy-webviz), consists of two parts: a small server-side application that
utilizes the gtfspy package in the background, and a web-front-end written
in JavaScript. A screenshot of the web front-end is shown in Figure 5.8.
At the time of writing, these pieces of software are usable but not fully

polished. Nonetheless, with some efforts in making these packages easier
to use, they could fill some of the gaps in the spectrum of open source PT
network analysis tools.

5.8 Discussion

In Publication III we formulated PT travel time and transfer requirements
based on Pareto-optimal journey alternatives. Given the schedule infor-
mation, these measures of travel time and transfers can be considered
exact, as no sampling of travel departure times is necessary. This formula-
tion of PT-provided accessibility using Pareto-optimal journey alternatives
provides a methodological foundation on which further measures of time-
dependent public transport networks can be developed. For instance, one
future research direction could be investigating the diversity of optimal
journey alternatives in terms of their routes or boarding stops, which could
provide insights on the robustness and navigability of these systems.
This approach, as all time-dependent models of PT, is necessarily more

computationally demanding than static network modeling approaches.
Although in Publication III we have shown that meaningful estimates
for transfers necessitate time-dependent modeling approaches, a more-
detailed comparison on the accuracies of different PT network modeling
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approaches is needed.
In Publication IV we introduced a collection of PT network data sets

for 25 cities, which provides a good starting point for developing new PT
network analysis methods. Nonetheless, one should keep in mind that
cities do not exist in a vacuum, but local, urban transportation options
need to be integrated with long-distance transport modes, such as flights
and long-distance trains and buses. In the analysis of such systems going
beyond the limits of single cities, the selection of an efficient, accurate
network modeling approach will become even more essential as analysis
of large PT networks requires an increased amount of computational
resources.
In many studies related to PT networks, the utility of a PT network is as-

sessed based on travel times. Nonetheless, the practices for measuring PT
travel time have varied in the literature. To this end, Publication III now
provides the theoretical foundation for formulating PT travel times and
transfers based on Pareto-optimal journey alternatives. In Publication III,
we have shown that travel impedance in PT cannot be fully captured by
a single measure of PT travel time or transfers. When planning a PT
network, planners should decide to which extent each of these aspects
should be considered. However, as travel preferences vary across individu-
als [213], it is not straightforward to answer, how much one should weigh
each aspect of PT travel impedance in the optimization of PT networks.
The travel time and transfer estimates are dependent on many journey

planning parameters, such as minimum transfer times at PT stops, the
speed of walking, and the maximum length of allowed for walking. How-
ever, there is little knowledge on the impact of these parameters on PT
travel times. As these parameters strongly relate to the properties of PT
users, varying these parameters could be used for assessing PT-provided
accessibility of different user groups, such as children or seniors. Therefore,
a more thorough study focusing on the impact of these parameters on PT
travel times would be beneficial.
In Publication III we provided a journey-based formalism to study travel

time and transfers in PT. However, the same algorithms and ideas could
be used to study other types of systems that can be modeled as temporal
networks. For instance, when studying information propagation in social
networks, the same methodology could be used for studying questions like
“do the fastest information pathways tend to follow the shortest paths?”.
To summarize, Publication III provides a new methodological approach

for studying PT using Pareto-optimal journey alternatives. The author
hopes this journey-based formalism opens up new realms for studying
PT networks. For developing new methods to analyze PT networks, the
presented collection of public transport data sets for 25 cities is a useful
asset.
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6. Discussion

In this Thesis, I have applied network-science-based methods to study
data from three different domains: the human brain, human mobility, and
public transportation. For the human brain, I have developed methods
for understanding differences between large, voxel-level networks using
network coarse-graining. To understand country-wide human mobility,
I have provided a method for estimating travel times based on call de-
tail records. To analyze PT networks, I have quantified PT travel times
and transfers by developing a new methodology based on Pareto-optimal
journey alternatives which can be interpreted as time-respecting paths in
temporal networks.
One of the aims of this Thesis is to bridge gaps between network science

and practical applications. To adequately take into account domain-specific
system details, the methods developed for analyzing these systems were
adapted so that they would be useful in practice. Nonetheless, all of
the methods are based on understanding and modeling the systems as
networks. Given this unified modeling angle, some of the ideas behind
these methods are transferable also to other disciplines, too. For instance,
the network coarse-graining approach could be applied, e.g., to understand
differences in citation patterns between scientific fields across years, and
Pareto-optimal temporal-paths could perhaps be applied to study whether
the fastest paths in social networks are also the structurally shortest
paths. This transferability of methods and ideas is one of the cornerstones
of network science. Indeed, most of the methods of network science have
first been developed to the purposes of some specific application area, and
only when these methods have been picked up by other disciplines, have
they been given a place in the toolbox of network science.
The development of computational analysis methods has played a major

role in this Thesis. In academia, computational analysis methods some-
times end up being unnecessarily complicated when pursuing improved or
previously undiscovered results. In this Thesis, I have especially aimed
at developing methods that are well-principled so that the outputs of the
methods are easy to interpret. Interpretability of methods and results is
essential especially when there is no clear-cut, easily measurable goal for
the method, but the method is used for providing human understanding of
a system. Furthermore, simple, well-principled methods leave little room
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for misusing the methods and misinterpreted the results. Naturally, when
developing new methods and modeling approaches one should not fall into
the trap of oversimplifying the problem either. Thus, out of two equally
well-performing methods, one should select the simpler one. Given that
one often works with data on complicated systems, one should, if possible,
avoid using methods that bring along additional levels of complexity.
New methods bring actual value only if they are used. To promote the

use of the developed methods and to allow others reproduce our findings,
most of the analysis pipelines used in this Thesis have been provided as
free open source software. Apart from these goals, publishing open source
software is also a matter of efficiency: if software is shared, research can
progress faster, as one does not have to constantly reinvent the wheel.
To this end, modern-day scientists should be increasingly competent in
producing high-quality software and automated analysis pipelines as well.
Data sharing is also important for the reproducibility of results and as

a matter of efficiency. Although there have been many studies on public
transport (PT) networks, only few data sets on PT networks have been
published for research purposes. To this end, in Publication IV we have
made a curated collection of PT networks available for researchers. In
practice, this could save months of work for many researchers interested in
studying PT networks. Lowering the barrier of data access thus hopefully
results in an increased interest towards the analysis of the structure and
dynamics of PT networks.
Network science is a scientific enterprise where interdisciplinarity is a

built-in feature. This interdisciplinary nature has its promises but also
its pitfalls. Especially, network science is sometimes applied to systems
without paying enough attention to the system-specific details. In such
studies, the results may be interesting in terms of quantifying network
structure but may be irrelevant in practice. In this Thesis, I have tried to
avoid this pitfall by adequately considering the details of each application
domain. While network science as an interdisciplinary enterprise provides
a fruitful medium for new ideas to spread, more attention should be paid
to understanding domain-specific details.
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[48] M. Meilă “Comparing clusterings—an information based distance,”
Journal of Multivariate Analysis, vol. 98, no. 5, pp. 873–895, 2007.
doi:10.1016/j.jmva.2006.11.013.

[49] S. Fortunato and D. Hric “Community detection in networks: A user guide,”
Physics Reports, vol. 659, pp. 1–44, 2016. doi:10.1016/j.physrep.2016.09.002.

[50] M. T. Schaub, J.-C. Delvenne, M. Rosvall, and R. Lambiotte “The many
facets of community detection in complex networks,” Applied Network
Science, vol. 2, no. 1, p. 4, Feb 2017. doi:10.1007/s41109-017-0023-6.

[51] M. Rosvall, J.-C. Delvenne, M. T. Schaub, and R. Lambiotte “Different
approaches to community detection,” arXiv preprint arXiv:1712.06468, 2017
.

59



References

[52] V. Jarník “O jistém problému minimálním.,” Práce Moravské Přírodovědecké
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