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1. Introduction

Eigenvalue problems represent an important class of problems in math-

ematics, more precisely in linear algebra. The solutions, i.e., eigenvalues

and eigenvectors, reveal some very fundamental characteristics of the sys-

tem under consideration. Each eigenvector is such that, when used as an

input for the system, the direction of the output is the same as that of the

original input and its length is the original length scaled by the associated

eigenvalue. For this reason any system subject to a loading in the direc-

tion of an eigenvector will respond by amplifying, preserving, or reducing

the original loading. Moreover, a system subject to arbitrary loading will

tend to respond in the direction of the dominant eigenvector, meaning the

one with the eigenvalue of largest magnitude, since this component in the

input is amplified the most. The ability to extract such little pieces of in-

formation from a system is often crucial for either the person designing it

or the one studying it.

Eigenvalue problems arise in a wide range of theoretical and practical

applications. A brief but illustrative survey has been given in the book of

Chatelin [12], which includes examples from structural mechanics, chem-

istry, economics, data analysis and mathematical physics. In the context

of this thesis, our ultimate interest is in computing the eigenmodes of

vibrating physical structures, a class of problems that are especially im-

portant in numerous engineering applications. Nevertheless, our meth-

ods and analysis are intended to offer an abstract framework that may be

applied in a variety of contexts.

Often one needs to consider, not just one, but in fact many variations of

the same system simultaneously. For instance, the initial data defining

the system might be subject to significant uncertainty either due to in-

accurate measurements or due to unpredictable variations in the system.

On the other hand, an engineer might want to consider different designs

9
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for the system so that he can then choose the optimal one. When this kind

of uncertainty or variation in the data is included in the mathematical

model, we end up with a problem depending on possibly a large number of

parameters. The strategies for solving such problems vary from methods

based on statistical sampling such as Monte Carlo simulation or stochas-

tic collocation, to expansion based methods such as perturbation meth-

ods and Galerkin approximation with respect to polynomial chaos expan-

sions. An overview of the different strategies can be found in [31, 43].

While there nowadays exists a wide scientific literature on applying the

aforementioned methods to e.g. stochastic partial differential equations,

applying them to eigenvalue problems is in many ways a story of its own.

Solving an eigenvalue problem is often more complicated than solving

the corresponding source problem, i.e., merely determining the output for

a given input. This is due to the mathematical nature of the eigenvalue

problem: even the simplest systems typically admit a number of different

eigenvalues and associated eigenvectors which themselves are not nec-

essarily unique. In this sense a typical eigenvalue problem is not well-

defined. Thus, when considering the parametric extension of the problem,

special care must be taken in order to keep track of the different solutions

and their mutual relationship for different parameter values. The solu-

tion process has to be designed so that the solutions will be comparable at

different points of the parameter space.

In this thesis we consider approximate methods for solving multipara-

metric eigenvalue problems. The methods considered here are based on

spectral representations, where the solution is written with respect to a

sparse collection of multivariate polynomials. The benchmark algorithm

for stochastic collocation has been suggested by Andreev and Schwab in

[1] and is used as a reference throughout this thesis. The main focus in

our work is in stochastic Galerkin based methods, which take the form

of spectral inverse and subspace iteration algorithms. The foundations of

these two algorithms lie in the work of Ghanem and Meidani [32]. The

spectral inverse iteration algorithm is numerically assessed in Publica-

tion I, and in Publication III we present a comprehensive error analysis

for the method. Moreover, the spectral subspace iteration is numerically

assessed in Publication III. These two algorithms are applied to compute

eigenmodes of vibrating structures: in Publication II a hybrid method is

considered for problems with uncertainty in both the shape of the domain

and the physical coefficients, whereas in Publication IV the eigenmodes

10
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are computed for a shell of revolution.

The rest of this thesis is organized as follows. In Chapter 2 we present

the standard framework for finite element approximation of variational

eigenvalue problems and review the basic algorithms for finding eigen-

pairs of the resulting matrix eigenvalue problems. In Chapter 3 we con-

sider the parametric extension of the eigenvalue problem and different

strategies for approximately solving it, namely, sparse stochastic colloca-

tion and stochastic Galerkin based algorithms. In Chapter 4 we make

some final notes on issues related to eigenvalue crossings and the compu-

tation of associated invariant subspaces. Finally, summaries of the Publi-

cations I-IV are given in Chapter 5.
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2. Finite element approximation of
eigenvalue problems

Let V and H be separable Hilbert spaces over R and denote the respective

dual spaces by V ∗ and H∗. We assume V ⊂ H ∼= H∗ ⊂ V ∗ with dense and

compact injections. Consider a physical system described mathematically

by an operator A ∈ L(V, V ∗) that is self-adjoint in the sense that

〈u,Av〉V×V ∗ = 〈v,Au〉V×V ∗ , ∀u, v ∈ V.

Here L(V, V ∗) is the space of bounded linear operators from V to V ∗ and

〈·, ·〉V×V ∗ denotes the duality pairing of V and V ∗. The eigenvalue problem

for the operator A is now written as: find μ ∈ R and a nonzero u ∈ V such

that

Au = μu, (2.1)

where the right hand side is interpreted as an element of V ∗ via the em-

bedding V ⊂ V ∗. We call μ an eigenvalue, u the associated eigenvector,

and the pair (μ, u) an eigenpair of the operator A. Typically we impose

an additional constraint for the eigenvector in order to ensure proper nor-

malization.

There are a few things to be kept in mind when considering solutions

to the problem (2.1). First of all, the problem is not well defined as such

since there are in general many different eigenpairs for a single operator

A. Second of all, the problem is nonlinear due to the cross-term on the

right hand side of (2.1) and due to the possible normalization constraint

for the eigenvector. These properties of the problem make it harder to

analyze and solve. This is particularly true for the parameter dependent

eigenvalue problem considered in Chapter 3.

In this chapter we consider the standard framework for finite element

approximation of the problem (2.1). We write the problem in variational

form and recap the main results for Galerkin approximation of variational

eigenvalue problems from [3, 10]. We also review classical inverse and

13



Finite element approximation of eigenvalue problems

subspace iteration algorithms for solving the resulting discrete systems of

equations. For a general introduction to symmetric eigenvalue problems

and associated numerical algorithms we refer to [23, 35].

2.1 Variational eigenvalue problems

For the purposes of finite element approximation it is natural to redefine

the problem (2.1) in variational form. We denote by (·, ·)V and (·, ·)H the

inner products associated to the spaces V and H and by || · ||V and || · ||H
the respective norms. The variational form of the problem (2.1) now reads:

find μ ∈ R and a nonzero u ∈ V such that

b(u, v) = μ(u, v)H ∀v ∈ V. (2.2)

Here b : V × V → R is a bilinear form that can be identified with the

operator A using

b(u, v) = 〈v,Au〉V×V ∗ ∀u, v ∈ V.

We may interpret the bilinear duality pairing 〈·, ·〉V×V ∗ as an extension of

the inner product (·, ·)H , which explains the right hand side of (2.2).

By the self-adjointness of A the bilinear form b(·, ·) is symmetric. Sup-

pose that it is also bounded and elliptic, i.e., there exists C > 0 and α > 0

such that

b(u, v) ≤ C||u||V ||v||V ∀u, v ∈ V

and

b(v, v) ≥ α||v||2V ∀v ∈ V.

Then the problem admits countably many positive eigenvalues {μi}∞i=1

that accumulate only at infinity, and associated eigenvectors {ui}∞i=1 that

form an orthonormal basis of H. This can be checked by using the com-

pactness of the associated solution operator, see [3, 10].

The easiest way to separate between different eigenpairs is to use an

increasing enumeration of the eigenvalues:

0 ≤ μ1 ≤ μ2 ≤ . . . (2.3)

A single eigenvalue may have multiple, say n, linearly independent eigen-

vectors, in which case we say that the multiplicity of the eigenvalue is n.

Accordingly, such an eigenvalue will be listed n times in the enumeration

(2.3). Eigenvalues of multiplicity one are commonly called simple. Of par-

ticular interest in many practical applications is the smallest eigenvalue
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Finite element approximation of eigenvalue problems

and the associated eigenvector, an eigenpair which we call the ground

state of the problem. For elliptic second order problems on a connected

domain this eigenvalue is in fact always simple [24].

As an illustrative example let us consider the time-independent eigen-

modes of a vibrating circular membrane, e.g., a drumhead, with radius

one. These may be solved from the eigenvalue problem: find μ ∈ R and a

nonzero u ∈ H1
0 (D) such that

−c2Δu = μu, (2.4)

where D is the unit circle in R
2. In this example we have V = H1

0 (D),

H = L2(D) and V ∗ = H−1(D). The constant c > 0 describes the speed

at which waves propagate in the membrane. By using a suitable Green’s

formula (see e.g. [29]) and the duality between H1
0 (D) and H−1(D), the

variational form of the problem can be written as∫
D
c2∇u · ∇v dx = μ

∫
D
uv dx ∀v ∈ H1

0 (D)

and admits the properties described in this section. The first few eigen-

modes have been depicted in Figure 2.1. Each eigenvector corresponds to

a mode of vibration and each eigenvalue is the square of the corresponding

frequency at which the membrane vibrates.

(a) Mode u1; μ1 = 5.783 . . . (b) Mode u2; μ2 = 14.68 . . . (c) Mode u3; μ3 = 14.68 . . .

(d) Mode u4; μ4 = 26.37 . . . (e) Mode u5; μ5 = 26.37 . . . (f) Mode u6; μ6 = 30.47 . . .

Figure 2.1. The first six eigenmodes of a vibrating circular drumhead. Due to symmetry
we have μ2 = μ3 and μ4 = μ5, i.e., these are eigenvalues of multiplicity two.
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2.2 Finite dimensional approximation

For numerical computations we need a finite dimensional approximation

of the possibly infinite dimensional space V . If V is a suitable function

space defined on a computational domain D ⊂ R
d for d ∈ {1, 2, 3}, then

such an approximation can be easily generated using the finite element

method (FEM). Here we will demonstrate the process in a simple example

scenario where V = H1
0 (D). For an introduction to the finite element

method we refer to [5, 11].

In classical FEM the computational domain D is divided into a finite

number of disjoint elements K ⊂ D of diameter at most h > 0. The set of

all the elements forms a mesh Th. The approximation space Vh ⊂ H1
0 (D) is

now obtained by taking piecewise degree l polynomials on the mesh, i.e.,

Vh = {v ∈ H1
0 (D) | v ∈ Pl(K) ∀K ∈ Th}. (2.5)

More and more accurate representations of the space H1
0 (D) are now ob-

tained either by decreasing the size of the elements h or by increasing the

polynomial degree l. Here we have chosen the convention of the h-version

of finite elements and associate the approximation spaces with the dis-

cretization parameter h.

A Galerkin approximation of (2.2) with respect to Vh reduces the prob-

lem to a discrete one: find μh ∈ R and a nonzero uh ∈ Vh such that

b(uh, vh) = μh〈uh, vh〉H ∀vh ∈ Vh. (2.6)

The eigenvalues of (2.6) are also real and can again be enumerated in

increasing order:

0 ≤ μ1,h ≤ μ2,h ≤ . . . (2.7)

As before, the multiplicity of an eigenvalue is determined by the num-

ber of linearly independent eigenvectors associated to it. We assume the

eigenvectors u1,h, u2,h, . . . to have unit norm in H, in which case they are

orthonormal in H. A discrete approximation of the first eigenmode of our

model problem (2.4) has been visualized in Figure 2.2.

It is to be expected that the solutions of the discrete system (2.6) con-

verge to the solutions of the continuous one (2.2) as h → 0. In fact, the

error between the two solutions may be bounded by the properties of the

approximation space Vh. In the case of simple eigenvalues we have the

estimates

|μi,h − μi| ≤ C inf
vh∈Vh

||ui − vh||2V
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(a) A mesh on the physical domain D. (b) The approximate eigenvector u1,h.

Figure 2.2. Finite element approximation of the first eigenmode of the vibrating drum-
head using piecewise linear basis functions. We expect more and more accu-
rate approximations as the size of the elements h decreases.

and

||ui,h − ui||V ≤ C inf
vh∈Vh

||ui − vh||V ,

where C > 0 is a constant independent of the discretization [10]. Our ex-

ample case (2.5) of piecewise polynomial approximations has the property

inf
vh∈Vh

||v − vh||H1
0 (D) ≤ Chl||v||Hl+1(D)

for all v ∈ H1
0 (D) ∩ H l+1(D). Therefore, assuming that ui ∈ H l+1(D), we

observe convergence rates

|μi,h − μi| ≤ Ch2l

and

||ui,h − ui||H1
0 (D) ≤ Chl

with C = C(i). Similar results hold for eigenvalues of higher multiplicity

although the considerations are more technical. The interested reader

should familiarize oneself with the Babuška–Osborn theory for Galerkin

approximation of variational eigenvalue problems [3].

2.3 Iterative matrix eigenvalue algorithms

A very simple matrix eigenvalue algorithm is the power iteration, in which

a given vector is multiplied consecutively with the matrix in question and

the result is normalized at each step. The obtained sequence of vectors

converges to the dominant eigenvector, meaning the one that is greatest

in absolute value. In order to compute eigenvalues that are close to zero

17
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we consider the inverse iteration, which is simply the power iteration ap-

plied to the shifted inverse of the matrix in question.

Let {ϕi}Ni=1 be a basis for Vh. The problem (2.6) is in fact equivalent to a

generalized matrix eigenvalue problem

Kuh = μhMuh, (2.8)

where uh ∈ R
N contains the components of uh with respect to the basis

{ϕi}Ni=1. The matrices K ∈ R
N×N and M ∈ R

N×N are referred to as the

stiffness matrix and the mass matrix respectively, and their components

are given by Kij = b(ϕi, ϕj) and Mij = (ϕi, ϕj)H . The mass matrix defines

an inner product of RN through 〈u,v〉M := uTMv, and the eigenvectors

are orthonormal with respect to this inner product. Solutions to the equa-

tion (2.8) may be sought using Algorithm 1 known as the inverse iteration.

Algorithm 1 Fix u(0) ∈ R
N and λ ∈ R.

for k = 1, 2, . . .

v(k) = (K− λM)−1Mu(k−1)

u(k) = v(k)/||v(k)||M
μ(k) = (u(k))TKu(k)

end

Assume first that λ = 0 and that the smallest eigenvalue μ1,h is simple.

It is well known that if u(0) · u1,h = 0, then the output of the iteration

(μ(k),u(k)) converges to (μ1,h,u1,h) as k → ∞. Asymptotically the rate of

convergence is characterized by

|μ1,h − μ(k)| = O
(∣∣∣∣μ1,h

μ2,h

∣∣∣∣2k
)

and

||u1,h − u(k)||M = O
(∣∣∣∣μ1,h

μ2,h

∣∣∣∣k
)
.

For details we refer to [23, 35]. In the case λ = 0 we simply shift the eigen-

values of the inverse matrix so that the output now tends to converge to-

wards the eigenpair for which the eigenvalue is closest to λ. Thus, simple

eigenpairs other than the first one may also be computed, assuming that

an approximation of the eigenvalue of interest is available.

It may happen that the problem (2.8) admits eigenvalues of multiplicity

greater than one, or that the eigenvalues are clustered very close together.

The subspace spanned by the eigenvectors associated to such eigenvalues

may be computed using Algorithm 2, commonly known as the subspace

iteration or orthogonal iteration.
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Algorithm 2 Given S ∈ N fix {u(0)
s }Ss=1 ⊂ R

N and λ ∈ R.

for k = 1, 2, . . .

v
(k)
s = (K− λM)−1Mu

(k−1)
s ∀s = 1, . . . , S

{u(k)
s }Ss=1 = orthonormalizeM

(
{v(k)

s }Ss=1

)
end

At each step of the algorithm we have to orthonormalize a given set of

vectors in the inner product 〈·, ·〉M. This can be achieved using e.g. the

Gram-Schmidt process [23, 40].

The behaviour of Algorithm 2 is in many ways analogous to that of Algo-

rithm 1. Assume that λ = 0 and μS+1,h > μS,h. Now the subspace spanned

by the output vectors {u(k)
s }Ss=1 tends to converge towards the subspace

spanned by the set of eigenvectors {us,h}Ss=1. We define the largest princi-

pal angle θk between the two subspaces using

cos(θk) := σS ,

where σS is the smallest singular value of the matrix Θ(k) ∈ R
S×S with

elements Θ
(k)
ij = 〈ui,h,u

(k)
j 〉M. If θ0 < π/2, then θk → 0 as k → ∞ and the

rate of convergence is asymptotically characterized by

θk = O
(∣∣∣∣ μS,h

μS+1,h

∣∣∣∣k
)
.

See [12, 23] for a proof. For λ = 0 we expect the output to converge to a

subspace spanned by the eigenvectors for which the associated eigenval-

ues are closest to λ.

2.4 Summary of the solution recipe

A simple formula for computing approximate simple eigenpairs of the

problem (2.1) is now summarized in the following:

1. Formulate the problem in variational form.

2. Form the approximation space Vh ⊂ V using e.g. FEM. Project the

variational form on the approximation space Vh.

3. Seek an approximate eigenpair from the space R × Vh using the in-

verse iteration algorithm.

Subspaces associated to clustered eigenvalues may be computed similarly

using the subspace iteration.
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When we project the problem on the approximation space in Step 2, we

introduce a spatial discretization error that depends on the discretization

parameter h. On the other hand, truncation of the iterative algorithms

after k iterations in Step 3, will result in a truncation error depending on

k. Thus, to reach a given accuracy for the solution, h should be chosen

small enough whilst k should be chosen large enough.
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3. The multiparametric extension and
solution strategies

Any physical system is ultimately defined by a set of initial data. This

data may reflect geometry, physical coefficients or boundary conditions of

the system. We assume that the data can be parametrized by a vector

y = (y1, . . . , yM ) of dimension M ∈ N, whose each component takes values

in a bounded interval of R. Without loss of generality we assume a scaling

of the parameters so that y ∈ Γ := [−1, 1]M . For illustrational purposes

we limit ourselves to the finite dimensional case M < ∞. Now each set

of initial data defines a unique physical system; hence instead of just one

operator, we obtain a parameter dependent operator A : Γ → L(V, V ∗). We

will work in the framework of Chapter 2 and assume that A(y) is self-

adjoint for each y ∈ Γ. The multiparametric eigenvalue problem for the

operator A : Γ → L(V, V ∗) is defined as: find μ : Γ → R and u : Γ → V such

that ⎧⎨⎩ A(y)u(y) = μ(y)u(y)

||u(y)|| = 1
(3.1)

for all y ∈ Γ. Here || · || is a suitable norm that arises from the physi-

cal context. Observe that it is now crucial to include the normalization

constraint into the actual problem definition because it determines the

relationship of the solutions for different y ∈ Γ.

In theoretical considerations we assume the dependence of the operator

A on the parameters to be affine:

A(y) = A0 +A1y1 + . . .+AMyM , y = (y1, . . . , yM ) ∈ Γ. (3.2)

This affine dependence is of independent interest since it also arises from

linearization of general nonlinear dependence. In the context of stochas-

tic partial differential equations the affine form of the operator is typically

obtained by a Karhunen-Loève type expansion of the random coefficients

in the system, see for instance [20, 37]. For problems with uncertain ge-

ometry, however, more elaborate tools, such as conformal mappings, are in
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general needed. We wish to note that, in view of the methods we consider

in this thesis, the assumption (3.2) is not entirely essential as long as the

solutions to (3.1) are sufficiently smooth with respect to the parameters.

In this chapter we consider the multiparametric eigenvalue problem

(3.1) and lay down a framework for computing approximate eigenpairs.

We illustrate how the dependence of the solutions on the parameter vec-

tor may be effectively represented, even in high-dimensional parameter

spaces, by using a sparse collection of polynomial basis functions. Meth-

ods that aim to approximate the solution by determining the coefficients

of such polynomial basis functions are commonly referred to as spectral

methods. Here we consider two such methods: stochastic collocation,

where the coefficients are determined from pointwise values of the solu-

tion, and stochastic Galerkin method, where they are determined from a

coupled system of algebraic equations. For eigenvalue problems, the sys-

tem resulting from the stochastic Galerkin approach is nonlinear, and the

solution has to be sought using iterative algorithms. These algorithms

can be viewed as generalizations of the deterministic eigenvalue itera-

tions from Chapter 2.

3.1 Parametric variational eigenvalue problems

Recall that V and H are real Hilbert spaces such that V ⊂ H ∼= H∗ ⊂ V ∗

with compact and dense embedding. The variational form of the para-

metric eigenvalue problem (3.1) is: find μ : Γ → R and u : Γ → V such

that

b(y;u(y), v) = μ(y)(u(y), v)H ∀v ∈ V (3.3)

and ||u(y)||H = 1 for all y ∈ Γ. For each y ∈ Γ the relationship between the

bilinear form b(y; ·, ·) and the operator A(y) is defined by

b(y;u, v) = 〈v,A(y)u〉V×V ∗ ∀u, v ∈ V.

Assume that b(y; ·, ·) is uniformly bounded and elliptic, i.e., there exists

C > 0 and α > 0 such that

sup
y∈Γ

b(y;u, v) ≤ C||u||V ||v||V ∀u, v ∈ V

and

inf
y∈Γ

b(y; v, v) ≥ α||v||2V ∀v ∈ V.

Then for each y ∈ Γ the problem inherits the properties of the determin-

istic problem considered in Chapter 2: there are countably many positive
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eigenvalues {μi(y)}∞i=1 that accumulate only at infinity, and associated

eigenvectors {ui(y)}∞i=1 that form an orthonormal basis of H.

The numerical methods proposed in this thesis require the solution to

be smooth with respect to the parameter vector y ∈ Γ. It turns out that a

pointwise increasing enumeration of the eigenvalues, i.e.,

0 ≤ μ1(y) ≤ μ2(y) ≤ . . . ∀y ∈ Γ, (3.4)

is not necessarily optimal in this sense, although it might be the only

reasonable choice in many practical considerations. Even if there exists

a smooth parametrization of the eigenpairs over Γ, the eigenpairs as de-

fined by (3.4) are not necessarily smooth or even continuous as functions

of the parameter vector y ∈ Γ. This is due to possible eigenvalue cross-

ings, a phenomenon which we will further discuss in Chapter 4. Exclud-

ing such crossings and restricting analysis to simple eigenvalues only, the

eigenpairs in the affine case (3.2) in fact admit a complex-analytic exten-

sion [1]. More general results on the regularity of parameter-dependent

eigenpairs can be found in [26, 27].

Our example problem (2.4) becomes a multiparametric one, if we assume

that the wave speed is a function c : Γ → L∞(D). Such a scenario could

result from considering vibrations of a membrane with variable thickness

or density, for instance. If the wave speed is of the form

c2(y) = a0 + a1y1 + a2y2 + . . .+ aMyM , (3.5)

where {am}Mm=0 are functions on D such that

M∑
m=1

||am||L∞(D) < ess inf
x∈D

a0(x),

then the problem fits the abstract framework of this section. The varia-

tional form is simply written as∫
D
c2(y)∇u(y) · ∇v dx = μ(y)

∫
D
u(y)v dx ∀v ∈ H1

0 (D)

and ||u(y)||L2(D) = 1 for all y ∈ Γ. As noted, the smallest eigenvalue μ1(y)

is simple for each y ∈ Γ and thus the associated eigenfunction u1(y) is

well-defined up to sign. This eigenpair has been visualized in Figure 3.1

for a simple example case with M = 2.
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(a) The smallest eigenvalue μ1(y) as a function of y ∈ Γ.

(b) Mode u1(y) at the point y = (1, 0). (c) Mode u1(y) at the point y = (−1, 0).

(d) Mode u1(y) at the point y = (0, 1). (e) Mode u1(y) at the point y = (0,−1).

Figure 3.1. Vibrating circular drumhead with two parameters y = (y1, y2) ∈ Γ = [−1, 1]2.
Here we have assumed the form (3.5) with a0 ≡ 1, a1(r, φ) = (cos(πr) + 1)/3

and a2(r, φ) = sin(2φ)(1 − cos(πr))/3 in polar coordinates. The eigenpairs
are functions over the parameter space and therefore the eigenmodes look
slightly different for different values of y ∈ Γ.

3.2 Sparse polynomial approximation

Any sufficiently smooth function v : Γ → R may be efficiently approxi-

mated by polynomials. To this end we write

v ≈
∑
α∈A

Λ′
α, (3.6)

where A ⊂ N
M
0 is a finite collection of multi-indices and each Λ′

α : Γ → R

is a multivariate polynomial that is of degree αm in the variable ym for

all m = 1, . . . ,M . Spectral methods provide means of constructing the

polynomials {Λ′
α}α∈A so that the approximation (3.6) makes sense, and

the particular form of the polynomials depends on the chosen method.

Here the functions to be approximated are the components of the solutions
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to the parametric problem, in our case, the eigenpairs of (3.3). In practise

the accuracy of the approximation is ultimately determined by the choice

of the multi-index set A.

A very fundamental issue here, as in any practical application that re-

quires approximation of high-dimensional data, is the curse of dimension.

This term refers to the following fact: for a fixed p ∈ N the total number of

multi-indices α ∈ N
M
0 such that αm ≤ p for all m = 1, . . . ,M grows expo-

nentially fast with respect to the dimension M . For this reason we should

pay special attention to the choice of the multi-index set A, i.e., the choice

of the polynomial basis, or otherwise the computational effort required by

numerical methods might quickly become overwhelming.

A common choice for the polynomial basis is the total degree polynomial

space defined by

A(L) :=

{
α ∈ N

M
0

∣∣∣∣∣
M∑

m=1

αm ≤ L

}
(3.7)

for a given L ∈ N0. More sophisticated choices typically require additional

knowledge of the regularity of the solution with respect to the parameters

y ∈ Γ. If the solution is analytically smooth, then one may attempt to con-

struct multi-index sets that reflect so called best N -term approximations

[14, 15]. Multi-index sets that are in this sense tailored to regularity of the

solution have been considered in [7, 8, 9] and will be employed through-

out this thesis. Adaptive strategies for updating the multi-index sets have

also been recently proposed [13, 17, 22].

3.3 Spectral methods

Finite dimensional approximation of the variational problem (3.3) may

now be performed exactly as for the deterministic case in Chapter 2. This

leads to the parametric matrix eigenvalue problem: find μh : Γ → R and

uh : Γ → R
N such that⎧⎨⎩ K(y)uh(y) = μh(y)Muh(y)

||uh(y)||M = 1
(3.8)

for all y ∈ Γ. Here K : Γ → R
N×N is a parametric stiffness matrix whereas

M ∈ R
N×N is merely the standard deterministic mass matrix. For any

fixed y ∈ Γ the problem is a generalized matrix eigenvalue problem that

can be solved using the methods presented in Chapter 2.
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Undeniably the most straightforward way to compute statistics of the

eigenpairs of (3.8) is by Monte Carlo simulation [30]. In the simplest

form of this algorithm one merely solves independent realizations of the

problem and then computes sample averages from the obtained set of so-

lutions. The power of the Monte Carlo strategy is manifested via the cen-

tral limit theorem, see e.g. [25], which guarantees convergence of the al-

gorithm and provides explicit, though stochastic, error bounds. However,

in many applications convergence of the algorithm can be painfully slow.

More sophisticated algorithms for solving (3.8) typically rely on poly-

nomial approximation of the solutions. Here we try to review the very

essentials of the stochastic collocation and stochastic Galerkin methods,

which represent the most common choices in state-of-the-art literature.

3.3.1 Stochastic collocation

In essence, stochastic collocation is merely polynomial interpolation ex-

tended to multiple dimensions in a well-defined fashion. Collocation al-

gorithms for stochastic partial differential equations have been first sug-

gested in [2, 44] and these ideas have been further developed in works

such as [1, 6, 33, 34].

For each p ∈ N0 let us assume a set of points {y(p)i }pi=0 ⊂ [−1, 1] and

an associated interpolation operator Ip : C0([−1, 1]) → Pp([−1, 1]), which

maps a continuous function f to the unique polynomial of degree p that

interpolates f at the points {y(p)i }pi=0. The interpolation points {y(p)i }pi=0

are typically chosen as abscissae of a certain class of orthogonal polyno-

mials, see [18] for more information. In sparse stochastic collocation we

approximate the components of the solution using (3.6), where we set

Λ′
α =

M⊗
m=1

(Iαm − Iαm−1)(v). (3.9)

For error analysis and convergence rates we refer to [6, 33]. Observe that

equation (3.9) with the total degree space (3.7) gives the standard isotropic

Smolyak collocation operator [6, 34, 38].

The polynomial approximation (3.9) only depends on the values of the

solution at a finite set of collocation points in Γ. Therefore, to resolve the

collocated solution one only needs to solve the underlying deterministic

problem at each of the collocation points. In this sense the stochastic

collocation algorithm is nonintrusive as it can be wrapped around any

existing deterministic solver for the problem at hand. Note that (3.9) may

be written in a computationally more accessible form simply by expanding
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the terms, and numerical quadrature rules may then be applied to obtain

statistics of the solution.

3.3.2 Stochastic Galerkin approaches

The stochastic Galerkin method can be viewed as a generalization of the

standard Galerkin finite element method to the case of stochastic or pa-

rameter dependent problems. As opposed to stochastic collocation, the

method is intrusive in a sense that the solution can not be obtained from

pointwise evaluations of the underlying deterministic problem. We refer

to [20] for a general discussion of the method and to [4, 7, 9, 16] for imple-

mentational details, analysis and algorithms.

Given univariate basis polynomials {Lp}∞p=1, where p denotes the degree

of the polynomial, we construct multivariate polynomials

Λα(y) :=

M∏
m=1

Lαm(ym), α ∈ N
M
0 . (3.10)

The idea in stochastic Galerkin methods is to project the parametric prob-

lem in Galerkin sense to the space WA = span{Λα}α∈A. In other words

the solution is obtained from (3.6), where

Λ′
α = cα(v)Λα,

and the coefficients cα(v) ∈ R are solved from algebraic equations that

describe projections of the parametric problem. In the context of stochas-

tic finite elements, the basis polynomials {Lp}∞p=1 are typically chosen or-

thogonal with respect to the probability distribution of the input random

variables. The term generalized polynomial chaos is then commonly used

for the elements of WA [42, 45]. In Figure 3.2 we have presented a few

two-dimensional Legendre polynomials, that are orthogonal with respect

to the uniform distrubution and are therefore often employed as the poly-

nomial basis.

A direct Galerkin projection of the problem (3.8) reads: find μA ∈ WA

and uA ∈ WA ⊗ R
N such that⎧⎨⎩ ([KuA]i, w)L2(Γ) = (μA[MuA]i, w)L2(Γ) ∀w ∈ WA ∀i = 1, . . . , N(||uA||2M, w
)
L2(Γ)

= (1, w)L2(Γ) ∀w ∈ WA.

This approach results in a nonlinear system of equations that may in

some cases be solved directly [19, 21]. However, it seems that more reli-

able schemes for computing approximate eigenvalues can be obtained by

mimicking the behaviour of classical eigenvalue algorithms [32, 39, 41].
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(a) Degree α = (0, 0). (b) Degree α = (0, 1). (c) Degree α = (0, 2).

(d) Degree α = (1, 0). (e) Degree α = (1, 1). (f) Degree α = (1, 2).

(g) Degree α = (2, 0). (h) Degree α = (2, 1). (i) Degree α = (2, 2).

Figure 3.2. Multivariate Legendre polynomials for M = 2.

In the heart of this thesis is the algorithm of spectral inverse iteration

suggested in Publication I. The algorithm produces a sequence of approx-

imate eigenvectors {u(k)}∞k=0 ⊂ WA ⊗ R
N , which we expect to converge to

a fixed point uA ∈ WA ⊗ R
N such that⎧⎪⎪⎪⎨⎪⎪⎪⎩

([Kv]i, w)L2(Γ) = ([MuA]i, w)L2(Γ) ∀w ∈ WA ∀i = 1, . . . , N

([v]i, w)L2(Γ) = (s[uA]i, w)L2(Γ) ∀w ∈ WA ∀i = 1, . . . , N(||v||2M, w
)
L2(Γ)

= (s2, w)L2(Γ) ∀w ∈ WA

(3.11)

for some v ∈ WA ⊗ R
N and s ∈ WA. A sequence of approximate eigen-

values {μ(k)}∞k=0 ⊂ WA is obtained simultaneously. In this approach the

nonlinearity of the problem is localized in the third equation of (3.11).

We note that functionality of the spectral inverse iteration is limited to

eigenpairs that are strictly nondegenerate. By this we mean that the

eigenvalue should be simple and sufficiently well-separated from the rest

of the spectrum for each y ∈ Γ .

A simple formula for computing approximations of strictly nondegener-

ate eigenpairs of the problem (3.1) is now summarized in the following:

1. Formulate the problem in parametric variational form.
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2. Form the approximation space Vh ⊂ V using e.g. FEM. Project the

parametric variational form on the approximation space Vh.

3. Form the approximation space WA = span{Λα}α∈A by selecting a

suitable basis of multivariate polynomials.

4. Seek an approximate eigenpair from the space WA ×WA ⊗ Vh using

the spectral inverse iteration algorithm from Publication I.

The resemblance to the deterministic solution formula in Chapter 2 is

evident. However, we now have three error contributions in total: a spa-

tial discretization error depending on h, a polynomial approximation error

depending on A, and a truncation error depending on k. A detailed anal-

ysis of each error contribution has been performed in Publication III. The

behaviour of the spatial discretization and truncation errors is in many

ways analogous to that in the deterministic case. The polynomial approx-

imation error, on the other hand, decreases as we introduce new multi-

indices to the set A. The exact rate of convergence is tied to the selection

of the multi-indices as well as the smoothness of the solution with respect

to y ∈ Γ.

3.3.3 Hybrid methods and random geometry

The standard framework for stochastic finite elements typically assumes

that the uncertainty in the system arises from random field inputs. If in-

stead the uncertainty results from variations in the geometry of the phys-

ical domain, then reasonable computational methods are much harder to

formulate. In this context the stochastic collocation method, which relies

on sampling predefined realizations of the stochastic system, is more nat-

ural and easier to implement. In general, conformal mappings or similar

tools are needed when comparing solutions defined on different computa-

tional domains. However, scalar quantities, such as eigenvalues for in-

stance, may be computed and compared easily without the need for such

complex mathematical tools.

In many scenarios it makes sense to assume uncertain effects in both the

geometry of the domain and the coefficients in the system. In such cases

it may be useful to formulate a hybrid method, where the effects of the

random geometry are resolved via collocation but the stochastic Galerkin

method is still employed in resolving the effects of the random coefficients.

We have considered such a method in Publication II and applied it to the

computation of eigenvalues for a simple vibrating mechanical structure.
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4. Eigenvalue crossings and invariant
subspaces

In this last chapter of our overview we will consider eigenvalues that cross

within the parameter space, and illustrate the key difficulties that arise

when attempting to compute the associated eigenspaces. The linear al-

gebra textbook by Lax [28] demonstrates that eigenvalues of arbitrarily

chosen symmetric matrix valued functions are not likely to cross; this

phenomenon is called avoidance of crossing. However, physical systems

are not necessarily arbitrarily chosen, but rather reflect a delicate math-

ematical structure with a variety of symmetries. Thus, in many practical

applications crossings may still exist.

In Figure 4.1 we have visualized the second and third eigenmodes of

the multiparametric circular membrane example from Chapter 3. We im-

medeately observe that in this scenario the two eigenvalues cross at y2 = 0

as is expected due to symmetry. Let us assume the enumeration (3.4) and

define mixed eigenvalues

μ∗
23(y) =

⎧⎨⎩ μ2(y), y2 ≤ 0

μ3(y), y2 > 0

and

μ∗
32(y) =

⎧⎨⎩ μ3(y), y2 ≤ 0

μ2(y), y2 > 0.

The associated mixed eigenvectors u∗23(y) and u∗32(y) may now be defined

similarly for every y ∈ Γ with y2 = 0. It would seem that the values of

these two functions at y2 = 0 may be defined so that each function

(i) is an eigenvector for every y ∈ Γ and

(ii) is smooth on Γ.

This conclusion is supported by operator perturbation theory, see e.g. [26,

36].
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(a) The eigenvalues μ2(y) and μ3(y) as a function of y ∈ Γ (left) and as a function of

y2 ∈ [−1, 1] for y1 = 0 (right).

(b) Mode u3(y) at the point y = (0,−1/2). (c) Mode u3(y) at the point y = (0, 1/2).

(d) Mode u2(y) at the point y = (0,−1/2). (e) Mode u2(y) at the point y = (0, 1/2).

Figure 4.1. Eigenmodes (μ2, u2) and (μ3, u3) of the vibrating circular drumhead example
from Figure 3.1. The second and third smallest eigenvalues cross within the
parameter space and thus the eigenmodes switch places.

We expect the mixed eigenvalues in the previous example to represent a

smooth parametrization of the eigenpairs. However, it is a nontrivial task

to compute polynomial approximations for such eigenpairs. For instance,

in the stochastic collocation method we would have to know a priori, which

eigenpair to choose as the solution candidate at each collocation point. For

our model example this may seem trivial but in more complicated settings,

where the nature of the eigenvalue crossing is not obvious, it may well be

impossible. The spectral inverse iteration, on the other hand, tends to

converge to the eigenvector for which the associated eigenvalue is closest

to a given λ ∈ R, so from our perspective this is not a practical approach

either.

The key here is to forget the individual eigenvectors and instead con-

sider the subspace spanned by them at each y ∈ Γ. Such a subspace is

referred to as an invariant subspace. Even if there is an eigenvalue cross-
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ing and the eigenmodes switch places, the associated invariant subspace

might still be smooth with respect to y ∈ Γ. Based on this idea we have

presented a spectral subspace iteration algorithm in Publication III. Us-

ing the algorithm we may be able to compute an approximate basis for

an invariant subspace, even if the associated eigenvalues cross within the

parameter space. Information on individual eigenmodes is lost in this pro-

cess. In Publication IV we have applied the specral subspace iteration to

the computation of eigenmodes for a shell of revolution.
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5. Summaries of the articles

The main scientific contribution of this thesis lies within the four publica-

tions that follow. Summaries of the publications are given below.

Publication I. We consider approximate solution strategies for eigen-

value problems of elliptic operators with random coefficients. Inspired by

the semi-Galerkin power method of Meidani and Ghanem [32], we present

our own, purely Galerkin-based, algorithm of spectral inverse iteration

for solving the spatially discretized systems of equations. As in [7, 9],

multi-index sets of a sparse structure are used as a basis for the polyno-

mial approximation in the parameter domain. The algorithm is applied to

solve for the ground state of a stochastic diffusion equation, and its con-

vergence is illustrated in a number of numerical experiments. The results

are tested against a sparse adaptive stochastic collocation method and

they demonstrate the potential of Galerkin based methods for stochastic

eigenvalue problems.

Publication II. We present a hybrid stochastic finite element method for

solving eigenmodes of structures with random geometry and random elas-

tic modulus. In this method we employ stochastic collocation for resolv-

ing the effects of the random geometry, and the spectral inverse iteration

from Publication I for resolving the effects of the random material coeffi-

cients. Statistics of the ground state of a practical, yet idealized, model

structure are computed in the numerical experiments and verified using

Monte Carlo simulation.

Publication III. We present a comprehensive error analysis of the spec-

tral inverse iteration from Publication I, when applied to computing the

ground state of an elliptic operator with random coefficients. In this anal-
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ysis the error of the solution is separated into three different parts: the

error due to finite element approximation in space, the error due to sparse

polynomial approximation in the parameter domain, and the error due to

truncation of the iteration. We bound each error contribution in terms of

the appropriate discretization parameter, and verify each of these bounds

in a series of detailed numerical experiments. Our algorithm is found both

robust and efficient in comparison to the benchmark sparse collocation al-

gorithm of Andreev and Schwab [1].

We also suggest an algorithm of spectral subspace iteration for comput-

ing invariant subspaces associated to, possibly clustered, sets of eigenval-

ues. Numerical experiments illustrate the potential of this method: we

observe convergence of the approximate subspace to the exact subspace

of interest even though the associated eigenvalues, in our example, cross

within the parameter space.

Publication IV. We consider the computation of approximate eigenmodes

for a shell of revolution with random elastic modulus. In particular two

methods are proposed. In the first method we reduce the problem to a one-

dimensional problem and apply the spectral inverse iteration algorithm

from Publication I. Here different eigenmodes are naturally separated by

wavenumber. In the second method we apply the spectral subspace iter-

ation from Publication III directly to the original two-dimensional prob-

lem. In a series of numerical experiments we study the convergence of

both methods and show that the spectral subspace iteration is capable of

resolving eigenspaces associated to tightly clustered eigenvalues. We also

investigate the properties of the solution as the shell thickness tends to

zero and confirm that the asymptotic behaviour is in line with what is

known for the deterministic shell model.
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