
 

-o
tl

a
A

D
D

 
0

21
/

 8
10

2

 +f
afai

a*GM
FTSH

9  NBSI 5-0508-06-259-879  )detnirp( 
 NBSI 2-1508-06-259-879  )fdp( 
 NSSI 4394-9971  )detnirp( 
 NSSI 2494-9971  )fdp( 

 
ytisrevinU otlaA  

ecneicS fo loohcS  
scisyhP deilppA fo tnemtrapeD  

 if.otlaa.www

 + SSENISUB
 YMONOCE

 
 + TRA

 + NGISED
 ERUTCETIHCRA

 
 + ECNEICS

 YGOLONHCET
 

 REVOSSORC
 

 LAROTCOD
 SNOITATRESSID

 s
ot

na
S 

og
ai

T 
eg

ro
J

 s
ec

iv
ed

 n
or

tc
el

e-
el

gn
is

 h
ti

w 
sr

ot
an

os
er

 l
ac

in
ah

ce
m 

ev
is

sa
m 

ss
ol

-
wo

l 
gn

it
ar

ge
tn

I
 y

ti
sr

ev
i

n
U 

otl
a

A

 8102

 scisyhP deilppA fo tnemtrapeD

ssol-wol gnitargetnI  
lacinahcem evissam  

-elgnis htiw srotanoser
 secived nortcele

 sotnaS ogaiT egroJ

 LAROTCOD
 SNOITATRESSID

 

 SNOITATRESSID

 s
ot

na
S 

og
ai

T 
eg

ro
J

 s
ec

iv
ed

 n
or

tc
el

e-
el

gn
is

 h
ti

w 
sr

ot
an

os
er

 l
ac

in
ah

ce
m 

ev
is

sa
m 

ss
ol

-
wo

l 
gn

it
ar

ge
tn

I
 y

ti
sr

ev
i

n
U 

otl
a

A

 8102



 seires noitacilbup ytisrevinU otlaA
SNOITATRESSID LAROTCOD  021 /  8102

evissam ssol-wol gnitargetnI  
-elgnis htiw srotanoser lacinahcem

 secived nortcele

 sotnaS ogaiT egroJ

fo rotcoD fo eerged eht rof detelpmoc noitatressid larotcod A  
eht fo noissimrep eht htiw ,dednefed eb ot )ygolonhceT( ecneicS  

ta dleh noitanimaxe cilbup a ta ,ecneicS fo loohcS ytisrevinU otlaA  
 .mp00:21 ta 8102 enuJ 92 no loohcs eht fo E 421Y llah erutcel eht

 ytisrevinU otlaA
 ecneicS fo loohcS

 scisyhP deilppA fo tnemtrapeD
 puorG scinahcemonaN mutnauQ - SMEN



 rosseforp gnisivrepuS
 dnalniF ,ytisrevinU otlaA ,ääpnalliS akiM rosseforP

 
 rosivda sisehT

 dnalniF ,ytisrevinU otlaA ,ääpnalliS akiM rosseforP
 

 srenimaxe yranimilerP
 dnalniF ,älyksävyJ fo ytisrevinU ,atlisaaM iralI rosseforP

 sdnalrehteN ehT ,ygolonhceT fo ytisrevinU nevohdniE / sdnalrehteN ehT ,FLOMA ,negahreV dlowE rosseforP
 

 tnenoppO
 ecnarF ,SRNC - LEEN tutitsnI ,tezicrA reivilO rotcoD

 seires noitacilbup ytisrevinU otlaA
SNOITATRESSID LAROTCOD  021 /  8102

 
 © 8102   sotnaS ogaiT egroJ

 
 NBSI 5-0508-06-259-879  )detnirp( 
 NBSI 2-1508-06-259-879  )fdp( 
 NSSI 4394-9971  )detnirp( 
 NSSI 2494-9971  )fdp( 

:NBSI:NRU/if.nru//:ptth  2-1508-06-259-879
 

 yO aifarginU
 iknisleH  8102

 
 dnalniF

 



 tcartsbA
  otlaA 67000-IF ,00011 xoB .O.P ,ytisrevinU otlaA  if.otlaa.www

 rohtuA
 sotnaS ogaiT egroJ

 noitatressid larotcod eht fo emaN
 secived nortcele-elgnis htiw srotanoser lacinahcem evissam ssol-wol gnitargetnI

 rehsilbuP  ecneicS fo loohcS

 tinU  scisyhP deilppA fo tnemtrapeD

 seireS seires noitacilbup ytisrevinU otlaA  SNOITATRESSID LAROTCOD  021 /  8102

 hcraeser fo dleiF  srotanoseR lacinahceM ;scisyhP mutnauQ

 dettimbus tpircsunaM  8102 hcraM 91  ecnefed eht fo etaD  8102 enuJ 92

 )etad( detnarg hsilbup ot noissimreP  8102 yaM 9  egaugnaL  hsilgnE

 hpargonoM  noitatressid elcitrA  noitatressid yassE

 tcartsbA
ti hcihw ot tnetxe eht revo etabed neeb sah ereht ,scinahcem mutnauq fo tnempoleved eht ecniS  

tsom eht fo eno si ydob cipocsorcam a fo noitom ehT .stcejbo dlrow-orcam ot deilppa eb nac  
stnemirepxE .emiger mutnauq eht ni etagitsevni yllatnemirepxe ot seititnauq lacisyhp gniugirtni  

yb ylno ton detavitom era etats dnuorg mutnauq eht ni srotanoser lacinahcem cipocsorcam no  
noitom mutnauq eht fo noitceteD .scinahcem mutnauq fo semiger wen gnitset dna gnissecca  

fo sdlefi rehto ni ecnaveler gnivah ,seuqinhcet gnisnes tnemecalpsid evitisnes ylemertxe seriuqer  
mutnauq fo dlefi eht ni gnisimorp osla era secived mutnauq lacinahceM .gnireenigne ro hcraeser  

na emoceb nac srotanoser lacinahcem ni elbaveihca sessol ygrene wolartlu erehw ,gnireenigne  
rof sdohtem noitceted fo sepyt wen erolpxe yllatnemirepxe I ,siseht siht nI .ecruoser elbasnepsidni  

noitapissid ygrene etagitsevni sa llew sa ,emiger mutnauq eht raen srotanoser lacinahcem  
latsyrc ztrauq cihtilonom :smetsys gnisimorp fo sepyt owt yduts I .secived hcus ni msinahcem  

 .srotanoser dnomaid enillatsyrconan dna ,srotanoser
  
  

hgih dna sessol ygrene wol tibihxe nac dna tneiliser ,evisnepxeni era srotanoser ztrauq cihtilonoM  
01 ot pu srotcaf ytilauq 9 dna egnar margillim eht ni sessam htiw dezis-ertemillim era yehT .  

eht morf raf oot ton emiger a otni thguorb eb nac dna ,zHM emos fo seicneuqerf ecnanoser  
a sreffo ztrauq ni egrahc cirtceleozeip ehT .ygolonhcet cinegoyrc dradnats htiw timil mutnauq  

yllatnemirepxe I .srotceted egrahc gnisu snoitarbiv lacinahcem eht erusaem ot noitpo noitcudsnart  
tnereffid lareves gnisu snoitarbiv etats dnuorg rieht gnirusaem fo ytilibissop eht etagitsevni  

.secived evitisnes egrahc etamitlu eht era taht srotsisnart nortcele elgnis fo seigolopyt tnemerusaem  
ytivac a sa detaert eb nac ecived denibmoc eht woh wohs I ,emehcs gnisimorp tsom eht nI  

eht neewteb noitcaretni eht secnahne dna setaidem tibuq egrahc a erehw emehcs lacinahcemotpo  
-kcab lacinahcemotpo gnisu etagitsevni I .ytivac evaworcim a dna rotallicso lacinahcem ztrauq
I .rewop gnilooc tsedom gnitartsnomed stluser gniwohs ,rotanoser ztrauq eht fo gnilooc noitca  

eht ni sessol lacirtcele woh wohs dna ,srotanoser ztrauq eht fo smsinahcem ssol etagitsevni  
taht tciderp I .srotcaf ytilauq hgih gnihcaer rof rotcaf gnitimil a sa raeppa nac putes latnemirepxe  
gnilpuoc ro ,noitapissid cirtceleozeip eht fo ngised citsilaer emos yb dehcaer eb nac etats dnuorg eht  

I ,eveihca ot redrah si timil mutnauq hguohtla ,etats gnitcudnocrepus-non eht nI .tibuQ eht ot  
eht fo srotceted noitom evitisnes ylhgih sa elbasu era secived nortcele-elgnis woh etartsnomed  

na sa srotanoser dnomaid enillatsyrconan fo esu eht tseggus I siseht siht ni ,ztrauq sediseB .ztrauq  
ssol ygrene sti yduts dna ,timil mutnauq eht ni seiduts rof metsys lacinahcem evitanretla  

 .smsinahcem

 sdrowyeK ;noitapissiD lacinahceM ;srotanoseR lacinahceM cipocsorcaM ;etatS dnuorG mutnauQ  
 seciveD cirtceleozeiP ;seciveD nortcelE elgniS ;scinahcemotpO ytivaC

 )detnirp( NBSI  5-0508-06-259-879  )fdp( NBSI  2-1508-06-259-879

 )detnirp( NSSI  4394-9971  )fdp( NSSI  2494-9971

 rehsilbup fo noitacoL  iknisleH  gnitnirp fo noitacoL  iknisleH  raeY  8102

 segaP  831  nru :NBSI:NRU/fi.nru//:ptth  2-1508-06-259-879





Preface
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here for my doctoral studies. I knew its geographical location, that it was the
official home of Santa Claus and heard the tales about its crazily cold weather
and reserved people. After almost 4 years I do not regret my decision. I cannot
say I want to stay in Finland forever, mainly because I could never properly
adapt to the shift of the night/day cycle during the year: hard to sleep in summer
and nearing impossible to have motivation to do anything during winter time.
However, I can say it was a valuable learning experience. I learned a lot about
physics and scientific practices, but mostly I grew as a person, to the point
that I cannot recognise myself anymore in the individual I was at arrival. It is
undefined if such growth came from simply being older, being immersed in a
completely different culture or by climacteric influence. I like to think it was
a bit of all of them. The change was not necessarily for the better or for the
worse, it was just that, a change. The loud mouthed, impulsive and in not rare
occasions reckless young lad turned into a more introspective and calm man.

My PhD work has not always gone as smooth as I hoped due to me losing my
motivation several times, mainly during autumn and early winter. However, in
retrospect, the doctoral studies were a positive experience and taught me a lot
about physics and scientific practices, which I consider even more important. I
even discovered some inclination for teaching duties, something I have never
considered before.

My time in the lab was made pleasant and memorable by the people who
participated in my life during this time. I count myself fortunate to have a long
list of people to thank for their part.

The obvious place to start my thank-you list is of course my instructor Prof.
Mika Sillanpää. Over the years, Mika has taught me a lot about experimental
physics, had the patience to sometimes correct my same mistake repeatedly, was
always available to answer my questions and check documents, even at the last
minute, and trusted me with the responsibility of being a teaching assistant on
his courses.

I would also like to thank the other past and present members of the NEMS
group for keeping a healthy and joyfull working environment. In particular I
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Välimaa for our long discussions about the behaviour of mechanical resonators.
Regardless of not being in the group for too long, I want to thank Laure de
Lepinay for her instant friendliness.

I would also like to thank the Finnish Cultural Foundation for supporting part
of my research for one year, Alexander Savin for keeping the infrastructure of the
CryoHall in working conditions and being able to improvise a fix to almost any
equipment malfunction, Pertti Hakkonen for acting as the laboratory director
for part of my time here, and all the administration team of the former Low
Temperature Laboratory and of the Department of Applied Physics for keeping
all the paperwork running smoothly, giving me the opportunity to only focus on
the scientific research.

There is a very peculiar and enjoyable culture between the younger personnel
of the lab. For doing their part in making my time here unforgettable, my
gratitude goes to (in no special order): Ville Kauppila for his "love" for proprietary
software; Sergey Danilin for always being available to help in any matter; Teemu
Elo for being the most normal person attending Wednesday’s Saunas; Daniel Cox
for all the free beer in sauna and for taking us to monday’s pizza; Antti Laitinen
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having interesting stories about hiking and outdoor activities; Jere Mäkinen for
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1. Introduction

In everyday life Newton’s laws of motion precisely describe how the environment
around us behaves. For example, we can predict the trajectory of a projectile
or the working parameters of a car engine. Everyone, even with no knowledge
about Newton’s equations, have the ability to predict, for example, that an icy
surface will be slippery. This happens because the macroscopic world is intuitive
for us. However, at atomic or molecular size scales the laws of physics lose their
intuitiveness and radically differ from the ones observed in the macroscopic
world. Certain weak physical phenomena, that were masked by disturbances
coming from the environment, become apparent. We can call this size scale the
quantum realm.

In the quantum realm the behavior of elementary particles can be seen in a
wave-like perspective, described by the Schrodinger´s equation. This particle
waves can interfere, so the total wave of a single particle is the sum of several
waves, for example, the sum of different waves moving up and down. Mathe-
matically, we can say that the total wave function representing the particle is
|Ψ〉 = A |0〉+B |1〉, where A and B are complex numbers and |0〉 and |1〉 represent
a wave going either up or down. According to this the particle is moving at the

Figure 1.1. Schrodinger’s cat paradox: A thought experiment presented in 1935. A cat is sealed
inside a box together with a flask of poison. The poison release is triggered at a
random time by the decay of a radioactive atom. While the box is sealed, the cat can
be dead or alive. Opening the box ("measuring") will define the state of the cat [1].
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Introduction

same time up and down, what is counter-intuitive and illustrates a superposition
quantum state. This gave rise to the famous Schrodinger’s cat paradox shown in
Figure 1.1.

Measuring the direction of propagation of the particle (or opening the Schrodinger’s
cat box) will collapse the wave function into one of the possible states (particle
going up or down, cat dead or alive), setting the actual state of the system. The
short decoherence times of everyday macroscopic objects led, since the beginning
of quantum theory, to a debate over the extent to which it can be applied to
macro-world objects. Until relatively recently the predominant opinion has been
that microscopic objects obey quantum mechanics, and macroscopic objects obey
classical mechanics. However, recent technical and scientific developments in
decoupling macroscopic objects from the environment allowed the observation of
small but nevertheless macroscopic systems portraying quantum-mechanical
behavior in some of their degree of freedom. The most successful ones have been
the mesoscopic superconducting quantum bits (Qubits), demonstrating that it
is possible to perform quantum measurements in the solid state [2, 3, 4]. In
the pioneering work [5] quantum effects were seen in a mesoscopic mechanical
resonator. The ultimate goal would be to overcome the decoherence phenomena
and observe such physics in a truly macroscopic moving body.

The demonstration of mechanical resonators in the quantum ground state
[5, 6, 7, 8] has received a lot of attention in the last years, giving a huge kick-
start to the field of quantum-limited motion detection [9, 10]. The motivation
to reach the quantum regime of a mechanical object is three-folded. First, the
observation of quantum effects in macroscopic mechanical systems helps to
study the fundamental paradoxes of quantum measurement theory. Second,
this type of measurement needs extremely sensitive and noise free displace-
ment sensing, contributing to other fields where motion/displacement sensing is
needed. Finally, it also has relevance in the field of quantum information, where
high-Q mechanical resonators in the ground state can be used for a variety of
implementations.

Quantum mechanics predicts that an oscillating mechanical object such as
a regular pendulum having the angular frequency ω0, even when cooled to
absolute zero of temperature, has zero-point energy E0 = �ω0/2 which appears
as small vibrations. Using a classical spring potential, the energy of a quantum
harmonic oscillator having the vibration amplitude 〈x2〉 is E0 = Mω2

0 〈x2〉. In the
quantum limit, this yields the zero-point motion amplitude:

xzp =
√

�

2Mω0
, (1.1)

where M is the resonator’s mass, ω0 the frequency and � the reduced Planck’s
constant. The bigger the resonator mass, the smaller the zero point vibrations
are.

A macroscopic object with a few milligram of mass and a resonance frequency
of some MHz has a zero-point motion xzp ≈ 10−19 m, several orders of magni-

2
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tude smaller than the radius of an atom (≈ 10−10 m) or of an atomic nucleus
(≈ 10−15 m). The thermal energy ETh = kBT results in atomic vibrations of

amplitude xTh =
√

kBT/(Mω2
m). At room temperature these thermal vibrations

are much bigger (xTh ≈ 10−11−10−12 m) than the zero-point motion of the macro-
scopic object, so they will totally mask it. This means we have decoherence,
where the behaviour of a system in a quantum state is rapidly destroyed by
its interaction with the thermal environment. Even if the thermal vibrations
are suppressed (by cooling down the object), the zero point vibrations in the
macroscopic object are so small that an extremely sensitive setup is needed to
detect them.

As previously mentioned, important results have been obtained in the mea-
suring of "macroscopic" mechanical resonators near the quantum limit. Some
examples can be found in [5, 11, 12, 13]. However, those resonators are in the
nano and microscale and/or make use of high resonance frequencies to reach near
the ground state. My objective in this work is to measure quantum-mechanical
effects in a truly macroscopic object, that can be seen by naked eye, with the
size in the millimeter scale. To my knowledge, nobody has attempted similar
experiments yet. Since the resonator mass is much bigger, the zero-point oscilla-
tions from Equation 1.1 have a much weaker amplitude, in the order of 10−18 m
to 10−19 m, and the successful measurement needs a much higher detection
sensitivity.

In this thesis I present work towards measuring and controlling a truly macro-
scopic object near the quantum limit of its motion. As the main topic, I will
study the mechanical vibrations of a 6 mm diameter quartz disk piezoelectric
oscillators having ≈ 20mg mass. Chapter 2.2 discusses in detail the dynamics of
such mechanical oscillators.

The piezoelectric charge in quartz offers a transduction option to measure the
mechanical vibrations using charge detectors, at which single electron devices
excel. In Publication III the ultrasmall mechanical oscillations are detected
using different dissipative single-electron transport techniques. The dynamics
of the SET in the measurement configurations are discussed in Section 3.1.

A more sensitive measurement idea is proposed in Publication I, where
a dispersive (non-dissipative) measurement of the Cooper pair box is used
to measure the mechanical vibrations. The Cooper-pair device mediates and
enhances the interaction of the quartz disk vibrations with a microwave cavity.
The combined system can be treated as a cavity optomechanical scheme similar
to the ones discussed in Chapter 2.3. Section 3.2 gives an overview of the
experiment and its preparations.

The low resonance frequency ≈ 7MHz of the quartz disks entails ground state
temperatures below the limit of dilution cryostats. The scheme proposed in
Publication I allows the cooling of the mechanical mode by the optomechan-
ical cooling mechanism described in Section 2.3.3. Section 3.2.5 shows some
measurements of modest cooling of the mechanical mode. The dissipation of
the mechanical resonator is one of the key parameters for the cooling perfor-
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mance, so Publication IV studies the sources of energy loss in the quartz disk
resonators and how to minimize them.

Section 5.2 debates the drawbacks and future perspectives of the optomechani-
cal scheme, proposing optimisations to improve the device reliability, increase
the optomechanical cooling power and reach ground state. Section 4.2 discusses
the use of nanocrystalline diamond resonators as an alternative mechanical sys-
tem, due to their high frequency vs size (mass) ratio and expected low intrinsic
losses. A study of such losses is reported in Publication II.

4



2. Theoretical background

2.1 Single electron devices

The most significant macroscopic properties of superconductors, the Meissner
effect [14] and the zero resistance at low temperatures, are well explained by the
BCS theory [15]. Superconductors also exhibit other microscopic and quantum
mechanical properties. For example, if two superconducting materials are put
next to each other with some nanometers of separation, the electron waves will
be able to jump the gap between them and interfere with the electron waves
in the other side. This generic process, called tunneling, allows the electrons
to be transported through regions that, due to their high potential barrier, are
forbidden by classic physics at zero temperature. Figure 2.1 shows schematically
the tunneling phenomena.

Ψ

Particle Energy

Classically Forbidden

Same Energy

Region

Reduced Probability

Figure 2.1. Tunneling of an electron coming from left through a gap (potential barrier)

Tunnelling of Cooper pairs was predicted by Josephson [16]. The structure
formed by two superconductors with a thin insulating layer in-between is called
a Josephson junction. Pairs of superconducting electrons will tunnel through
the barrier. As long as the current is below the critical current for the junction,
Ic, there will be zero resistance and no voltage drop across it, such that current
will flow without any applied voltage. The Josephson junctions dynamics can be
described by:
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I(t)= Ic sinγ,

V (t)= �

2e
dγ(t)

dt
;

(2.1)

where I(t) and V (t) are the the current and potential across the junction, and γ=
φ2−φ1 is the phase difference between the wave phases φ1 and φ2 corresponding
to the superconductor order parameter in each side of the junction.

2.1.1 Single Josephson junction

The simplest electrical circuit containing at least one Josephson junction is the
one shown in Figure 2.2a. The energy stored in the junction can be obtained
from the work done by the voltage source W =∫

IV dt, which combined with the
Equations 2.1 determine the potential energy of the system, U =−EJ cosγ. The
Josephson energy EJ is defined as:

EJ =
�Ic

2e
. (2.2)

The charging energy EC , the energy needed to charge the junction with one
elementary charge, is EC = e2/(2C) and the Hamiltonian of the system is defined
by H = p0Ȯ−L , where L is the Lagrangian, Ȯ is a canonical coordinate and
p0 its conjugated momentum. Assuming the phase difference γ as the canonical
coordinate, the Lagrangian is:

L = EC −U = e2

2C
+EJ cosγ= 1

2
C

(
�

2e

)2
γ̇2 +EJ cosγ. (2.3)

One can show that the quantum mechanical Hamiltonian operator is:

Ĥ = pγγ̇−L =−
(
4EC

d2

dγ̂2 +EJ cos γ̂
)
, (2.4)

where γ̂ is the phase difference operator. Next, we will present the more compli-
cated configuration of Josephson junctions, the Cooper-pair box (Fig. 2.2).

V

J1

J2

CG

VG

V

Z

(a) (b)

Figure 2.2. (a) Electrical circuit schematic for a single junction device. The junction is connected
in series with a voltage source and an arbitrary impedance Z. (b) Electrical circuit
schematic of a Cooper-pair transistor with a gate electrode capacitively coupled to
the island between the junctions J1 and J2.
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2.1.2 Cooper pair box

A Cooper-pair transistor [17, 18], also called superconductor single electron tran-
sistor (SSET), is a device formed by a small superconducting island connected to
two superconducting electrodes by two Josephson junctions. The island is also
capacitively coupled to a nearby voltage gate by the capacitance CG . The circuit
diagram can be seen in Fig. 2.2b.

The charging energy for this system depends on its total capacitance Ctot =
CJ1+CJ2+CG+Cisl , where CJ1 and CJ2 are the capacitance of J1 and J2, CG is
the gate capacitance and Cisl is the self-capacitance of the island. Observation
of Coulomb blockade requires EC � kBT to avoid electrons crossing the junction
potential barrier by thermal excitation, so the island size needs to be as small
as possible to minimize its self-capacitance.

If we assume the junctions J1 and J2 are identical (CJ1 = CJ2 = CJ ), the
island is small enough for the self capacitance to be negligible (Cisl = 0), and the
total capacitance is independent of the pre-existent electron distribution of the
island, the energy cost of transferring an extra electron through the junction
is EC = e2/(2(2CJ +CG)). In the quantum ground state of a superconducting
island electrons are all bound as Cooper pairs. The energy required to charge the
island with a Cooper pair is Ecooper = (2e)2/(2(2CJ +CG))= 4EC. If n is the total
number of extra Cooper pairs in the island and nG is the polarization charge at
the gate electrode, given in units of Cooper pair charges, (nG = CGVG /(2e)), the
island total electrostatic energy (Eel) is:

Eel =
(2ne−2nG e)2

2(2CJ +CG)
= 4EC(n−nG)2 (2.5)

The phase difference across the entire transistor is γ = γJ1 +γJ2 and it is
convenient to define a new variable ϑ = (γJ2 −γJ1)/2, the phase of the island.
If we continue to consider the two junctions as identical (junction asymmetry
d= 0), the potential energy of the system can be calculated similarly to the single
junction situation by:

U =−EJ(1−d)cosγJ1 −EJ(1+d)cosγJ2 =−2EJ cos
(γ
2

)
cosϑ. (2.6)

The Ambegaokar-Baratoff relation [19] can be used to estimate the Josephson
energy of a junction, linking it to the junction normal state resistance (Rn) and
Δ(T), the superconductor energy gap predicted by BCS theory at a temperature
T:

EJ =
�

2e
πΔ(T)
2eRn

tanh
(
Δ(T)
2kBT

)
(2.7)

Now we know both the kinetic and potential energy of the system and can
calculate its Hamiltonian:

Ĥ = 4EC (n̂−nG)2 −2EJ cos
(γ
2

)
cos(ϑ̂), (2.8)

7



Theoretical background

which can be written in the eigenbasis of n̂ as:

Ĥ =
∑
n

[
4EC (n−nG)2 |n〉〈n|−2EJ cos

(γ
2

) e+iϑ̂+ e−iϑ̂

2
|n〉〈n|

]
. (2.9)

The number of Cooper pairs on the island (n̂) and the phase of the island (ϑ̂)
are conjugate variables with [ϑ̂, n̂]= i [20], so e±iϑ |n〉 = |n±1〉 and Equation 2.9
can be transformed into:

Ĥ = 4
∑
n

[
EC (n−nG)2 |n〉〈n|]−EJ cos

(γ
2

)∑
n

[ |n〉〈n+1|+ |n+1〉〈n|]. (2.10)

Since 1999 [21], the study of quantum coherence based on the Hamiltonian
2.10 or modification of it has been a very active research area. The system can
be used to realize coherent quantum two-level systems (Qubits) [22, 23, 24, 25].

The energy bands of the Cooper pair box can be obtained by diagonalization
of the Hamiltonian 2.10. The applied gate charge nG and the flux in the su-
perconducting loop Φ, which sets the phase γ across the device, change the
energy bands of the SSET depending on the ratio between EJ and EC [26]. If the
Josephson coupling energy is much larger than the charging energy ( EJ � EC )
the Cooper pairs will flow freely along the loop and the phase of the island is
well-defined. This way the qubit is highly sensitive to flux across the loop, being
called a flux qubit [27, 28]. On the other hand, If the charging energy is much
larger than the Josephson coupling energy ( EJ � EC ) the Cooper pairs will
tunnel discretely across the junctions, so the Coulomb blockade dominates. In
this case the band energies will strongly depend on the effect of nearby charges
(like gate charge) and the qubit is a charge qubit defined with n = 0 and n = 1.
[21, 29].

The control of the coherent tunnelling of individual Cooper pairs by the voltage
of the gate capacitor makes the SSET an extremely sensitive electrometer, with
the ability to sense and measure the charge of a fraction of an electron at its
gate electrode down to almost 10−6e [17, 18, 30]. The charge detection is done
by capacitively coupling the electrical charge in the object of study to the island.
This "gate" potential will modulate the electron tunnelling through the junctions,
setting a measurement of the charge at the SSET’s island vicinity. It is possible
to take advantage of the SSET extreme charge sensitivity and capacitively
coupled to mechanical devices [31, 32, 33] either by biasing it with a DC voltage
or, in this thesis, by taking advantage of piezoelectric transduction.

2.1.3 Fast read-out of single-electron transistors

We first discuss a normal-conducting single-electron transistor (SET). In fact,
the discussion is essentially similar if one considers a superconducting SET
(SSET) at bias voltages above twice the superconducting gap, where dissipative
single-electron tunnelling takes place.
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To be able to properly control the tunneling current the SET needs a strong
Coulomb blockade, which implies high junction resistances typically ≥ 100kΩ.
The combination of such high resistance with the ever-present stray capacitance
from the cables limits the output bandwidth of the SET to ∼ 104 Hz, much lower
than the intrinsic bandwidth limitation of the SET defined by the resistance and
capacitance of the junctions, which is some tens of GHz. It is clear that despite
a much higher charge sensitivity than the conventional electrometers, the SET
has bandwidth limitations, which also make it vulnerable to 1/ f noise. A first
stage amplifier in close proximity to the SET [34, 35] can extend the bandwidth
to 106 Hz−107 Hz at best. The homodyne or heterodyne measurement of the
SET [36, 37] studied at Section 3.1 can tune the measurement center frequency
up to ∼ 10GHz, but still do not alter the limitation imposed on the bandwidth
by the time constant RC.

The implementation of an impedance matching network between the SET and
cabling can increase the output bandwidth. Two implementations of such idea
are the Radio Frequency SET (RF-SET) [30, 38] and the Inductive SET (L-SET)
[39]. These devices can measure at high frequencies up to 100 MHz [39, 40].

J1

J2

CG

VG

CPad
J1

J2

CG

VG

Φ

L C

(a) (b)

Figure 2.3. Electric representation of the (a) RF-SET and (b) L-SET.

The RF-SET circuit is shown in Fig. 2.3a. A normal state SET is connected to
a high-frequency series LC tank circuit. The tank circuit will do an impedance
matching between the transmission line (low impedance) and the SET (high
impedance), allowing a faster measurements and higher charge sensitivity.
The RF-SET is probed by a power reflection measurement. The gate charge
of the SET will modulate its conductance, affecting the tank circuit damping
and consequently its power reflection. Summing up, the RF-SET scheme is a
dissipative measurement (similarly to the standard SET), causing heating of
the island or nearby structures and strong measurement back-action due to shot
noise.

The non-dissipative behaviour of the L-SET is a tempting option for the
implementation of the highly sensitive electrometer needed for the purpose of
this thesis. The L-SET has a Cooper-pair transistor in parallel with an inductor
in an LC resonator. The gate charge of the SET modulates the Josephson
inductance of the junctions, affecting the total parallel inductance of the LC
oscillator and consequently its resonance frequency. The electrical scheme of the
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device can be seen in Fig. 2.3b.
The basic Josephson Equations 2.1 define the voltage across a junction as:

V (t)= �

2eIc cos
(
γ(t)

) d
dt

I(t). (2.11)

The expression for the Josephson inductance of a junction can be derived by
comparing Equation 2.12 to the usual equation for an inductor V (t)= Lİ(t):

LJ =
�

2eIc cos
(
γ(t)

) (2.12)

Assuming γ = 0 and using the relation Φ0 = h/(2e), one can further develop
Equation 2.12 by plugging in it Equation 2.2:

LJ =
Φ0

2π

2 1
EJ

, (2.13)

which shows that for small values of γ a Josephson junction effectively behaves
as a linear inductance. The effective inductance of the Cooper-pair transistor is:

L′
J =

Φ0

2π

2 1
E′

J(nG ,γ)
,where E′

J(nG ,γ)= d2E(nG ,γ)
dγ2 , (2.14)

and E′
J is the effective Josephson energy of the SSET and E the total energy

calculated from the diagonalization of the Hamiltonian 2.8.
In the schematic of Fig. 2.3b the inductor L from the LC tank circuit is

in parallel with the josephson inductance of the SSET. The total inductance
of the circuit is LTot = L′

J ∥ L. As discussed in Section 2.1.2, if EJ � EC the
energy levels, and consequently the effective Josephson inductance, will strongly
depend on the gate charge, which heavily modulates LTot and thus the resonance
frequency of the device. The L-SET behaves like a charge-to-frequency converter
and can be used for charge sensing.

2.2 Dynamics of piezoelectric mechanical resonators

Piezoelectricity, the appearance in a crystal of an electric potential with magni-
tude proportional to the applied mechanical stress, was first observed in 1880 by
Pierre and Jacques Curie [41]. They also showed that the process is reversible,
applying an electric field to the crystal creates a mechanical response (reverse
piezoelectric effect). This phenomena can be explained by crystals having asym-
metric unit cells. A deformation of the material will deform the crystal structure
and lead to the creation of electrical dipoles.

Bulk Acoustic Waves (BAW) are elastic waves that propagate within the oscil-
lator’s solid body. BAW inspired quartz piezoelectric mechanical resonators are
inexpensive, durable, easy to fabricate, chemically inert and, more importantly,
can exhibit extremely high quality factors (Q) up to ∼ 109 [42]. They are used
as the timebase of almost every digital electronics device [43]. Besides timing
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Bottom Electrode

Top Electrode

tp

y
x

Figure 2.4. Schematic representation of a thickness shear mode piezoelectric resonator excited
at its fundamental frequency.

applications, nowadays BAWs are employed in areas as diverse as scanning force
microscopy [44, 45], filtering of analog circuits [46] and magnetic-resonance force
microscopy [47, 48]; and show prospects in mechanical computation [49], mass
sensing [50] and quantum limited position measurement [31, 51]. Some more
exotic possible applications include gravitational wave detection [52], quantum
information manipulation [53] and detection of specific types of dark matter
[54].

The vibration mode type of a piezoelectric resonator will depend on several
factors, including the shape, crystal cut, and electrode configuration. Thickness
shear mode oscillators are transverse wave BAW resonators usually imple-
mented using AT cut quartz plates where the particle displacement is parallel
to the bottom and top surfaces of the piezoelectric crystal. Figure 2.4 shows
the schematic representation of such resonator actuated at its fundamental
frequency. The structure will resonate at frequencies:

fm = N

√
μ/ρ

2tp
= N

v
2L

, (2.15)

where μ and ρ are the quartz shear modulus and density, v the acoustic velocity
of the shear wave and N the number of the harmonic under study. This type
of resonator was first proposed as a sensor in Ref [55] and extensively studied
afterwards. Today it is used for example for thin film deposition control, gas
detection and liquid viscosity measurements.

The surface charge on a piezoelectric material actuated by an electric field
between two electrodes can be calculated from the sum of the charge created
by the parallel plate capacitor formed by the two electrodes (ε�EA) and the
charge created by the piezoelectric effect due to a deformation ΔLd. For the 2-D
geometry presented in Figure 2.4 the charge generated on the disk’s surface due
to a deformation ΔLd =Δx is:

Qs = Ap(εE y + epSshear), Sshear =
|Δx|
tp

, (2.16)

where Qs is the disk’s surface charge, Ap the surface area of the piezoelectric, E y

the electric field in the y direction, ep the piezoelectric shear stress coefficient,
tp the crystal thickness and Sshear the shear strain.
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2.2.1 Modelling of the mechanical behaviour

The piezoelectric constitutive equations define how the piezoelectric material’s
stress (T), strain (S), charge-density displacement (D), and electric field (E)
interact. They can be given in four different forms, depending on which two of
the four field variables are considered independent. The representation when
the free variables are the stress components and the electric field components is
[56]:

Si j = sE
i j,klTkl + (dk,i j)ᵀEk,

Dk = dk,i jTi j +εT
k,iEi,

(2.17)

where s is the compliance matrix, d the piezoelectric coupling coefficient matrix
for Strain-Charge form, ε the electric permittivity matrix, ᵀ stands for matrix
transpose, and the superscripts T and E denote that the respective constants
are evaluated at constant stress and electric field, respectively. The subscripts
i, j,k and l are equal to 1, 2 or 3 and refer to the 3 cartesian axes. The Kelvin-
Voigt notation is used in Equation 2.17 to represent second order tensors as
vectors and third/fourth order ones as matrices. Such notation defines a pair
of equal subscripts as referring to the tensile/compressive deformation of the
crystal along one of the cartesian axes: for example S11 = S1 represents the
strain along axis 1; S22 = S2 represents the strain along axis 2; and S33 = S3

represents the strain along axis 3. Pairs of different subscripts refer to shear
deformations of the crystal: S23 = S32 = S4 represents the shear strain due to
a shear deformation in the plane formed by axes 2 and 3 (tilting around axis
1); S13 = S31 = S5 represents the shear strain due to a shear deformation in
the plane formed by axes 1 and 3 (tilting around axis 2); and S12 = S21 = S6

represents the shear strain due to a shear deformation in the plane formed by
axes 1 and 2 (tilting around axis 3).

To determine an analytic solution for the piezoelectric oscillator dynamics one
needs to calculate how the acoustic wave propagates using the wave equation
(assuming homogenous voltage on the piezo surfaces) [57]:

∑
i, j,k

ci j,kl
d2ul

dxjdxk
= ρ

d2ui

dt2 , (2.18)

where c is the complex stiffness of the piezoelectric material, ρ the density and
ul the global displacement along the directions l = 1,2 or 3.

The analytical solutions of the wave equation for the dynamic behaviour of
a piezoelectric resonator are usually difficult to obtain. For this reason, it’s
practical to use simple 1-D models equivalent to the differential equations
describing the system, but expressed using electrical parameters, which simplify
the analysis. There are a number of different models available, from which some
of the most common are the Butterworth-Van Dyke (BVD) [58, 59], Mason’s [60],
Redwood’s [61], and Krimholtz,Leedom and Matthae (KLM) [62].
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Figure 2.5. (a) Butterworth-van Dyke equivalent circuit representation of a piezoelectric res-
onator. (b) Mason’s model equivalent circuit for a piezoelectric layer. The dashed line
represents the possible short of the acoustic ports for the case where the piezoelectric
resonator has no added coating layers (c)) Mason’s model equivalent circuit for a top
/ bottom coating layer. In the Mason’s model the drawn impedances are equivalent to
acoustic impedances.

The equivalent electrical representation of the BVD model in its standard form
is shown in Figure 2.5a. The circuit consists of a mechanical resonance branch
with an inductor Lm, a capacitor Cm and a resistor Rm, and a capacitance C0 in
parallel to them. The capacitance C0 represents the plate capacitance formed
between the electrodes that sandwich the piezoelectric crystal:

C0 = APεP

tP
, (2.19)

where AP is the surface area of the piezoelectric crystal and εP its permittivity.
The resonance branch of the circuit controls its frequency response. Lm and Cm

set the resonator resonance frequency ωm = 1/
√

LmCm and Rm represents the
energy losses loading the resonator. Cm can be calculated from:

Cm = e2
PC0

εpY
, (2.20)

where Y is the Young modulus of the piezoelectric material. Knowing Cm one
can calculate Lm and Rm:

Lm = 1
ω2

mCm
Rm = ωmLm

Q
, (2.21)

where Q is the quality factor of the piezoelectric oscillator.
For a 6 mm diameter, 7 MHz quartz disk resonator which is approximately

tP ≈ 200μm thick the parameters can be estimated as C0 ≈ 5pF, Cm ≈ 10fF and
Lm ≈ 10mH.

In comparison to BVD, Mason’s model has the advantage of clearly separating
the electrical and acoustic domains and relating the material’s physical prop-
erties to distinct electrical impedances. The Mason’s model for a piezoelectric
layer is shown in Fig. 2.5b for the thickness shear mode. The piezo resonator
is seen as analogous to an acoustic transmission line coupled to its electrical
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Figure 2.6. Schematic representation of the equivalent electrical circuits used to model the shear
thickness mode response of a quartz disk resonator with its top surface coated with
aluminium

counterpart by an ideal transformer with the winding ratio proportional to the
quartz electromechanical coupling parameter K0 = e33/

�
ε0εr c33, where e33 is

the quartz shear stress coefficient and c33 the complex elastic shear stiffness
with the real part equal to the shear modulus Ys and the imaginary to the elastic
loss tangent. In the case of bare quartz, where no load is applied to the resonator
due to extra layers deposited on the bottom or top surface of the piezoelectric
material, the acoustic ports are shorted, as demonstrate by the dashed line of
Fig. 2.5b. If another material is added on any of the surfaces of the mechanical
resonator, then a similar module to the one represented on Fig. 2.5c is added
to the corresponding port on the Mason’s piezoelectric representation. Fig. 2.6
shows such representation for a quartz disk with an aluminium film on the top
surface.

The relationships between the materials physical constants and the model
parameters is shown in Table 2.1 [63], where ε33 and h33 are the piezoelectric
material permittivity and deformation factor, c33,n and ρn the elastic shear
stiffness and density of the material at layer n, AP and tP the piezoelectric disk
surface area and thickness, An the n’s layer surface area, and Z0,n represents
the specific acoustic impedance of material n. It is important to notice that in
order to take into account the different sources of intrinsic dissipation (dielectric,
elastic, ...) ε33, h33 and c33,n are defined as complex numbers, with the imaginary
part being the corresponding loss tangent.

The impedance ZS,n on the acoustic transmission line portrays the bulk elastic
response of the n material to the acoustic wave, while ZT,n mimics the behaviour
of such wave at the interfaces with adjacent material layers. In the case under
study, a quartz disk with Al metallisation on the top surface, the impedance
matching between ZT of the quartz layer and the coating film impedance will
define the effect of the film on the resonator. Impedance mismatch creates
wave reflections at the quartz / Al interface that can interfere constructively
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or destructively, depending on the phase shift and attenuation suffered by the
wave while traveling through the different materials.

The analysis of the standard Mason’s representation of Fig. 2.6 for a quartz
disk coated with aluminium shows that the total acoustic impedance in such
case is ZA = ZS,Quartz + ZT,Quartz ∥ (

ZS,Quartz +ZAl
)
, where ZAl is the total

acoustic impedance of the aluminium layer give by ZAl = ZT,Al +ZT,Al ∥ ZS,Al =
iρAl AAlνAl tan(ωtAl /νAl) and νAl is the complex acoustic velocity in the alu-
minium. The effect of the increase in thickness of the Al film on the behaviour of
the tan function in the previous equation allows the definition of three distinct
acoustic regions in which the impedance ZAl has distinct effects on the reso-
nance of the piezoelectric resonator. These regions are the mass, intermediate
and radiation damping regions.

In the mass damping region tP � tAl and tan(ωtAl /νAl)≈ωtAl /νAl , yielding
ZAl = imAlω. In this case the aluminium mass acts as an inductance and
the resonance peak is shifted but the effect on the mechanical quality factor
negligible. Consequently, the film moves synchronously with the quartz, allowing
the acoustic waves to propagate with minimal phase shift.

In the radiation damping region tP � tAl . Since tan(K x) → i when K is
complex and x real, ZAl = ρAl AAlνAl . In this case the aluminium total acoustic
impedance has a sizable real part due to the real part of νAl , so it will impact
negatively the quality factor of the mechanical resonator. The mechanical
energy of the quartz disk radiates into the aluminium layer, which due to the
layer length and attenuation is not reflected back to the piezoelectric. The
intermediate region, where the thickness of the aluminium layer and quartz
disk are comparable, there are no approximations possible and the aluminium
total acoustic impedance needs to be calculated from the equations of ZS,Al and
ZT,Al on Table 2.1.

Redwood’s and KLM models are based on the same principles of Mason’s
model and yield overlapping / similar solutions to the same problems. They
mainly differ in the distribution of the circuit impedance across the different
electrical and acoustic components. Redwood’s tries to dispose of the unphysical
negative capacitance present at Mason’s electrical port by incorporating it into
the acoustic side of the transformer, treating it as a variation of the length of
the acoustic transmission line. On the other side KLM simplifies the acoustic
domain circuit complexity by removing the impedance ZS and incorporating it
into the values of ZT .

2.2.2 Manipulation of the mechanical mode

Usually the mechanical mode of thickness shear mode sensors is not homoge-
neous across the sensing surface, so the detection signal and sensitivity are
closely related to the location of the load and the realistic operation of such
devices requires complex calibration procedures. For this reason there has
been growing research interest in the optimisation of the electrode geometry
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Parameter Parameter

C0
ε33 AP

tP
N C0h33

Z0,n An
�
ρnc33,n Γn ω

√
ρn

c33,n

ZT,n iZ0,n tan
(
Γtn

2

)
ZS,n −iZ0,n csc(Γtn)

Table 2.1. Expressions for the parameters used in the Mason’s Model.

for uniform mechanical mode across the sensing surface and, consequently, uni-
form mass sensitivity. Some of the proposals include ring [64] or elliptical [65]
electrodes, or variable thickness metallisation [66].

Instead of increasing the homogeneity in the entire disk surface, one can focus
the mode in a smaller, well defined sensing area, where it is homogeneous. In
addition to increasing the spatial detection consistency in the smaller area,
this approach also has the potential to enhance the sensitivity due to a bigger
localised strain. Focusing would benefit mostly applications where the active
area can be well defined, for example in microfluidic / chemical / biological
sensors where the reactive species are immobilised in a specific region of the
substrate and the mode shape can be focused directly and exclusively below the
active area.

Sections 2.1.2 and 2.1.3, together with Publication I and Publication III,
show that the coupling between the mechanical mode of a piezoelectric resonator
and a single electron device grows with the amount of transduction charge
surrounding the device’s micrometer sized island. If the mechanical mode ex-
tends over the entire surface of the 6 mm diameter quartz disk with a roughly
homogeneous charge density, the fraction of total piezo charge in the vicinity
of the sensitive island is very small, entailing a very weak effect on electrical
circuits. The total displacement of a mechanical oscillator is expected to be the
same for a given excitation energy, so the only way to increase the strain am-
plitude in a specific region of the disk’s surface, and consequently the resultant
localised piezo charge, is to decrease it in other regions. In Section 3.2.1 I show
that the confinement of the mechanical mode to the neighbouring region of the
island is essential to achieve high enough couplings that allow the experimental
measurement of the resonator close to the ground state.

A common practice to confine the mechanical resonator’s vibrational energy
in the middle of the disk is to use plano-convex lens shaped crystals, similar to
the one represented by the side-view schematic of Fig. 2.7. Such disk’s geometry
increases the piezoelectric charge uniformity and magnitude at the center of
the resonator. In simple terms, this can be explained by the fact that the center,
thicker region have a lower "local" resonance frequency than the borders. The
outer regions of the chip form a sort of potential barrier that the low energy
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Figure 2.7. Schematic side view of a plano-convex shaped quartz disk resonator used in this
work. The dimensions are not at scale.

resonance modes of the center of the chip cannot surpass. As a bonus, the plano-
convex geometry also reduces the energy losses associated with clamping by
suppresing most of the mechanical oscillations on the edge of the chip[67, 68, 69].
Section 2.3.3 shows that the minimisation of the mechanical losses is essential
to optimise the experiment of Section 3.2.5 and cool the mechanics to the ground
state by means of sideband cooling.

The studies reported in [64, 65, 66] show that the configuration of the elec-
trodes and ground plane can have a big impact on the shape of the quartz
thickness shear mode, and made us believe that with the right ground plane
configuration it could be possible to further confine the mechanical mode nearby
the SSET island. Several different ground plane configurations were simulated
in Comsol Multiphysics, showing very different mode shapes. A layout like
the one in Figure 2.8(a), where grounded thin-film aluminium spikes extend
from the center of the piezo disk to its edges, increased dramatically the charge
density in the central region of the chip. Figure 2.8(b) plots the predicted charge
density for the thickness shear mode for an uncoated quartz disk. Figure 2.8(c)
displays the expected charge density when using the charge focusing configura-
tion of Figure 2.8(a). In the uncoated resonator the charge distribution is spread
across the resonator’s surface, but in the spiked design it is mainly focused
between the spikes. This is attributed to the enhancement of the electric field
in the vicinity of the zero-potential spikes increasing the localised strain and
piezo charge distribution. In other terms, for the same mechanical energy the
total displacement in the grounded spikes layout is the same as in the normal
layout, but the mode shape focus most of it between the grounded spikes. The
charge focusing electrode configuration increases by two orders of magnitude
the piezoelectric charge around the SSET island region, which as we will show
in Section 3.2.1 greatly strengthens the coupling to the single electron devices.
This enhancement in coupling was enough to permit the measurement of the
quartz disk at occupation numbers around 100 in Publication I and to observe
the modest optomechanical cooling power discussed in Section 3.2.5.

2.3 Circuit cavity optomechanics

In a simple example, if a photon hits a perfectly mirrored surface and gets
reflected back with negligible loss of energy, the momentum of the mirror will
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Figure 2.8. Focusing of the piezo charge. (a) Charge focusing layout with four sharp Al thin-film
spikes extending from the center of the disk to the edges. Blue denotes aluminium
and grey is bare quartz. Simulation of the piezoelectric surface charge density
induced by the lowest mechanical shear mode vibrations of (b) a plano-convex bare
quartz disk, and (c) a quartz disk with the charge focusing layout shown in (a). The
values are scaled by the maximum in the focusing layout.

be changed by Δ�pmirror =+2�pPh. This situation is illustrated in Fig. 2.9a. The
effect of the incoming radiation on the particle’s momentum is called radiation
pressure.

The forces resulting from radiation pressure are minuscule, too small to be
noticed during everyday’s activities. They were only observed experimentally
for the first time in 1901 by Nichols and Hull with the assistance of a Nichols
radiometer [70]. However, they can play an important role in several scientific
areas like space engineering and thermonuclear weapons design. For example,
spacecraft trajectories are strongly impacted by the sun’s radiation pressure [71],
and there are several running scientific projects on developing and optimising
solar "sails" for satellite trajectory control and, ultimately, fuel-less space travel
[72].

Cavity optomechanics is a branch of physics based on the radiation pressure
concept and refers to a system where the resonance frequency of a cavity is
shifted by the oscillation of a mechanical resonator. Figure 2.9b shows the
prototype example of such a setup, in which the light is trapped between a fixed
and a movable mirror, creating a Fabry-Pérot cavity. The movable mirror is phys-
ically a mechanical resonator, so that the position of the mechanical oscillator
determines the optical path length of the cavity. When the mechanical resonator
vibrates, the frequency of the optical mode is modulated, parametrically coupling
the two. Many possible implementations of such a system can be envisioned, for
example suspending one of the mirrors of an optical cavity [73, 74, 75, 76], using
micro-resonators with reflective surfaces inside an optical cavity [77, 78, 79],
using whispering gallery modes of circular optical micro-resonators where de-
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Figure 2.9. (a) Tranfer of momentum when a photon hits a perfectly reflective surface and
is reflected back with negligible loss of energy. (b) The optical frequency ωc of a
Fabry-Pérot cavity with decay rate κ is modulated by the oscillation in optical length
introduced by the vibrations of a mechanical resonator with resonance frequency ωm
and damping Γm.

formation of the device changes the optical path [80], or capacitively coupling
the mechanical oscillator to a superconducting microwave cavity with frequency
modulated by the mechanically vibrating capacitance [81, 82, 83]. In this chapter
I will analyze the situation where the total inductance of a microwave LC cavity
is modulated by an arbitrary coupling mechanism to a mechanical oscillator.

2.3.1 Optomechanical coupling

When the cavity radiation field is decoupled from the mechanical modes, the
Hamiltonian can be approximated by two harmonic oscillators:

Ĥ0 = �ωcâ†â+�ωmb̂†b̂, (2.22)

where ωm is the frequency of the mechanical resonator, â† and b̂† are the photon
and phonon creation operators, respectively, and â and b̂ are the corresponding
annihilation operators. If the coupling between the mechanical oscillator and
the cavity causes a shift LΔ to the unperturbed inductance of the cavity, L0, the
total inductance is L(x)= L0+LΔ(x)= L0+ x̂dLΔ(x)/dx and the cavity resonance
frequency is given by:

ωc(x)= 1�
L(x)C

= 1√
(L0 +LΔ(x))C

= 1√
L0C

1√
1+ x̂

L0

dLΔ(x)
dx

. (2.23)

The displacement of the mechanical resonator causes a shift in the resonance
frequency of the cavity, so we have a dispersive coupling (in opposition to dissi-
pative coupling where the mechanical displacement modulates the cavity decay
rate κ). Expanding the square root and defining the unperturbed resonance
frequency of the cavity as ω0 = 1/

√
L0C it is possible to write:
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ωc(x)�ω0

(
1− x̂

2L0

dLΔ(x)
dx

+ 3x̂2

8L2
0

(
dLΔ(x)

dx

)2
)

. (2.24)

The Hamiltonian for when the optical and mechanical modes are coupled
can be retrieved by defining x̂ = xzp(b̂† + b̂), and combining Equation 2.22 with
Equation 2.24:

Ĥ0 = �ω0

(
1− g0

ω0
(b̂† + b̂)+ 3

2
g2

0

ω2
0

(b̂† + b̂)2

)
â†â+�ωmb̂†b̂,

g0 = ω0

2L0

dLΔ(x)
dx

xzp.

(2.25)

The variable g0 is the vacuum optomechanical coupling strength and quantifies
the interaction between a single phonon of the mechanical oscillator with a
single photon from the cavity. In the experimental implementations usually g0

is much smaller than ω0, so the third term of Equation 2.24 can be neglected
and the hamiltonian of Equation 2.25 simplified to the canonical optomechanical
Hamiltonian

Ĥ0 = �ω0â†â+�ωmb̂†b̂−�g0â†â(b̂+ b̂†). (2.26)

From the previous Hamiltonian one can derive the equations of motion that
govern the dynamics of the optomechanical system in the presence of losses and
noise:

˙̂a =−�κain −
(
iω0 + κ

2

)
â+ ig0(b̂+ b̂†)â,

˙̂b =−�κbin −
(
iωm + Γ

2

)
b̂+ ig0â†â,

(2.27)

where ain andbin are the input noise operators (quantum or thermal). κâ and
Γb̂ are the optical and mechanical dissipative terms. The non-linear nature of
the optomechanical interaction described by Equation 2.26 is explicitly shown
on the last terms of the equations of motion. With this non-linear coupling it is
possible to produce non-classical cavity and resonator states [84, 85].

Although Equation 2.26 describes non-linear interaction, the coupling g0

is usually very weak when compared to the decay rate κ of the microwave
cavity. As an example, in Publication I the values of g0 are in the scale of some
hundreds of Hz and the cavity linewidth is ≈ 7MHz. Thus, observation of single
photon - phonon interaction is not possible. However, Equation 2.26 hints for
the possibility of enhancing the effective optomechanical coupling by increasing
the cavity occupation. Lets start by defining â =�np +δâ, where �np is the
average optical field amplitude when the cavity is pumped with np photons, and
δâ† and δâ are the small quantum fluctuations around that constant amplitude.
Now â†â takes the form:

â†â = np +
√

np(δâ+δâ†)+δâ†δâ. (2.28)
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The term np represents a constant radiation pressure force and shifts the
mechanical resonator’s equilibrium position. It can be oversighted if the equi-
librium position is calibrated before the measurement. Otherwise it will affect
slightly the effective detuning Δ̄ (to be discussed in the next section). If the cavity
is strongly pumped with np ≡ 〈â†â〉 � 1, the term −�g0δâ†δâ(b̂+ b̂†) is much
smaller than −�g0

�np(δâ+δâ†)(b̂+ b̂†) and can be neglected. As a consequence,
Equation 2.26 can be linearized for high np and written as:

Ĥ0 = �ω0δâ†δâ+�ωmb̂†b̂−�G(δâ+δâ†)(b̂+ b̂†), (2.29)

where the effective coupling G = g0
�np is much larger than g0. The Hamilto-

nian of Equation 2.29 is quadratic in operators, and the linearity means that
the equations of motion are linear.

The linearization of the Hamiltonian inhibits the generation of non-classical
cavity and resonator states, because linear couplings are limited to transform
Gaussian inputs into Gaussian states [86]. However, the linear coupling can be
used to transfer to the mechanics a non-classical state prepared, for example,
in a Qubit. Nonetheless, linear systems can still describe several interesting
and useful phenomena, like sensitive measurement of the mechanical state, and
back-action cooling and amplification discussed in the next sections.

2.3.2 Linear interaction and dynamical back-action

Equation 2.29 can be switched into a reference frame rotating at the pumping
frequency ωP . In this case the photon annihilation operator experiences the
transformation â → âe−iωP t and the system can be represented by

Ĥ0 =−�Δδâ†δâ+�ωmb̂†b̂−�G(δâ+δâ†)(b̂+ b̂†)−�g0np(b̂+ b̂†), (2.30)

where Δ=ωP −ωc(0) is the detuning between the optical pump and the unper-
turbed cavity frequency. In the previous equation I have not neglected the term
�g0np(b̂+ b̂†) that shifts the equilibrium position of the mechanical resonator as
a consequence of the photon pumping intensity. The equation of motion for the
photon annihilation operator can be deduced for the linearized coupling includ-
ing dissipation using 2.30. If the mechanical resonator position and the average
light field amplitude produced by the laser drive oscillate around the equilibrium
values x̄ and ᾱ, we can write that x(t) = x̄+δx(t) and α(t) =�np(t) = ᾱ+δα(t).
The equation of motion for δα̇ can be written as:

δα̇=
(
iΔ− κ

2

)
δα+ i

g0

xzp
ᾱδx+ i

g0

xzp
x̄δα (2.31)

and rearranged to:

δα̇=
(
iΔ̄− κ

2

)
δα+ ig′ᾱδx, (2.32)
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where g′ = g0/xzp and Δ̄=Δ+ g′ x̄ represent the effective detuning and demon-
strates that the shift of the equilibrium position of the mechanical resonator x̄
may be interpreted as an apparent drift of the pumping frequency. The interac-
tion between the cavity photons and the mechanical mode will exert radiation
pressure on the mechanical resonator equal to:

Frad = �g′np = �g′|α|2 = �g′(ᾱ∗δα+ ᾱδα∗), (2.33)

where ∗ stands for the complex conjugate. The standard equation of motion for
a mechanical resonator under the effect of external forces, including radiation
pressure, is

ẍ =−ω2
m(x− x0)−Γẋ+ Frad +Fext(t)

mef f
, (2.34)

where mef f is the effective mass of the resonator.
Reference [86] shows how to solve Equations 2.32 and 2.34 and find the

mechanical response δx(ω). We start by using the Fourier transform F(ω) =∫
F(t)eiωtdt in δα(t), calculated from Equation 2.32:

δα(ω)= ig′ᾱ
−iω− iΔ̄+κ/2

δx(ω). (2.35)

The complex conjugation property of the Fourier transform tells us that
(δα∗(ω)) = (δα(−ω))∗. We also know that displacement is a real number, so
(δx(−ω))∗ = δx(ω). Now one can solve the linear system formed by Equations
2.32 and 2.34 and find:

δx(ω)= Fext(ω)
mef f

(
ω2

m −ω2 − iωΓm
)+Σ(ω)

. (2.36)

The denominator of the previous equation defines the effective mechanical
susceptibility. The first term corresponds to the unperturbed mechanical suscep-
tibility of the resonator, which can be written as χ−1

m (ω)= mef f
(
ω2

m −ω2 − iωΓm
)
.

The function Σ completely defines the contribution of the optomechanical phe-
nomena to the effective mechanical susceptibility χ−1

e f f ,m(ω)= χ−1
m (ω)+Σ(ω). It

can be calculated with:

Σ(ω)=−i2mef fωmG2 [χc(ω)−χ∗c (−ω)
]
, (2.37)

where χc(ω)= (−iω− iΔ̄+κ/2
)−1 is the response function of the cavity and χ∗c (−ω)

its conjugate. The function χe f f ,m, which forms the denominator of Equation
2.36, is very irregular and even splits into a double peak in the strong coupling
regime, when G > κ/2. However, when the linearized optomechanical coupling
G is small, G � κ/2, there is no hybridization of the mechanical and optical
mode and the mechanical linear response will have only a single resonance.
For G � κ the function χe f f ,m can be approximated by a Lorentzian and it is
valid to consider that the mechanical oscillator is excited only near its resonance
frequency ω ≈ ωm. With such approximation, the denominator of Equation
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2.36 can be transformed into mef f (−iωΓm)+Σ(ω). The damping added by the
optomechanical interaction, ΓOPT can be estimated by

−imef fωmΓm +Σ(ωm)=−imef fωm (Γm +ΓOPT )⇔

⇔ΓOPT (ω)=− 1
mef fωm

Im[Σ(ω)] .
(2.38)

Similarly it is possible to find the mechanical frequency shift:

δωm =− 1
mef f

Re[Σ(ω)] . (2.39)

Equation 2.38 represents the contribution of the optical field of the cavity to the
total mechanical damping and Equation 2.39 implies that the optomechanical
interaction can shift the resonance frequency of the mechanical oscillations
and be interpreted as an optical spring. One can derive expression for the two
quantities as:

ΓOPT (ω)=G2κ

⎛
⎜⎜⎝ 1(
ωm + Δ̄)2 +

(κ
2

)2 − 1(
ωm − Δ̄)2 +

(κ
2

)2

⎞
⎟⎟⎠ (2.40)

and

δωm =G2

⎛
⎜⎜⎝ Δ̄−ωm(
Δ̄−ωm

)2 +
(κ
2

)2 + Δ̄+ωm(
ωm + Δ̄)2 +

(κ
2

)2

⎞
⎟⎟⎠ . (2.41)

Equations 2.40 and 2.41 quantify the effect of dynamical back-action, where the
changes induced in the cavity response by the mechanical oscillations act back
on the mechanical motion. An important conclusion drawn from the analysis of
Equation 2.40 is that the optomechanical damping can be positive or negative,
so the cavity interaction with the mechanical resonator can cool or amplify the
mechanical mode.

2.3.3 Cooling and amplification of the mechanical mode

Both mechanical Γm and optomechanical ΓOPT damping rates contribute to the
resonator’s full effective damping rate, which is Γe f f =Γm+ΓOPT if the damping
mechanisms are considered independent. Equation 2.40 and Fig. 2.10a show
that ΓOPT can be either positive or negative, corresponding to amplification or
cooling of the mechanical mode, respectively.

If the cavity is pumped at the red-detuning regime, Δ̄< 0, incoming photons
become resonant with the cavity mode by annihilating mechanical phonons
and absorbing their energy, therefore cooling the mechanical mode. When
Δ̄=−ωm, called the anti-Stokes or red sideband, the energy gap between the
incoming photons and the cavity resonance mode is exactly the energy of one
mechanical phonon and ΓOPT is maximum. When the incoming photons are
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Figure 2.10. (a) Optomechanical damping rate vs detuning sketched using Equation 2.40 for
a mechanical resonator weakly coupled to a cavity mode ( G < κ). (b) Sketch of a
generic power spectrum of a cavity optomechanical system in the resolved-sideband
limit.

blue detuned, Δ̄> 0, they shed energy to the mechanical oscillator in order to get
resonant with the cavity, exciting extra photons and leading to amplification of
the mechanical mode and, eventually, instability when Γe f f < 0. At the Stokes /
blue sideband, Δ̄=ωm, the interaction hamiltonian Hint = �g0(δab+δa†b†) is
proportional to the two-mode squeezing operator. Therefore, two-mode squeezing
and entanglement between the mechanical and optical modes may be observed
in this regime. A third case of interest is when the cavity is driven on-resonance
and its optical mode shifts proportionally to the mechanical displacement. Thus,
the cavity serves as an interferometer and can be used to measure very small
displacements [73, 75].

When κ<ωm the system enters the resolved-sideband limit, where the com-
bined resonant modes have three distinct frequencies in the optical band corre-
sponding to the cavity (ωc) and the two aforementioned sidebands (ωc ±ωm). An
example of such power spectrum is shown on Fig. 2.10b.

In the experimentally relevant limit κ>>Γe f f the final occupation number for
the mechanical resonator can be calculated by:

nm(Γm,κ, g0,np)= Γm

Γe f f (Γm,κ, g0,np)
nT

m = Γm

Γm +ΓOPT (κ, g0,np)
nT

m, (2.42)

where nT
m is the thermal occupation of the mechanical mode when in equilibrium

with the thermal bath provided by the cryostat. The sideband cooling power
depends on the optimization of four fundamental system parameters: the losses
on the mechanical resonator, the losses on the cavity, the optomechanical single-
photon coupling strength and the intensity of the photon pumping to the cavity.

Up to this point I treated the dynamics of classical, linearized cavity optome-
chanical systems. Most of the discussion can be extended to a quantum situation,
because generally the expectation values of the quantum variables in such sys-
tem follow Heisenberg’s equations of motion. The main difference between the
classical and quantum formulations of cavity optomechanics is the treatment
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of the quantum Langevin noise force. Such force imposes a lower limit to the
mechanical occupation number in the quantum implementation, otherwise limit-
less by classical analysis [87, 88]. The theory of quantum cavity optomechanics
is analyzed in detail at [89, 88], which claim that the occupation number of the
resonator calculated through the quantum perspective is:

nm = Γm

Γe f f
nT

m + A+

Γe f f
,where A+ = G2κ

κ2/2+ (Δ̄+ωm)2
, (2.43)

reducing to Equation 2.42 when ωm � κ. The extra term when compared to
Equation 2.42 sets the lower limit imposed by the quantum approach to the
mechanical occupation as

nm,min =
(

κ

4ωm

)2
. (2.44)
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3. Single electron devices coupled to
macroscopic piezoelectric
resonators

Piezoelectric transduction, discussed on Section 2.2, can be used to couple
the mechanical mode of a piezoelectric resonator to a charge detector. It was
mentioned at the end of Section 2.1.2 that single electron devices with EJ �
EC can be extremely sensitive to gate charge. In this chapter I will give an
overview of the experimental implementations present in Publication I and
Publication III, where 6 mm quartz disk resonators are capacitively coupled
to different implementations of single electron devices. It is shown in Figure
3.1 that the quartz chip is both used as a substrate for the fabrication of the
superconducting circuit and as the mechanical resonator to be studied.

3.1 Dissipative detection of the mechanical vibrations

In this section I review the experiments reported in Publication III, which
evaluate ultra-low amplitude oscillations of plano-plano monolithic quartz disk
resonators by different SET measurement configurations: DC rectification, ho-
modyne and heterodyne detection, and the use of a RF-SET device. All of the
configurations implement a dissipative measurement of the mechanical oscilla-
tions where the piezo charge modulates the tunneling resistance of the junctions.
We observed experimentally that none of those setups have enough sensitivity
to measure the zero-point vibrations with the ampltiude xZP ∼ 10−19. How-

6 mm

200-400 μm

65 μm

SIDE VIEW
Single Electron DeviceGround Ground

m ≈ 20mg

ωm/2π∼ 7−9MHz

Bottom Electrode

Figure 3.1. Plano-convex quartz disk resonators used for the experimental realisations discussed
in this chapter. In Section 3.1 the used disks are plano-plano.
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ever, they still can exhibit extremely high displacement sensitivities, allowing
the measurement of subatomic oscillations below 10−13 m, which is relevant
to other studies requiring high precision assessment of deformation, force or
displacement.

3.1.1 Single Electron Transistor

The gate charge of an SET coupled to a piezoelectric oscillator consists of three
or four terms: a contribution from the background charge noise ng0 (assumed
constant), the charge coupled from the bias electrode nb, the charge oscillating
at frequency ωm coupled from the piezoelectric charge distribution and, in
the mixing schemes discussed on Section 3.1.1, a strong local oscillator at the
frequency ωLO and with the amplitude nLO.

nG(t)= ng0 +nb +nm cos(ωmt)+nLO cos(ωLOt) . (3.1)

The charge nm depends on Aint, the area of the quartz surface that couples
capacitively to the island, and on the amount of charge the piezoelectric resonator
can generate in such area. The response of the SET current to gate charge can
be approximated by a sinusoidal:

ISET = i0 − I0

2
cos(πnG(t)) , (3.2)

which represents the 2e periodicity of a superconducting SET. Here, I0 is the
peak-to peak amplitude of gate modulation, and i0 the average current, both of
which depend on the SET bias. Next I will explore in more detail how Equations
3.1 and 3.2 behave for different measurement schemes.

DC rectification measurement
In here the piezo charge is measured through the use of the basic SET configura-
tion of Figure 3.2a, which rectifies to DC the junctions current oscillations due
to the modulation of the Josephson resistance RJ . There is no local oscillator,
so nLO = 0 and the gate charge acting on the island can be calculated from
Equation 3.1 as:

nG(t)= ng0 +nb +nm cos(ωmt) . (3.3)

The SET current can be calculated from Equation 3.2:

ISET = i0 − I0

2
cos[π (n0 +nm cos(ωmt))] , (3.4)

where n0 = ng0 +nb. Using the trigonometric addition formulas it is possible to
rewrite the previous equation as:

ISET = i0 − I0

2

(
cos(πn0)cos(πnm cos(ωmt))−

−sin(πn0)sin(πnm cos(ωmt))
)
.

(3.5)
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(a) (b)

Figure 3.2. (a) Representation of the DC rectification measurement scheme for an SET ca-
pacitively coupled to a quartz disk resonator excited with a signal of frequency
ωm/2π≈ 9MHz. (b) The rectified SET current as a function of increasing excitation
of the mechanical vibrations. The solid line is a theoretical curve based on Equation
3.9 with n0 = 0.31 and an island interaction area Aint ≈ 18μm. Figures modified
from Publication III.

The linear multiplication between the nested sine and cosine terms by the
constant πnm = A can be expanded by the Bessel’s expansions [90]:

sin(A cos(ωt)) = 2
∞∑

k=0
(−1)k J2k+1(A)cos((2k+1)ωt) (3.6)

cos(A cos(ωt)) = J0(A)+2
∞∑

k=1
(−1)k J2k(A)cos(2kωt) , (3.7)

where Jn is the nth-order Bessel function of the first kind. The current modula-
tion by the mechanical oscillations is given by:

ISET = i0 − I0

2
cos(πn0)J0(πnm)+

+ I0 sin(πn0)
[
J1(πnnm ech)cos(ωmt)− J3(πnnm ech)cos(3ωmt)+ ...

]+
+ I0 cos(πn0)

[
J2(πnnm ech)cos(2ωmt)− J4(πnnm ech)cos(4ωmt)+ ...

]
.

(3.8)

In Equation 3.8 the current oscillates around an offset (rectifed) value:

Iof f = i0 − I0

2
cos(πn0)J0(πnm), (3.9)

which depends on the amount of piezoelectric charge coupled to the island. The
SET current experimentally measured with the rectifying scheme is plotted in
Figure 3.2b. The solid line represents the values of Iof f expected from Equa-
tion 3.9 for a representative set of parameters. The good agreement between
the measurement and the theoretical line calculated with the aforementioned
reasonable parameters confirms the validity of the model.

Homodyne and heterodyne measurement
The main drawback of the basic SET detection is its limited bandwidth, which
may be thwarted by adjusting its measurement center frequency to the quantity
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(a) (b)

(c) (d)

Figure 3.3. Representation of the (a) homodyne and (c) heterodyne measurement scheme for
an SET capacitively coupled to a quartz disk resonator excited with a signal of
frequency ωm/2π ≈ 9MHz. Response of the (b) DC current offset and (d) current
at ωIF /2π = (ωm −ωLO)/2π = 18kHz to increasing on-resonance excitations of the
mechanical oscillator. The solid lines are the theoretical curves based on Equations
3.11 and 3.12 with the same parameters used in Figure 3.2b except n0 = 1 and
nLO = 0.65. Figures modified from Publication III.

under study by operating the device as an RF mixer [36, 37]. In such implemen-
tation the gate electrode of the SET is excited by a strong local oscillator with
frequency ωLO, so the charge coupled to the gate electrode is given by Equation
3.1 and the current of the SET is:

ISET = i0 − I0

2
cos[π (n0 +nm cos(ωmt)+nLO cos(ωLOt))] , (3.10)

Figure 3.3a shows the measurement scheme for homodyne detection of the
SET, where the current is down-mixed to DC by the application of an LO with
ωLO =ωm. In this case the simplification of the nested trigonometric functions
of Equation 3.10 leads to an infinite series of Bessel functions for the DC offset
of the SET current, which can be approximated by:

IDC ≈ i0 − I0

2
cos(πn0)

(
J0(πnLO)J0(πnm)+2J1(πnLO)J1(πnm)

)
(3.11)

Figure 3.3b displays the SET current measured with the homodyne setup,
together with the theoretical curve given by Equation 3.10 using n0 = 0.31,
Aint ≈ 18μm, n0 = 1 and nLO = 0.65.
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(a) (b)

Figure 3.4. (a) Representation of the RF-SET measurement scheme for an SET capacitively
coupled to a quartz disk resonator excited with a signal of frequency ωm/2π≈ 9MHz.
The RF probe signal has a frequency ωRF /2π≈ 5GHz. (b) Response of the RF-SET to
increasing on-resonance excitations of the mechanical oscillator. The solid lines are
the theoretical curves based on Equation 3.14. Figures modified from Publication
III.

Similarly to the DC rectification scheme, the direct conversion to DC by the
homodyne setup entails issues that ultimately limit its sensitivity, including 1/
f charge noise that is dominant in charge-sensitive devices at low frequencies.
Heterodyne detection can be implemented by the scheme displayed in Figure 3.3c,
where the SET current is mixed to a carefully chosen intermediary frequency (IF)
by the application to the gate electrode of an LO with frequency ωLO =ωm +ωIF .
The SET current component at IF, calculated from Equation 3.10, is:

IIF = I0 cos(πn0)J1(πnLO)J1(πnisl)cos[(ωm −ωLO)t]. (3.12)

Figure 3.3d shows the dependence of the SET current at IF as a function of the
mechanical excitation amplitude. The data points are somewhat scarce to draw a
definite conclusion, but it seems that the data follow the shape of the theoretical
curve but display almost double the amplitude expected from Equation 3.12, a
fact we attribute to inaccuracies in the local oscillator amplitude.

3.1.2 Radio-Frequency Single-Electron Transistor

Instead of using mixing techniques to move the SET’s measurement center fre-
quency, it is possible to truly increase the measurement bandwidth with the use
of an impedance matching network between the device and the cabling. Figure
3.4a displays the schematic representation of an RF-SET [30, 38], where an LC
tank resonator circuit impedance matches the SET to the 50Ω microwave cables.
The variation of the junctions resistance, due to the piezoelectric vibrations,
cause an oscillating loading of the LC circuit, hence modulating the reflected
power of a single tone probing signal on-resonance with the LC circuit.

The conductance of the SET is:
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G = ISET

VSET
=

i0− I0

2
cos

[
π(n0 +nm cos(ωmt))

]
Vbias +δV cos(ωLC t)

, (3.13)

where δV is the amplitude of the probing tone. One can find, from the nested
cosine that the amplitude of the first sideband is:

I1 = δV
I0

2
|sin(πn0)J1(πnm)|. (3.14)

Figure 3.4b shows the response of the RF-SET as a function of the mechanical
excitation amplitude. It shows that the RF-SET can sense mechanical displace-
ments of the quartz disk of Δx ≈ 3×10−14 m, 20 times better than mixing and
rectification schemes but still not sensitively enough to detect xZP .

3.2 Optomechanical detection of the mechanical vibrations

In this section I discuss the measurement scheme proposed in Publication I,
which implements a dispersive measurement setup to quantify the vibrations of
a quartz disk oscillator close to its quantum ground state. The idea is based on
the L-SET device introduced in Section 2.1.3. In contrast to the devices analysed
in the previous section, where the piezoelectric charge modulated the resistance
of the SET, here the modulated circuit quantity is the junctions’ Josephson
inductance L′

J.
Figure 3.5 shows the equivalent electric circuit schematic of the L-SET coupled

to the quartz substrate. The total inductance will be the parallel combination of
the cavity inductor and the Josephson inductance of the SSET. The Josephson
inductance will depend on the charge "sensed" by the island, so the system
resonance frequency will be modulated by the piezoelectric surface charge in
the vicinity of the island. The flux Φ enclosed within the loop formed by the
inductor and the gate charge nG are biased in the gate-charge sensitive region

Figure 3.5. Equivalent electric circuit schematic of the quartz piezoelectric charge density ca-
pacitively coupled to the L-SET’s island. The oscillation of the piezo charge shifts
the junctions’ Josephson inductance LJ , which modulates the total inductance of the
system and, consequently, its effective resonance frequency. The flux Φ is controlled
through the current loop connected to the input port D seen on Figure 3.6, which
lays close to the cavity’s meander represented by E in the same figure.
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(a) (b)

Figure 3.6. Top view of the microwave circuit’s lithographic pattern to be drawn on top of a quartz
disk for (a) the standard L-SET and (b) the charge focusing electrode configuration.
In both schemes blue denotes aluminum metalization, white is bare quartz, A is
the reflection measurement input/output pad, B the gate bias input pad, C the
test junction input pad, D the flux bias input pad, E the on-chip inductor L, F the
junctions and island region and G represents grounding.

of the SSET. As a consequence the coupling between the mechanical resonator
and the L-SET can be understood as a cavity optomechanical setup, discussed
in Section 2.3, but where the interaction between the mechanical and optical
modes is enhanced by a charge Qubit.

3.2.1 Effective optomechanical coupling

As discussed above, the piezoelectric charge density links the motion of the
entire quartz disk to the frequency of the effective cavity. In such system the
vacuum optomechanical coupling strength between the piezoelectric resonator
and the L-SET can be written as:

g0 =− xZP

2π
dωc

dx
= 1

2π
dωc

dL′
J

dL′
J

dnpiezo

dnpiezo

dx
xZP , (3.15)

where npiezo is the number of charges induced on the island by the surface
charge of the piezoelectric crystal and L′

J is the effective inductance defined in
Section 2.1.3. The first two derivatives in Equation 3.15 depend on the L-SET
circuit dynamics, while the third one is related to those of the resonator. The
derivative dωc/dL′

J is determined by the topology of the circuit in Figure 3.5:

dωc

dL′
J
=

((
L ∥ L′

J

)
C
)− 1

2

dL′
J

=− 1
2CL′2

J ωc[L′
J]

, (3.16)

while dL′
J/dnpiezo is calculated from the diagonalization of the the Hamiltonian

2.8, equating npiezo = nG .
The third derivative, dnpiezo/dx depends solely on the charge distribution

generated by the resonator in the vicinity of the L-SET’s island. The piezoelectric
surface charge density (σq) generated by a static shear strain (λshear) can
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be calculated from σq = λshear eshear, where eshear is the shear mode stress
coefficient of the material. We hence obtain the amount of charge in the vicinity
of the island:

npiezo = λshear eshear Aint

e
, (3.17)

where Aint is the surface area where the piezoelectric surface charge density
interacts with the SSET island. For a shear displacement x Equation 3.17 is:

npiezo = x
tP

eshear Aint

e
, (3.18)

and Equation 3.15 can be re-written as:

g0 = 1
2CL′2

J ωc[L′
J]

eshear Aint

tP e

dL′
J

dnpiezo
xZP . (3.19)

Alpha-quartz has a piezoelectric shear stress coefficient eshear ≈ 0.0406Cm−2

[91]. Supposing a typical size 10μm×10μm of the L-SET island, which couples
only to the charge directly below its metallisation, and a piezoelectric disk with
tP ≈ 300μm, the charge created on the island by the zero-point fluctuations
(∼ 10−19 m) is:

dnpiezo

dx
xZP = eshear Aint

tP e
xZP ≈ 10−8 e. (3.20)

For an SSET with identical junctions, no quasi-particle poisoning, EJ/EC ∼ 0.1,
and optimal biasing of nG and Φ; coupled to a cavity with inductance and
capacitance around 2.9nH and 0.3pF we obtain:

dωc

dnpiezo
= ωc

dL′
J

dL′
J

dnpiezo
≈ 108 Hz e−1 (3.21)

and the estimate for the vacuum optomechanical coupling strength between the
L-SET and the piezoelectric resonator is g0 ∼ 1Hz.

The shift of the cavity resonance frequency depends on the effective coupling
G = g0

�
nP , discussed on Section 2.3.1. The aforementioned value of g0 is too

small to allow observing the zero-point motion because Josephson nonlinearity
usually limits nP � 10 in our cavities [39, 92]. To circumvent such problem one
needs to increase g0, either by increasing the island size or the piezoelectric
surface charge density in its vicinity. Section 2.2.2 suggested a method to
manipulate the shape of the mechanical mode and increase the piezoelectric
charge density at the center of the quartz disk. Figure 3.6b shows the electrode
configuration of the L-SET circuit using the charge focusing concept. Figure
2.8 and Publication I demonstrate that the charge focusing configuration may
increase the charge integral below the island region by approximately two orders
of magnitude for the same excitation energy, obtaining:

dnpiezo

dx
xZP = 100

eshear Aint

tP e
xZP ≈ 10−6 e. (3.22)
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Figure 3.7. The dark periodic line shows the shift of the cavity resonance frequency with the
voltage in its flux bias electrode (port D in Fig 3.6b)

Consequently we expect g0 ∼ 100Hz for an L-SET with a 10×10μm2 island
size, comparable to the couplings employed in several recent successful experi-
ments using aluminium drum resonators [11, 12, 13, 93, 94].

3.2.2 Charge sensitive cavity

The samples were measured at about 20 mK temperature in a dilution cryostat.
We first characterised the functioning of the L-SET circuit itself. Figure 3.7
shows about 20 MHz modulation of the L-SET resonance frequency by the flux
across the on-chip inductor. The L-SET is more sensitive to gate charge if the
flux bias is chosen in the region where EJ/EC is minimized, corresponding to a
minimum resonance frequency. In the device tested in Figure 3.7 this region is
around VFlux = 20mV.

Figure 3.8 shows the modulation of the L-SET resonance frequency by the
charge in its gate electrode, when the flux bias is in the most sensitive region.

Figure 3.8. The dark periodic line shows the shift of the cavity resonance frequency with the
voltage in its gate bias electrode (port B in Fig 3.6b)
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(a) (b)

Figure 3.9. Frequency shift of the cavity resonance with a) flux in the superconducting loop
and b) the gate charge. The data was measured when the device was biased with
a) nG ≈ 0.4 and b) Φ/Φ0 ≈ 0.5. The solid curves correspond to the theoretical model
assuming the parameters: average EJ = 0.12K, EJ/EC = 0.45, junction resistance
asymmetry d = 0.25, L = 2.94nH, and C = 325.5fF.

The maximum charge sensitivity is expected to be at nG ±0.5, the regions of the
gate bias where the cavity resonance frequency drops abruptly. However, with
such bias conditions the charge sensitivity is enough for the background charge
fluctuations to broaden and smear out the cavity resonance peak.

It is possible to characterise the charge sensitive cavity by fitting Equation
2.14 to the data of Figures 3.7 and 3.8, using a numerical solution for the energy
bands. For that purpose, the cross-cut of each x-axis value was fitted to a
Lorentzian curve, from where it was also possible to calculate the decay rate of
the cavity κ/(2π)≈ 7MHz. The flux and gate voltages were scaled to the number
of elementary charges on the gate electrode, and to the number of flux quanta. It
is possible to convert the potential in the gate electrode to the number of charges
on it by knowing that the resonance frequency dependence on the gate charge
has 1e periodicity and the curve is symmetric to the y-axis. A similar approach
is used to convert the voltage in the flux bias line to the flux across the on-chip
inductor.

Figures 3.9a and 3.9b show the experimental data for the dependence of the
resonance frequency on the gate charge and flux across the superconducting
loop, plotted on top of the theoretical predictions.

3.2.3 Vibrations of a driven quartz resonator

Before trying a more involved optomechanical implementation it is a good idea
to try a simple measurement that serves as a proof of concept and undoubtedly
demonstrates the coupling between the mechanical mode of the quartz disk and
the optical mode of the cavity. For that purpose, the flux across the on-chip
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Figure 3.10. A network analyzer measuring the S11 amplitude tracks a single frequency within
the L- SET circuit resonance peak. When the peak shifts due to the piezoelectric
surface charge change at mechanical resonance, the amplitude at the tracked
frequency will change as well.

inductor and the charge in the gate electrode are biased in the regions Φ≈±π
and nG ≈ ±0.5e to maximize the L-SET gate-charge sensitivity. A network
analyzer is used to excite and track the reflection of a single frequency close to
the cavity resonance. Then the actuation of the piezoelectric crystal is swept
around its mechanical resonance frequency. The resulting shift in resonance
frequency of the L-SET will change the reflection parameter (S11) at the single
frequency tracked by the network analyzer. Figure 3.10 illustrates this process.

Figure 3.11 shows two resonance peaks of the AC-driven piezoelectric crystal
measured fthis way. The peaks confirm that it is possible to couple the surface
charge to the L-SET setup and measure shear vibrations of the crystal. With
a relatively high actuation, as in Figure 3.11a, the Q factor of the measured
mechanical resonance peak was very low. The AC-drive amplitude was gradually
decreased in order to figure out how small motion we could measure with the
setup.

In Figure 3.11b the AC-drive voltage was 1 μV, the minimum drive voltage with
which we were able to measure the mechanical resonance through the L-SET
resonance frequency shift. From a Lorentzian fit we calculate Q ≈ 3×105. For
such Q factor and AC-drive, the mechanical displacement in the quartz resonator
is about 10−15 m, so with the L-SET resonance frequency shift measurement
we were able to measure motion four orders of magnitude above the zero-point
fluctuations.

3.2.4 Thermal vibrations near the ground state

In the previous section we demonstrated the coupling between the piezo charge
and the L-SET device. The next logical step is to find out if our sensitivity is
enough to measure very small deformations like the ones resulting from the
thermal fluctuations, which activate the mechanical mode even if the resonator
is not excited at all. Here the piezoelectric AC-drive voltage is shut down and
the thermal brownian motion is measured for two devices that differ only in the
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(a) (b)

Figure 3.11. Piezoelectric resonance peaks measured through the frequency shift of the L-SET
circuit (Fig. 3.10) for an AC-drive voltage amplitude of (a) 50 μV and (b) 1 μV. In (b)
the resonance peak is fitted to a Lorentzian curve with a Q ≈ 3×105.

SET island size: 10×10μm2 for device 1 and 20×20μm2 for device 2.
Pumping the cavity with a tone ωp ≈ ωc reveals the sidebands discussed in

Section 2.3.2 at frequencies ωp ±ωm. The sideband (ωp +ωm) near the cavity
frequency is a good indicator of the occupation number of the resonator. Figure
3.12a shows the spectral density around the motional sideband of device 1 for
different bath temperatures. The pump power is optimized for maximizing the
signal. The solid lines represent the fit to the theory presented in [9], applied
for device 1 with a mechanical Q-value of 6.4×105 and g0 = 140±30Hz with a
maximum nP ≈ 15, reasonably agreeing with the g0 predicted in Section 3.2.1
for the charge focusing setup. The fit of device 2 suggests Q ≈ 1.4×106 and
g0 ≈ 520Hz.

The area under the power spectra is expected to be proportional to the me-
chanical mode temperature. The experimental curves displayed in Figure 3.12a
get smaller with the cryostat temperature, indicating that the resonator is being
cooled with the bath. We follow the usual practice and calibrate the transduction
between peak area and phonon number by relying on the linear temperature
dependence nT

m ≈ kBT/(�ωm). Figure 3.12b displays the phonon number in the
resonators of device 1 and 2. The linear behaviour of the data confirms that the
mechanical shear mode have no problems in thermalising down to T ≈ 30mK,
corresponding to only nT

m = 90±15 phonons in the mm-sized disk.

3.2.5 Cavity back-action and optomechanical cooling

Our 7 MHz oscillators reach an occupation number nm < 1 for a bath tempera-
ture below ≈ 0.2mK. The dilution cryostat is limited to a temperature around
10−20mK, where the phonon occupation is ≈ 50, so we need to combine the
cryostat thermal bath with other methods to further remove phonons from
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(a) (b)

Figure 3.12. (a) Spectral density showing the motional sideband of device 1 at different cryostat
temperatures. The circles are the experimental data, and the solid lines represent
the theoretical model [9]. The curves are shifted vertically by 2 units for clarity.
(b) The thermal occupancy of the mechanical mode of device 1 and 2 for different
temperatures of the cryostat. The dots correspond to experimental measurements
and the solid line represents the fit to the data of a linear function crossing the
axis origin. The mechanical mode shows thermalization with the cryostat tempera-
ture, yielding a minimum thermal occupancy of ≈ 90 mechanical quanta at 30 mK.
Figures modified from Publication I

the resonator. As discussed in Section 2.3.3, cavity optomechanical techniques
are not limited to the observation of thermal fluctuations in the mechanical
system. The backaction from the cavity offers the possibility to cool or heat
the mechanical mode. When compared to the schemes introduced in Section
3.1, the advantage of this optomechanical approach is not just the increased
sensitivity, but it also offers the possibility of actively lowering the temperature
of the mechanical mode and possibly reaching the ground state of the resonator.

Here we pump the cavity with a red detuned tone ωp ≈ωc −ωm and measure
the spectral density around ωc. For device 2, g0 ≈ 520Hz and Qm ≈ 1.4×106

Figure 3.13. Demonstration of dynamic cavity back-action cooling of a macroscopic resonator,
with ωp ≈ωc −ωm. The solid line represents the theoretical prediction calculated
using Equation 2.40 and Γe f f =Γm +ΓOPT .
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are sufficiently high that ΓOPT can make a significant contribution to the total
linewidth of the mechanical mode. In Figure 3.13 we display enhanced linewidth
at high pump power, which agrees with the solid line calculated from the Equa-
tion 2.40. This corresponds to a modest 12.5% cooling, from nT

m ≈ 90 to nm ≈ 79,
but demonstrates the possibility to control macroscopic motion via the tunnelling
of single Cooper pairs. The main limitation on the cooling power was the low
effective coupling G as consequence of the small np values that can be used with
our cavities.

With the parameters of device 2, κ/2π≈ 7MHz, ωm/2π≈ 7MHz, g0/2π≈ 520Hz
and the mechanical Q-factor ≈ 1.4×106, we obtain from Equation 2.40 that the
optomechanical damping applied to the mechanical mode of device 2 when
pumped at the red sideband is ΓOPT /2π ≈ 0.15np [Hz]. If nT

m ≈ 90, Equation
2.42 shows nm = 1 (ground state entry, less than one phonon in the mechanical
mode in average) is attained when np ≈ 3×103. Such np is not realizable in our
cavities, so we need to improve g0 (Section 5.2) and minimise the mechanical and
cavity dissipation (Section 4.1 and 4.2) or use resonators with higher resonance
frequency (Section 4.2).
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It was found at the end of Section 3.2.5 that the prospects to further cool the
mechanical mode of the quartz disk resonators by radiation pressure rely on
increasing the coupling g0, or decrease the mechanical and/or cavity dissipation.
In this chapter I discuss the studies performed on the dissipation mechanisms
of the quartz resonators with the objective of minimising their losses and opti-
mising the optomechanical cooling.

I also propose as an alternative mechanical system for our studies nanocrys-
talline diamond resonators and introduce the studies I performed on their
dissipative properties.

4.1 Monolithic quartz disk resonators

In this section I will mainly review the results of Publication IV which is
appended to the end of this thesis. Understanding the mechanical dissipation
mechanisms of the monolithic quartz disk resonators studied in this thesis
is essential for the experiments of Publication I, because, as discussed in
Section 2.3.3, they limit the minimum achievable occupation of the mechanical
resonator. The loss of mechanical oscillators is quantified by the damping rate
Γm =ωm/Qm. The different sources of mechanical dissipation have been studied
for several decades and there is a broad spectrum of published sources and
reviews discussing the topic [95, 96]. The various dissipation mechanism are
usually independent of each other, so the total loss of an oscillator can be found
by summing all the individual losses and the total quality factor is 1/Qtotal =∑

(1/Qi), where each i represents an individual loss mechanism. The sum implies
that if a dissipation channel has a damping rate much bigger than the others,
it will dominate the total damping rate, rendering the remaining channels
negligible. The loss mechanisms can be classified as external or internal, so
we can further decompose the total quality factor into external quality factor,
defined by the losses in the external excitation and measurement circuits, and
internal, set by the losses of the vibrating system itself.

Figure 4.1, shows the measured internal Q’s for three different electrode
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Figure 4.1. Dependence of the internal mechanical quality factor on temperature for the three
metallization configurations studied in this work: bare quartz disk (blue dots),
quartz disk coated with an aluminium thin film island (red diamonds), and quartz
disk coated with an aluminium thin film in a charge focusing configuration (green
triangles). Figure re-used from Publication IV

configurations of the quartz oscillator: bare quartz, quartz coated with a circular
layer of aluminium on the center of its top surface, and the charge focusing
configuration proposed in the previous chapter. At a first glance it is possible
to conclude that the intrinsic losses of the quartz monolithic resonators are
exceptionally small, at base temperature where the Q’s reach values up to 108.
At higher temperatures the quartz dissipation increases, but is still impressively
low when compared to most electromechanical systems. The extra dissipation at
room temperature should be expected because for most materials the dielectric
and elastic losses are lower at cryogenic temperatures.

In Figure 4.1, coating the quartz disk with an aluminium thin-film with
tAl ≈ 30nm does not add significant losses. This matches the discussion of
Section 2.2.1, where it was predicted by the analysis of Mason’s model that if
the coating layer is much thinner than the piezoelectric layer it just acts as a
perfect mass loading, shifting the resonance frequency of the oscillator but not
adding any extra dissipation. A more surprising observation is the higher Q’s
registered on the coated disk. We associate this phenomenon with differences on
the material coefficients from chip to chip.

The main finding is that the charge focusing setup exhibits a Q factor almost
two orders of magnitude lower than the other configurations. This shows that
although such setup can increase the coupling to the SSET island, the benefit
is strongly compromised by lower Q, which eventually limits the cooling of the
mechanical resonator. The extra dissipation is not due to the Al metallisation,
as shown by the good performance of the Al coated sample. We proposed that
it arises from ohmic losses between the aluminium metallisation of the charge
focusing design and the ground electrode. The strain-induced piezoelectric
surface charge density in the vicinity of the Al coating induces charge in the
aluminium layer. If such layer is connected to the ground, for instance with
wire bonds as in our case, the presence of any electrical resistance between
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Figure 4.2. Schematic representation of the equivalent electrical circuits used to model the
shear thickness mode response of a quartz disk resonator with different electrode
configurations. The blue and red traces represent the classical Mason’s model for the
situation of a bare quartz and Al-island quartz, respectively.

the coupled charges and the ground will lead to dissipation. The potential
difference will drive the charges to the ground electrode, dissipating energy in
the process. If the resistance to ground is too big (eg: coating layer not connected
to ground; non-conductive coating material) the charge current is hindered
and no dissipation occurs. Similarly, zero resistance implies no losses, and in
between, from R > 0 to ≈ 20Ω there is a regime of rough impedance match and
maximum losses that become significant when the quartz intrinsic dissipation
drops significantly at low temperatures. We calculate that in our measurements
there was an impedance from the tips of the Al spikes to ground of ≈ 1Ω. This
effectively describes a leakage of the electric energy to the mechanical domain.

The leakage of mechanical energy to the electrical domain through the coating
layer is not accounted for by the classical Mason’s model. In the publication
we propose a modification to the model in order to be able to describe the low
Q factors measured in the charge focusing configuration. In a way similar to
the Mason’s representation of a coupling between the quartz vibrations and
the external measurement circuitry (Fig 2.5b), we include an ideal transformer
to represent the coupling to the electric domain in the aluminium layer. The
modified Mason’s model schematic is shown in Figure 4.2 and the winding ratio
M can be calculated by M = Cspikesh33, where Cspikes = ε33Aspikes/tp, h33 is
the piezoelectric deformation factor, Aspikes is the piezoelectric disk surface and
ε33 the piezoelectric material’s permittivity. The publication shows that the
proposed model exhibits a good agreement with the experimental data.

With this new dissipation mechanism in mind, we have two options to improve
the quartz disk’s performance. One could simply discard the charge focusing
setup and try to compensate the drop in the coupling by other means. The other
option is to minimise, or in the ideal case eliminate, any source of low impedance
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between the aluminium coating and the ground electrode. Such approach require
more studies to pin-point the sources of resistivity, being potential candidates
the small connections between bound wires and Al film, and/or oxidation layers
in the materials. A potential solution if the problem is found to be in the bond
wire - thin film interface is soldering by hand wires to the ground plane of the
sample, instead of using the wire bonding machine.

4.2 Nanocrystalline diamond resonators

In this Section I propose the use of nanocrystalline diamond (NCD) resonators
as an alternative mechanical system for experiments in the quantum limit and
introduce the studies in Publication II about their dissipative profile.

Diamond’s mechanical characteristics are exceptional for mechanical devices.
Due to carbon sp3 bonds in tetrahedral configuration, single crystal diamond
(SCD) exhibits the highest acoustic velocity (1.8×104 ms−1) and Young’s modu-
lus (Y ≈ 1.2TPa) among all solid materials. However, SCD is too expensive and
not compatible with the conventional microfabrication methods. Luckily it is
possible to grow polycrystalline diamond films with characteristics approaching
SCD, using Chemical Vapour Deposition (CVD). In CVD diamond the Young
Modulus is affected by the non-diamond phases created at the grain boundaries.
Decreasing the grain size causes the increase of the number of grain boundaries,
leading to a drop on the Young Modulus. Typically nanocrystalline diamond
(NCD) thin films exhibit Young Modulus ranging from 800 GPa to 1.15 TPa [97].

The temperature required to reach the ground state of a mechanical mode
decreases with the mode’s frequency. At the same time, for a given geometry
the resonance frequency typically decreases with the increase of the dimensions
/ mass of the resonator, which complicates the cooling of bigger, more massive
oscillators to the ground state. The outstanding Young’s modulus of diamond
implies the highest possible ωm vs mass ratio for a given oscillating geometry
[98] and, consequently, the temperature required for ground state cooling of
diamond resonators scales more favourably with increasing size than any other
structural material.

In the context of this thesis, NCD oscillators have the drawback of not pos-
sessing an intrinsic transduction mechanism between mechanical displacement
and charge, hence inhibiting the capacitive coupling to superconducting circuits.
Embedding nitrogen-vacancy (NV) centers [99, 100, 101, 102] into the crystal
structure offers a coupling mechanism between the mechanical mode and spin
devices. Recently this was used to realise experiments that unveil new quantum
phenomena. Some examples are spin squeezing [103], phonon cooling and lasing
[104], enhancement of the coherence of the spin state [105] and mechanical
single spin driving [106, 107].

One could artificially engineer a capacitive coupling between the NCD res-
onator and a superconducting microwave cavity by mimicking the popular ap-
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(a) (b)

Figure 4.3. Possible applications of nanocrystalline diamond resonators. (a) A resonant circuit
consisting of an on-chip inductor and a parallel-plate capacitor formed between
an aluminium drum and its bottom electrode. The motion of the Al membrane
modulates the movable capacitance and, consequently, the resonance frequency of
the superconducting microwave circuit. Figure modified with permission from [93].
(b) A metalised beam mechanical resonator forms a variable capacitor with the island
of an L-SET device. The resonator’s motion modulates the capacitance between the
island and the beam, and hence, the resonance frequency of the superconducting
device. In the beam micrograph the junctions are marked by red arrows. Figure
modified from [92], which is under a Creative Commons Attribution 4.0 International
License.

proach used for aluminium drums [7] illustrated in Figure 4.3a. The movable
part of the NCD structure can be coated with an Al film and an on-chip induc-
tor connected between it and the mechanical gate (actuation) electrode. The
thickness of the usual NCD resonators (∼ 1μm) requires the metallisation to be
done on the bottom surface of the structure to maximise the ratio between the
mechanical displacement and the equilibrium distance of the capacitor’s parallel
plates, hence maximising the capacitance modulation. One could also use ge-
ometries with nanometer-sized gaps to lateral electrodes, possible to fabricate
using Focused Ion Beam (FIB).

Another alternative is to coat the NCD structure with aluminium and bias
it with a constant voltage. Then the mechanical mode can be coupled to single
electron devices using similar techniques to the ones previously discussed in
this thesis. For example, if the island of an L-SET device is below a biased
vibrating beam, the mechanical motion will modulate the charge on the island
by changing the gate capacitance formed between the bias electrode and the
island metallisation. Such setup is shown on Figure 4.3b. The metal coating of
the NCD structures may even be unnecessary because during growing of NCD it
is possible to tune its conductivity from insulator (intrinsic film) to a semimetal
[108], through p or n type doping. Doping is performed by incorporating boron
(p-type, more effective) or nitrogen (n-type) in the plasma, during nucleation
and growth steps of the polycrystalline film [109].

Publication II investigates the dissipative behaviour of NCD resonators
at room temperature and allows the inference of their possible behaviour at
cryogenic temperatures, even if different dissipation mechanisms dominate at
such regime; which permits us to assess the potential use of diamond oscillators
for studies in the quantum limit. The NCD structures inspected were long linear

45



Low-loss mechanical systems

(a) (b)

Figure 4.4. (a) Resonance frequency of the first flexural mode for NCD beam and DETF mechani-
cal structures with different lengths. (b) Quality factor as a function of the resonance
frequency of NCD beam and DETF mechanical structures. The solid and dashed
curves are the Q expected from the theory for structures with w=5 μm and w=10 μm,
respectively. Figure modified from Publication II

bridges and double ended tuning forks (DETF) with lengths between 50 μm and
300 μm, widths equal to 5 μm and 10 μm, and thickness equal to 1.5 μm.

From the data of Figure 4.4a we estimated the Young’s modulus of our NCD
films to be between 849 and 920 GPa. This value is not too far away from the
ones reported for SCD, which indicates that the mechanical characteristics of
our polycrystalline diamond films are not very far away from the ones of SCD
and we can continue to expect a superior mechanical performance from our
structures.

The aforementioned aluminium drums are usually fabricated with ∼ 10μm
diameter and ∼ 100nm thickness and exhibit resonance frequencies in the order
of a few MHz. Figure 4.4a shows that NCD resonators attain the same range of
resonance frequencies with structures that are 10 μm wide, 1.5 μm thick and 60
to 150 μm long. Diamond and aluminium have roughly the same density, so NCD
bridges can have the same resonance frequency than Al drums, but with a mass
more than two orders of magnitude higher. It confirms that NCD oscillators can
achieve considerably higher resonance frequencies than Al resonators with the
same dimensions, hence attaining lower nT

m for the same temperature of the
thermal bath.

Figure 4.4b shows that the Q factor of NCD structures is limited by clamping
losses for smaller structures and by thermoelastic dissipation (TED) for larger
ones. The data for higher frequency resonators (shorter ones) shows that the
clamping losses are minimised for NCD resonators with a double ended tuning
fork (DETF) design, because in such design the anchors are located at the nodal
points of the mechanical mode.

The Q of the DETF resonators is limited by TED for structures with resonance
frequencies up to 4 MHz. TED dissipation originates in the heat flow between
regions of the oscillator under compression (hotter) and under extension (colder).
Its limitation on Q can be estimated by [110, 111]:
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QTED = Qmin

2
1+ (ωm/ωmin)2

(ωm/ωmin)
,

Qmin = 2Cpρ

Yα2T0
, ωmin = λπ

2Cpρw2 ,

(4.1)

where Cp is the specific heat capacity of the material, ρ is the structural material
density, Y is the Young’s modulus of the structural material, α is the coefficient
of thermal expansion, T0 is the equilibrium temperature, λ is the thermal
conductivity and w is the structure width.

The measurements in this study were carried out at room temperature. Equa-
tion 4.1 shows that the QTED decreases with temperature, so we expect the Q of
the resonators limited by TED to increase with lowering temperature, at least
until another dominant dissipation mechanism comes into play. At mK temper-
atures QTED is expected to be ≈ 300 times higher than at room temperature.
The Q’s measured with DETF resonators having resonance frequencies ∼5 MHz
where ∼104, value one order of magnitude lower than the usually observed in Al
drum resonators at cryogenic temperatures. If TED continues to be the domi-
nating loss at cryogenic temperatures, then the NCD oscillators are expected to
exhibit Qs around 30 times higher than the Al structures. Usually the elastic,
dielectric and other losses in general also decrease with temperature, so it is
very likely that NCD resonators will have higher Q than Al ones even if another
dominating loss mechanisms enters in play before base temperature.

Publication II also studies the effect of pressure on the damping of the
mechanical resonance and concludes that NCD MEMS, mainly the narrower
DETF structures, have a superior performance even at atmospheric pressure.
This is of significance for example for mass sensing devices or to develop pumps,
valves and sensors integrated inside microfluidic devices.

The kind of diamond resonators discussed in this section are usually in the
size range of tens to hundreds of micrometers, so in terms of "massiveness" they
cannot compete with the quartz resonators studied in this thesis. However, they
can compete with the widespread aluminium drum resonators used in several
recent experiments. They can exhibit much higher resonance frequencies than
equivalent aluminium resonators, which simplifies the cooling of an equally
massive resonator to the ground state. There is also a strong possibility that
they outperform the Al drums in terms of mechanical dissipation.
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5. Conclusion and future directions

5.1 Summary and highlights

In the work described in this thesis the main focus was on studying the possi-
bility of using Single-Electron Transistor (SET) based devices to measure the
piezoelectric charge arising from subatomic vibrations of mm-sized monolithic
quartz disk resonators. The ultimate objective of the project is to observe and
manipulate the quantum ground state of a mg mechanical system.

We started by studying the possibility of detecting the zero-point fluctuations
with four different dissipative measurement schemes of the SET. The devices
showed high-displacement sensitivities, with the most sensitive of the dissipa-
tive methods, that using Radio-Frequency Single-Electron Transistor (RF-SET),
able to resolve mechanical oscillation amplitudes down to 10−13 m. This proves
that it is possible to couple the piezo charge to an SET device, but their displace-
ment sensitivities were still six orders of magnitude away from the quantum
oscillations of the quartz disk. Furthermore, none of the aforementioned devices
has an intrinsic mechanism that allows the cooling of the mechanical mode below
the thermal bath temperature. This would be essential for reaching ground
state in MHz mechanical modes, which have ground state temperatures below
the current limit of dilution cryostats.

Another SET measurement scheme tested was the L-SET, which implements
a dispersive detection scheme of the piezo charge and exhibits more promising
results. This implementation is analogous to a cavity optomechanical setup:
the response of the superconducting SET to the piezo charge shifts the "length"
of a microwave LC cavity, modulating the resonance frequency of the effective
cavity. We show detection of thermal fluctuations of the mechanical resonator
down to ≈ 100 quanta, corresponding to a temperature of ≈ 20mK, the limit of
our cryostat. We also show modest cooling of the mechanical mode by radiation
pressure, achieving a minimum temperature 12.5% below the thermal bath
temperature. Such result proves it is possible to control the quartz disk’s
motion via the Qubit and that cooling of the resonator to the ground state
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is only dependent of the optimisation of system parameters to maximise the
optomechanical damping and minimise the mechanical losses.

With the minimisation of mechanical dissipation in mind we study the loss
mechanisms affecting our monolithic quartz oscillators from mK up to room
temperature. We show that the dominating dissipation mechanism at cryogenic
temperatures is leakage of mechanical energy to the electrical domain and
subsequent ohmic dissipation in a grounding connection. We also propose an
alteration to the Mason’s model, a model used to describe the dynamics of
piezoelectric oscillators, to include such loss mechanisms.

Finally, we also envision the use of nanocrystalline diamond mechanical res-
onators as credible alternatives for quantum experiments with massive oscil-
lators, due to their low intrinsic dissipation and high frequency vs mass ratio
resulting from its outstandingly high Young’s modulus. With such idea in mind,
we study its dissipative profile and find that at room temperature dissipation is
dominated in the smaller structures by anchor losses and in the larger structures
by the intrinsic thermoelastic damping, which is minimised by the high thermal
conductivity of diamond.

The impact of in the work presented in this thesis should not be limited to
the study and verification of the quantum theory. The extreme displacement
sensitivity exhibited even by the dissipative SET configurations has several
potential applications in the field of metrology. Mechanical resonators may be
used as clean interfaces for coupling quantum coherent systems and storing
quantum information.

In the next section we explore the possible future directions of this work. We
suggest some realistic tuning of the system’s parameters that has the potential
to enhance the optomechanical damping rate by boosting the coupling g0. We
claim that such optimisation, together with the minimisation of the mechanical
losses resultant from the dissipation study, is enough to get our mechanical
mode deep into the ground state.

5.2 Future optimisations of the experiment

In section 3.2.5 I showed that it is possible to manipulate the thermal state of
the mechanical mode using dynamical back-action of the cavity. The next logical
step is to optimise the mechanical resonator and microwave cavity parameters
to maximise the optomechanical cooling efficiency and, eventually, reach ground
state.

The main culprit for the small amount of optomechanical cooling verified for
device 2 in Section 3.2.5 is the very limited maximum np ≈ 5 ∼ 10 supported
by our cavities. Therefore the only way to further cool the resonator and reach
the ground state is by increasing g0 or decreasing the mechanical and / or
cavity dissipation. In the optomechanical experiments the quartz Q’s ranged
between 7×105 and 1.4×106. In Section 4.1 we found that there is potential to
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Figure 5.1. Schematic representations of several methods to combine a quartz piezoelectric disk
resonator with a microwave cavity fabricated on a different substrate.

reach even higher Q’s, up to 108. In Publication IV we find that the charge
focusing design, essential to achieve experimentally relevant values of g0, is
the source of dissipation that causes low Q’s during experiment. The finding
suggests that such dissipation is caused by small ohmic losses in the connection
between the on-chip ground plane and the ground electrode. More detailed
studies are required in the future to identify and minimise the exact source(s)
of the resistive losses, but I can advance with some hypothesis: the wire bond /
thin film boundary, the wire bonds and/or oxidation of material’s layers.

In the unlikely event that we could completely eliminate the mechanical energy
leak introduced by the charge focusing electrode configuration and observe Q’s
up to 108 in our optomechanical measurement, the occupation number of device
2, calculated from Equations 2.42 and 2.40 with nT

m = 90, Δ̄=−ωm and np ≈ 10,
is predicted to be nm ≈ 4, much closer to the ground state than the current setup.
A more realistic expectation is the improvement of Qm by a maximum of 10
times, which would yield nm ≈ 28.

Another possible optimisation is the enhancement of g0. The fraction of the
total piezoelectric charge coupled to the SET island grows with the island size.
Usually enlarging the island in single electron devices is not an option because
the increase in the island’s self capacitance, due to a larger area of metallisation,
decreases EC, nearing it to the thermal energy kBT and increasing EJ/EC, what
entails a decrease of the charge dispersion of the SET. However, our system
scales well for larger island for two reasons. First, quartz has a permittivity
3 times lower than Si, so the self-capacitance of the island grows slower with
the metallisation area. Second, larger islands couple to a bigger fraction of the
total piezoelectric charge, which compensates the decrease of charge dispersion
up to an optimal island size around 350 μm, where g0 ≈ 18kHz. It is important
to mention that such a high g0 is probably not usable in real life because it
comes with too much coupling to background charge noise which dephases and

51



Conclusion and future directions

broadens the cavity peak. From this discussion we can consider a device with
g0 = 4kHz , nT

m = 90, np = 10 and Q = 10×106 realistic and attainable and
predict that in such case nm ≈ 0.7, already deep into the ground state. For big
islands the charge focusing by the spikes is no longer relevant, so we can ditch
them and eliminate the aforementioned increase of the mechanical dissipation
by the charge focusing electrode configuration.

The main difficulty transcending the entire work done up to this point was
the very low yield of successfully fabricated devices. Most of the fabrication
attempts ended with shorted or blown junctions. This problem was bigger for
devices containing the larger islands discussed above, from which none worked
until now. The handling and processing of the chip during the fabrication steps
can subject the crystal to considerable deformation, leading to the development
of high surface charge densities close to the junctions that will blown them if
not yet properly grounded by bonding. The larger the coupling the more serious
this issue is expected to be, so the bigger island devices are more likely to be
damaged. A possible future solution to prevent junctions blowing is to fabricate
the microwave circuit in a separate non-piezoelectric substrate and then, after
completing the fabrication and properly grounding the circuit, capacitively
couple it to the quartz resonator by assembling both chips close to each other
with a small vacuum gap in-between. Figure 5.1 proposes different methods to
join the chips together at the end. The simplest method is to fabricate posts, for
example with PMMA, that serve as spacers between the two chips and create the
vacuum gap. Another option is to use a setup similar to the one of Publication
IV and keep the quartz resonator unanchored inside another plano-concave
quartz chip. The substrate containing the microwave circuit is then laid on top
of the concave chip. In this approach the radius of curvature and height of the
concave part and the width of the non-piezoelectric substrate needs to be chosen
carefully to minimise the vacuum gap. The most intricate option is to use a
screw-spring type of system to realize a vacuum gap adjustable with the turning
of a screw. The small dimension of the gap require careful planing of the system
to ensure small enough vertical displacements for each turn of the screw.
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A. Fabrication of the single electron
devices coupled to the mechanical
resonators

The quartz disks are hard to handle during the fabrication, so they are glued to an Si
carrier substrate. The Si carrier is coated with a thick PMMA layer, then the quartz
chip is put on top of the resist layer and they are baked, hardening the PMMA. The
device needs fabrication in both sides of the chip, one side with the bottom electrode
and another with the single electron device, so the gluing process is done twice.

The first step of fabrication is the bottom electrode deposition. The chip is glued to the
Si carrier with the convex side to the top, then PMMA is spin in it and a round 4 mm
disk is patterned in the middle of the chip using e-beam lithography. After development
of the PMMA, the resist residues are cleaned with oxygen plasma and Al is deposited
through e-beam deposition. Finally the Al is lifted-off and the quartz chip is detached
from the Si carrier with acetone.

To fabricate the L-SET circuit, the quartz chip is flipped and re-glued to the Si carrier
with the plano side up. The chip is cleaned with oxygen plasma and two layers of
electron beam sensitive resist are immediately spinned on the surface. The resist on
the bottom layer has a lower molecular mass than the one on the top layer. Then the
structure of the desired circuit is patterned into the two resist layers with the e-beam of
the SEM (scanning electron microscope). It is possible to fabricate all the elements of
the different single electron device circuits (on-chip inductor, flux bias line, SSET island,
ground plane, piezoelectric actuation pad, gate bias electrodes and even Josephson
junctions) in the same lithographic process, independently of the size disparity between
those elements.

At the junction region the e-beam conditions are chosen so that in the following
development step the lower molecular mass bottom resist layer is removed while the
top layer remains, forming a bridge. After development the surface is cleaned in oxygen
plasma to remove residual resist particles from regions that should not be protected by
the resist mask.

The junction overlapping structures are fabricated with an Al shadow deposition
technique established almost 40 years ago [112]. The samples, with top resist layer
bridge structures in the places where the junctions will be located, are placed inside
the e-beam evaporator. The sample holder with the sample can be tilted to a desired
angle and the first layer of metal can be deposited. Then the sample is oxidized at a
given pressure P and during a given time t. The product of P and t is proportional to
the thickness of the oxide barrier layer, setting the resistance of the junctions. In the
devices of the present thesis I used P ≈ 100 mTorr and t = 2 min.

When the oxidation is finished the sample holder is tilted in the opposite direction and
a second metal layer is deposited, creating a small overlapping region in the junction

61



Fabrication of the single electron devices coupled to the mechanical resonators

Figure 1.1. Josephson junction fabrication by shadow evaporation. (a) First tilted metal layer
deposition, (b) oxidation and (c) second tilted metal layer deposition.

Figure 1.2. SEM micrograph of (a) the L-SET circuit island area and (b) one of the L-SET
Josephson junctions. In the figure A is the gate electrode, B the island and C a
Josephson junction.
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Fabrication of the single electron devices coupled to the mechanical resonators

sites. In this project the thickness of the first and second evaporation are 30nm and
60nm. Figure 1.1 shows a schematic of this shadow evaporation process. Figure 1.2a
shows the island area of the L-SET circuit after being fabricated on top of the quartz
crystal surface. Figure 1.2b shows one of the 2 Josephson junctions of the SSET device.
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B. Fabrication of the diamond MEMS

The MEMS devices under study have lengths between 50 and 300 μm and widths equal
to 5 and 10 μm. All the devices have a gap between the resonating structure and the
side actuation electrode of 10 μm and a thickness of ≈ 2.5μm.

The structural layer of the resonators comprises a nanocrystalline diamond (NCD)
layer coated with ≈ 150nm of titanium tungsten. The titanium tungsten layer is used,
simultaneously, as the electrode layer and as an adhesion layer during fabrication
between the aluminium hard mask and the diamond film. Silica is used both as a
sacrificial layer in the fabrication of the freestanding structures and as an insulating
layer between the electrodes and the silicon substrate, essential to reduce electrical
losses through the bulk of the substrate during electrostatic actuation of the MEMS
resonators.

The process starts with Plasma-enhanced chemical vapour deposition (PECVD) of
a layer of silica on top of a clean 6” silicon wafer. This layer will be used as sacrificial
layer. Then, the wafer is sliced in 3 by 3 cm squares and the silica layer is seeded with
diamond nanoparticles, creating a template for the attachment of new carbon atoms
in an organised lattice. The slicing of the 6” wafer is essential because the thickness
homogeneity of the deposited NCD film can only be guaranteed for small deposition
areas. Subsequently, the diamond layer is deposited by Microwave plasma chemical
vapour deposition (MPCVD) at i3N Aveiro facilities, Universidade de Aveiro, Portugal.
The deposition/growth uses an H2/CH4/N2 gas mixture with partial flows of 400/36/2
sccm, respectively. The plasma ball is sustained by a microwave discharge power of
3 kW, while the total gas pressure is kept at 120 Torr.

(a) (b) (c)

Figure 2.1. (a) Photograph showing several substrates with fully fabricated NCD MEMS before
wire bonding. (b) SEM micrograph and (c) side view schematic of one of the NCD
resonators after release of the sacrificial layer.
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Fabrication of the diamond MEMS

With the NCD layer in place, an adhesion/conductive titanium tungsten layer and
an aluminium hard mask layer are deposited by magnetron sputtering. The hard
mask is indispensable because the photoresitive is extremelly sensitive to the oxygen
plasma used for the patterning of the diamond layer. Optical lithography is used to
pattern the photoresist, followed by the shaping of the hard mask by wet etching of
the aluminium layer, reactive ion etching of the titanium tungsten layer, and stripping
of the photoresistive polymer. The etching of the NCD layer proved to be a challenge.
The use of an O2/CF4 based Reactive Ion etching (RIE) process proved to be the best
alternative.The oxygen reacts with the carbon atoms, forming CO2, while the CF4

increases the homogeneity of the etching.
The last steps involve the remotion of the Al hard mask by chemical etching and

the release of the structures, using a timed wet etching of hydrofluoridric acid to
remove the silica layer only below the resonator structure. The silica layer below the
anchors and electrodes is not removed, to maintain the adhesion between the structures
and the substrate. After HF release, the samples are submerged in n-hexane before
they dry. This reduces stiction [113], because of the low surface tension of n-hexane
(18.43 mNm−1 at 20 ◦C). Figure 2.1a shows some dies containing NCD MEMS after
the release fabrication step. An individual MEMS structure from one of those dies is
shown in Figure 2.1b, a suspended beam resonator actuated from both sides by a gate
electrode.
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C. Cryogenic Setup

All the measurements where carried in a Leiden MNK126 dilution cryostat with 600 μW
factory rated cooling power at 120 mK and a base temperature of 25 mK. The cryostat
is located in an electrically shielded room and separated from the building structure
to provide mechanical vibration isolation. The cryostat insert has a magnetic shield
attached to the cold finger, followed by a copper radiation shield attached to the still
flange and a cylindrical vacuum can. The copper shield is coated in the inner surface
with Eccosorb to absorb radiation from 1 K at microwave frequencies.

The cryostat has two cryogenic low noise amplifiers clamped to the 4 K stage, using
four microwave lines for input/output. Circulators are used for reflection measurements,
with a second one in series for isolation from noise coming from the output lines. There
are five extra microwave lines for auxiliary inputs / outputs, like flux and gate bias.
The cryostat also has thermocoaxial lines that can be used for low frequency signals.
They are effective low pass filters, relying on the high frequency losses due to skin effect
damping and are expected to achieve greater than 120 dB attenuation at frequencies
higher than 1 GHz.

In the next pages I display some examples of the cryogenic cabling used during this
thesis.
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Cryogenic Setup

Microwave Cabling for the DC rectification and homodyne measurements
(Section 3.1.1):

Figure 3.1. Dilution cryostat wiring in the DC rectification and homodyne SET measurements.
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Cryogenic Setup

Microwave Cabling for the heterodyne measurement (Section 3.1.1):

Figure 3.2. Dilution cryostat wiring in the heterodyne SET measurement.
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Cryogenic Setup

Microwave Cabling for RF-SET measurement (Section 3.1.2):

Figure 3.3. Dilution cryostat wiring in the RF-SET measurement.
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Cryogenic Setup

Microwave Cabling for the L-SET measurement (Section 3.2):

Figure 3.4. Dilution cryostat wiring in the L-SET measurement.
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Cryogenic Setup
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