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1. Introduction

Electronics has been aiming for smaller and smaller sizes ever since the

first transistor (its size measured in centimeters!) was made in Bell Labs

in 1947. The so-called "Moore’s law", projecting that the number of tran-

sistors in a dense integrated circuit doubles approximately every two years,

proved accurate for several decades, but as things got smaller, they also

became different. At extremely small length scales, even slight modifica-

tions and fluctuations of the atomistic structure of the devices can have

huge effects on the current flow and the operation of the device. In this

thesis we examine tunneling currents flowing through nanometer scale

tunnel junctions. Our aim is to understand better the physical phenom-

ena occurring in the junctions and to predict the governing operating prin-

ciples of devices at these length scales.

In electronic tunnel junctions the electrical current flows from one elec-

trode to the other across an extremely thin insulating barrier. This is due

to the quantum mechanical effect of tunneling and it is the basic feature

underlying many solid-state nanoelectronic devices like resonant tunnel-

ing diodes, resonant tunneling transistors and magnetic tunnel junctions.

Traditionally, barrier materials have been insulators, and therefore they

have constituted passive elements in devices, since their functionalities

cannot be altered by external fields. By using a barrier material that

exhibits either ferroelectric, ferromagnetic or multiferroic behavior, the

application of external electric and/or magnetic fields can affect the phys-

ical properties of the barrier thus altering the transport properties of the

system. For example, the reversal of the polarization in a ferroelectric

layer sandwiched between two dissimilar metal electrodes may lead to a

giant tunneling electroresistance (TER) effect in which the junction can

be switched between two resistance states by an external field [1]. Thus,

the barrier can be an active component, which provides a way to pro-

1



Introduction

duce new types of devices not achievable with the current complementary

metal oxide semiconductor (CMOS) technology. These kinds of active bar-

rier tunnel junctions could be used for, e.g., spin-filtering or for construct-

ing hysteretic multistate junctions to be used in future logic, memory,

and sensor technology. Ferroelectric tunnel junctions (FTJs), i.e., tunnel

junctions with a ferroelectric barrier, modeled both using single and step

barrier potential models are the topic in Publications I, II, and III.

Spintronics is electronics, where not only the electric charges but also

the spins of the carriers play an important role. Traditionally, informa-

tion storage in computers has used spin properties of materials whereas

the information processing has been based on charge transport. By com-

bining the use of charge and spin, spintronics could provide a way to si-

multaneously store and process information and lead to applications such

as spin transistors and spin qubits [2, 3]. In Publication IV we study

spin-polarized transport through a resonant tunneling diode (RTD), a

double barrier tunneling device, where the peak in the current-voltage

(I–V ) curve splits into two with increasing magnetic field and decreasing

temperature due to the spin-polarization of the tunneling current.

The diminishing size of electronics components not only means smaller

devices but also completely new types of components based on physical

phenomena emerging at atomistic length scales. Theoretical modeling of

tunneling currents is important for understanding experimental results,

analyzing different processes taking part in the current flow and for plan-

ning new devices. By modeling the trends in tunneling currents for differ-

ent barrier profiles we aim to understand how the barrier profiles affect

the currents and which barrier parameters are the most crucial ones for

obtaining the desired device functionalities.
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2. Quantum mechanical tunneling

In quantum mechanical tunneling a particle is able to transfer through a

potential barrier with a height that exceeds the total energy of the par-

ticle. In Figure 2.1 an electron with energy E is at the left-hand-side of

a barrier with a maximum height of V0 (E < V0). A classical particle

with energy E incident from the left would not be able to surpass the bar-

rier but would reflect back at the classical turning point A. Similarly, an

identical particle incident from the right would not go beyond the other

classical turning point B. But in the case of a very thin barrier, quantum-

mechanical small-mass particles with energy E have a non-zero probabil-

ity of tunneling through the seemingly inpenetrable barrier.

Figure 2.1. Schematic picture of an electron tunneling through a potential barrier.

Macroscopic particles, such as tennis balls and grains of sand, are char-

acterized by their mass and size and their movement can be calculated

(at reasonable velocities, i.e., well below the velocity of light) by using

Newton’s equations of motion. When particles become very small, such as

electrons or atoms, this simple particle picture is no longer valid and the

physical phenomena need to be described by quantum mechanics. The lo-

cation and momentum of a particle cannot be simultaneosly determined,

as depicted in Heisenberg’s uncertainty principle, and the concept of prob-

ability plays a central role.

In quantum mechanics, particles can be described using wavefunctions,

ψ, and their motion can be calculated by solving the Schrödinger equation.
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Considering the case presented in Fig. 2.1 where the potential changes

only in one-dimension, z, the Schrödinger equation reads

i�
∂ψ(z, t)

∂t
= − �

2

2m

∂2ψ(z, t)

∂z2
+ V (z, t)ψ(z, t) , (2.1)

where ψ(z, t) is the particle wavefunction and V (z, t) is the external poten-

tial. In the case that the potential is time-independent, i.e., V (z, t) = V (z),

the Schrödinger equation can be separated in the form

i�
∂ψ(z, t)

∂t
=

[
− �

2

2m

∂2

∂z2
+ V (z)

]
ψ(z, t) = Ĥψ(z, t) , (2.2)

where Ĥ is the Hamiltonian operator characterizing the total energy of

the system. By standard methods used in solving separable differential

equations the solution can be written as ψ(z, t) = ψE(z)e
−iEt/� and we get

the time-independent Schrödinger equation:

ĤψE(z) =

(
− �

2

2m

∂2

z2
+ V (z)

)
ψE(z) = EψE(z) , (2.3)

where E are the energy eigenvalues of the different states ψE(z). The

product ψ∗(z)ψ(z) gives the probability of finding the particle ψ at location

z.

When solving the Schrödinger equation for the electron shown in Fig. 2.1

the solution ψ(z) is non-zero also on the right-hand side of the barrier and

thus there is a finite probability that the electron can be found on the

right-hand side of the barrier. This follows directly from the solutions of

the Schrödinger equation and the probability interpretation ψ∗ψ. Hence

the particle is able to transfer through the barrier which is called tun-

neling. Since quantum mechanics is centrally dealing with probabilities,

it cannot be predicted whether a single particle at a given moment tun-

nels through the barrier or is reflected back. However, the probabilities

whether it tunnels or reflects back can be calculated. These are often

called transmission or reflection coefficients, T and R, respectively. In de-

vice experiments, typically a large number of particles is incident from

one side of the barrier, and the experimentally observed current can be

modeled using these probabilities.

2.1 Tunneling experiments

Tunneling processes are fundamental to quantum mechanics and the abil-

ity to explain and predict experimental results involving tunneling demon-

strated the power of the quantum theory early in the 20th century. In the

following a brief history of tunneling experiments is presented.
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In the radioactive decay of α-active matter, the α-particle that is emit-

ted in fact tunnels from the nucleus. By using the WKB approximation

for calculating the transmission probability (for more on WKB see Sec-

tion 2.2) and considering that α-active nuclei are heavy, the experimental

nuclei lifetimes τα, spanning 15 orders of magnitude, could be approxi-

mately calculated [4, 5]. Another early example of tunneling calculations

is the ionization of atomic hydrogen in strong electric fields. Oppenheimer

showed that the transition of the electron via tunneling from the localized

state near the nucleus to the free state can be calculated to good accuracy

using the Fermi Golden Rule [6].

Moving from atomic examples to tunneling in solids, Fowler and Nord-

heim studied the field emission of electrons from metals, i.e., electron

emission from metal surfaces into vacuum under strong electric fields

[7]. They derived the so-called Fowler-Nordheim equations with which

the work functions of the metals could be calculated based on the experi-

mental results [8]. Tunneling through the forbidden energy gap between

different electron bands in a solid was studied by Zener [9]. The so-called

Esaki diode, a semiconductor structure proposed by Leo Esaki in 1957, is

based on interband Zener tunneling in heavily doped p-n diodes [9, 10].

For reviews of experiments on tunneling through different types of thin

insulating barriers between metals (metal/insulator/metal or MIM struc-

tures) and between metals and semiconductors (metal/insulator/semi-

conductor or MIS structures) see, e.g., Refs. [11], [12] and [13].

An important application emerged from studies of tunneling in super-

conductors starting from the experiments by Giaever who discovered that

I–V curves of MIM structures showed a pronounced non-linearity when

one of the electrodes was in the superconducting state [14, 15]. Following

the formulation of the Bardeen-Cooper-Schrieffer (BCS) theory of super-

conductivity explaining that currents in superconductors are carried by

weakly bound electron pairs, called Cooper pairs, Josephson predicted in

1962 that these Cooper pairs can tunnel from one superconducting re-

gion to another [16]. Josephson’s prediction was confirmed experimen-

tally by Anderson and Rowell [17, 18]. This type of a tunnel junction

with two superconducting electrodes separated by a resistive barrier is

known as a Josephson’s junction. Today, superconducting quantum inter-

ference devices (SQUIDs), whose operation is based on the Josephson’s

effect, are widely used in ultrasensitive electric and magnetic measure-

ments [19, 20].
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During the 1970s and 1980s, advanced manufacturing techniques such

as molecular beam epitaxy (MBE) allowed the synthesis of more compli-

cated heterostructures with two or more tunnel barriers. Tsu and Esaki

predicted that I–V curves of GaAs/AlxGa(1−x)As structures with double

and multiple barriers would show negative differential resistance (NDR,

i.e., dI/dV < 0 for a certain bias region) effects due to resonant tunneling

through confined states [21]. Chang, Esaki and Tsu also observed exper-

imentally a weak NDR effect in this so-called resonant tunneling diode

(RTD) structure [22]. A few years later, after improvements in epitaxial

material qualities, a pronounced NDR was demonstrated by Sollner et al.

[23]. RTDs and their properties are discussed in more detail in Chapter 5

where our results on modeling RTDs are also presented.

In addition to the electric charge, also the spin of the carriers can be

used for information processing in devices and the field of spintronics is

based on this concept. Research on spin dependent tunneling started from

the experiments by Tedrow and Meservey on tunneling through ferromag-

net/insulator/superconductor (FM/I/S) junctions [24, 25]. They measured

the spin polarization of the tunneling current and proved that the tun-

neling current remains polarized even outside the ferromagnetic region.

Since then multiple options for producing, controlling and utilizing spin

transport in different types of structures and devices have been studied

both experimentally and theoretically (for reviews of the topic see, e.g.,

Refs. [26], [27], and [28]). In this thesis, spin-dependent transport in an

RTD was modeled and compared to experimental data. The results are

shown and discussed in Chapter 5.

Among the latest developments in the field of tunneling devices are fer-

roelectric tunnel junctions (FTJs) where the tunnel barrier is made of a

ferroelectric material. Ferroelectric materials exhibit spontaneous polar-

ization which can be reversed using external fields. In a FTJ, switching of

the out-of-plane ferroelectric polarization of the tunnel barrier by a large

enough bias voltage changes the junction resistance. The basic idea of

the FTJ was introduced already in 1971 by Esaki [29]. In 2009, three

groups demonstrated the correlation between ferroelectricity and resis-

tive switching on bare surfaces on ferroelectrics [30, 31, 32]. FTJs are

discussed in more detail in Chapter 4 together with our results on model-

ing tunneling in FTJ structures.
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2.2 Modeling of tunneling

In the broad picture quantum mechanical tunneling can take place via dif-

ferent mechanisms. As a single electron process, the electrons may tunnel

through the whole barrier (often called direct tunneling (DT)) or through

the top part of the barrier (in case of a single rectangular or tilted barrier

this is referred to as Fowler-Nordheim tunneling (FNT)). Over the bar-

rier transport, due to the thermal distribution of electrons where some

of them have an energy surpassing the barrier, is often taken into ac-

count in tunneling models and referred to as thermionic emission (TE).

A schematic of DT, FNT and TE tunneling processes is given in Fig. 2.2.

Electrons may also tunnel via trap-assisted processes, so called trap as-

Figure 2.2. Schematic picture of direct tunneling (DT), Fowler-Nordheim tunneling
(FNT) and thermionic emission (TE) through a trapezoidal tunnel barrier.

sisted tunneling (TAT), where they hop through traps in the barrier ma-

terial [33, 34, 35, 36]. The TAT processes can be either elastic or inelastic,

depending on whether or not electrons lose energy in the process.

There are different methods for calculating the transmission probability

T . An early approximation that is still often used is the WKB (Wentzel-

Kramers-Brillouin) approximation

T (E) = exp

{
−4π

√
2m∗

h

∫ z2

z1

√[
φ(z, V )− (E − �2k2t

2m∗
)

]
dz

}
. (2.4)

Above, φ(z, V ) is the barrier potential, E is the energy of the electron, kt
is the electron transverse wavevector, m∗ is the electron effective mass,

and z1 and z2 are the classical turning points (A and B in Fig. 2.1). The

transfer matrix method and the quantum transmitting boundary method

(QTMB) are other commonly used methods for calculating the transmis-

sion probability [21, 37]. In our approach, the transmission is obtained by

solving numerically the Schrödinger equation using the Numerov method

[38, 39].

The Fowler-Nordheim equation

JFN =
e3m∗

16π2m∗b�ΦB
E2 exp

⎛
⎝−4

√
2m∗bΦ

3
B

3�eE

⎞
⎠ (2.5)
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is one of the earliest analytical formulations for calculating tunneling

current densities [7, 8]. Originally developed for modeling electron field

emission into vacuum, it is derived using a triangular potential barrier

model. Above, e is the electron charge, m∗ and m∗b are the electron ef-

fective masses in the electrode and in the barrier, respectively, E is the

electric field in the barrier, and ΦB is the height of the vertical wall of the

triangular FNT barrier (see Fig. 2.2). Equation (2.5) is still used for cal-

culating tunneling current densities at large bias voltages since a rectan-

gular or tilted barrier can be approximated by a triangular barrier when

the bias is large enough (see Fig. 2.2).

Assuming a trapezoidal barrier, the analytical formula

JDT = C

exp

{
α(V )

[(
φ2 − eV

2

)3/2

−
(
φ1 +

eV
2

)3/2
]}

α2(V )

[(
φ2 − eV

2

)1/2

−
(
φ1 +

eV
2

)1/2
]2

× sinh

{
3

2
α(V )

[(
φ2 − eV

2

)1/2

−
(
φ1 +

eV

2

)1/2
]
eV

2

}
(2.6)

can be used for modeling direct tunneling current density through the bar-

rier [32, 40]. Here d is the barrier width, φ1 and φ2 are the heights of the

barriers at the left and right electrode, respectively, C = −(4em∗b)/(9π2
�
3),

and α(V ) = [4d(2m∗b)
1/2]/[3�(φ1+eV −φ2)]. Equation (2.6) is valid for small

bias voltages (eV < 2φ1,2) and assuming that the barrier is not too thin

(d[(2m∗b/�
2)φ1,2]

1/2 � 1).

Except at very low temperatures, electrons may also contribute to the

current by surpassing the barrier due to thermal energy. This process

is referred to as thermionic emission and when the tunneling currents

are small it can constitute a substantial part of the total current. The

TE current density derived by calculating the number of electrons able to

surpass the barrier is

JTE = A∗∗T 2 exp

⎡
⎣− 1

kBT

⎛
⎝ΦB −

√
e3E

4πε0ε

⎞
⎠
⎤
⎦ , (2.7)

where the combined effect of the image force and the electric field lowering

the barrier height ΦB has been taken into account [41]. Above, ΦB is the

height of the potential barrier, E is the electric field as in Eq. (2.5), A∗∗ is

the effective Richardson’s constant, and ε is the permittivity of the barrier

material. The three analytical formulae presented above, Eqs. (2.5), (2.6)

and (2.7), are commonly used for modeling and interpreting experimental
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results in nanoelectronic devices such as FTJs (see, e.g., Refs. [31],[42],

[43], [44], and [45]).

All the analytical equations above [Eqs. (2.5), (2.6), and (2.7)] give the

tunneling current density J as a function of the barrier parameters and

the bias voltage. The characteristics of the calculated J-–V curves can

be compared with experimental I-–V curves assuming that the area A

through which the current flows stays constant, J = I/A. In the deriva-

tions, parabolic bands and momentum conservation in the transverse di-

rection are assumed. The finite energy range of the occupied states at the

electrodes and the thermal distribution of the carriers are not taken into

account. This means that for larger Fermi energies, where the density of

states at the Fermi level is higher and the conduction band is broadened,

these analytical equations may underestimate the current.

In more complex potential barrier profiles confined states can be formed

and the electrons may tunnel through these states [46]. This phenomenon

is called resonance tunneling and we will discuss it for both step bar-

rier and double barrier structures in Chapters 4 and 5. For a more com-

plete picture of the electron transport, the atomistic structure of the ma-

terial and many-body phenomena need to be considered. These include,

e.g., the band structures of the materials, the role of contacts and inter-

face effects, interactions between the electrons and transport processes

involving defects, phonons, etc. To account for these, different trans-

port formalisms have been developed including the transfer Hamiltonian

method, Landauer-Büttiker formula and non-equilibrium Green’s func-

tion method [47, 48]. For reviews of various transport formalisms see,

e.g., Refs. [11],[48], and [49].
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3. Numerical modeling of tunneling:
Tsu-Esaki and Wigner formalisms

We have used two different methods for calculating tunneling currents

and adapted both of them to computer codes that solve the problem nu-

merically. For calculating current density vs. voltage (J–V ) curves of FTJs

we used the Tsu-Esaki approach and the transmission probabilities were

obtained by numerically solving the Schrödinger equation using the Nu-

merov method. The approach and equations are presented in Section 3.1.

For calculating J–V curves of RTDs we used the Wigner formalism which

is a semi-classical transport formalism. The Coulomb potential was solved

self-consistently and our results were compared to results obtained using

a non-equilibrium Green’s function (NEGF) method. The Wigner formal-

ism is presented in Section 3.2. When comparing calculated results with

measured values the experimental conditions need to be taken into ac-

count. This point is discussed in Section 3.3.

3.1 Tsu-Esaki formalism

For modeling the currents in FTJs we use the Tsu-Esaki approach in

which the current is calculated by taking the net difference between the

currents flowing from one electrode to the other and in the opposite di-

rection [11, 49]. We use a one-dimensional potential model for the tunnel

barrier(s) where the potential varies in the z-direction which is parallel

to the direction of the current. A schematic of the tunneling structure is

given in Fig. 3.1. The conduction band minimum on the right hand side

is set as the zero-reference for the potential energy.

In the transverse direction, i.e., in the plane parallel to the junction

surfaces, it is assumed that momentum is conserved and the electrons

are considered to move like free charge carriers. Thus the Hamiltonian

is separable into perpendicular z-direction and transverse components.
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Figure 3.1. Schematic of an electron tunneling through a trapezoidal potential barrier
structure in the Tsu-Esaki approach.

Assuming a parabolic and isotropic conduction band minimum the energy

of a particle is

E = Ez + Et =
�
2k2z
2m∗

+
�
2k2t
2m∗

. (3.1)

With these assumptions the current density J flowing from one metallic

region to another through a thin insulating film is given by [49]

J =
2e

(2π)3�

∫ ∞

0
dEz

∫ ∞

0
dktkt

∫ 2π

0
dϑTtr(Ez)[fl(Ez, kt)− fr(Ez, kt)] , (3.2)

where Ez is the energy of the electron in the direction of the current, kt
is the transverse wavevector of the electron, and fl and fr are the dis-

tribution functions on the left and right sides of the barrier, respectively.

The terms Ttr(Ez, V ) are the transmission coefficients which depend on

the shape and size of the potential barrier(s), the energy of the electron

Ez and the voltage V . The formula (3.2) is the net current in the direction

of the voltage drop obtained by calculating the difference between the left

and right currents integrated over all k.

The simplest approximation for the distributions fl and fr is that they

are given by the equilibrium Fermi-Dirac distributions characterized by

the bulk Fermi levels on the respective sides of the barrier. Then

fl/r(Ez, Et) =
1

1 + exp
(
Ez+Et−EF,l/r

kBT

) , (3.3)

where T is the lattice temperature and EF,l/r is the Fermi energy on the

left and right side of the barrier, respectively [49] (EF,l = EF,r + eV ). As-

suming parabolic bands the integration gives the Tsu-Esaki formula [49]

JT (V ) =
em∗kBT
2π2�3

∫ ∞

eV
dEz Ttr(Ez, V ) ln

(
1 + e(EF+eV−Ez)/kBT

1 + e(EF−Ez)/kBT

)
. (3.4)

At low temperatures equation (3.4) reduces to

JT=0K(V ) =
em∗

2π2�3

[
eV

∫ EF

eV
dEz Ttr(Ez, V )

+

∫ EF+eV

EF

dEz Ttr(Ez, V )(EF + eV − Ez)

]
. (3.5)
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Equations (3.4) and (3.5) are used for calculating the currents in Publica-

tions I and II, and III.

We calculate the transmission coefficients Ttr(Ez, V ) by numerically solv-

ing the Schrödinger equation for the barrier structure using the Numerov

method [38]. The Numerov method is an iterative method for solving

second-order ordinary differential equations of the Numerov type, i.e., no

first-order term, such as the one-dimensional time-independent

Schrödinger equation. Quiroz González and Thompson have presented

an explicit algorithm for calculating the first point of the solution with

an accuracy appropriate to that obtained with the general Numerov algo-

rithm [39]. Solving the transmission coefficients numerically allows the

study of more complicated barrier structures since no analytic solutions

or simplified assumptions regarding the barrier shape are required. The

Numerov method is computationally efficient since a local error of O(h6)

is obtained with just one evaluation of the linear and constant terms of

the differential equation per step. For comparison, the Runge-Kutta al-

gorithm requires six function evaluations per step to achieve the same

accuracy [50]. We checked the accuracy of our code by calculating the

transmission coefficients for a single flat barrier and comparing the re-

sults to the exact analytical answer. The relative error of the numerically

solved T was below 1% for the transmission coefficient values relevant in

the study, i.e., for those greater than 10−15 (for details see Publication I).

3.2 Wigner formalism

We calculate currents in RTDs using the Wigner formalism, a semiclas-

sical transport formalism first proposed by Eugene Wigner in 1932 [51].

The formulation starts from the quantum mechanical density matrix [52]

ρ(x,x′) =
∑
i

wi〈x|i〉〈i|x′〉 , (3.6)

where x and x′ are spatial coordinates, |i〉 is a complete set of states and

wi gives the probability of finding a particle in state i. In this notation the

electron state represented by |i〉 corresponds to the electron wavefunction

ψ used in the Tsu-Esaki approach.

The Wigner-Weyl transformation is used to convert the density matrix

ρ(x, x′) into the Wigner distribution function f(q, p) [51]. First we make a
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coordinate transformation into two new coordinates, q and r

q =
1

2
(x+ x′) (3.7)

r = (x− x′) . (3.8)

Since we concentrate in the modeling of a one-dimensional system, we

will from here on do the calculations in one dimension using the scalar

coordinates q and r. The Wigner function f(q, p) is now defined as the

Fourier transform of the density matrix, i.e.,

f(q, p) ≡
∫ ∞

−∞
e−ipr/�ρ(q +

1

2
r, q − 1

2
r) dr . (3.9)

The Wigner functions f(q, p) are formally analogous to the classical prob-

ability densities but can become negative so they cannot be interpreted as

such. However, phase space averages can be calculated using the Wigner

function in the same way as when using classical distribution functions

[53]. This property makes the Wigner function convenient to use in trans-

port calculations.

By taking the time derivative of the density matrix, substituting it to the

Schrödinger equation with a similar type of Hamiltonian, H = − �
2

2m∗
∂2

∂x2 +

v(x), as discussed in the beginning of Chapter 2 and after taking a similar

kind of Fourier transform as of the density matrix, the transport equation

for the Wigner function becomes

∂f(q, p)

∂t
= − p

m∗
∂f(q, p)

∂q
− 1

�

∫ ∞

−∞
1

2π�
V (q, p− p′) f(q, p′) dp′ , (3.10)

where the potential kernel is

V (q, p) = 2

∫ ∞

0
sin(pr/�) [v(q +

1

2
r)− v(q − 1

2
r)] dr . (3.11)

The potential v can consist of different parts including, e.g., the Coulomb

potential (vC), and the exchange-correlation potential (vxc) and the volt-

age drop due to an external bias voltage. The potential kernel in equation

(3.10), V (q, p − p′), spreads the Wigner function f(q, p) among different

values of p thus incorporating quantum interference effects to the formu-

lation.

The current and charge carrier densities J(q) and n(q) can be calculated

by integrating the Wigner function as [54]

J(q) = e

∫ ∞

−∞
f(q, p)

2π�m∗
p dp (3.12)

and

n(q) =

∫ ∞

−∞

f(q, p)

2π�
dp . (3.13)
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Thus we can calculate J–V curves by solving the transport equation (3.10)

for a set of bias values and calculating the currents using equation (3.12).

In addition, we can calculate the potential self-consistently since we ob-

tain the carrier density from the Wigner function by using equation (3.13).

In the RTD calculations, in addition to the double rectangular poten-

tial barriers, we take into account also the Coulomb potential due to

the charge carriers and ionized donors, the exchange-correlation poten-

tial and the giant Zeeman splitting caused by the magnetic field. The

potential is calculated self-consistently thus taking into account how the

distribution of the charge carriers affects the electrostatic potential. A

more detailed description of the Wigner formalism, the discretization and

implementation of the method into a computationally feasible form can be

found in the Licentiate’s Thesis of the author [55].

3.3 Experimental considerations

The electrostatic potential structure chosen to model the experimental

structure and also other parts of the measurement circuit contributing,

e.g., to the resistance of the device affect the computational results. These

are important to consider when comparing the computational results to

experiments. Barrier widths and heights are often obtained using exper-

imental fitting procedures and their determination is not straighforward.

How the barrier parameters, most importantly the height and the width

of the barrier, are determined, is critical to the modeling of the tunneling

current.

3.3.1 Image force lowering

As an electron approaches a dielectric barrier it induces a positive charge

on the interface lowering the effective barrier height. The positive charge

acts as an image charge within the layer and hence this effect on the

barrier height is called the image force lowering effect. In our FTJ calcu-

lations we studied the effect of the image force lowering on the J–V curve

characteristics using the approximation by Simmons, i.e.,

Vi = −1.15λd2/z(d − z), for 0 < z < d, where d is the width of the barrier,

λ = e2 ln 2/(8πε0εd) and ε is the dielectric constant of the barrier mate-

rial. [56]
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3.3.2 Series resistance

In experiments there is always some series resistance present, and there-

fore when comparing calculated currents to experiments this has to be

accounted for. A simple schematic of the experimental setup is given in

Fig. 3.2 where Rt is the tunnel junction, Rs is the total series resistance

in the circuit and Vt and Vs are the corresponding voltage drops. The bias

Figure 3.2. Schematic picture of the tunnel junction circuit depicting the voltage drops
over the tunnel junction (Vt) and the rest of the circuit (Vs).

voltage is a sum of the potential energy drops, i.e., Vb = Vt + Vs.

In experiments the current I in the circuit is measured as a function of

Vb. In the calculations we solve the current I through the tunnel junction

as a function of the bias drop across the tunnel junction, Vt. To compare

the calculations with experiments we therefore have to scale Vt in order

to get I as a function of Vb.

When the resistance of the junction is very high, i.e., at low bias volt-

ages, almost all the potential drops across the tunnel junction, Vt � Vs

and Vt ≈ Vb. As the bias voltage increases and the effective width of

the potential barrier decreases, the resistance of the tunnel junction de-

creases and the potential starts to drop also at other parts of the circuit,

i.e., Vs increases. In this case Vt �= Vb. If we denote the voltage drops in

the system according to Fig. 3.2 then the voltage drop across the tunnel

barrier Vt can be calculated from equation

Vt =
Rt

(Rs +Rt)
· Vb . (3.14)

To get the current I as a function of Vb (and not Vt), we calculate the bias

values Vb corresponding to the values of Vt from Eq. (3.14) and get

Vb =
(Rt +Rs)

Rt
· Vt, (3.15)
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where Rt is obtained from our calculated I–V results (Rt = Vt/I) and

a constant value is used for the series resistance Rs. By plotting the

calculated currents as a function of the scaled voltage Vb obtained from

Eq. (3.15) we get I–V curves that can be compared directly to experi-

ments.
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4. Ferroelectric Tunnel Junctions

In a ferroelectric tunnel junction (FTJ) a thin ferroelectric layer is sand-

wiched between two conducting electrodes. FTJs have gained a lot of in-

terest during the last decade due to the development of growth techniques

and the ability to produce thin ferroelectric films that act as tunnel barri-

ers. Ferroelectric materials have a spontaneous electric polarization that

can be switched by external fields between (at least) two stable orienta-

tions. Polarization reversal in a FTJ leads to a change in the resistance of

the junction. This phenomenon is called the tunneling electroresistance

(TER) effect and the switching, due to the application of an external field,

of a FTJ between the two resistance states is called ’resistive switching’.

The mechanisms responsible for the switching, e.g., screening effects in

different electrode materials or metal-insulator phase transitions close to

the interfaces, will be discussed in Sections 4.1 and 4.2.

The basic idea of the FTJ was introduced already in 1971 in the article

"Polar switch" by Esaki et al. [29]. Although the concept of the FTJ was

proposed decades ago, the realization of experimental structures required

progress in thin-film deposition techniques (sputtering, pulsed laser depo-

sition and molecular beam epitaxy) [57]. In addition, for a long time it was

assumed that the critical thickness for ferroelectricity was much larger

than that required for tunneling processes, and only in the early 2000s

ferroelectricity was discovered in nanometer-thick films [58, 59, 60, 61].

After these obstacles had been overcome, in 2009 three groups demon-

strated experimentally the correlation between ferroelectricity and resis-

tive switching on bare surfaces of ferroelectrics [30, 31, 32].

Typical FTJ barrier materials are perovskite oxides such as lead zir-

conium titanate (Pb(Zr,Ti)O3 or PZT [31]) or barium titanate (BaTiO3

or BTO [30]). Since the first demonstration of FTJs in 2009, many dif-

ferent types of junctions ranging from single complex oxide barriers, to
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composite barriers and even organic ferroelectrics have been studied (e.g

[45, 62, 63]). For reviews of FTJs see, e.g, [64], [65], [66]. A recent study

by Velev et al. summarizes theoretical modeling of FTJ structures and

materials [67].

On top of interesting physical phenomena, FTJs are promising also from

the application point of view. A junction with two different states, in the

case of FTJs two polarization states, which can be switched by external

fields and read by measuring the junction resistance could provide an

efficient way for new memory/logic devices. Traditional semiconductor

technology based on charge storage faces scaling limitations which can be

overcome in FTJs. FTJs could be used for non-volatile memory elements

since their polarization state remains even when power is switched off

and they can be read non-destructively [30, 68].

4.1 Single barrier model

The simplest model potential for a FTJ is a tilted single barrier where the

tilt of the barrier is different for different barrier polarization directions.

An example potential of such a structure for the two opposite polarizations

of the barrier is shown in Fig. 4.1. When the average barrier height is

Figure 4.1. Two polarization states of a single tilted barrier modeling a ferroelectric tun-
nel barrier. Polarization pointing to the left (solid line) and polarization point-
ing to the right (dashed line).

different for the two polarization states, they have different resistances

producing the TER effect.

A change of the tunneling barrier shape beyond mirroring and the ensu-

ing TER effect may be due to the use of dissimilar electrodes. It has been

shown that due to the different screening lengths in the dissimilar elec-

trodes, the switching of the barrier polarization can cause the conductance

of the junction to change by a few orders of magnitude [1]. Analytical for-

mulae for tunneling through trapezoidal barriers have previously been

used in many publications to model the experimental results of FTJs (see,

e.g., [32, 42]). The most often used formulae are the Fowler-Nordheim
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Figure 4.2. (a) Trapezoidal barriers of three different widths, d = 1.2 nm, d = 3.2 nm,
and d = 4.8 nm (adapted from Ref. [42]) and (b) the corresponding J–V
curves calculated using our Tsu-Esaki approach (black line). The Fermi en-
ergy EF = 0.1 eV. The DT (blue curves) and FNT (red curves) current densi-
ties are calculated using the analytical formulae (2.6) and (2.5) (these results
are adapted from Ref. [42]).

equation [Eq. (2.5)], direct tunneling formula for low voltages [Eq. (2.6)],

and the thermionic emission current [Eq. (2.7)].

In Publication I we study electronic transport through a single tilted

barrier using the Tsu-Esaki method presented in Section 3.1. To test the

applicability of compact tunneling models [Eqs. (2.5), (2.6) and (2.7)] we

compare the results they give to our approach. We calculate first the

T = 0 K case, eliminating the contribution of TE current, and compare

the FNT and DT currents for three barriers of different widths studied

earlier by Pantel and Alexe (see Fig. 4.2(a)) [42]. The results are shown

in Fig. 4.2(b). As can be seen in the J–V curves in Fig. 4.2(b) the results

agree well for the wider barriers but differ for the thinnest one. This is

due to the WKB approximation used when deriving the analytical equa-

tions. The WKB is not applicable for extremely thin barriers whereas

our method does not have this limitation [69, 70]. In addition, the Tsu-

Esaki curves show oscillations at higher voltages resulting from partial

reflection and interference of electron waves due to the large potential

gradients at the vertical walls [69]. The WKB does not take into account

these effects and therefore it is also unable to produce the oscillations.

For T > 0 K we calculate currents both with and without the image force

correction in the barrier potential. Both of our approaches and the analyt-

ical formulae give the result that thermionic emission affects the current

only at the largest barrier thickness, d = 4.8 nm. The potential profiles

and J–V curves for this barrier width are shown in Fig. 4.3. As can be

seen in Fig. 4.3(b), the analytical formulae and the Tsu-Esaki approach
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Figure 4.3. (a) Zero bias potential for the 4.8 nm barrier without (solid line) and with
(dashed line) image force lowering and (b) the corresponding J–V curves. T =

300 K and in the Tsu-Esaki calculations the Fermi energy EF = 0.1 eV. The
blue, red and green dashed lines are the DT, FNT, and TE currents calculated
using the analytical formulae (2.5), (2.6), and (2.7) (the DT, FNT, and TE
results are adapted from Ref. [42]).

are a fair match including the asymmetry at low biases.

A benefit of our method compared to the compact models [Eqs. (2.5),

(2.6), (2.7)] is that we are able to calculate the currents through the whole

bias voltages regime whereas the analytical formulae are restricted to

specific bias voltage ranges. In addition, the limitation of a specific barrier

shape is lifted.

From our modeling results for tilted barriers with different widths we

predict that leaf-like features observed in experiments [45] could be due

to small changes in the barrier thickness. Changing the barrier thickness

by 0.5 nm we obtain the curves shown in Fig. 4.4. Similar changes in

I–V curves have previously been explained to be due to a change in the

barrier tilt but our modeling results actually explain more adequately the

behaviour of the current at both low and high bias voltages.

In summary, we have shown that with our Tsu-Esaki approach we are

able to model currents through extremely thin barriers and for wide bias

voltage ranges making our approach more flexible and general than using

analytical formulae. By calculating J–V curves of barriers with slightly

different widths we obtained leaf-like shapes that could explain experi-

mentally observed phenomena in FTJs. In addition to the results pre-

sented above, we studied the effect of barrier thickness, tilt and carrier

effective mass on the characteristics of the curves. For further details and

results, see Publication I.
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Figure 4.4. J—V curves for tilted barriers with widths d=4.0 nm and 4.5 nm. T=0 K,
trapezoidal barrier (no image force lowering). In addition, EF =0.1 eV and
m∗=me. Parts of the curves are highlighted to illustrate the leaf-like shape.

4.2 Step barrier model

In Publication II we model tunneling currents through step-barrier struc-

tures and study the effect of varying barrier heights, widths and tilts to

the characteristics of the J–V curves. Step-barrier potentials are relevant

models from the experimental point of view. In many FTJ structures the

barrier potentials are either intentionally step-like, i.e., composite bar-

riers with an adjacent insulating layer grown next to the ferroelectric

barrier, or an additional barrier is formed unintentionally due to, e.g., a

metal-insulator phase transition in one of the electrodes.

Polarization reversal in the ferroelectric barrier can change the effective

width of the barrier by changing the electronic properties of the electrode

near the barrier/electrode interface [44, 71, 72]. Since the two interfaces

of the junction can be different, either due to different electrode materials

or different interface epitaxial qualities, this effect is often asymmetric.

This type of barrier structure can be modeled using a step-barrier poten-

tial, i.e. two adjacent barriers, where the polarization switching alters the

properties of the extra barrier. Ion migration across a barrier/electrode

interface can also change the width and shape of the barrier potential

profile. This migration process may generate a metal-to-insulator phase

transition in the electrode thus forming an additional barrier [73, 74]. In

addition, composite FTJ junctions where a second insulating barrier is

grown adjacent to the ferroelectric layer have been studied both theoret-

ically and experimentally [62, 75, 76]. Our results provide more insight

to interpreting experimental results and also means for designing new

devices.
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Figure 4.5. Potential profile of a step barrier considered in this study. The schematic
illustrates electron tunneling for a (by definition) positive bias voltage.

(a) (b)

Figure 4.6. (a) Step barrier potential energy profile. The barrier parameters are
φ1=0.5 eV, d1=2.5 nm, φ2=2.0 eV, and d2=1.0 nm. (b) The corresponding J-
–V curve. The other parameters used are T=0 K, EF =0.5 eV, and m∗ = me.
The arrows show the steep rises at positive bias values of 1.2 V, 1.8 V, and
2.6 V.

The potential model we use with the Tsu-Esaki approach is shown in

Fig. 4.5. The Fermi energy EF gives the widths of the energy bands on the

left and right electrodes. Positive bias values correspond to the situation

in Fig. 4.5, i.e., electrons tunnel from the side with the low main barrier.

First we study resonant tunneling through the triangular states formed

in the notch between the main and the extra barrier for positive bias val-

ues (see Fig. 4.5). A picture of the step barrier structure, showing the dif-

ferent parameters and the corresponding J–V curve are shown in Fig. 4.6.

The steep rises in current at bias voltage values of 1.2 V, 1.8 V, and 2.6 V

(indicated by red arrows in Fig. 4.6(b)) correspond to resonant tunneling

through the confined states in the notch. By estimating the energy lev-

els of the confined states by those of an infinite triangular QW we show

that the Fermi energy at the left electrode (see Fig. 4.5) is aligned with

the notch state levels at these bias values. The resonances are further

confirmed by peaks in the transmission.
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Figure 4.7. (a) Step barrier potential energy profile with two different main barrier tilts,
OFF (= high resistance state) and ON (=low resistance state), (b) the J-–V
curves of the two states and (c) the corresponding TER ratio as a function
of bias voltage. The main barrier parameters φ1,left=0.5 eV, φ1,right=0.1 eV
and d1=2.0 nm. The extra barrier parameters φ2=1.5 eV and d2=1.0 nm. The
other parameters used T=0 K, EF =0.5 eV, and m∗ = me.

We calculate the J–V curves for several step barrier structures varying

either the main or the extra barrier parameters, one at a time. The po-

tential profiles, J–V curves and TER curves of a step barrier structure

where the difference between the two resistance states is the tilt of the

main barrier are shown in Fig. 4.7. We can observe in Fig. 4.7(b) that due

to a stronger confinement when the tilt is towards the extra barrier, the

resonant tunneling and the corresponding deep rise in current is more

prominent in the low resistance state.

Our results on varying the main barrier tilt can be compared with ear-

lier theoretical results on tunneling currents through a composite barrier.

In the theoretical study by Zhuravlev et al. the junction consisted of a

ferroelectric main barrier and a dielectric extra barrier [62]. The resis-

tive switching changed both the tilt of the main barrier and the height

of the extra barrier. For a step barrier with dimensions d1=2.5 nm and

d2=1.0 nm, φ1 ≈ 0.6 eV, φ2 ≈ 2.5 eV, and a change in the extra barrier by
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about 0.5 eV by the switching of the main barrier, they obtained a TER

of the order of 102–103 using the Landauer formula for conductance. At

low bias voltages, i.e., comparable to values obtained with the Landauer

formula, the TER values we obtain are of the order of 102 (see Fig. 4.7(c)).

Thus, with comparable barrier parameters we obtain similar TER values

as Zhuravlev et al. However, in our calculations the height of the extra

barrier stays constant and only the tilt of the main barrier is switched.

Therefore it seems that the key parameter affecting the TER is the change

in the tilt of the main barrier and a possible change in the height of the

extra barrier has a smaller effect.

Besides the effect of different barrier parameters we study also the ef-

fect of series resistance on the shape of the J–V curve in order to mimic

experimental conditions (see Section 3.3.2). In Fig. 4.8 we have plotted the

J–V curves of a step barrier structure (d1=2 nm, φ1=0.2 eV and d2=1 nm

and φ2=0.8 eV/3.5 eV (LRS/HRS)) with and without taking the series re-

sistance Rs into account. The value of the series resistance Rs=250 Ω and

the area of the junction A = 5000 μm2. As can be seen in Fig. 4.8(b) the
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Figure 4.8. (a) Two potential energy barrier structures with different high barriers and
(b) the corresponding J–V curves both with and without taking the series
resistance into account. The difference for the two potential profiles is the ex-
tra barrier heigth: φ2=0.8 eV/3.5 eV (LRS/HRS). The barrier widths d1=2 nm
and d2=1 nm, and for both structures φ1=0.2 eV. The series resistance used
Rs=250 Ω and the assumed area of the junction A=5000 μm2. The other
parameters used T =0 K, EF =0.5 eV, and m∗ = me.

J–V curves for the low and high resistance states without the series re-

sistance show similar asymmetric characteristics. In contrast, when the

series resistance is taken into account the low resistance state J–V curve

is nearly symmetrical. Although the underlying potential structures are

exactly the same for both cases, simply looking at the J—V curves in

Fig. 4.8(b) can give a misleading idea that the low resistance potential
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barrier could be qualitatively different from the high resistance potential

barrier. Therefore the series resistance and other non-idealities of the ex-

perimental setup must be carefully considered when comparing modeling

results to experimental curves.

In summary, we have shown that in a step barrier structure the reso-

nant tunneling through confined states formed in the notch between the

two barriers causes the steep rises in current for one bias polarity. We

obtain TER values for step barrier structures comparable to those calcu-

lated using the Landauer formula and looking at experimental results,

we demonstrate the importance of including series resistance when mod-

eling the currents. For more detailed results regarding the changes in the

characteristics of the J–V curves due to varying barrier parameters, see

Publication II.

4.3 Modeling experiments

As discussed above, the Tsu-Esaki approach can be used to fit and inter-

pret experimental results since it is not limited to a certain bias range or

potential shape. In Publication III we use our method to fit experimen-

tal results for nominally symmetric tunnel junctions exhibiting resistive

switching, composed of two 20 nm thick La2/3Sr1/3MnO3 (LSMO) elec-

trodes sandwiching a 2 nm ferroelectric PbZr0.2Ti0.8O3 (PZT) layer.

The experiments were performed at T = 5 K and thus we use the low

temperature Tsu-Esaki equation [Eq. (3.5)] for the calculations. The I–V

curves of the high resistance state are highly asymmetric suggesting that

the underlying potential is asymmetric as well. Hence a step barrier po-

tential was taken as a starting point for the potential model. We tested

several different step barrier models studying the resulting I–V curve

characteristics, and the best fit is obtained with an adjacent barrier in

the LSMO layer in both resistance states and a gradual change in the po-

tential within the PZT layer. The potential models for the high and low

resistance states are shown in Fig. 4.9(a) and the resulting I–V curves

are plotted with the experimental data in Fig. 4.9(b). The area of the

junction is 30×60μm2 and a series resistance of Rs = 250 Ω is used in the

calculations.

The barrier parameters such as barrier heights obtained from the fitting

depend sensitively on material parameters such as the electron effective

mass and the barrier widths and therefore the main results of the fitting
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Figure 4.9. (a) Potential energy model of the high resistance (high R) and low resis-
tance (low R) states and (b) the corresponding I–V curves. In (b) the circles
correspond to the experimental data and the solid lines are the calculated
curves. The barrier widths are dPZT = 2 nm, dLSMO(insulating)=0.8 nm,
and in PZT a gradual potential change is assumed near the bottom interface.
The barrier heights are φ1=0.15 eV and φ2=2.00 eV (high R), and φ1=0.15 eV
and φ2=0.58 eV (low R). Fermi energy EF =0.5 eV, effective electron masses
m∗

LSMO= 2.5me and m∗
PZT = me. The size of the junction is 30×60μm2 and

experimental data was recorded at 5 K.

are not the exact parameter values but rather the overall shape and the

relative heights of the two barriers. As discussed in Publications I and II,

the step barrier is a simplified model of the actual device and in practice,

e.g., the barrier interface roughness and slight non-uniformity of the bar-

rier thicknesses affect the absolute current values and these are not taken

into account in our model. However, with our approach we can see that

the characteristic asymmetry of the high resistance state can only be re-

produced when the extra LSMO barrier height is considerably larger than

the height of the PZT barrier. Experimental results presented in Publica-

tion III suggest that oxygen vacancy migration across the LSMO/tunnel

barrier bottom interface is the main cause for the reversible switching be-

tween the two non-volatile resistance states. The gradual change of the

potential within the PZT layer might reflect a gradient in oxygen vacancy

concentration.

In summary, by calculating currents through step barrier structures

and studying the current characteristics we have obtained a step barrier

model with which experimental results of a junction with a low and high

resistance state can be reproduced. The step barrier has a relatively low

main barrier and a high extra barrier and the only difference between the

two resistance states in the model is the height of the higher barrier. In

addition, the series resistance of the junction was taken into account in

the model for reproducing the experimental curves.
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The resonant tunneling diode (RTD) is a double barrier structure consist-

ing of two potential barriers surrounding a quantum well (QW). Tsu and

Esaki predicted in 1970s that I–V characteristics of double and multiple

barrier structures should show a NDR region due to resonant tunneling

through the confined resonance state in the QW [21, 22]. A schematic of

the RTD structure for three different bias voltages is shown in Fig. 5.1.

At low bias voltages (Fig. 5.1(a)) the confined level is higher than the oc-

cupied states at the emitter and the current through the structure is very

small. As the bias is increased (Fig. 5.1(b)) and the emitter Fermi level

is aligned with the confined state, electrons are able to tunnel through

the confined state, i.e., via resonant tunneling. When calculating trans-

mission through the structure this is seen as a peak in the transmission

coefficient. As bias is further increased (Fig. 5.1(c)) the confined level

falls below the occupied emitter levels and current decreases, producing

the NDR region in the I–V curve. RTDs have intrinsically high-speed

NDR characteristics at room temperature and thus they provide possi-

bilities for interesting applications, e.g, in digital logic circuits and high-

frequency oscillators. For reviews of RTDs and their modeling see, e.g,

Refs. [13], [77], and [78].

Figure 5.1. Schematic picture of the RTD for three different bias voltages increasing from
a) to c).
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5.1 Modeling of experiments

We chose to model the experimental device by Slobodskyy et al. [79] con-

sisting of Zn0.7Be0.3Se barriers sandwiching a Zn0.92Mn0.08Se quantum

well. The barriers are surrounded by so called spacer layers, i.e., undoped

regions of ZnSe, to minimize impurity scattering due to dopant interdif-

fusion into the barrier regions [80]. Next to the spacer layers is a doped

layer of Zn0.97Be0.03Se, with doping density n = 1×1018cm−3 and the ZnSe

contacts are heavily doped, n = 15× 1018cm−3.

The only parameter needed be estimated for the calculations is the bar-

rier height of the Zn0.7Be0.3Se. Using the Green’s function code of Publi-

cation IV the resonance widths were fitted to the experimental results for

obtaining an estimate for the barrier height. A barrier height of 23 % of

the band gap difference, 92 meV, resulted from these fits and was subse-

quently used in our model. We used the same material parameters for all

regions of the device and these were approximated by those of ZnSe, i.e.,

m∗ = 0.145 and ε = 9.1.

The QW area consists of a dilute magnetic semiconductor and there-

fore an external magnetic field causes the spin splitting ΔE of the energy

levels via the giant Zeeman effect [81]. We calculated the spin splitting

following Slobodskyy et al. [79]:

ΔE = N0αx s0Bs

(
sgμBB

kB(T + Teff)

)
. (5.1)

Above, N0α is the s-d exchange integral, x the Mn concentration, g is the

Landé factor, μB the Bohr magneton, Bs is the Brillouin function of spin

s, s0 is the effective Mn spin, and Teff is the effective temperature. The

values of the parameters are N0α=0.26 eV, x=8%, s=5/2, g=2.00, s0=1.13,

and Teff=2.24 K.

In the experiments by Slobodskyy et al. the peak in the I–V curve splits

into two peaks as a function of both temperature and magnetic field. We

modeled the structure in order to see whether this split is indeed due to

the different potential energy levels of spin up and spin down carriers

in the QW area. The potential was calculated self-consistently and as

an example we have plotted the effective potential and the corresponding

electron density in the RTD for a bias voltage of Vb = 0.15 V, magnetic

field B = 6 T, and temperature T = 4 K in Figs. 5.2 and 5.3, respectively.

The potential profile for spin down electrons is lower in the QW due to

the Zeeman splitting as can be seen in Fig. 5.2. The electron densities for

both spins practically coincide as can be seen in Fig. 5.3. Due to the lower
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Figure 5.2. Self-consistent effective potential of the magnetic RTD at the bias voltage of
0.15 V for spin up electrons (solid blue line) and spin down electrons (dashed
red line).
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Figure 5.3. Self-consistent density of spin up electrons (solid blue line) and spin down
electrons (dashed red line) in the magnetic RTD at the bias voltage of 0.15 V
(the two curves practically coincide).

potential in the QW we expect that the current peak for the spin down

carriers occurs at a lower bias voltage than that of the spin up current.

We plot in Figs. 5.4 and 5.5 the current densities as a function of the bias

voltage for an increasing magnetic field and an increasing temperature.

As can be expected from the temperature and magnetic field dependences

of the spin splitting ΔE (Eq. (5.1)) the peaks of the spin currents merge

with decreasing magnetic field and increasing temperature as shown in

Figs. 5.4 and 5.5, respectively. At low bias voltages the current oscillates
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Figure 5.4. J–V curves of the magnetic RTD when T = 4.2 K. The spin up current (solid
line) and the spin down current (dashed line) are shown separately. The
successive curves corresponding to different magnetic fields are shifted by
5 × 104 A/cm2 with respect to each other. (When the bias voltage is 0 V the
current density is 0 A/cm2 for all magnetic field values.)
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Figure 5.5. J–V curves of the magnetic RTD when B = 6 T. The spin up current
(solid line) and the spin down current (dashed line) are shown separately.
The successive curves corresponding to different temperatures are shifted by
5 × 104 A/cm2 with respect to each other. (When the bias voltage is 0 V the
current density is 0 A/cm2 for all temperatures.)

abruptly and obtains negative values which is a well-known artifact of the

Wigner formalism. Reducing the number of discretization points leads to

even more negative values, an indication that the results we have ob-

tained are not fully converged. However, we were not able to increase the

number of discretization points beyond 105 due to memory limits. The
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problem with numerics arises due to very narrow resonance peaks which

would require extremely dense grids that are not attainable with the cur-

rent implementation. This feature of the Wigner formalism therefore lim-

its its applicability in resonant tunneling calculations.

The shapes of the J–V curves agree well with the experimental results

by Slobodskyy et al. but the calculated current values are up to five orders

of magnitude too large. Our results obtained using the Wigner formalism

agree reasonably well with those calculated using the Green’s function

formalism and therefore the reason for this disagreement is in fundamen-

tal approximations. Possible explanations include the use of the effective

mass approximation and high doping in the lead resulting in impurity

band formation which we have not taken into account. The tunneling

probability is very sensitive to changes in the potential profile and there-

fore even very small modifications due to the approximations can result

in large differences in the tunneling currents.

In summary, using the Wigner formalism we have modeled the current

in a resonant tunneling diode where the potential profile for the two car-

rier spin polarizations is different in the QW area. We were able to repro-

duce the experimentally observed peaks in the I–V curves corresponding

to the spin polarized currents and also the changes in the positions of the

peaks as a function of both temperature and magnetic field.
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6. Summary and outlook

In this thesis we studied electron tunneling through single, step and dou-

ble barrier structures using two different approaches. For studying tun-

neling in ferroelectric tunnel junctions, FTJs, we used the Tsu-Esaki ap-

proach with numerically solved quantum mechanical transmission func-

tions. In the calculations for a resonant tunneling diode, RTD, we used the

semi-classical Wigner formalism with a self-consistently calculated po-

tential. We implemented both approaches into computer codes and used

these for simulating experiments and predicting possible new phenom-

ena.

With our single tilted barrier modeling of FTJs we studied the applica-

bility of commonly used analytic formulae and showed that our approach

is more flexible since it is not tied to specific voltages ranges or to lim-

ited barrier shapes. In addition, our results suggest that experimental

phenomena previously explained by polarization switching could actually

be due to a small change in the barrier thickness. Using the step barrier

model we studied the effect of different barrier parameters on the char-

acteristics of the tunneling currents and also examined how the series

resistance in the measurement circuit affects experimental results. We

showed that the steep rises in current for one bias polarity are related

to resonant tunneling through the notch states forming in the triangular

well between the two barriers. We were also able to reproduce experimen-

tally measured asymmetric I–V curves of nominally symmetric tunnel

junctions using our approach.

In our resonant tunneling calculations we showed that if the QW is

made of dilute magnetic semiconductor material, the splitting of the po-

tential in the QW area due to the Zeeman effect causes the peak in the

I–V curve to split into two as a function of increasing magnetic field or

decreasing temperature. We were able to qualitatively reproduce the ex-
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perimental results of Slobodskyy et al. but the difference of several orders

of magnitude in the current values should be further studied. We also

observed that the Wigner formalism is not numerically efficient for tun-

neling calculations where sharp resonances are encountered, and in fact

the less approximative Green’s function formalism implemented using the

finite element method surprisingly required less computational resources

for obtaining an accurate, converged result.

Interesting new features and possible explanations for experimental re-

sults were found in the course of this work. However, as many issues as

we have solved, as many new questions have come up concerning the op-

eration of tunneling devices and related physical phenomena. What effect

do the interfaces and their atomic structure have on tunneling? What

are the dominating contributions to the tunneling current? What is the

role of the electrode materials? How do thickness variations in the lay-

ers affect the currents? What are the key material parameters affecting

the device operation? All these require further studies as new phenom-

ena arise with the miniaturization of junctions and in the quest for com-

pletely new types of devices. First-principles calculations addressing the

complicated interplay between electronic structure, atomic structure and

the tunneling process could provide insight to these issues [82, 83]. With

increasing computational resources, bigger and more realistic structures

can be modeled with sufficient accuracy. Still, tunneling is one of the most

intriguing aspects of quantum mechanics and it will not cease to inspire

new experiments, models and applications in the future. As Duke put it

in his famous book Tunneling in Solids: "Tunneling is an art and not a

science".
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In Publication IV a copy Fig. 3 of was published as Fig. 4. The correct

Fig. 4 is in the Erratum (Physical Review B 73, 159901(E) (2006)).
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