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1. Introduction

Today’s musicians have at their disposal an unprecedented amount of di-

gital tools for music creation. These tools range from professional record-

ing software to virtual musical instruments and immense libraries of or-

chestral sounds. Thanks to the ubiquity of personal computers and music

software, musicians are now able to produce their work without having to

invest in expensive recording studios or analog audio equipment.

Digital audio systems offer numerous advantages over their analog coun-

terparts, including flexibility, portability, reduced costs, and immunity to

inherent electrical problems such as noise and component aging [1]. In

spite of this, musicians still show a strong preference for analog equip-

ment. While this preference can be attributed to external factors such

as nostalgia and musical heritage, it is usually associated with the al-

leged claim that digital audio technologies lack the character and warmth

of analog systems. From the standpoint of traditional digital signal pro-

cessing, this is partially true. Digital systems have been historically cha-

racterized by their predictability, lack of noise, and generally linear be-

havior, which are attributes not usually encountered in analog systems

[2]. Moreover, digital algorithms are susceptible to undesirable artifacts

such as frequency warping, numerical instabilities (particularly for the

case of time-varying systems) and aliasing [3, 4]. The demand for digital

systems whose behavior emulates that of analog equipment led to the de-

velopment of a branch of digital signal processing commonly referred to

as virtual analog (VA) modeling.

The term VA was first coined by Swedish manufacturer Clavia in 1995

with the release of the Nord Lead synthesizer. The Nord Lead was a

digital synthesizer that emulated the internal architecture of classic ana-

log synthesizers like those produced between the 1960s and 1980s, and

which operated around the concept of subtractive synthesis [5]. Nowa-
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Figure 1.1. Screenshot of the TAL-BassLine VA bass synthesizer (image copyright by
TAL Software GmbH, used with permission).

days, more than 20 years later, VA modeling has fully matured into a

popular and highly active area of study. Previous work in this field has

studied the behavior of numerous musical systems, such as guitar ampli-

fiers [6, 7, 8, 9, 10, 11], distortion/overdrive pedals [12, 13, 14, 15, 16],

electromagnetic pickups [17, 18, 19], general dynamic range processing

[20, 21] and specific hardware units [22, 23, 24, 25], modulation effects

such as phasers and flangers [26, 27, 28, 29, 30], analog delays [31, 32],

the Moog ladder filter from both a linear [33, 34, 35] and a nonlinear per-

spective [36, 37, 38, 39, 40], the diode ladder filter [41, 42, 43], Sallen-Key

filters [44, 45, 46], the Buchla lowpass gate [47], ring modulators [48, 49],

and electromechanical reverberation units [50, 51, 52, 53, 54]. Figure

1.1 shows a screenshot of software-based VA synthesizer inspired by the

Roland SH–101, a well-known and highly coveted monophonic analog sub-

tractive synthesizer produced in 1982 by the Roland Corporation.

A sizeable portion of VA research has concentrated not on the analy-

sis of specific audio circuits, but on the development of circuit modeling

frameworks that can be applied to the general case. Such approaches

include port-Hamiltonian systems [55, 56, 57, 58, 59], state-space repre-

sentations such as the DK-method [60, 61, 62] and the wave digital filter

(WDF) formalism [63, 64, 65, 66, 67]. In general, these techniques all

fall under the category of white-box modeling, where the behavior of a

system is modeled based on full knowledge of its internal characteristics,

e.g., by studying the original circuit schematics and service manuals. A

contrasting approach is that followed by black-box techniques which rely

14
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on input–output measurements of the system under study. This class of

methods includes, for example, the use of dynamic convolution [68, 69],

Wiener/Hammerstein and related models [70, 71, 72, 73, 74] and Legen-

dre nonlinear filters [75, 76].

This thesis focuses on the development of aliasing suppression tech-

niques for nonlinear audio signal processing. The objective of these tech-

niques is to reduce the level of aliasing components to a point where their

presence, which can lead to undesirable phenomena such as inharmonic-

ity and beating, can be neglected. In other words, the aim is to attenuate

aliases below the threshold of audibility. Specifically, we concentrate on

the case of static nonlinear systems. While the main motivation behind

this research is ultimately that of VA modeling, these techniques are in-

troduced from a more general signal processing point of view.

This work consists of a brief overview of the findings and seven peer-

reviewed articles. These articles can be split into two groups. The first

group consists of Publications I–IV which introduce the use of the ban-

dlimited ramp (BLAMP) function and its integrated form to reduce the

aliasing caused by special cases of piecewise nonlinearities such as hard

clipping and signal rectification. Publication III presents a novel VA model

of a vintage synthesizer module which incorporates one of these tech-

niques. The second group is comprised of Publications V–VII which pro-

pose a different approach to aliasing suppression in static nonlinearities

based on discrete differentiation of integrated functions, also known as

the antiderivative method. Publications VI and VII introduce their use in

VA modeling.

This overview is structured as follows. Section 2 details the problem of

aliasing in digital audio signal processing. Section 3 provides a brief out-

line on the derivation and use of the BLAMP function and its integrated

form. Section 4 discusses the antiderivative method, the second family

of techniques proposed in this thesis. Finally, Sections 5 and 6 present

a summary of the contributions of this thesis and concluding remarks,

respectively.
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2. Aliasing

In digital signal processing, aliasing is a problem typically associated with

incorrect sampling of continuous signals. According to the sampling theo-

rem, in order for a continuous-time signal to be accurately represented in

the discrete-time domain, it must be sampled at a sampling rate at least

twice as high as the highest frequency component in the signal [77, 78].

Failure to meet this condition will cause components whose frequency ex-

ceeds half the sampling frequency, also known as the Nyquist limit, to

be reflected into the baseband and misrepresented as aliases. In audio

systems, aliasing can cause undesirable artifacts, such as inharmonicity,

roughness and beating [79, 80, 81, 82], and must therefore be avoided.

In sampling applications, aliasing is prevented by simply lowpass filter-

ing the original analog signal prior to discretization [77, 83]. However,

the problem of aliasing in audio signal processing extends beyond just the

case of analog-to-digital conversion. In this section we discuss aliasing

in two applications: synthesis of classic oscillator waveforms and nonlin-

ear audio signal processing, with the latter being the central focus of this

work and its associated publications.

2.1 Aliasing in Classical Oscillator Waveforms

In subtractive synthesis, sounds are sculpted by processing spectrally-rich

signals with a resonant filter [81]. Sound articulation is then achieved

by modulating the cut-off frequency of the filter using e.g., an envelope

generator or a low-frequency oscillator. Typical source signals used in

subtractive synthesis include sawtooth, rectangular pulse and triangular

waveforms, i.e., the so-called classical analog waveforms [84]. Trivial syn-

thesis of these waveforms in the digital domain is susceptible to aliasing

due to their non-bandlimited nature. This condition can be attributed

17
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Figure 2.1. Waveform and magnitude spectrum of a 440-Hz sawtooth signal synthesized
(a)–(b) trivially, which introduces high levels of aliasing distortion, and (c)–
(d) via additive synthesis, which ensures a perfect alias-free spectrum. A
sampling rate fs = 44.1kHz was used to generate these examples. Circles
have been used to highlight non-aliased components.

to the discontinuities found in these waveforms or in their derivatives

[80, 84, 85].

In order to better understand the issue of aliasing in digital oscillator

synthesis, we can consider the case of a continuous-time periodic saw-

tooth signal with peak amplitude of 1 (dimensionless) and a fundamental

frequency of f0 Hz. The Fourier series (FS) expansion of this signal is

given by

s(t) = − 2

π

∞∑
k=1

1

k
sin(2πkf0t), (2.1)

where k ∈ Z represents the kth harmonic and t is time [80, 86]. As in-

dicated by this expression, the sawtooth waveform consists of an infinite

sum of even and odd harmonics, with the amplitude of the kth harmonic

defined as 1/kth of the level of the fundamental.

Given the infinite frequency content of the sawtooth waveform, synthe-

sizing it by trivial means in the digital domain will introduce high levels

of aliasing distortion. This can be attributed, for instance, to the fact that

discontinuities will be erroneously rounded to the nearest available sam-

pling point [84]. We can also look at this problem from the perspective

of the sampling theorem and make the observation that no sampling rate

will be high enough to accommodate infinite frequency content. As an ex-

ample, Figures 2.1(a) and 2.1(b) show the waveform and magnitude spec-
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trum, respectively, of a 440-Hz sawtooth signal generated trivially using

a phase counter that resets at every period. This example was generated

at a standard audio sampling rate fs = 44.1kHz. The circles in Figure

2.1(b) have been used to indicate non-aliased components, i.e., harmon-

ics. Given the exceedingly high levels of aliasing it exhibits, this signal

will be perceived as noisy and inharmonic, and is practically unusable for

subtractive synthesis.

A straightforward approach to avoid aliasing in classical waveforms is to

use additive synthesis and generate only those harmonics that lie below

the Nyquist limit [87]. This can be done by defining the discrete bandlim-

ited FS expansion

s[n] = − 2

π

K∑
k=1

1

k
sin(2πkf0nT ), (2.2)

where n∈ Z is the sample index and T is the sampling interval, defined

as the inverse of the sampling rate, i.e., T = 1/fs. Parameter K is used to

determine the frequency of the highest harmonic to synthesize. Figures

2.1(c) and 2.1(d) show the waveform and magnitude spectrum, respec-

tively, of the same 440-Hz sawtooth signal generated by synthesizing only

those harmonics below the Nyquist limit, i.e., 22.05 kHz. As expected, the

signal is completely free from aliasing.

Additive synthesis provides a seemingly ideal solution to the issue of

aliasing in classical oscillator waveforms. However, the computational

costs of this approach are directly proportional to the number of required

harmonics and escalate considerably for the case of low fundamental fre-

quencies [80, 82]. A related approach to additive synthesis is the use of

discrete summation formulas. These are a set of trigonometric series writ-

ten in closed form that can be used to efficiently generate bandlimited

signals composed of harmonically-related sinusoidal components [88, 89].

The spectral content of these signals can be shaped to match that of clas-

sical waveforms via linear filtering. Rodet and Depalle proposed an alter-

native to additive synthesis that consisted on synthesizing the required

harmonics in the frequency domain and using the inverse Fourier trans-

form to convert the generated spectrum into a time-domain signal [90].

The techniques mentioned so far aim to completely eliminate the pres-

ence of aliasing in classical oscillator waveforms. However, it is a well

known fact that when aliases are sufficiently attenuated or when they oc-

cur at very high frequencies (e.g., near the Nyquist limit), they become

inaudible and their effects can be ignored. Approaches that aim to reduce
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the level of aliasing down to a negligible level, rather than completely

eliminating it, are usually denoted as quasi-bandlimited techniques. The

most straightforward and well-known of these techniques is to simply op-

erate at a higher sample rate. This technique, known as oversampling,

essentially pushes the Nyquist limit to a higher frequency and hence the

frequency at which harmonics are reflected [79, 81, 91]. Due to the natu-

ral spectral decay of harmonics in classic oscillator waveforms, oversam-

pling ensures generated aliases are lower than those introduced in the

non-oversampled case. Like additive synthesis, oversampling increases

the computational costs of the system, as high oversampling factors are

usually required [82]. Moreover, oversampling requires additional filter-

ing stages to restore the synthesized signal back to the original sampling

rate, which will further amount to the computational costs of its imple-

mentation.

The development of efficient quasi-bandlimited algorithms for classical

waveform synthesis has been a particularly active research topic within

VA modeling. Stilson and Smith [84], proposed bandlimiting the derivati-

ves of the waveforms, which can be expressed in terms of periodic impulse

functions, or an impulse train, as they called it. The resulting bandlim-

ited impulse train (BLIT) can then be integrated via lowpass filtering to

produce alias-free approximations of the classical waveforms. This idea

was then extended by Brandt [92], who suggested skipping the integra-

tion stage and operating directly on the actual waveform using what he

called a bandlimited step (BLEP) function. This idea, which is central to a

subset of the techniques discussed in this thesis (see Section 3), was later

expanded by Välimäki et al. [80, 93, 85], who proposed different polyno-

mial approximations of the BLEP function and the use of its integrated

form, i.e., the BLAMP function, to antialias triangular oscillators. Recent

research on the BLIT and BLEP synthesis methods has studied the use of

the Hammerich pulse to synthesize lowpass-filtered impulse trains [94],

and the relationship between the BLEP function and the Lanczos sigma

factor [95]. In [96], Olsen et. al. incorporated the BLEP method into a

WDF-based VA model of a dynamic audio circuit, namely a relaxation os-

cillator. The use of the BLEP method in this context was possible due

to prior knowledge of the step-shaped nonlinear nature of the circuit. A

related approach was followed in Publication III to reduce the aliasing

caused by a VA waveshaper.

Other available techniques aimed at reducing the level of aliasing in
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classical oscillator waveforms include the use of differentiated polynomial

waveforms (DPW) [97, 98] and polynomial transition regions (PTR) [99].

An optimized implementation of the latter approach, known as the effi-

cient PTR (EPTR) algorithm, was proposed by Ambrits and Bank [100].

The operating principle behind the first-order DPW method was extended

to wavetable synthesis by Geiger [101], and expanded for the case of

higher-orders by Franck and Välimäki [102, 103]. Overall, while the de-

tails behind the derivation of the DPW and PTR/EPTR methods are fun-

damentally different from those of the BLEP method, their underlying

principle is the same. Both methods operate by quasi-bandlimiting, or

smoothing, the discontinuities found in the classical waveforms.

2.2 Aliasing in Nonlinear Audio Processing

Many of the effects of interest for music applications, such as those de-

scribed in Section 1, fall under the category of nonlinear processing [3].

From a system analysis point of view, nonlinear systems are those that do

not satisfy the principles of linearity and superposition [78]. In audio sys-

tems, nonlinear processing introduces frequency components not present

in the original input signal [3]. These frequency components, known as

harmonic and intermodulation distortion, are typically identified as one

of the causes behind the aforementioned and highly sought-after warmth

of analog audio devices. While distortion components might be considered

an undesired phenomenon in other areas of engineering [104, 105], their

accurate emulation is one of the crucial aspects of VA modeling.

The bandwidth-expanding nature of nonlinear processing is one of the

foundations of waveshaping synthesis. This type of synthesis explores the

creation of complex harmonic spectra by processing signals with low har-

monic content (typically sinusoids) using amplitude-dependent nonlinear

functions [106, 107]. The earliest example of waveshaping synthesis in

the digital domain is usually attributed to Jean-Claude Risset, who in

1969 utilized sinusoidal waveforms processed by a piecewise saturating

function to emulate the sound of a clarinet [108]. Nonlinear waveshaping

was extensively researched during the 1970s, as it provided a relatively

inexpensive framework to generate harmonically-rich sounds. Schaefer

proposed the use of Chebyshev polynomials which could be parametrized

based on the Fourier coefficients of the target spectrum [106]. This ap-

proach was extended in parallel by both Arfib [109] and Le Brun [110].
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Nonlinearities are commonplace in VA modeling of audio circuits [1].

Their occurrence can be attributed to the inherently nonlinear current–

voltage (I–V) relationship of electrical components such as diodes, transis-

tors and vacuum tubes [7, 15, 49, 111]. Furthermore, nonlinearities can be

caused due to system or component limitations. For instance, Publication

III presents a VA model of a synthesizer module whose design exploits the

limitations of operational amplifiers to create a nonlinear mapping.

All the techniques presented in this work are aimed at reducing the level

of aliasing caused by static, or memoryless, explicit nonlinearities. This

means the output of the nonlinearity does not depend on previous input

values or states, like in dynamic systems. In the continuous-time domain,

these systems can be described as being of the form

y(t) = F0 (x(t)) , (2.3)

where x(t) and y(t) represent time-dependent input and output signals,

respectively, and F0( ) is an arbitrary real-valued memoryless nonlinear

function. Memoryless nonlinearities are one of the fundamental building

blocks of the aforementioned Wiener and Hammerstein models [70, 72,

74].

We can observe the bandwidth-expanding nature of nonlinear process-

ing and its implications with respect to aliasing by considering the case of

a sinusoidal signal processed the hard clipping function

F0 (x) =
1

2
(|x+ 1| − |x− 1|) , (2.4)

whose input–output relationship is shown in Section 3.1 of this document

(see Figure 3.1(a)).

This function essentially limits the value of input signals whose ab-

solute value exceeds 1. Figure 2.2 shows the magnitude spectrum of a

continuous-time 1245-Hz sinusoid with peak amplitude 10 (dimension-

less) processed by this function. As expected, the clipping operation ex-

pands the bandwidth of the input signal by introducing high levels of har-

monics that extend well beyond the human hearing range. In fact, since

hard clipping is an infinite-order nonlinearity, it introduces infinite har-

monics [112]. The dashed vertical line in Figure 2.2 indicates the Nyquist

limit that would result from sampling this signal at 44.1 kHz.

In the digital domain, nonlinearities are typically applied directly to a

discrete-time signal, generating the output

y[n] = F0 (x[n]) , (2.5)
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Figure 2.2. Magnitude spectrum of a continuous-time 1245-Hz sinusoidal signal with
peak amplitude 10 processed by the hard clipping function defined by Equa-
tion (2.4).
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Figure 2.3. Magnitude spectrum of a 1245-Hz discrete sinusoid (fs = 44.1kHz) clipped
(a) trivially and (b) without aliasing.

where x[n] and y[n] denote discrete-time versions of x(t) and y(t), respec-

tively. Here, the signal x[n] is assumed to be bandlimited to half the sam-

pling rate. However, due to the nonlinear nature of F0( ), the signal y[n] is

not guaranteed to be bandlimited.

Figure 2.3(a) shows the outcome of processing a discrete-time 1245-Hz

sinusoid generated at a sample rate fs = 44.1kHz with the hard clipping

function. As shown in this figure, all those components lying above the

dashed line in the continuous-time case (see Figure 2.2) have now been

reflected into the audio band as aliases. As a reference, Figure 2.3(b)

shows the spectrum of an ideal alias-free version of this signal produced

using additive synthesis, as described in Section 2 of Publication I.

The problem of aliasing in nonlinear processing, although well-known,

has not been researched nearly as much as for the case of classic waveform

synthesis. Early research on nonlinear waveshaping synthesis avoided

aliasing by using low-order polynomial nonlinearities which ensured ban-

dlimiting of the output signal and allowed full parametric control over its

spectrum [109].

For the case of high- and, particularly infinite-order, nonlinearities the

typical approach is to use oversampling. Figure 2.4 shows a block dia-
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Figure 2.4. Block diagram representation of nonlinear processing using oversampling.

gram representation of an arbitrary static nonlinearity implemented us-

ing oversampling [3, 113]. In this setup, the input signal is first upsam-

pled by factor M by introducing M − 1 zeros between each sample, and

lowpass filtered to remove the resulting mirror images between fs/2 and

the new sampling rate Mfs. Together, these two steps constitute the in-

terpolation stage. The interpolated signal is then processed by the non-

linearity and lowpass filtered to remove all components lying above fs/2.

Finally, the filtered signal is downsampled back to the original rate. These

last two steps constitute the decimation stage. Unfortunately, oversam-

pling increases the computational requirements of the system by intro-

ducing two additional filtering stages whose complexity depends on the

order of the nonlinearity and oversampling factor. Moreover, oversam-

pling scales the number of nonlinear operations by factor M . For the case

of computationally-demanding systems, such as those requiring iterative

solvers, and/or evaluation of special functions, the situation worsens. This

problem is particularly relevant in VA applications, where real-time per-

formance is essential.

To avoid the use of oversampling, few alternatives have been proposed.

Thornburg [114] suggested avoiding the use of infinite-order nonlineari-

ties (e.g., the hard clipping function defined by Equation (2.4)) by approx-

imating them with finite-order polynomials. This, of course, changes the

shape of the nonlinearity and the level of the harmonics it introduces.

Schattschneider and Zölzer proposed the use of the processing structure

shown in Figure 2.5 [113]. This structure, known as the harmonic mixer,

is designed for finite-order polynomial nonlinearities and operates by de-

composing the nonlinearity into a parallel network of monomials which

exhibit a bandlimited behavior. Each function is preceded by a lowpass

filter (LPF) whose cut-off frequency fc is chosen according to the order

of the monomial in order to ensure introduced harmonics fall below the

Nyquist limit. Fernández-Cid and Casajús [115] proposed an extension to

this structure which utilizes a filterbank (instead of a network of parallel

LPFs) and envelope detectors to split arbitrary input signals into simple

sinusoidal components. As with oversampling, both of these approaches
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Figure 2.5. Block diagram representation of an Nth order harmonic mixer. Figure
adapted from [3] and [113].

will depend on the order of the nonlinearity. Additionally, for the case of

nonlinearities that cannot be modeled accurately by a finite-order poly-

nomial, e.g., the hard clipping function defined by Equation (2.4), this

approach becomes unfeasible.

2.3 Measurement and Audibility of Aliasing

In this work, two different measures are used to evaluate the increase in

signal quality produced by the proposed antialiasing techniques. The first

one is the signal-to-noise ratio (SNR), which in this context is defined as

the power ratio between desired harmonics and aliasing components. This

same approach is presented in [114], where it is referred to as the alias-

ing signal-to-noise ratio. In [97], SNR was used to provide an objective

evaluation of the improved signal quality of the DPW algorithm, which

was then compared to an F-weighted version. Publications I–III and V

evaluate the proposed techniques by comparing the SNRs of a set of test

signals under nonlinear processing with and without aliasing reduction.

The second measure used in this work is the A-weighted noise-to-mask

ratio (ANMR) [116]. This measure is a variation of the noise-to-mask ra-

tio (NMR), which was originally proposed as a method to evaluate the per-

ceived quality of audio coding methods [117]. In VA modeling, the NMR

was first used in [80] to evaluate the performance of the first- and second-

order DPW methods. In this context, the NMR evaluates the audibility
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of aliasing components by taking into account the masking effects some

harmonics will have over the aliases. This phenomenon is particularly

relevant at high frequencies, where the increased density of harmonics

and the inherent limitations of the human auditory system render some

aliases inaudible [91, 118]. The ANMR applies an additional A-weighting

pre-filter to all signals in order to account for the low-frequency sensi-

tivity of the hearing system. Lehtonen et al. successfully evaluated the

effectiveness of this measure by comparing it against results from listen-

ing tests for the case of sawtooth waveforms [116]. In Publications VI and

VII, the ANMR is used to evaluate the audibility of aliasing distortion in

the proposed antialiased VA models.
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3. Antialiasing using Bandlimited
Correction Functions

Most of the oscillator synthesis techniques discussed in Section 2.1 work

by quasi-bandlimiting the discontinuities found in classic oscillator wave-

forms or in their derivatives. A subset of these techniques makes use of

analytical bandlimited correction functions, such as the aforementioned

BLEP and BLAMP functions, to achieve this. This same approach can

be used in nonlinear processing for the special case of static nonlineari-

ties which introduce discontinuities in the derivatives of a signal. This

section provides an overview of this approach which is central to Publica-

tions I–IV.

3.1 Bandlimited Correction Functions

The BLEP synthesis method, originally proposed by Brandt in the context

of oscillator synchronization [92], consists on replacing every discontinu-

ity in rectangular or sawtooth waveforms with a bandlimited version of

itself. Specifically, Brandt proposed storing a minimum-phase approxi-

mation of the BLEP function, computed via numerical integration of a

windowed sinc kernel, using a lookup table (LUT) which could then be re-

trieved and superimposed at each discontinuity. This method was further

developed by Välimäki et al. who identified that an analytical closed-form

expression for the BLEP function can be derived from the integral of a

bandlimited impulse function [85].

In the continuous-time domain, the bandlimited impulse function can

be written as

h0(t) = fssinc(fst), (3.1)

where sinc(x) = sin (πx) /πx and sinc(0) = 1 by definition. This expres-

sion can be derived e.g., from the inverse Fourier transform of an ideal

brickwall lowpass filter with unity passband gain and cut-off frequency at

27



Antialiasing using Bandlimited Correction Functions

fs/2Hz. Evaluating the integral of Equation (3.1) yields the closed-form

expression for the BLEP function, defined as

h1(t) =
1

2
+

1

π
Si(πfst), (3.2)

where Si(x) is the sine integral function

Si(x) =
∫ x

0

sin(t)

t
dt. (3.3)

In Equation (3.2), the subscript 1 has been used to indicate that this func-

tion is the first integral of the bandlimited impulse function. This function

was first presented in its analytical form in [85].

Evaluating the integral of Equation (3.2) produces a closed-form expres-

sion for the aforementioned BLAMP function [93], which can be written

as

h2(t) = t

(
1

2
+

1

π
Si(πfst)

)
+

cos(πfst)

π2fs
, (3.4)

which is equivalent to

h2(t) = th1(t) +
cos(πfst)

π2fs
. (3.5)

This expression was also first presented in [85].

In a similar way to the BLEP, the BLAMP function can be used reduce

the aliasing caused by discontinuities that appear in the first derivative

of a signal. A straightforward application of this approach is to synthesize

quasi-bandlimited triangular oscillator waveforms. Although not fully de-

veloped, this was first suggested in [93]. Publication II evaluates the use

of the BLAMP method in this context.

The antialiasing capabilities of the BLAMP function are not limited to

triangular waveform synthesis. Publications I–III extend the use of the

BLAMP method to the special case of signals processed by piecewise non-

linearities that introduce discontinuities in the first derivative of a signal.

These nonlinearities include, for example, the hard clipping, signal recti-

fication, and the so-called deadzone (see [114]) functions, whose input–

output relationships are shown in Figures 3.1(a)–(c), respectively.

In order to reduce the aliasing caused by these nonlinearities, we can

use the correction function known as the BLAMP residual, shown in Fig-

ure 3.2(c). This residual function is derived by evaluating the difference

between the BLAMP function (plotted in Figure 3.2(a) for the interval

t ∈ [−4T, 4T ]) and the trivial (i.e., non-antialiased) ramp

R(t) =

⎧⎪⎨⎪⎩0 for t < 0

t for t ≥ 0,
(3.6)
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Figure 3.1. Input–output relationship of the (a) hard clipping, (b) full-wave rectifier, and
(c) deadzone functions. The aliasing introduced by these nonlinearities can
be reduced using the BLAMP method.
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Figure 3.2. Time-domain waveforms of the (a) BLAMP, (b) ramp, (c) BLAMP residual, (d)
integrated BLAMP, (e) integrated ramp, and (f) integrated BLAMP residual
functions.

shown in Figure 3.2(b). The trivial ramp function is characterized by its

distinctive sharp edge or corner at t = 0 and is in fact defined as the first

integral of the Heaviside unit step function [119].

The BLAMP residual can be used to quasi-bandlimit any discontinuity

in the first derivative of a signal by centering it around the exact point

where the discontinuity occurs, scaling it by the value of the slope of the

signal at that point, and superimposing it at the nearest sampling points.

When dealing with arbitrary input signals, this process involves estimat-

ing both the fractional delay required to center the residual function at

the exact point in time where each discontinuity occurs and the slope of

the signal at that point. Publication I proposes the use of inverse polyno-

mial interpolation to estimate these parameters. Figure 3.3 illustrates the

process of centering and scaling the BLAMP residual function for the case

of a sinusoidal signal with peak amplitude 2 (dimensionless) processed by

the hard clipping function (see Figure 3.1(a)).
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Figure 3.3. First cycle of (a) a continuous (solid) and discrete (markers) clipped sinusoid,
and (b) the continuous BLAMP residual centered and sampled around each
clipping point. Vertical dashed lines indicate the exact clipping points. Figure
adapted from Publication I.

In applications where the original input signal is synthesized prior to

processing, the parameters required to apply the BLAMP method can be

computed analytically, thus facilitating its implementation. Publication

III proposes the use of the BLAMP method to reduce the aliasing in a VA

model of the Buchla 259 timbre section, a synthesizer circuit that employs

several deadzone nonlinearities (see Figure 3.2(c)) arranged in parallel to

implement a wavefolding operation. Wavefolding is a highly nonlinear au-

dio effect in which portions of a waveform that exceed certain threshold

are inverted or “folded back” on themselves. The complete input–output

relationship of the modeled system can be seen in Figure 4(a) of Publica-

tion III. Since in the original circuit the input to the wavefolder is con-

nected internally to a sinusoidal oscillator (i.e., it is not user-accessible),

the proposed VA model takes advantage of this and computes all neces-

sary parameters analytically.

The underlying principle behind the BLEP and BLAMP methods can

be extended to discontinuities in further derivatives of the signal. For

instance, computing the integral of the BLAMP function yields an expres-

sion for the integrated BLAMP function, defined as

h3(t) =
t2

2

(
1

2
+

1

π
Si(πfst)

)
+

t

2

cos(πfst)

π2fs
+

sin(fsπt)

2π3fs
2 (3.7)

=
t

2
h2(t) +

sin(fsπt)

2π3fs
2 . (3.8)
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Figures 3.2(d) and 3.2(e) show the time-domain waveform for the inte-

grated BLAMP and trivial integrated ramp (defined as tR(t)) functions,

respectively. Figure 3.2(f) shows the integrated BLAMP residual function,

which can be used in a similar way to the BLAMP residual to bandlimit

discontinuities found in the second derivative of a signal [120]. Publica-

tion IV explores the use of this residual function by considering the case

of a piecewise soft clipping function (originally presented in [121]) that in-

troduces discontinuities in the second derivative of the input when driven

by high-amplitude signals [122, 123].

3.2 Polynomial Approximations of the BLAMP Function

The BLAMP and integrated BLAMP residual functions shown in Figures

3.2(c) and 3.2(f), respectively, do not have finite support. They oscillate

infinitely as t → ±∞. Therefore, their truncation can introduce further

artifacts when superimposed at each discontinuity. Moreover, evaluating

these expressions analytically is considerably costly due to the presence

of the sine integral function. A straightforward approach to address both

issues is to precompute a finite portion of each residual function in an LUT

and apply a window function. This approach is followed in Publication IV

for the case of the integrated BLAMP residual function.

The effectiveness of LUT-based techniques to store bandlimited correc-

tion functions depends on both the length of the table and its resolution

[82]. Previous research on oscillator synthesis has proposed, instead, the

use of polynomial approximations of these functions. These approxima-

tions not only reduce the computational costs of their evaluation, but also

exhibit superior aliasing suppression when compared to table-based im-

plementations [85].

Publication I proposes two polynomial approximations of the BLAMP

and its corresponding residual function. These approximations are de-

rived by following the same procedure used to derive Equation (3.5). This

process involves approximating the basis function for the BLAMP deriva-

tion, i.e., the bandlimited impulse function, with a low-order expression,

integrating it twice and evaluating its difference with the trivial ramp

function. Nam et al. identified [118], in the context of BLIT synthesis, that

fractional delay filters serve as suitable approximations to the ideal ban-

dlimited impulse as they naturally approximate the sinc function [124].

The first polynomial residual presented in Publication I is a two-point
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Figure 3.4. (a) Two-point and (b) four-point B-spline polynomial approximations of the
BLAMP residual function.

0 0.5 0.9 1.4
-1

0

1

0 5 10 15 20
-100

-80
-60
-40
-20

0

0 0.5 0.9 1.4
-1

0

1

0 5 10 15 20
-100

-80
-60
-40
-20

0

Figure 3.5. Four-point polynomial BLAMP correction example: (a) Waveform and (b)
magnitude spectrum of a trivially-rectified 2145-Hz sinusoidal signal, and
(c)–(d) the same signal after four-point correction. The dashed waveform in
(a) and (c) represents the input signal. The corrected signal is virtually free
from aliasing for the plotted range.

cubic approximation derived from a linear interpolation fractional delay

filter. The waveform for this polynomial correction function is shown in

Figure 3.4(a). It can be seen how this function approximates the cen-

tral lobe of the waveform in Figure 3.2(c). The second proposed resid-

ual is a four-point fifth-order approximation derived from a cubic B-spline

interpolation filter [85, 125]. The waveform of this four-point approxi-

mation is shown in Figure 3.2(b). Recently, Hohnerlein et al. used the

four-point polynomial BLAMP approximation to reduce the aliasing in a

complex polygonal oscillator, which features several discontinuities in its

first derivative [126, 127].

As an example, Figure 3.5 shows the waveform and magnitude spec-

trum of a 2145-Hz sinusoidal signal processed by the full-wave rectifier
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function shown in Figure 3.1(b) with and without four-point polynomial

BLAMP correction. As shown in this example, trivial processing intro-

duces aliasing distortion throughout the spectrum that will cause the re-

sulting signal to be perceived as noisy and inharmonic. On the other hand,

the proposed technique yields excellent results, as it pushes most aliasing

components below –100 dB without the need to oversample. An important

property of the BLAMP method is that it preserves the general shape of

the processed signal. The trade-off of this method is that it attenuates

components near the Nyquist limit. If necessary, this can be compensated

by using a low-order shelving filter. Further examples and evaluations of

the performance of the BLAMP method can be found in Publications I–III.
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4. Antiderivative Antialiasing

The second family of aliasing reduction techniques discussed in this work

is that of the antiderivative method. This method, originally proposed

by Parker et al. in [128], relies on the discrete differentiation of inte-

grated functions. It is designed to reduce the aliasing distortion intro-

duced by memoryless nonlinearities, hence reducing the oversampling re-

quirements of their implementation in audio applications. Publication V

presents an alternative derivation of the first-order form of the antideriva-

tive method and proposes the use of higher-order forms which are differ-

ent from those suggested in [128]. This section provides an overview of

this approach and discusses its use in VA applications. For the sake of

conciseness, in this section we make use of a more compact superscript

notation to indicate the nth sample in a signal, i.e., xn ≡ x[n]; conversely,

Fn
0 ≡ F0 (x

n).

4.1 Background

The antiderivative method can be used to reduce the aliasing introduced

by arbitrary memoryless explicit nonlinearities of the form described by

Equation (2.3). In its first-order case, the method can be written as

yn =
Fn
1 − Fn−1

1

xn − xn−1
, (4.1)

where, as before, the subscript 1 indicates F1() is the first antiderivative

of F0(),

F1(x) =

∫
F0(x) dx. (4.2)

In [128], Equation (4.1) is derived by analytically convolving a piecewise-

linear continuous approximation of the input signal processed by F0( ),

with a rectangular lowpass kernel. Performing the convolution step an-

alytically is crucial, as it ensures the filtering of harmonic components
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takes place in the continuous time domain, prior to resampling. This ap-

proach to aliasing reduction is related to synthesis algorithms such as

the DPW and integrated wavetable synthesis methods [97, 101], which

also rely on discrete differentiation of integrated waveforms. However,

a formal study on the equivalence between these methods has yet to be

presented.

Parker et al. proposed a higher-order extension to the antiderivative

method derived from using a more complex filter. Specifically, they use a

triangular, or linear interpolation, kernel which produces the antialiased

form

yn =

(
xn−2 − xn−1

)2 [
xn

(
Fn
0 − Fn−1

0

)− (
F̃n
1 − F̃n−1

1

)]
+

(
xn − xn−1

)2 [
xn−2

(
Fn−2
0 − Fn−1

0

)− (
F̃n−2
1 − F̃n−1

1

)]
(xn − xn−1)2 (xn−2 − xn−1)2

, (4.3)

where the function F̃1( ) is defined as

F̃1(x) =

∫
xF0(x) dx, (4.4)

which is equivalent to the moment of F0() [128].

Unlike the BLAMP method, which operates only around the points where

discontinuities are introduced in the first derivative of the input signal,

the antiderivative method operates on all input values. In addition to this,

it introduces one division operation per output sample which could poten-

tially cause ill-conditioning (see Section 4.3). Nevertheless, the advantage

of this technique is that it does not depend on the form of the nonlinearity,

as the only requirement is that the static nonlinearity can be written in

explicit form.

4.2 Higher-Order Antiderivative Forms

Publication V proposes a different approach to derive high-order antideriva-

tive forms based on the observation that Equation (4.1) can also be seen

as a first-order discrete approximation to

y(t) =
dF1(x(t))

dx
(4.5)

which can be expressed using the chain rule as

y(t) =
dF1(x(t))/dt

dx/dt
. (4.6)

Equation (4.6) can be discretized by using the backward difference oper-

ator δt−, which provides a first-order approximation to the first derivative

36



Antiderivative Antialiasing

with respect to time [129], and can be defined by the effect it has on the

discrete signal xn as

δt−xn =
xn − xn−1

T
≈ dx(t)

dt
. (4.7)

A discrete-time approximation to Equation (4.6) can then be written as

δt−F1(x(t))

δt−x(t)
=

(
Fn
1 − Fn−1

1

)
/T

(xn − xn−1) /T
(4.8)

which is equivalent to the first-order antiderivative form described by

Equation (4.1).

Based on this equivalence, Publication V presents the general formula-

tion

y(t) =
dpFp(x(t))

dxp
=

(
d/dt

dx/dt

)p

Fp(x(t)), (4.9)

where p ∈ Z≥0 determines the order of the approximation and Fp() is the

pth antiderivative of F0() with respect to x. Section III-A of Publication V

defines this expression in terms of finite difference operators which allow

the derivation of discrete higher-order antiderivative forms. For example,

for the case when p = 2, this approach yields the approximation

yn =
2

xn − xn−2

(
Fn
2 − Fn−1

2

xn − xn−1
− Fn−1

2 − Fn−2
2

xn−1 − xn−2

)
. (4.10)

This second-order form is different from the second-order form described

by Equation (4.3), as it is defined in terms of the second antiderivative of

F0( ) rather than on the moment of the function. Similarly, letting p = 3

yields an antialiasing form defined in terms of the third antiderivative of

F0( ), defined as

yn =
1

xn−1 − xn−2

[
2

xn − xn−2

(
Fn
3 − Fn−1

3

xn − xn−1
− Fn−1

3 − Fn−2
3

xn−1 − xn−2

)
−

2

xn−1 − xn−3

(
Fn−1
3 − Fn−2

3

xn−1 − xn−2
− Fn−2

3 − Fn−3
3

xn−2 − xn−3

)]
. (4.11)

In cases where the antiderivatives of F0( ) are not available in closed-

form they can be estimated numerically and stored in LUTs. This ap-

proach can also be followed for the case of antiderivatives requiring the

evaluation of special functions which may be expensive to compute in

practical real-time applications. In Section IV of Publication V, LUTs were

used in the evaluation of the proposed antialiased forms for the case of the

hyperbolic tangent function, whose second- and higher-order antideriva-

tives are defined in terms of polylogarithm functions.
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It should be pointed out that the antiderivative methods also introduce

some degree of linear filtering, particularly at very high frequencies. Re-

cently, Bilbao et al. have proposed alternative antiderivative forms de-

rived by using Lagrangian interpolation [130]. These approximations do

not introduce any linear filtering for small input values.

4.3 Numerical Considerations

When operating using finite-precision numerical representations, the an-

tiderivative forms run the risk of ill-conditioning when the differences in

their denominators become small. This can be avoided in practical imple-

mentations by setting a precision threshold ε ∈ R, defined to be a small

value (e.g., ε = 10−10), and by using special approximations for when the

threshold is crossed. Publication V describes the general form of these

approximations. In this section we briefly review how these special cases

are implemented for the first- and second-order antiderivative forms.

In the first-order case, ill-conditioning can be avoided by setting the con-

dition

yn =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Fn
1 − Fn−1

1

xn − xn−1
if

∣∣xn − xn−1
∣∣ > ε

F0

(
xn + xn−1

2

)
otherwise,

(4.12)

which is equivalent to the exception presented in [128].

Since the second-order antiderivative form is derived from the iterative

differentiation of F2( ), we can define the two-step special case

yn =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2

xn − xn−2

(
Gn −Gn−1

)
if

∣∣xn − xn−2
∣∣ > ε

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

2

Δ

(
F1

(
xn − xn−2

2

)
+

Fn
2 − F2(

xn−xn−2

2 )

Δ

)
if |Δ| > ε

F0

(
xn + 2xn−1 + xn−2

2

)
otherwise,

(4.13)

where Δ = (xn − 2xn−1 + xn−2)/2 and

Gn =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Fn
2 − Fn−1

2

xn − xn−1
if

∣∣xn − xn−1
∣∣ > ε

F1

(
xn + xn−1

2

)
otherwise.

(4.14)
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Figure 4.1. Input–Output relationship of the (a) Lockhart and (b) Serge wavefolders, and
(c) a static diode clipper.

4.4 Applications in VA Modeling

Thanks to the versatility of the antiderivative forms, they can be incor-

porated into VA models of static nonlinear circuits whose characteris-

tic input–output relationship can be written explicitly in the form de-

scribed by Equation (2.3). Publication VI presents novel VA models of

two transistor/diode-based wavefolder circuits, namely the Lockhart and

Serge wavefolders, which incorporate the first-order antiderivative an-

tialiasing form. These two circuits exploit the nonlinear nature of semi-

conductor p–n junctions to implement the wavefolding functions illus-

trated in Figure 4.1(a) and 4.1(b), respectively. Figure 4.2 shows the wave-

form and magnitude spectrum of a 1245-Hz sinusoidal signal processed by

the proposed Lockhart wavefolder model with and without the use of the

first-order antiderivative method. This example illustrates how the pro-

posed methods effectively reduce the level of aliasing distortion without

the need to oversample, particularly at low frequencies.

The underlying principle behind the Lockhart and Serge wavefolders

contrasts that of the Buchla wavefolder (discussed in Section 3.1 and in

Publication III), which relies on the non-ideal behavior of operational am-

plifiers to implement a linear piecewise wavefolding function. Further-

more, in Publication VII the second-order antiderivative form is used to

reduce the aliasing introduced by two static diode clipper topologies. Fig-

ure 4.1(c) shows the characteristic input–output relationship of one of

these systems, namely the passive diode clipper.

The VA models presented in Publications VI and VII make use of the

Lambert-W function to solve the implicit I–V relationship of p–n junc-

tions and derive explicit formulations for the circuits under study [131,

132]. Although fairly common in the field of mathematics, the use of the

Lambert-W function in circuit analysis was first proposed by Banwell in

[133]. In VA modeling, it has been thoroughly studied within the context
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Figure 4.2. Antiderivative antialiasing example: (a) Waveform and (b) magnitude spec-
trum of a 1245-Hz sinusoidal signal processed by the Lockhart wavefolder
trivially (i.e., no antialiasing) and (c)–(d) with the first-order antiderivative
method, which attenuates aliasing components significantly. The dashed line
in (a) and (c) represents the input signal.

of WDFs to emulate various audio circuits, such as guitar distortion ped-

als, transistor amplifiers and a simplified ring modulator [15, 111, 134].

Parker and D’Angelo used the Lambert-W function to model the Buchla

lowpass gate, which employs a resistive opto-isolator, also known as a

vactrol, in its control path [47].

Publications VI and VII show that the antiderivative method can be

used to efficiently reduce, and in some cases completely eliminate, the

oversampling requirements of VA models. This is partly because of the

calculus properties of the Lambert-W function, whose indefinite integrals

are defined in terms of itself. Therefore, in the proposed antialiased VA

models the Lambert-W function only needs to be computed once per out-

put sample.

In [128], Parker et al. proposed the incorporation of the first-order an-

tialiasing method in a dynamic system, namely the simplified Moog lad-

der filter proposed in [37]. This process involves the addition of an ad-

ditional ad hoc filtering stage designed to absorb the one-sample delay

required to implement the method. Similarly, Paschou et al. [135], incor-

porated the same first-order antiderivative form in an implicit VA model

of the Moog filter presented in [40]. While these two examples suggest

that the antiderivative methods are suitable for the efficient alias-free

emulation of dynamic audio systems with implicit nonlinearities, the sta-
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bility conditions and numerical accuracy of these approaches have not

been researched yet. This remains an open area of study.
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5. Summary of Main Results

Publication I – “Aliasing reduction in clipped signals”

Publication I extends the use of the BLAMP function, originally presented

in the context of oscillator synthesis [93, 85], to hard-clipped signals. Sec-

tion II presents the problem of aliasing in digital hard clipping by consid-

ering the case of an ideal alias-free clipped sinusoid generated using FS

expansion. Section III introduces the BLAMP residual function and estab-

lishes the connection between level of aliasing introduced and the value

of the slope of the signal at the clipping point. In Section IV, two novel

polynomial approximations of the BLAMP residual function are proposed.

These two approximations, namely a two-point and a four-point form, are

derived from linear interpolation and a cubic B-spline fractional delay fil-

ters, respectively. The evaluation in Section V shows the proposed forms

exhibit better aliasing suppression and lower computational costs than

oversampling.

Publication II – “Rounding corners with BLAMP”

Publication II extends the applications of the BLAMP method for the

case of arbitrary nonlinearities which introduce discontinuities in the first

derivative of the waveform. Section 4 presents two additional example

applications for the BLAMP method, half- and full-wave rectification. In

addition to this, the use of the four-point polynomial approximation of

the BLAMP residual for triangular waveform synthesis is discussed and

compared with the EPTR method [100].
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Publication III – “Virtual analog Buchla 259 wavefolder”

Publication III presents a novel white-box VA model of the wavefolder

circuit in the Buchla 259 Complex Waveform Generator. In Section 2,

the proposed model is derived and compared against a SPICE simulation

of the same circuit. Section 3 proposes a digital implementation of the

model, which makes use of the two-point polynomial approximation of

the BLAMP function to reduce the level of aliasing in the system. SNR

measurements presented in Section 4 indicate that the use of the BLAMP

method reduces the oversampling requirements of the system by at least

a factor of eight.

Publication IV – “Antialiased soft clipping using an integrated
bandlimited ramp”

Publication IV extends the BLAMP method to the case of discontinuities

introduced in the second derivative of a signal. As a case study, Section II

discusses a piecewise soft-clipping function (originally presented in [121])

which is observed to introduce discontinuities in the second derivative

of the input signal when driven by high-amplitude waveforms. Section

III introduces the closed-form expression for the integrated BLAMP and

presents its corresponding residual function. Section IV presents an ex-

ample of a high-amplitude sinusoidal waveform under soft clipping whose

low-frequency aliases are attenuated by the integrated BLAMP function.

Publication V – “Antiderivative antialiasing for memoryless
nonlinearities”

Publication V presents novel higher-order forms of the antiderivative an-

tialiasing method originally proposed by Parker et al. [128]. The eval-

uation in Section IV was performed by implementing the first-, second-,

and third-order antiderivative forms, and their corresponding exceptions,

in MATLAB and Python. For the case of the hyperbolic tangent func-

tion and its antiderivatives, LUTs with cubic Lagrange interpolation were

used. SNR and computation time measurements show that the proposed

antiderivative methods significantly reduce the level of aliasing distor-

tion and reduce the oversampling requirements of memoryless nonlinear

processing.
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Publication VI – “Virtual analog models of the Lockhart and Serge
wavefolders”

Publication VI is an extended version of a previous work by the same

authors [136]. It proposes the first VA models of the Lockhart and Serge

wavefolder circuits. Sections 2 and 3 present novel explicit white-box mod-

els of both systems, whose derivation involves the use of the Lambert-W

function [15, 111, 131, 134]. The input–output relationships of the models

are validated against SPICE simulations, which show a good match. Sec-

tion 4 compares two numerical implementations of the Lambert-W func-

tion originally presented in [132], and proposes the use of the first-order

antiderivative method to reduce the level of aliasing distortion introduced

by highly nonlinear nature of the wavefolders. Section 5 evaluates the

frequency-domain behavior of the proposed VA models in terms of aliasing

suppression, by presenting multiple spectrograms and ANMR measure-

ments. The proposed antialiased Lockhart wavefolder model was ported

into C in order to evaluate its computational costs with respect to over-

sampling. Results obtained show the use of the antiderivative method re-

duces computational costs by approximately four times for a set of tested

sinusoidal input signals.

Publication VII – “Alias-free simulation of static audio distortion
circuits using the Lambert-W function”

Publication VII expands the use of the antiderivative method in audio dis-

tortion circuits by considering two static diode clipping circuits, a passive

and an active one. The passive clipper was originally presented in the

context of WDFs in [134]. Both models are discretized using the first- and

second-order forms of the antiderivative antialiasing method presented

in Publication V. This is the first instance of the second-order form be-

ing used in white-box VA modeling. ANMR measurements of the circuits

driven by a set of high-amplitude sinusoidal signals show that the pro-

posed approach completely eliminates the oversampling requirements of

the system with minimal computational overhead.
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6. Conclusions and Directions of
Future Research

In this overview we have discussed the issue of aliasing distortion in digi-

tal audio applications, particularly in nonlinear processing. Two families

of methods have been elaborated in this thesis. The first one is the novel

BLAMP method, which is an extension of the BLEP synthesis algorithm,

and can be used to reduce the aliasing caused by memoryless nonlinear-

ities that introduce discontinuities introduced in the first derivative of

a signal. Publications I, II and III introduce this family of techniques

and evaluate their performance, with the latter proposing a VA model

of a vintage synthesizer circuit that incorporates the efficient two-point

polynomial BLAMP approximation. Publication IV expands the operat-

ing principle behind the BLAMP method by considering the case of dis-

continuities introduced in the second derivative of a signal and proposing

the integrated BLAMP function. The second family of methods discussed

in this overview is that of the antiderivative method, which relies on dis-

crete differentiation and can be used to reduce the aliasing introduced

by arbitrary explicit nonlinear functions. Publication V extends this new

approach to aliasing suppression and evaluates its performance, while

Publications VI and VII propose its use in VA applications.

A natural direction for future research should be the implementation of

aliasing suppression mechanisms in VA models of non-separable dynamic

systems, such as voltage-controlled filters and guitar distortion/overdrive

pedals, where the filtering effects are intrinsically coupled with the non-

linearities. Moreover, while the techniques hereby presented could be in-

corporated into black-box emulation frameworks (e.g., [70, 72]) with rel-

ative ease, their use in white-box modeling frameworks, such as WDFs

[63, 64, 65, 66] and the DK-method [60, 62], remains an open area of study.

Moreover, within the more general field of VA research, one of the biggest

gaps that still remains is the lack of an objective and robust framework to

47



Conclusions and Directions of Future Research

evaluate the perceptual similarities between the proposed models and the

original devices. This kind of research would further help close the bridge

between analog and digital musical instruments.
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