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1. Physical background of quantum
mechanical lattice models

In solid state physics, a typical object of study is a crystalline material where
atoms are arranged in an ordered, regular, infinite grid, technically known
as a lattice. The goal is then to infer macroscopic properties of the material
using the available knowledge of the microscopic structure. In general this
is a very difficult task that involves the full complexity of the interactions
between the electrons, the atomic nuclei and possible external influences such as
electromagnetic fields. Thus it is clear that simplifications and approximations
have to be employed before any computations can be done. One way to approach
this problem is to formulate simplified models where the continuum of electronic
states is reduced to just a few orbitals localized on each of the atoms. The
canonical example of such models is the single-band Hubbard model [1], where
each of the lattice sites holds one electronic orbital describing the “valence”
electrons of the atoms. The Hamiltonian of the model contains a hopping
parameter t that allows the electrons to move and delocalize on the lattice, and
an interaction parameter U that models the repulsive Coulombic interactions
between the electrons.

It is quite remarkable that, depending on the parameters, the Hubbard model
and its simple extensions exhibit the full range of phenomena in condensed mat-
ter physics from band insulators and metals to superconductivity, magnetism,
Mott insulators and quantum Hall effects. Thus it is clear that these systems
are invaluable as theoretical toy models that help the conceptual understanding
of states of matter. In some cases they can even be quantitatively accurate
descriptions of the underlying physical systems. One rapidly developing field
where the simple models can be studied experimentally is ultracold gases in
optical lattices. There the electrons of the solid state lattice model are replaced
by entire atoms that move in a lattice potential formed by the electric fields of
laser beams. The model, however, is still the same. In fact, these experiments
can even be seen as analogue quantum simulators that can be used to “solve” the
lattice models in situations where the solution is computationally out of reach.
In this chapter we will discuss the essential concepts behind the ultracold gas
experiments. We will also discuss the connection between the Hubbard model
and high-temperature superconductivity in cuprate materials, and give a brief

1



Physical background of quantum mechanical lattice models

introduction to the physical background of topological lattice models.

1.1 Ultracold gases in optical lattices

Within the last 20 years the study of ultracold gases has opened new viewpoints
to quantum many-body phenomena [2, 3, 4]. In these experiments it is much
easier to control the lattice structure and the interactions of the atoms or
molecules than it is to control the condensed matter environment of the electrons.
Unlike in condensed matter systems, the experiment can be engineered so that
it is well described by a simple low energy Hamiltonian which is known with a
high degree of accuracy. This has made it possible to do experiments on systems
that were once thought to be purely theoretical models [5].

The basic idea in the cold gas experiments is to confine the cloud of atoms
in magnetic or optical traps, and cool them down using laser- and evaporative
cooling to temperatures low enough to observe quantum statistical effects. These
techniques depend intimately on the rich internal structure of the atoms and
on their interaction with magnetic and electric fields. One characteristic of the
field is also the ever-continuing quest to reach lower and lower temperatures.
Currently the temperatures are low enough to study magnetism in the repulsive
square lattice Hubbard model, but the superconducting phases that are likely to
be present would require perhaps one order of magnitude improvement of the
state of the art in this front [6].

1.1.1 Trapping with static electromagnetic fields

The coupling between the atom and a static electromagnetic field or an oscillating
field whose frequency is not close to any resonances of the atom’s internal
spectrum can be treated within a semiclassical picture [4]. In this picture, the
atom possesses magnetic and electric dipole moments which enter the effective
Hamiltonian describing the coupling to the magnetic and electric fields. For a
magnetic moment�μ the relevant part of the Hamiltonian is the Zeeman coupling

H =−�μ ·�B, (1.1)

where �B is the magnetic field. The magnetic dipole moment consists of the
nuclear and electronic dipole moments of the atom, and can be written as
�μ=μb(gJ�J+gI�I), where gJ and gI are Lande factors, �J and�I are the electronic
and nuclear angular momenta and μb is the Bohr magneton. For weak magnetic
fields �B the coupling to the field can be treated as a perturbation to the zero-field
hyperfine structure of the atom, which is dominated by the hyperfine coupling

HHF = hA�I ·�J = hA
2

(
�F2 −�I2 −�J2

)
, (1.2)

where h is the Planck constant, A is the zero-field hyperfine constant and
�F =�I +�J is the total angular momentum. The Hamiltonian HHF then has an
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eigenbasis labeled by the total angular momentum quantum numbers f and mf .
The hyperfine levels with different f are separated by a splitting of the order of
hA. For weak fields this is the dominant term and one can ignore the mixing of
states with different f by the magnetic field. Up to first order in B the Zeeman
splitting between states of different mf is then given by

ΔE f ,mf = g f μbmf Bz, (1.3)

where g f is a Lande factor that depends on f , and we have chosen �B to be
z-directional. Thus, if an atom in spin state | f ,mf 〉 moves in a spatially varying
magnetic field Bz(�r), it will feel a conservative potential g f μbmf Bf (�r). The
principle of a magnetic trap is then to arrange the potential so that it keeps the
cloud of atoms within the trapping region. States with μbmf > 0 are called weak-
field seeking states, as they have a potential minimum where Bz is smallest.
For stronger fields the calculation of the potential is different, but the principle
of trapping remains the same.

Similar control can be achieved using an electric field coupling to the electric
dipole moment of the atom, which is known as the Stark effect. An essential
difference to the magnetic case is that atoms in their orbital ground states do
not have permanent electric dipole moments, and thus there is no linear Stark
shift. This is because the electronic Hamiltonian is inversion symmetric with
respect to the nucleus, and so are the orbital wave functions of the electrons,
unless they are degenerate. However, trapping can be realized using the second
order effect that leads to energy shifts that are quadratic in the field strength.

1.1.2 Oscillating electromagnetic fields and optical lattices

Besides trapping using static magnetic or electric fields, more sophisticated
control of the atoms can be realized using a coherent oscillating electromagnetic
field of laser beams [4, 7, 8]. The photon mode for such a high intensity field is
highly populated, and can be treated as a classical electromagnetic field driving
coherent oscillations in the populations of different hyperfine states of the atom.
However, one also has to take into account the incoherent dynamics resulting
from the spontaneous emission of photons to other, essentially empty modes.
These two effects together lead to two different types of forces on the atom. The
first one is non-conservative and originates from the net momentum gained
by the atom when photons are absorbed from the beam and then emitted into
random directions. This force is used in laser cooling techniques, and relevant
scattering rates for photons can be derived in a master equation formalism [7, 4].
The other effect is the so-called dipole force whose potential is proportional to
the intensity of the field. This force can be used for trapping and for creating
optical lattice potentials, as discussed below.

The relevant coupling Hamiltonian is the dipole coupling to the electric field,

Hd =−�d ·�E . (1.4)
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The electric field of the laser can be taken as �EL(t)= �E0 cos(ωLt). In the simplest
case only one resonance, say, between states |g〉 and |e〉, is close to the laser
frequency. Then the relevant coupling is given by the transition dipole moment

�deg = 〈e|�d|g〉 , (1.5)

and we can write a Hamiltonian

H =ωeg |e〉〈e|+�deg ·�EL(t) |e〉〈g|+�d∗
eg ·�EL(t) |g〉〈e| , (1.6)

where ωeg = (Ee −Eg)/� is the frequency of the transition [4, 9]. The second
order ac Stark shift can be derived using e.g. second order Floquet perturbation
theory [10] and yields the dipole potential [8, 4]

Vd(�r)=− 1
4�

(
|�deg ·�E0(�r)|2
ωeg −ωL

+ |�deg ·�E0(�r)|2
ωeg +ωL

)
, (1.7)

where we have included a dependence of the electric field amplitude on the
position of the atom. This formula is valid in the weak-field regime not too close
to the resonance ωeg =±ωL , where the excited state |e〉 is lowly populated and
spontaneous emission can be neglected.

As the dipole force is proportional to the intensity I(�r) = 1
2 cε0|�E0(�r)|2 of the

field, it can be used to engineer various potential shapes. In particular, two
counterpropagating laser beams along the x-axis create a standing wave whose
intensity is proportional to sin2(kxrx), where kx = 2π/λx is the laser wave vector
and λx is the wavelength. Positioning such lasers along all coordinate axes
creates a potential of the form [4]

Vd(�r)= ∑
i=x,y,z

Vi sin2(kiri). (1.8)

This creates an orthorombic lattice with lattice constants ai = λi/2. Different
types of lattices can be created by positioning the lasers in different angles or by
adding more laser beams. A quasi-two-dimensional lattice can be obtained, for
example, by making the confinement in the third direction very strong.

A typical energy scale for the lattice physics is given by the recoil energy

ER = �
2k2

L
2m

, (1.9)

where kL is the laser wave vector (assuming kx = ky = kz = kL), and m is the
mass of the atom. Effective “low-energy” lattice models for the optical lattices
can be derived starting from the Bloch Hamiltonian and calculating the Wannier
functions of the lowest energy bands. For a sufficiently deep lattice each poten-
tial well can also be approximated as a harmonic potential and one can use the
harmonic oscillator eigenfunctions as a basis. The gap between the lowest and
second lowest band is then of the order of the harmonic oscillator level spacing
2
√

ERVi [4]. If other energy scales, such as the interaction strengths, hopping
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integrals and temperature are lower than this, then the lattice physics is de-
scribed by a single-band model, whose hopping parameter can be approximated
as [3]

ti = 4ER�
π

(
VI

ER

) 3
4

exp

(
−
√

4
Vi

ER

)
. (1.10)

The lattice depth Vi typically ranges from 1ER to tens of ER . For a range
1ER . . .20ER we have a hopping energy range ti = 0.3ER . . .0.003ER . The lattice
spacing is typically in the range 100nm.. .5000nm [4].

1.1.3 Interactions and Feshbach resonances

Interactions between neutral atoms can be divided into long- and short-range
ones. From the lattice model point of view the short-range interactions can
be defined as those only relevant within a single lattice site, while long-range
interactions then include interactions between lattice sites. The relevant in-
teractions terms are the exchange interaction, van der Waals interaction, and
electric and magnetic dipolar interactions [4]. The exchange interaction decays
exponentially at long ranges, while the leading term of the van der Waals inter-
action is −C1/r6, where C1 ∼ 103Eha6

0 for alkali atoms [11]. These interactions
are typically insignificant at the length scale of the lattice spacing, and can be
treated as contact interactions. The dipolar interaction can contribute both to
the effective contact potential and to long-range interactions, especially when
strong dipole moments are induced by external fields, as discussed below.

The short range interactions can be very complex to treat theoretically for all
but the simplest atoms [12, 13]. Fortunately, since quantum gases are dilute,
the interaction can be treated as a two-body scattering problem. Furthermore,
since the temperatures are very low, the centrifugal barrier makes the s-wave
scattering channel the only relevant one in most cases [4, 3]. The interaction
can then be described in a pseudopotential approximation whose only parameter
is the s-wave scattering length a, which can be either calculated theoretically, or,
in more complex cases, measured experimentally. For regular wave functions
the pseudopotential can be taken as the zero-range contact potential [3]

V (�r)= gδ(�r), g = 4π�2a
m

. (1.11)

The on-site interactions are then found as integrals of the Wannier functions.
If the Wannier function is approximated by the ground state of a harmonic
oscillator, the on-site interaction potential is given by [3]

U = 4
�

2πa
λL

(
ERVxVyVz

) 1
4 , (1.12)

where λL is the lattice laser wavelength. The interaction can thus be tuned by
changing either the lattice depth and spacing or the scattering length.

A large part of the tunability of ultracold gases is due to the possibility of
tuning the scattering length by simply changing a static magnetic field. This
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Figure 1.1. Setting of the Feshbach resonance. A collision in the open channel can be strongly
affected by closed channel bound states close to the collision energy, if there is a
coupling between the channels.

is due to Feshbach resonances, where bound states resonant with the collision
energy occur in a closed channel potential (see Fig. 1.1). If there is a coupling
between the channels, the scattering length is strongly affected by the bound
state, and depends on the difference between the collision energy and the bound
state energy. Since the relative energy of the channels depends, for instance,
on the Zeeman splitting, it can be tuned via the magnetic field. The scattering
length can be calculated in the coupled channels approach [14], although it can
be a quite complex task if several channels contribute. Phenomenologically, the
scattering length is given by the formula [3]

a(B)= abg

(
1− ΔB

B−B0

)
, (1.13)

where abg is the off-resonant scattering length and ΔB and B0 are parameters
describing the width and position of the resonance. Exactly at resonance the
scattering length diverges, which is called the unitarity limit. The Feshbach
resonances allow a very wide range of both attractive and repulsive on-site
interactions in lattice models.

The dominant interactions at long distances are dipole-dipole interactions,
whose interaction potential is given by [15]

Udd(�R)= C
4π

�d1 ·�d2R2 −3
(
�d1 · �R

)(
�d2 · �R

)
R5 , (1.14)

where �R is the separation between the atoms, R = |�R|, and �d1 and �d2 are the
electric or magnetic dipole moment operators of the atoms. The constant C = 1

ε0

for electric dipole interactions and C =μ0 for magnetic dipole interactions, where
ε0 and μ0 are the vacuum permittivity and permeability. Atoms or molecules
in their (non-degenerate) rotational ground states cannot have electric dipole
moments so that there is no electric dipolar interaction in this case. However,
the dipole-dipole coupling between rotational states can be significant at least
for strongly polar molecules [16, 17]. The magnetic dipolar interactions are also
typically weak, although they do give rise to Feshbach resonances in rubidium
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[4] and apparently also in dysprosium which has a strong permanent magnetic
dipole moment [18]. The situation changes if the atoms or molecules are po-
larized by an external field [19]. For z-directional induced dipole moments the
interaction reduces into

Udd(�R)= Cd2

4π
1−3cos(θ)

R3 , (1.15)

where d is the induced dipole moment and θ is the angle between the z-direction
and �R. The difference with the zero-field case, Eq. (1.14), is that the potential
acts as a direct repulsion or attraction between the atoms in the polarized
state, instead of being an off diagonal “spin-flipping” term. The dipole-dipole
interaction can also be engineered in a similar spirit as the dipole potential
resulting from the ac Stark shift by using rotating fields which cause an effective
averaging of the potential over the direction of the induced dipole moment [19].
This makes it yet another versatile tool in the optical lattice experiments.

1.2 High-temperature superconductivity

One of the main driving forces behind the attempt to understand the Hub-
bard model and its extensions is the hope that it will provide a framework
for understanding the high-Tc superconductivity in cuprate materials. The
common factor in these materials is the presence of copper oxide planes, and
it is generally believed that the superconductivity results from, or at least is
strongly influenced by strong electronic correlations within these planes [20, 21],
although electron-lattice interactions might also play a role [22]. The copper
and oxide atoms in the layers take a configuration resembling the Lieb lattice,
which is depicted in Fig. 1.2. This model has three orbitals per unit cell, and is
thus often referred to as the three-band Hubbard model. A simplified picture
of the insulating state (the “half-filling” of the copper-oxygen plane) puts two
electrons on the oxygen p-orbitals while the copper site is singly occupied due to
a strong Hubbard U resulting from the Coulomb repulsion [23]. The effective
band structure then consists of upper and lower Hubbard bands composed of
primarily the copper orbitals, with a so-called charge transfer band of primarily
oxygen character in the middle. The copper oxide layers alternate with other
types of layers depending on the specific compound. The other layers act as
charge reservoirs, and in the simple three-band model their effect is to change
the chemical potential introducing either holes in the charge transfer band or
electrons in the upper Hubbard band.

The spins on the copper sites prefer an antiferromagnetic arrangement because
this allows the hole from the copper site to virtually hop to the neighboring
copper sites. This process is of the fourth order in the copper-oxygen hopping tpd

and is inhibited by the energy gap USB between the copper and oxygen orbitals
so that the effective spin-spin interaction strength is J = t4

pd/U3
SB. This is called

the superexchange mechanism [20]. It is often argued that the three band
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Figure 1.2. a) Lattice structure of a single copper oxide plane found in high-Tc superconductors.
The bands relevant to the superconductivity are primarily composed of the copper
dx2−y2 and oxygen px/y orbitals. In the insulating state the oxygen orbitals are
doubly occupied while the copper orbital is singly occupied because of the strong
Coulomb repulsion UCu. The gap between the charge transfer band and the upper
copper band plays the role of the Hubbard U in the single band model. b) Schematic
band diagram, drawn after [23]. Upon hole doping, the chemical potential μ moves to
the charge transfer band and holes are introduced to the oxygen sites, while electron
doping forces double occupancy of the copper sites.

model can be further simplified into the canonical square-lattice Hubbard model
[20, 23], where the copper sites with their surrounding oxygens are renormalized
into a single site. The hopping on this single-band model is t ∼ t2

pd/USB, and
the charge transfer gap USB takes the role of the Hubbard U. The exchange
interaction t2/USB then corresponds to the superexchange of the three-band
model. These very simple models can be refined by the inclusion of next-nearest
and next-next-nearest neighbor hoppings and nearest neighbor interactions. The
nearest-neighbor hopping parameters for the single-band model typically range
from 0.1 eV to 0.4 eV depending on the specific material, method of estimation
and whether the hole or electron doped case is considered [24, 25, 23], while USB

is of the order of 1 eV to 2 eV [23], putting the model in the strongly correlated
regime.

The phase diagram of the cuprate materials is very well studied experimentally.
The existence of true long range order is made possible by the weak interplane
coupling, and antiferromagnetism (AFM) is found in the undoped materials with
a critical temperature of roughly 300 K [23]. By strong enough doping the AFM
critical temperature is reduced to zero and the superconducting “dome” appears
(see Fig. 1.3). The antiferromagnetism is stronger on the electron doped side and
superconductivity is correspondingly found in a narrower region. The symmetry
of the pairing gap has been determined to be predominantly d-wave for most
cuprate compounds [26]. An interesting feature is also the “pseudogap” region
where spectral density close to the Fermi surface is suppressed well above the
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Figure 1.3. Schematic phase diagram of the cuprates, after [23, 27]. An antiferromagnetic (AFM)
phase is found close to half-filling, and superconductivity (SC) can be induced by
appropriately doping the material, introducing holes or electrons into the copper
oxide layers. PG refers to the pseudogap region.

temperature where a true antiferromagnetic or superconducting gap opens. This
effect can be seen e.g. in ARPES measurements [27]. The origin of the pseudogap
has been under much debate and is still not completely clear. One plausible
explanation is that it is the result of developing finite range antiferromagnetic
correlations [28, 23].

It is interesting to note that the basic qualitative features of the cuprate phase
diagram seem to be reproduced by the square lattice Hubbard model. Indeed, it
is well known that the Hubbard model exhibits strong antiferromagnetic corre-
lations close to half-filling, although the actual phase transition temperature
is zero in strictly two-dimensional systems because of the SU(2) spin rotation
symmetry (see section 3.2.3). Recent numerical calculations with e.g. the DCA
method [29, 30, 31] provide quite convincing evidence of a d-wave superconduct-
ing phase and also discuss the pseudogap [29]. Another type of order that is
seen in some of the cuprate compounds is a non-uniform magnetization termed
the stripe state [32], with analogous behavior found in the Hubbard model [33].
A small review of recent numerical results on superconductivity and stripes in
the square lattice Hubbard model is provided in the introduction of Publication
VI, where the stripe state is studied using a plaquette DMFT approximation.

1.3 Topological lattice models and flat bands

Highly degenerate states and topological effects are historically tied together
in the quantum Hall effect, where the quantization of the orbital energies
of an electron gas into Landau levels plays a central role. What is usually
thought of as the quantum Hall effect, is the appearance of plateaus in the Hall
conductance with changing magnetic field in semiconductor heterostructures,
first experimentally measured by von Klitzing et al. in 1980 [34]. The plateaus
are very accurately quantized to integer multiples (or fractions, as discussed
below) of the conductance quantum e2/h. The availability of such a high-precision
resistance standard directly related to fundamental constants of nature is one
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of the developments leading to, for example, a proposal for the new definition of
the SI units [35].

The integer quantum Hall effect can theoretically be understood as the trans-
verse conductivity of a two-dimensional electron gas subjected to a magnetic
field B. For a non-interacting gas the Landau levels are given by εn = �ωc

(
n+ 1

2
)
,

and (neglecting spin) each level has a degeneracy of N = mωc A/h, where A is the
area of the system and h is the Planck constant. The cyclotron frequency is given
by ωc = eB

m , where m is the electron mass and e the electron charge. A simple
Lorentz boost argument shows that, in a translationally invariant system, the
transverse conductivity must be equal to the classical result σ⊥ = ρ 1

B , where ρ

is the charge carrier density of the system [36]. If ν lowest Landau levels are
filled, we then have ρ = e N

A ν and the Hall conductivity is “quantized” to values
σ⊥ = ρ 1

B = e2

h ν. Of course, all we have stated here is that the Hall conductivity
is quantized if the density is quantized, which in itself is not very interesting.
However, the essential realization by Laughlin, Thouless and others was that
the quantization is a rather robust property which does not break when the
system undergoes deformations as long as the Fermi level still lies in the gap
[37, 38, 39]. This means that even in the presence of sufficiently weak disorder
or interactions, the Hall conductance should still be quantized to the same
values between the Landau levels. The Hall conductivity is thus a “topological”
property of the quantum state that is invariant under smooth changes [40].

Disorder is an important part of the explanation of the integer quantum
Hall effect, as it breaks the translation invariance of the electron gas so that
more interesting forms of the Hall conductivity besides σ⊥ = ρ

B become possible.
Disorder spreads the Landau levels into wider bands, and some of the states
become localized. In fact, scaling arguments quite generally show that any
disorder should localize all states in a two dimensional system [41]. However,
the magnetic field allows deviation from the scaling theory, and it is known that
the spread Landau levels always contain extended states that can carry current
[42, 43]. These states are centered around some energy in the middle of the band,
while the localized states form wider tails around the bands. When the Fermi
level moves through the extended states in a band, longitudinal conductivity is
observed and the Hall conductivity changes. The plateaus in the conductivity
then occur when the Fermi level traverses the localized states.

The closest lattice analogue of Landau levels is exhibited by the Azbel-Harper-
Hofstadter model [44], which is a model defined on the square lattice with the
magnetic vector potential entering through the Peierls substitution. Depending
on the magnetic flux, this model has a number of nearly flat bands, and the
Hall conductivity is quantized when the chemical potential lies in a band gap.
In 1988 Haldane introduced [45] another lattice model where a quantized Hall
conductivity is obtained. The essential difference to the Landau level idea is that
the lattice is not immersed in a macroscopic magnetic field leading to extended
magnetic unit cells, but instead has only a two-site unit cell with “staggered”
magnetic fluxes. The remaining similarity with the 2D electron gas in a magnetic
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field is that the model breaks time-reversal invariance: a time reversal invariant
system always has zero Hall conductivity [46]. Haldane’s model was originally
thought to be just a theoretical toy model, but it has recently been experimentally
realized in an optical lattice experiment [5].

A topological transport effect that can be present in time-reversal symmetric
systems is the quantum spin Hall (QSH) effect, where, instead of a quantized
electric current, a quantized transverse spin current is induced [47]. In the
simplest case one can think of a model with two conserved spin components with
equal but opposite Hall conductivities. Taken separately, each component breaks
time reversal symmetry similarly as the single-component Haldane model, but
as time reversal flips the spin, the full model is time reversal symmetric. Such
a model was proposed by Kane and Mele as a model for graphene, where the
role of the staggered magnetic flux would be played by the spin-orbit interaction
[48]. This model was also shown to belong to a new class of models [46], dubbed
topological insulators [47], which are characterized by a Z2 topological invariant,
an integer that is well-defined only up to being odd or even. Unfortunately, the
spin-orbit interaction in graphene turns out to be too weak for observing the
QSH state [47]. However, the QSH effect was also predicted [49] to occur in
semiconductor quantum wells, which was later confirmed experimentally [50].

The integer quantum Hall effect and the topological insulators discussed above
can all be understood in terms of non-interacting fermionic model systems. The
related mathematical theory is well understood, and there exists an extensive
classification of such topological quantization effects [51]. The picture is much
more complicated when interaction effects are taken into account. In the quan-
tum Hall experiments additional plateaus in Hall conductivity appear at certain
fractions of the quantum e2/h. This is called the fractional quantum Hall ef-
fect, and its explanation requires understanding the behavior of the interacting
electron gas in the Landau levels, which has generated a lot of new theoretical
ideas involving conformal field theory and fractionally charged quasiparticles
[52, 53]. Computational studies of quantum dots have revealed states analogous
to the fractional quantum Hall states of large 2D systems [54]. Lattice models
exhibiting the fractional quantum Hall effect have also been developed and
explored numerically [55, 56].

Another direction of research in lattice models is to study the interplay of
topological band structures with interactions that can induce long range mag-
netic or superconducting order. The topological states adiabatically connected
to the non-interacting model generally compete with topologically trivial states
induced by strong local interactions, and one expects to find interesting phase
transitions both in the sense of changing topological invariants and developing
long range order at some intermediate interaction strengths [57, 58]. This was
the topic also in Publication II, where an interacting version of the Haldane
model was studied. Furthermore, topologically non-trivial phases not present in
the non-interacting case can also be found, such as the C = 1 phase studied in
Publication II using exact diagonalization and dynamical mean-field theory, and

11



Physical background of quantum mechanical lattice models

earlier within a mean-field treatment [59, 60]. A conceptually different class of
interacting topological states is formed by the topological superconductors where
the band structure of the Bogoliubov quasiparticles is topologically nontrivial
[61].

A different connection between superfluidity and topological and geometric
quantities was found in Ref. [62], where the superfluid density calculated within
a mean-field theory was shown to be related to the topology and geometry (see
section 3.3) of the non-interacting band structure of the underlying lattice model.
The connection is especially important for flat band systems, as a naive single-
band treatment gives a superfluid density that is proportional to derivatives
of the dispersion. This is related to localization in the sense that strongly
localized states cannot carry current, including supercurrent. Indeed it was
shown in Ref. [62] that a topologically nontrivial band structure, which cannot
have exponentially localized Wannier functions [63], leads to a lower limit for
the superfluid density. This provides an interesting connection to the extended
states within the Landau levels discussed above. Some implications of the theory
developed in Ref. [62] were studied in Publications III and IV, where topological
and topologically trivial lattice models with attractive interactions were studied
using mean-field and dynamical mean-field theory.
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2. Dynamical mean-field theory

The dynamical mean-field theory [64, 65], or DMFT, is a family of methods which
combine the solution of a small system with a mean-field treatment of the rest
of the lattice model. It belongs to a wider class of self-consistent field methods,
where a simplified reference problem is embedded in some form of an “effective
medium” representing the rest of the large model system. The parameters for
this effective medium then depend on the solution of the reference problem,
leading to self-consistency conditions that are usually solved by some form of
fixed-point iteration. These methods can be further classified by the type of the
field considered to be the central variable of the method. For example, in density
functional theory [66] this basic variable is the density and in density matrix
embedding theory [67] one considers the single-particle density matrix.

In the DMFT, the central quantity is the thermal single-particle Green’s
function or, equivalently, the self-energy. To understand the method, the first
prerequisite is thus to understand the Green’s functions, and how a quantum
system can be described using them. We will first introduce the basic definitions
of the Green’s function, and then review the diagrammatic perturbation theory
which is constructed using them. This is also useful when we later discuss the
continuous-time Monte-Carlo impurity solvers. Once this groundwork is done,
the DMFT self-consistency conditions can be derived in several different ways,
each emphasizing different aspects of the approximations made [64]. Here we
will approach the problem from the viewpoint of the Baym-Kadanoff-Luttinger-
Ward functional formalism, which provides an intuitive way to think about the
solution of the quantum system in the language of Feynman diagrams.

Finally, we discuss the nature of the reference model, the so-called impurity
problem, whose numerical solution is an important part of the practical im-
plementation of the DMFT. From the computational viewpoint, the numerical
method used for this task forms the core of the self-consistency loop, taking the
majority of the computational resources, and determining the range of model
parameters that can be studied. We will review the numerical methods used in
this work, and discuss their strengths and weaknesses.
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2.1 Definition and properties of the single-particle Green’s
functions

To define the Green’s functions and Green’s function based approximations to
many-body physics, we first set the stage by defining the model system that we
study. We assume that the Hamiltonian contains single-particle and two-particle
terms and is written as

H =
∑
i j

ti j c
†
i c j +

∑
i j

Ui jnin j. (2.1)

Here c†
i and ci are the creation and destruction operators for orbital i, and ti j

is the transfer integral, or hopping parameter, between orbitals i and j. To
simplify the notation, we assume that, in addition to the position on the lattice,
the indices also include other degrees of freedom such as spin. The operator
ni = c†

i ci is the density operator of orbital i. The interactions are assumed to
be of the density-density form, with Ui j denoting the interaction strength. The
generalization to more complicated forms of interactions is straightforward in
principle, but is not considered in this thesis. We will treat the problem in the
grand canonical formulation. For simplicity of notation we assume that the
chemical potential terms are included in the diagonal terms tii of the hopping
matrix. In the following we will denote the temperature by T and the inverse
temperature by β= 1/T, in units where the Boltzmann constant is kB = 1.

The following definitions and basic properties of the Green’s functions can be
found in many textbooks on condensed matter physics [68, 69, 36]. However,
there are several slightly different conventions for the Green’s functions, so
we will briefly give the basic definitions used in this thesis. The imaginary-
time single-particle Green’s function of the model is defined as a time-ordered
expectation value

Gi j(τ1 −τ2)=
〈
T (ci(τ1)c†

j(τ2))
〉

, (2.2)

where the time-dependent operators are defined as

A(τ)= exp(Hτ)A exp(−Hτ). (2.3)

The time ordering operator orders later times to the left, and the order at equal
times is defined to be such that annihilation operators appear to the left of
creation operators. This defines our so-called normal order, and it is important
that the same ordering is followed in the diagrammatics introduced later. Basic
algebraic manipulation shows that G is indeed only a function of τ1 −τ2, and
not of τ1 and τ2 separately. Furthermore, it is antiperiodic in the time argument
with antiperiod β, meaning that

Gi j(τ+β)=−Gi j(τ) (2.4)

We also define the Fourier transform of the Green’s function as

G(iωn)=
∫β

0
dτexp(iωnτ)G(τ). (2.5)
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Because of the antiperiodicity, the Fourier transform only has “odd” frequen-
cies ωn = πT(2n+1), where n is an integer. These are called the Matsubara
frequencies.

To gain some understanding to the physical meaning of the Green’s functions it
is useful to consider their connection to the states and energies of the model. This
connection is also needed when we discuss the exact diagonalization impurity
solver in section 2.7.2. Denoting the eigenenergies of the model as En and the
corresponding eigenvectors as |En〉, the imaginary time Green’s function can be
expressed as

Gi j(τ)= 1
Z

∑
n,m

exp((τ−β)En)exp(−τEm)〈En|ci|Em〉〈Em|c†
j|En〉 (2.6)

Here Z is the partition function, which is written as

Z =∑
n

exp(−βEn). (2.7)

Keeping τ constant, we can take the zero temperature limit β→∞,

Gi j(τ)=∑
m

exp(−τ(Em −EGS))〈EGS|ci|Em〉〈Em|c†
j|EGS〉 . (2.8)

This expression holds when the ground state is non-degenerate. We call this the
ground state Green’s function, although it also contains information about the
excited states. Of practical importance is that for large enough τ the Green’s
function decays proportionally to exp(−τΔE), where ΔE is the gap between the
ground state and the lowest state with one particle added, which we will call the
“addition gap”. We can also define the “removal gap”, the gap between the ground
state and the lowest state with one particle removed. This can be estimated
using a similar formula derived by keeping β−τ constant.

Performing the Fourier transform, the frequency-space Green’s function can
be expressed in a Lehman representation as

Gi j(iωn)= 1
Z

∑
n,m

(
exp(−βEm)+exp(−βEn)

) 〈En|ci|Em〉〈Em|c†
j|En〉

−iωn +Em −En
. (2.9)

The frequency-space Green’s function G(z) can also be considered as an ana-
lytical function on the complex plane by substituting z = iωn. It is completely
defined by the positions and weights of its poles, which are all located on the real
axis. At zero temperature, assuming a non-degenerate ground state, it reduces
into

Gi j(iω)=∑
n

〈GS|ci|En〉〈En|c†
j|GS〉

−iω+ (En −EGS)
+∑

n

〈GS|c†
j|En〉〈En|ci|GS〉

−iω− (En −EGS)
, (2.10)

where ω is now a continuous real variable. The first term on the right hand side
is called the particle Green’s function and the second term is the hole Green’s
function. The Green’s function of a gapped system is recognized by noticing that
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it goes to zero as ω→ 0, while for a gapless system it diverges. Here the “gap”
again refers to the single-particle removal and addition gaps.

Finally, an important special case is the non-interacting model, Ui j → 0, where
the frequency space Green’s function is given by the matrix expression

G(iωn)= (−iωn + t)−1 , (2.11)

where t is considered as a hermitian matrix of hopping parameters. Anticipating
diagrammatic perturbation theory and dynamical mean-field theory, we can
define the self-energy Σ as the “correction term” to t needed in the general case,
so that

G(iωn)= (−iωn + t−Σ(iωn))−1 . (2.12)

This relation is called the Dyson equation.

2.2 Diagrammatic perturbation theory for density-density
interactions

In this section we briefly introduce the diagrammatic perturbation theory for
density-density-type interactions. We do not intent to provide a full derivation
and discussion of all aspects of the diagrammatic machinery, but rather to
establish the notation relevant to this special case, so that we can actually
perform calculations unambiguously.

The weak-coupling perturbation theory can be derived starting from the Dyson
series expansion of the partition function (see e.g. [68], chapter 10)

Z
Z0

=
〈

T exp
(
−
∫β

0
dτHI (τ)

)〉
0

, (2.13)

where the expectation value is defined as 〈...〉0 = 1
Z0

Tr
(
exp(−βH0)...

)
, and Z0

is the partition function for the non-interacting system. The corresponding
expression for the Green’s functions is

Gi j(τ1,τ2)= Z0

Z

〈
T

{
exp

(
−
∫β

0
dτHI (τ)

)
ci(τ1)c†

j(τ2)
}〉

0
. (2.14)

Here it should be noted that the above equations hold when T only orders
the operators HI (τ) but not the individual creation and annihilation operators
within HI . However, for convenience when working with Green’s functions, we
defined the time-ordering operator T to include normal ordering at equal times,
T {c†(τ)c(τ)}=−c(τ)c†(τ). With this definition the above equations only hold, if
HI is normal ordered from the beginning, as otherwise there will be extra terms
coming from T {HI (τ)} 
= HI (τ).

We take the interaction to be of the general density-density form

HI =
∑
i j

Ui j

2
(ci c

†
i −αi j)(c j c

†
j −αi j), (2.15)
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where the summation is over all orbital indices, and U and α are constants.
For symmetry reasons we impose the constraint Ui j = Uji. We also assume
that Uii = 0, and note that HI is essentially normal ordered in the sense that
T {HI }= HI .

The perturbation series is obtained by expanding the exponential as

exp
(
−
∫β

0
dτHI (τ)

)

=
∞∑

n=0

(−1)n

n!

∫β

0
dτ1 · · ·dτnHI (τ1) · · ·HI (τn)

=
∞∑

n=0

(−1)n

n!2n

∑
i1 j1,...,in jn

n∏
I=1

UiI jI

∫β

0
dτ1 · · ·dτn·

·
n∏

I=1

(
ciI (τI )c†

i I
(τI )−αi I jI

)(
c jI (τI )c†

jI
(τI )−αi I jI

)
,

(2.16)

This expression can then be plugged into equations (2.13) and (2.14) to yield
a series expansion for the partition function and the Green’s functions. The
expectation values can be evaluated using Wick’s theorem in the form〈

T

{
m∏

k=1

(
cik (τ1

k)c†
ik

(τ2
k)−αk

)}〉
0

=
∣∣∣∣∣∣∣∣∣∣∣∣

G0,i1 i1 (τ1
1,τ2

1)−α1 G0,i1 i2 (τ1
1,τ2

2) · · · G0,i1 im (τ1
1,τ2

m)

G0,i2 i1 (τ1
2,τ2

1) G0,i2 i2 (τ1
2,τ2

2)−α2 · · · G0,i2 im (τ1
2,τ2

m)
...

. . .

G0,im i1 (τ1
m,τ2

1) G0,im i2 (τ1
m,τ2

2) · · · G0,im im (τ1
m,τ2

m)−αm

∣∣∣∣∣∣∣∣∣∣∣∣
,

(2.17)

where G0 is the non-interacting Green’s function. Strictly speaking this form
of the theorem again has some normal ordering conditions. However, it always
holds when operators representing the same orbital ik appear at different times.
Because of the assumption Uii = 0, this is true for the series expansion in Eq.
(2.16) except in a set of zero measure that does not affect the result of the
integral.

The diagrammatic representation for Eq. (2.13) can be defined so that each
interaction term is denoted by a dashed line with one incoming and one outgoing
fermionic leg at each end. Each interaction line is given an index label I. It
represents the index τI in Eq. (2.16) and its ends are distinguished by indices
i I and jI . The diagrams are formed by connecting each outgoing leg to an
incoming leg, which corresponds to choosing one factor from each row of the
determinant, without choosing the same column twice. Each distinct way of
doing this corresponds to one term of the determinant. The sign of that term, the
famous fermionic sign, is given by the number of fermion loops in the diagram.
The proof of this fact is outlined e.g. in Ref. [68], chapter 12. We then get the
Feynman rules in Table 2.1. These rules are more general than the partition
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Figure 2.1. a) The two first order diagrams for the partition function expansion with a possible
labeling. Since the first order diagrams are two-particle-irreducible, they are also the
lowest order diagrams of the Luttinger-Ward functional Φ. b) First order diagrams
for the self-energy. The left diagram with the tadpole shape is called the Hartree
diagram, while the right diagram is the Fock diagram. The amputated legs are
marked with a slash.

function expansion, provided that we choose the class of diagrams properly. For
the partition function the appropriate class of diagrams are all diagrams (both
connected and disconnected) with no external legs. The definition of distinct
diagrams is that they cannot be made to coincide by moving and deforming the
interaction and propagator lines without breaking any connections. In the case
of labeled diagrams the labels are also required to coincide perfectly for the
diagrams to be considered equal.

The labeled diagrams can be divided into classes that are enumerated by
drawing all unlabeled diagrams [69, section 2.3]. If two labeled diagrams have
the same unlabeled topology, then they can be transformed into each other by
first permuting the label indices I and then possibly exchanging some of the
endpoints i I and jI . These transformations form a group G with a total of n!2n

elements. Since the transformations are just permutations of the summation
and integration variables, the value of each of the generated diagrams is also
the same.1 We can then generate all labeled diagrams in a class by taking one
labeling for the corresponding unlabeled diagram Γ and then performing the
n!2n transformations. However, not all of the generated labeled diagrams are
really different. We call the subgroup of G formed by transformations that do
not change the labeled diagram the symmetry group of Γ and denote it GΓ. Each
distinguished labeled diagram generated by G comes with |GΓ| copies2. Thus
the actual number of different labeled diagrams corresponding to one unlabeled
one is n!2n

|GΓ| . We can save effort by only enumerating the unlabeled diagrams,
choosing one labeling for each, and multiplying by this number. Noting that the
factor n!2n in Eq. (2.16) is cancelled, we get the Feynman rules in Table 2.2.

The expansion for the Green’s function can be obtained similarly. The extra
factor ci(τ1)c†

j(τ2) in Eq. (2.14) is represented by an incoming external leg
starting at (i,τ1) and an outgoing external leg ending at ( j,τ2). Furthermore,

1That the endpoints can be exchanged without changing the value is because of the
symmetry Ui j =Uji.
2|g| denotes the number of elements in group g.
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1. Draw all distinct labeled diagrams of the appropriate class. For an interaction
line with index I include a time label τI and orbital labels i I and jI .

2. For each interaction line with orbital indices i and j multiply by Ui j.
3. For each fermion line from point (i,τ) to point (i′,τ′) multiply by G0,ii′(τ−τ′),

or G0,ii′(τ−τ′)−αi I jI in case of a tadpole at interaction line I.
4. Multiply by (−1)n

n!2n , n being the number of interaction lines.
5. Multiply by the fermionic sign.
6. Sum or integrate over the labels.

Feynman rules 2.1. Feynman rules for labeled diagrams

1. Draw all distinct unlabeled diagrams of the appropriate class.
2. Choose a labeling for each diagram.
3. For each interaction line with indices i and j multiply by Ui j.
4. For each fermion line from point (i,τ) to point (i′,τ′) multiply by G0,ii′(τ−τ′),

or G0,ii′(τ−τ′)−αi I jI in case of a tadpole at interaction line I.
5. Multiply by (−1)n

|GΓ| , |GΓ| being the order of the symmetry group.
6. Multiply by the fermionic sign.
7. Sum or integrate over the labels.

Feynman rules 2.2. Feynman rules for unlabeled diagrams

the factor Z0
Z has the effect of canceling all disconnected diagrams (see e.g.

[68]). Thus the Green’s function can be calculated by the above rules with the
“appropriate class” being the connected diagrams with two external legs. The
self-energy diagrams are defined in the standard way as the class of one-particle-
irreducible (1PI) diagrams with two amputated external legs. The amputated
legs mean that the Green’s function line associated with that leg is not included
in the value of the diagram, and the 1PI diagrams are such that they cannot
be disconnected by cutting just one propagator line. In the next section we will
also encounter the class of 2PI diagrams, also called the skeleton diagrams, that
cannot be disconnected by cutting any two propagator lines.

Fig. 2.1 shows the first oder diagrams for the partition function and the self-
energy. The first order self-energy diagrams have symmetry factor 1. The
Hartree diagram can be evaluated as

ΣHartree
j1, j1

(τ1)= δ(τ1)
∑
i1

Ui1, j1

(
G0,i1,i1 (0+)−αi1, j1

)
, (2.18)

while the Fock diagram is given by

ΣFock
i1, j1

(τ1)= δ(τ1)Ui1, j1G0,i1, j1 (0+). (2.19)
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2.3 Baym-Kadanoff-Luttinger-Ward functional

The functional formalism developed by Luttinger and Ward [70], Baym and
Kadanoff [71] and others [72, 73, 74] expresses the solution to a many-body
problem in terms of the Green’s functions instead of directly dealing with the
Hamiltonian formalism and state vectors. The formalism introduces a functional
Γ[G], whose domain is the space of interacting Green’s functions G. Formally,
the physical Green’s function is then found by solving the stationary point of Γ
from the equation δΓ[G]/δG = 0. The definition of Γ starts with the free energy
functional F of the system, and proceeds by taking a Legendre transform to get
a functional of G. For this, however, the free energy functional needs to have
a free parameter, say J, which is conjugate to G, meaning that δF[J]/δJ =G.
This is cumbersome to achieve in a Hamiltonian formulation, so we resort to the
path-integral formalism [69].

The free energy of a quantum system can be defined as a logarithm of the
partition function defined in Eq. (2.7),

F =− log(Z). (2.20)

This expression simply gives the free energy as a function of the temperature
and the parameters of the Hamiltonian. Using the path-integral formalism, the
partition function is expressed as

Z =
∫

dc†dcexp(−S), (2.21)

where the action is

S =
∫

dτ1dτ2
∑
i j

c†
i (τ1)

(
G−1

0i j(τ1 −τ2)− Ji j(τ1 −τ2)
)

c j(τ2)+λSU . (2.22)

Here G0 is the non-interacting Green’s function and SU is the interaction part
of the action, whose exact form is unimportant for the following developments.
For later convenience, we have added an extra scalar factor λ that multiplies
the interaction term. The source field J is a free variable which generates the
interacting Green’s function as

δF[J]
δJi j(τ1 −τ2)

=G ji(τ2 −τ1). (2.23)

The source field modifies the interacting Green’s function so that we can consider
G to be a functional of J, G =G[J]. To perform the Legendre transform we need
to assume the existence and uniqueness of an inverse mapping J[G] such that
the Green’s function for the source field J[G] is G. The uniqueness of such a
mapping ultimately depends on what source fields J are considered to be “valid”
and thus belong to the domain of the functional G[J]. We will discuss this at
the end of the section.

The Legendre transform defining Γ is defined as

Γ[G]= F[J[G]]−Tr(GJ[G]), (2.24)
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where the trace is defined as
∑

i j Tr(GJ)=∫dτ1dτ2Gi j(τ1−τ2)Jji(τ2−τ1). Using
Eq. (2.23) one can perform the differentiation of Γ and obtain the basic property

δΓ

δGi j(τ1 −τ2)
=−Jji(τ2 −τ1)[G]. (2.25)

As the physical Green’s function is by definition the G that is obtained for a
vanishing source field J = 0, we can see that the physical G is a stationary
point of Γ. The next step in the construction of the formalism is to study the
properties of the functional Γ. For a non-interacting system, λ= 0, the functional
J[G,λ= 0] is trivial to construct, and is given by the equation

G−1
i j (τ1 −τ2)=G−1

0i j(τ1 −τ2)− Ji j[G,λ= 0](τ1 −τ2). (2.26)

At the stationary point this can be recognized as the Dyson equation giving the
physical self-energy Σ of the system,

Ji j(τ1 −τ2)[Gsp,λ= 0]=Σi j(τ1 −τ2). (2.27)

Furthermore, the free energy F is formally just the free energy of a non-
interacting fermion gas, which can be calculated using a Gaussian integration
formula. Thus, for this special case, we get the functional Γ[G,λ= 0]=Γ0[G],

Γ0[G]=−Tr(log(G))−Tr
(
G(G−1

0 −G−1)
)
. (2.28)

In the general case it is useful to write Γ as a sum of a non-interacting
contribution and a “correction term” Φ,

Γ[G]=Γ0[G]+Φ[G]. (2.29)

If we evaluate the functional derivative of Γ at the stationary point Gsp, i.e. at
the physical Green’s function, we get the equation

δΦ

δG

∣∣∣∣
G=Gsp

=− δΓ0

δG

∣∣∣∣
G=Gsp

= J[Gsp,λ= 0]=Σ. (2.30)

This is of great practical importance, as defining an approximation for Φ then
yields an approximation for the self-energy in terms of the interacting Green’s
function. Together with the Dyson equation, which provides an independent
relation between the physical G and Σ, such an approximation then fully deter-
mines the Green’s function and the self-energy. If we know the stationary point
of the (possibly approximated) Γ[G], we can also calculate the free energy simply
as Γ[Gsp]= F.

The essence of the Luttinger-Ward-Baym-Kadanoff theory are the special prop-
erties of the functional Φ[G]. Most importantly, the functional is independent of
the non-interacting Green’s function. This means that it is the same functional
for all systems that have the same form of the interactions. In the original paper
[70] this was shown by expressing Φ[G] in a perturbation expansion as a sum of
all two-particle irreducible (2PI) diagrams with no external legs built using the
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Green’s function G (see also [74]). This is also known as the skeleton diagram
expansion. In the present case of density-density interactions the diagrams are
formed with the Feynman rules in Table 2.2. This expansion is quite useful
in practice, as it allows one to intuitively build approximations to Φ[G], which
in turn lead to approximations to the self-energy. Baym has also shown that
such approximations automatically obey certain conservation laws and that
quantities calculated as derivatives of the approximated free energy give the
same answer as calculating them from the approximated Green’s function [75].

From a theoretical point of view the perturbative construction of Φ[G] is some-
what dissatisfactory, as there is no guarantee that the skeleton diagram series
converges [76], or that the corresponding series for the self-energy converges
to the correct solution [77]. These problems are separate from, but related
to the invertibility of the map J → G discussed above. It can be shown that
this mapping is indeed not invertible, if we do not restrict the allowed source
fields J in any way [76]. The mapping can be made at least locally invertible, if
only a certain class of “physical” source fields is allowed [78, 79, 80]. It is then
also possible to construct the functional Φ and derive its important properties
non-perturbatively [79], and a mathematically rigorous treatment is possible at
least for simple models [81].

2.4 Formal definition of DMFT from a real-space perspective

There are several different ways to define an approximation that eventually
leads to the the dynamical mean-field theory [64]. It was originally developed
as the exact solution of a properly defined infinite dimensional limit [82, 83]
of lattice models, and several authors contributed to formulating the theory in
a way that made this limit practically solvable [84, 85, 64]. One theoretically
appealing way to define DMFT is to formulate it as a local approximation to
the interacting part Φ of the Baym-Kadanoff functional. In the simplest case
of the single-site DMFT, the total functional Φ of the whole lattice system is
replaced by a sum of functionals for a collection of isolated single-site systems.
For historical reasons, such a single-site problem is called an Anderson impurity
model [86].

It is natural to ask precisely what kind of impurity model should be used
to define the approximation. However, because of the universality of Φ, the
question is limited to choosing the interaction parameters, and does not involve
the quadratic part of the action. The natural choice for a lattice model with local
interations is to take the same interactions as those in the lattice model. In
terms of the (real-space) skeleton diagram expansion this approximation means
that only diagrams where all vertices are at the same site are kept in Φ and the
rest are discarded. This prescription is trivially extended to a cluster DMFT
method by dividing the lattice into cells and using these as the basis of the
approximation. This can be called cellular DMFT [65], although the original
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cellular DMFT prescription is more general [87].
Symbolically, we may write the DMFT approximation as

ΦDMFT[G]=
∑
I
Φimpurity[GII ] (2.31)

Here we use the collective index I to index the sites of the lattice, and by GIJ

we mean the matrix of Green’s functions between all the orbitals belonging to
sites I and J. We can write GIJ in a spinor notation as

GIJ(τ)=
〈
ψI (τ)ψ†

J(0)
〉

, (2.32)

where ψI is a vector of destruction operators belonging to orbitals at site I.
For example, in the case of the single-orbital Hubbard model, which has two
components, we could have

ψI (τ)=
⎡
⎣cI↑(τ)

cI↓(τ)

⎤
⎦ , (2.33)

where cIσ is the destruction operator for particles of spin σ at site I.
In practice we are not interested in the actual values of the functional Φ.

Instead, we use Eq. (2.30) to find the approximated self-energy of the lattice
model. We immediately see that the self-energy is local, meaning that its
components between different sites are zero, as ΦDMFT does not depend on GIJ

for I 
= J. On the other hand, the local matrix of self-energies at each site is
defined by the Dyson equation, Eq. (2.27), as

ΣI I (iωn)= (G0(iωn)−1 −Gsp(iωn)−1)
I I , (2.34)

where the subscripts denote the block corresponding to site I. The self-energy is
also formally given by the stationary point equation

ΣI I = δΦDMFT[G]
δGII

∣∣∣∣
G=Gsp

= δΦimpurity[GII ]
δGII

∣∣∣∣
G=Gsp

. (2.35)

Here Gsp is the stationary point of the functional ΓDMFT =Γ0 +ΦDMFT, i.e. the
physical Green’s function of the problem. It is interesting to note that the right
hand side of Eq. (2.35) involves the non-trivial Φ-functional of the impurity
problem, which is still unknown. However, because of the universality of Φ, we
can choose the single-particle part of the impurity model so that (Gsp)I I is the
physical Green’s function also for the impurity problem. The stationary point
Eq. (2.30) can then also be applied to the impurity model, yielding

ΣI I =
δΦimpurity[GII ]

δGII

∣∣∣∣
G=Gsp

=Σimpurity. (2.36)

This means that the local, physical self-energy of the lattice model is the same
as the self-energy of the impurity model. Applying the Eq. (2.27) again, we can
calculate the non-interacting Green’s function G of the impurity model from

Σimpurity(iωn)=G−1(iωn)− (Gsp(iωn)I I )−1. (2.37)
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On the other hand, if we somehow know G , then the self-energy Σimpurity can
be solved using e.g. the numerical methods discussed in section 2.7 without
prior knowledge of Gsp. Equations (2.34), (2.36) and (2.37) together with the
numerical solution of the self-energy from G form a closed set of four relations
among the four quantities Gsp, ΣI I , Σimpurity and G . To find the solution, one
typically employs a fixed point iteration, which we discuss in section 2.6.

Before going to the practical details of the DMFT solution, we will discuss
generalizations of the DMFT equations to cluster impurity problems. Here it
is important to understand that in a sense the single-site impurity problem
is already a cluster problem: The non-interacting Green’s function G contains
retarded hopping contributions which cannot be represented in a Hamiltonian
formulation with only two orbitals. In fact, a Hamiltonian for the impurity
contains in general an infinite number of non-interacting orbitals coupled to the
interacting orbitals c↑ and c↓ via hopping terms. These bath orbitals represent
the lattice surrounding the impurity site in a mean-field fashion. We will discuss
the bath in more detail in connection with the exact diagonalization impurity
solvers in section 2.7.2. From now on, however, we only use the word cluster
DMFT or cluster problem to refer to impurity problems with multiple impurity
sites, i.e. sites not belonging to the bath.

As the functional formalism used here is somewhat abstract, it may be useful to
briefly discuss the so-called effective medium derivation of the DMFT equations
[64], which is perhaps closer to mean-field treatment of e.g. classical spin models.
To this end, we choose one site of the lattice, and simplify the lattice action, Eq.
(2.22), by removing the interactions from all other sites. To compensate for the
removal, we replace the local inverse non-interacting Green’s function G−1

0,ii on
each of those sites by the interacting Green’s function G−1

ii . In some sense this
replacement approximates the effect of the interactions in the best possible way
at the single-particle level. This results in an impurity problem with a single
interacting site embedded in a non-interacting bath, and we can approximate
the local self-energy by the impurity self-energy. The non-interacting Green’s
function G for the impurity site can be calculated by simply removing the self-
energy contribution of the interacting site from the full Green’s function, which
leads back to Eq. (2.37).

Finally, we note that the derivation given in this section does not assume
the self-energy ΣI I to be the same for each lattice site. Thus it is clear that
single-site DMFT can describe inhomogeneous phases, where e.g. magnetization
varies spatially. This non-translation-invariant case is often called real-space
or inhomogeneous DMFT [88, 89]. In such a case the non-interacting Green’s
function G of the impurity is different for different sites, and thus we have to
solve multiple inequivalent impurity problems. However, one can also make the
additional assumption that the self-energy is translation invariant, so that there
is only one impurity problem. The lattice Dyson equation, Eq. (2.34), is then
also conveniently solved in momentum space, avoiding the inversion of large
matrices.
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2.5 Cluster methods

In the previous section we discussed the definition of the “single-site” DMFT,
where the self-energy is local to each site. We also mentioned the generalization
to cellular DMFT [87], where the lattice is divided into cells, and the interacting
part of the Baym-Kadanoff functional is approximated by diagrams local to
each cell. This extension produces a self-energy that breaks the translation
invariance of the lattice. A common alternative to this method is the DCA
[65, 90, 91], or dynamical cluster approximation, where the approximation to
the Baym-Kadanoff functional is most naturally interpreted in the Fourier
transformed space, and which leads to a cluster impurity problem with periodic
boundary conditions, as discussed in section 2.5.2.

Both of these methods can be systematically improved by increasing the clus-
ter size, and their convergence properties have been debated in the literature
[92, 93, 94]. Because of the boundary effects, cellular DMFT typically conver-
gences slower than the DCA for thermodynamical quantities such as critical
temperatures and for quantities averaged over the cluster [93, 65]. Away from
phase transitions, however, the cellular DMFT can converge faster than DCA
for local quantities measured in the middle of the cluster [92]. This is because
the DCA bath couples to all sites within the cluster, giving corrections of order
1/L2, while in the cellular DMFT coupling of the middle sites to the boundary
is dictated by the correlation length and falls exponentially as the cluster size
grows [65].

In the following we will discuss the definition of the cluster methods from a
momentum-space viewpoint.

2.5.1 Cellular DMFT from momentum space perspective

To discuss the difference between DCA and CDMFT it is useful to take a mo-
mentum space viewpoint to the DMFT equations. We start the definition of the
cluster methods similarly as in the real-space definition in the previous section
by dividing the lattice into tiles of equal size and shape. In other words, we
choose a unit cell which can be larger than the primitive unit cell of the lattice
in question. We use a similar notation as in the previous section, and group
the destruction operators of unit cell I into a column vector ψI . Each orbital
ψI i is embedded in the D-dimensional space at point �RI +�ri, where �RI is the
position (perhaps a center point) of the cell to which the orbital belongs, and�ri

is the position measured from point �RI . We assume that the lattice is finite with
periodic boundary conditions, with Li unit cells in each direction i. The hopping
Hamiltonian is written as

H0 =ψ†tψ=∑
IJ

ψ
†
I tIJψJ , (2.38)
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while the interactions are taken to be of the density-density form

HI =
∑
IJ

∑
i j

nI iUIJ,i jnJ j, (2.39)

where UIJ is an interaction matrix between unit cells I and J and the density
nIi =ψ

†
I iψI i.

We can define a Fourier transform matrix F , whose elements are given by

FI i,J j = 1√
Nk

exp(i�kI · �RJ)δi j, (2.40)

where δ is the Kronecker symbol and Nk is the total number of unit cells on the
periodic lattice, which is the same as the number of k-points. The momenta�kI

take values
�kK =∑

i

2πniK

Li
�bi, niK = 0, ...,Li −1, (2.41)

where the �bi are the reciprocal lattice vectors of the lattice in question. They
can also be shifted by a reciprocal lattice vector without changing the Fourier
transform.

The Fourier transform is a unitary transformation of the single-particle basis,
and we can define the momentum space annihilation operators as

ψ̂=Fψ, (2.42)

which is read as a matrix equation meaning that ψ̂K =∑I FK IψI . Translation-
ally invariant quantities, such as the Green’s function, can be Fourier trans-
formed to yield a (block) diagonal matrix in momentum space. We denote the
diagonal block at momentum�kK as

Ĝ(�kK )=∑
IJ

FK ,IGI,J(F †)J,K =∑
J

G0J exp(i�kK · (�R0 − �RJ)), (2.43)

where the last form follows from the translation invariance. Here we have
omitted the imaginary time (or frequency) variables, and the greens functions Ĝ
and G are thought to be matrices in the orbital space of the cluster. Similarly
we denote the momentum space interaction matrix by

Û(�q)=∑
J

U0J exp(i�q · �RJ) (2.44)

The diagrammatic series of the full interacting part of the Baym-Kadanoff
functional, Φ, can be expressed in momentum space using Ĝ and Û . Within this
notation each vertex with momentum exchange �q contributes a factor 1

Nk
Û(�q)

and each propagator line with momentum �kK gives Ĝ(�kK ). In the previous
section the cellular DMFT was defined by removing all nonlocal diagrams from
Φ. This is equivalent to modifying the G and U that enter Φ to be purely
local, which in momentum space means replacing them by quantities that are
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momentum independent. Thus we can also define the cellular DMFT by setting
ΦDMFT (G,U)=Φ(Ḡ,Ū), where the averaged quantities are defined as

Ḡ = 1
Nk

∑
K

Ĝ(�kK ), (2.45)

and
Ū = 1

Nk

∑
�q

Û(�q). (2.46)

In this simple case, these are just the inverse Fourier transforms that yield the
Green’s function and interaction matrix local to a single extended unit cell.

Once the above average quantities are plugged in to the series Φ, it is trivial
to sum over the internal momenta in each diagram, as the value of the diagram
is independent of them. The number of free momenta is the cyclomatic number
M = E −V +P, where E is the number of edges, V is the number of vertices
and P the number of connected components [95]. For our diagrams this is
M =V +1, so the summation contributes NV+1

k . Together with the factor N−V
k

from the vertices, we get a multiplier Nk for each diagram. Thus the series is
reduced to Nk times the series formed with the local interaction and Green’s
function matrices, which is just the same as Eq. (2.31) provided that we assume
translation invariance.

To get the self-energy approximation associated with ΦDMFT directly in mo-
mentum space, we take the derivative of ΦDMFT (G,U) with respect to GK ,K .
Noting that the multiplier Nk obtained above cancels with the Jacobian factor
N−1

k = δḠ
δGK ,K

, we can see that the self-energy is equivalently given by the self-
energy of an impurity model with propagator Ḡ and interaction Ū . Thus we get
the same self-consistency equations as in the previous section, but now written
in momentum space as

Ĝ(�k)=
(
Ĝ0(�k)−Σ

)−1

Σ=Self-energy of an impurity problem with interacting
propagator Ḡ and interaction Ū

(2.47)

where Ĝ0 is the momentum space non-interacting Green’s function of the lattice
model. The second “equation” can be replaced by defining the impurity model
non-interacting Green’s function G , giving

Ĝ(�k)=
(
Ĝ0(�k)−Σ

)−1

G−1 = Ḡ−1 +Σ

Σ=Self-energy of an impurity problem with non-
interacting propagator G and interaction Ū

(2.48)

It should be stressed that the self-energy is independent of the superlattice
momentum, but it has components between all orbitals within a cluster. However,
if one would choose a different, smaller unit cell for the lattice, and perform
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a transformation of Σ to the momentum space defined by that unit cell, then
Σ would of course have some momentum dependence. However, it would not
be diagonal in that momentum basis, since the division to larger unit cells has
broken the translation invariance.

For the cellular DMFT case the finite lattice discrete Fourier tranformation
presented here is numerically convenient, as it provides an automatic discretiza-
tion of the momentum space. However, one can always shift the momenta by
reciprocal lattice vectors to move them inside the first Brillouin zone. In the
infinite lattice limit the momenta form a continuum and the Fourier transforms
can be written in a continuum notation as

Ĝ(�k)=
∑
J

G0J exp(i�k · (�R0 − �RJ)), (2.49)

with the inverse

G0,J = 1
VFBZ

∫
FBZ

d�kĜ(�k)exp
(
−i�k · (�R0 − �RJ)

)
, (2.50)

where VFBZ is the volume (or area) of the first Brillouin zone. The continuum
version of equations (2.45) and (2.46) is just

Ḡ = 1
VFBZ

∫
FBZ

d�kĜ(�k),

Ū = 1
VFBZ

∫
FBZ

d�qÛ(�q),
(2.51)

For the cellular DMFT this is essentially just a matter of convenience, but we
will see below that the DCA is best formulated with the continuum Fourier
transforms, which are then discretized later.

2.5.2 Dynamical cluster approximation

The above discussion shows that the cellular DMFT approximation can be
defined by plugging in Green’s functions averaged in the momentum space into
the full functional Φ. From this point of view, the reason cellular DMFT breaks
the translation invariance of the lattice is that the Fourier transform, Eq. (2.40),
used above to define the averaged quantities only respects that invariance at the
level of the extended unit cell. We can instead define the Fourier transform as

FI i,J j = 1√
Nk

exp
(
i�kI · (�RJ +�r j)

)
δi j, (2.52)

where the intra-unit-cell positions �ri are included. For the Green’s functions
this leads to the transformation

Ĝi j(�k)=∑
J

G0i,J j exp
(
i�k · (�R0 − �RJ +�ri −�r j)

)
(2.53)

with the inverse

G0i,J j = 1
VFBZ

∫
FBZ

d�kĜi j(�k)exp
(
−i�k · (�R0 − �RJ +�ri −�r j)

)
, (2.54)
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Figure 2.2. Left: Two different unit cells for a hexagonal lattice, together with the corresponding
lattice vectors defining the A and B lattices. Right: Dashed lines show the first
Brillouin zone of lattice A, together with the reciprocal lattice sites, marked with x,
of lattice B. The patterns show B lattice reciprocal unit cells, i.e. momentum patches,
that are equivalent because they are related by an A lattice reciprocal vector. In this
case there are 3 inequivalent cluster momenta, since the number of orbitals in the B
unit cell is 3 times that of the A unit cell.

where we have used the continuum notation.
The DCA can be defined by defining the momentum averaged Green’s function

and interaction matrix using equations (2.51) with the new definition of the
Fourier transform and otherwise following the same procedure as for the cellular
DMFT above, leading to equations (2.48). This results in the DCA equations in
a “real space” formulation [94, 96], where the full momentum-space structure of
the equations is not immediately apparent. We note that this is very different
from the so-called real-space DMFT briefly discussed in section 2.4: The DCA is
a cluster method, while the real-space DMFT usually means single-site DMFT
which does not enforce translation invariance of the self-energy. Below we
will discuss how this definition of the DCA is related to the more conventional
definition involving averaging over momentum patches [65]. One advantage of
this formulation is that it transparently treats multi-site unit cells [97].

For the cellular DMFT interpretation of Eq. (2.45) is easy, as it is just the
inverse of the Fourier transform, thus giving the cluster-local Green’s function
in real space. In the case of the DCA this is not the case, and we need a
different way to interpret the result in terms of the lattice quantities. Such an
interpretation can be found by considering how the momentum representation
with the extended unit cell is related to the momentum representation with the
basic unit cell of the lattice. An advantage of the infinite lattice notation is that
it sidesteps the potentially awkward task of defining a finite lattice with periodic
boundary conditions that would be compatible with both unit cells. Let us now
consider a lattice A with lattice vectors {�aA

1 , . . . ,�aA
D}. We can form a new lattice

B by choosing a different, larger unit cell for lattice A. Lattice B has lattice
vectors {�aB

1 , . . . ,�aB
D}, which are linear combinations of {�aA

1 , . . . ,�aA
D} with integer

coefficients (see Fig. 2.2 for an example). The orbitals i in the B lattice unit
cell can be grouped according to what orbital index they correspond to in the A
lattice unit cell. We denote this type of the orbital as T(i). We also denote the
first Brillouin zone of lattice X as FBZ(X ).
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The size of the first Brillouin zone is inversely proportional to the size of the
direct space unit cell. If we overlay the reciprocal lattice of lattice B on FBZ(A),
we can partition FBZ(A) into Voronoi cells associated with each reciprocal
lattice point �K of lattice B (see Fig. 2.2). Thus each momentum in FBZ(A) can
be uniquely written as �K + k̃, where �K is a reciprocal lattice vector of lattice B
and k̃ ∈ FBZ(B). If we assume that GB is translation invariant with respect to
the lattice vectors aA

i , the partitioning allows us to write the A lattice Fourier
transform as

ĜA
i j(�k)=

∑
J

GA
0i,J j exp

(
i�k · (�RA

0 − �RA
J +�rA

i −�rA
j )
)

=
∑

J, j′,T( j′)= j
GB

0i′,J j′ exp
(
i�k · (�RB

0 − �RB
J +�rB

i′ −�rB
j′)
)

= ∑
j′,T( j′)= j

exp(i�K · (�rB
i′ −�rB

j′))
∑
J

GB
0i′,J j′ exp

(
ik̃ · (�RB

0 − �RB
J +�rB

i′ −�rB
j′)
)

=
∑

j′,T( j′)= j
exp(i�K · (�rB

i′ −�rB
j′))Ĝ

B
i′ j′(k̃),

(2.55)

where i′ is an arbitrary orbital with T(i′)= i. Thus the A and B Green’s functions
are related by a type of Fourier transform which we call the cluster Fourier
transform. The B reciprocal lattice vectors �K are called the cluster momenta.

The cluster Fourier transform is a unitary transformation which can be in-
verted as

ĜB
i j(k̃)= 1

NK

∑
�K

exp
(
−i�K · (�rB

i −�rB
j )
)
GA

T(i)T( j)(k̃+ �K), (2.56)

where the sum goes over the reciprocal lattice vectors �K for which k̃ + �K ∈
FBZ(A), and NK = V A

FBZ
V B

FBZ
is the number of cluster momenta summed over. That

�GB has periodic boundary conditions, follows from this formula by observing that
an arbitrary lattice vector �aB

i can be added to any of the rB without changing
the result. Thus ĜB

i j only depends on�rB
i −�rB

j modulo a B lattice vector. It is also
important to notice that, according to the present definition, the set of vectors
�K in the summation can depend on k̃. This is because the division of FBZ(A)
into B reciprocal unit cells can have “boundary effects”, so that more than NK

cluster momenta are required to cover the whole FBZ(A) (see Fig. 2.2). However,
shifting the vectors �K in Eq. (2.56) by an A reciprocal lattice vector keeps ĜB

i′ j′

invariant. This allows one to choose a set of exactly NK inequivalent cluster
momenta to be used, so that the cluster Fourier transform can be taken to be
independent of k̃.

Equations (2.55) and (2.56) are conveniently written in a matrix form, if we
define the matrices

Fi�K , j =
1�
NK

δT(i)T( j) exp(i�K ·�rB
j )

ĜA
i�K , j�K ′(k̃)= δ�K ,�K ′ĜA

i j(k̃+ �K)
, (2.57)
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where the combined index i�K goes over the A lattice orbital types i and cluster
momenta �K , and the single indices run over the B lattice orbital types. We can
then write Eq. (2.55) as

ĜA(k̃)= FĜB(k̃)F†, (2.58)

which is read as a matrix equation with the cluster momentum indices and the
orbital indices being implicit.

Eq. (2.58) provides a convenient interpretation of the DCA. According to
the DCA definition given above, the Green’s function appearing in the self-
consistency equations (2.48) are in the B-lattice momentum basis. However, the
first equation can equally well be written in the A lattice momentum basis by
applying the cluster Fourier transform on both sides. Thus we have the equation

ĜA(k̃)=
(
ĜA

0 (k̃)−ΣA
)−1

, (2.59)

where ΣA = FΣBF† and ĜA
0 (k̃) = FĜB

0 (k̃)F† are also matrices in the cluster
momentum indices and the A-lattice orbital indices. This equation expresses
the fact that the self-energy ΣA depends on the cluster momentum �K , i.e. on the
momentum patch, but not on the superlattice momentum k̃. Thus we say that
the self-energy is a patchwise constant function in the (A-lattice) momentum
space. This is the essence of the DCA approximation. The momentum-averaged
Green’s function Ḡ, interpreted in the A basis, gives the average Green’s function
over each momentum patch.

Above we have assumed that GB respects the translation invariance define by
the A-lattice lattice vectors {�aA

1 , . . . ,�aA
D}. Breaking this assumption means that

the matrices ĜA(k̃) and ΣA are no longer diagonal in the cluster momentum
indices. Such breaking of the translational symmetry often happens sponta-
neously in the solution of the self-consistency equations, if the matrices are not
explicitly forced to be diagonal. An example of this phenomenon would be a
simple antiferromagnet. It is also worth noting that the DCA can also be used
in cases where there is no higher translational invariance in the Hamiltonian
than that given by the B-lattice vectors.

2.6 Self-consistency loop

In the previous sections we presented the definition of the DMFT and its cluster
extensions, and obtained the self-consistency equations to be solved. In this sec-
tion we will discuss these equations and their solution on a more practical level.
Specifically, the equations that we discuss here are equations (2.47) together
with the definition of the momentum space averaged Green’s functions and in-
teraction parameters defined in equations (2.45) and (2.46), or in the continuum
versions (2.51). These equations are typically solved in a self-consistency loop
which is coarsely depicted in Fig. 2.3. Here we will discuss the right side, i.e. the
lattice part of the iteration, and leave the impurity solvers to section 2.7.

31



Dynamical mean-field theory

Figure 2.3. The DMFT self-consistency loop can be divided into two parts: The left side is the
impurity solver, which solves the self-energy Σ using the impurity problem non-
interacting propagator G . The right side represents the “lattice part” which includes
the momentum averaging step (Eq. (2.51)) and application of the impurity model
Dyson equation.

2.6.1 Momentum summation

The formulae used to calculate the bath function G from the self-energy can
be expressed in a form suitable for numerical evaluation as follows. First the
coarse grained Green’s function is calculated from the momentum summation as

Ḡ(iωn)= 1
W

∑
�k

w�k

(−iωn + t�k −Σ(iωn)
)−1 . (2.60)

Here the summation goes over a selected set of k-points �k, w�k is a weight
given to each k-point and W = ∑�k w�k is the total weight. Here we have also
written the inverse non-interacting Green’s function in momentum space as
G0(iωn,�k)−1 =−iωn+t�k, where t�k is the Fourier transform of the hopping matrix.

The choice of k-points in Eq. (2.60) is worth a brief discussion. For the cellular
DMFT one can choose the finite lattice k-points (Eq. (2.41)) with equal weight for
each. For the DCA, however, point group symmetries are only preserved if the set
of k-points also respects the point group. For example, for the hexagonal lattice
(see Fig. 2.2) it might be desirable to have a k-point in the high-symmetry point
in the corner of the Brillouin zone (called the K-point). However, to preserve the
point group symmetry, one needs to include also the three equivalent copies of
the corner point, which can then be compensated by including a weight 1

3 for
these points.

The form of equation (2.60) is the same for both cellular DMFT and DCA, as
the difference in the Fourier transforms is hidden in the definition of t(�k). The
hopping matrix transforms in the same way as the Green’s function (Eq. (2.53)
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or (2.49) ) so that we have

t(�k)=
∑
J

t0J exp
(
i�k · (�R0 − �RJ)

)
, (cellular DMFT)

t(�k)i j =
∑
J

t0J,i j exp
(
i�k · (�R0 − �RJ +�ri −�r j)

)
, (DCA)

(2.61)

Thus it is clear that the same code that takes the hopping matrices t0J and the
positions �ri and �r j as input, can solve both cellular DMFT and DCA. In fact,
cellular DMFT is just DCA with�ri = 0 for all orbitals i. However, if we assume
higher translation invariance than that enforced by the chosen DCA cell, Eq.
(2.60) can be block diagonalized by a transformation to the cluster momentum
space, as discussed in section 2.5.2. The smaller diagonal blocks can be stored
and inverted separately, saving computing effort, which can be significant for
large scale DCA calculations. For calculations with smaller unit cells, or when
the translational invariance is broken, either basis can be used. In any case, the
Green’s function Ḡ and the bath function G are needed in the real-space basis
for most impurity solvers.

In the beginning of the iteration one needs some kind of initial guess, which is
typically formulated for the self-energy. An obvious choice is to just set Σ= 0.
This works in many cases, but can be problematic for two reasons. The first
problem is that if one is trying to find solutions with spontaneous symmetry
breaking, the iteration can remain stuck in a metastable symmetric state if
the initial guess is symmetric. In such cases it is often enough to just include
a small symmetry breaking part, often constant in frequency, in the initial Σ.
An alternative to this is to include a small symmetry breaking term in the
Hamiltonian, and remove it after a few iterations. The other reason for a non-
zero initial guess is to speed up the convergence. This is often done by starting
with a self-energy obtained from a previous calculation with similar parameters.

2.6.2 Impurity Dyson equation and real space DMFT

Once the momentum-averaged Green’s function Ḡ has been obtained from Eq.
(2.60), the bath function can be calculated from the impurity Dyson equation

G (iωn)= (Ḡ(iωn)+Σ(iωn)
)−1 . (2.62)

This completes the right side of the DMFT loop in Fig. 2.3 for cellular DMFT
and DCA. Besides these methods we can also easily include a version of the
real-space DMFT, discussed in section 2.4 in the formalism.

In single-site and cellular DMFT, what enters the impurity model Dyson
equation is the local Green’s function of the cluster. Instead of a full real-space
formulation, where the local Green’s function and self-energy for each cluster
can be different, we can assume translation invariance for some larger unit
cell, which is already built into the cellular DMFT formulation. But instead of
doing the full cellular DMFT, which leads to an impurity problem with as many

33



Dynamical mean-field theory

orbitals as there are in the unit cell, we can divide the unit cell further into
smaller pieces. The piece I can be defined by specifying the set of orbitals SI

belonging to that piece. It is then easy to pick the correct elements of the Green’s
function matrix Ḡ to form the Green’s function matrix between just the orbitals
in set SI . We denote this Green’s function in a block matrix notation as ḠII . For
each smaller orbital set SI we get an impurity problem, whose non-interacting
Green’s function can be calculated from the Dyson equation

GI (iωn)= (ḠII (iωn)−1 +ΣI I (iωn)
)−1

, (2.63)

where ΣI I is expressed in the same block notation as ḠII . All of the Green’s
functions GI are then passed into the impurity solver part of the program, which
separately solves each impurity problem, and returns new self-energies ΣI I . It
has to be kept in mind that GI is not in the matrix block notation, in the sense
that it is not the same as the block GI I of the full cellular DMFT bath function
defined by Eq. (2.62). As has been emphasized here, the parts SI do not have to
represent just single sites, but can also be larger clusters.

2.6.3 Matsubara Fourier transforms

The momentum summation and the Dyson equations are most conveniently
solved in the frequency space, as it diagonalizes the Green’s function and pro-
vides an automatic discretization. However, the imaginary time Green’s func-
tions are usually needed by the impurity solvers and to calculate observables.
Here we will discuss the numerical implementation of the transformation from
frequency to imaginary time quantities. This topic has also been discussed e.g.
in [98]. For any quantity f we define the Fourier transform as

f̂ (iωn)=
∫β

0
dτexp(iωnτ) f (τ) (2.64)

with the inverse

f (τ)= 1
β

∞∑
n=−∞

exp(−iωnτ) f̂ (iωn). (2.65)

Here we assume that f is a fermionic function with antiperiod β, and ωn are
fermionic matsubara frequencies, although the general ideas apply equally well
to the bosonic case.

The main problem with the Fourier transform is that the Green’s functions
and other quantities, that we denote here by f (iωn), have heavy high-frequency
tails that decay as inverse integer powers of the frequency,

f (iωn)= A0 + A1(iωn)−1 + A2(iωn)−2 + . . . (2.66)

The usual solution is to assume that, starting from some limiting frequency
ωmax, f is well represented by some of the lowest order terms. The Fourier
transform summation is then approximated as

f (τ)≈ 1
β

∑
n,|ωn|<=ωmax

exp(−iωnτ)
(
f̂ (iωn)−Tk(iωn)

)+ 1
β

∑
n

exp(−iωnτ)Tk(iωn),

(2.67)
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where Tk is the k:th order tail contribution

Tk(iωn)=
k∑

j=0

A j

(iωn) j . (2.68)

The first, finite part of the summation can be done directly, or preferrably using
a fast Fourier transform library such as FFTW [99]. The second part can be
calculated analytically, and the Fourier transforms of the terms (iω)− j have been
tabulated in Ref. [98].

The transform of the constant part A0, which is present e.g. in the self-energy
but not in the Green’s functions, is a delta function in τ-space, and is best set to
zero in numerics. The first order term diverges at τ= 0, and is otherwise given
by

1
β

∑
n

exp(−iωnτ)
1

iωn
=
⎧⎨
⎩−0.5 τ> 0

0.5 τ< 0
. (2.69)

For Green’s functions one thus needs to define e.g. that G(τ= 0)= limτ→0+G(τ)
to avoid ambiguity. The higher orders are absolutely convergent, and in practice
are not necessarily needed if |ωmax| is large enough, although including at least
the second order term, given by [98] as

1
β

∑
n

exp(−iωnτ)
1

(iωn)2 =−τ

2
− β

4
, (2.70)

where 0< τ<β, is often advantageous.
If very high order asymptotics are used in combination with very low tem-

peratures, the numerical accuracy of Eq. (2.67) can be limited by cancellation
effects in floating point arithmetics. For the lowest frequency the tail function
Tk(iω0) ∼ Ak

(iπT)k . For example, for T = 1/1000 and k = 4, Tk(iω0) ≈ 1010. At
double precision the numerical accuracy is then limited to about 10−5 A4. Better
accuracy can be achieved by calculating the Fourier transform instead as

f (τ)≈ 1
β

∑
n,|ωn|<=ωmax

exp(−iωnτ) f̂ (iωn)+ 1
β

∑
n,|ωn|>ωmax

exp(−iωnτ)Tk(iωn). (2.71)

The difficulty is the calculation of the latter part. It can be expressed in terms of
the Lerch zeta function

L(λ,α, s)=
∞∑

n=0

exp(2πiλn)
(n+α)s ,

but currently no library functions exist for the evaluation of L at the required
parameters. For small λ, L can be evaluated from its Taylor series [100], while
for larger λ an explicit summation of the series together with an asymptotic
correction term [101] can be used. However, in the context of DMFT the simpler
formula, Eq. (2.67), is usually good enough.

Thus far we have not discussed how the expansion parameters A j are obtained.
For a Green’s function of the form

G(iωn)= (−iωnI + t−Σ(iωn))−1 , (2.72)
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where t and Σ are matrices, and I is the identity matrix, the terms up to second
order are given by

A0 = 0

A1 =−I

A2 = t−Σ0

, (2.73)

where Σ0 is the constant, i.e. frequency independent, part of the self-energy. For
a non-interacting Green’s function the parameters up to this order are usually
known, since Σ0 = 0. For the bath function G defined in Eq. (2.62), t is given
by the cluster hopping parameters [65]. For interacting Green’s functions Σ0 is
given by the first order diagrams in the skeleton diagram series, which were
evaluated in section 2.2.3 The self-energy Σ0 depends linearly on G(τ = 0+),
which is usually unknown when we want to calculate the Fourier transform.
However, as the tail T2(iωn) is also linear in Σ0, and thus in G(τ= 0+), Eq. 2.67
(for f =G) with k = 2 and τ= 0 forms a linear group of equations for G(τ= 0+).
If G1(τ= 0+) is the transform calculated with just the first order tail term, then
the relevant equation is

G(τ= 0+)=G1(τ= 0+)+bA2, (2.74)

where the constant
b =−β

4
+ 1
β

∑
|ωn|<ωmax

1
(ωn)2

goes to zero as ωmax →∞.
The expansion coefficients Ai can also be found by performing a fitting of the

ansatz Tk(iωn) directly to the numerical data available on f̂ . This approach
has the advantage that it works equally well for all types of quantities without
explicit considerations for e.g. different types of Green’s functions. The following
procedure has been used for most calculations in this thesis. The algorithm first
substracts the known part of the tail (e.g. the first order term for the Green’s
functions) from the data. It then performs a linear fitting to find the remaining
coefficients Ai. This fitting is not done for the whole range of frequencies
available, but a range [ωa,ωb] is chosen. The lower limit ωa is chosen so that
the complicated low frequency behaviour does not degrade the accuracy. The
upper limit, on the other hand, is chosen to avoid numerical noise often present
in the highest frequencies. How these limits are chosen depends on the data and
has to be judged on a case by case basis. Finally, in some cases better accuracy
can be achieved by using a slightly higher order tail function for the fitting
than is actually used in the Fourier transform. This is because the fitting result
for highest order coefficients Ai tends to be affected by those orders that were
not included in the tail function, but are present in the actual data. However,
such considerations are important only for very high quality data, where e.g.
Monte-Carlo noise is not present.

3Specifically, Σ0 is given by the sum of the Hartree and Fock contributions, equations
(2.18) and (2.19), with the full Green’s function in place of the non-interacting one.
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2.7 Impurity solvers

2.7.1 Continuous-time quantum Monte-Carlo

The first types of quantum Monte-Carlo (QMC) methods applicable to impurity
problems were the Blackenbecker-Scalapino-Sugar [102, 103] and Hirsch-Fye
[104] algorithms [64]. These methods are based on the auxiliary field Monte-
Carlo idea, where a functional integral is discretized in time, and the interaction
terms are decoupled using Hubbard-Stratonovich auxiliary fields. The problem
with this approach is that it introduces a time discretization error, which can
only be eliminated by performing an extrapolation from results obtained for
progresively finer grids. To eliminate the need for this, while also exploring
other improvements such as applications to more general interactions, several
authors delevoped Monte-Carlo methods that work directly with continuous
time variables (CT-QMC) [105]. In the following we will explain the general
idea behind these methods, and discuss the weak coupling interaction expansion
(CT-INT) [105, 106, 107, 108] and auxiliary field (CT-AUX) [105, 109] methods,
which have been used in the publications in this thesis.

General formalism for continuous-time Monte-Carlo
Instead of sampling auxiliary-field configurations, the continuous time methods
can be defined starting from the the Dyson series (see section 2.2) for the
partition function

Z
Z0

=
〈

T exp
(
−
∫β

0
dτHI (τ)

)〉
0

=
∞∑

n=0

(−1)n

n!

∫β

0
dτ1 · · ·dτn 〈T {HI (τ1) · · ·HI (τn)}〉0 ,

(2.75)

and operators

〈O〉 =
〈

T

{
exp

(
−
∫β

0
dτHI (τ)

)
O
}〉

0

/( Z
Z0

)

=
∞∑

n=0

(−1)n

n!

∫β

0
dτ1 · · ·dτn 〈T {HI (τ1) · · ·HI (τn)O}〉0

/( Z
Z0

)
,

(2.76)

Here the division of the total Hamiltonian into HI and H0, which is used to
evaluate the expectation value 〈·〉0, is not always such that H0 is quadratic. In
fact, different ways of doing this result in different types of methods with their
own strengths and weaknesses. We will discuss examples of this a bit later.

Typically HI can be expressed as a sum over some variables that we here
collectively denote as i,

HI =
m∑

i=1
hi. (2.77)
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We then express the partition function as

Z
Z0

=
∞∑

n=0

∑
i1,...,in

∫β

0
dτ1 · · ·dτn sgn

(
{τ, i}n

1
)
Wn
(
{τ, i}n

1
)
, (2.78)

where

Wn
(
{τ, i}n

1
)= 1

n!

∣∣∣∣∣
〈

T
n∏

k=1
hik (τk)

〉
0

∣∣∣∣∣ , (2.79)

and the sign of the configuration is defined as

sgn
(
{τ, i}n

1
)= sgn

(
(−1)n

〈
T

n∏
k=1

hik (τk)

〉
0

)
. (2.80)

Here we have also used a shorthand notation {τ, i}b
a to denote the variables

(τa, ia), (τa+1, ia+1), . . . , (τb, ib). In the following we refer to the pairs (τ, i), which
define the “positions” of the operators hi(τ), as vertices. For the specific Monte-
Carlo methods discussed in the next section they will represent the interaction
vertices of a weak-coupling expansion.

The essential point of the continuous-time Monte-Carlo is that the series
expansion in Eq. (2.78) can be handled stochastically. As W is non-negative, it
can be interpreted as an unnormalized probability distribution for the variables
n, τk and ik. The only difficulty is that the number of variables changes with
n, so that it might seem that the interpretation is not quite as straightforward:
if we want to perform a Monte-Carlo summation, we have to ask what is the
acceptance ratio if we increase or decrease the number of variables in our
configuration space. We can get around this difficulty by temporarily imagining
that the order n is limited to some maximum N, and defining a new weight

wN

(
n, {τ, i}n

1 , {τ, i}N
n+1

)
= 1

(βm)N−n Wn
(
{τ, i}n

1
)
, (2.81)

where m is the number of terms hi. We refer to the extra vertices {τ, i}N
n+1 as

“dummy” vertices. Since wN (n, · · · ) is independent of τk and ik for k > n, we can
see that

Z
Z0

= lim
N→∞

N∑
n=0

∑
i1,...,iN

∫β

0
dτ1 · · ·dτN sgn({τ, i}n

1 )wN

(
n, {τ, i}n

1 , {τ, i}N
n+1

)
. (2.82)

For a fixed N we now have a fixed number of variables, and we can draw config-
urations for the variables n and (τk, ik) according to weight w by the Markov-
Chain Monte-Carlo (MCMC) method [110, 111]. The reversibility condition
requires that the ratio of transition probabilities between states S = (n, {τ, i}N

1
)

and S′ = (n′, {τ′, i′}N
1
)

is

R = P(S → S′)
P(S′ → S)

=
wN

(
n′, {τ′, i′}n′

1 , {τ′, i′}N
n′+1

)
wN
(
n, {τ, i}n

1 , {τ, i}N
n+1
)

= (βm)Δn
Wn′

(
{τ′, i′}n′

1

)
Wn
(
{τ, i}n

1
) ,

(2.83)
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where Δn = n′ −n. The essential features here are the factor (βm)Δn, and that
the ratio is independent of N.

We now wish to define a set of updates to sample the configuration space of
the variables (τk, ik), k = 1. . . N. We define an update that changes n by Δn as
follows. We draw |Δn| vertices (τ, i) from a uniform distribution. If Δn > 0, this
is an addition update, and we add the Δn elements to random positions in the
vertex list {τ, i}n

1 . To preserve the number of variables, we remove Δn randomly
chosen dummy vertices from the list {τ, i}N

n+1. If Δn < 0, this is a removal update
and we add the |Δn| random vertices to random positions in the dummy vertex
list {τ, i}N

n+1. We then remove |Δn| randomly chosen vertices from the list {τ, i}n
1 .

Suppose now that we start from configuration S and propose an addition
update with Δn > 0. Starting from configuration S, the probability density for
proposing the configuration S′ is pS→S′ = (βm)−Δn( n′

Δn
)(N−n

Δn
)
pΔn. Here the first

factor comes from uniformly choosing the added vertices (τ, i), the second one
from choosing the positions of the added vertices, and the last one from choosing
the positions of the removed dummy vertices. The factor pΔn is the probability
for choosing to add Δn vertices. The balancing update is the removal update. We
assume here that the overall probability of choosing to remove Δn elements is
p−Δn = pΔn. Then the probability that we propose the update that takes us to S
from S′ is pS′→S = pS→S′ , since we now choose Δn out of n′ vertices for removal,
Δn out of N − n positions for the added dummy vertices, and draw these Δn
vertices from a uniform distribution. Since the proposal probabilities are the
same, the acceptance ratio is just R.

In practice we do not need to know the dummy vertices, since the observables
or transition ratios do not depend on them. In fact, we do not even need to
known what N is: We can just assume that it is some very large number,
larger than the maximum n we achieve in the random walk. It is also not
necessary to keep book of the order (or indexing) of the variables {τ, i}n

1 , since the
acceptance ratio does not depend on that either. One can thus think about the
configuration space of the MCMC walk as an unordered set {τ, i}n

1 to which we
add and remove randomly chosen vertices. The addition update uniformly draws
|Δn| new vertices to be added, and the removal update chooses |Δn| vertices to
be removed. The Metropolis prescription gives the acceptance probability for the
addition and removal updates as

pacc =min(1,R)=min

(
1,(βm)Δn Wn+Δn

(
{τ, i}n+Δn

1
)

Wn
(
{τ, i}n

1
)

)
. (2.84)

Removal updates that would make n negative are proposed but not accepted.4

The updates with Δn =±1 are in principle ergodic, provided that W is nonzero
for all n (which is not necessarily the case). In any case it is often useful to
add other updates, which do not necessarily change n, to reduce autocorrelation
times.
4They are proposed because otherwise the proposal probability pΔn 
= p−Δn, so that
extra factors would be needed in the acceptance ratio.
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We can define a Monte-Carlo expectation value as

〈E〉MC = 1
Wtot

∑
n

∑
i1,...,in

∫
dτ1 . . .dτnE

(
{τ, i}n

1
)
Wn
(
{τ, i}n

1
)
, (2.85)

where E is some function of the variables {τ, i}n
1 and Wtot is the (usually un-

known) total weight

Wtot =
∑
n

∑
i1,...,in

∫
dτ1 . . .dτnW

(
{τ, i}n

1
)
. (2.86)

As the MCMC process allows us to draw random configurations {τ, i}n
1 according

to the weight W (or strictly speaking w), we can approximate such expectation
values as averages over the MCMC run (hence the notation 〈·〉MC).

Using equations (2.75) and (2.76) we can express expectation values of opera-
tors as

〈O〉 = 〈sgnEO〉MC
〈sgn〉MC

, (2.87)

where

EO({τ, i}n
1 )=

〈
T
∏n

k=1 hik (τk)O
〉

0〈
T
∏n

k=1 hik (τk)
〉

0

, (2.88)

and sgn is the sign function defined in Eq. (2.80). It should be noted that the
unknown weight Wtot is not present in this equation. We say that the quotient
EO is an estimator for operator O. If the average sign of the simulation, 〈sgn〉MC,
is close to zero then this expression is difficult to evaluate accurately, because
determining the sign with good relative accuracy requires very good statistics.
This is the famous Monte Carlo sign problem [105].

There are several variants of the CT-QMC methods, differing both on the level
of numerical implementation, and by the choice of the hamiltonian HI in Eq.
(2.75). The methods can be roughly divided into two classes: For the first class
the division H = H0 +HI is chosen so that the remaining part H0 is quadratic,
leading to weak coupling expansions, where the average order 〈n〉MC grows
with increasing interaction strength U. The continuous-time auxiliary-field
method (CT-AUX) [105, 109] and continuous-time interaction expansion method
(CT-INT) [105, 106, 107, 108] belong to this class. The other class is called
hybridization expansion Monte-Carlo (CT-HYB) [105, 112], where HI is chosen
to be the part of the quadratic Hamiltonian that couples the impurity and the
bath. For this class of algorithms the expansion order decreases with increasing
interactions.

An important difference between these methods is that the expectation values
〈·〉0 in the CT-INT and CT-AUX methods are evaluated against a quadratic
Hamiltonian, while those in the CT-HYB involve the interacting Hamiltonian
restricted to the impurity orbitals. This leads to an exponential scaling in
the system size for the CT-HYB method in the general case [105], which in
practice has restricted its use to clusters with a maximum of four [113, 114]
or five [115, 116] spin degenerate orbitals. The scaling for the CT-INT and
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CT-AUX methods is polynomial in the system size, so they are a better choice for
large cluster problems. However, for small clusters and strong interactions the
CT-HYB method can be significantly more efficient [105].

Weak coupling expansion methods CT-INT and CT-AUX
In this section we will use the CT-INT method as an example of CT-QMC. We will
specialize the formalism developed in the previous section to the case where the
HI is taken to be the quartic interaction Hamiltonian, and the remaining part of
the Hamiltonian is quadratic. We will first concentrate on the CT-INT formalism,
and comment on the CT-AUX formalism in the end. For notational simplicity,
we will discuss a model with two components and Hubbard-like interactions
between them. The CT-INT method can be defined in the above formalism by
choosing HI to be the interaction Hamiltonian HI =U

∑
J nJ↑nJ↓. However, here

we follow Assaad and Lang [108] and write the interaction in the particle-hole
symmetric form

HI =
Ns∑

J=1
U
(
(nJ↑ −0.5)(nJ↓ −0.5)−sgn(U)α2)

=
Ns∑

J=1

∑
s=±1

U
2
(
nJ↑ −0.5− sα

)(
nJ↓ −0.5+sgn(U)sα

)

=
Ns∑

J=1

∑
s=∓1

U
2

(
cJ↑c†

J↑ −0.5− sα
)(

cJ↓c†
J↓ −0.5+sgn(U)sα

)
.

(2.89)

Here we have used J to index the sites, Ns is the number of sites, and we have
introduced an auxiliary field s for each site J. Referring to the above formalism,
the index i associated with each vertex now represents both s and the site
index J, and can be thought of as a pair (J, s). We thus have m = 2Ns, and the
configurations are sets of triplets (τ, J, s). We note that introducing the auxiliary
field is not necessary, but has been show to be advantageous in solving some
sign problems [108].

We now wish to evaluate the weight function W so that it can be used to
perform updates efficiently. The expectation value, taken with respect to the
quadratic part of the Hamiltonian, yields a determinant of a 2n×2n matrix
G0({τ, J, s}n

1 ) comprised of 2×2 blocks defined as

G0 i j({τ, J, s}n
1 )=

⎡
⎣GJi↑,Jj↑(τi,τ j)−0.5−δi j siα GJi↑,Jj↓(τi,τ j)

GJi↓,Jj↑(τi,τ j) GJi↓,Jj↓(τi,τ j)−0.5+sgn(U)δi j siα

⎤
⎦ .

(2.90)
Here we have used the symbol G to denote the non-interacting Green’s function,
which, for impurity problems, is the bath function discussed in section 2.6.2. For
now we also explicitly consider the G↑,↓ propagators that break the component
conservation. The weight is then expressed as

W
(
{τ, i, s}n

1
)= ∣∣∣∣U2

∣∣∣∣n 1
n!

det
(
G0
(
{τ, J, s}n

1
))

. (2.91)
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This allows us to express the acceptance ratio as

R(S → S′)= (β2Ns)Δn
∣∣∣∣U2
∣∣∣∣Δn n!

n′!

∣∣∣∣∣∣
det
(
G0
(
{τ′, J′, s′}n′

1

))
det
(
G0
(
{τ, J, s}n

1
))
∣∣∣∣∣∣ , (2.92)

where the state S has configuration {τ, i, s}n
1 and S′ has configuration {τ′, i′, s′}n′

1 .
The important realization is that the ratios of determinants can be evaluated

more efficiently than the full calculation of the determinant, which scales as
the cube of the matrix size. This is because we do not change the whole matrix,
but only add or remove some rows and columns corresponding to the added and
removed vertices. The update procedure rests on two matrix formulas, which
allow one to update the determinant and the inverse of the matrix cheaply. The
first formula is the block inversion identity [117, section 2.8].

⎡
⎣A B

C D

⎤
⎦
−1

=
⎡
⎣A−1 + A−1BD̃CA−1 −A−1BD̃

−D̃CA−1 D̃

⎤
⎦=

⎡
⎣Ã B̃

C̃ D̃

⎤
⎦ , (2.93)

where
D̃ = (D−CA−1B)−1, (2.94)

and A and D are square matrices. If we know the matrix A−1, we can use this
formula to calculate the inverse of A expanded by rows and columns. Conversely,
we can see that the matrix A−1 is found from the inverse of the enlarged matrix
as

A−1 = Ã− B̃D̃−1C̃. (2.95)

If we add Δn vertices, then D is a 2Δn×2Δn matrix. For small Δn the dominating
cost comes from evaluating the products A−1B and CA−1, which scales as
(2n)2(2Δn), much better than evaluating the full determinant.

The reason why we want to keep track of the inverse of the matrix G0 while
doing the updates, is that the determinant ratios can then be calculated from
the so-called matrix determinant lemma [117, section 2.8], which states

det

⎛
⎝
⎡
⎣A B

C D

⎤
⎦
⎞
⎠= det(A)det(D−CA−1B)= det(A)det(D̃)−1. (2.96)

Thus we can evaluate the ratio of the determinants of the enlarged matrix and
the matrix A by calculating the determinant of D̃. For the addition updates we
then need A−1 to first calculate the matrix D̃ using Eq. (2.94).

To use the CT-INT algorithm as an impurity solver in DMFT, we need to be
able to calculate the self-energy of the impurity problem. This is done by first
calculating the Green’s function, and then using the Dyson equation to evaluate
the self-energy. The estimator for the Green’s function is calculated by taking
the observable O in Eq. (2.88) to be

O = cKσ(τ)c†
K ′σ′(τ′), (2.97)
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where K and K ′ denote arbitrary site indices. The expectation value in the
numerator of Eq. (2.88) is then a determinant of the matrix G0 which has been
expanded by one row and column. Thus we can use the matrix determinant
lemma to evaluate it as

E(K ,τ,σ,K ′,τ′,σ′)= det(D−CG0
−1B)= D−CG0

−1B, (2.98)

where D = GJσ,J′σ′(τ,τ′) is a scalar and C and B are row and column vectors
given by

C = [GKσ,J1↑(τ,τ1),GKσ,J1↓(τ,τ1), . . . ,GKσ,Jn↑(τ,τn),GKσ,Jn↓(τ,τn)]

BT = [GJ1↑,K ′σ′(τ1,τ′),GJ1↓,K ′σ′(τ1,τ′), . . . ,GJn↑,K ′σ′(τn,τ′),GJn↓,K ′σ′(τn,τ′)]
,

(2.99)

and Ji, σi and τi refer to variables of the current MCMC configuration. In prac-
tice this formula can be transformed into frequency space to directly measure
the Matsubara frequency Green’s function [105].

For any MCMC method it is important to consider whether the method
presents a sign problem. The sign function for the CT-INT method is given
as

sgn
(
{τ, J, s}n

1
)= (−sgn(U))n sgn

(
det
(
G0
(
{τ, J, s}n

1
)))

. (2.100)

Suppose now that the component conservation is not broken, so that the mixing
components G↑,↓ = 0. Then one can permute the rows and columns of the matrix
G0 to write the determinant as

det(G0)= det(G0↑)det(G0↓), (2.101)

where G0σ is the matrix

(G0σ)i j =GJiσ,Jjσ(τi,τ j)−0.5−sgn(σ)δi j siα, (2.102)

with sgn(↑)=+1 and sgn(↓)=−sgn(U). Let us first discuss the attractive model,
sgn(U)=−1, and assume that the model has the symmetry G↑ =G↓. This implies
that the model has zero polarization, but can be at any filling. We can then see
that the Monte Carlo sign is positive, because G0↑ =G0↓.

If one performs a particle-hole transformation in the ↓-component of the
attractive model discussed above, i.e. writes the Hamiltonian in terms of the new
operators c′J↓ = c†

J↓, then the interaction Hamiltonian, Eq. (2.89), is otherwise
the same, but U changes sign. The Green’s function for τ 
= 0 transforms as
G ′

I↓,J↓(τ)=−GJ↓,I↓(−τ), and for τ= 0 we have the definition

G ′
I↓,J↓(τ= 0)= lim

τ→0+
G ′

I↓,J↓(τ)= δIJ −GJ↓,I↓(0).

One can then write the matrix elements of G0↓ as

(G0↓)i j = δi j−GJj↓,Ji↓(τ j,τi)−0.5+δi j siα=−GJj↓,Ji↓(τ j,τi)+0.5+δi j siα. (2.103)

43



Dynamical mean-field theory

This can also be written as G0↓ i j =−G0↑ ji, from which we see that the sign of
the determinant terms is (−1)n. As U is now positive, this is compensated by
the term (−sgn(U))n in Eq. (2.100), and so the sign is again always positive. We
note that this model has total density 1, i.e. is at half-filling, but can have any
polarization.

Finally, we discuss the role of the parameters α. For the above models, i.e. the
attractive model at vanishing polarization and the repulsive model at half-filling,
there is no sign problem regardless of the value of α. In these cases Assaad
and Lang [108] have shown that for α = 0, terms with odd n vanish. This is
problematic if we only use updates with Δn =±1, because the algorithm then
loses ergodicity. This can be fixed by setting e.g. α= 0.01. For models other than
the ones discussed above, the algorithm can present a sign problem. Another
important role for the α parameter is that, for α> 0.5, the sign problem is fixed
for one-dimensional models and single-site impurity problems [108], at least for
the case G↑↓ =G↓↑ = 0.

In practice the CT-INT solver is a very versatile impurity solver that is ap-
plicable to a wide variety of models. The main limitation is the sign problem
for cluster calculations away from half-filling (repulsive models) or with a finite
polarization (attractive models). Another algorithm with similar qualities is the
CT-AUX solver, which uses (for the repulsive case) the following auxiliary-field
decomposition for the interaction Hamiltonian [105, 109, 118]:

HI =U
Ns∑

J=1

(
nJ↑nJ↓ −0.5

(
nJ↑ +nJ↓

))− K
β

=− K
2βNs

Ns∑
J=1

∑
s=±1

exp
(
γs
(
nJ↑ −nJ↓

))
,

γ= cosh−1
(
1+ UβNs

2K

)
(2.104)

We thus again have m = 2Ns vertex types, and an auxiliary field s =±1 for each
interaction term. At first the form of the Hamiltonian seems very different from
the CT-INT approach, but we will now show that they are actually equivalent
[119, 120]. First, because nk = n for any integer k > 1 and any density operator
n = c†c, the exponential factor is actually linear in the density operator n,

exp(±γsn)= 1+n(exp(±γs)−1). (2.105)

Using this, the Hamiltonian can be written as

HI =− K
2βNs

Ns∑
J=1

∑
s=±1

(
exp(γs)−1

)(
exp(−γs)−1

) ·
· (nJ↑ + (exp(γs)−1)−1)(nJ↓ + (exp(−γs)−1)−1) .

(2.106)

With the help of the formula cosh−1(x)= ln
(
x+

�
x2 −1

)
and some algebra one
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can show that

(
exp(γs)−1

)(
exp(−γs)−1

)=−UβNs

K

(
exp(±γs)−1

)−1 = ±se∓
1
2γs

e
1
2γ− e−

1
2γ

=± s
2

e
γ

2 + e−
γ

2

e
γ

2 − e−
γ

2

− 1
2

=±s
1
2

coth
(γ
2

)
− 1

2
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Thus we can write the Hamiltonian as

HI =
Ns∑

J=1

∑
s=±1

U
2

(
nJ↑ −0.5+ s

1
2

coth
(γ
2

))(
nJ↑ −0.5− s

1
2

coth
(γ
2

))
(2.108)

This is the same (term by term) as the CT-INT form provided that we choose

α= 1
2

coth
(γ
2

)
. (2.109)

Thus, referring to Eq. (2.77), the decomposition of HI to terms hi is the same for
both methods, which means that they are essentially the same method at least
for the Hubbard-like models discussed here.

Aside from these theoretical considerations, the practical numerical implemen-
tation of the methods even for the basic Hubbard interactions is often slightly
different, as the matrix calculations are usually written in different forms in
the different formalisms [105]. However, both algorithms use the same inverse
matrix update formulas discussed above, and must have the same algorithmic
properties such as average order 〈n〉MC and average sign [119]. Historically
the main difference between the CT-INT and CT-AUX methods has been that
important optimizations that take into account the cache architecture of modern
processors were first developed in the CT-AUX context [121, 122], although they
can be applied to CT-INT as well [123]. The CT-AUX method has thus been used
in most of the large scale cluster calculations to study the scaling of e.g. critical
temperatures as a function of the cluster size [30, 29, 31, 124]. On the other hand,
as the CT-AUX uses the auxiliary field decomposition valid for density-density
interactions only, the CT-INT formalism better lends itself to generalizations to
more complicated interaction Hamiltonians [108, 125, 123, 126].

2.7.2 Exact diagonalization

In the early days of DMFT, before the development of CT-QMC, the state of
the art impurity solver was the exact diagonalization (ED) algorithm [64, 127].
The idea is to represent the impurity problem in a Hamiltonian form, and then
to solve it using numerical techniques that work directly on the many-body
Hamiltonian matrix. Neither of these tasks is trivial: Finding the form of the
Hamiltonian necessarily involves discretization of the infinite number of degrees
of freedom needed to represent the bath, and there is no canonical way for doing
this. Adding more degrees of freedom to the bath exponentially increases the
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size of the Hilbert space, i.e. the size of the matrix to be diagonalized. In practice
the largest cluster impurity problems solved using the ED algorithm in the
literature consist of 4 impurity sites and 8 bath sites with two orbitals per site
[128, 129, 130]. Despite these problems, the ED solver has two main advantages:
It can handle low (especially vanishing) temperatures easily, and it works in all
parameters regions, including those where Monte-Carlo methods have a sign
problem. In the following we will first discuss the problem of discretizing the
bath, and then the actual exact diagonalization algorithms.

Fitting the bath parameters
An impurity problem is defined by the interaction parameters and the non-
interacting Green’s function G . Suppose now that we have an impurity problem
with Ni impurity orbitals and a bath discretization with Nb bath orbitals. If we
choose the orbital indices for the impurity sites as 1. . . Ni and those for the bath
sites to be Ni +1. . . Ni +Nb, then we can write the hopping Hamiltonian matrix
as

H =
⎡
⎣T V †

V E

⎤
⎦ (2.110)

Here the matrix T represents the hopping parameters between the impurity
orbitals, E represents those between the bath orbitals, and V gives the hybridiza-
tion parameters that allow particles to hop from the bath to the impurity and
back. We are interested in the Greens function Ḡ between the impurity orbitals,
which is given as the Ni ×Ni upper left block of the full non-interacting Green’s
function

Ḡ (iωn)=
⎛
⎝
⎛
⎝−iωn +

⎡
⎣T V †

V E

⎤
⎦
⎞
⎠
−1⎞
⎠

1...Ni ,1...Ni

=
(
−iωn +T −V †(−iωn +E)−1V

)−1
.

(2.111)
Here the last form follows from the block inversion Eq. (2.95). Without loss of
generality we can assume that E is diagonal: if this is not the case, it can be
diagonalized by a unitary transformation which is absorbed into V . We note
that if there is more than one conserved component in the problem, they can be
treated separately in the bath fitting phase.

Our task is now to find the parameters T, V and E in such a way that Ḡ

represents the original Green’s function G as well as possible. The impurity
hopping parameters T can be fixed if we require that the second order asymptotic
(see Eq. (2.73) ) for Ḡ agrees with that of G . Then T is equal to the so-called
cluster hopping parameters [65]. To find the rest of the parameters, we have
used a conjugate gradient method from the GSL library [131] to minimize the
cost function defined as

cost(E,V )= ∑
n,|ωn|<|ωmax|

|ωn|−p ∥∥G−1(iωn)− Ḡ−1(iωn)
∥∥2

, (2.112)

where p and |ωmax| are free parameters that are tuned on a to obtain a good fit.
Typical values for p are p = 1 or p = 2. We note that finding a good quality fit in
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a case with a large number of bath orbitals can take a substantial amount of
time. For performance reasons we use analytical formulas for the gradients of
the cost function, despite the fact that they are substantially more tedious to
program than a finite difference approach.

For a single orbital problem, encoutered e.g. in a single-site DMFT calculation
on the single-band Hubbard model with enforced component conservation, V
becomes a column vector and Eq. (2.111) simplifies to [64]

Ḡ (iωn)−1 =−iωn +T −
Nb∑
i=1

|Vi|2
−iωn +Ei

, (2.113)

where Vi are the elements of V , Ei are the bath levels (i.e. diagonal elements
of E) and T is a real number. Eq. (2.112) then represents a linear optimization
problem in |Vi|2 with the constraint that each variable |Vi|2 is nonnegative. This
is useful, because the global minimum for such a problem can be found using the
nnls (non-negative least squares) algorithm described e.g. in [132]. A Fortran
implementation can be found e.g. in the SciPy library [133]. The variables Ei

still have to be optimized using a non-linear optimization algorithm, but the
dimensionality of the non-linear problem is reduced to half.

To use the conjugate gradient algorithm in the general case, one has to have a
reasonable starting guess for the parameters E and V . We have found that the
following procedure works for this purpose. First, perform a transformation of
the problem into natural orbitals, i.e. orbitals that diagonalize the single-particle
density matrix G (τ= 0+). This basis is, in some sense, the basis that makes G

as diagonal as possible, although it is not necessarily exactly diagonal for all
τ. Within this basis, we first neglect the non-diagonal components of G so that
the fitting problem is reduced to Ni single orbital problems. For these problems
we can use the constrained linear least-squares fitting described above using a
prescribed number of bath orbitals for each impurity orbital. For bigger cluster
problems the number of bath orbitals per impurity orbital is usually small
enough that even a brute force scan over the parameters Ei can be performed.
The resulting configuration for E and V is then used as the starting point of a
general conjugate gradient minimization with the full cost function, Eq. (2.112).
While this final minimization sometimes substantially changes the parameters,
the procedure described above seems to effective for finding parameters E and V
with the right order of magnitude. After the first iteration one can alternatively
use the parameters from the previous iteration as the starting guess.

Calculating the Green’s function
Once the parameters T, E and V are fixed, the problem is reduced to finding
the single-particle Green’s function of a finite system. To do this, we first con-
struct the full many-body Hamiltonian matrix of the problem. The matrix is
constructed in the occupation number basis where the density-density interac-
tions are diagonal [134, 135]. We note that, when using the Nambu formalism
(see chapter 3), the conservation of components is broken and cannot be used
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to reduce the size of the problem. The Hamiltonian matrix is typically large
and sparse, and should be handled using a sparse matrix format. We build the
matrices using the coordinate list (COO) format and then convert them to the
compressed sparse column (CSC) format that is used in the Armadillo matrix
library [136].

If the system is small enough (in practice about eight sites, or 16 orbitals, for
a half-filled two-component Hubbard model with the bath and impurity sites
combined) we can use library functions to perform a full diagonalization, i.e. to
solve all eigenstates and eigenvalues for each particle number sector separately.
The Green’s function can then be calculated from the Lehmann representation
[64]. In principle this is a straigthforward application of Eq. (2.9), although
it is best to normalize the energies so that the ground state energy is zero to
avoid very large contributions from the terms exp(−βEn). It should also be
noted that, with multiple conserved components (and no symmetry breaking
that happens e.g. in the superconducting state with the Nambu formalism), the
Green’s function Gi j(iωn) is nonzero only if the orbitals i and j belong to the
same component. Furthermore, the summation is restricted so that the state
|En〉 has one less particle than the state |Em〉.

If the system is too large for the full diagonalization approach, we can use
Krylov subspace methods [135, 137, 138, 134]. The Krylov subspace of order n
is defined as the space

Kn = span
({

v0,Hv0,H2v0, . . . ,Hnv0
})

, (2.114)

where v0 is some starting vector, usually chosen randomly, and H is the Hamil-
tonian matrix (within a given particle number sector). We can approximate the
eigenvalues of H by the eigenvalues of the hamiltonian projected on the subspace
Kn, denoted by projKn

(H). It can be shown that the Krylov subspace has the
special property that the lowest (highest) eigenvalue of projKn

(H) monotonously
approaches the lowest (highest) eigenvalue of H from above (below), when n is
increased [138, section 9.1.1]. The convergence of the eigenvalues is also faster
than e.g. for the power method which approximates the dominant eigenvector
by Hnv0. This is intuitively clear since the whole Krylov subspace can be used
to obtain the best approximation for the eigenvectors.

Algorithm 1 Lanczos algorithm (after [139])
1: Choose starting vector v0 with ||v0|| = 1, and set u0 = Hv0

2: for i = 0. . .n do
3: α j = v†

j u j

4: wj = u j −α jv j

5: β j+1 =
√

w†
jwj

6: vj+1 = wj
β j+1

7: u j+1 = Hvj+1 −β j+1vj

8: end for
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It is possible to iteratively construct an orthonormal basis vi, i = 1. . .n for
the subspaces Kn using the Lanczos algorithm [138, 139, 137], Algorithm 1.
The power of this algorithm comes from the fact that it iterates through the
orthogonal basis vectors vi while only requiring memory for two of them at any
given time [139]. Furthermore, projKn

(H) is represented in this Lanczos basis
by the tridiagonal matrix

T =

⎡
⎢⎢⎢⎢⎢⎢⎣

α0 β1

β1 α1
. . .

. . . . . . βn

βn αn

⎤
⎥⎥⎥⎥⎥⎥⎦

. (2.115)

One can thus calculate the eigenvalues of projKn
(H) relatively cheaply at each

iteration as eigenvalues of T and terminate the algorithm when the change in
the lowest eigenvalue is below some tolerance.

In practice the main problem with the Lanczos algorithm is that in finite
precision arithmetic the basis vectors lose orthogonality after some iterations,
introducing spurious eigenvalues in the spectrum and limiting accuracy of the
obtained ground state. However, this usually happens only after the ground
state eigenvalue has converged with significant accuracy, and thus is less of
a problem if we are not interested in excited states. These inaccuracies can
also be alleviated by using a restarted Lanczos method, where the eigenvector
corresponding to the lowest eigenvalue found in a previous run of the algorithm is
used as the starting vector v0 for the next run. Using a good approximation of the
eigenstate as v0 accelerates convergence, thereby also reducing the accumulated
rounding errors.

The Lanczos method can also be used for the calculation of the Green’s function
in the following way [135]. At zero temperature the Green’s function can be
expressed using Eq. (2.10) as

Gi j(iω)=Gp
i j(iωn)+Gh

i j(iωn) (2.116)

where the particle and hole Green’s functions can be written in terms of resolvent
matrix elements as

Gp
i j(iωn)=∑

n

〈GS|ci|En〉〈En|c†
j|GS〉

−iω+ (En −EGS)

= 〈GS| ci(−iω+ (H−EGS))−1c†
j |GS〉

Gh
i j(iωn)=∑

n

〈GS|c†
j|En〉〈En|ci|GS〉

−iω− (En −EGS)

= 〈GS| c†
j (−iω− (H−EGS))−1 ci |GS〉

(2.117)

where H is the full Hamiltonian (matrix). We first calculate the ground state,
say |GS〉, as described above. We then choose v0 = c†

i |GS〉 /||c†
i |GS〉 || as a new
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starting vector and run the Lanczos algorithm again. This produces the tridiago-
nal matrix T representing projKn

(H) in the basis {v0, . . . ,vn}. For a hypothetical
Lanczos run in infinitely precise arithmetic we could run the Lanczos algorithm
until exact convergence (giving at most n = dim(H)), and express the diagonal
elements of the particle Green’s function as the upper-left matrix element of the
appropriate resolvent operator in the Lanzos basis as

Gp
ii(iωn)= ||c†

i |GS〉 ||2v†
0(−iω+ (H−EGS))−1v0

= ||c†
i |GS〉 ||2 [(−iωn + (T −EGS))−1]

00 .
(2.118)

A similar equation can be derived for the hole Green’s function with the starting
vector v0 = ci |GS〉 /||ci |GS〉 ||.

To calculate the Green’s function in practice, we stop the Lanczos algorithm at
some n, which can be a constant determined by trial and error to be large enough
so that G is essentially independent of n, or can be found using e.g. the condition
that the ground state energy is sufficiently converged. We then use the above
formula with the truncated T to calculate the Green’s function. The inverse
element of the tridiagonal matrix can be calculated using a continued fraction
formula [135]. It can be shown that, since iωn is imaginary, the Green’s function
converges exponentially as a function of n in exact arithmetic [140]. However,
because of the loss of orthogonality discussed above, there is a practical upper
limit to n after which the accuracy does not improve anymore. In practice the
number of iterations used is from a few tens to one hundred.

The above discussion can be generalized to calculate any diagonal matrix ele-
ment of the resolvent, i.e. a matrix element of the form v†

0(−iω+ (H−EGS))−1v0.
The off-diagonal Green’s functions (i 
= j) are not of this form, but they can still
be calculated by using a symmetrization trick: To calculate Gp one chooses
v0 = (c†

i + c†
j) |GS〉 /||(c†

i + c†
j) |GS〉 ||, for all pairs (i, j), and expresses the Green’s

functions in terms of the resulting symmetric resolvent elements [135]. This is
not very efficient, however, because the Lanczos algorithm has to be run several
times. The reason why we cannot directly calculate off-diagonal matrix elements,
e.g. v†

0(−iω+ (H−EGS))−1v1 for any v0 and v1, is essentially that there is only
one vector in the Lanczos basis that we can freely choose, namely v0. However,
the Lanczos method can be generalized so that we choose any number N of
starting vectors v0,v1, . . . ,vN , and then find an orthogonal basis for the subspace

span({v0,v1, . . . ,vN ,Hv0,Hv1, . . . ,HvN , . . . ,Hnv0,Hnv1, . . . ,HnvN }). (2.119)

The resulting Lanczos method is called the band Lanczos algorithm [140, 141,
135], as the matrix T is then (almost) an N-diagonal band matrix. The band
Lanczos method is somewhat more complicated than the single-vector Lanczos,
and we will not describe it here. We note that the band Lanczos method was
originally designed to find nearly degenerate eigenvalues, but in our case we
still use the single-vector Lanczos for the ground state calculation.
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3. Phase transitions and spontaneous
symmetry breaking within DMFT

In the previous chapter we discussed the theory and practical implementation
of the dynamical mean-field theory and its cluster extensions. In this chapter
we aim to leave the technical details behind, and concentrate on physical appli-
cations of the DMFT approximation, drawing examples from the publications
contained in this thesis.

3.1 Introduction: Mean-field theory and beyond

When one speaks about mean-field theory in the context of fermionic lattice
systems, one typically means Hartree-Fock-Bogoliubov type mean-field theories.
There are several ways to think about this class of approximations. One way is
to perform a Hubbard-Stratonovich decoupling of the interaction in a chosen
channel, and then to use a saddle-point approximation in the resulting partition
function [36]. In this approach the order parameters are thought of as high-
probability configurations of a dynamical field, and one can develop a low-energy
theory of fluctuations around the mean-field solution. Another approach [142] is
to begin with the free energy functional

F(ρ)=Tr(ρH)+ 1
β

Tr(ρ logρ), (3.1)

where ρ is the density matrix and H is the grand canonical Hamiltonian. The
Hartree-Fock theory is then obtained by minimizing the free energy among a set
of trial density matrices, which are taken to be of the form

ρ = exp

(
−β∑

i j
γi j c

†
i c j

)
/Tr

(
exp

(
−β∑

i j
γi j c

†
i c j

))
, (3.2)

where γi j is an effective non-interacting mean-field Hamiltonian. Specializing
from the calculation in Ref. [142], it can be shown that, for a Hamiltonian

H =∑
i j

ti j c
†
i c j +

∑
i j

Ui j

2
nin j (3.3)
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F is stationary exactly when

γi j = ti j +δi j
∑
k

Uik 〈nk〉ρ−Ui j

〈
c†

j ci

〉
ρ

, (3.4)

where the expectation values are to be evaluated against the density operator
ρ. Since ρ depends on γ, this is a self-consistency equation for the mean-field
Hamiltonian γ. From the Hamiltonian in Eq. (3.4) one can see that, within the
mean-field approximation, the self-energy is frequency independent and is given
by

Σi j(iωn)=−δi j
∑
k

Uik 〈nk〉ρ+Ui j

〈
c†

j ci

〉
ρ
= δi j

∑
k

Uik(Gkk(0+)−1)−Ui jGi j(0+).

(3.5)
The same form of the self-energy can be derived from the Baym-Kadanoff-
Luttinger-Ward formalism by restricting the diagrammatic series for Φ to the
first order diagrams. This gives a third way to think about the mean-field
approximation. It shows that mean-field theory is a weak coupling theory, and
in a certain sense can be seen as a type of self-consistent perturbation theory in
U .

Each of the above derivations suggests different types of beyond-mean-field
theories that would capture important physical effects for strongly interacting
models. For the Hubbard-Stratonovich decoupling scheme one can e.g. include
spatial fluctuations of the magnetization to better capture the destruction of
long range order by thermal effects [143]. The variational approach, on the other
hand, suggests improving the theory by using more realistic variational states.
A good example of this is the resonating valence bond description of unconven-
tional superconductivity, where a mean-field-like wave function is projected to a
subspace with reduced double occupancy to better model the effect of a strong re-
pulsive Hubbard interaction [144]. Finally, the diagrammatic approach suggests
including classes of higher order diagrams in the approximation with the hope
that important effects can be captured without summing the full series. This
then leads to approximations with a dynamical, frequency dependent self-energy,
such as the dynamical mean-field theory.

Within mean-field theory one often considers states with broken symmetries.
These can include breaking of lattice point group symmetry or translational in-
variance, or breaking of internal symmetries like conservation of spin or particle
number. In practice these are seen as self-energies that are strictly speaking
forbidden for the system, but still appear as instabilities in the calculation. Such
instabilities must be interpreted as a sign of spontaneous symmetry breaking,
which can be described as a response of an infinite system to an infinitesimally
small perturbation. Within mean-field theories, including DMFT, such symmetry
breaking happens also for finite systems, and generally the critical tempera-
tures are overestimated, since long range thermal and quantum fluctuations
are missing. Nevertheless, when interpreted properly, such calculations can still
yield interesting physical information. In the following we will discuss aspects
of symmetry breaking relevant to the publications in this thesis. In many cases
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the DMFT results show the same kind of symmetry breaking that can also be
obtained within a static mean-field theory, although with perhaps slightly differ-
ent phase boundaries and frequency dependent corrections to the self-energy.
Sometimes, however, the DMFT captures instabilities that are simply not there
in a static theory. These are the most interesting cases that make it worthwhile
to employ many-body approaches.

3.2 Long range order, magnetism and superfluidity

The most succesfull microscopic model of superconductivity to date is indubitably
the Bardeen–Cooper–Schrieffer (BCS) theory [145], which describes the super-
conductivity as resulting from the formation of a condensate of electron pairs
known as Cooper pairs. An integral part of this theory is the explanation of
the origin of the effective interaction that binds the pairs as a result of the
electron-phonon interaction. For Hubbard-like lattice models we typically start
one level higher, where the interaction between the electrons is directly given as
a parameter in the Hamiltonian. Nevertheless, the simple mean-field descrip-
tion of superconductivity in the attractive Hubbard model is still often called
BCS mean-field theory.

Another phenomenon frequently encounetered in lattice models is magnetism
in its various forms. While it is physically very different from superconductivity,
the mathematical formalism in the context of locally interacting lattice models
is very similar, as discussed in section 3.2.3. In fact, for a broad class of lattices
there exists an exact transformation between magnetic states obtained for re-
pulsive interactions, and superconducting states that are generally found for
attractive interactions. Thus, in this context, these phenomena can largely be
seen as two sides of the same coin. In the following we will discuss superconduct-
ing and magnetic mean-field and DMFT solutions for attractive and repulsive
Hubbard models. We will also discuss beyond-mean-field states that cannot be
obtained within pure mean-field theory.

3.2.1 Mean-field treatment of superconductivity and the FFLO
ansatz

Before we discuss superconductivity in the DMFT context, it is useful to review
the basics of the corresponding mean-field solutions. The mean-field theory is
most conveniently formulated in the Nambu-formalism [146] by introducing the
spinor

ψi =
⎡
⎣ci↑

c†
j↓

⎤
⎦=

⎡
⎣di↑

d j↓

⎤
⎦ , (3.6)

where we have defined the operators d to denote ↑-particle and ↓-hole destruction
operators, and i is the site index. The Hubbard Hamiltonian can be conveniently
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written in the Nambu form

H =
∑
i jσ

ti jσciσc jσ−U
∑
i j

ni↑(ni↓ −1)

=
∑
i j
ψ

†
i

⎡
⎣ti j↑ 0

0 −t∗i j↓

⎤
⎦ψ j +U

∑
i

nd
i↑nd

i↓ +
∑

i
tii↓,

(3.7)

where the density operators are defined as nd
iσ = d†

iσdiσ. The Green’s functions
are defined in a matrix form as

Gi j(τ)=
〈
ψi(τ)ψ j(0)†

〉
=
⎡
⎣
〈

ci↑(τ)c†
j↑(0)

〉 〈
ci↑(τ)c j↓(0)

〉
〈

c†
i↓(τ)c†

j↑(0)
〉 〈

c†
i↓(τ)c j↓(0)

〉
⎤
⎦ , (3.8)

where we assume 0< τ<β for the time ordering to be correct. The off-diagonal
elements are called anomalous Green’s functions: they are anomalous because in
an exact calculation they would always be zero, as they break the U(1) symmetry
corresponding to particle conservation. Formally, we can imagine adding a small
symmetry breaking term of the form

∑
i j δi j(ci↑c j↓ +h.c.) to the Hamiltonian.

Spontaneous symmetry breaking would be indicated if, after first taking the
thermodynamic limit and then the limit δ→ 0+, the system would show a finite
anomalous Green’s function. We will discuss how this is related to superfluidity
in section 3.2.2, but let us first consider a few interesting cases where this type
of symmetry breaking happens.

For the Nambu Green’s function the mean-field self-energy, Eq. (3.5), takes
the form

Σ(iωn)=U

⎡
⎣−
〈

d†
i↓di↓

〉 〈
d†

i↓di↑
〉

〈
d†

i↑d j↓
〉

−
〈

d†
i↑di↑

〉
⎤
⎦=U

⎡
⎣〈ni↓

〉−1
〈
ci↑ci↓

〉〈
c†

i↓c†
i↑
〉

−〈ni↓
〉
⎤
⎦ (3.9)

Thus the self-consistent mean-field Hamiltonian contains an order parameter
Δi =

〈
ci↑ci↓

〉
. It is well known that the mean-field solutions for various lattices

with an attractive interaction (U > 0) produce a non-zero Δ for sufficiently low
temperatures. The mean-field order parameter field can appear in various
interesting configurations depending on the model in question [147, 148]. In
principle it is possible to take a finite system and allow for arbitrary order
parameter Δi at each of the sites. However, in practice one usually restricts the
form of the order parameter to be e.g. uniform or translation invariant within
some enlarged unit cell, and then minimizes the free energy while respecting the
chosen constraints. One of the most studied configurations besides the uniform
one is the Fulde-Ferrel-Larkin-Ovchinnikov (FFLO) state [148, 149, 150], where
the order parameter acquires a sinusoidal form Δ(�x) = cos(�q ·�x)Δ0 with wave
vector �q and amplitude Δ0. This form of the order parameter is typical for model
Hamiltonians with a finite polarization, and will be briefly discussed below.

The non-uniformity of the FFLO order parameter can be explained by writing
Δ in terms of momentum-space operators. Here we consider a single-band model,
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and define the Fourier transform as

c�kσ = 1√
Ns

∑
�x

exp(i�k ·�x)c�xσ

c�xσ = 1√
Ns

∑
�k

exp(i�k ·�x)c�kσ

, (3.10)

where Ns is the number of sites in the lattice. We can then express Δ as

Δ(�x)= 1
Ns

∑
�k1,�k2

exp
(
i�x · (�k1 +�k2)

)〈
c�k1↑c�k2↓

〉
. (3.11)

The spatial form of the order parameter is now encoded in the expectation value
Δ̂(�k1,�k2)=

〈
c�k1↑c�k2↓

〉
. A uniform order parameter is obtained if pairing happens

only for�k1 =−�k2 so that Δ̂(�k1,�k2)∝ δ(�k1 +�k2). However, for weak interactions
the pairing effects happen close to the Fermi surface, and for a polarized system
the Fermi surfaces of the up- and down-components are different. If the condition
�k1 =−�k2 would still hold, then at least one of the momenta would have to fall
away from the Fermi surface. Thus the uniform ansatz might not be optimal
for polarized systems. The FF ansatz, named after Fulde and Ferrel [149],
attempts to remedy this problem by allowing pairing between momenta�k1 and
�k2 =−�k1+�q, so that Δ̂(�k1,�k2)∝ δ(−�k1+�q−�k2). This leads to an order parameter
that is in real space given by

Δ(�x)= exp(i�q ·�x)
∑
�k

〈
c�k↑c−�k+�q,↓

〉
. (3.12)

If �q is chosen suitably, then both c�k↑ and c−�k+�q,↓ can simultaneously reside

close to the Fermi surface for some values of�k (see figure 3.1). This ansatz can
be extended by allowing multiple shifts �q. A superposition of two FF ansätze
with shifts �q and −�q gives the LO (after Larkin and Ovchinnikov [150]) order
parameter

Δ(�x)= exp(i�q ·�x)
∑
�k

〈
c�k↑c−�k+�q,↓

〉
+exp(−i�q ·�x)

∑
�k

〈
c�k↑c−�k−�q,↓

〉

= 2cos(i�q ·�x)
∑
�k

〈
c�k↑c−�k+�q,↓

〉
,

(3.13)

where we used the inversion symmetry
〈

c�k1↑c�k2↓
〉
=
〈

c−�k1↑c−�k2↓
〉

.
Both the FF and the LO configurations are often referred to as FFLO states.

Generally the shift �q is treated as a free parameter in the minimization of the
free energy, although good candidates can be found by simply trying to find a �q
that matches the two Fermi surfaces as well as possible. The LO ansatz is in
most cases found to be lower in free energy that the FF ansatz [148]. However,
the FF ansatz is easier to work with analytically, and is thus used in many
mean-field studies.

Besides the pairing order parameter Δ the mean-field self-energy also includes
the diagonal elements that correspond to Hartree shifts. If the density for
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Figure 3.1. Schematic representation of why the length of the FFLO wave vector �q tends to be
well estimated by the difference of the Fermi momenta. In the situation depicted
here, up-particles with momentum�k can pair with down-particles with momentum
−�k+�q, while simultaneously residing on the respective Fermi surfaces. The density
of each of the components is proportional to the volume of the Fermi sphere and the
polarization, defined as the difference of the densities, is thus proportional to V↑ −V↓.
If we assume a small �q and a constant total density, we can estimate, p ∼V↑−V↓ ∼ |�q|.

both components is uniform, then the Hartree shift can be absorbed into a
redefinition of the chemical potential. For the LO state the non-uniformity of
the order parameter also induces a non-uniform polarization. Despite this, the
Hartree shifts are often neglected in mean-field treatments, which is justified if
the amplitude of the modulation is small [148].

3.2.2 Superfluid density

Superfluid or superconducting phase transitions within mean-field theories and
DMFT are often discussed in terms of the order parameter Δ = 〈c↑c↓

〉
, also

referred to as the “gap”, as it is related to the single-particle excitation energies
in BCS theory. However, this quantity is not the only physically relevant
observable. Below we will discuss the quantity called superfluid density, or
superfluid stiffness, which gives additional information on the behaviour of the
superfluid, and allows extending the validity of mean-field theory by considering
the BKT transition temperatures, as discussed in section 3.3.5.

Intuitive definition of the superfluid density
Superfluidity is a phenomenon where a fluid flows without dissipating energy.
In the case of a superconductor this is a charged fluid, which thus carries
an electric current. However, this is not an entirely satisfactory definition of
superfluidity: As a thought experiment one can consider a perfect metal or an
ideal gas where electrons or other particles can flow without resistance, but they
still do not qualify as superfluids. Indeed, superfluidity is a quantum mechanical
phenomenon which also has other defining properties such as quantized angular
momentum or magnetic flux, or the Meissner effect [151]. One quantity that
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measures to what degree a substance is a superconductor is the superfluid
(number) density ns, which is related to the London penetration depth [152] λ
and thus to the Meissner effect as

λ2 = m
μ0nsq2 , (3.14)

where m and q are the mass and charge of the superfluid charge carriers. A
standard way to connect these phenomenological quantities to the microscopic
model is to consider the response of an infinite system to an oscillating vector
potential, and then take the static limit in a correct way [153]. Here we use a
slightly different approach to give an intuitive introduction to the calculation of
the superfluid density.

Superconductivity is a collective phenomenon of a large number of particles.
In phenomenological models, such as the Ginzburg-Landau theory, the super-
conducting particles are described by a single field that can be thought of as a
kind of quantum mechanical wave function. In the simplest case we can think of
a plane wave ψ(x) = |ψ|exp(ipx), where p is the (canonical) momentum of the
superconducting particles. Suppose now that our system has periodic boundary
conditions in the x-direction. If the system in question is two-dimensional, we
can imagine that it is wrapped around a long cylinder. If the circumference of
the cylinder is L, then we must have

p = 2πn/L, n ∈Z, (3.15)

which corresponds to the quantization of angular momentum around the center
axis of our cylinder [151]. Now assume that the cylinder is placed in a constant
magnetic field pointing along its center axis. The field can be represented by a
vector potential A that, at the surface of the cylinder, is constant and points along
the x-axis of the superfluid system. The current density of the superfluid (the
supercurrent density) can be written using the kinematic momentum pk = p−qA,
so that

js = nsq
pk

m
= 2πnqns

Lm
− Aq2ns

m
, (3.16)

where ns, m and q are the (surface) number density, mass and charge of the
particles forming the superfluid.

From Eq. (3.16) we can see that the paramagnetic part of the supercurrent
is quantized. For A = 0 it is reasonable to assume that a thermal equilibrium
state carries no current, so that n = 0. Because of the quantization, we can
also assume that n stays zero when we increase A very slightly. It also makes
sense to assume that this condition only holds when the diamagnetic current is
much smaller than the quantum of the paramagnetic current. Thus we get the
following condition, which has the form of a London equation [154]:

js =−Aq2ns

m
, Aq � 2π

L
(3.17)

This means that we can measure the superfluid density if we can find the linear
response of the periodic system to a constant vector potential.
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Superfluid density in lattice systems
Let us now return to lattice physics, and discuss a model on the square lattice.
We can write the hopping Hamiltonian for a single spin-component in the form

H = Hx +Hy = t
∑
�x

(exp(ieAΔx)c†
�xc�x+�i +h.c.)+ t

∑
�x

(c†
�xc�x+�j +h.c.), (3.18)

with the periodic boundary condition c(L,y) = c(0,y) in the x-direction. Here the
hoppings are modified by the Peierls substitution to include the phase factors
exp(ieAΔx), Δx is the lattice spacing and�i and �j are the lattice vectors in x and
y directions. We will denote the charge of the particles by e, so that the charge
of the fermion pairs forming the superfluid is q = 2e. It is important to realize
that, even when the gauge potential is constant, it cannot simply be gauged
away from the model. We can attempt to do this by a unitary tranformation of
the form

c′�x = exp(ieAx)c�x, (3.19)

but the periodic boundary condition requires that c′(L,y) = c′(0,y), so that the
boundary hopping term becomes

exp(ieAΔx))c†
(L−Δx,y)c(0,y) = exp(ieAΔx)exp(ieA(L−Δx))c′†(L−Δx,y)c

′
(0,y).

Thus we are left with a boundary hopping phase exp(ieAL), which gives the
condition that the field A can be gauged away if and only if eAL = 2πn, n ∈Z.
In fact, we can see that if A′ = A+n 2π

Le , then the potentials A and A′ are gauge
equivalent and produce e.g. the same current. This is fully consistent with Eq.
(3.16): A′ and A correspond to different diamagnetic parts of the current, but the
paramagnetic part cancels the difference to produce a gauge-invariant current.
This periodicity of the current also clarifies why Eq. (3.17) can only hold for
A � 2π

Le .
Within mean-field theories, superconducting solutions usually break the gauge

symmetry by including anomalous expectation values such as Δ(�x) = 〈c�x↑c�x↓
〉
.

For the simple square lattice at zero polarization and A = 0 the free energy is
minimized by a uniform configuration Δ(�x) =Δ0. We should then ask what is
the configuration giving minimal free energy for a small A. It makes sense to
assume that the superfluid is still uniform, so we can take the ansatz Δ(�x) =
exp(ip(A)x)Δ0(A).1 Because of the periodic boundary conditions, we again must
require that p(A)L = 2πn. If A is very small, the only reasonable assumption is
that p(A)= 0, and Δ(�x)=Δ0(A). The superfluid density can thus be calculated
as the response of the configuration with no phase winding. We note that once
this assumption has been made, the periodic boundary condition plays little
role. In practice one can assume an infinite lattice and calculate the current
with a small applied vector potential, while the implicitly assumed translation
invariance of the order parameter excludes any phase winding.

1The phase factor exp(ip(A)x) is clearly not translation invariant. However, translation
by Δx is equivalent to a constant phase shift exp(ip(A)Δx), which can be gauged away
so that physically speaking the state is uniform.
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The above procedure is gauge-equivalent to calculating the response of a
system with a vanishing vector potential to a forced phase winding Δ(�x) =
exp(−2iAex)Δ0(A). In fact, the superfluid density is proportional to a quantity
called phase stiffness or superfluid stiffness, which is defined as the second
derivative of the free energy F with respect to A. The connection is easily seen
because the current is given by the first derivative of F =−β−1 log(Z),

∂F
∂A

=
〈
∂H
∂A

〉
=ΔxΔy

∑
�x
〈 jx(�x)〉 = LxL y js, (3.20)

where js is the “macroscopic”, average supercurrent density, Δy is the y-directional
lattice spacing, Lx and L y denote the size of the system and the x-directional
current density operator is

jx(�x)= ite
1
Δy

(
exp(ieAΔx)c†

�xc�x+�i −h.c.
)
. (3.21)

In general, one can define a superfluid stiffness tensor as

ρ i j(�A)= 1
LxL y

∂2F(�A)
∂Ai∂A j

= 1
e2

∂2F(�φ)
∂φi∂φ j

, (3.22)

where the vector potential �A has both x- and y-directional components. In the
last form we used the gauge symmetry to exchange Ai for the boundary phase
φi = eLi Ai. The superfluid density discussed above is the diagonal component
ρxx, but in general there might also be off-diagonal contributions.

Scalapino et al [153] discuss the thermodynamic limit of ρxx, and show that
the order of the infinite system size limit and the derivatives can affect the result.
If one first takes the derivatives, and then takes the thermodynamic limit, one
obtains a quantity called the Drude weight, which measures the height of the
zero-resistance peak of the optical conductivity, and determines weather the
system is metallic or not. On the other hand, the superfluid density is obtained
by first going to the thermodynamic limit while keeping �φ (not �A) constant,
and taking the derivatives afterwards. Indeed, calculating ρxx for e.g. a finite
non-interacting system yields a non-zero value, while the system is clearly not
a superconductor.2 However, as discussed above, calculating ρ for the mean-
field result in the symmetry broken phase yields a physically meaningful result
corresponding to the phase stiffness of the order parameter. This is consistent
with the fact that the superfluid density and the Drude weight are essentially
equivalent in a gapped system [153]. The same conclusion applies to DMFT
calculations in the superfluid phase presented in Publication IV.

2Small persistent currents induced by magnetic fields can indeed be found experimen-
tally in e.g. small (non-superconducting) loops of gold wire [155]. This emphasizes the
point that a defining property of a superconducting material is long range coherence,
which allows it to respond to a twisted boundary condition even in the thermodynamic
limit.
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3.2.3 Magnetism and attractive-repulsive transformations

Similarly as superconductivity can be described in terms of a broken particle
conservation symmetry, magnetism breaks the SU(2) symmetry corresponding
to the conservation of spin. Of course, these are physically speaking somewhat
different, as the spin conservation can also be broken by an explicit, physical
Zeeman field or spin-orbit coupling, for example. Within mean-field theory as
well as in DMFT magnetization is often described by order parameters of the
form 〈Siz〉, where Siz is the z-directional spin operator at site i. This works
if we only expect collinear magnetism, where the magnetization at each site
points along the z-axis. In the following we will take into account the rotational
invariance of the system and discuss its implications for the repulsive and
attractive cases.

The Hubbard interaction, as well as other interactions depending only on the
total density, possess an SU(2) spin-rotation symmetry. This becomes explicit if
the interaction Hamiltonian is written in the form

HI =U
(
n↑ −

1
2

)(
n↓ −

1
2

)
=−2U

3
�S(c↑, c↓) ·�S(c↑, c↓)+

U
4

, (3.23)

where the components of the spin-operator are

Sr(c↑, c↓)=
1
2

[
c†
↑ c†

↓
]
σr

⎡
⎣c↑

c↓

⎤
⎦

is the spin operator and σr are the Pauli matrices. It is intuitively clear from the
minus sign in Eq. (3.23) that a repulsive Hubbard interaction locally favors high-
spin states. How the local moments are arranged in magnetic states depends
on the hopping part of the Hamiltonian: for the square lattice Hubbard model
there is antiferromagnetism, while flat band systems, such as the Lieb lattice,
can exhibit ferro- or ferrimagnetism (see Publication V). For the following, it
is convenient to also introduce the pseudospin operator �Δ with components
[156, 157]

Δr(c↑, c↓)=
1
2

[
c†
↑ c↓

]
σr

⎡
⎣c↑

c†
↓

⎤
⎦=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
2

(
c†
↑c†

↓ + c↓c↑
)
, r = x

1
2i

(
c†
↑c†

↓ − c↓c↑
)
, r = y

1
2
(
n↑ +n↓ −1

)
, r = z

. (3.24)

The expectation value of the first two components corresponds to the real and
imaginary parts of the superfluid order parameter, while the last component
gives the (local) deviation of the total density from half-filling (density 1).

Here we will consider hopping Hamiltonians of the form

Hh =∑
i jσ

ti j c
†
i c j +

∑
i

(
μΔz(ci↑, ci↓)+hSz(ci↑, ci↓)

)
, (3.25)

where we assume that ti j is a pure hopping term with tii = 0, and h and μ

represents a Zeeman field and a chemical potential respectively. The reason why

60



Phase transitions and spontaneous symmetry breaking within DMFT

the field is written in this form becomes clear when we consider the attractive-
repulsive transformation. If the Zeeman field �h = 0, then the whole system is
spin-rotation invariant. Within a mean-field theory one can measure the order
parameter �mi =

〈
�Si

〉
for each site i, and the free energy stays invariant under

global rotations of the order parameter field. An important consequence of this
rotation symmetry is also that, by the Mermin-Wagner-Hohenberg theorem
[158], there can be no true long-range magnetic order for two-dimensional
models at half-filling, except at exactly zero temperature, unless the hopping
or interaction parameters are long-range. If the symmetry is broken down to a
planar rotation by a finite Zeeman field, then a Berezinskii-Kosterlitz-Thouless
type quasi-long-range order can be present [159].

The spin-rotation symmetry is intuitively easy to understand, as we are just
performing rotations on the direction of the magnetization. Suppose now that
we work with a bipartite lattice, such as the square lattice or the Lieb lattice.
On such lattices one can transform the repulsive model into an attractive one by
performing the particle-hole transformation [157]

di↑ = ci↑

di↓ = sgn(i)c†
i↓

, (3.26)

where sgn(i)=±1 is opposite for neighbouring sites. The spin- and pseudospin
operators transform into each other under this transformation as

Δz(di↑,di↓)= Sz(ci↑, ci↓)

Sz(di↑,di↓)=Δz(ci↑, ci↓)

Δx/y(di↑,di↓)= sgn(i)Sx/y(ci↑, ci↓)

Sx/y(di↑,di↓)= sgn(i)Δx/y(ci↑, ci↓)

, (3.27)

but the pure hopping part of the Hamiltonian stays invariant, so that we can
write

Hh =∑
i jσ

ti jd
†
i d j +

∑
i

(
h ·Δz(di↑,di↓)+μSz(di↑,di↓)

)
. (3.28)

The interaction part changes sign, but can also be written in terms of the Δ

operator as

HI =−U
(
nd
↑ −

1
2

)(
nd
↓ −

1
2

)
=−2U

3
�Δ(d↑,d↓) ·�Δ(d↑,d↓)+

U
4

, (3.29)

where the density operators are defined as nd
iσ = d†

iσdiσ.
The above transformation takes the repulsive Hubbard model to the attractive

one and vice versa. A z-directional Zeeman field transforms into a chemical
potential, and the chemical potential becomes a Zeeman field. Equations (3.27)
can be used to convert the mean-field order parameters from the repulsive case
to the attractive one. The transformation is easiest to think about in the case of
the simple square lattice. There an antiferromagnetic state with magnetization
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in the z-direction is transformed into a charge density wave (CDW), while an
x- or y-directional antiferromagnetic order becomes a uniform superconducting
order. It is noteworthy that, by the spin-rotation symmetry, these mean-field
states have the same free energy. Indeed, the “hidden” SU(2) symmetry in the
attractive Hubbard model means that there is no BKT transition at half-filling,
although it can be regained by a finite chemical potential (which corresponds to
the finite Zeeman field of the repulsive case) [160].

For bipartite lattices where the two partitions have a different number of sites
the above transformations become even more interesting. A good example is
the Lieb lattice studied in Publication III and Publication V. There the CDW
state and the corresponding superconducting state have different total densities,
because e.g. the high-density sublattice has more sites than the low-density
sublattice. Within mean-field theory this means that one can perform rotations
of the vector �Δ to find the superconducting order parameter for different fillings
of the flat band [157]. It would be interesting to study how the density is
distributed in a large Lieb lattice system at low finite temperatures: In the
repulsive case one expects that the direction of magnetization varies spatially,
with correlation length growing exponentially with decresing temperature. In
the attractive case this corresponds to regions with high or low density mixed
with regions close to half-filling with strong pairing order.

The attractive-repulsive transformation can also be used to relate the magnetic
stripe states discussed in Publication V and Publication VI to superconduct-
ing FFLO states [148, 156]. The sinusoidal order parameter of the LO ansatz
transforms into a sinusoidally varying staggered magnetization of the same
wavelength. Similarly, the sinusoidal modulation of the local polarization trans-
forms into a modulation of the local doping. Such a stripe state is depicted in
Fig. 3.2. If the total doping is denoted by x, then the attractive-repulsive trans-
formation together with the simple weak-coupling argument presented below
Fig. 3.1 implies that the stripe wave vector �q should follow a relation |�q| ∼ x.
Indeed it was clearly demonstrated within an inhomogeneous single-site DMFT
approach that the stripe wavelength is approximately given by λ= 1/x [89]. It
is interesting to note that different types of beyond-mean-field treatments for
strong coupling U ∼ 8 also give a ground state wavelength of λ ≈ 8 at x = 1/8,
in accordance with the simple formula [33]. However, the actual form of the
magnetization for weak doping tends not to be strictly sinusoidal, as seen in
Publication VI and in Ref. [89]. This effect can also be seen within mean-field
theory, if other forms of order parameters besides the sinusoidal one are allowed
[161].

3.2.4 Beyond-mean-field pairing phenomena in dynamical
mean-field theory

Pairing, superfluidity and magnetism that are found in mean-field theories
can also be studied within DMFT and its cluster extensions. The whole theory
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Figure 3.2. a) Schematic depicting the coexistence of d-wave superconductivity and striped
magnetism in the two-dimensional Hubbard model. The arrows represent the mag-
netization M = 〈n↑ −n↓

〉
at each lattice site, while the size of the dots represents

the local doping. The non-local superonducting order parameters within the 2×2
impurity clusters are represented by the thickness of the bonds, with different colors
indicating opposite signs. The stripe wavelength here is λ= 10, close to the value
given by the simple formula λ= 1/x ≈ 9. b) Δ∥ and Δ⊥ represent the superconducting
order parameters in the long and short directions of the unit cell, respectively, while
|M| is the absolute value of the magnetization. One can clearly see the approximately
sinusoidal form of the magnetization and the corresponding density wave with half
the wavelength. The figure is reproduced from Publication VI with permission.

can be formulated within the Nambu formalism so that the Hamiltonian and
Green’s functions are directly defined for the d-particles defined in Eq. (3.6). In
fact, there is no need to write separate implementations of a DMFT program
for the Nambu formalism and for the normal state calculations. One program
that allows choosing the number of conserved components and the form of the
hopping parameters freely can also calculate the superconducting solutions. In
the superconducting case one merely has to input the hopping parameters in the
Nambu form, Eq. (3.7), and be careful to correctly interpret the resulting Green’s
functions. The CT-QMC impurity solvers [162] as well as the ED method also
work equally well in the superconducting case as for the normal state. However,
the anomalous self-energy breaks the component conservation, which increases
the size of the Hilbert space in the ED calculations and doubles the matrix size
in CT-INT and CT-AUX solvers.

Within single-site DMFT, the self-energy is still local, as in the mean-field
solution, but acquires a frequency dependence. As a result of including local
quantum fluctuations, the ordering tendency in DMFT is usually somewhat
weaker and critical temperatures lower than within mean-field theory, as seen
e.g. in Publication I, Publication III and Publication IV. The LO state with the
non-uniform order parameter has been studied within real-space [163] DMFT
and using a cluster approach in a quasi one-dimensional setting [164]. It is also
possible to study the FF ansatz within DMFT without resorting to a real-space
formulation [147].

Besides the BCS and FFLO states and some other forms of superfluidity
that can be obtained within mean-field theory [147], cluster DMFT can also
describe states where the pairing originates from higher order processes that are
not included within Hartree-Fock-Bogoliubov mean-field theories. Such states
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Figure 3.3. Left: Schematic of the bilayer model of Publication I. Right: Phase diagram of the
model. (Reproduced from Publication I with permission.) Here the interlayer interac-
tion is V = 3, and the hopping parameters are t⊥ = 0 and t = 1. The μ-axis represents
the average chemical potential, ε is the difference between chemical potentials of
the layers and the vertical axis represents the magnitude of the superfluid order
parameters. The interlayer superfluid phase is obtained for weak polarizing field ε,
while strong ε leads to the correlation-induced intralayer superfluid.

were the central topic in Publication I and Publication VI. In Publication I
an extended Hubbard model with two layers was studied. A phase diagram of
the model, reproduced in Fig. 3.3, was obtained using a two-site cluster DMFT
with one site in both layers. With an attractive density-density interaction
acting between the layers, two types of superfluids were found in the model:
an interlayer superfluid where the pairs are directly bound by the attractive
interaction, and an intralayer superfluid where pairing in one layer is induced
by density fluctuations in the other layer. Because of the attractive interaction
between the layers the interlayer superfluid is expected. However, the intralayer
superfluid results from pairing that is induced by correlation effects, and cannot
be treated within a simple mean-field theory, because the mean-field self-energy
does not have any intralayer pairing components. This is related to the concept
of a “pairing glue”, which refers to the physical processes inducing the pairing
between particles. Within mean-field theory, only a direct attractive interaction
can cause pairing and superfluidity.

Another important form of beyond-mean-field pairing is manifested in the
d-wave superfluid state studied in Publication VI. The uniform d-wave super-
conductor can be characterized by an order parameter of the form [165]

Δd =∑
�k

(
cos(kx)−cos(ky)

)〈
c↑,−�kc↓,�k

〉
, (3.30)

where the momentum space operators are defined as in section 3.2.1. It is
impossible to obtain such an order parameter within a simple Hartree-Fock-
Bogoliubov theory of the locally interacting Hubbard model as a uniform local
self-energy can only lead to an isotropic gap function

〈
c↑,−�kc↓,�k

〉
. Indeed, the d-

wave superconducting state is characterized by non-local anomalous self-energy
components. Such pairing is generally thought to result from antiferromagnetic
spin fluctuations: The d-wave state can also be obtained within the so-called
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t-J model, which is related to the strong-coupling limit of the Hubbard model,
and contains a spin-spin interaction of the form 4t2

U
�Si ·�S j between neighbouring

sites i and j. In principle, this interaction can be decoupled both in magnetic
and pairing channels, leading to mean-field self-energies between neighbouring
sites. However, the treatment is complicated by the fact that taking the strong
coupling limit that leads to the t-J Hamiltonian implies projecting to a subspace
with no double occupancy, making a simple Hartree-Fock theory inadequate. The
constraint of no double occupancy can be enforced in a slave-boson mean-field
theory [166] and is also commonly treated numerically within the variational
Monte-Carlo approach [167, 168].

The d-wave superconducting state of the repulsive Hubbard model can also
be obtained within cluster DMFT calculations. This was initially done using
the 2×2 cellular DMFT [169], also known as plaquette DMFT. The anomalous
self-energy within the 2×2 cluster has an anisotropic structure taking values
of equal magnitude but opposite sign on the vertical and horizontal bonds (see
Fig. 3.2). Since the initial work, large scale DCA calculations have provided
strong evidence that the d-wave superconductivity is not just an artefact of
the approximation [30, 29, 31]. In Publication VI the main point was to study
the interplay between the d-wave superconductivity and the stripe state. This
was done within the 2×2 plaquette approximation using extended unit cells to
accommodate the non-uniform magnetization. It was found that, within this
approximation, superconductivity coexists with the stripe order within a large
doping interval and the superconducting order parameters acquire a modulation
with half the wavelength of the staggered magnetization. Furthermore, it
was observed that the superconducting order parameter in many cases has
a maximum at the maximal magnetization, which is surprising, as a strong
magnetization is thought to counteract superconductivity.

3.3 Topological lattice models

The notions of geometry and topology in quantum mechanics and physics in
general can enter in various ways. Typical examples are topological defects
that are studied in many physical settings ranging from cosmic strings [170]
to two-dimensional superfluids [171, 172], or geometric phases encountered in
quantum mechanics [173]. In this thesis we are mainly interested in topological
invariants, such as the Chern number C, that characterize global, gauge invari-
ant properties of quantum states parametrized by some continuous variables�κ.
A typical example is the family of ground states of a Hamiltonian H(�κ), which
we will discuss in the next section.

The Chern number is related to interesting physical observables, such as the
quantized Hall conductivity discussed in section 3.3.2. Because of the quan-
tization, these observables can be taken as “order parameters” that define a
topological phase diagram of the system. In Green’s function based methods,
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such as DMFT, these quantities can be difficult to evaluate, as they are funda-
mentally defined in terms of the state vectors. In section 3.3.3 we will discuss
to what extent the physically relevant topological invariants can be obtained
using only the single-particle Green’s function. Finally, we will also discuss a
connection between the geometry of the Bloch states of a non-interacting system
and the superfluid stiffness [62].

3.3.1 Berry curvature and Chern number

As is taught in every introductory quantum mechanics course, the physical
state of a quantum system can be associated with a state vector |ψ〉 with unit
length and an arbitrary, “unphysical” phase. Following Resta [40], suppose that
we have a Hamiltonian H(�κ) parametrized with the D-dimensional quantity
�κ. Assuming that the ground state of the Hamiltonian is unique for all �κ, it
defines a collection of state vectors |ψ(�κ)〉. As it stands, there is a huge degree of
arbitrariness to this collection, as the phase of each of the uncountably many
vectors can be freely chosen. This can be limited by demanding that the states
form a differentiable vector field so that the gradient ∇�κ |ψ(�κ)〉 exists.

One can perform gauge tranformations by defining a new vector field |ψ′(�κ)〉 =
exp(iφ(�κ)) |ψ(�κ)〉, where φ(�κ) is differentiable and single valued up to multiples
of 2π. Because of the gauge freedom, it is obvious that there is no unique way to
compare the phases of vectors for different�κ. However, one can use first order
perturbation theory to show that the derivative of the state can be written (see
e.g. [174])

∇�κ |ψ(�κ)〉 =−i�A(κ) |ψ(κ)〉+ ∑
m,Em 
=EGS

〈m|∇�κH |ψ(�κ)〉
Em −EGS

|m〉 , (3.31)

where �A(κ) is a real vector field that depends on the choice of gauge, and the
summation is over excited states |m〉 at�κ. Thus it makes sense to define the
local rate of change in phase as

�A(�κ)= i 〈ψ(�κ)|∇�κ |ψ(�κ)〉 , (3.32)

which is called the Berry connection. Gauge transformations redefine the phases
of the vectors and transform the connection in the natural way,

�A(�κ)′ = i 〈ψ′(�κ)|∇�κ |ψ′(�κ)〉 = i 〈ψ(�κ)|∇�κ |ψ(�κ)〉+∇�κφ(�κ)= �A(�κ)+∇�κφ(�κ), (3.33)

consistent with its definition as the rate of change of the phase. From this we
can see that �A is only defined up to a curl-free vector field, analogously to the
magnetic vector potential. In three dimensions, physical effects are dictated by
the curl of �A, which is gauge invariant and can be expressed as

�Ω(�κ)=∇�κ× �A(�κ)= i
(∇�κ |ψ(�κ)〉)† ×∇�κ |ψ(�κ)〉

= i
∑

m,Em 
=EGS

〈ψ(�κ)|∇�κH |m〉×〈m|∇�κH |ψ(�κ)〉
(Em −EGS)2

.
(3.34)
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This quantity is called the Berry curvature.
Line integrals of the connection �A along closed loops can be expressed by the

Stokes theorem as surface integrals of Ω,∫
∂S

�A · �dl =
∫

S
�Ω · �dS, (3.35)

where ∂S is the boundary of the surface S, and usual orientation rules for the
line and surface elements �dl and �dS apply. The special property of �Ω is that
integrals over closed surfaces are quantized to 2πC, where C is an integer called
the (first) Chern number. At first one might think that, since �Ω is a curl, its
divergence is always zero, and by the divergence theorem the surface integral
should vanish. However, the surface migh enclose singularities where �Ω, or
indeed |ψ(�κ)〉, are not defined. In such a case it is not possible in general to
choose a single gauge such that the field |ψ(�κ)〉 is differentiable for all�κ on the
surface S, and thus �A(�κ) cannot always be defined as a single valued function.
Instead, it can be defined in patches on the surface. For example, if there are
only two patches, S1 and S2, with the associated connections given by A and A′

then the whole surface integral can be expressed as the line integral∫
∂S1

(
�A− �A′

)
· �dl =

∫
∂S1

∇�κφ(�κ) · �dl = 2πC, (3.36)

where the last equality holds for some integer C as φ must be single-valued up
to multiples of 2π.

3.3.2 Quantum Hall conductivity

The physical interpretation of the Berry curvature and the Chern number
depends on the physical meaning of the parameter �κ. Let us discuss here a
square lattice Hubbard model with periodic boundary conditions where�κ plays
the role of the vector potential similarly as in section 3.2.2.3 We can write the
Hamiltonian as

H = Hx +Hy = t
∑
�x

(
exp(iqκxΔx)c†

�xc�x+�i +h.c.
)
+ t
∑
�x

(
exp(iqκyΔy)c†

�xc�x+�j +h.c.
)
,

(3.37)
where Δx and Δy are the lattice spacings, q is the charge of the particles and
�i and �j are the x- and y-directional lattice vectors. One can think of the Berry
curvature defined in Eq. (3.34) as a vector orthogonal to the κxκy-plane. As the
derivative of H with respect to κi gives the i-directional current operator,

jx = ∂H
∂κx

= iqΔxt
∑
�x

(
exp(iqκxΔx)c†

�xc�x+�i −h.c.
)
, (3.38)

the Berry curvature in this case is a kind of current-current correlation function,
which can be written as

Ωz(�κ)= i
∑

m,Em 
=EGS

〈ψ(�κ)| jx |m〉〈m| j y |ψ(�κ)〉−〈ψ(�κ)| j y |m〉〈m| jx |ψ(�κ)〉
(Em −EGS)2 . (3.39)

3We will not use A for the vector potential here to avoid confusion with the Berry
connection.
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This can be recognized as being proportional to the transverse conductivity
tensor σxy discussed e.g. in [40, 37], which gives the linear current response to
an electric field �E as 〈 jx〉 =σxyE y. In other words, Ωz gives the Hall conductivity
of the system for a given gauge field�κ.

As discussed in section 3.2.2, the gauge field �κ is equivalent to a boundary
phase φi = qLiκi, where Li is the length of the system in direction i. Gauge
invariant observables such as the current or the Berry curvature are periodic
in the boudary phases with period 2π. If we integrate over one period in both
directions, we can think of the result as a surface integral over a closed, torus
shaped surface embedded in a 3D space. Thus the Berry curvature averaged
over the boundary phases or, equivalently, over �κ, is quantized, leading to
the quantization of the Hall conductivity known as the integer quantum Hall
effect. The introduction of the averaging can seem a bit arbitrary, and one
might wonder if a more “correct” Hall conductivity would be obtained simply at
Ω(�κ =�0). However, for a very large system with no long range correlations it
makes sense to assume that the Hall current is independent of the boundary
condition [37]. For a finite system, the Hall conductivity at�κ=�0 is not exactly
quantized, but the Chern number is still a well-defined integer as long as the
gap above the ground state does not close for any�κ.

Within exact diagonalization calculations of finite systems one can calculate
the Chern number quite directly from the definition by discretizing the con-
nection and the curvature [134, 40], as done also in Publication II. It should
be noted that this does not require the application of the Kubo formula, Eq.
3.39, or calculation of the excited states, but can be done based on ground state
calculations for different�κ on a discrete grid.

3.3.3 Connection between Green’s functions and topological indices

Within Green’s function based methods, such as DMFT, the above definitions of
the Berry connection and curvature and, eventually, the Chern number and other
topological invariants, are inconvenient to use as we do not have information
about the full ground state. However, there are other definitions of topological
invariants that involve only the Green’s functions [175, 176, 177]. The question
is then to what extent these can be related to the definition based on the state
vectors. For a non-interacting (infinitely large) system the Chern number related
to the Hall conductivity discussed above, also known as the TKNN invariant
[38], is equivalent to [176]

N3 = 1
24π2

∫∞

−∞
dω
∫

d2�kTr
(
εμνρG∂μG−1G∂νG−1G∂ρG−1) , (3.40)

where G(iω,�k) is the zero-temperature Matsubara Green’s function (matrix)
at momentum �k and frequency ω, and the derivatives are defined as ∂0 = ∂ω,
∂1 = ∂kx and ∂2 = ∂ky .

The quantity N3 is a well defined integer whenever G and G−1 exist and are
finite for all�k and ω, regardless of whether the system is interacting or not. As
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an integer quantity, it has to stay invariant under any smooth changes of the
Green’s function and its inverse. Thus, if the system evolves as a function of
some parameters in the Hamiltonian, N3 can only change at points where either
G or G−1 are singular. For a non-interacting system the Green’s function is given
by Eq. (2.11), showing that G(iω= 0) diverges and N3 is undefined whenever
an eigenvalue of the hopping matrix (i.e. the single-particle grand-canonical
Hamiltonian) crosses zero. This statement can be generalized to the interacting
case using Eq. (2.10), which shows that G diverges when the single-particle
removal or addition gap is closed. In the interacting case there can also be
points where the Green’s function has zero eigenvalues and thus its inverse is
not defined. This happens when the self-energy is divergent at ω= 0, which is
characteristic in a Mott insulator [64, 178] (see also Publication V).

For a non-interacting system the fact that the single-particle gap has to close
for the topological invariant to change leads to the idea of boundary states: if a
system has two large regions with different topological invariants N3 and N ′

3,
then one might expect that there has to be a zero eigenvalue of the single-particle
Hamiltonian corresponding to the change of N3 at the boundary. Indeed, it is
well known that there are single-particle states at zero energy localized at such
a boundary. Thus, for a non-interacting system, boundary states are always
concomitant with changes of the Hall conductivity and N3, a relationship called
the bulk-boundary correspondence.

For interacting systems, Gurarie [176] has shown that the bulk-boundary
correspondence has to be generalized to account for the possibility of zeros of the
Green’s function. The relationship can be formalized by imagining an infinitely
large system with a boundary between the topological states running in the
y-direction. The full Green’s function matrix G(iω,ky, x, x′) of the system can
be expressed as a function of the y-directional momentum ky, while there is
no translation invariance in the x-direction. The Green’s function matrix has
poles at iω= εn(ky), corresponding to the single-particle excitation energies, and
possible zero eigenvalues at iω= rn(ky), all confined to real values of iω. The
change of the topological invariant N3 −N ′

3 is then equal to the total number
of poles minus the total number of zeros that cross from negative to positive
values as ky is varied over the Brillouin zone. The crossings of the εi(ky) can
be associated with zero-energy boundary excitations, but N3 −N ′

3 can also be
nonzero due to the ri(ky) crossings.

Based on the above discussion, the invariant N3 is associated with some phys-
ical effects at the boundary of topological insulators, alhough the relationship is
a bit more complicated than for the non-interacting case. However, there is no
general proof that the physical Hall conductivity would always correspond to N3.
An example where the Hall conductivity cannot be calculated from the ordinary
single-particle Green’s function has been discussed in [179]. Within a slave spin
description one can decompose the fermion operators as ci = τi f i, where τi is an
Ising pseudospin [180] and f i is a new fermionic dergee of freedom. In the phase
where the pseudospins are disordered, the Green’s function of the c-particles
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behaves as in a Mott insulator, and one cannot calculate the Hall conductivity
using N3. However, the f -particles behave as weakly interacting fermions, and
can be in a topologically non-trivial state. Thus, one would have to calculate N3

for the f -particle Green’s function to gauge the Hall conductivity. This example
is somewhat special in the sense that, in the Mott phase, the invariant N3 is
expected to be undefined, as the Green’s function has zero eigenvalues at the
Fermi surface [178]. It would be interesting to find an explicit example where
N3 is well-defined, but does not correspond to the actual Hall conductivity.

Evaluating the invariant N3 directly from Eq. (3.40) is difficult, because one
needs to know the Green’s function for all frequencies ω. In Ref. [181] it was
shown that N3 can be evaluated by defining the so-called topological Hamiltonian
[182] as the inverse of the interacting Green’s function matrix at zero frequency,

ht =G(iω= 0)−1 = t−Σ(iω= 0), (3.41)

which is equal to the single-particle Hamiltonian t renormalized by the zero-
frequency self-energy.4 The index N3 can be calculated using this Hamiltonian
as if the system was non-interacting, which is numerically a much easier task
[183]. This method has been used in numerical work [184, 179, 57] including
Publication II.

In Publication II the topological phase diagram of an interacting Haldane
model was studied using exact diagonalization, mean-field theory and (cluster)
DMFT, all of which give similar phase diagrams. In the sense of the Landau
theory the phase diagram includes two different phases, a normal phase and an
antiferromagnet. Calculating the Chern number allows one to also distinguish a
topologically trivial band insulator from a topological one, and reveals a further,
distinct topological phase within the antiferromagnetic state. In this picture, the
change of the Chern number when entering the magnetized region is because
magnetic Hartree potentials entering the self-energy renormalize the single-
particle band structure of the topological Hamiltonian, Eq. (3.41). The frequency
dependent corrections from the DMFT solution give slightly different phase
boundaries, but do not radically alter the phase diagram. In this case it seems
evident that the Hall conductivity is indeed given by the invariant N3.

3.3.4 Quantum metric and quantum geometric tensor

While the Berry connection and curvature are related to the phase of the quan-
tum states, one can also define a distance between the states as [40]

d(|ψ1〉 , |ψ2〉)2 = 1−|〈ψ1|ψ2〉 |. (3.42)

This is called the Bures distance [185]. It is not the same as the distance
induced by the inner product in the Hilbert space of the state vectors, but better

4In e.g. [182] the topological Hamiltonian is defined as ht =−G(iω = 0)−1, where the
sign difference comes from a different definition of the Green’s function. In any case it
is clear that ht has to reduce to the non-interacting Hamiltonian when Σ= 0.
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represents the geometry of the projective space of vectors with unit norm. The
infinitesimal squared distance between two nearby states is called the quantum
metric, and is given by [40]

gi j(�κ0)= ∂κi∂κ j d
(|ψ(�κ0)〉 , |ψ(�κ0 +�κ)〉)2 =Reηi j(�κ), (3.43)

where the tensor
ηi j(�κ)= 〈∂iψ(�κ)|Q(�κ)|∂ jψ(�κ)〉 , (3.44)

and Q(�κ)= 1−|ψ(�κ)〉〈ψ(�κ)| is a projection on the space not including the ground
state. The tensor η is called the quantum geometric tensor. The Berry curvature,
Eq. (3.34), can be written in a similar form using the fully antisymmetric tensor
ε as [40]

Ωi(�κ)= i
∑
jk
εi jk 〈∂ jψ(�κ)|∂kψ(�κ)〉 =−

∑
jk
εi jk Imηi j(�κ). (3.45)

The quantum geometric tensor is a complex symmetric (i.e. hermitian) tensor
and the quantum metric is its real, symmetric part. If we also define an anti-
symmetric Berry curvature tensor Ωi j(�κ)= Imηi j(�κ), we can write the quantum
geometric tensor as

ηi j = gi j + iΩi j. (3.46)

In the following we will discuss the connection between the quantum geometric
tensor and superfluid weight discovered in Ref. [62].

3.3.5 Quantum metric and superfluid stiffness

In the previous sections we have discussed topological indices and their con-
nection to physical phenomena such as boundary states and Hall conductivity.
Recently it has been shown that, at least within mean-field theory, the Berry
curvature and Chern number appear also in connection with the superfluid den-
sity [62]. This connection arose from the study of flat bands, which are known to
increase the mean-field transition temperature for weak attractive interactions.
When the Hubbard interaction U is small compared to the bandwidth W, the
critical temperature scales as Tc ∝ exp(−1/(Un0)), where n0 is the density of
states at the Fermi level. On the other hand, when U � W, the so-called flat
band limit, the scaling is linear, Tc ∝U [62, 186]. However, in e.g. the single-
band Hubbard model this strong-coupling scaling does not correspond to the
true critical temperature of the superfluid, but signifies merely the development
of short range pairing order [160]. To understand flat band superfluidity, one
therefore has to go beyond the simplest mean-field picture.

One way to extend the mean-field theory to an effective strong coupling theory
is to consider the thermal fluctuation of the phase of the order parameter. This
leads to a classical XY-model parametrized by the phase stiffness (see Publication
IV), which is equal to the mean-field superfluid density ρs, as discussed in section
3.2.2. For two-dimensional models the superfluid transition temperature follows
the universal BKT relation [171, 172]

TBKT = π

8
ρs(TBKT). (3.47)
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As ρs(T) is expected to decrease as a function of T, an upper limit for the
superfluid transition temperature is given by TBKT =min(π8ρs(T = 0),Tc), where
Tc is the BCS ordering temperature. In the strong coupling limit, the phase
stiffness ρs(T = 0) goes to zero as ρs(T = 0)∼ t2/U as U →∞, instead of diverging
as the mean-field Tc. This is consistent with the fact that, in the strong coupling
limit, the coupling constant between neighbouring sites scales as t2/U and the
sites become effectively isolated (see Publication IV, [160]). Thus the superfluid
density is expected to be a more relevant quantity than the mean-field ordering
temperature for strong local attractions.

For multiband systems, flat bands can appear due to geometric cancellation
effects in bipartite lattices [187], as lattice analogues of Landau levels [44] or as
a result of fine tuning of parameters [55]. Here U can be much larger than the
bandwidth of a single band while still being of the same order of magnitude or
smaller than t, since only the combined width of all the bands is expected to be
of the order of t. Thus the superfluid density in such flat bands is a nontrivial
quantity that depends on the specifics of the model. The essential realization
in [62] was that, for an isolated flat band, the superfluid weight is related to
the quantum metric associated with the Bloch-eigenfunctions of the band. This
quantity is defined as the quantum metric for the Bloch states as

gi j(�k)=Re〈∂ki u(�k)|∂k j u(�k)〉 . (3.48)

More generally, if the band is not exactly flat, but still remains isolated by
band gaps larger than U, the superfluid stiffness can be written as a sum of a
conventional contribution proportional to derivatives of the dispersion ε�k, and a
geometric contribution proportional to the quantum metric.

One form of the geometric contribution is given in Publication IV as

ρgeometric,i j = 2Δ2∑
�k

tanh(βE�k/2)

E�k
gi j(�k), (3.49)

where Δ=U
〈
ci↑ci↓

〉
is the mean-field order parameter, which is assumed to be

the same for all sites, and E�k =
√

(ε�k −μ)2 +Δ2 is the quasiparticle dispersion. If
the band becomes exactly flat, and the Fermi level is in the middle of the band,
we have ε�k −μ= 0, and

ρgeometric,i j = 2Δtanh(βΔ/2)
∑
�k

gi j(�k). (3.50)

In the zero-temperature limit the order parameter is proportional to U (see e.g.
Publication III) and tanh(βΔ/2) → 1, so that ρ is linear in U. Thus we can see
that the upper limit for the superfluid transition temperature discussed above
scales linearly as a function of U. The linear scaling behaviour in flat bands is
also seen in numerical finite temperature calculations in Publications III and IV
as well as the repulsive, magnetic case in Publication V.

Publication IV and Ref. [62] also discuss lower bounds for the superfluid
stiffness. In Ref. [62] it was shown that, in appropriate units, the superfluid
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weight of an isolated flat band in an isotropic system can be limited from
below by the Chern number C of the band. In Publication IV this relation
was further clarified by noting that, under the assumptions gxx(�k)= gyy(�k) and
gxy(�k)= gyx(�k)= 0, we have a lower bound

gxx(�k)≥ |Ωxy(�k)|.

Eq. (3.50) then gives the bounds

ρgeometric,xx

2Δtanh(βΔ/2)
=
∑
�k

gi j(�k)≥
∑
�k

∣∣∣Ωxy(�k)
∣∣∣≥
∣∣∣∣∣
∑
�k

Ωxy(�k)

∣∣∣∣∣= |C|. (3.51)

Topologically non-trivial bands are thus guaranteed to have a non-zero superfluid
weight (for finite order parameter Δ), but it is also enough to have a non-zero
Berry curvature for some �k. In fact, the quantum metric gi j can be non-zero
even in systems where the Berry curvature vanishes [188].
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4. Conclusions and future directions

In this thesis we have examined superfluidity, magnetism and topological phases
in lattice models. In the first chapter of the thesis introduction we discussed the
physical background of these models and their significance from the experimen-
tal point of view. We have seen that understanding simplified models such as
the canonical square lattice Hubbard model can give important information on
complex topics like high-temperature superconductivity. We also discussed the
connection to experiments on ultracold gases on optical lattices, where many
types of lattice models can be studied experimentally in a well-controlled manner.
In these experiments the low energy lattice Hamiltonian is known to a high
degree of accuracy, which makes it easier, compared to many solid state systems,
to compare experiments with computational results.

The main tool in this thesis has been the dynamical mean-field theory (DMFT)
and its cluster and inhomogeneous extensions. Thus we devoted a large part
of this introduction, chapter 2, to discuss the formal definition and practical
implementation of the method. The DMFT is a well-established method where
the local, correlated physics of the lattice model is approximated by a numerically
solved impurity problem with a self-consistently determined bath. In cases
where the local many-body physics is important, DMFT can describe phenomena
that cannot be studied within simple static mean-field theories. Examples
of this are seen in Publication V where the method reveals interesting non-
Fermi-liquid behaviour apparent in the frequency-dependent self-energy, and in
Publication I, where DMFT is used to study a nontrivial pairing mechanism in a
bilayer lattice model. Beyond-mean-field pairing is also central in the d-wave
superconductivity exhibited by the Hubbard model. In Publication VI we studied
the interplay of non-uniform magnetism and superconductivity, finding that the
states coexist in a large doping region. Here the plaquette DMFT approximation
acts as a lowest order mean-field theory of the d-wave pairing order, and can be
improved by increasing the cluster size.

Another topic central in the thesis were topological lattice models, where phase
transitions can be characterized by topological invariants related to quantized
Hall conductivity, for instance. In Publication II we compared exact numerical
calculations of the Chern number on a small cluster to DMFT results, and
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found that there is good agreement especially if sharp phase transitions in the
Landau sense are absent. Such comparisons give credibility to the results even
in cases where extrapolation to thermodynamic limit in cluster or system size
is not possible. The non-interacting Haldane model has also been realized in
ultracold gas experiments, and we hope that the interacting physics can be
experimentally studied in the future. In Publications III and IV we performed
DMFT calculations on flat band models where the geometry and topology of
the band structure play important roles in determining the superfluid density
within mean-field theory. There the DMFT calculations support the conclusions
drawn from analytical results.

There are many possible future directions related to the publications in this
thesis. The d-wave superconductivity on the square lattice Hubbard model
has been intensively studied, but other correlation-induced pairing phenom-
ena, occuring on different types of lattices or with extended interactions as
in Publication I are not as well known, although some publications do exist
[189, 190, 191, 192]. A recent observation of superconductivity in twisted bi-
layer graphene with some features familiar from the cuprate superconductors
[193, 194] is interesting in this respect, as the moiré superlattice has a different
point group symmetry than the square lattice and exhibits localized flat band
states close to the Fermi level [195]. Indeed, it remains to be seen if the system
can eventually be described using a Hubbard-like effective lattice model, or if
explanation of the superconductivity requires other types of ideas.

In ultracold gases of dipolar atoms and molecules and highly excited Rydberg
atoms experiments with controlled long-range interactions are becoming possible.
These systems are challenging for numerical methods, as even nearest-neighbour
interactions typically cause a sign problem in Monte-Carlo algorithms. For some
spinless models it is possible to solve the sign problem and thus to perform
efficient Monte-Carlo simulations [196, 197, 198, 199]. For spinful models such
solutions are not known in general, but DCA calculations in limited parameter
ranges are possible with Monte-Carlo impurity solvers despite the sign problem
[200]. For exploratory studies with small clusters the exact diagonalization
solver might also be adequate. The extended interactions can give rise to
superfluids, as in Publication I, and density ordered phases [201, 200] as well as
more exotic phenomena such as fractional quantum Hall states [202]. Regarding
the latter, it would be interesting to find ways to study the fractional quantum
Hall effect within a Green’s function formalism. The interplay of long range
interactions and integer quantum Hall states [203, 204] is another topic that
could be studied in optical lattice experiments and where further numerical
work could provide insights.

Related to topological phases in ultracold gases an important question is how
to characterize topologically non-trivial phases experimentally in the presence of
the trapping potential and temperature effects. This is essential for example for
the possible experimental realization of the C = 1 phase studied in Publication
II. The relevant finite temperature effects would probably not be captured by
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a DMFT solution with achievable cluster sizes, as mean-field-like solutions
do not adequately describe the exponentially decaying magnetic correlations
in two-dimensional systems with an SU(2) symmetry. As the model at zero-
temperature has a reasonable mean-field description, it might be possible to
include the finite-temperature effects using an approach where the mean-field
order parameter is treated as a dynamical field, leading to an effective spin model
[143]. Observation of the topological transitions could be realized by gauging
the edge states [205], and how they behave in realistic conditions should thus
also be studied.

Finally, there are recent advances in beyond-DMFT methods that work on a
higher diagrammatic level approximating irreducible 3- [206, 207] or 4-particle
vertices [208, 209] instead of the irreducible self-energy that is central in DMFT.
Such methods have their own numerical difficulties, but could eventually provide
routes to model non-local correlations resulting from local or extended interac-
tions in a way that circumvents the Monte-Carlo sign problem. Following these
developments might thus prove useful from the viewpoint of many physical
problems ranging from high-temperature superconductivity to ultracold gases
with long range interactions.

In summary, the studies here and elsewhere show that relatively simple lattice
models can exhibit interesting physics arising from the interplay of correlation
effects, topological and long range order. In many cases numerical results from
methods such as the DMFT can precede or support intuitive understanding or
semi-analytical theories. We hope that the results of the publications contained
in this thesis can also stimulate experimental research in ultracold gases, and
act as an additional datapoint in the ongoing quest to understand the phase
diagram of the Hubbard model and its extensions. We also plan to continue the
studies taking into account recent developments in ultracold gas experiments
and condensed matter systems.
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