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1. Introduction

The porous medium equation (in short PME) is defined as

ut −Δum = 0, (1.1)

where u = u(x, t) is a scalar function and m is a positive constant. In the

literature u is often assumed to be non-negative for the sake of mathe-

matical convenience, but this assumption is also justified by the physical

applications, which include the flow of an isentropic gas through a porous

medium and heat radiation in plasmas. The porous medium equation is

an important prototype of nonlinear evolution equations, closely related

to the evolutionary p-Laplace equation. Indeed, equation (1.1) is a non-

linear generalization of the heat equation, which corresponds to the case

m = 1. For m > 1, the porous medium equation degenerates at points

where u = 0, whereas if m < 1, the equation becomes singular when u

vanishes. To distinguish between these two cases, the former is called

the degenerate PME and the latter is called the singular PME or the fast

diffusion equation. As standard references regarding the theory of the

porous medium equation, we mention [16, 40, 42].

In this thesis, we only consider the degenerate case m > 1, and we as-

sume u ≥ 0, unless stated otherwise. A characteristic feature in the de-

generate case is that the disturbances propagate at finite speed. For this

reason, the equation gives a more realistic model for diffusion or heat

propagation in comparison to the heat equation, for which the speed of

propagation is infinite. However, because of the finite speed of propaga-

tion, a free boundary appears, giving new challenges in the development

of the mathematical theory. Moreover, some subtleties are needed in con-

trast to related equations, due to the fact that the class of solutions is nei-

ther closed unded adding constants, nor under multiplication by scalars.

Throughout the years, the porous medium equation has been studied

extensively from various points of view. The existence and uniqueness

9
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questions have been studied for instance by Sabinina [39], Gilding and

Peletier [23], as well as by Dahlberg and Kenig [13, 14]. For the regu-

larity theory, noteworthy references include the works by Caffarelli and

Friedman [11], and by DiBenedetto and Friedman [20]. Later on, new

approaches to the theory of the porous medium equation have been pre-

sented via potential theoretic methods in [27, 29] and obstacle problems

in [3, 7, 8]. Moreover, a measure data problem for the porous medium

equation has been treated for instance in [5]. As the solutions to equation

(1.1) can be defined in several ways, typically one chooses the definition

which is best suited for the problem at hand. However, not much atten-

tion has been paid so far to the connections between these various notions

of solutions.

The underlying question throughout this thesis is clarifying the con-

nections between different notions of solutions and supersolutions to the

porous medium equation. The questions regarding solutions, as well as

bounded supersolutions, have been treated in Publication I and Publica-

tion IV. As the case of unbounded supersolutions is more involved, we

need heavier machinery to tackle this problem. For this reason, we prove

a weak Harnack estimate for supersolutions in Publication II. Finally, in

Publication III we give a classification for unbounded supersolutions by

utilizing the results of Publication II and Publication IV.

The main challenges in our work arise from the above mentioned facts

that the equation degenerates whenever u = 0 and that constants cannot

be added to solutions. Because of these phenomena, methods based on

perturbing the solutions, which have turned out to be very useful when

treating related equations, cannot be used for the PME in the standard

way. In our work, we have dealt with this by considering perturbed so-

lutions, which are constructed by boundary value problems with modified

boundary values (see Chapter 4), and by a dampening argument in Pub-

lication II.

The thesis is organized as follows. In Chapter 2 we give an overview

of the concept of generalized solutions and supersolutions, describing the

main ideas of this approach. Moreover, we present various ways to de-

fine weak solutions to (1.1), as well as motivation for each the definitions.

Finally, we collect the results regarding the equivalence of these notions

from Publication I and Publication IV.

In Chapter 3 we consider notions of supersolutions arising from the

weak formulations of (1.1) as well as supersolutions defined in terms of

10
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a comparison principle. We collect from Publication I and Publication IV

the results on the equivalence of these notions in the locally bounded case.

Furthermore, we treat the unbounded case by giving a classification for

unbounded supersolutions, according to results of Publication III. Finally,

we discuss the regularity theory for supersolutions. We present various

Caccioppoli type energy estimates and a qualitative reverse Hölder’s in-

equality, which are needed in our work. As the main result of our regular-

ity study, we obtain a weak Harnack estimate for weak supersolutions. A

description of the Harnack estimate and its consequences concludes the

chapter.

Chapter 4 is devoted for some interesting methods and techniques we

have used, illuminating our contribution to the theory. Moreover, we

describe some key steps of the proofs appearing in these papers, point-

ing out how we have overcome the challenges arising from the porous

medium equation. By explaining the ideas needed for the classification

of unbounded supersolutions, we give a concrete example of the interplay

between the notions of generalized solutions.

11
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2. Notions of generalized solutions

2.1 Generalized solutions

In order to study the equation (1.1), one needs to define in which sense

are the solutions to the equation understood. For a function to solve the

equation in classical sense, it would have to be in C2. However, consider-

ing only classical solutions turns out to be too restrictive for developing a

reasonable theory. In fact, classical solutions do not even exist in general,

see [40]. Therefore a typical approach in the study of PDEs is to relax the

regularity assumptions to define a notion of generalized solutions. The

existence of generalized solutions can be shown by some suitable method,

for instance approximation by solutions to a regularized problem. For this

approach, the notion of generalized solutions has to be stable enough, so

that we may infer that the approximating sequence then converges to a

generalized solution. A typical method for proving the existence of gen-

eralized solutions to the porous medium equation is to lift the boundary

values to avoid the degeneracy of the equation, in which case the existence

follows from the well-established theory of quasilinear equations, see [34]

for instance. Finally, one needs to show that the approximation converges

to a generalized solution.

After establishing the existence of generalized solutions, one would like

to show that these solutions satisfy some additional regularity proper-

ties. Typical questions include showing the Hölder continuity of the gen-

eralized solutions, proving estimates for the norms of gradients and the

higher integrability of generalized solutions and their gradients. The

usual methods for studying these questions include Caccioppoli type en-

ergy estimates, reverse Hölder’s inequalities and weak Harnack estimates.

There are various ways to define a notion of generalized solutions to the

13



Notions of generalized solutions

porous medium equation. In order to restrict ourselves to “reasonable” no-

tions of solutions, we impose the following conditions on the definitions.

First of all, the notion of solutions should be compatible with the classical

theory. That is, the classical solutions, whenever they exist, need to sat-

isfy the definition. Secondly, the definition should be general enough to

guarantee the existence of generalized solutions in all reasonable cases.

That is, if the boundary values are “well behaved” and the domain is reg-

ular enough. However, if the notion is too general, we might lose unique-

ness or regularity. In a sense, the challenge in defining a suitable notion

of generalized solutions is to find the balance between these properties.

Furthermore, we want the notion of generalized solutions to be stable,

meaning that the generalized solutions are continuous with respect to the

initial and boundary values in a suitable sense.

Considering different notions of generalized solutions allows us to ap-

proach the theory from different points of view, thus deepening the under-

standing of the equation and the behaviour of its solutions. For instance,

by choosing a definition which is well suited for the problem at hand, we

might be able to simplify the proofs for some results. However, in order

to get the full benefit from this approach, one needs to understand the

connections between the different notions of solutions. In principle, all

the definitions should be equivalent whenever the solutions exist, but un-

til now, very little research is made regarding the connections between

various notions of solutions.

2.2 Supersolutions

In many cases, it is useful to understand not only the solutions, but also

supersolutions. Formally, supersolutions are functions satisfying the in-

equality

ut −Δum ≥ 0,

whereas subsolutions satisfy the reversed inequality. In this fashion, we

may define solutions as functions which are both super- and subsolutions.

Supersolutions appear in the study of solutions, but they turn out to be

interesting in their own right as well. For instance, a minimum of two

solutions is in general not a solution, but it is a supersolution. As a con-

sequence, considering the truncations uk = min{u, k} leads to the study

of supersolutions. On the other hand, supersolutions arise naturally in
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problems involving the porous medium equation with a source term

ut −Δum = f,

where f can be a non-negative function, or more generally, a Radon mea-

sure. An important example is given by

B(x, t) = t−λ

(
C − λ(m− 1)

2mn

|x|2
t
2λ
n

) 1
m−1

+

, (2.1)

where λ = n
n(m−1)+2 and the constant C can be chosen at will. In the

literature B is called the Barenblatt solution, or the ZKB-solution, as it

has been found and studied by Zel’Dovich, Kompaneets and Barenblatt,

see for instance [4] and [43]. The construction and basic properties of B
can be found also for instance in [40]. By choosing the constant C, the

the initial mass M can be determined as we please. Then the Barenblatt

solution is a weak solution to the equation

ut −Δum = Mδ,

where δ is the Dirac’s delta. Thus, B is the fundamental solution to the

porous medium equation, corresponding to the heat kernel for the heat

equation. Since the Barenblatt solution has an explicit representation

formula, it can be used to demonstrate many of the characteristic proper-

ties of solutions to the porous medium equation, such as the finite speed

of propagation for disturbances, and the appearance of the free bound-

ary. Moreover, having a singularity at the origin, B plays an important

role in the classification of of unbounded supersolutions, as we show in

Publication III.

Furthermore, supersolutions are utilized in many potential theoretic

methods, for instance the Perron method for showing the existence of so-

lutions in irregular domains. In the method, an upper solution is con-

structed as infimum of all supersolutions lying above the given boundary

values and a lower solution is constructed as supremum of all subsolu-

tions lying below the boundary values. Whenever the upper and lower

solution coincide, we say the boundary values are resolutive and the Per-

ron solution is defined as their common value. It is noteworthy that even

when the upper and lower solution coincide, they may still take the wrong

boundary values.

The Perron method for the porous medium equation was introduced in

[29]. In the paper, it was shown that continuous boundary values are res-

olutive and if the boundary values satisfy gm ∈ C2(ΩT ), then the correct
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boundary values are attained. In Publication I, we showed that under

suitable regularity assumptions for the domain, the Perron solutions at-

tain the correct boundary values also in the case of merely continuous

boundary values.

2.3 Weak formulations

For equations of divergence form, a typical way to define generalized so-

lutions is via a weak formulation of the equation. This means multiplying

the equation by a suitable test function and integrating by parts. We use

the term “weak solutions”, when we mean generalized solutions which are

defined in this manner. However, due to the form of the porous medium

equation, there are various ways to define weak solutions. One way to

define weak solutions is to integrate by parts once to obtain the weak

formulation ¨
ΩT

(− uϕt +∇um · ∇ϕ
)
dx dt = 0 (2.2)

for all smooth, compactly supported test functions ϕ. To make sure that

the integrals are well-defined, we require that

um ∈ L2
loc(0, T ;H

1
loc(Ω)). (2.3)

Here H1(Ω) denotes the Sobolev space of functions u ∈ L2(Ω), whose weak

gradients are in L2(Ω), endowed with the norm ‖u‖H1(Ω) = ‖u‖L2(Ω) +

‖∇u‖L2(Ω). The parabolic space L2(0, T ;H1(Ω)) is defined as the space of

measurable functions u : ΩT → [−∞,∞], such that the map x �→ u(x, t) is

in H1(Ω) for almost every t ∈ (0, T ) and u satisfies
¨

ΩT

(
u2 + |∇u|2) dx dt < ∞.

The local versions of parabolic spaces are understood in the sense that

u ∈ L2
loc(0, T ;H

1
loc(Ω)), if u ∈ L2(t1, t2;H

1(D)) for every Dt1,t2 � ΩT .

In the standard literature concerning the porous medium equation, weak

solutions defined by (2.2) and (2.3) are used for instance in the book by

Vázquez [40]. In 1980s, the existence, uniqueness and continuity of these

weak solutions for the initial value problem have been studied by Gilding

and Peletier [23], and the Hölder continuity of such weak solutions have

been proved by Caffarelli, DiBenedetto and Friedman in [11, 20]. More

recently, this notion of weak solutions has been utilized in [8, 27, 29].
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For the initial and boundary value problem⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ut −Δum = 0 in ΩT ,

u = g on ∂Ω× (0, T ),

u(x, 0) = u0(x) in Ω,

(2.4)

the corresponding weak formulation is
¨

ΩT

(− uϕt +∇um · ∇ϕ
)
dx dt =

ˆ
Ω
u0(x)ϕ(x, 0) dx.

Again, we assume that um ∈ L2
loc(0, T ;H

1
loc(Ω)) to ensure that the integrals

are well-defined. Moreover, the boundary values are taken into account

by imposing the condition um − gm ∈ L2(0, T ;H1
0 (Ω)). Here H1

0 (Ω) denotes

the Sobolev space with zero boundary values, defined as the completition

of C∞
0 (Ω) with respect to the norm of H1(Ω).

In order to develop regularity theory for weak solutions, one would like

to use the weak solution u itself, with a suitable mollification and cut-off,

as a test function to obtain Caccioppoli type energy estimates, following

the tradition of DeGiorgi, Nash and Moser. However, the assumption um ∈
H1

loc(Ω) is not enough to guarantee the local integrability of the gradient

term ∇um · ∇u, and therefore u itself is not an admissible test function in

this definition. In the study of regularity, alternative definitions of weak

solutions have been proposed to overcome this obstacle.

By interpreting the gradient ∇um in (2.2) as

∇um = 2m
m+1u

m−1
2 ∇u

m+1
2 ,

we may define weak solutions by replacing the integrability condition (2.3)

by

u
m+1

2 ∈ L2
loc(0, T ;H

1
loc(Ω)). (2.5)

With this definition, we can use u as a test function, by understanding the

gradient ∇u as

∇u = 2
m+1χ{u>0}u

1−m
2 ∇u

m+1
2

and thus derive energy estimates for u
m+1

2 . This approach has been used

to prove Harnack type inequalities in [21] and higher integrability of the

gradient ∇u
m+1

2 in [22]. Moreover, weak formulations written in terms of

u
m+1

2 have turned out to be useful in the study of equations with measure

data, for instance in [5].

On the other hand, since the Laplace operator appears in (1.1), the regu-

larity conditions can be relaxed even further by integrating by parts twice
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in the space variable. In this way, we obtain the weak formulation
¨

ΩT

(
uϕt + umΔϕ) dx dt = 0 (2.6)

for every test function ϕ ∈ C∞
0 (ΩT ). The formulation is well defined when-

ever u and um are locally integrable. In [40], weak solutions defined by

(2.6) are called “very weak solutions” to emphasize the fact that no as-

sumptions on the gradients is made, and the same notation is used also

in Publication I. However, no common term for such solutions has been

established in the literature. In the works of Dahlberg and Kenig, for in-

stance [15], as well as in the book [16], the term “weak solutions” used,

whereas the name “generalized solutions” appears in the book [42].

For the initial and boundary value problem (2.4), very weak solutions

are defined by the weak formulation
¨

ΩT

(
uϕt + umΔϕ) dx dt+

ˆ
Ω
u0(x)ϕ(x, 0) dx =

ˆ
ΣT

gm∂νϕdS dt,

where ΣT denotes the lateral boundary ΣT = ∂Ω× [0, T ] and ν is the out-

ward unit normal. The test functions ϕ are required to be smooth and

vanishing on Σ and at t = T , but unlike in the definition of weak so-

lutions, ϕ is not required to have compact support. Note that also the

boundary values are taken into account in the weak formulation. The ad-

vantages of very weak solutions are, that the formulation is stable under

L1-convergence, which allows one to prove the existence of solutions by

“L1-methods”, see [40] for instance.

At this point, we point out some general properties satisfied by very

weak solutions, and therefore by all of the weak formulations above. By

[15], very weak solutions are locally Hölder continuous. In fact, the Baren-

blatt solution (2.1) shows that weak solutions need not be any more reg-

ular than this. Moreover, under some mild integrability assumptions, for

instance if um ∈ L2(ΩT ), very weak solutions satisfy the comparison prin-

ciple. For the comparison principle we refer to [40].

We study the connections between the notions of weak and very weak

solutions in Publication I and Publication IV. By combining the results

from these publications, we obtain the following theorem regarding the

equivalence of the notions.

Theorem 1. The following are equivalent for a non-negative function u:

(i) um ∈ L2
loc(0, T ;H

1
loc(Ω)) and u satisfies (2.2),
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(ii) u
m+1

2 ∈ L2
loc(0, T ;H

1
loc(Ω)) and u satisfies (2.2),

(iii) um ∈ L1
loc(ΩT ) and u satisfies (2.6).

This shows that locally the notions are equivalent. The equivalence of

assertions (i) and (ii) was shown in Publication IV by approximating the

solutions by a sequence of solutions to obstacle problems. As a byprod-

uct, regularity results for the weak solutions to the obstacle problem were

obtained. The equivalence between assertions (i) and (iii) was proved in

Publication I by showing that very weak solutions solve the initial and

boundary value problem in local cylinders, with boundary and initial val-

ues given by the solution itself, and utilizing the Perron method and a

barrier type argument. As a byproduct of the proof, we obtain the exis-

tence of weak solutions for the initial and boundary value problem (2.4)

with continuous initial and boundary values, and that in this case weak

and very weak solutions coincide.
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3. Notions of supersolutions

Similarly as in the case of solutions, there are various ways to define gen-

eralized supersolutions. Weak supersolutions can be defined as functions

satisfying the inequality
¨

ΩT

(− uϕt +∇um · ∇ϕ
)
dx dt ≥ 0 (3.1)

for every non-negative test function ϕ ∈ C∞
0 (ΩT ). Again, the finiteness of

the integral is ensured by imposing either the condition (2.3) or (2.5). In

a similar manner, very weak supersolutions are defined by
¨

ΩT

(− uϕt − umΔϕ) dx dt ≥ 0 (3.2)

for every non-negative test function ϕ ∈ C∞
0 (ΩT ). As in the case of very

weak solutions, the integral is finite as long as u and um are locally inte-

grable.

Another way is to define supersolutions in terms of a parabolic compar-

ison principle, analogously to the notion of supercaloric functions in clas-

sical potential theory. In order to emphasize the analogue, we call these

supersolutions m-supercaloric functions. To be more precise, a function u

is m-supercaloric, if

• u is lower semicontinuous,

• u finite in a dense subset of ΩT ,

• u satisfies the following comparison principle: Let Ut1,t2 � ΩT be a space-

time -cylinder and let h be a weak solution in Ut1,t2 , which is continuous

up to the boundary of Ut1,t2 . If u ≥ h on the parabolic boundary ∂pUt1,t2 =

U × {t1}
⋃

∂U × (t1, t2), then u ≥ h in the whole cylinder Ut1,t2 .

This class of supersolutions was originally introduced in [27] under the
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name “viscosity supersolutions”. However, in order to distinguish this

class from the viscosity supersolutions defined in terms of pointwise touch-

ing test functions, other labels have been suggested. The name “m-super-

porous functions” appears in [28] and in Publication I, whereas the term

“m-supercaloric functions” has been used in Publication III and Publica-

tion IV.

Although typically viscosity solutions arise in the context of fully nonlin-

ear equations, see for instance [12], they have turned out to be useful for

studying equations of divergence form as well. In fact, for the parabolic

p-Laplace equation, the viscosity supersolutions and the supersolutions

defined in terms of the comparison principle coincide, see [26]. However,

for the porous medium equation the question seems to be still open. A no-

tion of viscosity supersolutions for the porous medium equation has been

studied in [10] and [9], but in their definition an extra condition is im-

posed in comparison to the classical notion of viscosity solutions, where

the solutions are only tied to the equation by the pointwise touching test

functions. Another approach to the theory of viscosity solutions for the

porous medium equation has been presented in [38], but in this paper ad-

ditional regularity assumptions are needed for the proof of a comparison

principle.

The basic properties of m-supercaloric functions have been studied in

[27]. Some advantages of these supersolutions are that they are defined

pointwise and that they form a class which is closed under increasing

convergence, if the limit function is finite in a dense set. Moreover, as

a simple consequence of the definition, we see that the minimum of two

m-supercaloric functions is m-supercaloric, and that by extending an m-

supercaloric function as 0 to the past, we obtain an m-supercaloric func-

tion. This is a natural class of supersolutions for the potential theoretic

methods. On the other hand, since m-supercaloric functions are only tied

to the equation through the comparison principle, regularity results for

m-supercaloric functions are more difficult to obtain, whereas weak su-

persolutions are a natural choice for the regularity theory.

3.1 Connections

It is natural to ask, what are the connections between the different no-

tions of supersolutions. Weak supersolutions have lower semicontinuous

representatives by [2] and they satisfy the comparison principle. For the

22



Notions of supersolutions

comparison principle we refer to [40], where the proof is formulated for

weak solutions. However, as we have pointed out in Publication I, the

same proof works for weak supersolutions as well. Therefore they are

m-supercaloric. However, by considering the Barenblatt solution (2.1) ex-

tended to the past as 0, we note that B fails to be in the correct Sobolev

space, and thus it is not a weak supersolution.

As there are unbounded m-supercaloric functions, which fail to be weak

supersolutions, we consider the cases of bounded and unbounded m-super-

caloric functions separately. In the bounded case, Kinnunen and Lindqvist

showed that weak supersolutions, defined under the assumption (2.3),

and m-supercaloric functions are equivalent notions. Furthermore, in

Publication IV, we showed that for bounded m-supercaloric functions the

gradient ∇u
m+1

2 exists and ∇u
m+1

2 ∈ L2
loc(ΩT ), which implies the equiva-

lence of bounded m-supercaloric functions and the weak supersolutions,

under the assumption (2.5)

From the definition of weak derivatives, it follows that weak superso-

lutions are very weak supersolutions. By imposing the extra assumption

that the supersolutions are continuous, we showed in Publication I that

continuous very weak supersolutions are m-supercaloric functions, thus

concluding the equivalence of the notions. Our method requires continu-

ity to show that very weak supersolutions can be understood as super-

solutions to an initial and boundary value problem in interior cylinders.

This gives sense to the notion of boundary values, which is needed for

the comparison principle. It is unclear whether the equivalence holds, if

we only assume lower semicontinuity, which would be more appropriate

assumption for supersolutions.

We collect the results in the following theorem

Theorem 2. For a non-negative locally bounded function u, the following

are equivalent.

(i) u is m-supercaloric,

(ii) um ∈ L2
loc(0, T ;H

1
loc(Ω)) and u satisfies (3.1),

(iii) u
m+1

2 ∈ L2
loc(0, T ;H

1
loc(Ω)) and u satisfies (3.1).

If, in addition, we assume that u is continuous, the following assertion is

equivalent to (i)-(iii)
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(iv) um ∈ L1
loc(ΩT ) and u satisfies (3.2).

3.2 Classification of unbounded supersolutions

As the Barenblatt solution (2.1) extended to the past as 0 shows, there are

unbounded m-supercaloric functions which are not weak supersolutions.

However, even though the Barenblatt solution fails to be a weak super-

solution, it has some useful properties. For instance, B is integrable to

any power q < m + 2
n , the gradient ∇Bm exists, and ∇Bm is integrable to

any power q < 1 + 1
1+mn . Not all m-supercaloric functions, however, sat-

isfy these properties. An important example of an m-supercaloric function

which is lacking these integrability properties, is given by the friendly gi-

ant

G(x, t) = U(x)

t
1

m−1

, (3.3)

where U is the unique positive solution to the elliptic eigenvalue problem⎧⎪⎨⎪⎩ΔUm + 1
m−1U = 0 in Ω,

Um ∈ H1
0 (Ω).

(3.4)

The friendly giant was introduced by Dahlberg and Kenig as the maxi-

mal solution for the initial value problem, see [14]. Indeed, it is a weak

solution in Ω × (0,∞) and it takes the initial value +∞ everywhere in Ω.

By extending G to the past as 0, we obtain an m-supercaloric function in

Ω × (−∞,∞). Even so, the friendly giant is not in Lq
loc(Ω × (−∞,∞)) for

any q ≥ m− 1, due to the blow-up of G as t → 0+. However, as G is a weak

solution in Ω× (0,∞), it serves as a minorant for m-supercaloric functions

that blow up as t → 0+. In fact, we can construct m-supercaloric functions

which blow up as fast as we please, by defining

V (x, t) =

⎧⎪⎨⎪⎩U(x)e
f(t)
m−1 , t > 0,

0, t ≤ 0,

where U is the unique positive solution to (3.4) and f satisfies f ′(t)+ef(t) ≥
0.

This raises questions on the properties and classification of unbounded

m-supercaloric functions. The matter has been studied in Publication III.

It turns out that unbounded m-supercaloric functions can be divided into

two distinct classes, which we shall call “class B” and “class M”, follow-

ing the notation of [33] and [28] where similar questions regarding the
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parabolic p-Laplace equation have been studied. Class B consists of m-

supercaloric functions with similar integrability properties as the Baren-

blatt solution (2.1), whereas class M consists of functions with somewhat

monstrous behaviour. We study both of the classes from various points of

view and give several characterizations for the membership of each of the

classes.

The class B can be characterized by the following theorem.

Theorem 3. Let u > 0 be an m-supercaloric function in ΩT . Then the

following claims are equivalent:

(i) u ∈ Lm−1
loc (ΩT ),

(ii) u ∈ Lq
loc(ΩT ) whenever q < m+ 2

n ,

(iii) the gradient ∇um exists in the Sobolev sense and belongs to Lq
loc(ΩT )

for every q < 1 + 1
1+mn ,

(iv) ess sup
t∈(δ,T−δ)

ˆ
D
u(x, t) dx < ∞ whenever D � Ω and δ ∈ (0, T2 ),

(v) for every t0 ∈ (0, T ), the set{
(x0, t0) ∈ ΩT : lim

t→t0+
u(x0, t) = ∞

}
has n-dimensional measure zero.

Assertions (i) and (ii) characterize class B in terms of local integrability.

A noteworthy phenomenon is the integrability gap: either the function

is integrable to any power less than m + 2
n or it is not integrable to any

power greater than m−1. This is a consequence of the reverse Hölder’s in-

equality for supersolutions. As the Barenblatt solution shows, functions

in this class may fail to be in the correct Sobolev space for weak super-

solutions, but assertion (iii) guarantees, that their gradients exist and

that they have some integrability properties. The existence and integra-

bility of gradients follow from the results of [27]. In particular, ∇um is in

L1
loc(ΩT ), and therefore we may apply Riesz representation theorem to the

non-negative linear functional

L(ϕ) =

¨
ΩT

(−uϕt +∇um · ∇ϕ) dx dt.
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This implies that u is a weak solution to a measure data problem

ut −Δum = μ

with some Radon measure μ. Assertions (iv) and (v) characterize class B

in terms of the behaviour of u on time slices. Particularly, (v) shows that

even though functions of class B may blow up, this can only occur in a set

of n-dimensional measure zero.

In a similar manner, the class M can be characterized by the following

theorem.

Theorem 4. Let u > be an m-supercaloric function in ΩT . Then the fol-

lowing claims are equivalent:

(i) u /∈ Lq
loc(ΩT ) for every q ≥ m− 1,

(ii) there exists δ ∈ (0, T2 ) such that

ess sup
t∈(δ,T−δ)

ˆ
D
u(x, t) dx = ∞,

whenever D � Ω and |D| > 0,

(iii) there exists (x0, t0) ∈ ΩT such that

lim inf
(x,t)→(x0,t0)

t>t0

u(x, t)(t− t0)
1

m−1 > 0,

(iv) there exists t0 ∈ (0, T ) such that

lim
(x,t)→(x0,t0)

t>t0

u(x, t) = ∞ for every x0 ∈ Ω.

Again, assertions (i) and (ii) characterize class M in terms of local inte-

grability and integrals over time slices. From these it follows that classes

B and M are mutually disjoint, and that each m-supercaloric function

belongs to one of the classes. The significance of assertion (iii) is that it

shows that functions in class M blow up, and moreover, there is a lower

bound for the rate of blow up. Assertion (iv) shows, that the infinity set

Ξ⊥(t0) =

⎧⎨⎩x0 ∈ Ω : lim
(x,t)→(x0,t0)

t>t0

u(x, t) = ∞
⎫⎬⎭ = Ω

for some t0 ∈ (0, T ). Interestingly, either the infinity set Ξ⊥(t0) is of n-

dimensional measure zero for every t0 or it occupies a whole time slice,
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there is no third option. In the classical theory these are called polar sets,

but since phenomena of very different nature occur in the nonlinear case,

we prefer the term “infinity set” in order to distinguish between these

two cases. We point out that this curious phenomenon is indeed purely

nonlinear, as the latter class does not exist in the linear theory, see [41].

Moreover, it turns out that when Ω = R
n, every m-supercaloric function is

in class B.

3.3 Regularity of supersolutions

The usual starting point for regularity theory for supersolutions is the

Caccioppoli type energy estimates. In informal terms, the Caccioppoli

estimates show that the integrability of the gradient, as well as the in-

tegrability over time slices, can be deduced from the integrability of the

supersolution. However, due to the nonlinearity of the porous medium

equation, we are unable to control the norm of the gradient ∇u itself, but

we can obtain estimates for the gradient of some power of u, for instance

um or u
m+1

2 depending on the notion of weak supersolutions at hand.

In Publication IV we establish two kinds of Caccioppoli estimates for

weak supersolutions. We point out, that in order to derive these estimates,

we need to use the supersolution itself as a test function and thus the

assumption u ∈ L2
loc(0, T ;H

1
loc(Ω)) is imposed. However, in light of the

results of Publication IV, a more natural regularity assumption for weak

supersolutions would be u
m+1

2 ∈ L2
loc(0, T ;H

1
loc(Ω)). We observe, that the

proofs are valid under this weaker assumption as well. In this case the

energy estimates have to be formulated in terms of u
m+1

2 .

Our first estimate is a DeGiorgi type Caccioppoli inequality. For any

k ∈ R, we have
¨

ΩT

um−1|∇(u− k)−|2ζ2 dx dt+ ess sup
t∈(0,T )

ˆ
Ω
ζ2(u− k)2− dx

≤ C

(¨
ΩT

(u− k)2−ζ|ζt| dx dt+
¨

ΩT

um−1(u− k)2−|∇ζ|2 dx dt
)
,

(3.5)

where ζ is a smooth cut-off function. On the other hand, for ε > 0, ε 
= 1,

we get the Moser type Caccioppoli estimate
¨

ΩT

mum−ε−2ζ2|∇u|2 dx dt+ 1

ε|1− ε| ess supt∈(0,T )

ˆ
Ω
u1−εζ2 dx

≤ C1m

ε2

¨
ΩT

um−ε|∇ζ|2 dx dt+ C2

ε|1− ε|
¨

ΩT

u1−εζ|ζt| dx dt,
(3.6)

27



Notions of supersolutions

where ζ is again a smooth cut-off function.

Due to the possibly negative power m − ε − 2, some consideration is

needed in the proof of (3.6). In the literature, this is usually taken care

of by imposing the assumption u ≥ δ > 0. For instance in the case of

equations of p-Laplace type, this is a natural thing to do, as u + δ is a

(super)solution if u is a (super)solution. However, for the porous medium

equation the situation is more subtle, as constants cannot be added. One

novelty of our work is relaxing this assumption by formally choosing a

test function ϕ = Hλ(u)ζ
2 in the proof, where Hλ(s) is a continuously

differentiable dampening function, which is linear for s ≤ λ and Hλ(s) =

s−ε for s > λ. Due to this dampening method, we only need to assume

u > 0. Such a test function has been utilized in the context of the doubly

nonlinear equation in [25].

Another important tool is the reverse Hölder’s inequality, which states

that if a supersolution is integrable to some power greater than m − 1,

then it is integrable to every power up to m + 2
n . This is proved by an it-

eration method combining the Moser type Caccioppoli estimate (3.6), and

the parabolic Sobolev’s inequality

¨
ΩT

|v|q dx dt ≤ C

¨
ΩT

|∇v|p dx dt
(
ess sup
t∈(0,T )

ˆ
Ω
|v(x, t)|r dx

)p/n

, (3.7)

where q = pn+r
r and v ∈ L∞(0, T ;Lr(Ω)) ∩ Lp(0, T ;W 1,p

0 (Ω)). For the proof

of the parabolic Sobolev’s inequality, we refer to [19]. The rough idea of

the iteration scheme is to use the Moser type Caccioppoli inequality (3.6)

to get an estimate for the right hand side of (3.7) in terms of integrals of

u to some power, increasing the integrability of u at each step.

For instance for the parabolic p-Laplace equation, the reverse Hölder’s

inequality is usually formuated for supersolutions satisfying u ≥ 1 in or-

der to simplify the proof. However, as in the case of the porous medium

equation constants cannot be added to supersolutions, such an extra as-

sumption would be too restrictive. As a consequence of the complications

in the iteration scheme, we only obtain a qualitative version of the reverse

Hölder’s inequality.

Along with the Caccioppoli type energy estimates and reverse Hölder’s

inequalities, Harnack type estimates play a central role in the regular-

ity theory. Weak solutions satisfy the following intrinsic Harnack type

inequality (see [18]), at points where u(x0, t0) > 0:

u(x0, t0) ≤ C0 inf
x∈B(x0,R)

u(x, t0 + θ),
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where

θ =
C1R

2

u(x0, t0)m−1
.

In fact, even more can be said about weak solutions. By [21], weak solu-

tions satisfy the two sided Harnack’s inequality

C−1
0 sup

x∈B(x0,R)
u(x, t0 − θ) ≤ u(x0, t0) ≤ C0 inf

x∈B(x0,R)
u(x, t0 + θ),

where θ is as above. As an important consequence of the Harnack’s in-

equality, we point out the local Hölder continuity of weak solutions.

As the main result of Publication II we prove a weak Harnack estimate

for weak supersolutions. That is, weak supersolutions satisfy

 
B(x0,ρ)

u(x, t0) dx ≤
(

C1ρ
2

T0 − t0

)1/(m−1)

+ C2 ess inf
Q

u,

where

Q = B(x0, 4ρ)× (t0 + τ/2, t0 + τ) and

τ = min

⎧⎨⎩T0 − t0, C1ρ
2

( 
B(x0,ρ)

u(x, t0) dx

)−(m−1)
⎫⎬⎭ .

In contrast to the case of weak solutions, we only have the forwards in

time estimate for weak supersolutions. Furthermore, the estimate for

weak supersolutions has to be written in terms of integral averages in-

stead of a pointwise estimate. We note that while the Harnack’s inequal-

ity for weak solutions implies the local Hölder continuity, the weak Har-

nack estimate can be used to prove lower semicontinuity of weak super-

solutions. Apart from regularity theory, the weak Harnack estimate plays

an important role in the classification of unbounded supersolutions in

Publication III as it gives a lower bound for the rate of blow-up of m-

supercaloric functions.

Essentially the Harnack estimate states that a “mass” at some initial

time t0 will spread throughout a larger space-time cylinder Q in such a

way that u will be bounded from below by a constant depending on the

integral average of the initial mass. However, the lower bound is realized

only after a waiting time, which is a typical phenomenon for parabolic

equations. Indeed, the necessity of such a waiting time can be observed

already in the case of the heat equation, see [37]. Moreover, due to the

nonlinearity of the equation, we only obtain an intrinsic estimate, mean-

ing that the cylinder Q depends on the solution itself. Such intrinsic esti-

mates can be derived using the method of intrinsic scaling, introduced by
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DiBenedetto in [17]. The idea of intrinsic scaling is to consider the solu-

tion in its “intrinsic geometry”, where the equation behaves roughly like

the heat equation.
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4. Methods

In this section we describe some of the methods and techniques used in the

publications. In order to take full advantage of the connections between

the various notions of solutions and supersolutions that we have at our

disposal, we consider various methods arising naturally from different

notions of solutions and supersolutions.

Roughly our methods can be divided into two categories. The first is

methods based on comparison principle, such as the Perron’s method, bar-

rier type arguments, a Schwarz type alteranting method and comparison

to explicit solutions such as the Barenblatt solution and the friendly gi-

ant. These methods are very natural in the context of m-supercaloric

functions, since the comparison principle is built in in their definition.

The second category consists of methods based on energy estimates, for

which the weak formulation is a more natural starting point. These meth-

ods include Caccioppoli type estimates, a reverse Hölder’s inequality, and

ultimately, the weak Harnack estimate.

Yet another important method, in a league of its own, is the obstacle

problem. As it gives us a way to approximate m-supercaloric functions by

weak supersolutions, in a sense it gives a connection between these two

approaches.

4.1 Comparison methods

In Publication I we study the existence of weak solutions to the bound-

ary value problem (2.4), where the boundary values are only assumed to

be continuous. By [29], a Perron solution exists and it coincides with the

weak solution inside the set ΩT , but the question whether the Perron so-

lution attains the correct boundary values in this case was left open in

the paper. We show that the correct boundary values are attained if the
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domain is regular enough, by constructing suitable barrier functions and

applying the results of [44] to establish continuity up to the boundary.

Therefore, it makes sense to call the Perron solution the solution to the

boundary value problem in this generality. Then the equivalence of the

notions follows from an approximation by Perron solutions to boundary

value problems with smooth boundary values, and the comparison princi-

ple.

The explicit solutions, such as the Barenblatt solution (2.1) and the

friendly giant (3.3) play an important role in the classification of un-

bounded m-supercaloric functions in Publication III. We give an explicit

example of the dichotomy between classes B and M by constructing a se-

quence of initial value problems and showing that the solutions converge

to a function in one of the classes, depending on the choice of initial val-

ues. The construction is based on comparison to the Barenblatt solution.

On the other hand, as the friendly giant is a weak solution in Ω × (0,∞),

it serves as a minorant for m-supercaloric functions which blow up as

t → 0+. From this we get a lower bound for the rate at which the func-

tions blow up.

4.1.1 Schwarz alternating method for the porous medium
equation

The classical Schwarz alternating method is a technique for solving bound-

ary value problems by an iterative scheme, where successive boundary

value problems are solved on subdomains. As a reference for the classical

theory, we mention [36]. Since the convergence of the method is based on

a comparison principle, similar methods can be utilized in more general

situations as well. For instance, a Schwarz type alternating method is

used in the study of supersolutions to parabolic p-Laplace type equations

in [30].

In our work, a Schwarz type alternating method for m-supercaloric func-

tions plays a central role in proving that continuous weak supersolutions

are m-supercaloric functions in Publication I. That is, we show that if

a function u satisfies the comparison principle in space-time cylinders

whose bases are balls, then u satisfies the comparison principle also in

finite unions of such cylinders. This shows that in the definition of m-

supercaloric functions it suffices to consider the comparison principle only

on cylinders whose bases are balls. The idea of the proof is as follows. We

consider a finite union of space-time cylinders K = ∪N
i=1Ui and assume
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u ≥ h on ∂pK, where u is a weak solution in K. For δ > 0, we may find a

smooth function ϕ, which is continuous up to the boundary and satisfies⎧⎪⎨⎪⎩ϕ ≥ h− δ on ∂pK,

ϕ ≤ u in K ∪ ∂pK.

Starting from a continuous weak subsolution v0 satisfying⎧⎪⎨⎪⎩v0 = ϕ on ∂pK,

v0 ≤ ϕ in K,

we construct an increasing sequence vk recursively, by redefining vk in one

of the cylinders Ui at each step. More precisely, we define vNj+i in Ui as

the solution to the boundary value problem with boundary values given

by vNj+i−1. Now the comparison principle in cylinders Ui ensures that the

sequence vNj+i is increasing and bounded from above by u, and therefore

it converges to some function w ≤ u. The construction of the sequence

vNj+i follows the ideas presented in [30]. The crucial part in our work

is showing that the limit function w is indeed a weak solution. Without

loss of generality, it suffices to show that w is a weak solution in a fixed

cylinder Uρ
i0
= Ui0 ∩ {t1, t2 − ρ}. By Dini’s theorem, we have

vNj+i0 − ε < w < vNj+i0 + ε in Uρ
i0

for j > jε. Our aim is to use this to show that w coincides with w′, which

is the continuous weak solution in Uρ
i0

, with boundary values given by

w. However, as vNj+i0 − ε and vNj+i0 + ε are in general not solutions, a

standard comparison argument cannot be used here. Therefore, we define

auxiliary functions wε and vε as weak solutions to the boundary value

problems with the boundary values given by w′ + ε and vNj+i0 + ε respec-

tively. Thus, by estimating

|w′ − vNj+i0 | ≤ (wε − vNj+i0) + (vε − w′)

and using the convergence properties of the perturbed functions wε and

vε, we are able to show that vNj+i0 converges to w′ and thus conclude that

w = w′. Finally, we conclude w ≥ h in K, by using a similar perturbation

method.

4.2 The obstacle problem

Classically the idea of an obstacle problem is to find the least supersolu-

tion that lies above a given obstacle function. This formulation is suitable
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for a very general class of obstacles as no regularity assumptions for the

obstacle function are needed. On the other hand, as the approach is very

abstract, it provides very little information about the regularity of the so-

lutions. Alternatively, the problem can be formulated via a variational

inequality, which is more suitable for the regularity theory, but in this

case the class of admissible obstacles is more restricted.

In principle, both notions of solutions to the obstacle problem should co-

incide, whenever the obstacle is regular enough. For instance in the case

of p-Laplace type equations, this is well known. For the elliptic theory, a

standard reference is [24], whereas the obstacle problem for parabolic p-

Laplace type equations has been studied for example in [6, 35, 31]. How-

ever, the obstacle problem for the porous medium equation seems to be

more involved. So far the uniqueness of the variational solutions to the

obstacle problem, as well as the question whether the variational solution

is the least supersolution lying above the obstacle, are still open.

The obstacle problem for the porous medium equation has been studied

in [1, 8, 7, 3], where the variational approach to the problem has been

used. More precisely, u is said to be a strong solution to the obstacle

problem with an obstacle function ψ, if u ≥ ψ almost everywhere, and it

satisfies the variational inequality
ˆ T

0

〈
∂tu, α(v

m − um)
〉
dt+

¨
ΩT

α∇um · ∇(vm − um) dx dt ≥ 0 (4.1)

for all comparison maps v in a suitable function space, and for all cut-

off functions α in time. Here
〈·, ·〉 denotes the duality pairing between

H−1(Ω) and H1
0 (Ω). If the time derivative of u fails to be in H−1(Ω), the

notion of weak solutions to the obstacle problem is needed. In this case the

first term of (4.1) is replaced by a weaker form
〈〈
∂tu, α(v

m−um)
〉〉
u0

, which

is obtained by integration by parts in time. By the results of [8], strong

and weak solutions to the obstacle problem are weak supersolutions to

the porous medium equation. Furthermore, the strong solutions to the

obstacle problem are weak solutions to the porous medium equation in

the set where u > ψ. In Publication IV we show that this holds for the

weak solution to the obstacle problem as well, if the obstacle is Hölder

continuous.

In our work, the obstacle problem is utilized in the study of regularity

of m-supercaloric functions, as it gives a method for approximating an

m-supercaloric function by a sequence of weak supersolutions. Since an

m-supercaloric function is lower semicontinuous, we can find an increas-
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ing sequence of smooth functions converging to the m-supercaloric func-

tion. We may solve the obstacle problems with these smooth functions as

obstacles, to obtain an approximating sequence of weak supersolutions.

In Publication IV we use this method to show that a locally bounded

m-supercaloric function u satisfies u
m+1

2 ∈ L2
loc(0, T,H

1
loc(Ω)). This is done

by deriving Caccioppoli type energy estimates for weak solutions to the

obstacle problem, and showing that the estimates persist to the limit.

The construction of the weak solutions to the obstacle problem follows

the ideas of [8]. Our contribution is deriving the Caccioppoli estimates. In

order to the get the energy estimates, we start by considering a penalized

porous medium equation

ut −Δum = Ψ+ζδ(ψ
m − um),

where ζδ(·) is a smooth penalty function and Ψ = ψt −Δψm. We point out

that our approach requires Ψ ∈ L∞(ΩT ) to ensure the Hölder continuity

of the weak solutions, and therefore, as smoothness of the obstacles ψ

is in general not enough to guarantee this, we need to approximate our

obstacle with a sequence of obstacles ψi satisfying this property.

We will construct weak solutions to the penalized porous medium equa-

tion, for which ∇u
m+1

2 is uniformly bounded in L2(Ut1,t2) for each Ut1,t2 �
ΩT . As δ → 0, the solutions to the penalized porous medium equation con-

verge to strong solutions to the obstacle problem. Finally letting i → ∞,

the strong solutions with obstacles ψi converge to a weak solution to the

obstacle problem with the obstacle ψ. By a DeGiorgi type Caccioppoli esti-

mate for weak supersolutions, we get an estimate for ∇u
m+1

2 which holds

to the limit.

4.3 Energy estimate methods

The classification of unbounded m-supercaloric functions in Publication

III relies heavily on Theorem 2, as it justifies the use of energy estimate

methods for m-supercaloric functions. In the proofs, we consider the trun-

cations uk = min{u, k} which are bounded m-supercaloric functions, and

therefore weak supersolutions satisfying u
m+1

2 ∈ L2
loc(0, T,H

1
loc(Ω)).

The main tools for proving Theorem 3 are the Moser type Caccioppoli es-

timate (3.6) and the reverse Hölder’s inequality for weak supersolutions,

along with the parabolic Sobolev’s inequality (3.7). In particular, they im-

ply the equivalence of assertions (i), (ii) and (iv) in Theorem 3.
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Our chief weapon for dealing with the monstrous class M is the weak

Harnack estimate. As a consequence of this, we show that if the integrals

of an m-supercaloric function u over time slices B(x0, r)× {ti} blow up as

ti → t0+, then the infimum of u over a space-time cylinder B(x0, 4r) ×
(t0, T ) is bounded from below by C

(
r2

t−t0

) 1
m−1 . This has two important

consequences, which are needed for the characterization of class M. First,

if an m-supercaloric function blows up on a large enough set, then its

blow-up rate is at least the one given by the friendly giant. Secondly,

the blow-up in a large enough set implies the blow-up on the larger ball

B(x0, 4r) and thus, by a chaining argument, on the whole time-slice Ω ×
{t0}.

4.3.1 The ideas of the proof of the weak Harnack estimate

Weak Harnack estimates for supersolutions to parabolic p-Laplace type

equations have been proved in [32] and [21]. In the latter one, also the

corresponding theorem for the porous medium equation is presented, and

in Publication II we give a detailed proof for this result. Although the

outline of the proof follows the same ideas as in the case of p-Laplace type

equations, there are subtleties that only arise in the case of the porous

medium equation, thus making the question more challenging.

The novelty of Publication II is working around those challenges in order

to present a complete proof without extra assumptions. In particular, we

prove the Moser type Caccioppoli estimate (3.6) and the reverse Hölder’s

inequality under the assumption u > 0 instead of the more typical u ≥
δ > 0. This allows us to prove the weak Harnack estimate without an

approximation by supersolutions which are bounded away from 0.

The key step in the proof of the weak Harnack estimate is showing that

weak supersolutions satisfy the “expansion of positivity”. Roughly, this

states that if the supersolution is large in a large portion of a given ball

at some time level, then after a waiting time, the supersolution will be

bounded away from zero in a larger space-time cylinder. After establish-

ing the expansion of positivity, we consider two alternatives, which we

shall call “hot” and “cold”, following the notation of [32]. If the supersolu-

tion is large in a large enough portion of a given ball at some time level,

we say that the domain is “hot”. More precisely, the domain is “hot” if

there exists a time level s ∈ (0, ρ2) and a constant k > 1, such that∣∣∣{x ∈ B(x0, ρ) : u(x, s) > k1+
1
d

}∣∣∣ ≥ 1

k
1
d

|B(x0, ρ)|.
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In this case, the Harnack estimate follows from the expansion of positivity.

If such a pair s, k does not exist, we say that the domain is “cold”. We

show that in the case of a “cold” domain, we can apply the expansion of

positivity in a smaller ball after some waiting time, provided that the

initial integral average over the original ball is large enough. This is done

by utilizing the reverse Hölder’s inequality and the Moser type Caccippoli

estimate together with a real analytic lemma. Finally, both alternatives

are glued together by suitable scaling arguments. We point out that in

case the initial integral average is small, the waiting time given by the

expansion of positivity might exceed T0 − t0. Therefore, an extra term(
C1ρ2

T0−t0

)1/(m−1)
is needed to compensate for this phenomenon.
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